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Analytic methods in inequalities concerning means

Undoubtedly the most popular family of means used in math-
ematical analysis, statistics, probability and other branches of
mathematics are Power Means. In the late 1920’s and in the
beginning on 1930’s Kolmogorov, Nagumo and de Finetti, inde-
pendently, proposed the new family being the generalization of
this family — currently adopted for the name of quasi-arithmetic
means. These means are defined by the equality f~*(3 f(a;)/n),
where f is a continuous, strictly monotone function defined on
the interval, while (a;)!", is a vector of arguments. For such ob-
jects, there naturally appear a whole list of questions regarding
the adaptation of the classical results known for Power Means.

An example of such a problem is to adopt the classical fact,
well-known for Power Means, claiming that for any fixed vector
of arguments, as the parameter change among all possible ar-
guments, one obtains (exactly once) all the intermediate values
between the smallest and the largest component of the vector. In
my thesis [ make an attempt to resolve, using - it seems - quite
advanced methods, a question when a family of quasi-arithmetic
means has this property (so-called scale property).

Another important issue is the question how does a small
change of the function f affecting the value of quasi-arithmetic
mean generated by f. Some results in this area were obtained
already in the 1960s by Cargo and Shisha (however, some addi-
tional conditions concerning regularity were done). The problem
of finding necessary and sufficient conditions for convergence in
the family of quasi-arithmetic means (not giving any estimate
of the distance) was solved by Pales in the late 1980’s. My re-
sults provide new estimates referring to the result of Cargo and
Shisha and, at the same time, generalizing Pales’es result.

Another class of problems studied in my dissertation is a
list of questions related to the Hardy means. Its history was
started by Hardy’s result from 1920 - the answer to a previ-
ous Hilbert’s question from 1909. Hardy proved that if P, is
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a p-th order power mean, p € (0,1) and (a;)32; € I*(R;) then
2 Pola, ... a,) < (p—p?) VP52, ay,. (One year later, Lan-
dau obtained a result with the optimal constant at the right
hand side.) This was, however, only a starting point for further
research - currently a mean M is called Hardy if there exists a
constant C' > 0 such that

> M(ay,...,a,) <C > a, for any sequence a € I'(Ry).
n=1

n=1

A natural question is whether some particular mean is Hardy.
In the present thesis, I an going to prove this property for several
families of means, as well as give a lot of negative results regard-
ing having Hardy property. Among the already obtained results
are the necessary and sufficient condition for a family which is a
generalization of the arithmetic-geometric mean, considered by
Gauss, and solution of hypotheses established in 2004 by Pales
and Persson.

Keywords:

quasi-arithmetic mean, generalized mean, scale of means, mean,
inequalities, metric, Arrow-Pratt index, Hardy means, differ-
ences among means, Gini means, Gaussian product of Power
Means, generalized Power Means

AMS classification:
Primary: 26 E60
Secondary: 26D15, 26D07, 47TA63, 47A64



Analityczne metody w nieréwnosciach dotyczacych
Srednich

Niewatpliwie najbardziej popularnymi srednimi uzywanymi
w analizie matematycznej, statystyce, rachunku prawdopodo-
bienstwa oraz innych dziatach matematyki sa srednie potegowe.
Na przetomie lat 20-tych i 30-tych XX wieku niezaleznie Kot-
mogorow, Nagumo oraz de Finetti wpadli na pomyst nowych
srednich bedacych daleko idgcym uogdlnieniem $rednich pote-
gowych. Obecnie przyjeta sie dla nich nazwa Srednich quasi-
arytmetycznych. Sa to rednie postaci f~1(3 f(a;)/n), gdzie f
jest funkcja okreslona na odcinku, ciagta, Scisle monotoniczna,
natomiast (a;)!, jest wektorem argumentéw. Dla tak zdefinio-
wanych wielkosci pojawia sie cala lista pytan dotyczacych prze-
noszenia klasycznych wynikéw znanych dla srednich potegowych.

Przyktadem takiego problemu jest przenoszenie klasycznego
faktu znanego dla srednich potegowych, méwiacego, ze dla do-
wolnego ustalonego wektora argumentéw, przy przebieganiu pa-
rametrem wszystkich wartosci rzeczywistych otrzymujemy (do-
ktadnie raz) wszystkie wartosci posrednie pomiedzy najmniejsza
i najwicksza sktadows wektora. W moim doktoracie podejmuje
probe rozstrzygniecia, przy uzyciu — wydaje sie — dos¢ zaawan-
sowanych metod, kiedy dana rodzina $rednich quasi-arytmety-
cznych posiada wymieniona wtasnos$¢ (tzw. whasnosé skali).

Kolejnym kluczowym zagadnieniem jest pytanie, w jaki spo-
sob zmiany funkcji f wplywaja na zmiane wartosci $redniej
quasi-arytmetycznej pochodzacej od f. Pewne wyniki w tym za-
kresie byty uzyskiwane juz w latach 1960-tych (przy pewnych
dodatkowych warunkach dot. regularnosci) przez Cargo oraz
Shishe. Problem znalezienia warunkéw koniecznych i dostatecz-
nych dla zbieznosci w rodzinie $rednich quasi-arytmetycznych
(niedajacy jakiegokolwiek oszacowania odlegtosci) zostat rozwia-
zany przez Palesa pod koniec lat 1980-tych. Moje dotychczas
uzyskane rezultaty daja nowe oszacowania nawigzujace do prac
Cargo oraz Shishy i rownocze$nie uogoélniajace wyniki Palesa.
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Inng klasg problemow badana w mojej pracy doktorskiej jest
lista pytan zwiazanych ze $srednimi Hardy’ego. Poczatkiem byt
tu rezultat Hardy’ego z roku 1920 - odpowiedZ na wczesniej-
sze pytanie Hilberta z roku 1909. Hardy pokazal, ze jesli P,
jest Srednia potegowa rzedu p to, gdy p € (0,1) oraz (a;)32, €
I'(R,) wtedy ma miejsce nier6wnosé 300 | Py(a, ..., a,) < (p—
p?) P a, (Rok pézniej Landau uzyskat rezultat z lepsza,
optymalng stala po prawej stronie.) Stanowito to jednakze je-
dynie punkt wyjscia do dalszych badan — aktualnie Srednig M
nazywamy Hardy’ego jesli istnieje stata C' > 0 taka, ze

> M(a,...,a,) <C > a, dla dowolnego ciagu a € I'(R,).
n=1

n=1

Naturalnym pytaniem jest, czy dana srednia jest Hardy’ego.
W pracy udowadniam w/w wtasnosci dla kilku rodzin $red-
nich, jak réwniez podaje wiele negatywnych dotyczacych wtasno-
sci Hardy’ego. Wérod juz uzyskanych wynikéw sa: warunek ko-
nieczny i dostateczny dla rodziny bedacej uogdlnieniem $redniej
arytmetyczno-geometrycznej rozwazanej jeszcze przez (Gaussa
oraz rozwiazanie hipotezy postawionej w 2004 roku przez Pers-
sona oraz Palesa.

Stowa kluczowe:

srednia quasi-arytmetyczna, uogélniona Srednia, skala srednich,
srednia, nieréwnosci, metryka, indeks Arrowa-Pratta, réznice
miedzy $rednimi, srednie Hardy’ego, Srednie Gini’ego, iloczyn
gaussa Srednich potegowych, uogélnione srednie potegowe

Klasyfikacja AMS:
Gtowna: 26E60
Pomocnicza: 26D15, 26D07, 47A63, 47A64
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Chapter 1

Overview

Presented dissertation consists of seven chapters that was writ-
ten during my PhD studies at the Faculty of Mathematics, Infor-
matics and Mechanics, University of Warsaw. They are concern-
ing theory of means. First part applies to the quasi-arithmetic
means, while the next one to so-called Hardy property.

The idea of quasi-arithmetic means emerged in the begin-
ning of 1930s in three nearly simultaneous papers [12; 25; 31].
They are defined for any continuous, strictly monotone function
f: U — R (U is an interval) by the equality f~(3 w;f(a;)),
where a € U™ are entries, w; > 0 satisfying > w; = 1 — weights.
They are a natural generalization of Power Means. Moreover,
many known results concerning Power Means could be adapted
to the family of quasi-arithmetic means.

In part I, we will prove some estimates of the differences
among quasi-arithmetic means. These results are corresponding
with earlier papers of G. T. Cargo and O. Shisha [10] and [11].
An important tool will be the earlier idea of Mikusinski and,
independently, Lojasiewicz [29, footnote 2].

Chapter 3 was published in Real Analysis Exchange, chap-
ter 4 is currently under referee process .

Next part are concerning so-called Hardy property. In 1920,
G. H. Hardy, [20], proved that whenever p < 1 and P, is a power

1



2 CHAPTER 1. OVERVIEW

mean then there exists a constant ¢, satisfying

> Pplar,....an) <cp Y ay for any a € I'(Ry).
n=1

n=1

He proved that for p > 0 the constant &, = (p — p?)~V/7 fits.
Moreover he had claimed that the constant ¢, = (1 — p)~%/? is
optimal. His conjecture was confirmed one year later by Landau
[27]. Two years later Carleman [8] independently proved that
>0 Polay, ... a,) < eXo%, a, and the constant e is optimal.
In 1928, Knopp [23], proved that the constant c, = (1 — p)~'/7
is optimal for p < 0 too. This result fulfilled the problem of
optimal constant for power means. [It could be easily verified
that for p > 1 power means do not satisfied similar property.]

This property was named in 2004 by Zs. Péles and L.-E. Pers-
son [36]. A mean A: U2, U" — R, U — an interval, inf U =0
is Hardy if there exists a constant ¢ such that

> Aar,...,a,) <c> a, foranyacel(U).
n=1 n=1

We have already known that P, is Hardy if and only if p < 1.
Next step in the development of Hardy means was the paper
by Mulholland [30]. He proved an if and only if condition for
quasi-arithmetic means to be Hardy. It still remains one of the
most general result in this theory. Let us note that, however most
of presented results are classical, the problem of Hardy property
remains open for many families of means. Many results in theory
of Hardy means have appeared ever since 1920s, it could be seen
in by-now-classical reviews [13; 42; 33] and a recent book [26].
In chapter 6, I am going to characterize Hardy property
among three-parameters generalization of power means intro-
duced in 1971 by Carlson, Meany and Nelson [9]. Later, in chap-
ter 7, I am going to completely characterize Hardy property for
Gini means [16] (it is a solution of conjecture established by
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Pales and Persson in 2004 [36]) and Gaussian product of power
means.

Papers containing pertinent results, [P2; P3| are awaiting
publication.

In the following two sections I am going to describe in de-
tail my results concerning quasi-arithmetic and Hardy means,
respectively.

1.1 Quasi-arithmetic means

Quasi-arithmetic means were defined in three nearly simultane-
ous papers [12; 25; 31] in the beginning of 1930s. For a contin-
uous, strictly monotone function f: U — R (U-an interval) we
define a quasi-arithmetic mean by

M, (0, w) = (z wz-f<ai>) ,

where a € U™ are entries; w; > 0 satisfying > w; = 1 — weights.
This family of means is a natural generalization of power

means. This fact was announced by Knopp in late 1920s [23].

Indeed, this family are so closely related, that the classical proof

of inequalities between power means could be easily adopted to

quasi-arithmetic means. Namely, let U be an interval, f, g: U —

R — continuous, strictly monotone functions. Let us assume with-

out loss of generality that f is an increasing function (M, =

M_¢). Then the following conditions are equivalent:

(i) My(a, w) = M,(a, w) for any admissible a, w,

(ii) fog™!is convex.

Moreover, having some additional smoothness assumption, by

Jensen inequality, one obtains an additional iff condition:

(ili) As(z) > Ay(z) for x € I, where Ay := f"/f".

This condition was significantly generalized by Mikusinski

Theorem ([29]). Let U be an interval, f, g: U — R — twice
derivable functions, f' - g # 0. The following conditions are
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equivalent: (1) M (a, w) = M,(a, w) for all admissible vectors a
and corresponding weights w, with both sides equal only if a is a
constant vector, (i) Ay > A, on a dense subset of U.

ESTIMATE OF THE DIFFERENCES AMONG QUASI-ARITHMETIC
MEANS. In 1960s Cargo and Shisha [10; 11] considered some
estimates of the difference among quasi-arithmetic means. They
introduced a metric

p(Mty, M) = sup{|Ms(a, w) — My(a, w)| : a, w admissible }.

Many upper estimates were proved i.e. a classical estimation
p(Me, M,) < 2wp—1(||f — gll,) (w denotes a modulus of conti-
nuity).

In chapter 3, using some results from [10; 11], I obtained
an upper estimation of the difference for the means generated
by twice differentiable functions with nowhere vanishing first
derivative. It was expressed in terms of Mikusinski’s operator.

For the purpose of the present overview, let me quote, in
what follows, from the ulterior chapters 3 and 4.

Theorem (3.3 in chapter 3). Let U be an interval, f, g: U — R
— twice derivable functions, f'- ¢ # 0. Then

p(My, M) < |Ulexp(2 [ Agl]y) sinh 2{| Ay — Afl]; .

Later, as an application to the solution of the problem pre-
sented by Zs. Péles [34], this result was strengthened. (It will be
proved in chapter 4)

Theorem (4.2 in chapter 3). Let U be an interval, f, g: U — R
— twice derivable functions, f'- ¢ # 0. Then

oMy, M,) < Ulexp A, (exp Ay = Al 1),

where ||ull, := sup, per
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Moreover, one of theorem in chapter 4 allows us to estimate a
differences among quasi-arithmetic means, which are not gener-
ated by derivable functions. This result was inspired by problem
presented in 2013 by Pales [34]. It is worded in terms of his
operator Py(z,y,z) = ;Eg:;g (compare [35]):

Fact (4.1 in chapter 4). Let U be an interval, f, g: U — R. Let
Ao = A{(r,y,2) €U v —2| > a}. If [P — Pyl a, <1 for
some o > 0 then p(My, M) < o

(||-||007Aa denotes the standard norm in the space L*°(A,).)

SCALE. Some other direction of my research consists in adapt-
ing some classical property of power means to quasi-arithmetic
means. Namely, for any fixed, non-constant vector of entries and
corresponding weights as we consider all possible power means,
one obtains all values between minimal and maximal entry of
considering vector of entries. In my thesis I'm going to present a
very general, however no an iff, result for a subfamily of quasi-
arithmetic means to admit this property (scale property). In
chapter 3, I proved

Theorem (3.1, 3.2). Let I, U be an open intervals, (ko)acr —
family of C? functions, ko: U — R, ko #0, a € I.

o [fI>a— Ay, (x) if increasing, 1-1 on a dense subset of
U and ‘onto’ for all x € U then (M, )acr S a scale;

o [f (M, )acr is a scale then there exist a dense subset X C
U such that I 5 o +— Ag, (x) is increasing, 1-1 and ‘onto’
for any x € X.

1.2 Hardy means

History of Hardy means, formally introduced ten years ago in
[36], emerged in 1920, when Hardy published a Riesz’s proof of
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the following inequality:

N 1. q q2 q n
Z(Zak> < ( ) > af, where ¢ > 1 and a5, > 0.
n=1 n q— 1

k=1 k=1

By this inequality one could easily obtain
Z Pp(ala s 7a“rL> < (p _p2)_1/p Z an, PE (07 1)7 ac ll(R+)
n=1 n=1

Today we say briefly: P, is Hardy for p < 1. However one year
later, [27], it was already known that the constant presented
above is not optimal, but in current thesis we will not deal with
optimality of constant appearing on the right-hand-side of Hardy
inequality. There is also a similar result by Mulholland from 1932
in the same spirit

Theorem ([30]). Let U C Ry be an interval, infU = 0. Let
f: U — R be a continuous, strictly monotone function. Then
My is Hardy if and only if there exist: numbers A > 1, k > 1,
and a convex function ¢: f(I) — R satisfying

o) < (Fr )< A-ply)  forye fI).

Nevertheless, the problem of being or not being Hardy re-
mains open for many families of means. In this thesis I'm going
to present a necessary and sufficient condition to be Hardy for
(i) Gini means and (7i) Gaussian product of power means to be
Hardy. Moreover, some advanced consideration for generalized
power means will be done.

GENERALIZED POWER MEANS. In 1971, [9], Carlson, Meany and
Nelson introduced the following generalization of power means:
For k € N, s,q € R one defines

773<77q(vi1,...,v,-k): 1<y < ... <ik<n> ifk<n,
Py(v1,...,0,) ifk>n.

75k737q(?]1 Ce Un) =
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During my studies, Corollary 6.3.1, I proved that, for any fixed
keN,

° 75k757q is Hardy for no s > 1, ¢ > 0,

e P, is Hardy for no s > k and ¢ € RU {00},

° 75k717q is Hardy for ¢ < 0,

. 75;@,37,1 is Hardy for s < 1 and ¢ € RU {£o00}.

GINI MEANS. Gini means were proposed in 1938 [16] as a gen-
eralization of power means. This family is defined by

S aP 1/(p—q)

o ifp#q,
Bpqlar, ... a,) = <Zi1ai

" aPlna; .
exp (%) ifp=gq.

Indeed, it could be easily verified that upon taking ¢ = 0 one
obtains the p-th power mean. Zs. Péles and L.-E. Persson [36]
proved that

o If &, , is Hardy then min(p, ¢) < 0 and max(p, ¢) < 1.
e If min(p, ¢) < 0 and max(p,q) < 1 then &, , is Hardy.

In chapter 7 I will prove that the second condition is also a
necessary one (cf. Theorem 7.3). It confirms the hypothesis an-
nounced in [36].

(GAUSSIAN PRODUCT OF POWER MEANS. This definition, which
generalize Arithmetic—geometric mean, was defined [in a slightly
more general version] by Gustin [17]. Let p € N, A € RP™! and
v be an all-positive-components vector. One defines



8 CHAPTER 1. OVERVIEW
Then, for any 0 < k& < p, there exists a limit lim; . v,(:).
Moreover it does not depend on k. We will call it a Gaussian

product of power means and denote by Py, @ Py, ® - -- @ Py, (v).
In chapter 7, I will prove (cf. Theorem 7.2) that

Pro @ Py, @-+- @ Py, is Hardy <= max\ < 1.

Attention: Some effective estimates for the speed of conver-
gence have been recently given in [P5].



Part 1

Quasi-arithmetic means







Chapter 2

Introduction

One of the most popular families of means encountered in the
literature consists of quasi-arithmetic means (Q-A for short).
That mean is defined for any continuous strictly monotone func-
tion f: U — R, U — an open interval. When a = (ay,..., a,)
is a sequence of points in U and w = (wy,..., w,) is a se-
quence of weights (w; > 0, wy + -+ + w, = 1), then the mean
M = Ny (a, w) is defined by the equality

M) = 1 (S uista).

According to [21, pp. 158-159], this family of means was dealt
with for the first time in the papers [12; 25; 31|, just a couple
of years before the coming out of that benchmark contribution
[21]. Among the names of independent, if simultaneous, con-
tributors there is that of Kolmogorov. He had explained in [25]
the naturality of the above construction. In fact, an extremely
short list of his most natural postulates [to be satisfied by a
mean| forces the existence of a continuous function governing
that mean, exactly as in the definition above. The issue is also
discussed in the by-now-classical encyclopaedic publications [6]
and [7]. It is underlined there that one thus naturally generalizes
the Power Means. Indeed, the latter family, containing the most

11



12 CHAPTER 2. INTRODUCTION

popular means: arithmetic, geometric, quadratic, harmonic, is
encompassed by this approach upon taking the functions

() = {xa if o # 0, (2.1)

Inzx if a=0,

forx € U = (0, +00), a € [ =R.

In the 1960s Cargo and Shisha [10; 11] introduced a metric
among quasi-arithmetic means. Namely, for f and g both con-
tinuous, strictly monotone and with the same domain, they have
defined a distance

p(My, M) = sup{|M;(a, w) — M,y(a, w)| : @ and w admissible}.

They also furnished some majorizations for p(Ms, M,). One of
their results is the proposition below; hereafter [|-[|, denotes the
standard L” standard norm in the space LP(X) over a suitable
space X (1 <p < o0).

If not otherwise stated, the interval under consideration is
arbitrary.

Theorem 2.1 ([11],Theorem 4.2). Let U be an interval, g €
C(U) be strictly monotone, f € C*(U), inf |f'| > 0. Then

2|l f—9ll
p(IMy, M) < Hinféu\ :

Departing from another observation in [11], we will prove
in chapter 3 an alternative estimate for the distance between
two quasi-arithmetic means satisfying certain smoothness condi-
tions. An important tool for that will be the operator introduced
by Mikusinski in [29]. The relevant result will be presented in
Theorem 3.3.

Remark 2.1. Note that the left hand side is symmetric with
respect to f and g, while the right one is not. One could clearly
symmetrize using the min function. Nevertheless, this operation
will be omitted to keep the notation compact. The same remark
applies to many a result within the present thesis.
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In fact, let U be an interval and C?7(U) be the class of func-
tions from C*(U) with the first derivative vanishing nowhere in
U (if a boundary point belongs to U, as will happen in sec-
tion 3.3, then we will assume the existence of the corresponding
one-sided, second derivative, and the one-side first derivative
nonzero at that point). Within this class one defines the opera-

tor A: C*#(U) — C(U) sending f to Ay, by the formula!

_
I

This operator has, due to [29], numerous applications in the
comparison of means, as exemplified in Proposition 3.3.1. In fact,
it will enable us to compare means in huge families, not only in
pairs. Precisely this kind of comparison was being advanced by
Polish mathematicians in the late 1940s.

One particularly important fact concerning the operator A
was discovered by Mikusinski, who published his result, [29, (5)],
in the first post-war issue of ”Studia Mathematica”?. It is quite
surprising that such a useful result has not been included in the
referential book [6].

Let us not that some of the results included in Part I have
been inspired by a benchmark paper [35] by Péles. Namely, he
proved, using the three parameters’ operator

_ @)~
B = e = )

Afl

defined on {(z,y,2) € U%: x # 2z} =: A, the following

'Mikusifiski and, independently, Lojasiewicz, proved that comparability
of quasi-arithmetic means might be easily expressed in terms of operator
A. Besides, in the mathematical economy, the negative of this operator
happenes to be called the Arrow-Pratt measure of risk aversion.

2the flagship journal of the pre-war Lvov Mathematical School, estab-
lished by H. Steinhaus and S. Banach.
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Theorem 2.2 ([35], Corollary 1). Let U be an interval, f and
fn, n € N, be continuous, strictly monotone functions defined
on U.

Then ( My, — My pointh’se) — ( Py, — Py pointwise

0nA>.

Remark 2.2. Let U be an interval and f, g € C**(U). Then
the following conditions are equivalent:

(i) Af(xz) = Ay(z) forall z € U,
(ii) f=ag+ B for some o, BER, a#0,

(iii) Ms(a, w) = My(a, w) for all vectors a € U™ and arbitrary
corresponding weights w

(iv) Py =P, on A
(see, for instance, [21, p.66], [29]).

The results enclosed in chapter 3 was published at the begin-
ning of 2013. Few mounths later, during the 15th International
Conference on Functional Equations and Inequalities® Pales him-
self asked about possible generalizations, of the (<) part of his
theorem. In fact, he asked for a majorization of the distance
p(My, M) in terms of the operator P. Related with this is an-
other problem presented in chapter 3 in Example 4.1. On the
other hand, it is natural to look for possible strengthening of
Theorem 3.3 and Corollary 3.3.2.

In chapter 4 we are going to propose such an estimate which
not only implies the (<) part of Péles’ result but also leads to
a handy strengthening of Theorem 3.3; compare Corollary 4.3.1
and Theorem 4.2, respectively.

3The conference held in May 2013, while the results enclosed in chapter
3 was published in the beginning of 213



Chapter 3

When is a family of
quasi-arithmetic means a
scale?

For a family {k,|a € I} of real C? functions defined on U
(I, U — open intervals) and satisfying some mild regularity
conditions, we will work towards justifying when the map-
ping I 5 a — My, (a,w) is a continuous bijection between

I and (mina, maxa), for every fixed non-constant sequence
n

i=1"

such a situation one says that the family of functions {kq}

a = (ai)?zl with values in U and weights w = (wl) In

generates a scale on U.

This chapter is based on the paper [P1].

3.1 Scales

If a non-constant vector a € U™ and weights w are fixed then the
mapping f +— S)ﬁf(a, w) takes continuous monotone functions
f: U — R to the interval (mina, maxa). One is interested in
finding such families of functions {k,: U — R},c;, where I is
an interval, that for every non-constant vector a with values in

15
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U and arbitrary fixed corresponding weights w, the mapping
I > a— M, (a, w) be a bijection onto (mina, maxa). Every
such a family of means 9y, is called scale on U.

The problem of finding conditions, for a family of means,
equivalent to its being a scale has been discussed for various fam-
ilies. For instance, a set of conditions pertinent for Gini means
was presented in [1]. Many results concerning means may be ex-
pressed in a compact way in terms of scales. Probably the most
famous is the fact that the family of power means is a scale on
(0, +00). It was proved for the first time (for arbitrary weights)
in [2]. More about the underlying history, as well as another
proof, was given in [6, p.203]. In the last section of the present
note we will present a new, extremely short proof of this classical
fact.

3.2 Comparison of means

Dealing with means, we would like to know whether (a)one
mean is not smaller than the other, whenever both are defined
on the same interval and computed on same, but arbitrary,
set of arguments. And, when (a) holds true, whether (b)the
two means, evaluated on same arguments, are equal only when
a; = ay = --- = a,. With (a) and (b) holding true, we would say
that the first mean is greater than the second. (Note that this
relation slightly strengtens the common comparablity between
means. )

As long as quasi-arithmetic means are concerned, the com-
parability of 9y and 9, as such turns out to be intimately
related to the convexity of the function f o g~!; see items (ii)
and (iii) in Proposition 3.3.1 below.

Unfortunately, however, when it comes to scales, the family
of objects to handle becomes uncountable. Hence one is forced to
use another tool, allowing to tell something about uncountable
families of means. Its concept goes back to a seminal paper [29].
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A key operator from [29], denoted in this thesis by A, is used in
item (i) in our technically crucial Proposition 3.3.1.

Prior to that we will present both necessary and sufficient
conditions, for a family of functions {k, }aer defined on a com-
mon interval U, to generate a scale on U. The key conditions in
our Theorems 3.1 and 3.2 are given, naturally enough, in terms
of the operator A. Reiterating, it is handy to compare means
with its help. So we begin with

Theorem 3.1. Let U be an interval, I — an open interval,
(ka)acr — a family of functions on U, k, € C**(U) for all a.

If I 5 avw— A (z) € R is increasing and 1-1 on a dense
subset of U, and is onto for all x € U, then (Mg, )acs i an
increasing scale on U.

A proof of this theorem is given in section 3.4. As a matter
of fact, we will need for applications a wider version of the above
theorem. Namely, we extend the setup as follows.

In the definition of a scale one may replace min a and maxa
by arbitrary bounds L(a, w) and H(a, w) respectively, with
some functions L and H.' Then such a modified family of means
is called a scale between L and H. Such generalization is very
natural and is frequently used, e.g. in [6, pp. 323, 364].

Bounds in a scale, in most cases, are either quasi-arithmetic
means or min, or max. In order to make the notation more
homogeneous, we introduce two extra symbols L and T, and
write henceforth, purely formally, 91, = min and 911 = max.
We also adopt the convention that A| = —oo and A+ = +o0.

Attention. In some papers scales may as well be decreasing.
In fact, we do not lose generality if we assume that all scales
are increasing, because whenever a family {k,}q.c; generates a
decreasing scale and ¢: J — [ is continuous, decreasing, 1-1

"'We slightly abuse the notation here, as most of the researchers active
in the field of means do.
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and onto, then the family {ky,()}acs generates an increasing
scale (see, e.g., Proposition 3.5.4 in Section 3.5).

Moreover, using this property, we will assume in all proofs
that I = R.

Corollary 3.2.1 (Bounded Scale). Let U be an interval, I —
an open interval. Let I, h € C**(U) U{L, T} and (ka)acr be a
family of functions, ko € C**(U) for all a € I.

If I 5 aw— Ag (x) € R isincreasing (decreasing) and 1-1 on
a dense subset of U, and is onto (A;(z), Ap(x)) for all z € U,
then (M, )acr s an increasing (decreasing) scale between N,
and My,

The proof is just a specification of the proof of Theorem 3.1.

Remark. If, in the above corollary, [, h € C?#(U), then it would
be enough to assume that the mapping o — Ay, () be onto for
almost all € U. (Because, then, by Corollary 3.3.2, one gets
the convergence in L'(U).)

The strength of Theorem 3.1 is visible in the following ex-
ample (or, rather, exercise).

Example 3.1. Let U = (1, +00) and ko(z) = 2 for o €
R\ {0}.

Find such a function kg that the completed family (k,)acr gen-
erates a scale on U.

By the definition of the operator A, for a # 0 there holds

1

Ao () = r(lnz +1)

+a(lnz+1).

In view of Theorem 3.1 we will be done, provided « +— Ay, (2)
is increasing, 1-1 and onto R for all x € U. However, changing
the view point from z to «, we clearly have

R\ {0} > a+— A; () R\ {:c(lnat%—l)}’ reU.
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Hence it is natural to take kg = A~* (ac(lnlac—&-l)) . Then the pattern

AN Ay) = Jel s gives automatically ko(z) = xInz.
Therefore, an increasing scale on (1, 400) is generated by the
family

z—zlnx ifa=0.

ka:{x}_)gjm ifaa #0,

Moreover, it is now immediate to note that, in turn, the same

family of functions generates a decreasing scale on (0, %)

Now, how about a possible reversing of Theorem 3.1 7 This
point is rather fine; the existence of a scale implies a somehow
weaker set of properties than the one assumed in Theorem 3.1.
To the best of author’s knowledge, the problem of finding a set
of conditions exactly equivalent to generating a scale is much
more sophisticated than it is presented here.

Theorem 3.2. Let U be an interval, I — an open interval,
(ka)acr — a family of functions on U, k, € C¥*(U) for all a.

If (M, )acr is an increasing scale then there exists a dense
subset X C U such that the mapping I > o — Ay, (x) € R is
increasing, 1-1 and onto for all x € X.

A proof of this theorem is given in Section 3.4, immediately
after the proof of Theorem 3.1.

3.3 An Arrow-Pratt like operator in
Quasi-Arithmetic means

In what follows we will extensively use the operator A. Here we
recall, after [29], some of its key properties. We also rephrase in
the terms of A an important result from [11].

All this will be instrumental in showing that many nontriv-
ial families of functions do generate scales. We will also deduce
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about the limit properties of our quasi-arithmetic means, stat-
ing a new result (Proposition 3.5.3) inspired, to some extent, by
the paper [24].

Regarding scales as such, many examples of them were fur-
nished in [6, p.269]. Scales were also used by the old Italian
school of statisticians; see, e.g., [3; 4; 5; 15; 43; 45]. One of sig-
nificant results from that last group of works will be presented,
with a new and compact proof, in Proposition 3.5.4. That new
approach will, we hope, show how quickly one can nowadays
prove old results.

Let f € CY(U) be a strictly monotone function such that
f'(x) # 0 for all z € U. Then there either holds f'(z) < 0 for
all z € U, or else f'(x) > 0 for all z € U. So we define the sign
sgn(f’) of the first derivative of f to be sgn(f’)(z), where z is
any point in U. The key tool in our approach is

Proposition 3.3.1 (Basic comparison). Let U be an interval,
f, g € C*(U). Then the following conditions are equivalent:

(i) Ay > A, on a dense set in U,
(i) (sgnf’) - (fog™') is strictly conver,

(iii) Ms(a, w) > My(a, w) for all vectors a € U™ and weights
w, with both sides equal only when a is a constant vector.

For the equivalence of (i) and (iii), see [29, p.95] (this char-
acterization of comparability of means had been independently
obtained by S.t.ojasiewicz — see footnote 2 in [29]). For the
equivalence of (ii) and (iii), see, for instance, [10, p. 1053].

In the course of comparing means, one needs to majorate the
difference between two means. If the interval U is unbounded
then, of course, the difference between any given two means
can be unbounded (for example such is the difference between
the arithmetic and geometric mean). In order to eliminate this
drawback, we will henceforth suppose that the means are always



3.3. ANARROW-PRATT LIKE OPERATOR IN QUASI-ARITHMETIC MEANS21

defined on a compact interval. It will be with no loss of general-
ity, because it is easy to check that a family of means defined on
U is a scale on U if and only if those means form a scale on D,
when treated as functions D — R, for every closed subinterval
D C U. Indeed, if a is a vector with values in U, then a is also
a vector with values in D for some closed subinterval D of U.

So, from now on, we have U — a compact interval, g € C?#(U)
increasing, and, clearly, A, € L*(U). The following theorem is
of utmost technical importance.

Theorem 3.3. Let U be a closed, bounded interval and f,g €
C* (U). Then

p(My, M) < |U]exp(2]|Af]l,) sinh (21| 4y — Afl,)

for all a and w (||-||, is taken in the space L*(U)).

Remark. This theorem and corollary below will be generalized
in chapter 4 (Theorem 4.2). However, the proof given here below
has been enclosed in the original paper [P1].

Proof. Fix a and w. Replacing the initial function f by af + 3

(compare Remark 2.2) with o = m, B=— ]{c,((r;i;‘;)), we can

assume without loss of generality that

f(zx) :/_ exp (/ Af(t)dt> ds, zeU. (3.1)
Moreover, let us make the same simplification for g. Then
f(mina) = g(mina) = 0 and both functions are positive and in-
creasing on (min a, maxa).

Then, much like in [11, pp. 215-216], we have

My (a,w) —My(a,w)
=) X wy(gla) — gla) (6G) - 0()),

1<i<j<n
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where 6 = (f o g7'), for certain v € [mina, maxa] and z; €
g(U), 1 =1,...,n. The vector w denotes, as usual, weights so,
naturally, >y «; <, wiw; < % Hence

9y (4 w) = My (0, )
=) 3 wa(o(e) -~ o(ar)) (010 - ew)‘

wg(max a) sup [0(z) —0(v)]

h 2 zweg(U)

Putting € := ||Ay — Ay||,, we assuredly have

f/
= = eJ A4 ¢ (e7¢, €).
g

Thus 6(z) = (fog ) (2) = Feg— (2) ¢ (e~¢, €°). What is more,

g'eg~(2)
g(maxa) = /

min a

maxa

g'(s)ds < / e f'(s)ds = €° f(maxa) .

min a

maxa

Whence, estimating further,
M4 (a, w) — My(a, w)]

<MW N oe ypacay sup [0(2) - 0(0)]

2 z,v€g(U)
—1y/ €
< H(f ;Hooe f(maxa) (65 _ €7€>

f(maxa) e* —1

inf /2
Wsinh%.

But, by (3.1), we also know that

flmaxa) = [exp( [ Ay)

mina min a

< [Ulexp([[Asll;) (3.2)
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and s

inf f' = igéexp(/. Ap) = exp(— l47). (3.3)
So, prolonging the previous chain of estimations and using (3.2)
and (3.3),

9 (a, w) = Mg(a, w)| < [Ulexp(2 [|Ayll;) sinh 2 [[Ag — Ayl -
[l

Remark. Theorem 3.3 would still hold true, for any vector a,
if ||-]|, denote the standard norm in the space L'(mina, maxa).

One immediately gets the following

Corollary 3.3.2. Let U be a closed, bounded interval and [ €
C?#(U). Moreover, let (fn)nen be a sequence of functions from
C*#(U) satisfying Ay, — Ap in LYU). Then My, = My uni-
formly with respect to a and w.

Heading towards the main results of the present chapter, we
state now

Proposition 3.3.3. Let U be a closed bounded interval, (kq)acr
— a family of functions from C**(U).

(A) If (M, )acr is an increasing scale then (Ax,)acr Satisfies
all the conditions (a) through (d) listed below.

(a) if ; — a , then Ay, — A, on a dense subset of U

k3

(independent of v and () ),

(b) if a < 3, then Ay, < Ay, on a dense subset of U (indepen-
dent of a and 3),

(¢) if « — —o0, then Ay, (xr) — —o0 on a dense subset of U
(independent of the sequence a),

(d) if B — +oo, then Ay,(x) — 400 on a dense subset of U
(independent of the sequence [3).
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(B) Strengthening conditions (a), (c) and (d) to
(e) if a; — a , then Ay, — Ay,

(f) (@ - —o00 = Ag (v) - —o0) and (f — o0 =
Apy(w) = +00)  forallz e U

suffices to reverse the implication: (b), (e), and (f) imply (My,, ) acr
being an increasing scale.

Proof. To simplify the notation, having a and w fixed, we write
shortly

F(a) =My, (a, w),
F:R — (mina, maxa). And then one simply checks step by
step:
(a) With no loss of generality one may consider o; — a+.

Suppose the converse — that there exists an open subset
V. C U, that A, + Ay, on V. Then there exists m €
C** (V) such that Ag,,, < Am < Ay, Hence for all 7 and non-
constant vector a with corresponding weights w, My, <
M, < My, . Contradiction.

At this moment the produced dense set possibly depends on
Q.

We will show how to produce an independent-of-a dense set.
Let

Xy = {a:: for an arbitrary «, if a; — a, then Ay, (z) — Ay, (:1:)}
That is to say

X = {xi Vaer Ve>0 J5>0 VpeB(a.0) ‘Aka (z) — Akﬁ(x)‘ < 5},
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or equivalently (using the monotonicity of the mapping a +—
Ay, (z) for all x € U) one obtain

Xy = {o:Va €R, Ve >0, 35 >0, |4, (0) = A, (0)] < ¢}
Ag,_s(x) — AkaH(I)‘ < s}

Ap,_s(@) = Apo s (Jf)’ < 5}.

:{x:VaeQ, Ve e Q, 30 >0,

= ﬂ {:L‘:E|5>O,

a€eQ
e€Qy

But, if a; — «, then Akai — Ay, on a dense subset of U.
Thus

{x:5|5>0,

A, _s(x) — Akors (I)‘ < 5}

is dense and open for all € > 0 and o € R. In the outcome,
X(q) is a dense Gs-set.

(b) if @ < (3, we have F(a) < F(f3) and the equality holds iff a
is constant. So by Proposition 3.3.1 we have A, < Ay, on
a dense set.
Let

Xy = {m €U :Va, V0 # a, Ay, (z) # Akﬁ(x)},

E.p:= {x eU: Ay, (z) # Akﬂ(x)}.

We have that if [o/, #'] C [a, 8] then E,3 C Ey, g, and
E, s is an open dense set. Thus

Xo) = () Pap = [) Eup

a,BeR @,BEQ
a#p a#p

is a dense Gj-set.

(¢) The proof is completely similar to that of (d) given below.
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(d) Let
Xy ={x: ma Apy(7) — +o0}.

—0Q

We shall prove that if X4 were not a dense set, then there
would exist a closed, non-trivial interval D such that

Mp :=sup lim A, (r) < co.
xeD B—o0

Arguing by contradiction, let us assume that for any non-
trivial closed interval D one has Mp = co.

We will prove that for any non-trivial, closed interval D
one could take non-trivial, closed intervals Dy D Dy D ...
satisfying
ﬁlim Apy(z) > j, for any j € Ny and z € D;.

Indeed, for any j € N, in view of Mp, = +o0, there exists
x; € D; and f3; such that Akﬁj (x;) > j+1. In particular, one
can take a closed, non-trivial interval D;;1 3 x5, D41 C D;
satisfying

Apg, (x) > j+1for any v € Dj44.

Whence, X4 D N2, D; # 0, so that X(g) N Dy # (.

Eventually, upon taking a set D such that Mp < +o0o, one
gets
mkﬁ (Ua Q) < mexp(MD-x) (U, q) < maxwv

for all # and v, ¢ such that v € D". Hence the family {ks}
would not generate a scale on U. So X(g4) is a dense set.

To prove part (B) one needs to show that, under (e) and (f),
(M4, )acr s a scale on U.

By Proposition 3.3.1 we know that F' is 1-1. Additionally,
when arguing to this side, we know that if & /" o then Ay,
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Ak, S0 Ag, = Ay, on [mina, maxal. Therefore, by Corol-
lary 3.3.2, we have My, = M, with respect to a and w. Thus
F'is continuous and 1-1.

To complete the proof, it sufficies to show that

lim F(a) =mina, ﬁlilil F(8) = maxa.
We know that Akﬂ — +0o0 on the closed interval U. So Akﬁ =
+00 on U. Therefore, for any M € R there exists 3y, € I such
that
F(B) > Mo (a,w), for all 5> [By.

Now, letting M — +o0, and knowing that {e": ¢ # 0} U {x}
generates a scale on R (a folk-type theorem, see also Remark 3.1
below) we get

F )
(6) m maxa

One may similarly prove that
F(a) —— mina.

So F'is a continuous bijection between R and (mina, maxa).
Hence (M., )acr is a scale on U. O

Remark 3.1. To prove that the family {e™: ¢ # 0} U {x} gen-
erates a scale on R it is enough, having data a, w, to consider
the all-positive-components-vector v = (e, ..., e*). And then
to use the fact that the family of power means evaluated on v
with weights w is a scale on R,..

Corollary 3.3.4 (strengthening of Proposition 3.3.3). Let U be
an interval, (ky)aecr— a family of functions, k, € C**(U) for all
a.

(A) If (M, )acr is an increasing scale then there exists a dense
set X C U such that

(a) if i — a, then Ay, — Ag, on X,
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(b) if a < B, then Ay, < Ag, on X,

(¢) if « — —o0, then Ay, () — —oc0 on X,
(d) if B — +o0, then Ay, (z) — 400 on X.
(B) Under the stronger condition

(e) if a; — a, then Ay, — Ay,
(f) (@ —» —o0 = A, (z) —» —o0) and (f — 400 =
Apy(w) = +00)  forallz e U

the entire implication of the corollary can be reversed: (b), (e),
and (f) imply (M, )acr being an increasing scale.

This corollary says that, in Proposition 3.3.3, one can have

a single common subset ( X ) of U on which the conditions (a)
through (d) hold.

Proof. The (B) parts in Proposition 3.3.3 and Corollary 3.3.4
are the same except the notion of X given to the dense set in
(B) in Proposition 3.3.3. We are going to show the implication
(A).

We might assume that U is a closed interval (compare the
comment paragraph below Proposition 3.3.1).

Let us denote a dense sets appearing in (a) through (d) in the
Proposition 3.3.3 by X(,), ..., X(g). Our aim is to prove that each
of these sets is a dense G4-set. By [the proof of]| Proposition 3.3.3,
X(a) and X are declared to be dense Gs-sets. By definition

X(d) = {IL‘ eU: ﬁEIJPooAk'B(ﬁ) — —|—OO}.

Due to Proposition 3.3.3 we know that X(4) is dense. Let
Y :={zeU: ﬁlim Apy () > s}

——400

Observe that Y; is dense (because Y; D X(4)). Moreover, for all
o € Y, there holds Akﬁo(iﬁo) > s+ 0 for some By € R and § > 0.
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Hence one may take an open neighborhood P > zq satisfying
Ay, () > s+ 10 for all z € P, implying P C Y;. So Y; is open.
But the mapping 3 — A, (7) is nondecreasing for all z € U.
Hence X4 = N32, Ys is a dense G-set. So is the set X.).

Now one may take X := X(a) ﬂX(b) ﬂX(C) ﬂX(d). X is clearly
dense (being a countable intersection of open dense sets). [

3.4 Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1. Let U be an interval, I = R, and X be
that dense subset of U upon witch the mapping given in the
wording of theorem is increasing and 1-1. We work with the
family of functions (ko )ack, ko € C*7(U) for all a € R.

Let us take an arbitrary xp € X. We know that R 2 a +—
Ay, (o) is increasing, 1-1, and onto R. Next, let us single out
the function ® : R — R such that Ay, (z¢) = . This function
is increasing as well.

Then for o < 3 we have Akq)(a) < A;%(ﬁ) on X. But, due to
the fact that R 3 oo — Ai_(x) € R is onto, we have

lim Ag, . (r) = —o0 and lim Ay, , () = +o0

o——00 B——+o0

everywhere on U. So one is in a position to use the part (B)
of Corollary 3.3.4. Thus the family of means (9, )acr is an
increasing scale on U. [

Proof of Theorem 3.2. Let us take X from Corollary 3.3.4. Let
then fix any 2o € X. Let {s,},er be the reparameterized family
{ka}acr, With restriction

sp = ko , where p = Ay, (x0).
Then we know that the mapping

Rop— A () €R
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is 1-1 and onto for all x € X, and, if p > ¢,
A, (z) > Ay, (7).
Moreover, due to the fact that A, (x¢) is onto, we have

Jm Ay = oo lim A, (z0) = o0

for all zy. So p — A, () is increasing, 1-1, and onto R for every
reX. O

Remark. The most recent research provide that the property
My, — max cannot be exhaustively characterize by the set

X(d) = {ZL‘ eU: QEIEOOA’%‘@) — —I—OO}.

(ct. [P5))

3.5 Applications

Proposition 3.5.1 (power means do form a scale). (P,)acr
(see (2.1) for a definition) is a scale on R, .

Proof. We compute the functions Ay,

a—1
Ap,(7) = ,

¢ T

and see that the mapping o — A (z) is increasing, 1-1 and
onto for every x € R,. So the assumptions in Theorem 3.1 hold,
implying that the family (k,) generates an increasing scale on
R,. O

Before giving our second application, we reproduce a result
which is now 14 years old.

Proposition 3.5.2 ([24]). Let k: [0,1] — R be a continuous
monotone function. Writing ko (z) = k(z*) for every a > 0,

there hold:
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() if there exists the one side, nonzero derivative k'(0+) then

lim 991, = max,
a——+00 «

(i) if there exists the one side, nonzero derivative k'(1—) then

lim 9, = P,.
a—0+ Fa 0

We prove a somehow similar (yet not so close) result.
Proposition 3.5.3. Let k € C?7[0,1] — (0, +00) and k,(z) :=
k(z*), a € (0, +00). Then

li%l_‘r My, = Po and lim M, = max. (3.4)

a——400

If, in addition, k is convez,? then (Ka)ac(0, +00) generates a scale
between the geometric mean and max.

Proof. We have to prove that the mapping (0, +00) 2 a —
Ag. () € R is 1-1 and onto for all x € (0, 1). Let us fix an
arbitrary « € (0, 1). Then we have

-1
Ap(2) = az® TAL(2®) + “
x
When o — 0+, then
) -1
Ago () = lim Ay, (z) = e
In turn, when o« — 400, there holds
E'(0) a-—1
a—1
Ag, (x) = ax 7(0) + . — +00.
—_———
>—00

The proof of formulas (3.4) is now completed.

When, additionally, g is convex, then A; > 0 and, by Corol-
lary 3.2.1, the family {k,}qcr, generates a scale on (0,1) be-
tween the geometric mean and max. L]

%in this situation one could just assume that k € C2[0, 1] and k is strictly
monotone, instead of assuming k € C27[0, 1]
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To close the present chapter, we would like to present one
classical result of the Italian school of statisticians from 1910-
20s. That result has been reported in [6, p. 269]. We now give it
a new short proof based on Corollary 3.2.1.

Proposition 3.5.4 (Radical Means). Let U = Ry and (ko)acr, ,
ko(z) = o/ for a # 1, completed by ki(x) = 1/x, be the fam-
ily of radical functions. Then this family generates a decreasing
scale on R..

Proof. The proof happens to be quite close to that of Proposi-
tion 3.5.1. Indeed, we quickly compute

2 + Ina
22

Aka (x) = = )

finding that the mapping a — A (x) is decreasing, 1-1 and
onto for every z € R,. So the assumptions in Corollary 3.2.1
hold, and hence the family (k,)acr, generates a decreasing scale
on R,. [



Chapter 4

Estimates for the distance
between quasi-arithmetic
means

In the 1960s Cargo and Shisha proved some majorizations
for the distance among quasi-arithmetic means. Nearly thirty
years later, in 1991, Pales presented an iff condition for a
sequence of quasi-arithmetic means to converge to another
QA mean. It was closely related with the three parameters’

operator (f(z) — f(y))/(f(x) — f(2)).

So it is natural to look for similar estimate(s) in the case of
the underlying functions not being smooth. For instance, by
the way of using Pales’ operator. This is done in the present

chapter. Moreover, the estimates from previous chapter.

This chapter is based on the paper [P2].

4.1 Initial example

Note that the implication converse to that in Corollary 3.3.2
does not hold — closeness of quasi-arithmetic means do not imply

33
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closeness between their arrow-pratt indexes in L! norm. It might
already be observed in the following

Example 4.1. Let U = [0, 27], fu.(z) = 2 + n ?sin(nz), n > 2
and f(z) = x for x € U. Then, by Theorem 2.1, p(Ms, M) <
2n~2. On the other hand, it can be straightforwardly estimated
that ||Ay, — Af||, = 2nln(n + 1) > 41n3 for every n > 2.

This drawback is implied by the fact that ,the first norm
does not see cancellation of positive and negative part in the
integral”. On the other hand, in the previous chapter a cou-
ple of additional monotonicity assumptions was made from the
very beginning making no point there to care about the traps
signalled an instant ago.

In the present chapter it is otherwise. As we will see, in order
to handle examples like the one above, it is more convenient to
use another norm, ||-||, (defined in section 4.3.1).

In the non-smooth case, however, we will extensively deal
with the operator P (defined in Introduction to the present part).

4.2 Main result

The main idea is to use the elementary fact that on compact
sets the pointwise convergence of monotone functions coincides
with the uniform one. However, A is not compact (even if U is).
Therefore, finding suitable compact subsets of A has seemed to
be of utmost importance in the search for an estimate for the
distance among means.

We observe that, when x approaches z, the operator

f@) = fy)
flx) = f(2)

becomes unbounded. So it is natural to consider those points of
A for which the coordinates = and z are separated one from the

Pr: A3 (z,y,2) —
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other. For any o > 0 define
A, i={(z,y,2) €U?: |z — 2| >a} CA.
We are going to prove the following

Theorem 4.1. Let U be an interval, f and g be two continuous,
strictly monotone functions defined on U, and o > 0. Then
1Pr — Pylloo.n, <1 implies p(My, M) < .

Before starting a proof, it will be handy to recall some basic
properties of the operator P. Namely, for any f,

Pr(z,y,2) + Py(z,y,2) =1 forall (z,y,2) € A, (4.1)
Zwin (Wf(a, w), a;, z) =0 for all a, w, and admissible z.
(4.2)

Proof of Theorem 4.1. Fix a € U™ with corresponding weights
w and write shortly

F:=Ms(a,w) and G :=My(a,w).

It is sufficient to find ¢ € {1,...,n} such that (F,a;,G) ¢ A,.
Then, by the very definition of A,, |F — G| < a.

Suppose conversely that (F,a;, G) € A, foralli € {1,...,n}.
In particular,

|P¢(F,a;,G) — Py(F,a;,G)| <1 forallie{l,...,n}
Hence, upon using (4.1) and (4.2), one obtains

—1< Zwk<Pf(F, ak,G) — Pg(F, ak,G))
k=1

= Zkaf(F,ak,G) + Zwk(— 1 +Pg(G,ak,F)>
k=1 k=1

= —1—|—Zwkpg(G,ak,F) = —1
k=1

This contradiction ends the proof. [l
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4.3 Applications

Corollary 4.3.1. Let U be an interval, f and f,, n € N, be
strictly monotone functions defined on U, Py, — Py pointwise
in A. Then My, (a,w) — My (a, w) for every fived a and w.

Moreover, if U is compact then My, — My uniformly with
respect to a and w in their respective ranges.

Proof. Fix: an arbitrary a € U™ with corresponding weights w,
a compact interval K C U such that a € K", and a positive
constant . We are going to prove that Py, — P uniformly in
A, N K? and then use Theorem 4.1.

To that end fix first p, ¢ € K, p # ¢q. Then note that P
and 9 do not change under affine transformations of f and f,,,
n € N. So (like it is usually done in dealing with quasi-arithmetic
means) assume that f(p) = f.(p) =0 and f(q) = fu(q) = 1.

One then has f,(-) = Py, (p,-,q) and f(-) = P¢(p,-, q). So,
by the assumption, f, — f pointwise in K. But f and f,, n € N
are continuous and strictly monotone. Hence one knows (cf., e.g.,
[32]) that this convergence is uniform in K.

Then f,(z) — fu(y) — f(x) — f(y) uniformly in A, N K3,
as functions of (z,y, z). Similarly f,.(z) — f.(2) — f(x) — f(2)
uniformly in the same set, as functions of (z,y, 2).

Now, to prove that Pj, — Py uniformly in A,NK?, it is only
needed to guarantee that f(z) — f(z), as a function of (x,y, z),
is bounded away from 0 in A, N K?3. But it is a continuous,
non-vanishing function defined on a compact set.

Therefore, there exists an integer n, such that

1P, = Ptllogangs <1 foralln>mn,.
Hence, by Theorem 4.1, one obtains
p(M s i, My|x) < foralln > n,,

where 9, | stands for the mean defined for a function g and
vectors taking values in the relevant Cartesian products of K.
This is more than needed in corollary’s first statement.
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As for the ‘moreover’ statement, one just takes K = U in the
above. O

Corollary 4.3.2. Let U be a compact interval, f and f,, n € N,
be strictly monotone functions defined on U. Then the following
conditions are equivalent:

(i) Py, — Py pointwise in A,
(i) My, — My pointwise,
(iii) My, — M uniformly with respect to a and w.

Obviously (iii) = (ii). Moreover, by Theorem 2.2, (i) <
(ii), while, by Corollary 4.3.1, (i) = (iii).

Corollary 4.3.3. If, in Theorem 4.1, the assumed inequality is
not sharp, [Py — Pyll o o, <1, then p(My, My) < a.

4.3.1 Strengthening of Theorem 3.3

Now we are going to propose some solution to the problem hinted
at in Example 4.1. Recalling, that problem arose from the fact
that the closeness of functions does not imply closeness of their
derivatives. Therefore, Theorem 3.3 is completely useless in the
situation having occurred in that example. Hence, we take pos-
sibly weaker topology to strengthen Theorem 3.3 and, conse-
quently, Corollary 3.3.2. Instead of using the first norm, one
needs to define some other norm which would circumvent the
mentioned drawback of the L! norm.

Let U be an interval, f: U — R be an arbitrary continuous
function, and the ‘oscillation’ norm be defined by

b
171 = s | [ s

We are going to justify that Theorem 3.3 might be strengthened
to
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Theorem 4.2. Let U be a closed, bounded interval and f,g €
C?#(U). Then

oy, 9M,) < [Ulexp | Al (expllA; = Al = 1).

It might be proved that the right hand side of the above
inequality can be majorized by the one appeared in Theorem 3.3.
This theorem also has a corollary, which is a strengthening of
Corollary 3.3.2, using ||-||, instead of L', but it will be worded
nowhere in this thesis. This time the drawback discussed in the
beginning of the section does not appear; cf. Example 4.2 later
on. Moreover, ||-||, < |||;, hence the above theorem holds if one
replaces |||, by [||l;; Remark 2.1 is applicable here.

Proof of Theorem 4.2. Fix any (z,y,z) € A. We would like to
majorize the value of |Ps(z,y, z) — Py(x,y, 2)|. By Remark 2.2,
let us suppose without loss of generality that

f(s) = /: exp </: Af(u)du> dt,
g(s) = /: exp </: Ag(u)du> dt.

/jexp(/tAfudu)dt
_/yexp(/ Ay (u )du>exp(/ A du)d
_/ exp (/ Ay (u )du) '(t)dt.

By the mean value theorem, there exists & € I such that

Then

1) = £ =0 ( [ 45000 = Ayt [ gy
= o [ At = A1) at0) ~ ),
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Similarly, there exists n € I such that

F(2) = f(z) = exp (/" Ap(u) — Ag(u)du) (9(2) — g(x)).
Therefore,

3

Pi(z,y,2) = exp </n As(u) — Ag(u)du> Py(x,y,2).

So
exp ([ Ay = Agll,) - [Py, y, 2)
exp (= [[Ar = All,) - [Py(,y, 2)

But sign Py (z,y, z) = sign Py(z,y, z) for any admissible z, y and
z. Hence one obtains

|Pf(37,3/72) - Pg<1‘,y,2>’ < \Pf(x,y,z)] (eXp HAf - A!]H* - 1)

(4.3)

Now we are going to majorize the value of |Ps(z,y, z)|. But
fl@) = f@)| _ |z —y| [')

Pi(z,y, 2 :’ = for some p, ¢ € U.
e = =56~ =l F

Moreover |z —y| < |U| and

o (50 | i

Ul

|z = 2|

< (147, -

So

’Pf(&l,y,Z)‘ < eXp”AfH*

Hence, in view of (4.3),

|
Pyl ,2) = By 2)| < = esp LA, (e 147 = Ayl
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Therefore, applying Corollary 4.3.3 with proper o immediately
gives

p(My, M) < [Ulexp [|As], (exp [[Af = Agll, = 1).
[l

Example 4.2. Let us take U, f and f, like in Example 4.1.
Then Ay =0 so ||Ay||, =0,

b —nAsi 1
g, = Afll, = sup [(TESEREE g (BT,

a,bef0,2n] Ja M 4 COSNT n—1

So, by Theorem 4.2, p(M;, My, ) < %. This estimate is still
much worse than one could expect (it is O(n™') instead of
O(n~?) ascertained in Example 4.1) but it is better than the

one implied by Theorem 3.3 (a trivial one).



Part 11

Hardy means
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Chapter 5

Introduction

Power Means have been investigated ever since their conception
in the 19th century. One of the classical results concerning them
is the following inequality, in its final form reproduced below due
to Hardy [20] in the course of his commenting some still earlier
results of Hilbert

> Pylar, ... an) < (p=p?) "7 |lall; for p € (0,1) and a € Li(Ry).
n=1

Hardy realized that the constant appearing on the right hand
side is not optimal and claimed that this inequality is satisfied
with a constant equal (1 —p)~'/P. He also realized that the con-
stant (1 — p)~Y/P, whenever satisfied, cannot be diminished for

any p.
One year later Landau ,[27], proved that, whenever p € (0, 1),

> Polar,...,a,) < (1 —p) VP |la||, for any a € ,(R,). (5.1)
n=1
For example, upon putting p = %, one has
> Pipla,... a,) < 4lal, for any a € ;(Ry). (5.2)
n=1

43
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In 1923 Carleman, [8], establish the similar inequality for
geometric mean

> Polar,...,a,) <ellall, for any a € ;(Ry).
n=1

In the end of 1920’s Knopp, [23], fulfilled the problem of optimal
constant for Power Means — he proved that the inequality (5.1)
is satisfied also for p < 0 and, moreover, this constant is optimal.

Let me note that these result has their integral, closely re-
lated, version

/Om (i /Oxf(t)dt>qd:c < (q:)q/om f(x)idz

for ¢ > 1 and f € LY(R,,R,), which is also known as Hardy
inequality. Connection between this inequality and a classical
Hardy problem becomes move obvious after substitutions g «
1/p and f(z) < [g(x)]?, where p € (0,1).

Nowadays these results are few of many in the emerging “the-
ory of Hardy means”. In this way, except of finding a means
which sattisfiend are Hardy, there exists a pararell, widely de-
velop, area of research; namely there are significants resuts (e.g.
[22; 44; 28]) where the following generalization is consider

Z UnPplar,. .. an) < Z tnay, for any a € I3 (R,),
n=1

n=1

where
fn < (L=p)~17 p#£0,
<e

v, > 1 and
fn p=0.

Such a result were optained few times for example assuming
p = 0 one could put
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Kaluza and Szegd 1927 [22] v, =n-(eV/" —1); p,=e
Redheffer 1983 [44, p. 138] v, =1+ 55 p, =€
Redheffer 1983 [44, p. 138] v, =1; p, =€ (1 — 5= + O(%))

© - 1/2
Love 1991 [28, §4] v, =1; pp=e- Y — /

m2

In the year 2004 Péles and Persson, [36], put forward the
following definition. [However it had been felt in the air since
the 1920s.] Let I C R, be an interval, inf/ = 0. A mean
A: U, I" — R, (no additional assumption is given) is Hardy

whenever there exists a (positive) constant C' such that for any
a€l*(I)

Zﬂ(al,...,an) <C’Zan.
n=1 n=1

This definition was introduced under some additional assump-
tions on 2, however they could be easily omitted. (Most often
some additional properties are being assumed for a function to
call it a mean; e. g., its value should lie between the minimal and
maximal entry of every vector of arguments, like it was done,
e.g., in [36]. In this part, however — we reiterate — such extra
assumptions are neither needed nor made.)

These authors proposed in [36] certain conditions sufficient
for a mean to be Hardy. Those conditions are relatively mild and
are satisfied by the means in a considerable number of families.

Hence it is natural to ask what other means are Hardy. In
fact, this question was extensively dealt with decades before the
formal definition appeared. The detailed history of the events
related to, and facts implied by above inequalities is sketched in
catching surveys [42; 13; 33|, and in a recent book [26].

Unfortunately, for many families of means the problem if
they are Hardy remains open. Such a problem for the two-
parameter family of Gini means was, for instance, considered
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in [36], where many special subcases were solved. This open
problem was explicitly worded three years later in [26, p.89]. —
It will be solved in chapter 7.

Another interesting family which could be considered in this
context is a natural generalization of Power Means proposed in
1971 by Carlson, Meany and Nelson. For any fixed parameters
k € N, s, q € R and positive vector (vy,...,v,), n > k, they
take the ¢-th power means of all possible k-tuples (v;,, ..., v;,),
1 <11 <19 <...<1i <n, and then calculate the s-th power
mean of the resulting vector of length (Z) (for the purpose of

this thesis, we will denote it by Py.).

In chapter 6, we will be working towards a complete answer
to the question when these means satisfy inequalities resembling
the classical Hardy inequality. Within a large part of the param-
eter space (k, s, q) the answer is definitive.



Chapter 6

Generalized power means

We discuss properties of a natural generalization of Power
Means, Py, .., (see below for the definition) proposed in 1971
by Carlson, Meany and Nelson. We work towards a complete
answer to the question when these means ar Hardy. Within
a large part of the parameter space (k,s,q) the answer is

definitive.

This chapter is based on the paper [P3].

6.1 Basic definition

We are going to analyse certain multi-parameter family of means.
Namely, in 1971 Carlson, Meany and Nelson [9], among other
things, proposed the following family, which in one time encom-
passes Power Means, Hamy means and Hayashi means:

7)8<Pq(vil’--~;vik): 1<21 < ... <Zk<n)
Pq(’l)l,...,l}n)

75;@57(](1}1 CUp) =

Those authors were interested in certain inequalities binding the
means Py, when the order of parameters s and ¢ was being

47

if k<n,

itk >n.
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reversed.

These means are analysed here from the point of view of being
or not being Hardy. Namely, we are going to prove that these
means are Hardy for

(5,q) € <(—oo, 1) x ]R) U <(R_ U{0}) x {1}) and any k > 2

(see Figure 6.1 below for a better visualisation).
Let us note that, by [46], there hold the following inequalities

< Prap for s <tand ¢ <p,
7Dk,s,q < k—1,s,q for s > q. (62)

6.2 Main result

In our main Theorem 6.1 we are going to prove a seemingly
isolated fact that 752,170 is a Hardy mean. Obviously, all means
majorized by some Hardy mean (or, more generally, majorized
up to some constant coefficient) are Hardy, too. Therefore, one
time P, being Hardy, the inequalities (6.2) and (6.1) imply
that 75k787q are Hardy, too, for a vast family of parameters. This
is precisely worded in Corollary 6.3.1 below.

That corollary is a fairy wide extension of our ‘trendsetting’
Theorem 6.1. Its Hardy-negative part subsumes regions in the
parameter plane (s,q) which have until recently seemed to be
a kind of challenge — see for instance the second item in Corol-
lary 6.3.1, and especially the subregion s > k, ¢ < 0 encom-
passed by that item.

Theorem 6.1. Py, is a Hardy mean and

Z ~271’0(a1, coyan) < A4lall, for every a € ll(R+) )
n=1
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Proof. We will show that 75271’0 is majorized by P;/,. Indeed,

-1
752’170((11, ceey an) == (Z) Z N/CLZ'CL]‘

1<i<j<n

— 1 Z —

= n(n-1) 2\/aia
1<i<jsn

n

(-3

i=1
(771/2(&1, Cey Q) — %771(@1, o ,an))
< = (731/2(&1, ) — 2Pipa(ar, .. ,an))
(al, Ce ,an) . (63)

Hence, by (5.2), one obtains

o D
Z 2,1,0(661, . 7an) < 2771/2(&17---,%) < 4HGH1-
n=1 n=1

]

Remark. The constant 4 in the above theorem cannot be dimin-
ished. Indeed, upon taking a,, = %, a simple calculation yields

. — 1
nh_}r{)lo a, Paiolay,...,a,) =4.

Then the machinery originally devised for the Power Means in
[21, pp. 241-242] becomes applicable. It gives, by taking N ar-
bitrary large and considering the auxiliary sequence

(a1, ... an, (N +1)72 (N +2)2, (N +3)72,..),

that the constant cannot be smaller than 4.
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Theorem 6.2. Let k € N_. Then 75;.3,;@,_00 18 not a Hardy mean.

Proof. Let us take any decreasing sequence a € [*(R). For any
n > k one obtains

ﬁk,k,—oo(ah o 7an)

. 1/k
= (n) > min(a,...,a;)"
k) i Zivn
A 1/k
> (( ) min(al,...,ak)k)
k
/n ~1/k

> n_lak.
Hence %%, Pr s —so(as, . . ., ay) = 400.
O
6.3 Discussion of parameters
We know that for any fixed ¢ > 0 the inequality
1 1

Py(v1,...,v5) = (% va) /e > (% max (0], ... ,vg)) /e

= k™ Y9max(vy, ..., v) = C(k, q) max(vy, ..., vp)

holds for any v € RY, with C(k,q) := k=14 In particular, for

any 7 € RU {fo0}
Py(v1,...,01) > C(k, Q) Pr(v1, ..., v5) (6.4)

(cf. also [6, p. 237]). The above inequalities are instrumental in
proving the following
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Corollary 6.3.1. For any k > 2
° 75k7s7q 18 a Hardy mean for no s > 1 and g > 0,
o Prsg is a Hardy mean for no s >k and ¢ € RU {£o0},
° 75,971’(1 1s a Hardy mean for any q <0,
° 75;6,37,] is a Hardy mean for any s < 1 and ¢ € RU {£oo0}

(see Figure 6.1).

S

Figure 6.1: Space of parameters, for which the mean Py, is
Hardy (solid lines), and for which it is not Hardy (dashed lines);
k is fixed.

Proof. Let us recall that the length of vectors in P, in the defini-
tion of 75;67541 is fixed (and equal to k, whenever k& < n). Moreover,
if a mean could be majorized by some Hardy mean up to a con-
stant coeficient, then it is Hardy, too. Therefore the use of (6.4)
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is very natural to in the investigation of behaviour of Py, , while
the parameter ¢ is changed.

First item follows from the fact that 75;67171 is an arithmetic
mean. So it is not Hardy. But ﬁk,s,q > 75;671,(1 > C75k,1,1 for some
constant C, hence Py, is not Hardy, too.

Second item is an immediate corollary from Theorem 6.2.
Third one is implied by Theorem 6.1 and (6.1).

Fourth item is being proved in two steps. First, with no loss
of generality we may assume that s € (0,1). We know that
75;@575 = P, so it is a Hardy mean. Second, applying (6.4), one
gets 75k,s,s > C(k, s) 75k757q. So 75;@,3’(1 is Hardy as well. O

Corollary 6.3.2. For any k > 2 the Hamy mean ha™ == P,
(cf. [18], [6, pp. 364-365] for more details) is a Hardy mean.

Corollary 6.3.3. For any k > 2 the Hayashi mean [jlj[k] =
Proa (cf [19] and [6, pp. 365-366] for more details) is a Hardy

mean.

6.3.1 Remaining cases

The problem whether Py , , is a Hardy mean for k > 2, s € (1, k)
and ¢ < 0 remains open (see the central part in Figure 6.1).



Chapter 7

Certain negative results

We give a new necessary condition for a mean to be a Hardy
mean. This condition is then applied to completely character-
ize the Hardy property among: (1) the Gini means, (2) Gaussian

products of power means, and (3) symmetric polynomial means.

This chapter is based on the paper [P4].

7.1 Main result

Many means were shown to be Hardy in the course of years. As
for the present chapter, there are obtained some results going in
the opposite direction. In fact, we are going to give a necessary
condition for a mean to be Hardy. Namely,

Theorem 7.1. Let I C Ry be an interval, inf I = 0. Let A be
a mean defined on I and (a,)>2, be a sequence of numbers in [
satisfying Y a, = +00.

If lima, 'A(ay,...a,) = +oo then A is not Hardy.

Proof. Suppose conversely that 2 is a Hardy mean with a con-
stant C' > 0.

53
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We will show that the constant C' is not good for 2. Let us
pick ng and nq, > ng such that

a,'U(ay,...a,) > 2C for every n > ny, (7.1)
n1—1
> oa, > Z . (7.2)
n=ng+1
Qn, , for n < nyq,

Define a new sequence (b,), b, = :
an, 27", forn >mny

The constant C' is not good for the sequence (b,,) € {*(I). Indeed,
one has

ni—1

ni ni
2 Z a, = Z Ay, + Qp, + Z an

n=ng+1 n=ng+1 n=ng-+1

>Zan+ Z an, 27" + Z an by (7.2)

n= n1+1 n=nog+1

_Zb + Z bn + Z bn
n=ni+1 n=ng+1
— S b (7.3)
n=1

Whence

Zﬂ(bl,...,bn)> Z Q[(bl,,bn)
n=1

>2C Y a, by (7.1)

>C > b, by (7.3).
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7.2 Applications

We are going to show how Theorem 7.1 can be applied to three
fairly known families of means. Necessary and sufficient condi-
tions for a mean to be Hardy will be presented for each family.
The relevant proofs will be given in the following section.

7.2.1 (Gaussian product of Power Means

Power means were generalized in different ways by many authors
(cf., e.g., [6, chap.III-VI] for details). In particular, in 1947,
Gustin [17] proposed an extension of a famous Gauss’ concept of
the arithmetic-geometric mean, recalled in detail in [14, pp. 361
403].

Recalling from Overwiew, for A = (Ag,...,),) € RFF! and
v — all-positive-components vector, Gustin defines (in fact, in a

more setup) the sequence of length-(p + 1) vectors (except of
(0))-
v ):

00 — .
D) — (PAO(U(i)),PAI(U(i))a o 77>Ap(v(i))) ., 1=0,1,2,....

He proved that, for each 0 < k < p, the limit lim;_ v,(f) ex-
ists and does not depend on k. This common limit is denoted by
Pro ®---@Py,(v). Because of various Gauss’ results on P; ® Py,
such means are called Gaussian Means (or, more descriptively,
the Gaussian products of Power Means).

Note that, for any A € RP™! the Gaussian product applied
to a vector of length p + 1,

K =Py, ®'”®P)\p2 RT—I — R,
is the only function satisfying

K@) = K(Py(v), Pa(v),..., Pa,(v)), veRE!  (7.4)
min(v) < K(v) < max(v), ve R (7.5)
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We are going to give a necessary and sufficient condition for
a Gaussian mean to be Hardy. More precisely, we are going to
prove

Theorem 7.2. Let p € N and A € RPFYL. Then Py, @ Py, @+ ®
P, s Hardy if and only if max(Xg, ..., A,) < 1.

7.2.2 Gini Means

Recall, gini means is a family defined on all-postitve-components
vectors by

Bpglar, ... a,) = <Z' 19

Reiterating, for ¢ = 0 one gets here the p-th power mean. For
this family many problems are still open. One of them is to
ascertain the set of parameters (p, ¢) such that &, , is Hardy. A
recent approach (dating from 2004), due to Pales and Persson,
states the following

Proposition 7.2.1 ([36], Theorem 2). Let p,q € R. If &, , is a
Hardy mean, then

min(p, q) < 0 and max(p,q) < 1.
Conwversely, if

min(p, q) < 0 and max(p,q) < 1,
then &, , s a Hardy mean.

The authors put also forward a conjecture [36, Open Problem
3] that the sufficient condition in the proposition above is also
a necessary one. In what follows we will justify this conjecture.
Namely, we will prove the following

Theorem 7.3. Let p,q € R. Then &,,, is a Hardy mean if and
only if min(p, ¢) < 0 and max(p,q) < 1.
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7.2.3 Symmetric Polynomial Means

This family arose in the study of algebraic equations. Many re-
sults have been given already by Newton and Campbell (cf. [6,
chap. V]| for details). Namely for r, n € N, n > r and an all-
positive-components vector a, let us define

-1 1/r
n
S, (ay,...,a,) = (( ) > akla,%...akr) .

1<k <ka<...<kr<n

Assuming that the mean does not exceed the maximal plugged
in argument, the fact whether it is Hardy does not depend on
any finite number of the initial summands in the definition of
Hardy mean. However, in order to have a definition of a mean
fulfilled, it should be well defined for n < r, too. This might be
done in any way; let us simply assume that

S,(ay,...,a,) = Jay - a, forn <.

We will prove the following

Theorem 7.4. G, is Hardy for no r € N.

In view of the equality &, = P,.,.o this theorem was obtained
in more general context in the previous chapter. However, it
remains a handy example of Theorem 7.1.

7.3 Proofs

In proofs used will be the elementary estimations

> i <t for every n € N, (7.6)
i=1
Y 1>Inn forevery n € N. (7.7)

i=1
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7.3.1 Proof of Theorem 7.2

Prior to the proof, let us note that if A\; < A, for every i =
0,1,2,...,p, then

Pro@Py @ @Py, <Py @Py@ - @Py.  (78)

Therefore, the (<) part is simply implied by the fact that
the mean Py, @ Py, ® - -+ ® P, is majorized by a Hardy mean
Prmax(ho,...Ap)s 50 it is Hardy too (recall that max(Xg, ..., A,) < 1).

Now we are going to prove the (=) implication. One may
assume that ¢ — )\; is non-increasing. Moreover, by (7.8), having
Ao = 1 we estimate from below: \g by 1 and A, Ag,..., A, by
—\ for certain A > 0 and we are going to prove that

A =P RQP_\® - QP_x

p

is not Hardy.
To this end, let us consider a two variable function F'(a,b) :=
A(a,b,...,b) and fix § > 1. Then, using monotonicity of 2 with
——

P
respect to each variable and inequality (7.4), for a > 0b,

Flap) =P (_ptl " e+l
T p+1 \a>+pb=> U\ a M+ pb A

p

L (el N pr1 N
p+177 (9b)—)\ _l_pb—)\ ) ) (eb)—/\ +pb—A
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Introduce two more mappings

1/
p+1
7: (a,b) — (p}rla,<9>\+p> b) ,
+1
log +1( 2 ) A WQHUg”“(ﬁ))
G: (a,b) — [a "\ HP)p .

Inequality (7.9) assumes now a compact form

For(a,b) < F(a,b) forany  a,b,a>60b.  (7.10)

We will prove in a moment a technical, if important inequality

F(a,b) > D +1 G(a,b) for any a,ba>0b.  (7.11)
Postponing the proof of this inequality, using it altogether
with: —the fact that the mean 2l is greater then its minimal

argument, —homogeneity of F', —inequality (7.7), one obtains

(H)7'A(1, 41,5, ) =nF(Pi(1, 5,4, ), Poa(l, 5,4, L)

‘n ‘n

WV
3
b
—
=
?\:
3|
~—

AV
A
=
Q;
Qb—‘
B\/
S
=

p+1
logpy1 0*>‘+p

p¥I
Atlogpi1 | g=a
sy +1) (Inn) " (0 +p>-

But, for any # > 1 and A > 0, the exponent in the right-
most term is positive. Whence this term tends to infinity when
n — +00. So, by Theorem 7.1, 2 is not Hardy.

Remark. Often the right-most term tends to infinity very slowly.
For example (A = 5 and p = 3) one obtains (taking § = %)
n-PLOPs@Ps@Ps5(L5,5,...,%) > +(lnn)*".

022

The right hand side exceeds 1 only for n > 10861
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Proof of the inequality (7.11)
There clearly hold
e G(a,b) € (min(a,b
e F(a,b) € (min(a,b
e Gor(a,b) =G(a,b).

,max(a, b)),
,max(a,b)),

)
)

The case when ¢ < 6(p + 1) is simply implied by the first
and second property.

Otherwise, let ag = a, by = b, (a;11,bi+1) = 7(a;, b;). By the
definition of 7, a,, \, 0 and b,, /" +00. Denote by N the smallest
natural number such that ay < 0by. Obviously, ay_1 > 0by_1.

Thus

0 _ 6
aN = p-i-laN 1> p+1bN1_p+l< p+1 b

g (07 +06p 1//\b 1y
>1m p+1 N = p+1 N-

Therefore —bN < ay < 6by, and so

min(ay, by) > max(ay, by).

1
0(p+1)

Hence, using inequality (7.10) and the facts under e above, one
gets

F(CL, b) = F(CL(), bo) = Fo TN(CL(), bo)
= F(CI,N, bN)
min(aN,bN)

mmax(aN,bN)

mG(W b)
Gor (ao, bo)
G(CL(), bo) L G(a b)

0(p+1)

=
>
>

p+1)

9(p+1)
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7.3.2 Proof of Theorem 7.3

The (<) implication is implied by Proposition 7.2.1.

Working towards the (=) implication, let us assume that
max(p,q) > 1. We will prove that &, , is not Hardy. By [6,
pp-249-250], we know that

6 <G for  p<p andq<d,
G,y =6,, for any p, q € R.

Whence, most likely it was done at the beginning of sec-
tion 7.3.1, we can assume without loss of generality that p = 1
and ¢ < 0.

Upon taking the sequence a; = ¥, by (7.6) and (7.7), one
obtains

s 1; 1/(1—q)
>t i_q>

1/(1-q)
.- (hln) — (Inn)0-9).

nl-q

a;lﬁlﬁq(al, CeAn) =M (

But (Inn)Y(=% — 400 so, by Theorem 7.1, the Gini mean
&, , is Hardy for no ¢ < 0. Hence max(p, ¢) > 1 implies &, , not
being Hardy.

7.3.3 Proof of Theorem 7.4

Let us fix r € N and take the sequence a,, = % Then, for n > r,
one obtains
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-1a
a, &.(ay,...,a,)
1/r

n
=N CL]C1 akQ s akr

7‘ 1<k1<k2< <kr<n

n —1/7‘ 1/,,,

>n . CL16L2 ar_1 (@ + Q1+ ...+ ay)

(r—1)!

:n_r Mo(lnn— (14 L+ .+ )"

n((n )-1/r< 1 >l/r-(lnn—(1+§+...+T11))1/7"

By Theorem 7.1, upon taking n — 400, the above inequality
implies &, not being Hardy.
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