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Abstract

Reinforcement Learning (RL) has achieved remarkable success in Arti cial Intelli-
gence (Al), powering breakthroughs in robotics, gaming, and real-world decision-making.
However, despite these advancements, RL continues to struggle with fundamental chal-
lenges such as low sample e ciency, limited generalization, and poor interpretability.
In contrast, humans excel at robustly solving complex problems by recognizing abstract
structures and reasoning through them e ciently. Inspired by these capabilities, my
research explores ways to address the core limitations of RL by re ecting structured rea-
soning and planning. | focus on improving generalization and interpretability of trained
policies by developing models that explicitly reason about solutions, going beyond brittle
pattern recognition. Additionally, | design methods that enable RL agents to operate
on high-level concepts, facilitating structured decision-making and more e cient long-
horizon reasoning.

The challenge of policy generalization is particularly pronounced in the eld of
robotics. Therefore, in that domain, we show how to teach robaotic policies to think criti-
cally and reason through tasks with our Embodied Chain-of-Thought (ECoT) approach.
Policies trained with ECoT not only learn more e ciently, but, more importantly, gen-
eralize beyond the training distribution by abstracting task structures from complex
visual observations. By explicitly reasoning through tasks, these policies become more
interpretable and easier to control.

Recognizing the abstract structure of a problem is of little value without e cient
tools to control it. Inspired by how humans operate on high-level concepts, we propose
Subgoal Search (kSubS), a novel hierarchical search algorithm that e ectively solves com-
plex reasoning tasks. The human ability to adapt to the complexity of the problem at
hand inspired us to further develop Adaptive Subgoal Search (AdaSubS) that adapts to
the complexity of the problem by dynamically generating subgoals. Our extensive exper-
imental and theoretical analysis highlights unique advantages of subgoal-based methods,
including the ability to transform multimodal training signal into a learning advantage
and robustness to low-quality data.

My research takes a step toward bridging the gap between natural intelligence and
autonomous learning systems by drawing inspiration from human-like reasoning. On the
practical side, it also provides state-of-the-art solvers for challenging domains, advancing
both the theoretical foundations and the applicability of RL.
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Streszczenie

Uczenie przez wzmocnienie (Reinforcement Learning, RL) osijgn;2o imponujjce suk-
cesy w dziedzinie sztucznej inteligencji, umox»liwiajic prze2omy w robotyce, grach kom-
puterowych oraz podejmowaniu decyzji w rzeczywistych scenariuszach. Pomimo tych
osijgnii¢, RL nadal zmaga si} z podstawowymi wyzwaniami, takimi jak niska efekty-
wnox¢ treningu, ograniczona zdolno+¢ uogodlniania oraz s?aba interpretowalno+¢. Tym-
czasem ludzie potra j skutecznie rozwijzywa¢ z2o»one problemy, rozpoznajic abstrak-
cyjne struktury i sprawnie rozumujjc za ich pomaoc;.

Zainspirowany tymi ludzkimi zdolnotciami, w swojej pracy badawczej poszukuj;
sposobéw na przezwyecij»enie kluczowych ogranicze« RL poprzez odzwierciedlenie struk-
turalnego rozumowania i planowania. Skupiam si} na poprawie uogélniania i inter-
pretowalnozci wytrenowanych polityk, rozwijajjc modele, ktére w sposéb jawny rozu-
mujj nad rozwijzaniami, wychodzic poza niestabilne rozpoznawanie wzorcow. Projek-
tujl tak»e metody, ktére umoxliwiajj agentom RL operowanie na wysokopoziomowych
krokach, wspierajjc strukturalne podejmowanie decyzji oraz efektywne rozumowanie w
d2ugim horyzoncie czasowym.

Problem uogdlniania polityki jest szczegélnie widoczny w robotyce. Dlatego w tej
dziedzinie pokazujemy, jak nauczy¢ roboty krytycznego myzlenia i rozumowania przy
u»yciu podejtcia Embodied Chain-of-Thought (ECoT). Polityki trenowane z ECoT nie
tylko uczj si} wydajniej, ale co wa»niejsze uogolniajj poza rozk®ad danych treningowych,
dostrzegajjc struktur} zadania w z2o»onych obserwacjach wizualnych. Poprzez jawne
rozumowanie nad zadaniami, polityki te stajj si; bardziej interpretowalne i 2atwiejsze
do kontrolowania.

Samo rozpoznanie abstrakcyjnej struktury problemu jest ma2o u»yteczne bez skutecz-
nych narz}dzi do jej kontrolowania. Inspirujjc sij tym, jak ludzie operujj na pojiciach
wysokiego poziomu, proponujemy Subgoal Search (kSubS) nowy hierarchiczny algo-
rytm przeszukiwania, ktory skutecznie rozwijzuje z®o»one zadania wymagajjce rozu-
mowania. Zdolnox¢ cz2wieka do adaptacji wzglidem z2o»onozxci danego problemu zain-
spirowa®a nas do opracowania Adaptive Subgoal Search (AdaSubS) adaptacyjnej wer-
sji, ktéra dynamicznie generuje podcele w zale»noxci od z%o»onozci zadania. Nasza sze-
roko zakrojona analiza eksperymentalna i teoretyczna ukazuje unikalne zalety metod
opartych na podcelach, w tym zdolnox¢ do wykorzystywania niejednoznacznego sygna?u
treningowego oraz odporno+¢ na dane niskiej jako+ci.

Moje badania stanowij krok w kierunku zbli»enia naturalnej inteligencji i auto-
nomicznych systeméw uczjcych si!, czerpijc inspiracj! z ludzkiego rozumowania. W
praktyce, dostarczajj tak»e najnowoczezniejszych rozwijza« dla wymagajjcych dziedzin,
poszerzajjc zarbwno podstawy teoretyczne, jak i mo»liwoxci stosowania RL.
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Chapter 1

Introduction

Imagine a chess grandmaster planning ten moves ahead, a child learning to ride a bicycle
after a few falls, or a cook adjusting recipe ingredients based on taste examples of
humans learning through experience and reasoning about consequences. For decades,
arti cial intelligence researchers have pursued systems capable of matching this natural,
adaptive intelligence. Early Al systems operated through rigid, prede ned instructions
and logical rules [Newell and Simon, 1956, McCarthy, 1959], creating brittle agents that
failed when confronted with novel situations. Recently, deep learning has revolutionized
how machines perceive and interact with the world. Drawing inspiration from neural
structures, these systems process information through layered networks that extract
increasingly abstract patterns from raw data, enabling breakthroughs in visual perception
[Krizhevsky et al., 2012, He et al., 2016], image and video generation [Goodfellow et al.,
2014, Ho et al., 2020, Liu et al., 2024], language modeling [Vaswani et al., 2017, Devlin
et al., 2019,Brown et al., 2020,0penAl, 2023], and complex decision-making [Mnih et al.,
2015, Silver et al., 2018b, Berner et al., 2019, Hafner et al., 2023] that seemed impossible
just a decade ago.

Among recent advancements, Reinforcement Learning (RL) has emerged as a patr-
ticularly powerful paradigm for developing adaptive decision-making systems. The core
principle of RL learning optimal behaviors through trial-and-error interactions with
an environment mirrors how humans acquire skills through experience rather than ex-
plicit instruction. This approach has led to remarkable achievements: defeating world
champions in chess [Silver et al., 2018a] and Go [Silver et al., 2016b], mastering video
games [Mnih et al., 2015, Vinyals et al., 2019], and enabling robots to perform dexterous
manipulation [OpenAl et al., 2019,Kim et al., 2024b] and navigate complex environments
autonomously [Chiang et al., 2019, Shah et al., 2021, Shah et al., 2022]. Furthermore, RL
has begun transforming healthcare treatment protocols [Yu et al., 2023], nancial trading
strategies [Zhang et al., 2019], and industrial control systems [Schoettler et al., 2020],
demonstrating potential to reshape decision-making across a wide variety of domains.

Despite these impressive advances, current RL approaches face fundamental lim-
itations that restrict their broader applicability. Modern systems require millions of
trial-and-error interactions to learn even relatively simple tasks, while humans can often
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master similar challenges with much less experience. Furthermore, RL agents often fall
to transfer learned behaviors to unseen tasks or changing environments. Furthermore,
decisions made by RL systems frequently lack interpretability, o ering little insight into

the reasoning process. These challenges motivate the central question driving my re-
search: Can we overcome the fundamental limitations of RL by drawing inspiration from
human reasoning? While this question encompasses a wide research landscape beyond
the scope of any single dissertation, my work explores one promising directiofow can
we develop RL systems that e ciently recognize abstract problem structures and conduct
interpretable, structured reasoning?

My dissertation addresses these question by developing novel frameworks that inte-
grate structured reasoning mechanisms into reinforcement learning. Rather than viewing
RL and human-inspired reasoning as separate approaches, | demonstrate that their in-
tegration creates systems that combine the exibility of learning-based methods with
the e ciency and generalizability of structured reasoning. In summary, my works make
three main contributions to the eld:

1. We developed Embodied Chain-of-Thought (ECoT), a novel approach enabling
robotic policies to reason explicitly through tasks, improving generalization beyond
training distributions and enhancing interpretability.

2. We created Subgoal Search (kSubS), a hierarchical search algorithm operating on
high-level concepts that e ectively solves even complex reasoning tasks by breaking
them into manageable subgoals.

3. We designed Adaptive Subgoal Search (AdaSubS), a dynamic planning algorithm
that adapts to the complexity of the problem by controlling the range of subgoals.

Together, these contributions represent concrete steps toward reinforcement learning
systems that think, reason, and plan more like humans a capability that paves the way
for the next revolution in arti cial intelligence.

Embodied Chain-of-Thought Reasoning In [P4], we introduce Embodied Chain-
of-Thought Reasoning (ECoT), a novel approach to training robotic policies that ad-
dresses a fundamental challenge in robotics: generalization beyond the training distribu-
tion. Traditional behavioral cloning maps raw visual inputs directly to actions, creating a
brittle association that often fails when encountering novel scenarios. In contrast, ECoT
trains agents to think before they actby decomposing decision-making into a structured
reasoning process. The agent rst analyzes the scene, identi es relevant objects and
relationships, formulates a plan, and only then executes appropriate actions. This ex-
plicit reasoning allows the agent to internalize not merely the surface-level behaviors
but the underlying reasoning processes of experts, enabling more robust and adaptable
decision-making.

We build a scalable pipeline that extracts embodied reasoning patterns from existing
datasets without requiring additional data collection. Our experimental results demon-
strate that ECoT signi cantly outperforms state-of-the-art methods, particularly in out-
of-distribution scenarios, con rming that structured reasoning enhances generalization
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more e ectively than simply scaling data volume. Beyond performance improvements,
ECoT advances interpretability and safety by making the agent's decision process
transparent, it allows human operators to understand why an agent chose particular
actions and even guide its reasoning through natural language interventions.

Subgoal Search Unlike classical search algorithms that typically operate at a low
level of abstraction, humans plan by identifying and reasoning over high-level steps that
emphasize key decision points. Inspired by this cognitive strategy, in [P2] we intro-
duce Subgoal Search (kSubS), a planning framework that leveragssibgoals high-level
steps that span multiple actions at once. By guiding the search process through these
subgoals, kSubS enables deeper and more structured planning, even under constrained
computational resources. Building on this idea, we developed Adaptive Subgoal Search
(AdaSubsS) [P3], which improves the exibility of the Subgoal Search framework by dy-
namically adjusting the subgoal distances based on environmental complexity. In chal-
lenging areas requiring detailed reasoning, AdaSubS generates short subgoals for careful
navigation. In simpler parts of the problem, it uses distant subgoals to advance faster.

Through extensive experimental evaluation, we demonstrate that both kSubS and
AdaSubsS successfully solve tasks with high combinatorial complexity. Our analysis re-
veals several unique advantages of hierarchical search, including robustness to ambiguous
demonstrations and resilience against severe value approximation errors [P5]. Addition-
ally, we reveal subtle evaluation pitfalls that can lead to misleading conclusions.
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Chapter 2

Background

2.1. Reinforcement Learning

At its core, RL is a framework in which an agent learns by interacting with an en-
vironment to maximize cumulative rewards. Formally, this interaction is modeled as
a Markov Decision Process (MDP), de ned by a state space, action space, transition
dynamics, reward function, and discount factor. The agent iteratively explores the en-
vironment, updating its policy based on observed rewards and transitions, aiming to

optimize long-term outcomes.

state reward action
S, R, A

R
_S,.. | Environment \4—

Figure 2.1: The framework of Reinforcement Learning. Iteratively, the agent observes
a state of the environment, computes the next action, and executes it, receiving a
reward.

Although RL has led to groundbreaking successes, fundamental challenges persist,
limiting its broader applicability. Among these challenges, sample e ciency the ability
to learn from a limited number of interactions remains a critical bottleneck. Tradi-
tional RL methods often require vast amounts of trial-and-error learning, making them
impractical for real-world applications where data collection is expensive or unsafe. Addi-
tionally, RL policies frequently struggle with generalization, failing to adapt to conditions
beyond the training distribution. Finally, the lack of interpretability in learned policies
hinders trust and deployability in safety-critical environments.

Signi cant progress has been made in addressing sample e ciency by leveraging of-
ine datasets and imitation learning [Collaboration et al., 2024]. Oine RL enables
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agents to learn from previously collected data without direct environment interaction,
while imitation learning allows agents to mimic expert demonstrations, signi cantly re-
ducing the need for trial-and-error exploration. These approaches have led to impressive
results, such as robotic policies capable of learning complex skills from human demon-
strations [Kim et al., 2024b, Walke et al., 2023b, Chi et al., 2023], agents reaching su-
perhuman performance in game playing by imitating experts [Silver et al., 2016a, Berner
et al., 2019], or autonomous driving cars [Osi«ski et al., 2020]. Despite these advance-
ments, e ciently learning structured, generalizable, and interpretable policies remains a
key challenge.

2.2. Planning

Planning plays a crucial role in decision-making, enabling agents to anticipate future
outcomes before acting [Hamrick et al., 2021]. In RL, planning methods improve e -
ciency by leveraging models of the environment to simulate future states, reducing the
reliance on direct interactions. Compared to model-free approaches, which rely solely
on experience, RL with planning accelerates learning and improves generalization by
guiding exploration more e ectively.

L =g = 4)\ =
w® K N '
4':; L"\@:b =
@ ® v
Qe

Figure 2.2: An illustrative example of planning. The agent predicts
the consequences of its actions before executing them.

Classical planning algorithms that have historically been used to guide decision-
making in structured environments, remain essential even in contemporary applications.
Greedy BestFS [Cormen et al., 2009] prioritizes the most promising nodes based on
heuristic estimates but can be misled by inaccurate heuristics. A* [Russell and Norvig,
2020] improves on this by combining heuristic estimates with actual costs, ensuring op-
timal solutions when heuristics are admissible. MCTS [Coulom, 2006], a probabilistic
approach, balances exploration and exploitation, making it e ective for large and com-
plex domains. Recently MCTS gained popularity driven by huge successes of AlphaZero
and related algorithms [Silver et al., 2018b, Fawzi et al., 2022, Jumper et al., 2021].
While early Al systems relied on handcrafted heuristics to evaluate search trees, re-
cent advancements have demonstrated that learned heuristics can outperform manually
designed ones [Silver et al., 2016a].
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2.3. Robotics

One of the most exciting frontiers of RL research lies in robotics, where autonomous
agents must interact with the physical world to perform complex tasks. Robotics re-
search spans a wide range of applications, including manipulation [Kim et al., 2024a],
locomotion [Li et al., 2025], autonomous navigation [Shah et al., 2022], and human-robot
interaction [Christen et al., 2023]. Recent advancements have enabled robots to achieve
impressive feats, such as dexterous manipulation and locomotion of humanoids [Ra-
dosavovic et al., 2024].

Despite this progress, robotics presents unigue challenges that make RL dicult
to apply in practice. One major hurdle is data availability, as collecting high-quality
training data for real-world robotic systems is costly and time-consuming [Popov et al.,
2017, Walke et al., 2023a, Collaboration et al., 2023]. Furthermore, the discrepancy
between simulated training environments and real-world deployment, known as the sim-
to-real gap, poses signi cant challenges, often requiring extensive domain adaptation
techniques [Peng et al., 2018, Loquercio et al., 2019, Akkaya et al., 2019]. Additionally,
robotic systems must generalize across diverse environments and tasks while ensuring
safety and interpretability, particularly in human-centric settings.

-

Figure 2.3: Google Robot manipulating an apple.

Given these challenges, there is a strong need for sample-e cient, interpretable, and
generalizable RL methods that can enable robots to reason and plan e ectively. Hence, in
this dissertation, | explore how human-like reasoning and planning can be incorporated
to build more capable and e cient robotic policies.
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Chapter 3

Subgoal Search

3.1. Overview

Complex problems become more tractable when decomposed into smaller subproblems

a principle central to human reasoning [Hollerman et al., 2000]. Consider how humans
navigate: rather than planning every step from start to nish, we identify visible land-
marks, reach them sequentially, and progressively work toward our destination. Follow-
ing this principle, Subgoal Search (kSubS), introduces a structured reasoning framework
that mirrors this human strategy by guiding exploration through intermediate objec-
tives [Czechowski et al., 2021]. Unlike classical planning methods that struggle with
long-horizon tasks, kSubS enables deeper, more e cient search within computational
constraints while reducing approximation errors. This is achieved through a trained
subgoal generator that iteratively builds the search tree by identifying promising sub-
goals at a xed distancek.

However, many problems contain both di cult bottlenecks requiring precise planning
and trivial sections that can be skipped with longer subgoals. For instance, navigating
a winding road with a car demands precise, short-term decisions, whereas on a straight
highway, planning can extend further ahead. Building on this insight, Adaptive Sub-
goal Search(AdaSubS) improves upon kSubS by introducing a set of subgoal generators
trained for di erent distances [Zawalski et al., 2023]. At each step, the planner dynam-
ically selects the appropriate generator, adjusting the planning horizon based on search
progress.

We evaluate kSubS and AdaSubS in Sokoban, Rubik's Cube, and the inequality
theorem prover INT [Wu et al., 2021], which are known to be NP-hard [Demaine et al.,
2018, Culberson, 1997]. Both methods signi cantly outperform low-level baselines, with
AdaSubsS achieving state-of-the-art results on INT.

3.2. Components of Adaptive Subgoal Search

AdaSubsS utilizes the following components:subgoal generatorsveri er , conditional low-
level policy (CLLP), and value function. These components are implemented using
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Figure 3.1: An example iteration of the return False

search performed by AdaSubS.

trained neural networks. To solve a task, AdaSubs iteratively builds a tree of subgoals
reachable from the initial state until the target state is reached or the search budget is
depleted. In each iteration, it chooses a node in the tree that is subsequently expanded
by one of the generators. The chosen generator creates a few subgoal candidates, i.e.,
states expected to be a few steps closer to the goal than the current node. For each of
them, we use the veri er and CLLP to check whether they are valid and reachable within

a few steps. For the correct subgoals, we compute their value function, place them in the
search tree, and the next iteration follows. The complete pipeline of Adaptive Subgoal
Search is summarized by Algorithm 1, and illustrated in Figure 3.1.

3.3. Experiments

We empirically demonstrate the e ciency of Adaptive Subgoal Search on three complex
reasoning domains: Sokoban, Rubik's Cube, and the inequality proving benchmark INT
[Wu et al., 2021].

As the performance metric, we use thesuccess ratede ned as the fraction of solved
problem instances. The computational budget is de ned as thegraph size i.e., the
number of nodes visited during the search and evaluated with a neural network (subgoal
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generator, value function, veri er, or conditional low-level policy). That includes both
the high-level subgoals, and the low-level intermediate states visited by CLLP.

As our baselines, we use classical low-level search algorithms: BestFS, A* and
MCTS. Whenever possible, all tested methods share exactly the same components. In
particular, all methods use the same value function network for a fair comparison.

As shown in Figure 3.2, while both subgoal methods outperform classical search
baselines, AdaSubS excel in all tested domains. Not only they can solve the hardest
instances for which baselines fail, but also they require considerably smaller search budget
when solving simpler instances.

=== AdaSubS === kSubS BestFS === MCTS

A*

10t 100 107 102 107 100 100 102 107
Graph size Graph size Graph size

(&) Solving INT inequali- (b) Solving the Rubik's cube. (C) Solving Sokoban. Compo-
ties. Components are trained Components are trained on var- nents are trained on trajectories
on randomly generated proofs of ious cube solvers. obtained from tree search.

length 25.

Figure 3.2: Subgoal methods outperform low-level tree search algorithms, usually by a wide margin.
The results were measured on a xed set of 1000 problems for each domain. Shaded areas indicate 95%
con dence intervals.

We further tested the generalization properties of subgoal methods in the INT envi-
ronment. Speci cally, we trained the components on proofs of lengthl5 and evaluated
on increasingly longer proofs without any retraining. Figure 3.3 shows that while kSubS
can successfully learn to solve the in-distribution instances, its quality decreases when
applied to OOD problems. On the other hand, AdaSubS is much more resilient to the
distribution shift, as it retains as much as 50% of its initial performance, even when eval-
uated on twice longer proofs. Hence, the ability of adaptively controlling the planning
horizon turns out to be essential in OOD generalization.

3.4. Adaptive planners
There are various ways to implement adaptivity in the framework of Subgoal Search, but
not all work equally well. Speci cally, we designed and tested the following methods:

MixSub§ lterative mixing, Strongest- rst, Longest- rst. Each method uses a set oh

A detailed description of the methods with pseudocodes can be found in [Zawalski et al.,
2023].
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Figure 3.3: Out-of-distribution performance of AdaSubS and kSubS in INT. Both methods
were trained on proofs of length 15. Error bars correspond to 95% con dence intervals.

INT Rubik (with veri er)
Small budget Large budget Small budget Large budget
with veri er without with veri er without kSubS 28:8% 98:6%
k=4 2:2%  01%  824%  830%  XSUDS 49:1% 99:2%
KSUbS K=3 4:0% 0:2% 89:6% 90:7% Iterative mixing 50:6% 99:1%
u k=2 2:1% 0:5% 89:8% 91:7% Strongest- rst 33:4% 99:0%
k=1 0:0% 0:0% 347%  46:0%  ongest-rst 58:0% 99:2%
k=1[4;3;2] 0:0% 0:0% 94:6% 95:0%
MixSubS k =1[3;2;1] 0:0% 0:0% 92:2% 92:9% Sokoban (small budget)
k=1[3;2] 17:0% 14:8% 92:2% 93:5% - - N
with veri er without
iterations =[1;1;1] 32:0% 30:1% 87:.0% 88.6% P =
Iterative mixing iterations =[10;1;1] 43:0% 44:8% 95:1% 96:0% kS_UbS 26:0A’ 4'_74’
iterations =[4;2;1] 54:0%  521% 93:6%  95:5%  MixSubS S2:7% 37:7%
o o o o Iterative mixing 64:5% 52:6%
Strongest- rst 39:5% 40:8% 88:5% 89:8% Strongest- rst 54:6% 41:9%
Longest- rst 59:0% 51:5% 95:7% 95:5% Longest- rst 72:2% 63:4%

Table 3.1: (left) Results for the INT. For each case, unless stated otherwise, the distances of subgoal
generators arek = [3;2;1]. (right) Shortened results for Rubik and Sokoban; for complete results and
con gurations, see [Zawalski et al., 2023]. The results were obtained on 1000 problems each, which
yields 3% Bernoulli 95% con dence intervals.

Already the simple MixSubS works better than the non-adaptive baselines. In par-
ticular, it can outperform the maximum of performances of kSubS for eack. Iterative
mixing is able to exhibit strong performance; however, it needs tedious schedule tuning
for each domain. Strongest- rst and Longest- rst implement bias towards longer dis-
tances. WhenStrongest- rst encounters an area with overoptimistic value estimates, it
wastes a lot of compute to examine it with all subgoal distances. On the other hand,
Longest- rst rst explores other areas before using shorter subgoals and thus is able to
avoid this problem. The observed e ects occur robustly across our test scenarios.
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3.5. What matters in subgoal search?

The results discussed above demonstrate the e ectiveness of the subgoal planning. In
[Zawalski et al., 2024b], we further established a solid foundation for the domain of
hierarchical search and combinatorial reasoning by extensively investigating how the
choice of environments and training data impacts the performance of subgoal-based
methods.

We identi ed key attributes that contribute to the advantages of hierarchical search:
high value approximation errors training data collected from diverse sourcescomplex
action spaces and the presence of dead ends in the environmenEurthermore, we pro-
posed a consistent evaluation methodology to facilitate meaningful comparisons between
methods. Our study provides a deeper understanding of when subgoal methods should
be favored over low-level approaches.

Below we highlight selected key ndings. Extended discussion of all the properties
can be found in [Zawalski et al., 2024b].

3.5.1. Subgoal methods are robust to diverse sources of data

Achieving superhuman performance in complex tasks often involves large-scale datasets
of demonstrations obtained from agents with varying skill levels and strategies [Silver
et al., 2016a]. By training models on data collected from a variety of solvers and testing
them in the Rubik's Cube and N-Puzzle environments, we show that the variability in
training data has a signi cant impact on the performance of search algorithms.

1.0 . AdaSubS 1.0 . AdaSubS
. kSubS . kSubS
0.8 p-BestFS 08 p-BestFS
@ @
0.6 -MCTS 0.6 -MCTS
;@ ¢ @
8 04 g 04
2 E
w2 w
02 0.2
/— >,
0.0 0.0
10? 103 102 103
Complete search budget Complete search budget
Figure 3.4: Solving the Rubik's Cube. Com- Figure 3.5: Solving the N-Puzzle. Com-
ponents are trained on data from 4 dierent ponents are trained on data from 2 di erent
solvers. solvers.

As shown in Figures 3.4-3.5, subgoal methods consistently outperform low-level meth-
ods by a wide margin. However, when the training dataset is limited to a single source
of demonstrations whether the demonstrations are long and structured or short and
direct this performance gap disappears (see Figures 3.6-3.8). Notably, subgoal meth-
ods, particularly AdaSubS, maintain stable performance across all training setups, while
low-level methods are highly sensitive to the characteristics of the training data.
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mic solver.

To explain those results, we found that value functions trained on diverse data often
fail to assign consistently low values to the initial states of tasks. When demonstra-
tions di er signi cantly in their length or execution style, the value function learns this
variation, leading to inconsistent value predictions. Hierarchical methods can overcome
this issue by relying on subgoals. Subgoals enable the agent to make long steps toward
the solution, e ectively bypassing regions of the state space where the value function is
inconsistent or noisy, as it does not need to assess every small step along the way (this
property is further studied in Section 3.5.2). In contrast, low-level methods operate on a
ner, step-by-step level, executing small, atomic actions. This makes them more sensi-
tive to the variability in the value function because they must evaluate each intermediate
state on the way.

3.5.2. Subgoal methods are value noise lters

We found that the classical search algorithms are highly sensitive to the quality of the
value function. To show that in a controlled setting, we added Gaussian noise to the value
estimates and observed how di erent noise levels impacted the success rate of solving
tasks.

Sokoban N Puzzle Rubik's Cube

1.0
Agusurs [ |
-0.8

-0.6

prears @oeon o [COEOED  (ESAODED
-0.4
p_A* 0.48 0.35 0.28 0.27 MN 0.79 0.76
0.2
pucrs o[ Eemm 0 Doom i
0.0

0.2 0.5 2.0 100.0 0.2 0.5 2.0 100.0 0.2 0.5 2.0 100.0
Noise variance o

Succes rate

Figure 3.9: Success rate of low-level and subgoal methods as the approximation errors of
the value function increase. = 100 results in completely random value estimates.

While BestFS is able to solve nearly all instances under ideal conditions, its perfor-
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mance signi cantly declines as value function errors increase, even t0% (see Figure
3.9). A* and MCTS behave similarly. In contrast, the subgoal methods show remark-
able resilience. Particularly AdaSubS, which maintains nearly unchanged success rate,
despite high value errors.

low-level trajectory
subgoal trajectory

ES

> 30

20

Estimated distance
to the goal state

S

0 0 5 10 15 20 25 30 35 40

Step number

Figure 3.10: Value estimates along a solving trajectory generated by BestFS. Even small
approximation errors cause non-decreasing values, slowing down the search. In contrast, the
subgoal path mitigates these errors, leading to mostly monotonic values along the trajectory.

These results align with our ndings in Section 3.5.1, where using diverse training
data naturally introduced value estimation errors. As observed in [Zawalski et al., 2023],
the search process of subgoal methods is guided by subgoal generators, which reduces
reliance on the value function. Subgoal generators and the conditional policies connect-
ing subgoals are not directly in uenced by the value approximation errors. The value
function is used only in high-level nodes, which represent only a fraction of the search
tree.

3.6. Summary

Subgoal Search and Adaptive Subgoal Search o er a new perspective on planning. By
decomposing the tasks into smaller subproblems, they outperform classical search al-
gorithms in complex reasoning tasks while maintaining simplicity. By adapting the
planning horizon to the complexity of the problem, AdaSubS achieved state-of-the-art
results on INT and scales favorably to OOD instances. Additionally, by an extensive
experimental validation we identi ed the key properties of the environments that con-
tribute to the advantage of subgoal methods. We believe that those contributions will
streamline further research in this growing area.
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Chapter 4

Embodied Chain-of-Thought
Reasoning

4.1. Overview

Vision-language-action (VLA) models ne-tuned vision-language models (VLMs) adapted
to robotic control have emerged as a powerful way to leverage the broad knowledge en-
coded in foundation models trained on Internet-scale data [Bommasani et al., 2022].
While these models typically learn direct mappings from observations to actions, by-
passing explicit reasoning, they have achieved state-of-the-art results across diverse tasks
and robot embodiments [Brohan et al., 2023,Embodiment Collaboration et al., 2024,Kim
et al., 2024a]. However, recent advances in chain-of-thought (CoT) prompting [Wei et al.,
2023] have shown that explicit reasoning steps can signi cantly enhance performance on
complex tasks, and are now standard in language modeling.

Inspired by this, we introduce Embodied Chain-of-Thought Reasoning (ECoT) for
VLA policies [Zawalski et al., 2024a]. Unlike conventional VLAs, ECoT agents perform
structured, multi-step textual reasoning before selecting each action. Unlike standard
CoT approaches in language models, ECOT interleaves abstract subgoal reasoning with
grounded, multimodal perception, mirroring how humans combine high-level planning
with contextual understanding. To enable the relatively weak LLM backbones of open-
source VLAs to perform such reasoning e ectively, we design a scalable pipeline for
synthetically generating embodied CoT training data for large robot datasets.

4.2. Reasoning steps

Our goals when designing the steps of our embodied chain-of-thought reasoning chains are
twofold: encourage the model to (A) reason through the required high-level steps of the
task at hand and determine which step needs to be executed next, and (B) increasingly
ground this reasoning in lower-level features of the scene and robot state before predicting
the robot action.
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Input Generated Embodied Chain -of-Thought Robot Action

L T 7 ¢
S SUBTASK REASONING: MOVE REASONING: GRIPPER ACTION:
Place the The watermelon is the first The watermelon is POS: ['x, " 1 Grip]=E

watermelon on the object the robot needs to behind the robot, so it [156, 55]
towel interact with. The robot is not needs to move
yet close to the watermelon, backward
PLAN: so the robot needs to move VISIBLE OBJECTS:
closer ‘ Watermelon

1. Move to watermelon [126, 146, 141, 125],
2. Firmly grasp it * MOVE: Towel [20, 59, 218, 198],

USER: "Put the 3. Move to towel Move backward SPEER R L, P
watermelon on the towel® 4. Place watermelon on SUBTASK:
towel Move to the watermelon

Figure 4.1: Steps of our embodied chain-of-thought reasoning. We interleave several intermediate
reasoning steps into the mapping from inputs to robot actions. Green : standard linguistic chain-of-

thought steps that break a given instruction into the required sub-tasks. Purple : Embodied chain-of-
thought steps that require grounding the policy's reasoning in the scene and robot state. Our experiments
show that these grounded reasoning steps are key to improving policy performance with chain-of-thought
reasoning.

We visualize the ECoT reasoning steps that we train the VLA to perform for an
example task in Figure 4.1. From left to right, the model is trained to rst rephrase
the task instruction (TASK ) and predict a high-level plan of steps for achieving the
instructed task (PLAN ). Next, it reasons through which of the sub-tasks should be
executed at the present step SUBTASK ), a task which requires understanding the
current state of the scene and robot. Then, the model predicts an even lower-level
language command like move left or move up MOVE ) that is closely related to
the low-level actions the robot needs to execute. Finally, we ask the model to predict
precise, spatially grounded features that describe the scene and thus force the model to
pay close attention to all elements of the input image speci cally, the pixel position of
the robot end e ector (GRIPPER ) and the names and bounding box pixel coordinates
of all objects in the scene OBJECTS ).

Robot Trajectory from Dataset 1. Describe scene 3. Compute motion primitives 5. Generate plans + subtasks
Task Instruction Prismatic -VLM 7] Proprio ! Primitives [ Gemini LLM (1]
Please describe the scene. Explain the plan, subtask, and
Put the watermelon on the towel ) N l TS (o 5l S, e
Proprio 1: [ x, !" , ! Grip]
Task Desc. Moves
State Info This scene has awatermelon,
to towel, release
’ 2. Extract bounding boxes 4. Compute gripper position Subtasks:
Observations 1. The robot needs to grasp the

2. The robot is at the watermelon, so

it can now grasp it

3.E

Moves:

1. The watermelon is right of the
robot, so it must move <right>

2. The watermelon is below the
robot, so it must move <down>

3. E

Grounding DINO Y OWL + SAM E watermelon, so first must move to it

\
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Figure 4.2: Our pipeline for generating synthetic embodied chain-of-thought data at scale for a given
robot dataset. We use a Prismatic VLM [Karamcheti et al., 2024] to create a scene description (1),
and Grounding Dino [Liu et al., 2023] to detect bounding boxes for all objects (2) . We then compute
templated motion primitives from the low-level robot states (3) and the robot gripper position using
OWLV2 [Minderer et al., 2024] and SAM [Kirillov et al., 2023] (4) . Finally, all information is passed to
a large Gemini language model [Gemini Team, 2024] to create the synthetic reasoning chain(5) .
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4.3. Experiments

4.3.1. Performance

Type Task Algorithm (ID View) Algorithm (OOD View)
Octo OpenVLA  RT-2-X  Naive CoT ECoT (Ours) ‘ Octo OpenVLA  RT-2-X  Naive CoT ECoT (Ours)
Put mushroom in pot 29% 88% 94% 71% 100% 35% 59% 76% 76% 65%
D Put spoon on towel 60% 90% 80% 60% 80% 20% 80% 80% 60% 80%
Put carrot on plate 70% 80% 90% 90% 100% 40% 90% 90% 100% 90%
Wipe [plate / pan] with towel 13% 50% 38% 38% 50% 0% 50% 0% 13% 63%
Put mushroom in o, 0 o, o o

Spatial [left / right / middle] container 0% 22% 7% 22% 33% 0% 7% 2% 55% 67%
Relations | Put purple object in 0% 28% 17% 50% 56% 0% 2% 11% 55% 39%

[left / right / middle] container
Put [right / left] object on middle object 0% 13% 0% 50% 63% 0% 25% 25% 50% 63%

Pick up [screwdriver / hammer /

30% 20% 80% 50% 50% 30% 20% 80% 50% 50%
ooD measuring tape / detergent / watermelon]
Objects | Move mushroom to 0% 10% 70% 20% 100% 10% 0% 90% 40% 90%
[measuring tape / detergent]
Put mushroom in tall cup 0% 80% 0% 70% 30% 10% 20% 0% 20% 30%
Place watermelon on towel 20% 30% 60% 60% 70% 50% 10% 90% 30% 40%
Pick up any object that is not
00D [yellow / a duck / a sponge / a towel] 50% 33% 58% 50% 42% 17% 17% 67% 25% 67%
Instructions Put the edible object in the bowl 13% 25% 13% 25% 88% 0% 13% 25% 25% 100%
Put the object used for [eating / 25% 38% 38% 38% 75% 13% 0% 25% 38% 75%
drinking] on towel
Aggregate | 21% 3.3% 44% 3.9% 47 4.0% 48 4.0% 66% 3.8% |16% 2.9% 30% 3.6% 48 4.0% 48% 4.0% 64 3.9%
Table 4.1 Comparlson of success rates for OpenVLA, RT-2-X, and ECoT across two scenes
(one with in-distribution camera view and one with out-of-distribution). Mean one StdErr. On

aggregate, our ECoT policy achieves the highest success rate, improving absolute success rate by 45%,
22%, 19%, and 18% over Octo, OpenVLA, RT-2-X, and naive CoT respectively in the in-distribution
view setting and 48%, 34%, 16%, and 16% in the out-of-distribution view setting.

We report performance of all approaches on our evaluation set in Table 4.1. We see
that while OpenVLA achieves high performance on in-distribution tasks, it struggles on
the hard generalization cases we test. RT-2-X performs better than vanilla OpenVLA,
potentially due to the larger robot pre-training dataset (note again that OpenVLA and
our approach areonly trained on the Bridge dataset) and the fact that it co-trains the
policy with Internet-scale vision-language dataand robot data, while all other approaches
only use robot data during ne-tuning.

Importantly, we nd that our ECoT policy substantially outperforms the OpenVLA
policy across all generalization evaluations. This is notable, since both policies are based
on the exact same VLM base model and use the same robot data for ne-tuning. The
only di erence is in the use of CoT reasoning by our approach. Curiously, our ECoT
model even surpasses the performance of RT-2-X in the tested tasks, even though RT-
2-X is trained on 10 additional robot datasets and uses a network that is 7x larger (55B
vs. 7B). Finally, the results in Table 4.1 show that including embodiedreasoning about
visual inputs and the low-level robot state signi cantly boosts performance over the
Naive CoT ablation of our approach, which only reasons about high-level linguistic
features like sub-task plans.

4.3.2. Diagnosing Policy Failures Through Inspecting Reasoning Chains

In addition to improving performance, chain-of-thought reasoning provides a tool for
users and researchers to better understand the decisions the policy takes. By inspecting
and visualizing the model's reasoning steps, we can discover potential mistakes in the
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reasoning chain that led to policy failure downstream.

Additionally, training a policy to reason through a task step-by-step in natural lan-
guage provides a powerful mechanism for humans to interact with the policy andorrect
its behavior. Instead of needing involved teleoperation equipment to provide direct robot
action feedback like in DAgger approaches [Kelly et al., 2019], humans can now simply
correct the policy's behavior by modifying its reasoning chains via natural language
feedback. Prior work introduced carefully designed policy architectures and explicitly
trained policies to support such correction via language [Sharma et al., 2022, Shi et al.,
2024]. Here, similar capabilities emerge naturally by training VLA policies to perform
chain-of-thought reasoning.

Experiments show that our ECoT policy can make e ective use of the human lan-
guage intervention, increasing its success rate by 48% on our most challenging evaluation
tasks. In contrast, we evaluate the vanilla, non-CoT OpenVLA policy and RT-2-X in
the same way, providing each with a single human language correction per rollout, but
nd that neither of them can bene t from the human intervention to the same degree.

4.3.3. Does ECoT capability transfer to other robots?

We test whether ne-tuning a generalist VLA policy with ECoT data can transfer ECoT
reasoning between robot embodiments. Concretely, we use the o cial checkpoint of the
OpenVLA-7B model [Kim et al., 2024a], which was trained on a mix of 27 robot datasets.
We continue training the released checkpoint on this mix, but replace the original Bridge-
Data V2 dataset with our generated ECoT dataset. As a result, approximately 13% of
the training data is ECoT data.

We make two key ndings. First, ne-tuning a pre-trained VLA to perform ECoT
reasoning is substantially faster than training an ECoT VLA from the base VLM. Sec-
ondly, we nd that the ne-tuned model can perform ECoT reasoning on other robot
embodiments than it has been trained for. It correctly recognizes robot grippers, ob-
jects and their positions, and predicting future gripper movements, despite the large
di erences in robot appearance, scene layout and camera setup. We hypothesize that
the VLM pre-training enables the model to generalize the concepts of robot end-e ector
position and movement, and object identity and positions between robots and scenes.

4.4, Summary

We demonstrated that training VLA policies to perform chain-of-thought reasoning can
substantially increase their performance without the need to collect additional robot
training data. Instead of simply applying the CoT recipe from language modeling,
our experiments underline the importance of adding reasoning steps that are strongly
grounded in the scene and robot state, and involve for example object bounding boxes,
the robot's end-e ector, or low-level robot movements. Importantly, this approach not
only improve the performance, but also allow inspecting thénner thinking of the model
and straightforward interactive correction of failures.
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a blue sink

TASK: Put the black bowl in the
blue sink .

PLAN: Move to the black bowl.
Pick up the black bowl. Move to
the sink. Drop the black bowl in
the blue sink .

SUBTASK: The black bowl is the
first object to interact with !
Move to the black bowl.
MOVE: The black bowl is to the
right of the robot ! Move right.

TASK: The task is to put the
carrot in the red bowl .

PLAN: 1. Move to the carrot. 2.
Grasp the carrot. 3. Move to the
red bowl . 4. Release the carrot .
SUBTASK: The robot has
grasped the carrot and needs to
move itto the red bowl ! Move
to the red bowl.

MOVE: The red bow! is to the
right of the robot, so the robot
needs to move right to reach it !
Move right

ayellow banana

a robot

TASK: Move to the banana.
PLAN: Move to the banana,
grasp the banana, move the
banana to the plate, release the
banana.

SUBTASK: The banana is on the
left side of the plate, so the robot
needs to move left | Move to
banana.

MOVE: The robot needs to move
left to get closer to the banana !
Move left.

TASK: Put the grey sponge on
the yellow towel .

PLAN: Move to the sponge, pick
up the sponge , move to the
towel, put down the sponge .
SUBTASK: The sponge is on the
table, and it needs to be reached
first | Move to the sponge.
MOVE: The sponge is below the
robot, so move down ! Move
down.

Figure 4.3: Our OXE ne-tuned ECoT model can generate reasonings for non-WidowX robots too,
despite never having seen reasoning annotations for said embodiment.
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Chapter 5

Conclusions

My research addressed a fundamental challenge in reinforcement learning: enabling
agents to reason and act with human-like adaptability, e ciency, and interpretability.
While deep RL has achieved remarkable successes, its limitations in generalization, data
e ciency, and transparency highlight the need for more structured approaches.

To this end, we introduced three contributions that integrate structured reasoning
and planning into RL. Embodied Chain-of-Thought (ECoT) enables agents to explic-
itly plan before acting, improving generalization and interpretability in robotic tasks.
Subgoal Search (kSubS) introduces a hierarchical planning framework that successfully
decomposes complex problems into manageable parts. Adaptive Subgoal Search (Ada-
SubS) extends this by adjusting planning granularity based on task complexity, striking
a balance between precision and e ciency.

Together, these methods demonstrate that combining learning with structured rea-
soning enhances robustness, performance, and human-alignment. By planning through
subgoals and reasoning chains, agents gain the ability to generalize beyond training data
and provide interpretable decision traces.

While challenges remain in scaling and automating structured representations, this
work o ers concrete steps toward RL systems that do more than react they reason.
This marks progress toward the broader goal of building Al that thinks and adapts more
like humans.

5.1. Future directions

While this dissertation presents signi cant advancements, several open challenges remain,
providing opportunities for future research:

" Enhancing Subgoal Search with better subgoal discovery. Exploring alter-
native approaches to generating subgoals and leveraging the latest architectures,
such as di usion models, have the potential to further improve the e ectiveness of
the framework.
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Fine-tuning with online interactions. While Subgoal Search can successfully
leverage o ine data for training, extending it with a self-improvement loop is
another promising direction.

Subgoal Search on latent representations. Subgoal Search cannot be used in
environments with visual observations as long as it operates on full states rather
than representations.

Applying Subgoal Search to robotics. We demonstrated the e ectiveness
of Subgoal Search in solving complex reasoning tasks. Following the human-like
planning intuition, it would be exciting to see Subgoal Search guiding robots in
solving intricate manipulation tasks.

~ Adaptive Embodied Chain-of-Thought. A lot of computations can be saved
by deciding when to reason carefully and when thinking is not required.

Exploring human-robot interaction. Since using the ECoT approach leads
to interactive policies, it may be used as an advanced and easy control interface,
replacing scripting or teleoperation.
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ABSTRACT that it is theoretically grounded. We provide a xed-point theorem
Multi-agent reinforcement learning (MARL) provides a framework  that guarantees convergence.
for problems involving multiple interacting agents. Despite appar- 1 he on-policy algorithms directly optimize the objective; thus,

ent similarity to the single-agent case, multi-agent problems are they tend to be more stable and robust to hyperparameter choices
often harder to train and analyze theoretically. In this work, we  than o -policy methods [1, 33 33. However, it is often impractical
propose MA-Trace, a new on-policy actor-critic algorithm, which 0 train an on-policy algorithm in the distributed setting. When
extends V-Trace to the MARL setting. The key advantage of our data collection is performed using many workers, the communica-
algorithm is its high scalability in a multi-worker setting. To this tion latency, asynchronicity, and other factors make the behavioral
end, MA-Trace utilizes importance sampling as an o -policy cor- policies lag behind the target one. This results in a shift of the col-
rection method, which allows distributing the computations with lected data towards o -policy distribution, which hurts the training
no impact on the quality of training. Furthermore, our algorithm quality. V-Trace reduces this shift by utilizing importance weights,
is theoretically grounded we prove a xed-point theorem that thus permitting highly scalable training. Following that scheme,
guarantees convergence. We evaluate the algorithm extensively MA-Trace can be distributed to many workers to vastly reduce the
on the StarCraft Multi-Agent Challenge, a standard benchmark for Wall-time of training with no negative impact on the results.
multi-agent algorithms. MA-Trace achieves high performance on ~ We evaluate MA-Trace on StarCraft Multi-Agent Challendz]

all its tasks and exceeds state-of-the-art results on some of them. & Standard benchmark for multi-agent algorithms. Our approach
achieves competitive performance on all tasks and exceeds state-of-

KEYWORDS the-art results on some of them. Additionally, we provide a compre-
hensive set of ablations to quantify the in uence of each component
on the nal results. We con rm that importance sampling is a key
factor for MA-Trace's performance and show that our algorithm
1 INTRODUCTION scales favorably with the number of actor workers. Additionally,

Reinforcement learning has witnessed impressive development We provide a few quite surprising ndings, e.g. that an observation-
in recent years. Famously, superhuman performance has been based critic network performs better than a state-based.
achieved in games G@(J, StarCraft Il 36, Dota 2 [4] and other For the description of key ideas and videos, visit our webpage:
applications. These successes are the result of rapid algorithmic https://sites.google.com/view/ma-trace/main-page. The code used
development. Research in directions like trust-region optimization for our experiments is available at https://github.com/awarelab/
[29, principle of maximum entropy 13, importance sampling seed_rl.

[8], distributional RL [3] or bridging the sim-to-real gap 3] are Our main contributions are the following:

among these which brought signi cant progress. Multi-agent rein-

forcement learning (MARL), a framework for problems involving

multiple interacting agents, is similar to the standard, single-agent

setting. However, it is inherently harder. The challenges are both

theoretical (e.g., partial observability and lack of the Markov prop-

Reinforcement Learning, V-Trace, Importance Sampling, Scalability

erty) and practical (MARL algorithms often su er from inferior (1) We introduce MA-Trace a simple, scalable and e ective
stability and scalability). multi-agent reinforcement learning algorithm with theoreti-
In this work, we take a step towards amending this situation. We cal guarantees.

propose MA-Trace, a new on-policy actor-critic algorithm, which (2) We con rm that the training of MA-Trace can be easily
adheres to the centralized training and decentralized execution distributed on multiple workers with nearly perfect speed-up
paradigm [LQ, 19 2. The key component of MA-Trace is the usage and no negative impact on the quality.

of importance sampling. This mechanism, based on V-Tra}e [ (3) We provide extensive experimental validation of the MA-
provides o -policy correction for training data. As we demonstrate Trace algorithm in StarCraft Multi-Agent Challenge, includ-
empirically, it allows distributing the computations e ciently in ing ablations with regard to importance sampling, central-

a multi-worker setup. Another advantage of MA-Trace is the fact ization of learning, scaling and sharing of parameters.


https://sites.google.com/view/ma-trace/main-page
https://github.com/awarelab/seed_rl
https://github.com/awarelab/seed_rl

2 RELATED WORK

For a general overview of multi-agent reinforcement learning (MARL)
we refer to [5, 15. Unsurprisingly, the development of MARL meth-
ods is closely coupled with the algorithmic progress in RL. A simple
approach to multi-agent learning was proposed by T@4]: the
IQL algorithm uses independeidt learners for each agent, with
improvements proposed in [11, 17, 24].

MA-Trace adheres to the centralized training and decentralized
execution (CTDE) paradigm. CTDRE,[16 23 is based on using
the centralized information during training. During execution, the
agents act using only their respective observations. Following this
scheme, 9] introduces the RIAL and DIAL algorithms in the context
of &-learning. CTDE is particularly easy to implement with actor-
critic algorithms; the centralized information is imputed only to
the critic network (which is not used during the execution). COMA
[1] is an example of such an algorithm; additionally, it uses a
counterfactual baseline to deal with multi-agent credit assignment
explicitly.

Another approach to take advantage of the multi-agent struc-
ture is thevalue decompositianethod. VDN B2 propose a linear
decomposition of the collectiv& function into agent-loca& func-
tions. Following this idea, 29 introduced QMIX, which learns
a complex state-dependent decomposition by using monotonic
mixing hypernetworks. Extensions of QMIX include MAVEIR]],
COMIX [6], SMIX() [39, and QTRAN B1] that can represent even
general non-monotonic factorizations.

MA-Trace is based on V-Tracd]| a distributed single-agent
algorithm. The idea of extending RL algorithms to the multi-agent
setting has been successfully executed multiple times. Lowe.et al
[19] propose a multi-agent actor-critic algorithm MADDPG, which
is based on the DDPG algorithri§. Yu et al [40] introduce also
MASAC, extending SAC14], and MATD3 building on top of TD3
[17. Recently B1] showed that MAPPO, a multi-agent version of
PPO p9, achieves surprisingly strong results in the most popular
benchmarks, comparable with o -policy methods.

Espeholt et al[8] propose the V-Trace algorithm to address the
problem that in distributed (e.g. multi-node) training the policy
used to generate experience is likely to lag behind the policy used
for learning. Munos et al[22] considered earlier a similar o -policy
corrections for the target of th&-function. These corrections are
intended to focus on samples generated by behavioral policies close
to the target one. Leaky V-Trace, a more general version of the V-
Trace correction, was considered by Zahavy et[4P]. Vinyals et al
[37] adapt V-Trace importance corrections to large action space
to train grandmaster level StarCraft Il agents. These corrections
are re nements of the concept of importance sampling; s88& [
Sections 5.5, 12.9] for a broader discussion.

Blending all these concepts, DOB] utilizes value decomposi-
tion and importance sampling to successfully train decentralized
agents with policy gradients on o -policy samples. This is substan-
tially di erent from our work since in MA-Trace we use importance
weights to enable e cient multi-node training. DOP does not con-
sider distributing the computations, the objective optimized by that
algorithm requires providing on-policy samples, which is impossi-
ble to satisfy in a highly distributed setting.

3 BACKGROUND

Multi-agent reinforcement learning task is formalized lecentral-
ized partially observable Markov decision procéSsesPOMDP)Z3.
A Dec-POMDRP is de ned as a tuplN ¢SeA « %o Koo $o\Wegd. N
is the set of agent§1s"""+g, S is the state spacé) is the set
of actions available to agent8pis the transition kernel Ais the
reward function,Z is the space of collective observatiodsjs the
set of observation function§$ 1+ ” " " « $ g, Wis the discount factor
anddp is the initial state distribution. At statd82 S, the agents
selectaction®g cg! j$g'B°, wherecgare their respective polices.
Fix0 := 101+ """ «£P. The agents receive rewards according to the
reward functionss = !B+ 0 and the system evolves to the next
step generated by4B+ 0 (might be stochastic). In the so-called fully
cooperative setting, assumed in this work, the rewards are equal,
e A="""=A.
The agents learn a joint policy
G
clop° =

81

with the aim to maximize the e>l<|pected discounted return

a
Ve
G0

The expected discounted return obtained by policystarting from
stateB2 S is called the value, function

cgto. > °

@

100 = E,

+C1p=E,  WAjJB=B-
G0

4 MA-TRACE ALGORITHM

4.1 Overview of the algorithm

In this work, we introduce a multi-agent actor-critic algorithm
based on V-tracavlA-Trace, see Algorithm 1. It follows the para-
digm of centralized training, decentralized execution. Each agent
compute its action taking its local observation as input. On the
other hand, the critic network operates only during training, so it
does not need to obey decentralization requirements. Furthermore,
it can utilize any kind of additional information. We study two
versions of MA-Trace: with the critie : S! R taking as inputs

full states, and with the criticr : Z!  Rtaking as input the joint
observation of all agents, denoted respectively as MA-Trace (full)
and MA-Trace (obs). MA-Trace (full) requires collecting stelie®

line 6 of Algorithm 1 and using them as input tg; in lines 10 and
14.

The value function+¢ corresponding to policyc can be, for
example, obtained by repeated application of the Bellman operator.
This requires on-policy data. The central innovation of V-Trace in
the single-player setting and MA-Trace in the multi-player setting is
to allow for slightly o -policy data by utilizing importance sampling.

To this end, we use the V-Trace-inspired policy evaluation operator
R, de ned as

@

R+1B = +1B,
» u
B W2y 2 1%dctAc, WAR 1° + BB =B

G0

®



where2c = 216 0P« ¢ = diB> @ are importance sampling cor-
recionsan®2: S A! R+d:S A! R are measurable
functions. In our algorithms we specialize to
cl0gR® | clodge |
" OgR? " 0gR®
where" is a policy that collected the data arit¥d are hyperparam-
eters (usually set to™D). Intuitively speaking2c controls the speed
of training anddc balances the learned value function betweeh
and+ . These parameters are further discussed in Corollary 3. The
operatorR leads to=-step Monte-Carlo targec given the states:
G.1 B
E=+8, WS 2 dh, Wik 1°
D=C 8&C

It is a random variable; the clipping with thenin function in (4)is
instrumental to reducing its variance and thus making it applicable
in learning. A key advantage of MA-Trace is a signi cant reduction
in the wall-time due to distributed data collection (see line 6 in
Algorithm 1). From the algorithmic standpoint, the major problem
to address is that the policy used for collectiopo might be outdated
due to communication overheads. This is successfully achieved with
the importance correction mechanisms described above.

We use the communication model proposed if Figure 1, Fig-
ure 3]. It consists of a single learner and actor workers. The actors
are simple loops around the environment, generating observations
(and rewards) transmitted to the learner. The learner makes in-

2c:=min 2e dc:=min de

+HB° " (5)

ferences (and sends back actions); moreover, it handles trajectory

accumulation and training.

Algorithm 1 MA-Trace
Require:

3 density of training
U learning rate
for : in 0"""e= 1do
| . random actor parameters
g random critic parameters
: for 4?>2in 0+1¢22" "o
D ;
add trajectoried ggg sampled withcy o to D
« collected by multiple workers possibly remote.
for 8in 0="""+3 1do
sampleR: D
10: g q Ug ko +4'BoK
according to (5)

© X N aR®WDNR

* E¢is calculated

11 for 8in 0=”""+3 1do
12 samplei: D
13: for : in 1s"""e=lo
14: 6. dg | logic| 0c.jB.2%%c.: , Wa'- B 1°
+C:l 1o
15: * dcis calculated according to (4)
16: | . \., U6

Do

4.2 Theoretical analysis of MA-Trace

The operatorR enjoys the xed point property. We present a proof
of the following Theorem in Appendix A.

Theorem 1. Let2« dbe such that for anB2 S<02 A
diBe® 2B+OEm -1 g dEX® 0O (6)

where®is the state obtained froBafter issuing actiof. Assume
alsothatt: dop V2 0-1%Then the operatdt is aC; contraction
with a unique xed point ¢ which is a value function of a policy
given by
. dBeO 0B

124 01Be2 11
The contraction constant is smaller tart 1 VgV Y 1.

0B = @

Remark 2. The theorem is an extended versio8of fieorem 1].
First, we assume the vectorized statement, which is natural for the
multi-agent setting. Second, the condif@admits more general
importance sampling weights. We also x a mathematical inaccuracy
present in the original proof of [8, Theorem 1], see Remark 6.

Now we can easily show that the result follows for the impor-
tance weights used in our work.

Corollary 3. Let2c dcbe importance sampling weiglttgand

0 2 d.Assume alsoth& dyp V2 10-1¥4Then the operator
Ris aCy; contraction with a unique xed poirt® which is a value
function of a policye-given by
. . minid 10jBe cl0jB°
B =i

c0) 12A Min 1T 11jB» CILjB°
The contraction constant is smaller tHart 1 V9VY 1.

c10jP

Proof. Itis easyto check tha?'Be0 = min 2-\101.53 ,diBe0 =

min a-cigg yield the importance sampling weight@}). More-
over, forany®2 S
. c1098»
Ego 1 o dE* 0% = Egp s jg» min aaloojgb
c 109>
R0t iE Siooem

=1

and thereforg6)holds whenever 0 2 d. Now the result follows
by Theorem 1.

Observe that wher is in nite, the xed point + ¢ corresponds
to the target policyc. On the other hand, whei tends to 0;+ ¢
gets close to the value of the behavioral policyin the general case,
whend is nite but positive, the xed point is the value function
of a policy located somewhere betweerand ™ . However,c-does
not depend orc these weights a ect the speed of convergence
only [8].

Remark 4. There is a theoretical di erence between MA-Trace
(full) and MA-Trace (obs), which perhaps is subtle in some cases. The
Markov property is a key element required in the proof of Corollary
3. While it is by de nition true for MA-Trace (state) it might fail for
MA-Trace (obs) - if the concatenated observations do not provide a
su cient statistic of B

For the actor network we use policy gradient updates. Here we
also need importance sampling to correct for using the o -policy
behavioral policy . We recall the factorizatiorf1), analogously we



fienotejoint decentralized parameterized policy 101+ """« 0jB =
. 1. C1 *0giBP. The policy gradient theorem suggests the ascent

in the direction:

6:=Eg. ¢, r| logc) 0gR® ©' BeQP°
whereOc= 10cz*"""+@.°and © is some advantage estimator.
For o -policy data collected with® we have

6 Eo.° dg | logc) 0GB ©' 1B Q° ¢
where the equality holds i=,1 in (4). This formula leads to the
practical Monte-Carlo estimator used in line 14 of Algorithm 1:

dcir | glogic) 410cHE 8%, WHE; 1° +1B°  (8)

5 EXPERIMENTS

5.1 Environment

We evaluate MA-Trace on StarCraft Multi-Agent Challenge (SMAC)
[29 (version 4.10), which is a standard benchmark for multi-agent

algorithms, based on a popular real-time strategy game StarCraft II.

It provides 14 micromanagement tasks of varying di culty and
structure.
The aim is to win a battle against a built-in Al by using your team

of agents. In easier tasks, often rudimentary coordination is enough.

W MATiace (obs) W MAPPO [ PO QMIX

100

5

Figure 1: MA-Trace compared with state-of-the-arts algorithms on
SMAC.

5.3 Training details

We use standard feed-forward networks for the actor and critic net-
works with two hidden layers of 64 neurons and ReLU activations.
The critic network of MA-Trace (obs) takes stacked observations of

However, harder tasks involve engaging a stronger enemy (e.g., hav- agents as input, while MA-Trace (full) utilizes the full state provided

ing more units), which requires inventing smart techniques and
tricks. Each unit has a limited line of sight, which makes the envi-
ronment partially observable. We provide more details in Appendix
F.

5.2 Main result

In Table 1 and Figure 1, we present the results of the main version
of our algorithm MA-Trace (obs), in which the critic uses stacked

by SMAC. DecMA-Trace have a critic using single-agent observa-
tions. See details in Appendix C.

For each reported version of MA-Trace, we have searched for
the best hyperparameters to ensure a fair comparison. The values
of all hyperparameters are listed in Appendix D.2.

To estimate the performance of MA-Trace we run training for 3
days or until convergence. We report the median win rate of 10 runs
(with di erent random seeds) along with the interquartile range.

observations of agents as described in Appendix F. MA-Trace (obs) Training curves for all the tasks can be found in Appendix G.
reaches competitive results and in some cases exceeds the current

state-of-the-art. We compare with a selection of the state-of-the-art
algorithms on SMAC following 41] and [26§. We also demonstarte
scalability, which lets MA-Trace can reach good performance even
using short training (wall time).

Task MA-Trace (our) MAPPO [IPPO QMIX COMA IQL
2s3z 9%99.5;99.7] 100 100 95 43 75
3sbz 9796.6; 98.6) 100 100 88 1 10
1c3s5z 10@9.8; 100] 100 100 96 31 21
5m_vs_6m T84.3;78.4] 89 87 75 1 49
10m_vs_11m 966.2; 97.7] 97 93 95 7 34
27m_vs_30m 9@9; 100] 94 69 39 0 0
3s5z_vs_3s6z &.6,92.1] 84 83 83 0 0
MMM2 98]98; 98.8] 90 87 87 0 0
2s_vs_lsc 999; 99.6] 100 100 97 98 100
3s_vs_b5z ®;0] 100 100 98 0 45
6h_vs_8z 8F1;88.8] 88 84 9 0 0
bane_vs_bane  1Qo; 100] 100 100 100 64 99
2c_vs_64zg 98s; 98.5] 100 98 92 0 7
corridor 91[88.6;96.1] 100 98 84 0 0

Table 1: Median win rate of MA-Trace (obs) compared with other
algorithms. In 3s_vs_5zour agent discovers that keeping the oppo-
nents alive leads to higher rewards than killing them. This strategy,
however, yields alow win rate. See Appendix F.1 for a detailed study.

5.4 Ablations

Below we present a comprehensive list of ablations to evaluate the
design choices of our algorithm. In each case, we present training
curves for tasks, which best illustrate our claims. For the complete
training results and more details, we refer to Appendix E.

Advantage of using importance samplikiging the importance
weights is the key algorithmic innovation of MA-Trace (and V-
Trace), responsible for the strong performance we report. Indeed,
already for 30 actor workers, using the weights is essential. Other-
wise, the algorithm is unstable and su ers from poor asymptotic
performance. See Figure 2 and Appendix E.2.

MMM2 1c3s5z

3s5z

—— MATrace (obs)
—— MArace (full)
—— no IS (obs)
—— no IS (full)

Median Win %
Median Win %
Median Win %

Steps Steps Steps

Figure 2: MA-Trace using 30 distributed workers with and without
importance sampling (no IS).



Training scalingThe importance sampling enables V-Trace to
be truly scalable in multi-node setups. MA-Trace enjoys the same
property. Importantly, we do not observe any degradation in the
training performance when trained in the multi-node setup. See
Figure 3 and Appendix E.3.

5000
4000

3000

2000

Steps per second

1000

o 10 2 30 40 50 60 7

Number of workers

Figure 3: Speed of MA-Trace training with respect to the number
of distributed workers, with standard deviation shaded. The speed
is measured as the average number of steps processed per second.

Input for the critic networkWe found that MA-Trace (full) per-
forms slightly worse than MA-Trace (obs). Usually the di erences
are small. However, in two harder tasksprridorand 6h_vs_8z
MA-Trace (full) learns much slower and often fails. This is perhaps
surprising, as the full state contains additional information (e.g.,
about invisible opponents). To deepen the analysis, we ran MA-
Trace (obs+full), which uses both the observations and full state
as the critic input. This improves the results, though they are still
slightly inferior to MA-Trace (obs); see Figure 4 and Appendix G. A
more detailed discussion of this topic can be found in Appendix E.1.

3s52z_vs_3s6z

corridor 27m_vs_30m

—— MA-race (obs)
—— MA-Trace (obs-+full)
—— MA-Trace (full)

Median Win %
Median Win %
Median Win %

Steps Steps Steps

Figure 4: Comparison of using the full state MA-Trace (full) and
aggregated agents' observations MA-Trace (obs) and both.

Centralized vs decentralizefs noted by R(, centralized train-
ing in some cases may su er from higher variance. Therefore we
compared MA-Trace with its decentralized version (i.e. having ind-
pendent critics for each agent). The latter typically obtains weaker
results and is less stable. See Figure 5 and details in Appendix B.

Sharing actors networkg/e follow a common approach of shar-
ing the policy network between agents. In some works, e.gq,[to
preserve individuality, the observations are enriched with agent ID.
This might be bene cial if agents should be assigned di erent roles
within the team. However, we nd these bene ts rather minor and
opt for input provided by the environment (i.e., without ID). See
Figure 7 and details in Appendix C.2.

MMM2 6h_vs_8z

10m_vs_11m

~
—— MA-Trace (obs)
—— MATrace (full)
—— DecMA-Trace

Median Win %
Median Win %
Median Win %

Steps

Figure 5: Performance of MA-Trace during centralized and decen-
tralized training.

cases, using separate networks is advantageous, but only in the
easiest tasks, e.®s5z See Figure 6 and details in Appendix C.1.

]

Figure 6: Performance of shared (standard MA-Trace) and separate
agents' networks.

3s5z_vs_3s6z

3s5z

5m_vs_6m

Steps

—— MA-Trace (obs)
—— MA-race (full)
—— separate (obs)

separate (full)

Median Win %
Median Win %
Median Win %

: Steps E

Steps

corridor

6h_vs_8z 10m_vs_11m

—— MA-Trace (obs)
—— MA-Trace (full)
—— with ID (obs)
—— with ID (full)

Median Win %
Median Win %
Median Win %

Steps Steps Steps

Figure 7: The impact of enriching observation with agent ID.

6 LIMITATIONS AND FURTHER WORK

We show that MA-Trace successfully solves SMAC tasks. Further
benchmarking is needed to underpin its quality. This includes test-
ing on more environments, both fully cooperative (like SMAC) and
competitive. The latter might require further algorithmic develop-
ments.

The importance sampling weights successfully reduce distribu-
tional shifts arising in distributed training. An interesting question
is whether they can also reduce the shifts introduced by the non-
stationarity of the multi-agent environment.

MA-Trace exhibits lower sample e ciency than the other meth-
ods we used for comparisons. This, at least partially, can be ex-
plained by its on-policy nature. Adapting the importance correc-
tion to accommodate more o -policy data would be an important
achievement.

7 CONCLUSIONS

In our work, we introduced MA-Trace, a new multi-agent rein-
forcement learning algorithm. We evaluated it on 14 scenarios
constituting the StarCraft Multi-Agent Challenge and con rmed
its strong performance. We also included ablations regarding im-

One can also use separate networks for each agent. We check portance sampling, centralization of learning, scaling, and sharing

that MA-Trace works considerably worse in such a case. In rare

of parameters.



Thanks to the use of importance weights, MA-Trace is highly
scalable. Furthermore, the convergence properties of our algorithm
highlighted by Theorem 1 show that it has not only experimental
but also mathematical grounding.

ACKNOWLEDGMENTS

We thank Konrad Staniszewski for discussions and experiments in
the prequel of this project.

The work of Micha? Zawalski was supported by the Polish Na-
tional Science Center (NCN) grant UMO-2019/35/0/ST6/03464. The
work of Henryk Michalewski was supported by the Polish National
Science Center grant UMO-2018/29/B/ST6/02959. The work of Piotr
Mi2o+ was supported by the NCN grant UMO-2017/26/E/ST6/00622.
This research was supported by the PL-Grid Infrastructure. Some
experiments were performed using the Entropy cluster funded
by NVIDIA, Intel, the Polish National Science Center grant UMO-
2017/26/E/ST6/00622 and ERC Starting Grant TOTAL. Our exper-
iments were managed using https://neptune.ai. We would like to
thank the Neptune team for providing access to the team version
and technical support.

[14

REFERENCES

[1] Josh Achiam. 2018. Spinning Up in Deep RL. https://spinningup.openai.com.

[2] Marcin Andrychowicz, Bowen Baker, Maciek Chociej, Rafal J6zefowicz, Bob
McGrew, Jakub W. Pachocki, Arthur Petron, Matthias Plappert, Glenn Powell,
Alex Ray, Jonas Schneider, Szymon Sidor, Josh Tobin, Peter Welinder, Lilian Weng,
and Wojciech Zaremba. 2020. Learning dexterous in-hand manipulatidnJ.
Robotics Re39, 1 (2020). https://doi.org/10.1177/0278364919887447

Marc G. Bellemare, Will Dabney, and Rémi Munos. 2017. A Distributional Per-
spective on Reinforcement Learning. Broceedings of the 34th International Con-

[3

(Proceedings of Machine Learning Research, V@on@ Precup and Yee Whye

Teh (Eds.). PMLR, 449 458. http://proceedings.mir.press/v70/bellemarel7a.html
Christopher Berner, Greg Brockman, Brooke Chan, Vicki Cheung, Przemys-
law Debiak, Christy Dennison, David Farhi, Quirin Fischer, Sharig Hashme,
Christopher Hesse, Rafal J6zefowicz, Scott Gray, Catherine Olsson, Jakub Pa-

[4

[11

[13

[12]

]

[15]

[16]
ference on Machine Learning, ICML 2017, Sydney, NSW, Australia, 6-11 August 2017
[17

]

chocki, Michael Petrov, Henrigue Pondé de Oliveira Pinto, Jonathan Raiman, [18]

Tim Salimans, Jeremy Schlatter, Jonas Schneider, Szymon Sidor, llya Sutskever,
Jie Tang, Filip Wolski, and Susan Zhang. 2019. Dota 2 with Large Scale
Deep Reinforcement Learnin€oRRabs/1912.06680 (2019). arXiv:1912.06680
http://arxiv.org/abs/1912.06680

Lucian Busoniu, Robert Babuska, and Bart De Schutter. 2008. A comprehensive
survey of multiagent reinforcement learnindEEE Transactions on Systems, Man,
and Cybernetics, Part C (Applications and Revig®s) (2008), 156 172.

Christian Schroeder de Witt, Bei Peng, Pierre-Alexandre Kamienny, Philip Torr,
Wendelin Béhmer, and Shimon Whiteson. 2020. Deep multi-agent reinforce-
ment learning for decentralized continuous cooperative conteiXiv preprint
arXiv:2003.067q2020).

Lasse Espeholt, Raphaél Marinier, Piotr Stanczyk, Ke Wang, and Marcin Michalski.

[5

6

[7

[19]

2020. SEED RL: Scalable and E cient Deep-RL with Accelerated Central Inference. [20]

In 8th International Conference on Learning Representations, ICLR 2020, Addis
Ababa, Ethiopia, April 26-30, 208penReview.net. https://openreview.net/
forum?id=rkgvXIrkwH

Lasse Espeholt, Hubert Soyer, Rémi Munos, Karen Simonyan, Volodymyr Mnih,
Tom Ward, Yotam Doron, Vlad Firoiu, Tim Harley, lain Dunning, Shane Legg,
and Koray Kavukcuoglu. 2018. IMPALA: Scalable Distributed Deep-RL with
Importance Weighted Actor-Learner Architectures. Rroceedings of the 35th

[8

International Conference on Machine Learning, ICML 2018, Stockholmsmassan,
Stockholm, Sweden, July 10-15, 2018 (Proceedings of Machine Learning Research,

[21

Vol. 80) Jennifer G. Dy and Andreas Krause (Eds.). PMLR, 1406 1415. http: [22]

/Iproceedings.mir.press/v80/espeholtl8a.html

Jakob N. Foerster, Yannis M. Assael, Nando de Freitas, and Shimon Whiteson.
2016. Learning to Communicate with Deep Multi-Agent Reinforcement Learning.

In Advances in Neural Information Processing Systems 29: Annual Conference

[9

on Neural Information Processing Systems 2016, December 5-10, 2016, Barcelona,

Spain Daniel D. Lee, Masashi Sugiyama, Ulrike von Luxburg, Isabelle Guyon,

and Roman Garnett (Eds.). 2137 2145. https://proceedings.neurips.cc/paper/ [23]

2016/hash/c7635bfd99248a2cdef8249ef7bfbef4- Abstract.html

[10] Jakob N. Foerster, Gregory Farquhar, Triantafyllos Afouras, Nantas Nardelli,

and Shimon Whiteson. 2018. Counterfactual Multi-Agent Policy Gradients. In
Proceedings of the Thirty-Second AAAI Conference on Arti cial Intelligence, (AAAI-
18), the 30th innovative Applications of Arti cial Intelligence (IAAI-18), and the

8th AAAI Symposium on Educational Advances in Arti cial Intelligence (EAAI-18),
New Orleans, Louisiana, USA, February 2-7, 3b&8a A. Mcllraith and Kilian Q.
Weinberger (Eds.). AAAI Press, 2974 2982. https://www.aaai.org/ocs/index.php/
AAAI/AAAIL8/paper/view/17193

Jakob N. Foerster, Nantas Nardelli, Gregory Farquhar, Triantafyllos Afouras,
Philip H. S. Torr, Pushmeet Kohli, and Shimon Whiteson. 2017. Stabilising
Experience Replay for Deep Multi-Agent Reinforcement Learning?laceedings

of the 34th International Conference on Machine Learning, ICML 2017, Sydney, NSW,
Australia, 6-11 August 2017 (Proceedings of Machine Learning Research, Vol. 70)
Doina Precup and Yee Whye Teh (Eds.). PMLR, 1146 1155. http://proceedings.
mir.press/v70/foerster17b.html

Scott Fujimoto, Herke van Hoof, and David Meger. 2018. Addressing Func-
tion Approximation Error in Actor-Critic Methods. InProceedings of the 35th
International Conference on Machine Learning, ICML 2018, Stockholmsmassan,
Stockholm, Sweden, July 10-15, 2018 (Proceedings of Machine Learning Research,
Vol. 80) Jennifer G. Dy and Andreas Krause (Eds.). PMLR, 1582 1591. http:
Ilproceedings.mir.press/v80/fujimoto18a.html

Tuomas Haarnoja, Aurick Zhou, Pieter Abbeel, and Sergey Levine. 2018. Soft
Actor-Critic: O -Policy Maximum Entropy Deep Reinforcement Learning with a
Stochastic Actor. IrProceedings of the 35th International Conference on Machine
Learning, ICML 2018, Stockholmsméssan, Stockholm, Sweden, July 10-15, 2018
(Proceedings of Machine Learning Research, VdleB80ifer G. Dy and Andreas
Krause (Eds.). PMLR, 1856 1865. http://proceedings.mir.press/v80/haarnojal8b.
html

Tuomas Haarnoja, Aurick Zhou, Pieter Abbeel, and Sergey Levine. 2018. Soft
actor-critic: O -policy maximum entropy deep reinforcement learning with a
stochastic actor. International Conference on Machine LearnfgLR, 1861

1870.

Pablo Hernandez-Leal, Bilal Kartal, and Matthew E. Taylor. 2020. A Very Con-
densed Survey and Critique of Multiagent Deep Reinforcement Learning. In
Proceedings of the 19th International Conference on Autonomous Agents and Multia-
gent Systems, AAMAS '20, Auckland, New Zealand, May 9-13ABGRE| Fallah
Seghrouchni, Gita Sukthankar, Bo An, and Neil Yorke-Smith (Eds.). Interna-
tional Foundation for Autonomous Agents and Multiagent Systems, 2146 2148.
https://dl.acm.org/doi/abs/10.5555/3398761.3399105

Landon Kraemer and Bikramijit Banerjee. 2016. Multi-agent reinforcement learn-

ing as a rehearsal for decentralized plannirgeurocomputind90 (2016), 82 94.

Martin Lauer and Martin A. Riedmiller. 2000. An Algorithm for Distributed
Reinforcement Learning in Cooperative Multi-Agent SystemsPlmceedings

of the Seventeenth International Conference on Machine Learning (ICML 2000),
Stanford University, Stanford, CA, USA, June 29 - July 2,R800angley (Ed.).
Morgan Kaufmann, 535 542,

Timothy P. Lillicrap, Jonathan J. Hunt, Alexander Pritzel, Nicolas Heess, Tom
Erez, Yuval Tassa, David Silver, and Daan Wierstra. 2016. Continuous control
with deep reinforcement learning. Idth International Conference on Learning
Representations, ICLR 2016, San Juan, Puerto Rico, May 2-4, 2016, Conference Track
Proceeding¥oshua Bengio and Yann LeCun (Eds.). http://arxiv.org/abs/1509.
02971

Ryan Lowe, YiWu, Aviv Tamar, Jean Harb, Pieter Abbeel, and Igor Mordatch. 2017.
Multi-Agent Actor-Critic for Mixed Cooperative-Competitive Environments. In
Advances in Neural Information Processing Systems 30: Annual Conference on Neu-
ral Information Processing Systems 2017, December 4-9, 2017, Long Beach, CA, USA
Isabelle Guyon, Ulrike von Luxburg, Samy Bengio, Hanna M. Wallach, Rob Fergus,

S. V. N. Vishwanathan, and Roman Garnett (Eds.). 6379 6390. https://proceedings.
neurips.cc/paper/2017/hash/68a9750337a418a86fe06c1991ald64c-Abstract.html
Xueguang Lyu, Yuchen Xiao, Brett Daley, and Christopher Amato. 2021. Contrast-
ing Centralized and Decentralized Critics in Multi-Agent Reinforcement Learning.
CoRRarXiv/2102.04402 (2021). arXiv:2102.04402 https://arxiv.org/abs/2102.04402
Anuj Mahajan, Tabish Rashid, Mikayel Samvelyan, and Shimon Whiteson. 2019.
MAVEN: Multi-Agent Variational Exploration. IiAdvances in Neural Information
Processing Systems 32: Annual Conference on Neural Information Processing Sys-
tems 2019, NeurlPS 2019, December 8-14, 2019, Vancouver, BG]d&arzakia
Wallach, Hugo Larochelle, Alina Beygelzimer, Florence d'Alché-Buc, Emily B.
Fox, and Roman Garnett (Eds.). 7611 7622. https://proceedings.neurips.cc/paper/
2019/hash/f816dc0Oacface7498e10496222e9db10-Abstract.html

Rémi Munos, Tom Stepleton, Anna Harutyunyan, and Marc G. Bellemare. 2016.
Safe and E cient O -Policy Reinforcement Learning. Iidvances in Neu-

ral Information Processing Systems 29: Annual Conference on Neural Informa-
tion Processing Systems 2016, December 5-10, 2016, Barcelparisgidin

Lee, Masashi Sugiyama, Ulrike von Luxburg, Isabelle Guyon, and Roman
Garnett (Eds.). 1046 1054. https://proceedings.neurips.cc/paper/2016/hash/
€3992e9a68c5ae12bd18488bc579b30d- Abstract.html

Frans A. Oliehoek and Christopher Amato. 2018. Concise Introduction to
Decentralized POMDPSpringer. https://doi.org/10.1007/978-3-319-28929-8


https://neptune.ai
https://spinningup.openai.com
https://doi.org/10.1177/0278364919887447
http://proceedings.mlr.press/v70/bellemare17a.html
https://arxiv.org/abs/1912.06680
http://arxiv.org/abs/1912.06680
https://openreview.net/forum?id=rkgvXlrKwH
https://openreview.net/forum?id=rkgvXlrKwH
http://proceedings.mlr.press/v80/espeholt18a.html
http://proceedings.mlr.press/v80/espeholt18a.html
https://proceedings.neurips.cc/paper/2016/hash/c7635bfd99248a2cdef8249ef7bfbef4-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/c7635bfd99248a2cdef8249ef7bfbef4-Abstract.html
https://www.aaai.org/ocs/index.php/AAAI/AAAI18/paper/view/17193
https://www.aaai.org/ocs/index.php/AAAI/AAAI18/paper/view/17193
http://proceedings.mlr.press/v70/foerster17b.html
http://proceedings.mlr.press/v70/foerster17b.html
http://proceedings.mlr.press/v80/fujimoto18a.html
http://proceedings.mlr.press/v80/fujimoto18a.html
http://proceedings.mlr.press/v80/haarnoja18b.html
http://proceedings.mlr.press/v80/haarnoja18b.html
https://dl.acm.org/doi/abs/10.5555/3398761.3399105
http://arxiv.org/abs/1509.02971
http://arxiv.org/abs/1509.02971
https://proceedings.neurips.cc/paper/2017/hash/68a9750337a418a86fe06c1991a1d64c-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/68a9750337a418a86fe06c1991a1d64c-Abstract.html
https://arxiv.org/abs/2102.04402
https://arxiv.org/abs/2102.04402
https://proceedings.neurips.cc/paper/2019/hash/f816dc0acface7498e10496222e9db10-Abstract.html
https://proceedings.neurips.cc/paper/2019/hash/f816dc0acface7498e10496222e9db10-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/c3992e9a68c5ae12bd18488bc579b30d-Abstract.html
https://proceedings.neurips.cc/paper/2016/hash/c3992e9a68c5ae12bd18488bc579b30d-Abstract.html
https://doi.org/10.1007/978-3-319-28929-8

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

Shayegan Omidsha ei, Jason Pazis, Christopher Amato, Jonathan P How, and
John Vian. 2017. Deep decentralized multi-task multi-agent reinforcement learn-
ing under partial observability. Innternational Conference on Machine Learning
PMLR, 2681 2690.

Tabish Rashid, Mikayel Samvelyan, Christian Schréder de Witt, Gregory Farquhar,
Jakob N. Foerster, and Shimon Whiteson. 2018. QMIX: Monotonic Value Function
Factorisation for Deep Multi-Agent Reinforcement Learning Rroceedings of the
35th International Conference on Machine Learning, ICML 2018, Stockholmsmassan,
Stockholm, Sweden, July 10-15, 2018 (Proceedings of Machine Learning Research,
Vol. 80) Jennifer G. Dy and Andreas Krause (Eds.). PMLR, 4292 4301. http: [41]
/Iproceedings.mir.press/v80/rashid18a.html

Tabish Rashid, Mikayel Samvelyan, Christian Schroder de Witt, Gregory Farquhar,
Jakob N. Foerster, and Shimon Whiteson. 2020. Monotonic Value Function Fac- [42]
torisation for Deep Multi-Agent Reinforcement LearninG.oRRabs/2003.08839
(2020). arXiv:2003.08839 https://arxiv.org/abs/2003.08839

Mikayel Samvelyan, Tabish Rashid, Christian Schroder de Witt, Gregory Farquhar,
Nantas Nardelli, Tim G. J. Rudner, Chia-Man Hung, Philip H. S. Torr, Jakob N.
Foerster, and Shimon Whiteson. 2019. The StarCraft Multi-Agent Challenge.

In Proceedings of the 18th International Conference on Autonomous Agents and
MultiAgent Systems, AAMAS '19, Montreal, QC, Canada, May 13-1E&@19

Elkind, Manuela Veloso, Noa Agmon, and Matthew E. Taylor (Eds.). International
Foundation for Autonomous Agents and Multiagent Systems, 2186 2188. http:
/ldl.acm.org/citation.cfm?id=3332052

Mikayel Samvelyan, Tabish Rashid, Christian Schroeder de Witt, Gregory Far-
quhar, Nantas Nardelli, Tim G. J. Rudner, Chia-Man Hung, Philiph H. S. Torr,
Jakob Foerster, and Shimon Whiteson. 2019. The StarCraft Multi-Agent Challenge.
CoRRabs/1902.04043 (2019).

John Schulman, Filip Wolski, Prafulla Dhariwal, Alec Radford, and Oleg Klimov.
2017. Proximal Policy Optimization Algorithm&CoRRabs/1707.06347 (2017).
arXiv:1707.06347 http://arxiv.org/abs/1707.06347

David Silver, Aja Huang, Christopher Maddison, Arthur Guez, Laurent Sifre,
George Driessche, Julian Schrittwieser, loannis Antonoglou, Veda Panneershel-
vam, Marc Lanctot, Sander Dieleman, Dominik Grewe, John Nham, Nal Kalch-
brenner, llya Sutskever, Timothy Lillicrap, Madeleine Leach, Koray Kavukcuoglu,
Thore Graepel, and Demis Hassabis. 2016. Mastering the game of Go with
deep neural networks and tree searcNature529 (01 2016), 484 489. https:
/ldoi.org/10.1038/nature16961

Kyunghwan Son, Daewoo Kim, Wan Ju Kang, David Hostallero, and Yung Yi.
2019. QTRAN: Learning to Factorize with Transformation for Cooperative Multi-
Agent Reinforcement Learning. IAroceedings of the 36th International Conference

on Machine Learning, ICML 2019, 9-15 June 2019, Long Beach, California, USA
(Proceedings of Machine Learning Research, \dka®Talika Chaudhuri and

Ruslan Salakhutdinov (Eds.). PMLR, 5887 5896. http://proceedings.mir.press/
v97/sonl9a.html

Peter Sunehag, Guy Lever, Audrunas Gruslys, Wojciech Marian Czarnecki, Vini-
cius Zambaldi, Max Jaderberg, Marc Lanctot, Nicolas Sonnerat, Joel Z. Leibo, Karl
Tuyls, and Thore Graepel. 2017. Value-Decomposition Networks For Cooperative
Multi-Agent Learning. arXiv:1706.05296 [cs.Al]

Richard S Sutton and Andrew G Barto. 20Rinforcement learning: An intro-
duction MIT press.

Ming Tan. 1993. Multi-Agent Reinforcement Learning: Independent versus
Cooperative Agents. IIMachine Learning, Proceedings of the Tenth International
Conference, University of Massachusetts, Amherst, MA, USA, June 27-29, 1993
Paul E. Utgo (Ed.). Morgan Kaufmann, 330 337. https://doi.org/10.1016/b978-
1-55860-307-3.50049-6

John N. Tsitsiklis and Benjamin Van Roy. 1997. An analysis of temporal-di erence
learning with function approximation.|EEE Trans. Autom. ContrdR, 5 (1997),

674 690. https://doi.org/10.1109/9.580874

Oriol Vinyals, I. Babuschkin, Wojciech Czarnecki, Michaél Mathieu, Andrew
Dudzik, J. Chung, D. Choi, Richard Powell, Timo Ewalds, P. Georgiev, Junhyuk
Oh, Dan Horgan, M. Kroiss, Ivo Danihelka, Aja Huang, L. Sifre, Trevor Cai, J.
Agapiou, Max Jaderberg, A. Vezhnevets, Rémi Leblond, Tobias Pohlen, Valentin
Dalibard, D. Budden, Yury Sulsky, James Molloy, T. Paine, Caglar Gulcehre, Ziyu
Wang, T. Pfa, Yuhuai Wu, Roman Ring, Dani Yogatama, Dario Wiinsch, Katrina
McKinney, Oliver Smith, Tom Schaul, T. Lillicrap, K. Kavukcuoglu, D. Hassabis,

C. Apps, and D. Silver. 2019. Grandmaster level in StarCraft Il using multi-agent
reinforcement learningNature(2019), 1 5.

Oriol Vinyals, Igor Babuschkin, Wojciech M Czarnecki, Michaél Mathieu, An-
drew Dudzik, Junyoung Chung, David H Choi, Richard Powell, Timo Ewalds,
Petko Georgiev, et al. 2019. Grandmaster level in StarCraft Il using multi-agent
reinforcement learningNature575, 7782 (2019), 350 354.

Yihan Wang, Beining Han, Tonghan Wang, Heng Dong, and Chongjie Zhang.
2020. O -Policy Multi-Agent Decomposed Policy GradienBRRabs/2007.12322

(2020). arXiv:2007.12322 https://arxiv.org/abs/2007.12322

Chao Wen, Xinghu Yao, Yuhui Wang, and Xiaoyang Tan. 2020. SNtIEfhanc-

ing Centralized Value Functions for Cooperative Multi-Agent Reinforcement
Learning. InThe Thirty-Fourth AAAI Conference on Arti cial Intelligence, AAAI

[40]

2020, The Thirty-Second Innovative Applications of Arti cial Intelligence Confer-
ence, IAAI 2020, The Tenth AAAI Symposium on Educational Advances in Arti cial
Intelligence, EAAI 2020, New York, NY, USA, February 7-12AR282@ress,

7301 7308. https://aaai.org/ojs/index.php/AAAl/article/view/6223

Chao Yu, Akash Velu, Eugene Vinitsky, Yu Wang, Alexandre Bayen, and Yi
Wu. 2020. Benchmarking Multi-agent Deep Reinforcement Learning Algo-
rithms. Workshop in Conference on Neural Information Processing Systems
2020. https://www.researchgate.net/publication/349943157_Benchmarking_
Multi-agent_Deep_Reinforcement_Learning_Algorithms

Chao Yu, Akash Velu, Eugene Vinitsky, Yu Wang, Alexandre M. Bayen, and Yi Wu.
2021. The Surprising E ectiveness of MAPPO in Cooperative, Multi-Agent Games.
CoRRabs/2103.01955 (2021). arXiv:2103.01955 https://arxiv.org/abs/2103.01955
Tom Zahavy, Zhongwen Xu, Vivek Veeriah, Matteo Hessel, Junhyuk Oh, Hado
van Hasselt, David Silver, and Satinder Singh. 2020. A Self-Tuning Actor-Critic
Algorithm. In Advances in Neural Information Processing Systems 33: Annual
Conference on Neural Information Processing Systems 2020, NeurlPS 2020, December
6-12, 2020, virtuaHugo Larochelle, Marc'Aurelio Ranzato, Raia Hadsell, Maria-
Florina Balcan, and Hsuan-Tien Lin (Eds.). https://proceedings.neurips.cc/paper/
2020/hash/f02208a057804eel6ac72 4d3cec53b-Abstract.html


http://proceedings.mlr.press/v80/rashid18a.html
http://proceedings.mlr.press/v80/rashid18a.html
https://arxiv.org/abs/2003.08839
https://arxiv.org/abs/2003.08839
http://dl.acm.org/citation.cfm?id=3332052
http://dl.acm.org/citation.cfm?id=3332052
https://arxiv.org/abs/1707.06347
http://arxiv.org/abs/1707.06347
https://doi.org/10.1038/nature16961
https://doi.org/10.1038/nature16961
http://proceedings.mlr.press/v97/son19a.html
http://proceedings.mlr.press/v97/son19a.html
https://arxiv.org/abs/1706.05296
https://doi.org/10.1016/b978-1-55860-307-3.50049-6
https://doi.org/10.1016/b978-1-55860-307-3.50049-6
https://doi.org/10.1109/9.580874
https://arxiv.org/abs/2007.12322
https://arxiv.org/abs/2007.12322
https://aaai.org/ojs/index.php/AAAI/article/view/6223
https://www.researchgate.net/publication/349943157_Benchmarking_Multi-agent_Deep_Reinforcement_Learning_Algorithms
https://www.researchgate.net/publication/349943157_Benchmarking_Multi-agent_Deep_Reinforcement_Learning_Algorithms
https://arxiv.org/abs/2103.01955
https://arxiv.org/abs/2103.01955
https://proceedings.neurips.cc/paper/2020/hash/f02208a057804ee16ac72ff4d3cec53b-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/f02208a057804ee16ac72ff4d3cec53b-Abstract.html

A THE PROOF OF THE FIXED POINT
THEOREM

Let C; be the space of function§ 7! R endowed with the
in nity norm k5kCl = SUpsps j5'Pj1 . C; is Banach ifS is -

nite or we additionally assume that functions are continuous (this

encompasses the case wh8ris discrete).

For an easy reference we recall the statement of Theorem 1. Let
R be measurable functions and set

2:S A! R ,d:S Al
2c= 2B @, dc= d'Be @
De ne the operatorR : C; 7! C4 by

R+ 1B = + 18,
2 4
LB WAy 20 1%ddAc, WARL1© + BB =B

G0

©)
Theorem 5. Let2« dbe such that for anB2 S<02 A
U'B+0:= d1B*0 2!B*OFEy -1 g dERC® 0O  (10)
wherefis the state obtained froBafter issuing actiof. Assume
alsothate: dg V2 101%Then the operatd® is C; contraction
with a unique xed point- ¢ which is a value function of a policy
given by
- diBeQ 0B
12A diBe ¥ llJB)
The contraction constajnis smallertharl * 1 VWVY 1.

cL0jB = (11)

Remark 6. We note that the proo8] Theorem 1] has some glitches.
A careful examination reveals that the analysis of the rst displayed
equation on page 12 if]jfis not correct. We x it by making intro-
ducing ltration and analyzing the measurability of explicitly and

argue that such an approach makes the proof more clear

I . .
Proof. LetZs:= 8:020 with the conventionzc=1forC 0.
We use the same convention faols. It is convenient to expresR in
the following form

R+1B =11 E do B, .

aQ
. E Wac 1 1dofe, Wdc 2cdc 1% 1B 1%
)

Fix+1e+ 2 C; and putC; 3 + :=+1 +2. ForB2 S we write

R+1B R+21B =11 E d° +1B, .

a
. E W 120 13dc 200G 1Ya+ 1B 10 "
c0

We de ne ltration fFegl, by
Fc:=f 1By Qe """ @ 1°B™"
We rewrite in terms of conditional expectation
0:=E >& 1dc 20c 1%+ 1B 1%
=B B & pdc 20g1Ve+ 'R 1°jFg1¥a”
Clearly, all terms except fodg, 1 are Fg 1 measurable, thus

0=E Z 1»dc 2E 'dgijFg1%%+ M 1° ”

where2 =

Recall(10)and observe thatlc 2cE* 'dg 1jFg 1° = U'B2 QP =:
Ug 1. Let us also put by conventiodp =1 E do. Thus shifting
indices we get .
8 #
Wac ol +180
G0
By our assumptions we havg=l 0 and thus we get

a
ZP

G0
We are left with rather straightforward calculations (assume by
convention that(#j# 1=1).

R+1'P R +P=FE

jRHIB R +21B] k+1 +kg E

5 # "5 #
B Wxolk =B Wxadc:1 E Wz iE dgFe
G0 .G0 # +G0 #
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=B W dc1 E Wac 1dc
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N # . #
e} e}
=1, W V\?% 1dc E V\?&; 1dc
G0 , G0
5 #
=1,'W 1°E Wz idc 1,1w 100"
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The last inequality follows by dropping all summands excé&pt 0.
Now, we are to determine the unique xed point. Recélll) we
calculate h

i
B dc Ao, WFIR1® +7URC jR

h i
=2E; dc Ac, WFIR1° +IR jR
=0

12 d1Be? 11jB is the normalizing constant and the
second equality hold by the Bellman equation.



B CENTRALIZED TRAINING AND
DECENTRALIZED EXECUTION

In a multi-agent problem, the agents take actions based on their
local observation&, according to their policiess. Decentralized
training is a simple approach of learnings, using any (single-
agent) RL algorithm separately for each agent. To better utilize
the structure of a multi-agent problem, a paradigmaéntralized
training and decentralized execution was introduced. The key
idea is to centralize the learning process of all the agents use
shared knowledge provided by observations and any other infor-
mation available during training to more e ectively optimize the
decentralized policies. It is now considered a leading paradigm and
is usually chosen o -the-shelf.

Recently the authors ofJ() suggested that this should be rein-
vestigated. Sharing the knowledge in centralized training is indeed
bene cial, but the paradigm of independent training also has ad-
vantages. The multi-agent problems lack the strong theoretical

guarantees associated with the standard case. For example, if we

train all the agents simultaneously, the environment changes during
training from every agent's perspective. Such non-stationarity can
destabilize standard algorithms. According 8, decentralized
learning partially mitigates this issue for every agent, a separate
value network is trained; thus it averages much of the stochasticity
in the environment, producing more stable estimates. On the other
hand, because of the limited information, these values are less ac-
curate. Therefore choosing between centralized and decentralized
training is a tradeo .

To address these issues, we compared MA-Trace with its decen-
tralized version, DecMA-Trace. However, in the StarCraft Multi-
Agent Challenge, the decentralized version learns much slower and
fails to reach good performance; see Figure 8.
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Figure 8: Comparison of MA-Trace and DecMA-Trace on the Star-
Craft Multi-Agent Challenge tasks.

C NETWORKS' ARCHITECTURES

In our experiments, we use feed-forward networks with two hidden
layers of 64 neurons and ReLU activations (without normalization).
This is smaller than the networks used in benchmad{J and [26],

but we found this su cient to obtain good results. In this work,
we focus on algorithmic aspects rather than tuning architectures.
However, for completeness, we include a discussion of some most
popular design choices.

C.1 Sharing parameters

Our default (and most e ective) scheme uses a single shared net-
work for the actors and a separate one for the critic. We experi-
mented with sharing feature extractors between the agents and the
critic, which performed worse. We also checked the performance
when training separate networks for all the components. Interest-
ingly, with this approach, the learning is much faster on the easy
tasks, such a8s5ar 2c_vs_64zdput completely fails on the hardest
ones; see Figure 9.

C.2 ID experiments

Sharing the agents' networks, as described in Section C.1, can lead
to poor results if agents are not homogenous (for example, the be-
havior of shooting units should di er from melee units). This might

be circumvented by adding units' characteristics (which is a default
in SMAC) or enriching the observations with one-hot encoded ID.
In Figure 10 we present the results of experiments in which we use
these two mechanisms. We observe some improvements, which are,
however, relatively minor.
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C.3 Agents with memory

The units in StarCraft Multi-agent Challenge have limited sight
range, thus the environment is partially observable. A common

approach to mitigate such an issue, is to give the agents memory,
e.g. by using recurrent networks or frame stacking. The authors of
[26 show that using recurrent policy is required to achieve good
results in the hardest tasks. However, our experiments show that
memoryless policies can be successfully trained to solve all the
tasks (possibly exce@s_vs_5zee Section F.1).

To implement a simple memory it is enough to pass a few previ-
ous observations concatenated ( framestack ). We experimented
with both observation-based and state-based critics. Figures 11 and
12 show the progress of training memory-equipped agents. One
can observe hardly any di erence in most tasks. On the easy task
2c_vs_64zgising memory leads to faster training. What is partic-
ularly interesting, on thecorridor, task the stacked versions learn
much faster. This may be related to the strategy learned by MA-
Trace, in which at some point a group of units has to hide and wait
(see Section F.2 for detailed description). Execution of this strategy
is probably easier when using at least short memory. However, on
some other tasks, such &n_vs_6ntraining with memory is much
less stable and e ective.
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Figure 11: Comparison of MA-Trace with growing number of
stacked frames. The critic networks in ablations are conditioned on
aggregated observations.
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D TRAINING DETAILS

D.1 SEEDRL

We base our code on SEED R, [which is an open-source frame-
work for distributed learning, licensed under the Apache License,
Version 2.0. This library provides an implementation of V-Trace for
single-agent environments.

D.2 Hyperparameters

In our experiments the parameters crucial to the nal performance
were:learning rateand entropy costFor other hyperparameters,
we use the default values provided by SEED. The most relevant,
common for all the experiments, are listed in Table 2.

hyperparameter value
batch size 32
optimizer Adam
gamma 9
d 10
2 10
_ 10
initial entropy cost 10
target entropy 10°

Table 2: Default parameters for our experiments.

We searched for the best learning rate in the s8t5 10 325
10 3.1"5 10 3¢10 37 10 %5 10 %35 10 “/,We experimented

with adding learning rate schedules with warmup and decay, though
no such scheme appeared to be bene cial.

Another hyperparameter that has a strong in uence on the nal
results isentropy costBy default, SEED sets it to a constant value
of 25 10 4 and allows to use annealing. We found that aggressive
exploration at the beginning is crucial to reach good results. We
annealecentropy cosfrom 1 towards 10°. The speed of adjustment
was tuned in the sepl05 2% 12054

In Table 3, we show the best parameters for our experiments,
found by the above grid-search. Unlike in some other works, we
found no advantage of using gradient clipping; thus, we leave the
gradients not clipped.

hyperparameter MA-Trace (obs) MA-Trace (full)
learning rate 108 7 104
entropy adjustment 10 10

Table 3: Speci c parameters for our experiments.

D.3 Infrastructure used

The typical con guration of a computational node used in our
experiments was: the Intel Xeon E5-269B@5Hz processor with
128GB memory. On a single node, we ran one experiment with 30
workers. A typical experiment was run for about 20h. For the nal
evaluation, we extended the training to 3 days, which is usually
equivalent to about 316 environment steps. We did not use GPUS;
we found that with the relatively small size of the network it o ers
only slight wall-time improvement while generating substantial
additional costs.



E ABLATIONS

E.1 Critic comparison

During centralized training, the critic network in MA-Trace algo-
rithm uses any information available. A natural choice is to aggre-
gate the observations available to the agents, and we denote this
version as MA-Trace (obs). This might not be a su cient statistic of
the (Markov) state of the environment. SMAC provides additional
access to such a state description, which we use in MA-Trace (full).
Intuitively, using complete information should be advantageous.

As shown in Figure 16, on most tasks, both the versions do not
di er much. On 3s5z_vs_3sfkere is a small advantage on the
full-state side. However, MA-Trace (full) shows little progress on
6h_vs_8andcorridor as opposed to MA-Trace (obs). Therefore we
consider MA-Trace (obs) to be our default version.

Such behavior is a bit counter-intuitive. We speculate that some
information available in the agents' observation is not easily acces-
sible (computable) for the full state. To verify this, we compared
the two versions with another, MA-Trace (obs+full), which uses
both the aggregated observations and the full state. As we can see
in Figure 16, it trains similarly to MA-Trace (obs), without signif-
icant advantage on any task. Moreover, on the hardest tasks, the
training progresses a bit slower. We leave a precise explanation of
this behavior as future work.

E.2 Importance sampling ablation

We claim that the strong performance of MA-Trace is due to using
importance weights. To verify this statement, we compared MA-
Trace with its ablation without importance weights. The training
curves for all the tasks are shown in Figure 13. Without the correc-
tions, the training is unstable and reaches good performance only
on the easiest tasks. The di erence gets even larger when using
more compute workers. One notable exception is tteridortask,

in which the ablated version trains faster than MA-Trace, though
eventually both reach similar results.

E.3 Scaling experiments

MA-Trace utilizes importance sampling to reduce the shifts aris-
ing naturally in distributed training (when behavioral policies lag
behind the target policy). This allows our algorithm to be highly
scalable. Our experiments con rm that MA-Trace scales almost
linearly on at least 70 workers.

As shown in Section E.2, the importance weights indeed enable
stable training, even when distributed to many workers. What is
equally important, our experiments show that scaling does not
a ect the learned policies signi cantly.
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Figure 13: Comparison of MA-Trace with and without importance
sampling.

F STARCRAFT MULTI-AGENT CHALLENGE

To evaluate MA-Trace, we use StarCraft Multi-Agent Challenge
(SMAC) p§. Itis a standard benchmark for multi-agent algorithms,
used e.g. byJ0 26 40 and many others. The challenge is based
on a popular real-time strategy game StarCraft Il and consists of 14
micromanagement tasks. Each task is a small arena in which two
teams, controlled by the player by the built-in Al, ght against each
other. The goal in every task is to defeat (kill) all the enemy units.

Units belong to one of the three races: Protoss, Terran or Zerg.
Additionally, they are divided on a number of classes with unique
characteristic, such as speed, shooting range, re power etc. In each
turn they can move or attack an enemy in their shooting range. A
unit is considered defeated if its health drops to 0. A defeated unit
remain inactive.

SMAC provides a variety of di erent tasks. In the easier tasks, the
opponents control the same forces. Therefore to win such a game,
it is enough to coordinate slightly better than the built-in Al. In the
harder tasks, however, the computer starts with a stronger squad.
This can be a minor advantage, such as in the tdSkmarines vs
11 marinesor quite a big di erence. In particularly hard scenarios,
such ascorridot it is unreasonable for the player to engage in an
open ght, soitis essential to develop a long-term strategy to obtain
a positional advantage.

For the hardest tasks, the authors of the challenge consider
the so-called microtricks su cient to win consistently. However, it
appears that MA-Trace in some cases develop unexpected strategies,
see e.g. Section F.2. What is particularly interesting, our algorithm
manages to learn some techniques associated with professional



human players, such as focusing re, withdrawing low-health units,
hit-and-run, sacri cing a unit to deceive the opponent and others.
Units in the game have limited sight range, which makes the
environment partially observable. The observations received by
individual agents contain information about all the visible units (in-
cluding themselves) their health, energy, position, class, and other
relevant features. All the units beyond the sight range are marked
as dead (i.e., defeated and invisible units are not distinguished). It
is possible that the aggregated observations do not provide full
information, for there can be enemy units hidden beyond the sight
range of any ally. Therefore, to facilitate centralized training, SMAC
provides additional access to the full state of the environment.
Learning from binary reward (win/lose) is prohibitively hard
in most tasks. Therefore SMAC provides dense rewards to enable
training. The team receives additional points for damage dealt
and defeating a unit. This scheme is arguably natural and leads
to successful training. However, in some cases, it might reinforce
undesired behaviors, see, e.g., Section F.1.

F.1 3s_vs bzask

MA-Trace masters all the tasks excefg_vs_5zee Table 1. In that
scenario, we control 3 Stalkers ghting against 5 Zealots. Stalkers
can attack the enemy from a distance; however, they are no match
for Zealots in close combat. A strategy to gain an advantage is to
shoot the enemies while they are away and ee when they get
close.

All the units in this task are Protoss, so they all have protective
shields. The shields absorb some amount of damage, until they are
down. However, as opposed to regular health, the shields regenerate
slowly with time. As dealing damage yields rewards, it might be
bene cial to keep enemy alive in nitely. Apparently, MA-Trace
learns to this strategy.

Figure 14 shows an example of the winning rate and episode
rewards. As we can see, after a short training, our algorithm wins
almost every time. Further, it discovers that the reward scheme can
be exploited at some point, the mean return increases fast, while
the actual win rate decreases and becomes unstable.

MMKVWV{ o \/m”"uvw"'hwﬂiw'mwﬂﬂ -
1

Episodearettfm

Steps

Figure 14: The winning rate and episode rewards in a training for
the task 3s_vs_5z

F.2 Corridor task

Another super-hardscenario (according to [26]) isorridot In this
task, we control a team of 6 Zealots against 24 enemy Zerglings.
Though Zealots are far more powerful in combat, they are out-
numbered; thus, the open ght is clearly an unreasonable strategy.

However, the ghting arena contains a narrow passage. The authors
of SMAC suggest that a winning strategy is to gather the forces
in that passage, where the number of enemy units should lose its
importance (possibly inspired by the Battle of Thermopylae).

However, MA-Trace develops an alternative interesting strategy.
Firstly, our forces split into two groups. One (strong) hides in the
corner, where it easily defeats a few enemies, while the other (one
or two units) attracts majority of the enemies to the other side and
sacri ce itself. After defeating the second group, the enemies pass
to the far side of the arena and wait, unaware of the hidden group.
Then the strong group attack them from behind and defeat the
Zerglings one by one.

The strategy is outlined in Figure 15.

(a) Split into two groups.

(c) Attack from behind.

Figure 15: The consecutive parts of strategy executed by MA-Trace
on the corridor task. The yellow soldiers are our units, while the
blue creatures are enemy units.



G FULL TRAINING DATA

In this section, we provide the main practical results of our work
complete training data for all standard versions of MA-Trace
on all the SMAC tasks. They were trained for three days or until
convergence. We report the median win rates and interquartile

ranges.
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Abstract

Humans excel in solving complex reasoning tasks through a mental process of
moving from one idea to a related one. Inspired by this, we propose Subgoal Search
(kSubS) method. Its key component is a learned subgoal generator that produces
a diversity of subgoals that are both achievable and closer to the solution. Using
subgoals reduces the search space and induces a high-level search graph suitable
for ef cient planning. In this paper, we implement kSubS using a transformer-
based subgoal module coupled with the classical best- rst search framework. We
show that a simple approach of generatiath step ahead subgoals is surprisingly

ef cient on three challenging domains: two popular puzzle games, Sokoban and the
Rubik's Cube, and an inequality proving benchmark INT. kSubS achieves strong
results including state-of-the-art on INT within a modest computational budget.

1 Introduction

Reasoning is often regarded as a de ning property of advanced intelligg8¢eg]. When confronted

with a complicated task, humans' thinking process often moves from one idea to a related idea, and
the progress is made through milestonessudrgoalsrather than through atomic actions that are
necessary to transition between subgddh. [During this process, thinking about one subgoal can
lead to a possibly diverse set of subsequent subgoals that are conceptually reachable and make a
promising step towards the problem'’s solution. This intuitive introspection is backed by neuroscience
evidence[2(Q], and in this work, we present an algorithm that mimics this process. Our approach
couples a deep learning generative subgoal modeling with classical search algorithms to allow for
successful planning with subgoals. We showcase the ef ciency of our method on the following
complex reasoning tasks: two popular puzzle games Sokoban and the Rubik's Cube, and an inequality
theorem proving benchmark INB4], achieving the state-of-the-art results in INT and competitive
results for the remaining two.

The deep learning revolution has brought spectacular advancements in pattern recognition techniques
and models. Given the hard nature of reasoning problems, these are natural candidates to provide

equal contribution
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search heuristic#]. Indeed, such a blend can produce impressive resA®#H, 36, [1]. These
approaches seek solutions using elementary actions. Others28.83,[23], utilize variational
subgoals generators to deal with long-horizon visual tasks. We show that these ideas can be pushed
further to provide algorithms capable of dealing with combinatorial complexity.

We present Subgoal Search (kSubS) method and give its practical implementations: MCTS-kSubS
and BF-kSubS. kSubS consists of the following four components: planner, subgoal generator, a
low-level policy, and a value function. The planner is used to search over the graph induced by the
subgoal generator and is guided by the value function. The role of the low-level policy is to prune
the search tree as well as to transition between subgoals. In this paper, we assume that the generator
predicts subgoals that akestep ahead (towards the solution) from the current state, and to emphasize
this we henceforth adkl to the method's abbreviation. MCTS-kSubS and BF-kSubsS differ in the
choice of the search engine: the former uses Monte-Carlo Tree Search (MCTS), while the latter is
backed by Best-First Search (BestFS). We provide two sets of implementations for the generator,
the low-level policy, and the value functions. The rst one uses transformer architedgjrief

each component, while the second utilizes a convolutional network for the generator and the value
function, and the classical breadth- rst search for the low-level policy. This lets us showcase the
versatility and effectiveness of the approach.

The subgoal generator lies at the very heart of Subgoal Search, being an implementation of reasoning
with high-level ideas. To be useful in a broad spectrum of contexts, the generator should be imple-
mented as a learnable (generative) model. As a result, it is expected to be imperfect and (sometimes)
generate incorrect predictions, which may turn the search procedure invalid. Can we thus make
planning with learned subgoals work? In this paper, we answer this question af rmatively: we show
that the autoregressive framework of transformer-based neural network archité§ueafls to
superior results in challenging domains.

We train the transformer with the objective to predict khth step ahead. The main advantages of
this subgoal objective are simplicity and empirical ef ciency. We used expert data to generate labels
for supervised training. When of ine datasets are available, which is the case for the environments
considered in this papersuch an approach allows for stable and ef cient optimization with high-
quality gradients. Consequently, this method is often taken when dealing with complex domains
(see e.g.l41,51)) or when only an of ine expert is availa@aFurthermore, we found evidence of
out-of-distribution generalization.

Finally, we formulate the following hypothesis aiming to shed some light on why kSubS is successful:
we speculate that subgoal generation may alleviate errors in the value function estimation. Planning
methods based on learning, including kSubS, typically use imperfect value function-based information
to guide the search. While traditional low-level search methods are susceptible to local noise, subgoal
generation allows for evaluations of the value functions at temporally distant subgoals, which
improves the signal-to-noise ratio and allows a “leap over” the noise.

To sum up, our contributions are:

1. We propose Subgoal Search method with two implementations: MCTS-kSubS, BF-kSubS.
We demonstrate that our approach requires a relatively little search or, equivalently, is able
to handle bigger problems. We also observe evidence of out-of-distribution generalization.

2. We provide evidence that a transformer-based autoregressive model learned with a simple
supervised objective to predict stateth step ahead is an effective tool to generate valid
and diverse subgoals.

3. We show in our experiments that using subgoal planning help to might mitigate the negative
in uence of value function errors on planning.

We provide the code of our method and experiment settinghtis://github.com/
subgoal-search/subgoal-search |, and a dedicated websitgtps://sites.google.com/
view/subgoal-search

2The dataset for INT or Sokoban can be easily generated or are publicly available. For the Rubik's Cube, we
use random data or simple heuristic (random data are often suf cient for robotic tasks and navigation.)

3For example, the INT engine can easily generate multiple proves of random statemecasiimiprove a
given theorem.
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2 Related work

In classical Al, reasoning is often achieveddmarch([39]). Search rarely can be exhaustive, and a
large body of algorithms and heuristics has been developed over the BEaSegtion 3.5]. Itis
hypothesized that progress can be achieved by combining search with le@inidAmpng notable
successful examples of this approach are Alpha Z&2 pr solving Rubik's cube using a learned
heuristic function to guide the Aalgorithm (see[1]).

An eminent early example of using goal-directed reasoning is the PARADISE algoriB&i (h

deep learning literature2fl] was perhaps the rst work implementing subgoal planning. This was
followed by a large body of work on planning with subgoals in the latent space for visual tasks
(123,130,33[20, 21.19, 34]) or landmark-based navigation methods ([40, 26,114,/ 45, 55]).

The tasks considered in the aforementioned studies are often quite forgiving when it comes to small
errors in the subgoal generation. This can be contrasted with complex reasoning domains, in which
even a small variation of a state may drastically change its meaning or render it invalid. Thus, neural
networks may struggle to generate semantically valid states ([4, Section 6.1]).

Assuming that this problem was solved, a generated subgoal still remains to be assessed. The exact
evaluation may, in general, require exhaustive search or access to an oracle (in which case the
original problem is essentially solved). Consequently, it is unlikely that a simple planner (e.g., one
unrolling independent sequences of subgd@|swill either produce an informative outcome, could

be easily improved using only local changes via gradient des@éhtdr cross-entropy method
(CEM) [29,133,134]. Existing approaches based, which are based on more powerful subgoal search
methods, have their limitations, on the other hali®] [s perhaps the closest to our method and uses
MCTS to search the subgoal-induced graph. However, it uses a prede ned (not learned) predicate
function as a subgoal generator, limiting applicability to the problems with available high-quality
heuristics. Learned subgoals are used3it],[a method of hierarchical planning. That said, the
subgoal space needs to be relatively small for this method to work (or crafted manually to reduce
cardinality). To the best of our knowledge, our algorithm is the rst domain agnostic hierarchical
planner for combinatorially complex domains.

More generally, concepts related to goals and subgoals percolated to reinforcement learning early
on, leading, among others, to prominent ideas like hinds@@]t hierarchical learning47,[7] or

the Horde architectur@gf]. Recently, with the advent afeepreinforcement learning, these ideas

have been resurfacing and scaled up to deliver their initial promises. For exgbbienplements

ideas of [/] and a very successful hindsight technig@pi§ already considered to be a core RL
method. Further, a recent pap8g] utilizes a maximum entropy objective to select achievable goals

in hindsight training. Apart from the aforementioned hierarchical planning, the idea to use neural
networks for subgoal generation was used to improve model-free reinforcement learning agents
[11],/8] and imitation learning algorithmis [32].

3 Method

Our method, Subgoal Search (kSubS), is designed for problems, which can be formulated as a search
over a graph with a known transition model. Formally,Get ( S; E) be a directed graph ar®l S

be the set of success states. We assume that, during the solving process, the algorithm can, for a given
nodeg, determine the edges startinggeind check iig 2 S.

Subgoal Search consists of four components: planner, subgoal generator, low-level policy, and a
value function. The planner, coupled with a value function, is used to search over the graph induced
by the subgoal generator. Namely, for each selected subgoal, the generator allows for sampling
the candidates for the next subgoals. Only these reachable by the low-level policy are used. The
procedure continues until the solution is found or the computational budget is exhausted. Our method
searches over a gra@ = ( S; E), with the edge&s given by the subgoal generator. Provided a
reasonable generator, pathsstare shorter irG than inG and thus easier to nd.

In this paper we provide BestFS- and MCTS- backed implementations kSubS. Algpfithm 1 presents
BF-kSubS; see Algorithin4 in Appendix A.1 for MCTS-kSubsS.



For INT and Rubik's Cube, we use transformer models (see Appg¢nd|x B.1) in all components
other than the planner. For Sokoban, we use convolutional networks (see Apperdix B.2). While
transformers could also be used in Sokoban, we show that a simpli ed setup already achieves strong
results. This showcases that Subgoal Search is general enough to work with different design choices.
In Sectiorf4.P we describe datasets used train these neural models.

Algorithm 1 Best-First Subgoal Search (BF-kSul®&)orithm 2 Low-level conditional policy

Require: C: max number of nodes Require: C, steps limit
\% value function network low-level conditional
SoLVED predicate of solution policy network
function SOLVE(So) M model of the environment
T.PUSH(V (S0); So)) . Tis priority queue function GET_PATH(Sg, subgoal)
paths[se] ] . paths is dict of lists step O
seen:ADD(Sp) . seenis set S So
while 0 < LEN(T) andLEN(seen) < C; do action _path ]
;S T:EXTRACT_MAX() while step <C, do
subgoals  SUB_GENERATHS) action . PREDICT(S; subgoal)
. see Algorithnj B action _path:APPEND(action )
for s®in subgoals do s M:NEXT_STATE(S; action )
if s%in seen then continue if s = subgoal then
seen:ADD(s?) return action _path
actions GET_PATH(s;s9 step  step +1

. see Ald2 or Ald9®
if actions :EMPTY() then return ]

continue
T.PUsH(V(s9;s9)
paths[s paths[s]+ actions
if soLveD(s®) then

return paths[s

return False

Subgoal generatorFormally, itis a mapping: S ! P(S), whereP (S) is a family of probability
distributions over the environment's state sp&ceMore precisely, let us de ne a trajectory as a

for the action space amis the trajectory's length. We will say that the generator prediestep
aheadsubgoals, if at any stat it aims to prediCtSyn(+;n). We show, perhaps surprisingly,
that this simple objective is an ef cient way to improve planning, even for small valu&s iaf.

k 2f2;3;4;5g.

Operationally, the subgoal generator takes as input an element®2tBeand returnsubgoalsa

set of new candidate states expected to be closer to the solution and is implemented by AJdorithm 3.
It works as follows: rst, we generat€; subgoal candidates withuB_NET_GENERATE Then, we

prune this set to obtain a total probability greater tlkan

For INT and Rubik's Cube, we represent states as sequences modeled with a transformer. Following
the practice routinely used in language modelid@],[SuB_NET_GENERATEemploys beam search

to generate a set of high likelihood outpﬂtWith the same goal in mind, for Sokoban, we use
another method described Appendix|CsLiB_NET_GENERATEuUses the subgoal generator network,
which is trained in a supervised way on the expert data, with training examples beffigput) and

Smin( “+kin) (I2bel), see Appendix]D for details.

Low-level conditional policy Formally, it isa mapping : S S!'A . Itis used to generate a
sequence of actions on how to reach a subgoal starting from a given initial state. Operationally, it
may return an empty sequence if the subgoal cannot be reached @itBteps, see Algorithin 2.

This is used as a pruning mechanism for snegoalsset in Algorithn{].

“In language modeling, typically, only one beam search output is used. In our case, however, we utilize all of
them, which turns out to be a diverse set of subgoals.



In INT and Rubik's Cube, we use Algorithpj 2, which utilizes low-level policy networlSimilarly
to the subgoal generator, it is trained using expert data in a supervised fashion, i.e. for a pair

(S5 Smin(“+in)), With i
When the branching factor is small

k, its objective is to predic- .

the low-level policy can be realized?Igorithm 3 Subgoal generator

by a simple breadth- rst search mech-Require:  Cj

anism, see Algorithfn]9 in Appendix,
which we illustrate on Sokoban.

Value function Formally, it is a map-
pingV:S ! R, thatassigns to each
state a value related to its distance to
the solution, and it is used to guide
the search (see Algorithfr} 1 and Al-
gorithm[4). For its training, we use
expert data. For each staethe train-

number of subgoals
C, target probability
subgoal generator network

function sUB_GENERATHS)

subgoals ;
states ;probs  SUB NET_GENERATH ; S;Cj)
. (states ;probs) is sorted wriprobs
total p O
for state ;p 2 (states ;probs) do
if total _p > C4 then break

subgoals :ADD(state )
total p total p+p

return subgoals

ing target is negated distance to the
goal:”~ n, wheren denotes the end
step of a trajectory that belongs to.

Planner This is the engine that we use

to search the subgoal-induced graph.

In this paper, we use BestFS (Algoritiifn 1) and MCTS (Algorifim 4 in Appendix A.1). The former is

a classic planning method, which maintains a priority queue of states waiting to be explored, and
greedily (with respect to their value) selects elements from it (see, [83})., MCTS is a search
method that iteratively and explicitly builds a search tree, using (and updating) the collected node
statistics (see, e.glh]). In this paper, we use an AlphaZero-lik&1] algorithm for single-player
games.

We note that the subgoal generator can be combined with virtually any search algorithm and can ben-
e t from an additional structure. For example, for domains providing a factored state representation,
the width-based methods [25,/12] would likely be stronger search mechanisms.

4 Experiments

In this section, we empirically demonstrate the ef ciency of MCTS-kSubS and BF-kSubS. In
particular, we show that they vastly outperform their standard (“non-subgoal”) counterparts. As a
testing ground, we consider three challenging domains: Sokoban, Rubik's Cube, and INT. All of them
require non-trivial reasoning. The Rubik's Cube is a well-known 3-D combination puzzle. Sokoban
is a complex video puzzle game known to be NP-hard and thus challenging for planning methods.
INT [B4] is a recent theorem proving benchmark.

4.1 Training protocol and baselines

Our experiments consist of three stages. First, we collect domain-speci ¢ expert data, see[Séction 4.2.
Secondly, we train the subgoal generator, low-level conditional policy, and value function networks
using the data and targets described in Se€fion 3. For more details see Appendix D. Eventually, we
evaluate the planning performance of MCTS-kSubS and BF-kSubS, details of which are presented
below. In the second step, we use supervised learning, which makes our setup stable with respect to
network initialization, see details in Appendlix D.JL.3.

As baselines, we use BestFS and MCTS (being a single-player implementation of AlphaZero). In
INT and Rubik's Cube, both the algorithms utilize policy networks (trained with behavioral cloning,
on the same dataset, which we used to train kSubS). Note that distribution over actions induces a
distribution over states; thus the policy network can be regarded as a subgoal genefatoifor

More details about the baselines can be found in Appgdix I.



4.2 Search Domains and Datasets

Sokobanis a single-player complex game in which a player controls an agent whose goal is to place
boxes on target locations solely by pushing them; without crossing any obstacles or walls. Sokoban
has recently been used to test the boundaries in18I28]. Sokoban is known to be hard(],

mainly due to its combinatorial complexity and the existence of irreversible states. Deciding if a
given Sokoban board is solvable is an NP-hard problem [8].

We collect the expert dataset consisting of all successful trajectories occurring during the training
of an MCTS agent (using an implementation[28]). These are suboptimal, especially in the early
phases of the training or for harder boards. For both expert training and kSubS evaluation, we
generate Sokoban boards following the approach of [37].

Rubik's Cube is a classical 3-dimensional puzzle. It is considered challenging due to the fact that
the search space has more tda®  10'® con gurations. Similarly to Sokoban, Rubik's Cube has
been recently used as a testing ground for RL methdds [1].

To collect the expert dataset, we generate random paths of I[8@gtarting from the solved cube
and take them backward. These backward solutions are highly sub-optimal (optimal solutions are
proven to be shorter the26 [38]).

INT: Inequality Benchmark for Theorem Proving . INT provides a generator of inequalities, which
produces mathematical formulas along with their proofs,SdeSJection 3.3]. Proofs are represented

as sequences of consecutively applied mathematical axioms (théfe=ad88 axioms in total). An
action in INT is a tuple containing an axiom and its input entities. The action space in this problem
can be very large, reaching up16°® elements, which signi cantly complicates planning.

The INT generator constructs paths by randomly applying ax-
ioms starting with a trivial statement. Such a path taken batk=
ward constitutes the proof of its nal statement (not guaranteed

INT Sokoban Rubik

to be optimal). The proof length, denoted byis an important  k 3 4 4
hyperparameter regulating the dif culty — we US€lL0; 15. C; 400 5000 1500
. . C, 4 4 7

For more details on datasets see Appefdix C. Ca 4 4 3
Cs4 1 0.98 1

4.3 Main results

. . ) i Table 1:BF-kSubS hyperparameters.
In this section, we present our most important nding: Sub-

goal Search enables for more ef cient search and consequently

scales up to problems with higher dif culty. Speci cally,

MCTS-kSubS and BF-kSubS perform signi cantly better than

the respective methods not using subgoals, including state-of-the-art on INT.

In Figure[1, we present the performance of Subgoal Search. We meassuetkss ratas a function

of the search budgetThe success rate is measuredl@@0instances of a given problem (which
results in con dence intervals within 0:03). For BF-kSubS the search budget is referred tgraph
sizeand includes the number of nodes visited by Algorifim 1. For INT and Rubik's Cube, we include
both the subgoal generated 81B_GENER/Adri the nodes visited GBET_PAT(ds they induce a
signi cant computational cost stemming from using low-level policin Algorithm[2). For Sokoban,

we use Algorithnj P to realiz&ET_PATIHs it has a negligible cost (less thk¥h of the total runtime

of Algorithm 1), we do not include these nodes into graph size.

For MCTS, we reporMCTS passesvhich is a common metric for MCTS, see details in Appendix

Al

Below we discuss the results separately for each domain. We provide examples of solutions and
generated subgoals in Appenflik H.

INT The dif culty of the problems in INT increases fast with the proof lengthnd the number of
accessible axioms. W us&d = 18; all of available axioms. We observe, that BF-kSubS scales to
proofs of lengthL = 10 andL = 15, which are signi cantly harder thah = 5 considered in34],

see Tablg]2. The same holds for MCTS-kSubS, see Appgndjx A.2.

We check also that MCTS-kSubS vastly outperforms the baseline - AlphaZero algorithm, se¢ Figure 1
(top, left). An MCTS-based agent was also evaluate®4j [Its implementation uses graph neural
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Figure 1:The performance of Subgoal Search. (top, left) comparison on INT (with the proof length 15) to
Alphazero. (top, right) BF-kSubS consistently achieves high performance even for small computational budgets.
(bottom, left) similarly on Sokoban (board size 12x12 with 4 boxes) the advantage of BF-kSubsS is clearly visible
for small budget. (bottom, right) BestFS fails to solve Rubik's Cube, while BF-kSubS can achieve near-perfect
performance.

Proof length | 5 \ 10 \ 15
Method | BestFS  BF-kSub$urs) | BestFS  BF-kSub%urs) | BestFS ~ BF-kSub$urs)
g 50 0.82 0.99 0.47 0.97 0.09 0.38
< 100 0.89 0.99 0.64 0.99 0.24 0.91
& 200 0.92 0.99 0.67 0.99 0.35 0.91
G 400 0.93 0.99 0.72 0.99 0.47 0.91

Table 2:INT success rates for various proof lengths and graphs sizes.

networks architectures and achie@o success rate fdr = 5. Our transformed-based baseline is
stronger - it solves oved9% instances on the same problem set.

SokobanUsing BF-kSubS allows for signi cantly higher success rates rates within the same compu-
tational budget, see Tal§lg 3. Our solution scales well to the board size as2fig &0; note that

10 10boards are typically used in deep RL reseat®)[B7]. Importantly, we observe that already

for a small computational budget (graph size 1000) BF-kSubS obtains higher success rates than the
expert we used to create the dataset (thes&&ute 67%, 60% for the respective board sizes).

We also tested how the quality of BF-kSubS depends on the size of the training dataset for Sokoban,
the results can be found in Appen{fix F.

Rubik's Cube BF-kSubS solves nearli0®% of cubes, BestFS solve less thH®b, see Figure
[ (bottom, right). This is perhaps the most striking example of the advantage of using a subgoal
generator instead of low-level actions. We present possible explanation in Appéndix K.



Board size| 12x12 \ 16x 16 \ 20x 20
Method | BestFS BF-kSub%urs) | BestFS BF-kSub$urs) | BestFS  BF-kSub%urs)

g 50 0.15 0.66 0.04 0.42 0.02 0.46
< 100 0.46 0.79 0.23 0.62 0.10 0.55
& 1000 0.75 0.89 0.61 0.79 0.47 0.70
® 5000 0.83 0.93 0.69 0.85 0.58 0.77

Table 3:Sokoban success rates for various board sizes (each with 4 boxes).

Out-of-distribution (OOD) generalization OOD generalization is considered to be the crucial ability

to make progress in hard combinatorial optimization problétharid automated theorem proving
[54). The INT inequality generator has been speci cally designed to benchmark this phenomenon. We
check that Subgoal Search trained on proofs on leh@ipeneralizes favourably to longer problems,
see Figurg}4. Followind], we speculate that search is a computational mechanism that delivers
OOD generalization.

It might be hard to compare computational budgets between various algorithms and their versions. In
AppendiX B we measure that BF-kSubS and MCTS-kSubS offer very practical bene ts, sometimes
as much ag faster execution.

4.4 Analysis ofk (subgoal distance) parameter

The subgoals are trained to predict stdtedeps ahead of the current one. Higkeshould make
planning easier as the search graph is smaller. Howevkrireseases, the quality of the generator
may drop, and thus the overall effect is uncertain. Similarly, the task of the low-level conditional
policy becomes more dif cult ak increases. The optimal value bofs 3 and4 for INT and Rubik's
Cube, respectively. In these environments, incredsifgther degrades performance. In Sokoban,
we observe monotonic improvement upkte= 10. This is perhaps because low-level conditional
policy (Algorithm[9, based on breadth- rst search) never fails to |l the path from a state to the valid
subgoal. The running cost of Algorithnh 9 quickly becomes unacceptable (recall tikatfdr, which

we used in the main experiment, it has still a negligible cost - b&loi$s of the total runtime).

INT Sokoban Rubik's Cube
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Figure 2:BF-kSubS success rates for different valuek.dBlack curves represent the valueskaised in the
main experiments (that ls = 4 for Rubik's Cube and Sokoban akd= 3 for INT).

4.5 Quality of subgoals

The learned subgoal generator is likely to be imperfect (especially in hard problems). We study this on
10 10boards of Sokoban, which are small enough to calculate the true distestde the solution

using the Dijkstra algorithm. In Figufg 3, we study= dists, dists,, wheres; is a sampled

state and; is a subgoal generated frosp. Ideally, the histogram should concentratekon 4 used

in training. We see that in slightly more thé6% of cases subgoals lead to an improvement.

The low-level conditional policy in Algorith1]2 provides additional veri cation of generated states.
We check that in INT and Rubik's Cube, abdi®%6 of generated subgoals can be reached by this
policy (the rest is discarded).



mmm Policy
0.4 =3 BF-kSubs (ours) INT

o
IS

0.99 0.98 0.97 0.94

10-

o
w

o 0.8-
=}

Frequency
o
o

c

5 0.6-

I

8 oa-

9]

=3

@ g2-

4 3 2 1 0 -1 2 <-2Unsolvable 0.0
Distance 10 11 12 13 14

Proof length

o
o

0.08 0.08
0.

o
o

Figure 3:Histogram of . Note thatl7% of sub- . ) o L
goals increases the distance. Additiorsh leads ~ Figure 4: Out-of-distribution generalization to

to unsolvable “dead states” present in Sokoban. 0nger proofs. We compare with the behavioral
cloning agent (Policy) studied in [54].

4.6 Value errors

There might be various explanations for the success of our method. One of them is that Subgoal
Search better handles errors of learned value functions. In this section, we discuss this using a
synthetic grid world example and performing statistical analysis on the real value function trained to
approximate the distance to the solution (as described in S¢¢tion 3).

are at distancé from each other. Let:

« Synthetic value function: the negative distance to the goal plus i.i.d Gaussiar\n(@se?).

* Syntheticsu_GENERATE(instead of Algorithnj B): LeBy (s) be the states within distance
k froms. We returnC3 1 states sampled uniformly froB (s) and a one "good subgoal”
being a state i (s) with the minimal distance to the solution.

* Node expansion in BestFS (baseline): implementesiuls GENERATEabove withk = 1.

In this setup, one easily sees that the probability that the good subgoal
will have the highest value estimation among the generated states
grows withk. Consequently, kSubS can handle higher levels of
noise than the baseline BestFS, see Table 4. 3

Value monotonicity Imagine a solution path from the starting state to10
the goal state. Due to the errors, the value estimates on the path r'r%gl
not _be monotonic. This is an l_mdesirable property, which is_ lik ¥ble 4:Success rates on the grid

to hinder search and make nding the path harder. Now consider {he, (m = 6:n = 10), depend-
subpath consisting of consecutive states spacettions apart, asing on the value function noise
can be constructed by Subgoal Search. For this version, the vahiag. we use the search budget of
estimates are more likely to be monotonic and easier to nd. F00nodes and = 4 for kSubsS.
illustrate this, we measure monotonicity on solution paths found by our algorithm for INT. The
probability that value decreases when movingteps ahead drops frodi32 whenk = 1 to mere
0:02for k = 4 (see Tabl¢]7 in Appendix).

Overoptimism Alternatively, one can consider that erroneously positive values misguide a search
method (a phenomenon known as over-optimidsj)[ To illustrate this, conside®s(s), the set of

all states having the same distance to the solutiaasl within distanc@& from s. Intuitively, S3(s)
contains similar states with respect to the dif culty of solving. In Sokoban, the standard deviation of
value function prediction foBs(s) is equal to2:43 (averaged over differeston Sokoban boards).

This is high when compared to the average increase of value for moving one step closer to the solution,
which is only1:34. Consequently, it is likely tha®s(s) contains a suboptimal state, e.g., having a
higher value than the best immediate neighbors @fhich by properties of the game will be closer

to solution in Sokoban). Indeed, we measure that the probability of such an e@d#.isHowever, it

drops signi cantly to29% if one considers states closer égteps (say given by a subgoal generator).

| BestFS  BF-kSubS

0.999 1
0.142 1
0.006 0.983




5 Limitations and future work

In this section, we list some limitations of our work and suggest further research directions.

Reliance on expert dataln this version, we use expert data to train learnable models. As kSubS
improves the performance, we speculate that training akin to AlphaZero can be used, i.e. in a
planner-learner loop without any outside knowledge.

Optimality and completenesskSubS searches over a reduced state space, which might produce
suboptimal solutions or even fail to nd them. This is arguably unavoidable if we seek an ef cient
method for complex problems.

Subgoals de nition We use simplé-step ahead subgoals, which is perhaps not always optimal. Our
method can be coupled with other subgoal paradigms. Unsupervised detection of landmarks (see e.g.
[55]) seems an attractive future research direction.

More environments In future work, we plan to test kSubS on more environments to understand its
strengths and weaknesses better. In this work, we generate subgoals in the state space, which might
be limiting for tasks with high dimensional input (e.g., visual).

Reliance on a model of the environmentWe use a perfect model of the environment, which is a
common practice for some environments, e.g., INT. Extending kSubS to use learned (imperfect)
models is an important future research direction.

Determinism Our method requires the environment to be deterministic.

OOD generalizationA promising future direction is to investigate and leverage the out-of-distribution
generalization delivered by our method and compare to (somewhat contradictory) ndiiigs/54].

Classical planning methodg~or many search problems, the state space can be represented in factored
fashion (or such representation can be leari8pd [n such cases, the search can be greatly improved
with width-based method28, [12]. It is an interesting research direction to combine kSubS with
such methods.

6 Conclusions

We propose Subgoal Search, a search algorithm based on subgoal generator. We present two practical
implementations MCTS-kSubS and BF-kSubS meant to be effective in complex domains requiring
reasoning. We con rm that indeed our implementations excel in Sokoban, Rubik's Cube, and
inequality benchmark INT. Interestingly, a simfdetep ahead mechanism of generating subgoals
backed up by transformer-based architectures performs surprisingly well. This evidence, let us
hypothesize, that our methods (and related) can be further scaled up to even harder reasoning tasks.
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A MCTS

A.1l MCTS-kSubsS algorithm

In Algorithm[4 we present a general MCTS solver based on AlphaZero. Solver repeatedly queries the
planner for a list of actions and executes them one by one. Baseline planner returns only a single
action at a time, whereas MCTS-kSubS gives arduadtions — to reach the desired subgoal (number

of actions depends on a subgoal distance, which not always dqimfgactice).

MCTS-kSubS operates on a high-level subgoal graph: nodes are subgoals proposed by the generator
(see Algorithnj B) and edges — lists of actions informing how to move from one subgoal to another
(computed by the low-level conditional policy in Algorittjm 2). The graph structure is represented

by tree variable. For every subgoal, it keeps upgdg best nearby subgoals (according to generator
scores) along with a mentioned list of actions and sum of rewards to obtain while moving from the
parent to the child subgoal.

Most of MCTS implementation is shared between MCTS-kSubS and AlphaZero baseline, as we can
treat the behavioral-cloning policy as a subgoal generatorkvitti . All the differences between
MCTS-kSubS and the baseline are encapsulatetin CHILDREN function (Algorithmg$ anf]6).

To generate children subgoals MCTS-kSubS runs subgoal generator and low-level conditional policy,
whereas the baseline uses behavioral cloning policy for that purpose.

Algorithm 4 MCTS solver (common for AlphaZero baseline and MCTS-kSubS)

Require: Lo actionlimit — fynction seLECT(state )
Ly planner calls limit s state
P p!anning passes path  []
discount factor while s belongs taree do
Gt exploration weight i SELECT_CHILD(S)
sampling temperature sr actions  tree[s][i]
M value function path :APPEND((S; ;1))
env environment s <0
M environment model return path; s
Use: tree  tree structure i
N(s;i) visit count functu_)n EXPAND(leaf )
W(s;i) total child-value children ;probs_ GEN_CHILDREN(leaf )
Q(s;i) mean child-value treefleaf ] children
e exploration policy (leaf ;)  probs
# Initialize N:W:Q to zero for |O' llto.chlldren .LENGTHQ do
function SOLVER s, actp_ns tree[leaf ][i]
. W(leaf ;i) r+ V(9
s  env:RESET() N (leaf -] 1
solution [1 . List of actions (lea _’.') .
for 1:::Lp do Q(leaf ;i) W(leaf ;i)
actions PLANNER(S) function UPDATE(path ; leaf )
for ain actions do quality V (leaf )
s®r  enviSTERa) for s;i;r  reversed (path) do
solution :APPEND(a) quality r+ quality
s s W(s;i) W(s;i)+ quality
if solution :LENGTH() > L , then N(s;i) N(s;i)+1
return None Q(s;i) ‘LIV((SSI'))
if env:soLVED() then ’
return solution function SELE§TCHILD(S)

U(s;i) o N(s;19=(1+ N(s;i))
i argmax;(Q(s;i) + Cpuct e(s;1)U(s;i))
return i

function CHOOSE ACTIONS(S)

softmax XlogN (s; )

tree[s][i]

return None
function PLANNER(state )
for 1:::P do
path; leaf SELECT(State ) C
EXPAND(leaf ) I
UPDATE(path; leaf ) s%r; actions

return CHOOSE ACTIONS(state ) return actions
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Algorithm 5 GEN_CHILDREN for MCTS-kSub®lgorithm 6 GEN_CHILDREN for AlphaZero
For functions GET_PATH and SUB_GENERATRequire: b behavioral cloning policy

see Algorithmf]2 ar[d 3. function GEN_CHILDREN(state )
function GEN_CHILDREN(state ) s state

s state children []

children [1 probs []

probs [] for a; prob b:GEN_ACTIONS(S) do

for subgoal ;prob  SuB_GENERATHS) do s%r M: NEXT_STATE_REWARD(S; )
actions GET_PATH(S; subgoal) children .APPEND((s®: T; [a]))
if actions :EMPTY() then continue probs:APPEND(prob)
r M: REWARD_SUM(S; actions ) return children ; probs

children .ApPEND((subgoal;r; actions ))
probs:APPEND(prob)

return children ; probs

Variablestree; N; W; Q; . are reused across subsequent planner invocations within a single solver
run. We limit the number of planner calls, for better control over the computational budget for
MCTS-kSubS. For MCTS pseudocode we assume a slightly modi ed versisn®fGENERATE
function (de ned originally in Algorithn] B). We presume that the function along with subgoals
returns also their respective probabilities — as MCTS needs them to guide exploration.

A.2 Detailed results of MCTS-kSubS

We evaluate MCTS-based approaches on INT proofs of length 15. Wgget =1and =0:99.

We tunedP on MCTS (AlphaZero) baseline and we run three variants Rith f 5; 15; 50g. We run
MCTS-kSubS K = 3) with the same set of parameters and with kSubS-speci c parameters xed to
C, = C3 =4 (in order to match the setup for corresponding INT BF-kSubS experiments).

We limit the maximum number of actions tq, = 24 for both methods. Having the same number

of planning passeB, during a single call MCTS-kSubS visikstimes more new states than the
baseline (because of states visited by the low-level conditional policy). Therefore, to ensure a similar
computational budget, we limit the number of planner calls jo= 8 for MCTS-kSubS and to

L, = 24 for the baseline — so the number of states visited over the course of a single solver run is
similar for both methods.

Top-left part of Figurg [l illustrates results of MCTS experiments. For every number of planning
passe$, MCTS-kSubS has signi cantly higher success rate than the corresponding baseline ex-
periment. The highest differenced$H2for P =5 (0:88 for MCTS-kSubS:36 for the baseline)

and slightly decreases with increasing number of passes to still impr&s484or P = 50 (0:91

for MCTS-kSubSQ:48for the baseline). Comparing MCTS-kSubS Por= 5 with the baseline for

P =50, shows advantage of our method still by a signi cant margif:dD, despite having 10 times
smaller computational budget.

MCTS-kSubS performed better also in terms of run time. For every t€sfedas at least twice as
fast as the corresponding baseline experiment.

High effectiveness of MCTS-kSubsS, in terms of both search success rate as well as run time, shows
that our kSubS method is not speci ¢ to BestFS planner, but potentially allows to boost a wide range
of other planners.

B Architectures and hyperparameters

B.1 Transformer

For INT and Rubik we use mBARD[7] — one of the state-of-the-art sequence-to-sequence transformer
architectures. To speed up training and inference we use its lightweight version. We reduced the
dimensionality of the model, so the number of learned parameters decreased from the original 680M
to 45M. The set of our hyperparameters matches the values propo2it iw¢ used 6 layers of
encoder and 6 layers of decoder; we adjusted model's dimension to 512 and number of attention
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heads to 8; the inner-layer of position-wise fully connected networks had dimensionality 2048. The
difference in our model's size compared to 65M parameters report@djimgsults from vocabulary

size. For our problems, it is enough to have 10-70 distinct tokens, whereas natural language models
require a much larger vocabulary (tens of thousands of tokens).

For inference we used number of beams equal to 16 on INT and 32 on Rubik's Cube.

B.2 Sokoban

In Sokoban, we use three neural network architectures: for generating subgoals, for assigning value
and one for baseline policy.

We took the value function network architecture frd®8][ For the subgoal generator network we
used the same convolutional architecture a8}, [with two exceptions. First, instead of predicting
single regression target we predicted distribution @verd 7+ 1 classes. Secondly, we added batch
norm layers between convolutional layers to speed up training. To make the comparison between
BestFS and BF-kSubS fair, we also evaluated the training of expert 28mvjth additional batch

norm layers, but it turned out to actually hurt the performance of the expert. The architecture for
baseline policy was the same as[28|[with only one modi cation: it predicts one of our actions
instead of a single number.

C Data processing and datasets

C.1 Sokoban

Dataset We collected expert datasets using an RL agent (MCTS-based)2&nPrecisely, we
trained3 agents on Sokoban boards of different siZes (12,16 16and20 20, all with four

boxes). During the training process, we collected all successful trajectories, in the form of sequences
of consecutive states. The number of trajectories in our datasets 16&@00for 12 12 boards,
45000for 16 16 boards an@1500for 20 20boards. The difference comes from the fact that the
larger boards take more time to solve, hence fewer data is collected in the same time span.

Subgoal generation For a giverstate the generation of subgoals is depicted in Algoriffim 7. We
maintain a queue of modi ed states (MS). Iteratively we take a MS from queue, concatenate it with
state and pass through subgoal generator netwsuk@oal net:SORTED PREDICTIONS. This
produces a probability distribution over candidates for further modi cations of given MS. We take the
most probable candidates, apply each of them to MS, and add the new modi ed states to the queue.
If among the best subgoal generator network predictions there is a special "valid subgoal” token
(encoded witd d 7+1), we put MS to subgoal candidates lisupgoals _and probs). During

this process, each MS is assigned the probability, which is a product of probabilities of modi cations,
leading to this MS. When the queue is empty, we take subgoal candidates and choose the ones with
the highest probability such that the target probabiliy)(is reached (similar to Algorithin 3). The
generation of subgoals for a given state is illustrated in Figure 5.

This process is designed to be computationally ef cient. The majority of subgoals differ from the
input by only several pixels, which leads to short paths of point-wise modi cations. Note, that we do
not utilize any Sokoban-speci ¢c assumptions.

Datapoints for training. Preparing data points for the training of the generator is described in
Algorithm[8. For each trajectory in the dataset, we choose randomly 10% of state pairs for the
training (we do not use all states from a trajectory in order to reduce the correlation in the data).

Low-level conditional policy. In Algorithm[§ we describe the BFS-based algorithm that veri es
subgoals in Sokoban.

Performance of RL agent We observed that each of the three RL agents we used Zfor12,

16 16and20 20boards), had a signi cantly lower success rate than our method's counterparts
(that learns from these agents). A@® 12 boards it could solve around 78% of problems, for
16 16boards it dropped to 67% and fad 20 it was only 60%.
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Algorithm 7 Sokoban subgoal generator

Require: d dimension of a board
internal _cl  anumber between 0 and 1
subgoal _net CNN returning distribution over modi cations.

function GENERATE_SUBGOALYstate )
subgoals _and probs ]
q Queud) . FIFO queue
(:INSERT((state ;1))
while notq not emptydo
modified _state ;parent _prob  q:POR)
network _input CONCATENATE(state ; modified _state )
predictions ;probs subgoal net:SORTED PREDICTIONgnetwork input )
total p O
for prediction ;p 2 (predictions ;probs) do
if total _p internal _cl then break
total p total p+p
if predicton =d d 7+ 1then
subgoals _and probs:ADD((modified _state ;parent _prob p))
else
new modified _state APPLY_CHANGE(modified _state ;prediction )
g:INSERT((new modified _state ;parent _prob p))

subgoals  SORT _BY_PROBABILITY(subgoals)

total p O
for subgoal; p 2 subgoals and probs do
if total _p > C, then break
subgoals :ADD(state )
total p total p+p
return subgoals
function APPLY_CHANGE(state ; modification )
. modification isanintegerinrangf;d d 7] encoding which pixel otate
. to change (and to which value).
row ~ modificaion . Integer division
column ~ modification __row d_7 . Integer division
depth  modification row d 7 column 7
modified _state state
SET_TO_zEROEmodified _state [row; column])
modified _state [row;column;depth] 1
return modified _state
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Algorithm 8 Sokoban generate network inputs and targets
Require: d dimension of a board

function GENERATE_INPUTS_AND_TARGETYstate ;subgoal)
inputs 1 . empty list
targets 1 . empty list
modified _state state
input CONCATENATE(state ; modified _state )
inputs :APPEND(input )
target class _num O
fori 2 1:::ddo
forj 2 1:::ddo
forc2 1:::7do
target _class _num target class num+1
if subgoal[i ;j;c]=1 AND modified _state [i;j;c] =0 then

targets :APPEND(target _class _nun)

. Numpy notation, replace pixel values on posit{onj ) with values

. from subgoal

modified _state [i;j;:] subgoalli;j;:]

input CONCATENATE(state ; modified _state )

inputs :APPEND(input )
. Last target: no more changes to thedified _state are needed (class enumerated
.withd d 7+1)
targets :APPEND(d d 7+ 1)
return inputs ;targets

Algorithm 9 BFS low-level conditional policy

Require: k limit of steps
M model of the Sokoban environment
Use: bfs _queue BFS queue;

stores pairs of a state and the action path to it (from the root).

# Initialize bfs _queue to empty
function GET_PATH(Sg, subgoal)
step O
bfs _queueADD((so;[]))
while bfs _queuenot emptydo
s;action _path  bfs _queuePOR))
for action 2 action _space do
S  M:NEXT_STATE(S; action )
action _path:ApPEND(action )
if s = subgoal then
return action _path

if LEN(action _path) <k then
bfs _queueADD((s;action _path))

return []

C.2 INT

State representation.A state in INT consists of objectives to prove and ground truth assumptions,
which are logic statements that are assumed to hold and can be used in proving. Each objective, as
well as each ground truth assumption, is a mathematical statement. In our setup, as in the original
paper|b4], there is always only one objective to prove, but there may be a varying number of ground
truth statements.
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Figure 5: A detailed view of subgoal generation for Sokoban. Arrow represent probabilities of a
given modi cation. Final subgoals are located in the leaves.

Each mathematical statement can be converted to a string by a method
logic _statement to_seq_string in INT library. In our code, we represent the full state
as a string in the following form (all symbols are tokens, not logical operations):

#[ objectivd&[ 1st ground trutl&[2nd ground trutl& ::: &k th ground truth

For example, the state representation could look like this:
#((( b+ b ((b+b (b+b)) (((b+b+f) (b+h) (b+h)) 0&b+f)= b&b+f) 0%

Action representation. An action in INT consists of a chosen axiom (one from the set of ordered
eld axioms, seelb4, Appendix C]) and a sequence of entities onto which the axiom will be applied.
An entity is an algebraic expression that is a part of the larger statement. For exéaniple), is an

entity, whichisa partofa+ b) c=(1+ f). In our code, we represent entities by indicating the
symbol of their mathematical operation, or if the entity is atomic (a single variable), by indicating the
variable itself. More precisely, directly after the symbol of operation, we add a special chardcter '

For example, we indicat@ + b) inside(a+ b) cinthe followingway:(a+ b c=(1+ f).
Typically, in a logic statement there may be several entities that have the same text form, but are
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located in different positions, for exampla + b) appears twice ita+ b) (a+ b)=(1+0) . Our
way of encoding actions unambiguously identi es every entity. If the action has more than one input,
we use more different indicators.

Low-level conditional policy input representation. Low-level conditional policy takes as an input
two statess ands®, wheres is the initial state and®is the subgoal. The input is constructed in the
following way: rst, we represent both ands®as strings and then we nd the difference (character
delta) between these strings using the function ndiff from d#f Rython library. We observed
that using the character delta, instead of the concatenatismmds’, signi cantly improved the
performance.

C.3 Rubik's Cube

State representationThe state of the Rubik's Cube is determined by the arrangemés#t adlored
labels on its faces. Therefore, to represent the observations we simply put the labels in a xed order.
An example state is as follows:

?byywygrygobbrboorgwbowryoogywbggywrrroyrogyowwbrwindpdb;

where the tokenb, g, o, 1, w, ystand forblue, green, orange, red, whjtandyellow. The consecutive

blocks of 9 tokens correspond to consecutive faces of the cube. Observe, that not every permutation
of colors is valid. For example, the tokens on positions 5, 14, 23, 32, 41, and 50 correspond to centers
of faces, thus they are xed. There are more such constraints, but they are irrelevant to the pipeline
itself.

Action representation In our experiments we use quarter turns, i.e. an action corresponds to rotating
aface by90 , either clockwise or counterclockwise. Since the action space contains only 12 elements,
we use unique tokens to represent each of them.

Low-level conditional policy input representation. The conditional policy takes two stategnds®,

which correspond to the current state and the state to be reached. To represent such pairs, on every
position we put a token corresponding to a pair of colors — one located on that posisiandithe

other ins®. Since there are only 6 distinct colors on the Rubik's Cube, this requires using only 36
tokens.

D Training details

D.1 INT and Rubik's Cube

D.1.1 Transformer training

For transformer training and inference we used HuggingFace's Transformers lis8re did

not use any pretrained checkpoints from HuggingFace model hub. We took mBART model class

instead — and trained it from scratch in a supervised way using HuggingFace's training pipeline. We

generated (or loaded from disk) a fresh dataset for every epoch. Training batch was of size 32. For
regularization, we sefropout = 0:1, but we did not use label smoothing (as opposed to [48]).

For the Adam optimizer we set, = 0:9, , =0:999and =10 &. Learning rate schedule followed
the formula:

r—
step num warmup_steps

warmup_steps’ step_num
wherepeak Ir =3 10 # andwarmup_steps = 4000.

Ir = peak Ir min

The schedule curve matches the one proposed in [48], but theyeagelr 7 10 .

D.1.2 Sequence generation

We used beam search with the number of beams set to 16 for INT and to 32 for Rubik's Cube. The
number of returned sequences varied from 1 to 4 depending on the network type.

Shttps://docs.python.org/3/library/dif ib.html
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We set softmax temperature 1oy default. For Rubik's Cube subgoal generator we tuned this
parameter and the value @b performed best. We conducted a corresponding experiment for the
baseline policy, but the temperature did not impact results in this case, as the policy outputs only a
single token. For INT we did not tune the temperature, so we kept the value of

D.1.3 Random seeds

Due to use of the supervised learning, we observed little variance with respect to the random
initialization. We tested this for the subgoal generator on proofs of length 10 akd<&. Namely,

we traineds models of the subgoal generator, starting from different initializations. The success rate
barely varied, as they stayed in the interf@ap9G, 0:992] In the other experiments, we used a single
seed.

D.2 Sokoban

For training of the convolutional networks in Sokoban we set the learning rat foand the number
of epochs to 200.
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E Wall-time for kSubS
As indicated in Table 2, kSubS builds smaller search graphs. This has the practical advantage of
making fewer neural network calls and consequently a substantially better wall-time.

The gains might be as high &times due to costly sequential calls of transformer networks, see
Table 5.

Proof length | 5 | 10 | 15

Method | BestFS  BF-kSubfurs) | Bestrs ~ BF-kSubSours) | BestFS  BF-kSubS (ours)
Total wall-time 4h 12m 3h44m 29h 22m 5h 55m 69h 15m 9h 22m
Avg. generator callss NA 3.04 NA 3.89 NA 6.23

Avg. value calls 23.34 4.01 112.35 4.80 159.46 6.59

Avg. policy calls 22.41 8.43 112.21 13.09 161.02 20.29

Table 5:Resources consumption for INT. We present evaluation on 1000 proofs and split into calls of subgoal
generator network (used only in the subgoal search), value network and policy network (we report an average
number of calls for a single proof).

F Training dataset size analysis

We tested how the success rate of BF-kSubS on 12x12 Sokoban boards depends on the size of the
training set. The full dataset consistsléfk trajectories. We trained subgoal generator and value
network on subsets consisting@b, 0:25, 0:05and0:01 of all trajectories. The results are presented

in Table 6.

Fraction of the dataset 1 | 0.5 | 0:25 | 0:05 | 0:01

Success rate | 0.93| 0.86| 0.84| 0.48| 0.14
Table 6:Sokoban success rates for different training set sizes.

G Value errors

G.1 INT analysis

Due to the size of state spaces, it is impossible to search over the entire space of INT formulas to
nd the shortest proofs. We instead analyze value estimations along proofs generated by INT engine.
The monotonicity analysis in Section 4.6 was performed u$bD@such proofs of lengtii0. The
probabilities of value decrease for different step lengttu® presented in Table 7.

G.2 Sokoban Analysis

Here, we present details related to the Sokoban analysis from Sec-
tion 4.6. We sampleB800 Sokoban boards (with dimensid¢h2; 12)). | value d b
For each board, we calculated a full state-action graph and minimal | Value decrease prob.

distance from each state to the solution (this was needed to compute 0.316
S(s) sets later on). Since Sokoban graphs can be very large we set 0.217
the limit on the graph size to 200000, which left us with 119 boards3 0.080
Next, for each board, we took the sequence of states from the shorte4t 0.020
solving path from the initial state (let us call this datasetlasrtest-

paths- SP). For each pair of consecutive states in SP, we calculated Table 7

the difference of the value estimation, and averaged them, which gave
us a mean one-step improvementlcd4. We calculated this metric for 5 value function networks
trained with different initialization, obtaining mean one-step improvement betjde23) 1:41]

To calculate the standard deviation of value function estimateS{®rwe took SP, and limit it
to statess such thajS(s)j] 5 (lets denote it as SP5). We calculated standard deviation for each
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s 2 SP5 separately. This gave us a mean deviatior2:dB. (between2:24; 2:86] for 5 value
networks trained with different initialization) The same set SP5 was used to calculate probabilities
related to overoptimistic errors on Sokoban described at the end of Section 4.6.

To calculate the above statistics we used the value function trained with supervised learning to
approximate the distance to the solution. We observe that similar problems arise also when using
value function trained with reinforcement learnir@8]. In such setup, mean variance of value
function estimates fog(s) is 0:84, when one step improvement equalt83 . Probability that

there is a state iB(s) with value higher than best immediate neighbous &f 86% and it drops to

38%, if one considers states closerdgteps.

H Example subgoals

H.1 Example subgoals sets

In this section, we present some example outcomes of the subgoal generator for INT and Sokoban.

H.1.1 INT

In (1) and (2) we provide two examples of applying the subgoal generator (trained on proofs of length
5) to the given states in INT. The number of subgoals varies since not all of the outputs generated by
the network could be reached by the conditional low-level policy.

Input statey(( b b)+(( b+( b+ f)) b))y+( f+f)) ((( b+( b+ b)) b)+0)+ c)
Ground truth 1b+f)=b
Ground truth 2yt +f) ¢

Subgoal 1i(bby+(( b+( b+ f)) b)=((( b+( b+ b)) b)+0)

Subgoal 2(( b+( b+ ) b)+( bb)=((( b+( b+ b)) b)+0)

Subgoal 3i(b by+(( b+( f +b) b)=((( b+( b+ b)) b)+0)

@)
Input statex(( b (;)+ a)*)+( e+ M= §) b+ @) (a+1)+ O+ §)
Subgoal 1 b (5)+ a)* 3+ e+ EM= b (E)+ a) (@+1)+( e+ 1))
Subgoal 2(((( b (5)+ a) (b (3))1+ a)+( e+ EN= b (F)+ a) (@+h+( e+ §)

)

H.1.2 Sokoban

Here we present two examples of the outcomes of the subgoal generator traih2d fap boards:

H.2 Example solutions with subgoals
In this section, we present several examples of solutions obtained with our method. For simplicity,

we only show the subgoal states on which the successful trajectories were constructed. In our setup,
the last subgoal is always a solution.
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H.2.1 INT

An example solution of INT problem of length 5:

Problem:(© ((a+0)+( (a 1) (G )H( a+0+0 2) (0 H)+(I+( a+O))+ by( ((a+0)+ )

1st subgoali(© ((a+0)+( (a 1) (% )*H( a+0}+0 2))=((0 2)+(1+( a+0))

2nd subgoali(© 0+ a)+( (a 1)) (L-)+( a+0)}+(© 2))=(1+((

3rd subgoalio+ a)=( a 1)
4th subgoala=a

H.2.2 Sokoban

An example solution of Sokoban board:

| Baselines

©09)

©09)

25
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Our rst baseline is the low-level policy trained
with behavioral cloning from the expert data
trained to solve the problem (contrary to the .
low-level conditional policyP, which aimsto  Require:  Cs number of states to produce

Igorithm 10 Low-level generator

achieve subgoals). Such policy was use4].[ NB  number of beams in sampling
We veri ed that our behavioral cloning policy b  behavioral cloning policy
reproduces the results frors4 for proofs of M model of the environment
lengthsb. function SUB_GENERATHS)

actions
BEAM_SEARCH p;S;C3;NB)
subgoals ]

MCTS. As a baseline for MCT-kSubS we used
an Alphazero-based MCTS planner described

in Appendix A.1. for action 2 actions do

BestFS The baseline for BF-kSubS is a low- S M:NEXT_STATE(S; action )
level planning. We substituteuUB_ GENERATE subgoals :APPEND(S)

with a function returning adjacent states indi- return subgoals

cated by the most probable actions of behav
ioral cloning policy, see Algorithm 10.

J Simple planners

An appropriate search mechanism is an important design element of our method. To show this, we
evaluate an alternative, simpler procedure used by 8] ol subgoal-based planning. It works by
sampling independent sequences of subgoals and selects the best one. This method solved none of
1000 Rubik's Cube instances despite using the same subgoal-generator as BF-kSubS (which has a
success rate df.999with a comparable computational budget).

K Investigation of baseline-BestFS on Rubik's Cube

To obtain the training datasets on the Rubik's Cube environment, we generated random paths starting
from a solved cube and stored them in the reversed order. These backward solutions are highly
sub-optimal: for example, the states obtained by 10 random moves are usually in a distance of about
6 - 7 steps from the nal state and the gap gets much larger for a higher number of moves. This means
that on collected trajectories only some of the actions indeed lead to the solution and the majority of
them only introduce noise.

We observed that the baseline is much weaker than BF-kSubS everfbr despite the effort on

tuning it. We extended the training of behavioral cloning policy and did a grid-search over parameters
to further improve its success rate. We managed to reach no more than 10% success rate for the
best version. To provide a meaningful evaluation of the baseline, we also trained it on very short
trajectories consisting of 10 random moves. Such a curriculum allowed the behavioral cloning policy
to learn, however still suffered from randomness in data (for states located far from the solution).

Interestingly, BF-kSubS fok = 1 turned out to perform much better than the baseline. Full
understanding of this phenomenon requires additional research, however we hypothesize that in our
setup learning to predict states is an easier task that predicting an action. A potential reasons are that:
states prediction provides a denser learning signal and Transformers perform better when dealing
with sequences (then with predicting a single token).

Note that both kSubS and baseline policy learn from fully off-policy data. The problem of solving
the Rubik's Cube is challenging, thus learning from noisy off-policy trajectories can be simply too
hard for standard algorithms.

L Technical details

L.1 Infrastructure used

We had 2 types of computational nodes at our disposal, depending on whether a job required GPU or
not. GPU tasks used a single Nvidia V1B2GB card (mostly for transformer training) and Nvidia
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RTX 2080Ti11GB (for evaluation) with 4 CPU cores and 16GB RAM. The typical con guration of
CPU job was the Intel Xeon E5-262760GHz processor (28 cores) wifP8GB memory.

Each transformer for INT was trained on a single GPU for 3 days (irrespective of proof length and
the network type). INT evaluation experiments used a single GPU for a time period varying from
several hours to 3 days — with baselines being the bottleneck.

Transformers for Rubik's Cube required more training — every network was trained for 6 days on a
single GPU. Because of relatively short sequences representing the cube's state, we were able to run
evaluations without GPU. We used 20 CPU cores @3B memory, while still tting in a 3-day

run time.

We trained and evaluated Sokoban on CPU only mostly because of rather small neural network sizes.
Training time varied from 2 to 3 days, whereas evaluation took only an hour.
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ABSTRACT

Complex reasoning problems contain states that vary in the computational cost
required to determine the right action plan. To take advantage of this property,
we propose Adaptive Subgoal Search (AdaSubS), a search method that adaptively
adjusts the planning horizon. To this end, AdaSubS generates diverse sets of sub-
goals at different distances. A veri cation mechanism is employed to lIter out
unreachable subgoals swiftly, making it possible to focus on feasible further sub-
goals. In this way, AdaSubsS bene ts from the ef ciency of planning with longer-
term subgoals and the ne control with shorter-term ones, and thus scales well
to dif cult planning problems. We show that AdaSubS signi cantly surpasses hi-
erarchical planning algorithms on three complex reasoning tasks: Sokoban, the
Rubik's Cube, and the inequality-proving benchmark INT.

1 INTRODUCTION

When solving hard problems, people often try to decompose them into smaller parts that are typically
easier to complete (Hollerman et al., 2000). Similaslypgoal search methodém to solve complex

tasks by considering intermediate subgoals leading towards the main goal. Besides their intuitive
appeal, such approaches offer many practical advantages. Most notably, they enable deeper search
within a smaller computational budget and reduce the negative impact of approximation errors.
Subgoal searcimethods powered by deep learning have shown promising results for continuous
control tasks, such as robotic arm manipulation (Nair & Finn, 2020; Jayaraman et al., 2019; Fang
et al., 2019) and navigation (Kim et al., 2019; Savinov et al., 2018). Recently, Czechowski et al.
(2021) showed that the usage of a subgoal generator can signi cantly improve search ef ciency on
discrete domains with high combinatorial complexity.

This paper uses Czechowski et al. (2021) as a starting point and pushes forward, building upon the
following observation: many complex reasoning problems contain states that vary in complexity,
measured by the computational cost required to determine the right action plan. To illustrate this,
imagine driving a car. When traversing a narrow, winding street, it is crucial to focus on the closest
events: the next turn, the next car to avoid, etc. However, after entering a straight, empty street, it

equal contribution; Published as a conference paper at ICLR 2023, notable-top-5%.
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is enough to think about reaching its far end. This suggests that careful balancing of the subgoal
distance is desirable: this involves selecting longer-term subgoals, if possible, to advance faster
towards the goal, and choosing shorter-term subgoals to power through the harder states. Hence, the
guestion arises whether it is possible and, if so, how to incorporate this adaptive subgoal generation
procedure into subgoal search methods. In this paper, we answer this question af rmatively.

We propose a novel planning algorithitdap-

tive Subgoal SearcliAdaSubS), which adaptively

chooses from subgoals with different horizons. Our

method bene ts both from the ef ciency of planning

with longer-term subgoals and from the reliability of

shorter-term ones. AdaSulpBioritizes further dis-

tancesretracting to shorter ranges only when stuck. . ) ) )
Additionally, we introduce aeri er network, which Aln '”n“;:ﬁg"eci’é%rgglliﬁf%?:‘tgtr']‘(’:i F:Slr)mg;?é iTnht?]e
assesses whether th_e prOposed.SUbgoal is valid gﬁger area)s/ (e.g. the Ie?t most part) angd use short
rgachabl_e. The veri er makes it pOSS|bIe to ef yistances in the hard areas (e.g. middle part).
ciently discard faulty subgoals, which are common

and more costly to detect in longer horizons. AdaSubsS is a data-driven algorithm whose key com-
ponents are implemented as learnable deep models. In most cases, we use general-purpose trans-
former architectures to model subgoal generators and the veri er networks. We train those models
on of ine data.

We show the effectiveness of AdaSubS in three challenging domains: Sokoban, Rubik's Cube, and
the inequality theorem prover INT (Wu et al., 2021). AdaSubS signi cantly surpasses hierarchical
planning algorithms and sets a new state-of-the-art on INT.

Our main contributions are:

1. We propose Adaptive Subgoal Search (AdaSubS), a new algorithm that adjusts the planning
horizon to take into account the varying complexity of the state space.

2. We present a comprehensive study of adaptive methods, showing that they outperform similar
algorithms without adaptation. Amongst these, AdaSubS is the best choice across environments
and planning budgets.

3. We also observe a strong indication of out-of-distribution generalization. AdaSubsS trained on
the proof of lengtHl5in INT (longest considered in the literature so far) retains more @46
of its performance when the proof length is increased two-fold.

The code of our method is available at https://github.com/AdaptiveSubgoalSearch/adaptive_subs.

2 RELATED WORK

The combination of planning algorithms with deep learning is an active area of research. It provided

impressive results e.g., in automated theorem proving (Polu & Sutskever, 2020), chess and Go (Sil-
ver et al., 2017), Atari benchmark (Schrittwieser et al., 2019), and video compression (Mandhane
etal., 2022).

In the eld of hierarchical planning, the majority of deep-learning-based methods have focused on
visual domains (Kim et al., 2019; Pertsch et al., 2020a; Jayaraman et al., 2019; Fang et al., 2019) or
on landmark-based navigation methods (Liu et al., 2020a; Gao et al., 2017; Zhang et al., 2020) . This
body of work often relies on variational autoencoders for the compression of visual observations and
uses planning mechanisms suitable for continuous control settings.

There exist many approaches to hierarchical planning utilizing different temporal distances. Kim

et al. (2019) and Pertsch et al. (2020b) use hierarchical variational models to learn the temporal
structure of tasks by reconstructing the visual state sequences. Pertsch et al. (2020a); Parascandolo
et al. (2020); Jurgenson et al. (2020) recursively construct a plan by generating subgoals in the
middle between the existing ones. Allen et al. (2021) generate macro-actions that help to speed-up
the search. This differs from our work, as we use learning to generate subgoals (as opposed to action
sequences) and the process is agnostic with respect to the size of the action space. These works have
been shown to work on domains with limited combinatorial complexity.
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Recently, Czechowski et al. (2021) has shown how combinatorially complex domains can be treated
with a hierarchical planning method. Their approach shares similarities with our Adaptive Subgoal
Search; however, it cannot address variable environment complexity. By using the mechanism of
adaptive selection of the subgoal generation distance and veri er, we successfully tackle this prob-
lem, con rmed by signi cant performance gains. Our veri er is based on ideas similar to Cobbe
et al. (2021); Kurutach et al. (2018); Ahn et al. (2022).

Our approach relates to established search algorithms (Cormen et al., 2009; Russell & Norvig, 2010),
such as Best First Search or A*. Adaptivity technigues in the classical setup are discussed in Fickert
(2022). Koenig & Likhachev (2006) propose an adaptive mechanism to improve A* by updating
the goal-distance heuristic with local search. AdaSubS instead uses a xed heuristic and adapts to
the local complexity by alternating between subgoal distances. Domain-independent PDDL-based
planners (McDermott et al., 1998) do not use training and attempt to solve problems in a zero-shot
manner. Thus, they indicate a lower bound on performance. On the other hand, there are domain-
speci ¢ methods (Korf, 1997; Biichner et al., 2022; Muppasani et al., 2022). Due to their focus, they
indicate an upper bound.

AdaSubs relates to multi-queue methods (see Richter & Westphal (2010); Helmert (2006)), which
alternate between multiple heuristics. Some of our planners, e.g., IterativeMixing or Longest- rst,
can be viewed through the lens of this approach in the sense that we could keep the priority queues
for each generator separate (but with the same heuristic being a value function) and have an alterna-
tion mechanism between them. The key difference lies in the expansion phase: we expand subgoals
instead of children and only the generator associated with the currently selected queueis used.

Different instances of Sokoban, Rubik's Cube, and INT can be viewed as tasks with varying degrees
of dif culty. Consequently, AdaSubS bene ts from sharing data between these instances in a manner
typical to multitask learning (Caruana, 1998). In particular, we use a goal-conditioned policy which
is trained similarly as in Andrychowicz et al. (2020) or Kaelbling (1993). Additionally, the out-of-
distribution generalization of AdaSubS hints at strong meta-learning capabilities of the method (Yu
et al., 2020; Duan et al., 2016; Wang et al., 2016; Hessel et al., 2019).

3 METHOD

For this work, we propose Adaptive Subgoal Search (AdaSubsS), a subgoal-based search algorithm
designed to solve tasks that can be formulated as a search over a graph with a known transition
model. AdaSubs is the best choice stemming from a careful study of methods based on the principle
of mixing subgoal distances; see Section 4.4 for their de nitions and empirical comparisons.

AdaSubS (see Algorithm 1) utilizes the following key compo-
nents: subgoal generatorsveri er, conditional low-level policy
(CLLP), andvalue function These components are implemented
using trained neural networks (see Appendix B). To solve a task,
AdaSubs iteratively builds a tree of subgoals reachable from the
initial state until the target state is reached or the search budget
is depleted. In each iteration, it chooses a node in the tree that is
expanded by one of the generators. The chosen generator creates
a few subgoal candidates, i.e., states expected to be a few steps
closer to the target than the current node. For each of them, we
use the verier and CLLP to check whether they are valid and
reachable within a few steps. For the correct subgoals, we com-
pute their value function, place them in the search tree, and the
next iteration follows (see Figure 1).

AdaSubsS follows the general structure of Best-First Search

(BestFS); thus, the key design decision is how we prioritize nodes

to expand and choose generators to produce subgoals. We defer _ _

the answer to these questions after providing details of the alg&ure 1:An example iteration of
rithm components (see also Appendix G and the owchart ther®f search performed by AdaSubsS.

For search engines using multi-queues, see Fast dowrigsi//www.fast-downward.org/ ;
LAPKT https://github.com/LAPKT-dev/LAPKT-public . For PDDL generators, sdwtps:
/lgithub.com/Al-Planning/pdd|-generators
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Subgoal generators.The subgoal generator, or more preciselykfmibgoal generator, takes a state

as input and returns a diverse set of new candidate states expectddstepecloser to the solution.

The key trade-off, which AdaSubS needs to address, is that further subgoals, i.e., those for higher
values ofk, advance faster towards the target but are also increasingly harder to generate and verify.
We typically use a few (e.g3) generators with a list ok chosen basing on experiments, namely

for INT [3, 2, 1], Rubik [4, 3, 2] and Sokoban [8, 4, 2]. Note that this is the only component of
AdaSubs that outputs a set of predictions.

Conditional low-level policy (CLLP). CLLP returns a path of low-level actions between two states
(see Algorithm 2). CLLP calls iteratively a conditional low-level policy network (PN). PN takes as
input the current and target states and returns an action. It is possible that CLLP is not able to reach
the target, in which case an empty sequence is returned. The role of CLLP is two-fold: it serves
as a mechanism allowing AdaSubsS to transition between subgoals, and together with the veri er
network, it is used in the subgoal veri cation algorithm (see Algorithm 3).

Veri er. The veri er network is used in the veri cation algorithm (see Algorithm 3), to answer the
following binary classi cation question: given a starting state and a goal state, is it possible to reach
the latter from the former using conditional low-level policy? Computationally, the evaluation of the
veri er network is faster than CLLP. However, since the veri er is a binary classi er, we expect two
types of error to occur: accept invalid subgoals or reject valid subgoals. The veri cation algorithm
accepts a subgoal if the veri er network values are above a certain threshold (likewise, they are
rejected if the value is below another threshold), tseeandt ,; in Algorithm 3. In the remaining

case, the algorithm falls back on CLLP to decide whether to keep or discard a given subgoal.

Value function. The value function is a neural network that estimates the negative distance between
the current and goal states. The planner uses this information to select the next node to expand.

Adaptive Subgoal Search.The particular way in which AdaSubS chooses nodes to expand and a
generator to produce subgoals (see highlighted lines in Algorithm 1) implements an adaptive mech-
anism that adjusts the planning horizon. The key dif culty to tackle here is that further subgoals,
despite being capable of advancing the search faster, are more likely to be faulty. Nevertheless, we
assume an optimistic approach prioritizing the longer distances (e.g., kighéthe search using

the long steps gets stuck, the planner retracts and expands the most promising, high-value nodes
with closer, more conservative subgoals. The veri er network helps in mitigating the risks of this
strategy, as it allows for the ef cient rejection of faulty subgoals. This way, by traversing easier
parts using fast long-distance subgoals and conservative ones in harder parts, AdaSubS adapts to the
variable complexity of the environment.

Algorithm 1 presents a simple implementation of this approach. The nodes in the search tree are
placed in a max-priority queuk with keys, being the pair&; v) of the next subgoal distance and its
estimated value, sorted in lexicographical order. In this way, Algorithm 1 uses the highesdible,
searching with the BestFS strategy over values. If for a gikieall generated subgoals are invalid
(faulty or unreachable), Algorithm 1 will expand for shorter distances. If successful, we go back to
generating with the highest value bf After reaching the target states, AdaSubS reconstructs the
path of subgoals and lIs it with low-level actions; see function LL_PATH in Algorithm 4.

With a slight modi cation, AdaSubS can be guaranteed to nd a solution to any given problem,
provided there is a large enough computational budget. See Appendix G.1 for detalils.

3.1 TRAINING OBJECTIVES

The components of AdaSubS are trained using a dataset of of ine trajectories of subsequent states

environments, even randomly generated trajectories may turn out to be suf cient. Details on how
the data is collected for each domain can be found in Section 4.1 and Appendix B.

Provided with such data, we train tkegenerators to mag ontos;. . The value function is trained
to maps; onto(i  n). CLLP is trained to majs; ; i+ q) ontoa; for everyd  Kmax (Kmax is the
maximal distance of the subgoal generators used).

AdaSubs still works, albeit much worse if we disable the veri er network (e.g., by sdtting 1
andt|, = 0 in Algorithm 3). However, it is a useful setup to gather a dataset of subgoals and their
reachability veri ed by CLLP. This dataset is used to train the veri er network, see Appendix D.
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Algorithm 1 Adaptive Subgoal Search Algorithm 2 Conditional low-level policy
Requires: Ci max number of nodes Requires: C, steps limit
\% value function network conditional low-level
koi'i': km  Subgoal generators policy network
SOLVED predicate of solution M model of the environment
function SOLVE(So) function GET_PATH(So, subgoal)
T ; . priority queue with lexicographic order step 0; s S
parents fg action _path []
for kinko;:::;km do while step <C, do
T.PUSH(((K; V (S0));S0)) action : PREDICT(S; subgoal)
seen:ADD(So) . seenis a set action _path:APPEND(action )
while 0 < LEN(T) andLEN(seen) < C; do S M:NEXT_STATE(s; action )
(k; );s  T:EXTRACT_MAX() if s = subgoal then
subgoals «(s) return action _path . success
for sin subgoals do step step +1
if s%in seenthen continue return [] . subgoal is unreachable
if not1s_VALID (s;s°% then
continue Algorithm 3 Veri cation algorithm
seen:ADD(s?) i .
parents [s s Requires: vV veri er network
for kinko:::::km do thi upper threshold
T:PUSH((k; V (SO)) : SO)) tio lower threshold
if soLven(s?) then function 1s_vALID (s; s°)
return LL_PATH(s® parents ) if v(s;s%) > tn then return True
. get low-level path, see Alg. 4 elseifv(s;s%) < tio then return False
return False return GET_PATH(s;s%) 6]

For INT and Rubik's Cube, we use transformer models for all the key components. For the Sokoban,
we utilize convolutional networks, for details see Appendix B.

4 EXPERIMENTS

We empirically demonstrate the ef ciency of Adaptive Subgoal Search on three complex reasoning
domains: Sokoban, Rubik's Cube, and the inequality proving benchmark INT (Wu et al., 2021).
We demonstrate that AdaSubsS is the best choice in a family of adaptive methods. Interestingly,
even weaker methods in this class also outperform non-adaptive baselines. Finally, we show that
AdaSubs has strong out-of-distribution generalization properties on INT.

As the performance metric, we use the success rate, de ned as the fraction of solved problem in-
stances. The computational budget is de ned as the graph size, i.e., the number of nodes visited
during the search and evaluated with a neural network (subgoal generator, value function, veri er,
or conditional low-level policy). In Appendix C we provide details concerning the number of neural
network calls, wall-time evaluations and memory usage.

4,1 EXPERIMENTAL DOMAINS AND DATASETS

Sokobanis a puzzle in which the goal is to push boxes on target locations. It is a popular testing
ground for classical planning methods (Lipovetzky & Geffner, 2012), and deep-learning approaches
(Guez et al., 2019; Mi®et al., 2019). Sokoban is considered to be hard (Fern et al., 2011) due to
its combinatorial complexity. Finding a solution for a given Sokoban board is an NP-hard problem.
In our experiments we usdd® 12 Sokoban boards with four boxes.

Rubik's Cube is a famous 3D puzzle with over3 10'° possible con gurations (Korf, 1997).
Recently Agostinelli et al. (2019); Czechowski et al. (2021) have developed methods for solving
Rubik's Cube using neural networks.

INT is a benchmark for automated theorem proving proposed by (Wu et al., 2021). It consists of
a generator of mathematical inequalities and a tool for proof veri cation. An action (proof step) in
INT is a string containing an axiom and a speci cation of its input entities, making the action space
effectively in nite and thus challenging search algorithms.



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

To collect of ine trajectories datasets for Rubik's Cube, we generate random paths of Bhgth
starting from the solved cube and take them in reversed order. For INT we use the generator provided
by Wu et al. (2021). For Sokoban, we use the expert data generated by a reinforcement learning agent
(Mi 0§ et al., 2019). Detailed information is contained in Appendix D.

4.2 PROTOCOL AND BASELINES

Our protocol consists of three stages. In the rst one, an of ine dataset is prepared; see Section 4.1
and Appendix D. Secondly, we use this dataset to train the learnable components of AdaSubS: the
family of subgoal generators, veri er network, and value network, see Section 3.1. Evaluation is the
nal step in which the algorithm's performance is veri ed. We measuresitscess rateising1000
instances of a problem for each domain.

As baselines, we use BestFS and kSubS, both with the same models' checkpoints as AdaSubS. The
former is a well-known class of search algorithms (includig, which, among others, performs
strongly on problems with high combinatorial complexity (Pearl, 1984), achieves state-of-the-art
results in theorem proving (Polu & Sutskever, 2020), and strong results on Rubik's Cube (Agostinelli
etal., 2019; Czechowski et al., 2021). BestFS baseline selects actions with a trained policy network.

kSubS is the rst general learned hierarchical planning algorithm proven to work on complex reason-
ing domains (Czechowski et al., 2021) (called BF-kSubS there), attaining good results on Sokoban
and Rubik's Cube, and INT. kSubS can be view as a non-adaptive version of AdaSubsS realized by a
suitable hyperparameters choice: a single subgoal generator and inactive uwegi er,tn = 1).

For details on the hyperparameter choice for our method and the baselines, see Appendix F. For a
more detailed description of the baselines, see Appendix E.

4.3 MAIN RESULTS. IN- AND OUT- OF DISTRIBUTION PERFORMANCE

Figure 2:Success rates of AdaSubsS, kSubS, and BestFS expressed in terms of graph size. The gure in the
bottom right shows the out-of-distribution performance of methods evaluated on INT with proof Rt

trained on lengtil5. The remaining gures present in-distribution performance. The results were measured on
a xed set of 1000 problems for each domain. Shaded areas indicate 95% con dence intervals.

AdaSubsS shows strong in- and out- of distribution performance. The results for the former regime

are presented in Figure 2, which shows that AdaSubS is able to make use of search capacity in the
most effective manner, practically dominating other methods across the graph size spectrum. Taking
a closer look at the low computational budgets, one can observe that AdaSubS achieves signi cantly
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positive success rates while the competing methods struggle. Perhaps the most striking difference
is observed for INT, where at the budget5if nodes AdaSubS achieves aro§@ds6 success rate,

while kSubS has a success rate close to zero and BestFS does not Hd¥#edthis is particularly
impressive since the budget®d nodes is only slightly larger than three times the considered proof
length. To summarize, AdaSubS performs well in low computational regimes, which can be helpful
in systems that need to solve search problems under compute or memory constraints.

At the far end of the computational budget spectrum, AdaSubsS still performs the best, achieving
above90% performance in each environment 95% for INT, 100%for Rubik's Cube, an®3%

for Sokoban). Importantly, when success rates are high, and consequently the absolute differences
between methods' results seem to be low, it is instructive to think about failure rates. For instance,
in the case of INT (the proof lengttb), the failure rate of kSubS B%, almost twice the failure rate

of AdaSubsS. For more results on low and high budgets, see Tables 10-12 in Appendix H.4.

For the out-of-distribution analysis, we used INT, an environment designed to study this phe-
nomenon. We investigate how methods trained on the proofs of l&agtbrform on problems with
longer proofs (see Figure 3). The lendthis the longest considered in the literature (Czechowski
etal., 2021). However, we go much further, studying proof lengths @8.tédaSubS retains more
than50% of its performance, suffering a relatively slow decay3d5% (on average) per one step

of the proof. This stands in stark contrast to kSubS, which already loses half of its performance at
length21. AdaSubsS not only outperforms kSubS at each dif culty level but also achieves the most
signi cant advantage in the hardest problems. Additionally, we provide a full pro le of the success
rate with respect to the graph size for proof leng@hsee the bottom right-hand corner of Figure 2.
AdaSubsS performs much better than the baselines, with the biggest advantage for large budgets.
Results for the other environments, namely Sokoban and Rubik, are included in Appendix K.

Figure 3:0ut-of-distribution performance of AdaSubS and kSubsS for long proofs in INT with bud&0sf
nodes. Both methods were trained on proofs of leddgthError bars correspond &5% con dence intervals.

The performance boost of AdaSubS over the baselines stems from two components: the veri er and
the adaptativeness of subgoal selection. The former makes it possible to assign a bigger fraction of
a computational budget on search by recovering a part of it from CLLP. This, in principle, could
already provide signi cant gain when using the method. However, as shown in Table 1 and Tables
10-12 in Appendix H.4, the veri er helps, but only to a limited degree. Consequently, the majority
of the improvement stems from the algorithmic novelty offered by the adaptive procedure. The
adaptivity mechanism in AdaSubsS creates this interesting dynamic that incentives the method to be
optimistic about choosing subgoal distances while providing a safety net in case this optimism fails.
How it works in practice can clearly be seen in Sokoban, where AdaSub8-ssibg0al91:8% of

the time,4-subgoals7:4% of the time, and®-subgoals the remainir®8% of the timé.

As a nal note, Figure 2 can be used to infer the computational budget required for achieving a
certain success rate. Additionally, the ratio of success rate to graph size can measure the ef ciency

2pdditionally, the8-generator, thd-generator, and th2-generator generate subgoals that are on average
6:9, 3:9, and2:0 steps away, respectively. For AdaSubS parameters, see Table 7 in Appendix F.
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of the chosen budget, while the derivative of the success rate with respect to graph size provides the
marginal utility of the increase in the budget.

4.4 DeEVELOPING ADAPTIVE SEARCH METHODS

In this section, we present a comprehensive empirical study of four adaptive methods. This en-
ables us to draw two main conclusions: adaptive search methods outperform non-adaptive ones, and
Longest- rst(on which AdaSubS is based) is the most ef cient adaptive procedure. We present full
results for INT, the hardest environment, and shortened results for Rubik and Sokoban, see Table 1.
The complete set of numerical results with extended discussion can be found in Appendix H.

The four adaptive methods presented in this section are implemented using the searcR.method
Their adaptivity mechanism is de ned by setting the way the subgoals are generated and the order
in which the states are proces$ed This happens in two distinguished lines in Algorithm 1 and
changing them determines how the search prioritizes various distances.

INT Rubik (with veri er)
Small budget (50 nodes) Large budget (1000 nodes) 400 nodes 6000 nodes
with verier without  with verier  without BestFS 0:0% 1:8%
- o kSubS 28:8% 98:6%
BestFS - L7% - 36:7% MixSubS 49:1%  99:2%
k=4 2 :2% 0:1% 82:4% 83:0% Iterative mixing  50:6% 99:1%
k=3 4:0% 0:2% 89:6% 90:7% Strongest-rst  33:4% 99:0%
kSubS k=2 2%  0:5%  89:8%  91:7% Longest-rst ~ 58:0%  99:2%
k=1 0:0% 0:0% 34:7%  46:0%
k=[4;32] 0:0% 0:0% 94:6% 95:0% Sokoban (small budget, 100 nodes)
MixSubS k=[3;2;1] 0:0% 0:0% 92:2% 92:9% - - -
k=[3;2] 17:0% 14:8% 92:2% 93:5% with veri er  without
iterations=[1 ; 1; 1] 32:0% 30:1% 87:0% 88:6% BestFS - 45:9%
Iterative mixingiterations=[10 ; 1;1]  43:0% 44:8% 95:1% 96:0% kSubS 26:0% 4:7%
iterations= [4 ; 2; 1] 54:0% 52:1% 93:6% 95:5% MixSubS 52:7% 37:7%
X X . . Iterative mixing 64:5% 52:6%
Strongest- rst 39:5% 40:8% 88:5% 89:8% Strongest- rst 54:6% 41:9%
Longest- rst 59:0% 51:5% 95:7% 95:5% Longest- rst 72:2% 63:4%

Table 1:(left) Results for the INT. For each case, unless stated otherwise, the distances of subgoal generators
arek = [3; 2; 1]. (right) Shortened results for Rubik and Sokoban, for complete results see Table 11 and Table
12. The results were obtained &A00 problems each, which yields3% Bernoulli95% con dence intervals.

Speci cally, we designed and tested the following methdd&Subs$ Iterative mixing Strongest-

on different distancek; < ::: < k , (recall Section 3.1 for training details). A more detailed
description of the methods (and pseudocodes) can be found in Appendix H.

* MixSubSis the simplest approach, in which for each processed state we generate one subgoal

from each generator,, (subgoals [ o1 «(S)). Ineach iterationMixSubSchooses a

state with the highest value estimatidgiis) to process.

« Iterative Mixingis similar to MixSubSand enables for advanced schedules of generators to
be used. In the consecutive iterations, tkt generator is used to expahdnodes before
switching to the next generator. This allows us to exibly prioritize the better generators, but at
the cost of tuning additional hyperparamethrs ::;l,. For these reasons, it is not practical,
but useful as a reference point.

» Strongest- rstuses one generator at a timmibgoals k- (s)), wherek- is the longest
distance not previously used &1 In each iterationStrongest- rstchooses a state with the
highest value estimatiovi (s) to process.

» Longest- rstprioritizes long subgoals over the whole search procedure. Only if the queue does
not contain any nodes with the highdstit uses subgoals of lower distances. The nodes are
processed in the order of their value estimati(s).

3Adaptivity may also be implemented using the subgoal generator. We considered various approaches in
this category, however, they did not perform better than the non-adaptive baseline kSubS, see Appendix H.3.
We speculate that assessing the state dif culty is a hard learning problem that is easier to handle via search.
“For similar considerations in classical planning, see multi-heuristic best- rst search (Helmert, 2006).
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The high-level empirical conclusion is that the performance of methods is roughly ordered as fol-
lows: Longest- rst> Iterative mixing> MixSubS> Strongest- rst> kSubS> BestFS

In more detail, already the simpMixSubSworks better than the non-adaptive baselines. In par-
ticular, it can outperform the maximum of performances of kSubS for &acrhis is in line with

the intuition that our mixing mechanism can elicit bene ts of various distances while avoiding their
drawbacks. We conjecture that whenever a single generator begins to struggle, the search advances
with the help of another generator, allowing for stable progréssative mixingis able to exhibit

strong performance; however, it needs tedious schedule tuning for each domain.

Strongest- rstand Longest- rstimplement bias towards longer distances. Even though they are
quite similar, they display a large performance difference. We speculate thatSttwemgest- rst
encounters an area with falsely large value estimates, it wastes a lot of compute to examine it with
all subgoal distances. On the other hanohgest- rst rst explores other areas before using shorter
subgoals and thus is able to avoid this problem. We stress that these effects are far from being
obvious; however, they occur robustly across our test scenarios.

The veri er is bene cial on small budgets, especially when long subgoals are used. For large bud-
gets, gains diminish. However, a properly tuned veri er never decreases the results signi cantly.

5 LIMITATIONS AND FUTURE WORK

Determinism, access to model dynamic®ur main focus is combinatorially complex domains.
There are many applications of interest in which we can assume access to underlying dynamics and
determinism (for example Automated Theorem Proving). Nevertheless, it is an interesting future
direction to adjust our method to stochastic domains and learned models.

Reliance on the of ine dataln our experiments, we need of ine datasets of successful trajectories.
We leave for future work developing an algorithm based on the expert iteration paradigm.

Path optimization The goal of our algorithm is to nd any path leading to the solution. In many
real-world problems, itis also important to nd a short path or one with a high reward (see Appendix
| for optimality measures for Sokoban).

Completeness and memory constraint©ur algorithm is not guaranteed to nd a solution. We
found it is not problematic in practice. If such a property is required, it can be assured by a simple
change, see Appendix G.1. However, since AdaSubsS keeps a list of visited nodes (see Algorithm
1) and caches some computations (see Algorithm 4), it requires memory proportional to the search
budget, which can grow up to the size of the state space when seeking completeness.

Adversarial con guration The performance of AdaSubS can deteriorate when the ability to train
its components is reduced and the environment is hard. For example, ‘walk-the-line' environment
(with states either lying on a unigue solving trajectory or leading to deadstates) and no training data.

Combine with recursive search methoddn some domains, one can generate useful subgoals for
long distances and recursively split the problem (Pertsch et al., 2020a; Parascandolo et al., 2020;
Jurgenson et al., 2020). It would be interesting to propose an algorithm that automatically detects
when such an approach is possible and combine two ways (our and recursive) of generating subgoals.

6 CONCLUSIONS

We study planning methods that adapt to the local complexity of a solved problem. We concentrate
on the adaptive selection of the subgoal distance realized by mixing various subgoal generators. We
prove that methods based on this principle outperform non-adaptive counterparts They can tackle
complex reasoning tasks as demonstrated on Sokoban, the Rubik's Cube, and INT. Our main al-
gorithm, AdaSubsS, is the best of the tested choices across all environments and search budgets.
Interestingly, AdaSubS exhibits high out-of-distribution generalization capability, retaining much of

its performance for instances of harder problems on INT than it was trained for.



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

7 ACKNOWLEDGMENTS AND DISCLOSURE OFFUNDING

The work of Micha Zawalski and Piotr Mi®©was supported by the Polish National Science Center
grant 2021/43/0/ST6/02478. This research was supported by the PL-Grid infrastructure. Our exper-
iments were managed usihgtps://neptune.ai . We would like to thant the Neptune team

for providing us access to the team version and technical support.

REFERENCES

Forest Agostinelli, Stephen McAleer, Alexander Shmakov, and Pierre Baldi. Solving the rubik's
cube with deep reinforcement learning and seafgatureMachinelntelligence, 1(8):356—-363,
20109.

Michael Ahn, Anthony Brohan, Noah Brown, Yevgen Chebotar, Omar Cortes, Byron David, Chelsea
Finn, Keerthana Gopalakrishnan, Karol Hausman, Alex Herzog, Daniel Ho, Jasmine Hsu, Ju-
lian lbarz, Brian Ichter, Alex Irpan, Eric Jang, Rosario Jauregui Ruano, Kyle Jeffrey, Sally
Jesmonth, Nikhil J Joshi, Ryan Julian, Dmitry Kalashnikov, Yuheng Kuang, Kuang-Huei Lee,
Sergey Levine, Yao Lu, Linda Luu, Carolina Parada, Peter Pastor, Jornell Quiambao, Kan-
ishka Rao, Jarek Rettinghouse, Diego Reyes, Pierre Sermanet, Nicolas Sievers, Clayton Tan,
Alexander Toshev, Vincent Vanhoucke, Fei Xia, Ted Xiao, Peng Xu, Sichun Xu, and Mengyuan
Yan. Do as i can, not as i say: Grounding language in robotic affordances, 2022. URL
https://arxiv.org/abs/2204.01691

Cameron Allen, Michael Katz, Tim Klinger, George Konidaris, Matthew Riemer, and Gerald
Tesauro. Ef cient black-box planning using macro-actions with focused effet@\l-21, 2021.

Marcin Andrychowicz, Anton Raichuk, Piotr Stanczyk, Manu Orsini, Sertan Girgin, Raphaél
Marinier, Léonard Hussenot, Matthieu Geist, Olivier Pietquin, Marcin Michalski, Sylvain Gelly,
and Olivier Bachem. What matters in on-policy reinforcement learning? A large-scale empirical
study. CoRR, abs/2006.05990, 2020. URttps://arxiv.org/abs/2006.05990

Clemens Bichner, Patrick Ferber, Jendrik Seipp, and Malte Helmert. A comparison of ab-
straction heuristics for rubik's cube. ICAPS 2022 Workshopon Heuristicsand Searchfor
Domain-independerRlanning, 2022.

Rich CaruanaMultitask learning. Springer, 1998.

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian, Jacob Hilton, Reiichiro Nakano, Christopher
Hesse, and John Schulman. Training veri ers to solve math word problesnXiv preprint
arXiv:2110.14168, 2021.

Thomas H Cormen, Charles E Leiserson, Ronald L Rivest, and Clifford Steimoductionto
algorithms. MIT press, 2009.

Konrad Czechowski, Tomasz Odrzyg6zdz, Marek Zbgki, Micha Zawalski, Krzysztof Olejnik,
Yuhuai Wu, ukasz Kuchski, and Piotr Mi & Subgoal search for complex reasoning tasks.
Advancesn NeurallnformationProcessingystems, 34:624-638, 2021.

Yan Duan, John Schulman, Xi Chen, Peter L Bartlett, llya Sutskever, and Pieter AbbéelF&it
reinforcement learning via slow reinforcement learniagXiv preprintarXiv:1611.02779, 2016.

Kuan Fang, Yuke Zhu, Animesh Garg, Silvio Savarese, and Li Fei-Fei. Dynamics learning with
cascaded variational inference for multi-step manipulati@nXiv preprintarXiv:1910.13395,
20109.

Alan Fern, Roni Khardon, and Prasad Tadepalli. The rstlearning track of the international planning
competition.MachineLearning, 84(1-2):81-107, 2011.

Maximilian Fickert. Adaptive search techniques in ai planning and heuristic search. 2022.

10



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

Wei Gao, David Hsu, Wee Sun Lee, Shengmei Shen, and Karthikk Subramanian. Intention-net:
Integrating planning and deep learning for goal-directed autonomous navigatidst Annual
Conferencen RobotLearning,CoRL 2017,MountainView, California, USA, November13-15,

2017, Proceedings, volume 78 dfroceedingof Machine Learning Research, pp. 185-194.
PMLR, 2017. URLhttp://proceedings.mir.press/v78/gaol7a.html

Arthur Guez, Mehdi Mirza, Karol Gregor, Rishabh Kabra, Sébastien Racaniére, Théophane Weber,
David Raposo, Adam Santoro, Laurent Orseau, Tom Eccles, et al. An investigation of model-free
planning. IninternationalConferenceon MachineLearning, pp. 2464-2473. PMLR, 2019.

Malte Helmert. The fast downward planning systelournalof Arti cial IntelligenceResearch, 26:
191-246, 2006.

Matteo Hessel, Hubert Soyer, Lasse Espeholt, Wojciech Czarnecki, Simon Schmitt, and Hado van
Hasselt. Multi-task deep reinforcement learning with popart. Pinceedingof the AAAI
Conferenceon Arti cial Intelligence, volume 33, pp. 3796-3803, 2019.

Jeffrey R Hollerman, Leon Tremblay, and Wolfram Schultz. Involvement of basal ganglia and
orbitofrontal cortex in goal-directed behavidétrogressn brainresearch, 126:193-215, 2000.

Dinesh Jayaraman, Frederik Ebert, Alexei A. Efros, and Sergey Levine. Time-agnostic pre-
diction: Predicting predictable video frames. Tith InternationalConferenceon Learning
RepresentationdCLR 2019, New Orleans,LA, USA, May 6-9, 2019. OpenReview.net, 2019.
URL https://openreview.net/forum?id=SyzVb3CcFX

Tom Jurgenson, Or Avner, Edward Groshev, and Aviv Tamar. Sub-goal trees a framework for goal-
based reinforcement learning. limernationalConferencen MachineLearning, pp. 5020-5030.
PMLR, 2020.

Leslie Pack Kaelbling. Learning to achieve goals. In Ruzena Bajcsy (Robgeeding®f the
13th InternationalJoint Conferenceon Arti cial Intelligence.Chambéry,France, August 28 -
SeptembeB, 1993, pp. 1094-1099. Morgan Kaufmann, 1993.

Taesup Kim, Sungjin Ahn, and Yoshua Bengio. Variational temporal abstraction. In Hanna M.
Wallach, Hugo Larochelle, Alina Beygelzimer, Florence d'Alché-Buc, Emily B. Fox, and Roman
Garnett (eds.)Advancesin NeuralInformation Processingsystems32: Annual Conferenceon
NeurallnformationProcessingystems2019,NeurlPS2019,DecembeB-14,2019,Vancouver,

BC, Canada, pp. 11566-11575, 2019. URItps://proceedings.neurips.cc/
paper/2019/hash/b5d3ad899f70013367f24e0b1fa75944-Abstract.html

Sven Koenig and Maxim Likhachev. Real-time adaptive aPloceedingsf the fth international
joint conferencen Autonomousagentsandmultiagentsystems, pp. 281-288, 2006.

Richard E Korf. Finding optimal solutions to rubik's cube using pattern databaséshAAiIAAI,
pp. 700-705, 1997.

Thanard Kurutach, Aviv Tamar, Ge Yang, Stuart J. Russell, and Pieter Abbeel. Learning
plannable representations with causal infogan. In Samy Bengio, Hanna M. Wallach, Hugo
Larochelle, Kristen Grauman, Nicold Cesa-Bianchi, and Roman Garnett (esdvances
in Neural Information ProcessingSystems31: Annual Conferenceon Neural Information
ProcessingSystems 2018, NeurlPS 2018, December3-8, 2018, Montréal, Canada, pp.
8747-8758, 2018. URIhttps://proceedings.neurips. cc/paper/2018/hash/
08aac6ac98e59e523995¢161e57875f5-Abstract.html

Nir Lipovetzky and Hector Geffner. Width and serialization of classical planning problerssCAd
2012, pp. 540-545. IOS Press, 2012.

Kara Liu, Thanard Kurutach, Christine Tung, Pieter Abbeel, and Aviv Tamar. Hallucinative
topological memory for zero-shot visual planning. Rmoceedingsf the 37th International
Conferenceon Machine Learning, ICML 2020, 13-18 July 2020, Virtual Event, volume 119
of Proceeding®f Machine LearningResearch, pp. 6259-6270. PMLR, 2020a. URtp:
llproceedings.mir.press/v119/liu20h.html

11



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

Yinhan Liu, Jiatao Gu, Naman Goyal, Xian Li, Sergey Edunov, Marjan Ghazvininejad, Mike Lewis,
and Luke Zettlemoyer. Multilingual denoising pre-training for neural machine transl@oRR,
abs/2001.08210, 2020b. URittps://arxiv.org/abs/2001.08210

Amol Mandhane, Anton Zhernov, Maribeth Rauh, Chenjie Gu, Miaosen Wang, Flora Xue, Wendy
Shang, Derek Pang, Rene Claus, Ching-Han Chiang, et al. Muzero with self-competition for rate
control in vp9 video compressioarXiv preprintarXiv:2202.06626, 2022.

Drew McDermott, Malik Ghallab, Adele Howe, Craig Knoblock, Ashwin Ram, Manuela Veloso,
Daniel Weld, and David Wilkins. PDDL - The Planning Domain De nition Language, 1998.

Piotr Mi oS, ukasz Kucinski, Konrad Czechowski, Piotr Kozakowski, and Maciek Klimek.
Uncertainty-sensitive learning and planning with ensemb&Xiv preprintarXiv:1912.09996,
20109.

Bharath Muppasani, Vishal Pallagani, Kausik Lakkaraju, Biplav Srivastava, and Forest Agostinelli.
Solving the rubik's cube with a pddl planner. 2022.

Suraj Nair and Chelsea Finn. Hierarchical foresight: Self-supervised learning of long-horizon tasks
via visual subgoal generation. Bth InternationalConferenceon Learning Representations,
ICLR 2020, Addis Ababa,Ethiopia, April 26-30,2020. OpenReview.net, 2020. URittps:
/lopenreview.net/forum?id=H1gzR2VKDH

Giambattista Parascandolo, Lars Buesing, Josh Merel, Leonard Hasenclever, John Aslanides, Jes-
sica B Hamrick, Nicolas Heess, Alexander Neitz, and Theophane Weber. Divide-and-conquer
monte carlo tree search for goal-directed planneagiv preprintarXiv:2004.11410, 2020.

Judea PearHeuristics:intelligentsearctstrategiesor computemproblemsolving. Addison-Wesley
Longman Publishing Co., Inc., 1984.

Karl Pertsch, Oleh Rybkin, Frederik Ebert, Shenghao Zhou, Dinesh Jayaraman, Chelsea Finn,
and Sergey Levine. Long-horizon visual planning with goal-conditioned hierarchical pre-
dictors. In Hugo Larochelle, Marc'Aurelio Ranzato, Raia Hadsell, Maria-Florina Bal-
can, and Hsuan-Tien Lin (eds.pdvancesin Neural Information ProcessingSystems33:
Annual Conferenceon NeuralInformation Processingsystems2020, NeurlPS2020, December
6-12,2020,virtual, 2020a. URLhttps://proceedings.neurips. cc/paper/2020/
hash/c8d3a760ebab631565f8509d84b3b3f1-Abstract.html

Karl Pertsch, Oleh Rybkin, Jingyun Yang, Shenghao Zhou, Konstantinos G. Derpanis, Kostas Dani-
ilidis, Joseph J. Lim, and Andrew Jaegle. Keyframing the future: Keyframe discovery for visual
prediction and planning. In Alexandre M. Bayen, Ali Jadbabaie, George J. Pappas, Pablo A. Par-
rilo, Benjamin Recht, Claire J. Tomlin, and Melanie N. Zeilinger (ed2thceedingsf the 2nd
AnnualConferencen Learningfor DynamicsandControl,L4DC 2020,0nline Event,Berkeley,

CA, USA, 11-12June2020, volume 120 dProceedingsf MachineLearningResearch, pp. 969—
979. PMLR, 2020b. URLhttp://proceedings.mir.press/v120/pertsch20a.
html .

Stanislas Polu and llya Sutskever. Generative language modeling for automated theorem proving.
arXiv preprintarXiv:2009.03393, 2020.

Silvia Richter and Matthias Westphal. The lama planner: Guiding cost-based anytime planning with
landmarks Journalof Arti cial IntelligenceResearch, 39:127-177, 2010.

Stuart Russell and Peter Norvig. Arti cial intelligence: A modern approach. ed. 3. 2010.

Nikolay Savinov, Alexey Dosovitskiy, and Vladlen Koltun. Semi-parametric topological memory for
navigation. In6th InternationalConferencen LearningRepresentation$CLR 2018,Vancouver,
BC, CanadaApril 30 - May 3, 2018, Conferencelrack Proceedings. OpenReview.net, 2018.
URL https://openreview.net/forum?id=SygwwGbRW

Julian Schrittwieser, loannis Antonoglou, Thomas Hubert, Karen Simonyan, Laurent Sifre, Simon
Schmitt, Arthur Guez, Edward Lockhart, Demis Hassabis, Thore Graepel, Timothy P. Lillicrap,
and David Silver. Mastering atari, go, chess and shogi by planning with a learned rAoxis,
abs/1911.08265, 2019.

12



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

David Silver, Thomas Hubert, Julian Schrittwieser, loannis Antonoglou, Matthew Lai, Arthur Guez,
Marc Lanctot, Laurent Sifre, Dharshan Kumaran, Thore Graepel, Timothy P. Lillicrap, Karen
Simonyan, and Demis Hassabis. Mastering chess and shogi by self-play with a general reinforce-
ment learning algorithmArXiv, abs/1712.01815, 2017.

Jane X Wang, Zeb Kurth-Nelson, Dhruva Tirumala, Hubert Soyer, Joel Z Leibo, Remi Munos,
Charles Blundell, Dharshan Kumaran, and Matt Botvinick. Learning to reinforcement learn.
arXiv preprintarXiv:1611.05763, 2016.

Yuhuai Wu, Albert Q. Jiang, Jimmy Ba, and Roger Baker Grosse. INT: an inequality benchmark
for evaluating generalization in theorem proving. dih InternationalConferenceon Learning
Representation$CLR 2021 Virtual Event,Austria,May 3-7,2021. OpenReview.net, 2021. URL
https://openreview.net/forum?id=0O6LPudowNQm

Tianhe Yu, Deirdre Quillen, Zhanpeng He, Ryan Julian, Karol Hausman, Chelsea Finn, and Sergey
Levine. Meta-world: A benchmark and evaluation for multi-task and meta reinforcement learning.
In Conferenceonrobotlearning, pp. 1094-1100. PMLR, 2020.

Lunjun Zhang, Ge Yang, and Bradly C. Stadie. World model as a graph: Learning latent land-
marks for planningCoRR, abs/2011.12491, 2020. URttps://arxiv.org/abs/2011.
12491 .

13



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

A LOW-LEVEL PATH FUNCTION

The low-level path function (see LL_PATH, Algorithm 4) computes a path from the starting state
to the goal state in the environment using low-level actions. However, it not only responsible for re-
turning the path but also for checking false positive errors of the veri er. Speci cally, the veri er can
accept an unreachable state in Algorithm 3 and then wrongly include it in the solution path. Thus,
LL_PATH has to construct a low-level path and con rm that every step on the way is achievable.

Algorithm 4 Low-level path

function LL_PATH(s; parents )
. parents is the dictionary of parent nodes in the subgoal tree. (8,8arents means that
C is a subgoal for state S

path ]
while s in parents :KEYS() do
subgoal _path  GET_PATH(parents [s];s) . see Algorithm 2.

. In practice, to reduce the number of neural network calls, we cache
. the results of th&ET_PATHalls in Alg 1 and reterive them here.
if subgoal path =[] then return False . mistake of the veri er
path  concatenate (subgoal path;path)
s parents [s]

return path
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B TRAINING DETAILS

B.1 ARCHITECTURES

INT and Rubik's cube. All components of AdaSubS utilize the same architecture. Speci cally, we
used mBart, a transformer from the HuggingFace library (see (Liu et al., 2020b)). To make training
of the model and the inference faster we reduced the number of parameters: we used 45M learned
parameters instead of 680M in the original implementation. We used 6 layers of encoder and 6 layers
of decoder. The dimension of the model was set to 512 and the number of attention heads to 8. We
adjusted the size of the inner layer of position-wise fully connected to 2048. During the inference,
we used beam search with width 16 for INT and width 32 for Rubik's Cube. Our implementation of
the model follows (Czechowski et al., 2021, Appendix B.1)

Sokoban We used four convolutional neural networks: the subgoal generator, conditional low-
level policy, value, and the veri er. They all share the same architecture with a different last layer,
depending on the type of output. Each model had 7 convolutional layers with kernel size (3,3)
and 64 channels. Conditional low-level policy and veri er need two Sokoban boards as an input,
so for these networks we concatenate them (across the last, depth dimension) and we treat two
boards as one tensor. For the value function on top of a stack of convolutional layers there is a fully
connected layer with 150 outputs representing 150 distances to the goal or. CLLP has analogous
nal layers with the one exception that there are only two classes: determining whether it is possible
to reach a subgoal by CLLP or not. The network used for generatiing subgoals returns two outputs:
distribution over possible modi cations of a given state, and prediction whether a modi ed state is

a good subgoal. The rst output is obtained with a fully connected layer, the second with global
average pooling followed by a fully connected layer. Generation of a single subgoal is realised as
a sequence of calls to this network. We start from a given state and iteratively apply modi cations
with high probability assigned by the rst head of the network, until the second head predict that no
more iterations are needed. (see also Appendix G.1)

B.2 TRAINING PIPELINE

To ensure a fair comparison with (Czechowski et al., 2021) we followed their settings for a training
pipeline.

INT and Rubik's Cube. To train the models we used the training pipeline from the HuggingFace
library (Liu et al., 2020b). We trained our models from scratch without using any pretrained check-
points. The size of the training batch was 32, the dropout was set to 0.1, and there was no label
smoothing. We used the Adam optimizer with the following parameteys= 0:9, , = 0:999

=10 &, We applied the warm-up learning schedule with 4000 warm-up steps and a peak learning
rate of3 10 4. For inference in INT, we used temperature 1 and for Rubik's Cube to 0.5 (the
optimal value was chosen experimentally).

Sokoban To train of all networks we used a supervised setting with learningl@té and trained
for 200epochs. We used the Adam optimizer with=0:9, , =0:999and =10 ’

B.3 DATASETS

For dataset used to train all the network see Appendix D.
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C COMPUTATIONAL BUDGET ANALYSIS

The default metric of the graph size that we use for comparisons counts all the states visited during
the search, both high-level subgoals and intermediate states passed by the CLLP. Itis a good estimate
of the number of steps the algorithm takes to solve the given problem. For completeness, in this
section, we analyze the total number of calls to every learned component of the pipeline for AdaSubS
and the baseline kSubS.

Since all of the main components are deep neural networks, their evaluation time dominates the
computational budget. Tables 3, 2 and 4 present the average number of calls to each component in
1000test episodes, xed for all the methods. That indicates which component consumes the largest
part of the computational budget. The results are presented for different numbers of beams (see
Appendix G.1) used for sampling predictions from the subgoal generators, the only component that
outputs a set of predictions. The default number of beams was 16 for Sokoban and INT, and 32 for
the Rubik's Cube (see Appendix F for the complete list of the parameters).

As the tables show, not only does AdaSubS solve more problems within smaller search graphs but
also calls each component fewer times, which results in faster inference.

In the Rubik's Cube, the calls to the generators dominate the computations. However, when using
smaller beams, this number can be signi cantly reduced while preserving the high success rate.
In all the environments, AdaSubs is less sensitive to reducing the number of beams than kSubS
in terms of performance. This is the case since in AdaSubS every single generator creates fewer
subgoal candidates (see Tables 7-9), and thus it does not require a wide beam search. Therefore, by
reducing the number of beams, AdaSubS can provide strong results within a much shorter time.

In Rubik's Cube and Sokoban, using the veri er in AdaSubS signi cantly reduces the number of
calls to the low-level policy. However, in INT this is not the case. In most cases when kSubsS fails
to nd a solution, at some point it cannot create any valid subgoal, and thus the search ends early.
AdaSubS does not suffer from this issue, since it uses more generators. Thus, it counts the calls even
from hard instances that require much larger graphs.

As shown in Table 5, if we count the calls only for the tasks solved by both methods, AdaSubS
provides an advantage. Therefore, AdaSubS indeed provides better results within a smaller compu-
tational budget compared to kSubsS.

Environment | Rubik's Cube

Variant kSubS kSubS | AdaSubS AdaSubS AdaSubS AdaSubS
(32 beams) (4 beams§32 beams) (8 beams) (4 beams) (2 beams)
Success rate 988 971 99:2 992 99 985

Generator calls 6085 852 8872 2205 1244 680

Veri er calls 0 0 277 275 311 340
Policy calls 1330 1526 352 350 395 446
Value calls 259 285 163 162 181 197
Total calls 7675 2664 9666 2994 2133 1665
Wall-time 86:3sec 499sec| 96.1sec 492sec 47.3sec 37:3sec

Table 2:Comparison of the average number of calls to the generator, veri er, policy, and value networks for
different numbers of beams (width of beam search in subgoal generation)) and the average wall time. Results
were obtained using xed000instances of Rubik's Cube

C.1 MEMORY USAGE

AdaSubs keeps track of the search tree composed of high-level nodes. Thus, the amount of required
memory grows linearly with the search budget. However, if we use longer subgoals, the tree is
sparse because we do not store the nodes visited by the low-level policy.

Note that the BestFS baseline, which uses only low-level steps, usually requires much larger memory
because it must record every step. In practice, when evaluating the BestFS baseline in the INT
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environment, we often had problems with experiments crashing because of exceeding the memory
limit on the machine. We never observed similar issues when running AdaSubS.

Environment | Sokoban
Variant kSubS kSubS kSubS| AdaSubS AdaSubS AdaSubS
(16 beams) (8 beams) (4 beamg)6 beams) (8 beams) (4 beams)
Success rate 84:4 846 823 94 94 941
Generator calls 2500 1281 746 3389 1692 848
Veri er calls 0 0 0 211 211 212
Policy calls 4576 4693 5554 248 247 247
Value calls 183 187 216 82 82 82
Total calls 7260 6161 6301 3931 2233 1391
Wall-time 487 sec 36.6sec 336 54.4 393 sec 30:6 sec

Table 3: Comparison of the average number of calls to generator, veri er, policy, and value networks for
different number of beams (width of beam search in subgoal generation)) and the average wall-time. Results
were obtained using xed000instances of Sokoban

Environment | INT

Variant kSubS kSubS | AdaSubS AdaSubS AdaSubS
(16 beams) (4 beams}16 beams) (8 beams) (4 beams)

Success rate 90.7 897 96 96 953

Generator calls 107 260 362 166 763

\eri er calls 0 0 679 622 572

Policy calls 378 366 801 738 659

Value calls 6:9 6.6 14.0 130 119

Total calls 492 399 1245 974 805

Wall-time 153sec 121sec| 438sec 31:9sec 311sec

Table 4: Comparison of the average number of calls to generator, veri er, policy, and value networks for
different number of beams (width of beam search in subgoal generation)) and the average wall-time. Results
were obtained using xed000instances of INT problems.

Environment | INT
Variant | kSubS AdaSubS
Generator calls 93:4 102
Veri er calls 0 19

Policy calls 328 300
Value calls 6:2 5.6

Total calls | 428 427

Table 5: Comparison of the average number of calls to generator, veri er, policy, and value networks for
problems solved by both methods for INT environment.
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D DATASETS AND DATA PROCESSING

Sokoban To collect of ine data for Sokoban we used an MCTS-based RL agent from §Mt al.,
2019). In effect, the dataset consisted of all successful trajectories obtained by thel&g€@0
trajectories for 12x12 boards with four boxes. We 15& of states from each trajectory to create
the training datasdd. We performed the split of datasbBtinto two parts of equal sizeD; and

D,. The former was used to train the subgoal generators and conditional low-level policy, while
the latter was used to train the veri er network. This split mitigates the possibility of the veri er's
over-optimism concerning the probability of achieving subgoals by CLLP.

INT . We represent both states and actions as strings. For states, we used an internal INT tool for such
representation. For actions, we concatenate one token representing the axiom and the arguments for
this axiom (tokenized mathematical expressions) following (Czechowski et al., 2021).

To generate the dataset of successful trajectories we used the con gurable generator of inequalities
from the INT benchmark (see (Wu et al., 2021)). We adjusted it to construct trajectories of length
15 with all available axioms. The dataset used for our experiments consi2ed &f trajectories.

Rubik's Cube. To construct a single successful trajectory we performed 20 random permutations on
an initially solved Rubik's Cube and took the reverse of this sequence, replacing each move with its
reverse. Using this procedure we collectéd trajectories. Such solutions are usually sub-optimal,
since random moves are not guaranteed to increase the distance from the solution. They can even
make loops in the trajectories.

D.1 DATASET FOR VERIFIER

The veri er answers the question of whether a given subgoal is reachable by the CLLP. Thus, the
dataset for training this component cannot be simply extracted from the of ine trajectories.

To get the training samples for the Rubik's Cube and INT, we run AdaSubS without the veri er. In
other words, we sdty; = 1 andt|, = 0, which essentially means that the reachability of all the
subgoal candidates is checked solely by CLLP. During the searching, the generators create subgoal
candidates, which are then veri ed by CLLP. Therefore, after working on some problem instances,
we obtain a reach dataset of valid and not valid subgoals, marked by CLLP.

For the experiments in Sokoban, the limitation of the size of the of ine dataset is an important factor

for the nal performance. Therefore, to ensure a fair comparison of AdaSubS with baselines, we do
not generate additional solutions. Instead, we split the dataset as described ab@eantbD,

and used onh\D, to generate data for the veri er. From every trajectoryDp, we sample some

root states. For every such state, we use the subgoal generators to predict subgoal candidates. Then,
CLLP checks the validity of each of them and we include them in the veri er training dataset.

After collection, it is essential to balance the dataset. Easy instances with short solutions provide
fewer datapoints than hard tasks that require a deep search. Thus, it may happen that a substantial
fraction of data collected this way comes from a single instance, reducing the diversity of the dataset.
We have observed such issues, particularly in the INT environment. To prevent this, during the
collection of the data for INT, we limit the datapoints that can be collected from a single problem
instance to at most 100. This way, we collected atiout(® training samples for the veri er for

each domain.
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E BASELINES

As baselines, we use BestFS and BF-kSubsS.

BestFSis a well-known class of search algorithms (includiag), which, among others, performs
well on problems with high combinatorial complexity (Pearl, 1984), achieves state-of-the-art results
in theorem proving (Polu & Sutskever, 2020), and strong results on Rubik's Cube (Agostinelli et al.,
2019; Czechowski et al., 2021).

Similarly to AdaSubsS, BestFS iteratively expands the graph of visited states by choosing nodes with

the highest value and adding its children to the priority queue. However, instead of using children

from the subgoal tree, it uses direct neighbors in the environment space. In other words, we use a

single policy network to generate neighbor subgoals in the distance of 1 action from a given node

and treat it as a new subgoal. One can implement BestFS by replacing the call to a subgoal generator
k in Algorithm 1 with grs .

The implementation of g differs slightly between environments. In Rubik's Cubggs for

each action estimates the probability that it leads to the solution. In every iteration, we take the top
3 predictions. In Sokoban, we use the same training objective, but instead of taking a xed number
of actions, we take the smallest subset of actions with estimated probabilities summing to at least
98% For INT, we use beam search to generate high-probability actions. This is necessary since in
INT the actions are represented as sequences.

Algorithm 5 BestFS
Requires: \% value function network

BFS policy
SOLVED predicate of solution

function SOLVE(S)

T ; . priority queue
parents fg

T.PUSH(V (S0); S0)) |
seen:ADD(Sy) . seenis aset

while 0 < LEN(T) andLEN(seen) < C, do
;S T:EXTRACT_MAX()
actions BFs (S)
for ain actions do
s® ENV_STERS;a)
if s%in seenthen
continue
if notis_vALID (s;s9 then
continue
seen:ADD(s?)
parents [s] s
T:pusH(V(s9:s9)
if soLvED(sY) then
return LL_PATH(s® parents )
. get low-level path, see Alg. 4

return False

BF-kSubSis the rst, according to our knowledge, general learned hierarchical planning algorithm
shown to work on complex reasoning domains (Czechowski et al., 2021), attaining strong results
on Sokoban and Rubik's Cube and state-of-the-art results on INT. BF-kSubS is a special case of
AdaSubsS with the following hyperparameters choice: a single subgoal generator and inactive veri er
(witht), =0 andt = 1) in Algorithm 3).
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F HYPERPARAMETERS

Environment | Sokoban| Rubik's Cube| INT
learning rate 10 4 3 104 3104
learning rate warmup steps 4000 4000
batch size 32 32 32
kernel size [3, 3] - -
weight decay 10 4 - -
dropout 0.1 0.1
Table 6:Hyperparameters used for training.
Environment \ Sokoban
Method | kKSubS  MixSubS  AdaSub@urs)
number of subgoals 4 1 1
number of beams 16 16 16
beam search temperature 1 1 1
k-generators 8 [8, 4, 2] [8, 4, 2]
number of steps to checkf) 10 [10, 6, 4] [10, 6, 4]
max steps in solution check - 18 18
max nodes in search tre€4) 5000 5000 5000
acceptance threshold of veri et{) - 0.99 0.99
rejection threshold of veri ert(,) - 0.1 0.1

Table 7:Hyperparameters used for evaluation in the Sokoban environment.

Environment

\ the Rubik's Cube

Method

| kSubS  MixSubS  AdaSuburs)

number of subgoals

number of beams

beam search temperature
k-generators

number of steps to check§)

max steps in solution check

max nodes in search tre€)
acceptance threshold of veri eti{)
rejection threshold of veri ert(y)

3 1 1
32 32 32
0.5 0.5 0.5

4 [4, 3] [4, 3, 2]
4 [4, 3] [4, 3, 2]
) 4 4
5000 5000 5000
- 0.995 0.995
- 0.0005 0.0005

Table 8:Hyperparameters used for evaluation in the Rubik's Cube environment.

Most of the hyperparameters, both for training and evaluation, are either default or have little impact
on the performance of the algorithms. The values are in line with (Czechowski et al., 2021), which

ensures fair comparison.

The paramete€; (see Algorithm 1) controls the number of high-level nodes in the search tree. Itis
lower than the actual graph size that we use for comparisons since it counts neither the intermediate
states visited by CLLP nor the subgoals that turned out to be invalid. That hyperparameter was
chosen to enable all the algorithms evaluated to reach the graph size values used for comparison in

Figure 2 and others in Section 4.

F.1 TUNING THE HYPERPARAMETERS

The most important training hyperparameter that has to be tuned is the learning rate. To do this,
we compared the prediction accuracy for ten training runs corresponding to ten learning rates in

20



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

Environment \ INT

Method | kSubS  MixSubS  AdaSubgurs)
number of subgoals 4 2 3
number of beams 16 16 16
beam search temperature 1 1 1
k-generators 3 [3,2,1] [3,2,1]
number of steps to checkcf) 3 [3,2,1] [3,2,1]
max steps in solution check - 5 5
max nodes in search tre€4) 400 400 400
acceptance threshold of veri etif) - 1 1
rejection threshold of veri ert{y) - 0.1 0.1

Table 9:Hyperparameters used for evaluation in the INT environment.

the rangd10 °;10 3]. We shared the training hyperparameters across all the components for each
environment, as they share the same network architecture.

In evaluation, the most important hyperparameter of AdaSubsS is the kegarferators. To select

the set for Sokoban, we started with small valuek @.g., 1 or 2) and increas&dmultiplicatively,

doubling it as long as the new set of generators performed better. We used a similar procedure
in Rubik's Cube and INT, but due to the bounds on the optimal path length (at26cstd 15,
respectively), we increasddadditively (incrementink by one). This way, we have choskn=

[8; 4; 2] for Sokobank = [4; 3; 2] for Rubik's Cube, andk = [3;2; 1] for INT. When evaluating a

set of generators, we also need to set the number of subgoals each generator should output. Thus,
each time we tried three different valuéd42; 3g for Rubik's Cube and Sokobah?; 3; 4g for INT)

and used the one that resulted in the highest success rate. We ran the evaluationifiglias to

tune that parameter. The other parameters have rather minor impact on the results, and thus we did
not tune them extensively.

For kSubS, we took the valuesloiised in (Czechowski et al., 2021) for Rubik's Cube and INT. For
Sokoban, we usk = 8 since it outperform& = 4 proposed in this work.

In the case of the veri er thresholds, we want high precision and high recall (see discussion in
Section 4.5). While "loose" thresholds increase the processing speed, "tight" thresholds usually
result in higher solved rates. To solve this trade-off, we propose to set the thresholds giving roughly
99%recall for the lower threshold ar@®% precision for the upper. After estimating the parameters

of the veri ers, it turned out that in the case of Sokoban, Rubik's Cube, and INT, the thresholds
should be in the interval®; 0:1] and[0:9; 1] The nal values were determined by running a grid
search over ve values in each interval. That required running the evaluation 2btintes. Note

that since the veri er is used to increase the processing speed, it is enough to tune the thresholds
only for the nal version of the pipeline.

We train INT and Rubik's Cube components on a single GPU for about three days. The components
for Sokoban are trained on CPUs for about a day. The evaluations in all the environments were
also performed on CPU nodes. See Appendix J for the details of the actual infrastructure used in
this project. Therefore, to properly tune the parameters, requires ten training runs on GPU and 40
evaluations on CPU nodes for each environment.
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G COMPONENTS OFADASUBS

G.1 SUBGOAL GENERATORS

The main purpose of the subgoal generator is to propose subgoal candidates in every iteration of the
planner loop. That is, given the current statef the environment it should output other states that
are a few steps closer to gaal

a trajectory that leads to the gagl. For every stata; we train thek-generator network to output

the states;. x, exactlyk steps ahead. Provided with a dataset of trajectories, this is a supervised
objective. Clearly, a state that kissteps ahead does not need to be exdctiyyeps closer to the
solution, especially if the trajectories include noise or exploration. However, it is guaranteed to be
at mostk steps closer, which enables reliable limits to be set for checking reachability.

In a simple approactk is a hyperparameter that needs to be xed, as proposed by (Czechowski
et al., 2021). However, this is a strong limitation if the environment exhibits a variable complex-
ity problem. Therefore, AdaSubsS instead uses a set of generators, trained for different values of
k. This way, the planner can adjust the expansion to match the local complexity of the problem.
Additionally, training a set of generators can be easily parallelized.

For our generators, we use the transformer architecture. The input state is encoded as a sequence
of tokens, as described in (Czechowski et al., 2021, Appendix C). The network produces another
sequence of tokens on the output, which is then decoded to a subgoal state. The output sequence
is optimized for the highest joint probability with beam search: the consecutive tokens are sampled
iteratively and a xed number of locally best sequences passes to the next iteration. This way, the
generator enables sampling of a diverse set of subgoals by adjusting the beam width and sampling
temperature. The exact number of the subgoals that the generators output are given in Appendix F.

As noted in Section 3.1, for the Sokoban environment instead of transformers we use simple con-
volutional networks. In this domain, the subgoal is created by a sequence of changes to the input
state. The generator network is trained to predict the probability of changing every pixel. Then, the
subgoals are obtained as a sequence of modi cations that maximize joint probability. For simplicity,
in AdaSubS we use beam search for all domains, including Sokoban.

During the inference, the generators output a limited set of subgoals to explore. Thus, if the genera-
tors are not trained well enough, even with an in nite computational budget, the search may fail to
nd a solution to the given problem, even if one exists. However, with a slight modi cation, Ada-
SubS can be guaranteed to nd a solution to any given problem (or correctly report that the solution
does not exist). We achieve that by adding an exhaustive single-step policy as the last generator. It
would populate an empty queue with all children of the highest valued but not yet expanded node.
Note that such a modi cation never decreases the score since the dummy generator is only used
when a search is about to fail. In practice, this type of modi cation is not necessary to obtain strong
results.

G.2 CONDITIONAL LOW-LEVEL POLICY (CLLP)

If we want to add a subgoal candidate to our search tree, we need to check whether it is reachable
from the current state. This can be done using CLLP — a mapping that given a state and a subgoal
produces a sequence of actions that connects those con gurations, or claims that there is no such
con guration. Speci cally, the policy network, given the state and subgoal, iteratively selects the
best action and executes it until the subgoal is reached or a threshold number of steps is exceeded,
as shown in Algorithm 2.

CLLP is trained to imitate the policy that collected the training data. For every pair of sfages
that are located at mosdtsteps from each other, it is trained to predict actipntaken in states; .
Such action may not be optimal but usually it leads closey tdl'he thresholdi controls the range
of the policy, as it is trained to connect states that are at ohestps away. Thus, it is essential to
set the hyperparametdito a value that is greater than the distances of all the generators used.
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Itis essential that the policy can successfully reach the correct subgoals, as it is a necessary condition
for adding them to the search tree. The training metrics show that in all our environments the policy
can reach more tha&®b% of correct subgoals. This percentage is even higher for short distances.

G.3 VERIFIER

To check whether &-subgoal is reachable with the conditional policy, we need to call it up to
times. If we decide to use generators with long horizons, it becomes a signi cant computational
cost. To mitigate this issue, we use the veri er that estimates the validity of a subgoal candidate
in a single call. During the search, the generated subgoal candidates are evaluated by the veri er.
For each of them, it estimates whether they are valid and outputs its con dence. If the returned
con dence exceeds a xed threshold, we do not run the costly check with the conditional policy. We
perform such a check only in case the veri er is uncertain (see Algorithm 3).

At the end of the search, when a solving trajectory is found, we need to nd the paths between all
the pairs of consecutive subgoals that were omitted due to the veri er (see Algorithm 4). Since the
length of the nal trajectory is usually much smaller than the search tree, that nal check requires
much less computations.

It should be noted that the veri er estimates validity with respect to the conditional policy that is
used. In case a valid subgoal is generated but the policy cannot reach it for some reason, it cannot be
used to build the search tree anyway, for no solution that uses it can be generated in the nal phase.
Thus, the veri er should be trained to predict whether the CLLP that is used can reach the subgoal,
rather than whether it is reachable by an optimal policy.

To train the veri er, we run our pipeline on some problem instances. All the subgoals created by
the generators are validated with CLLP. This way, eventually we obtain a dataset of reachable and
unreachable subgoal candidates. We train the veri er network to t that data. Unlike the other
components, training the veri er does not require access to any trajectories, only to a humber of
problem instances.

G.4 VALUE FUNCTION.

The value functiorv : S ! R estimates the negative distance between the currentstate
the goal statg. During the search, this information is used to select the most promising nodes to

for a simple training objective but any value function can be used in the algorithm.

G.5 QUALITY OF ADASUBS COMPONENTS

The effectiveness of AdaSubS depends on the quality of
its trainable components: below we present an analysis of
generators and veri ers.

Generator: k trade-off. The quality of generators dete-

riorates wherk is increased. In Sokoban, nea®p%

of subgoals created with th&generator are valid (ac-

cording to CLLP). However at the same time for tt&

generator, this gure drops t80% Similarly, in Rubik's

Cube, abouB2%of subgoals proposed by thegenerator

are valid, while the3-generator has oved39% accuracy.

On the other hand, longer distances are bene cial to the

search as they make it possible to build sparser seakdgure 4. Comparison of success rates
trees and achieve a solution faster. It turns out that ttes different subgoal generators for
optimal choice ok depends on the search budget. It paygpkoban. AdaSub&-describes using a
to be optimistic (i.e., choose long distances) for smaiingle generator with distanée

budgets, while more prudent choices have the upper hand

when more compute is available. Crucially, AdaSubS with multiple generators successfully resolves
the trade-off, outperforming every single generator, see Figure 4.
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Veri er: precision and recall For each subgoal, the veri er outputs a classi cation probabibity

which is used to accept the subgoalif> ty;), reject the subgoal (ip < t|,) or to pass to the
further veri cation (if p 2 [tio; thi ]) by CLLP. For the acceptance task, we require high precision, as
one false positive can lead to the failure of the whole search procedure. This leads to a high value
for the corresponding parametgr (e.g. for Sokobany,; = 0:99, which corresponds to a precision

rate of97%). For the rejection task, we do not wish to reject true positives. In other words, we aim
for high recall. In this case, errors usually increase the search cost; the corresponding parameter

is set tot;, = 0:1 for Sokoban (this gives the recall 80%). Additionally, for the veri er to be

useful, we need to avoid passing subgoals to the further veri cati@n[t|, ; ty; ]. It turns out that

for the thresholds selected, the veri er is able to as3@84 states without the assistance of CLLP.

G.6 ADAPTIVE SUBGOAL SEARCH FLOWCHART
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H DEVELOPING ADAPTIVE SEARCH METHODS

There are many natural ways to incorporate adaptivity into the subgoal search pipeline. We exper-
imented with several designs to nd one that gives strong results in any domain. Here we provide
a detailed description of all the variants tested and the numerical results of their evaluation in our
environments. Their implementations can be found in Section H.2.

An adaptive algorithm should adjust the complexity of the proposed subgoals to the local complexity
of the environment in the neighbourhood of the processed state. This can be realized using the
following two approaches:

» Use an adaptive planner that provides a liskajenerators, the most promising node in
every step selects and a generator to expand it.

» Use an adaptive subgoal generator that instead of proposing xed-distance subgoals learns
to automatically adjust the distance.

H.1 ADAPTIVE PLANNERS

When implementing adaptivity with the planner, we need to specify a lisk-generators

koi'i' kn - IN every iteration, the algorithm will select a node to expand and generators from
the list that will create the new subgoals. This way, it can directly control the complexity of the
subgoals and adapt to the current state and progress of the search.

MixSubS. Given a list of trainek-generators, a simple approach is to call all of them each time a
node is expanded. In every iteration, we choose the node with the highest value in the tree and add
subgoals proposed by each generaigrto ,, . See Algorithm 6 for the implementation.

Observe that in the easy areas of the environment the search will progress fast, since the furthest
subgoal will most likely have the highest value, so it will be chosen as the next node to expand.
On the other hand, in the hard parts the shortest generators are more likely to provide subgoals that
advance towards the target at least a step.

This method already achieve superior results compared to single generators, both on small and large
budget. In the Rubik environment, it even reaci€8% solved cubes. MixSubS provides the
advantage of planning with different horizons, but at the same time, it produces many unnecessary
nodes in the easy areas, while taking only long steps is suf cient to solve the task. Additionally, one
may want to prioritize the generators that perform better, which cannot be done with this method.

Iterative mixing. In this approach, we specify a number of iteratiGnf®r each generatory, . We

use i, to expand the highest-valued nodes in the lggiterations. Then, we usg, to expand

the best nodes in the following iterations and the procedure follows for the consecutive genera-
tors. After nishing with the last one, we start again from the beginning. See Algorithm 7 for the
implementation.

This algorithm offers the exibility of specifying the exact number of iterations for each genera-
tor, which forms an explicit prioritization. It can resemble some of the listed algorithms for care-
fully chosenl;. However, tuning the number of iterations requires much more effort than the other
parameter-free algorithms do. Therefore, we experimented with another two mixing approaches that
select the generator automatically in every iteration.

Strongest- rst. Another natural implementation of the planner is to choose the node with the high-
est value and expand it with the longest generator that was not used there yet. See Algorithm 8 for
the implementation. While this greedy approach maintain clear advantage over single generators, it
is outperformed by most of the mixing methods, even the simple mixes. We hypothesize that this
method is more sensitive to the errors of the value function — if the search enters an area that the
value function estimates too optimistically, it spends too much time trying to exploit it.

Longest- rst (used by AdaSubS).This method in every iteration selects the longest generator that
has at least one node to expand and highest-valued node for that generator in the queue. This way,
it explicitly prioritizes using the longest generators and turns to the shorter only when the search
is stuck. See Algorithm 9 for the implementation. As shown in the tables below, this method
outperforms all other designs, in all the environments and within all budget constraints. It prioritizes

25



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

the better generators, but does not require any additional hyperparameters to by speci ed. Therefore,

we consider it the best mixing algorithm and use in AdaSubS as the default planner.

H.2 ADAPTIVE PLANNERS IMPLEMENTATIONS

In this section we provide the implementations of the planners. The lines highlighted in blue indicate
the differences with the AdaSubS code. All the methods require specifying the list of generators

Algorithm 6 MixSubS

Algorithm 7 Iterative mixing

function SOLVE(So)

parents fg
T.PUSH(V (So); So))
seen:ADD(So)
while 0 < LEN(T) andLEN(seen) < C; do
;S T:EXTRACT_MAX()
subgoals f . (S);::) Kk (S)Q
for s%in subgoals do
if s°in seenthen continue
if notis_vALID (s;s% then
continue
seen:ADD(s?)
parents [sY s
T:PUsH(V (s9;sY)
if soLveD(s?) then
return LL_PATH(s® parents )

return False

. priority queue

function SOLVE(So)

Tki )
parents fg

.m +1 priority queues

Tk-PUSH((V (S0); S0))
seen:ADD(So)
cnt 0 . lterations counter
id 0 . Current generator id
while 0 < LEN(T) andLEN(seen) < C do
if cnt = lig or LEN(Tk, ) =0 then
id (id +1)%(m + 1), cnt 0
cnt cnt +1
;S Ty :EXTRACT_MAX()
subgoals kig ()
for s%in subgoals do
if s%in seenthen continue
if notis_vALID (s;s° then
continue
seen:ADD(s?)
parents [sY s

TkZPUSI-.(.(.V(SO); s%)
if soLveD(s?) then
return LL_PATH(s® parents )

return False

Algorithm 8 Strongest- rst

function SOLVE(So)
T ; . priority queue with lexicographic order T ;

Algorithm 9 Longest- rst

function SOLVE(So)
. priority queue with lexicographic order

parents fg
for kinko;:::;km do
T.PUSH((V (S0); k); S0))
seen:ADD(So)
while 0 < LEN(T) andLEN(seen) < C; do
(k);s  T:EXTRACT_MAX()
subgoals k(S)
for s%in subgoals do
if s°in seenthen continue
if notis_vALID (s;s% then
continue
seen:ADD(s?)
parents [sY s

T:PUSH(V (59: k); 59)
if soLven(s?) then
return LL_PATH(s®, parents )
return False

parents fg
for kinko;:::;km do
T.PUSH(((K; V (S0)); S0))
seen:ADD(Sp)
while 0 < LEN(T) andLEN(seen) < C do
(k;);s  T:EXTRACT_MAX()
subgoals k(S)
for s%in subgoals do
if s°in seen then continue
if notis_vaLID (s;s% then
continue
seen:ADD(s?)
parents [sY s

TiPUsH((k:V (s9):%)
if soLveD(s?) then
return LL_PATH(s®, parents )

return False
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H.3 ADAPTIVE GENERATORS

A k-generator is trained to propose subgoals that should be ekastiyps ahead. However, instead
of matching a xed distance, it can opt for long subgoals when the next steps are clear and short
when dif culties appear, or both if it is not certain.

Implementing this idea requires changing the training of the generator. Given a training trajectory,
for each stats; we need to select the target stafg) that should be the output of the generator. We
tested a few methods that select this target.

Longest-reachabléWe use the low-level conditional policy to estimate the local complexity around
si. Speci cally, we chooss, ;) to be the furthest state on the trajectory such that it is reachable from
s; with the CLLP and so do all its predecessors. In other words, we check whether CLLP starting
in's; can reacls;+1 , Si+2 , etc. When we nd the rst state; that is not reachable, we g€t) to be

i L

Intuitively, this approach makes the generator learn to output subgoals as distant as possible, but
still reachable for CLLP. However, this way the targets are selected on the borderline of reachability,
which may lead to too hard subgoals in some cases.

Sampling-reachableTo make target state selection more robust, we modify reachability veri ca-
tion. Instead of greedily following the best action determined by CLLP probabilities, in every step
we sample the action. This way, we are more likely to take suboptimal actions, so the selected target
should be reachable with higher con dence.

Secondary-reachableAnother method of making more robust selection is to follow the action with

the lowest probability that exceeds a xed threshold, %4 Intuitively, we follow the action that

CLLP considers to be good, but is less certain than in the case of the highest-ranked. Therefore, a
subgoal reached in this way should be reachable with even higher con dence when following the
greedy actions.

Our experiments show that the adaptive generators trained according to those designs perform well
in the environments we consider. For instance, all the methods nearly r&x@% solve rate on
Sokoban. However, none of them provide better results than the kSubS baseline. Therefore in this
work we focus on planner-based adaptivity and leave tuning the adaptive generators pipeline for
future work.

H.4 BENCHMARKING RESULTS

Tables 10-12 show the numerical results achieved by the adaptive planners described in section H.1,
compared to baselines: BestFS and kSubS. For some of the methods a few variants are provided.
In each table, the longest- rst, strongest- rst and iterative mixing methods use the same set of
generators:[3; 2; 1] for INT, [4; 3; 2] for Rubik, and[8; 4; 2] for Sokoban. Our main algorithm,
Adaptive Subgoal Search, uses the longest- rst planner and the veri er network.
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INT

Small budget (50 nodes) Large budget (1000 nodes)
with veri er  without with verier  without

BestFS - 1:7% - 36:7%
k=4 2:2% 01% 824% 830%
KSubS k=3 4:0% 02% 896% 907%
k=2 2:1% 05% 898% 917%
k=1 0:0% 00% 347% 460%
k=[4,3,2] 0:0% 00% 946% 950%
MixSubS k=[3,2,1] 0:0% 00% 922% 929%
k=[3,2] 17:.0% 148% 922% 935%
iterations=[1,1,1] 320% 301% 87.0% 886%
Iterative mixing iterations=[10,1,1] 43.0% 448% 951% 960%
iterations=[4,2,1] 54:0% 521% 936% 955%
Strongest- rst 395% 408% 885% 898%
Longest- rst (AdaSubS) 59:0% 515% 957% 955%

Table 10:INT benchmark

Rubik
Small budget (400 nodes) Large budget (6000 nodes)
with verier  without with verier  without

BestFS - 0:0% - 1.8%
k=4 28:8% 245% 986% 988%
KSUbS k=3 19:3% 186% 956% 954%
k=2 8:2% 45% 990% 958%
k=1 0:5% 05% 765% 765%
MixSubS k=[4,3,2] 291% 209% 991% 1000%
k=[4,3] 49:1% 451% 992% 1000%
iterations=[1,1,1] 33.5% 230% 992% 1000%
Iterative mixing iterations=[10,1,1] 50:6% 436% 991% 999%
iterations=[4,2,1] 48.4% 412% 992% 1000%
Strongest- rst 334% 271% 990% 999%
Longest- rst (AdaSubS) 58:0% 524% 992% 1000%

Table 11:Rubik benchmark
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Sokoban

Small budget (100 nodes) Large budget (5000 nodes)
with verier  without with verier  without

BestFS - 45:.9% - 82:6%
k=16 137% 51% 605% 635%
KSUDS k=8 26:0% 47% 856% 844%
k=4 8:2% 26% 681% 655%
k=2 1:4% 07% 400% 383%
MixSUbS k=[8,4,2] 527% 377% 917% 902%
k=[16,8,4] 55:6% 449% 891% 890%
iterations=[1,1,1] 527% 377% 917% 902%
Iterative mixing iterations=[10,1,1] 68:3% 586% 925% 921%
iterations=[4,2,1] 64:5% 526% 935% 932%
Strongest- rst 54:6% 419% 920% 908%
Longest- rst (AdaSubS) 722% 634% 934% 936%

Table 12:Sokoban benchmark
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| OPTIMALITY OF SOLUTIONS FORSOKOBAN

We did an additional experiment for Sokoban: we used simple BFS to nd the optimal path, and
we compared its length with the outcome of AdaSubS. The results are as follows (tested on 600

Sokoban boards):

» For 7% of boards, AdaSubsS found the optimal solution.

» The average difference between the length of the AdaSubS solution and the optimal solu-
tion is 15 steps.

» On average, the AdaSubS solution is 38% longer than the optimal one.
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J INFRASTRUCTURE USED

We performed experiments using two types of hardware: with and without access to GPUs. In the
former, we used nodes equipped with a single Nvidia V32BGB card or Nvidia RTX 2080T11GB

card. Each such node had 4 CPU cores and 168GB of RAM. In the latter, we used nodes equipped
with Intel Xeon E5-2692:60GHz CPU with 28 cores antR8GB RAM.

Each transformer model was trained on a single GPU node for 3 days. Sokoban models were trained
on CPU nodes (due to the small size of the models).
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K OUT-OF-DISTRIBUTION ANALYSIS

In Rubik's Cube, we trained the generators on very short trajectories, obtained by applyiridonly
random moves to the ordered cube (that covers abod® con gurations, compared td 10

in total). Even with such limited data, AdaSubS succeeded in soB@8g of the fully scrambled
cubes we tested.

In Sokoban, we check that AdaSubsS trained on boards with 4 boxes can tackle instances with 5, 6,
and 7 boxes. Speci cally, it solve87%, 82% and74% of cases, respectively, while kSubS only
solves74%, 67%, and56%, respectively. The results are presented in Figure 5. Note that exactly
like in the case of INT, AdaSubS consistently has half the failure rate of that of kSubS on OOD
instances.

Figure 5:0ut-of-distribution performance of AdaSubS and kSubS for Sokoban boards with more boxes, with
budget of5000nodes. Both methods were trained on instances with 4 boxes. Error bars correspéftl to
con dence intervals.
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Abstract: A key limitation of learned robot control policies is their inability to
generalize outside their training data. Recent works on vision-language-action mod-
els (VLAs) have shown that the use of large, internet pre-trained vision-language
models as the backbone of learned robot policies can substantially improve their
robustness and generalization ability. Yet, one of the most exciting capabilities of
large vision-language models in other domains is their ability to reason iteratively
through complex problems. Can that same capability be brought into robotics
to allow policies to improve performance by reasoning about a given task before
acting? Naive use of “chain-of-thought” (CoT) style prompting is signi cantly less
effective with standard VLAs because of the relatively simple training examples
that are available to them. Additionally, the purely-semantic reasoning about sub-
tasks common to regular CoT is insuf cient for robot policies that need to ground
their reasoning in sensory observations and the robot state. To this end, we intro-
duce Embodied Chain-of-Thought Reasoning (ECoT) for VLAs, in which we train
VLAs to perform multiple steps of reasoning about plans, sub-tasks, motions, and
visually grounded features like object bounding boxes and end effector positions,
before predicting the robot action. We design a scalable pipeline for generating
synthetic training data for ECoT on large robot datasets. We demonstrate that ECoT
increases the absolute success rate of OpenVLA, the current strongest open-source
VLA policy, by 28% across challenging generalization tasks without any additional
robot training data. Additionally, ECoT makes it easier for humans to interpret
a policy's failures and correct its behavior interactively using natural language.
Finally, we show that our model learns to transfer ECoT reasonings to unseen
embodiments and tasks.

Keywords: Vision-Language-Action Models, Embodied Chain-of-Thought Rea-
soning

1 Introduction

Robotic policies trained end-to-end for outputting raw low-level actions in response to sensory
observations provide a powerful and appealing learning-based approach to robotic control, obviating
the need for complex sensing and control stacks, and processing complex observations into dexterous
low-level controls L, 2, 3]. However, this kind of “reactive” control is not necessarily the best choice

in settings that demand broad generalization, such as novel scenes or interactions with unfamiliar
objects. In such situations, a person might need to think more carefully — if they were asked to put
fruit on one plate and vegetables on another, they might rst try to gure out which objects are fruits
and which are vegetables, rather than simply performing a learned skill from “muscle memory.” In the
same way, we would like our robotic policies to both perform well-practiced end-to-end control, and

to “reason through” novel situations before grounding their commands into actions. Such reasoning
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might include identifying and locating task relevant objects, producing a plan to accomplish a task,
and translating sub-tasks and observations into movements.

Vision-language-action models (VLAS) — pre-trained vision-language models (VLMs) ne-tuned

to produce robot actions — have gained popularity as an approach for leveraging the diversity of
Internet data captured within large foundation mod4]sr{ a simple and scalable policy learning
recipe. Despite achieving state-of-the-art performance across a wide range of tasks and robot
embodimentsy, 6, 7], VLASs typically learn a direct mapping from observations to actions without any
intermediate reasoning. However, there have been many recent works exploring how language models
(which serve as the backbone of VLAS) can be prompted to textually “think step-by-step” about a
given task. Such chain-of-thought reasoning (C@[sjgni cantly improves their performance on
complex reasoning tasks and is now de-facto a standard practice in language md@jeling [

We thus hypothesize that we can similarly boost Regular VLA Policy VLA w/ Embodied
VLA performancg by training them tiextually User: Clean the sink. Chain-of-Thought
reasonabout their plan, environment, and mo- I User: Clean the sink.
. . pen :
tions, thereby allowing them_ to produce MOre 11,1 Grip] =& E——
accurate and robust robot actions. However, sim- Object bounding boxes: [
ply applying the CoT techniques from language LSl
modeling to the robotics domain faces several
challenges. For one, current VLAS build on rel- ' ]
atively small, open-source VLMs that cannot D
match closed models in their ability to perform
meaningful reasoning when simply prompted to CoT OpenVLA:
think step-by-stepd]. Additionally, the most LR L (3,2

. . Next Task: pick up carrot
common CoT reasoning in language models Next Move: move right
preakmg tasks into su_b-tasks, albeit helpful, is E—
insuf cient for reasoning about robotic tasks. &' *— px:!rcrp=E
The VLA policy needs to ground its plans and
reasoning in itobservation®f the environment P!

and robot state. Only then can the reasoning
direct the agent's attention toward ne-grained _ _
spatial or semantic perceptual features that drigure 1: We propose embodied chain-of-

key for solving robot manipulation tasks. Pufought reasoning for vision-language-action mod-
els (VLASs): prior VLAs directly predict the next

?Relyéﬂzg?‘?ogt ézrteofur}lc;t"only think care robot aqtipn giver_1 the taskeft), we instead train

' ' VLA policies to think “step-by-step”right). Cru-
To this end, we introducEmbodied Chain-of- cially, reasoning through low-level visual and em-
Thought Reasoning (ECoT)for VLA policies. bodied features like object bounding boxes and
In contrast to prior VLAs, embodied chain-ofgripper positions in addition to purely textual CoT
thought policies perform multiple steps of texélements like sub-task plans, forces the policy to

tual reasoning before predicting the next robgpinkEcaLefg!ly(; a(\:nd_li‘look carefully” before aﬁt' b
action (see , fight). In contrast to existing Ing. Embodied CoT reasoning increases the ab-

CoTr fin roaches for lan mod olute success rate of state-of-the-art OpenVLA
0 reasoning approaches for language modegsy;qia g [7] by 28% in challenging generalization
they interleave semantic-level reasoning ab

sub-tasks with “embodied” reasoning tasks that

require the policy to pay attention to its multi-modal inputs, from predicting bounding boxes of objects

in the scene to reasoning about low-level movement primitives that need to be executed based on the
current robot state. To enable the relatively weak LLM backbones of open-source VLAs to perform
such reasoning effectively, we design a scalable pipeline for synthetically generating embodied CoT
training data for large robot datasets. Concretely, we use powerful pre-trained open-vocabulary object
detectors and large language models to generate the reasoning supervision for our policies.

Our experiments show that by training state-of-the-art VLAs to perform multiple steps of reasoning
before action prediction, we can substantially boost their ability to perform challenging generalization
tasks. Our approach increases the absolute success rate of OpeFiyth& [current best-performing

open-source VLA policy, by 28% across a suite of robot manipulation tasks that involve generalization



to new objects, scenes, viewpoints, and instructions without any additional robot training data. Beyond
raw performance improvements, our experiments show that training VLAs with embodied CoT makes
policy failures more interpretable and allows humans to easily correct policy behavior by modifying
faulty reasoning chains via natural language feedback.

2 Related Work

Scaling robot learning. A long-standing goal of robot learning is to train policies that can gen-
eralize to a wide range of unstructured real-world environments. Towards this goal, recent works
have explored training “generalist robot policied0[ 11, 12, 13, 14, 15, 16, 17] on diverse robot
datasets18, 19, 10, 20, 21, 22, 23, 13, 14, 24, 15, 25, 6]. As a result of their diverse robot training
datasets, many of these policies can be prompted in natural language to solve various manipula-
tion tasks, and some generalist policies can even control multiple robot embodit&ris, [6].
Importantly, these works demonstrate that training robot policies on large and diverse datasets is a
promising approach towards improving policy robustness and generalization ability.

Vision-language models for robot generalizationln a push towards generalization far beyond what

is observed in robot datasets, the recent development of strong, open-source vision-language models
that learn visuo-linguistic representatio23,[28], generate images from tex29], or generate text

in response to images and prom@§,[31, 32, 33, 34] have resulted in a large number of works

that explore the integration of such models into robot learning pipelines, e.g., to generat8fpals [

to provide reward signals8p, 37, 38], or to learn visual state representatioB$,[40, 41]. Since
collection of the aforementioned large-scale robot datasets is challenging, using models pre-trained
on Internet-scale data is an appealing alternate path towards robust robot policies that can act in a
variety of unstructured real-world environments. Most relevant to our work are recent approaches
for integrating pre-trained vision-language models into learned robot policies. While some works
use strong structural priors in their policies to enable this integratigmp, 44], vision-language-

action models (VLAS) have recently been proposed as a simple yet scalable alterfiaive,
achieving state-of-the-art performance for generalist robot poli@iesnd showing impressive levels

of generalization to new objects and scenes. However, existing VLAs do not suf ciently leverage
some of the most appealing properties of the underlying language and vision-language models,
speci cally their ability toreasonthrough the steps required to solve a given task.

Reasoning for language and control. Such step-by-step reasoning is a key ingredient for the
ability of large language models (LLMs) to solve a wide range of complex tasks. Prompting LLMs
(directly [45] or with in-context examplesg]) to “think step-by-step” about the problem before
formulating an answer can signi cantly improve their performance, with such chain-of-thought
reasoning technigues becoming standard practice in language modeling and (vision-)language model
training 9, 46]. A number of works have explored similar techniques in the context of high-level
task planning for robotics[7, 48, 49, 50, 51, 52, 53]. These approaches use pre-trained or ne-tuned
LLMs to decompose tasks into high-level sub-tasks, but rely on pre-trained low-level policies to
execute them. However, we argue that (1) careful reasoning can be bene cial for both high-level
sub-task reasonirgndduring low-level control and (2) all such levels of reasoning should be strongly
grounded in visual observations of the scene and the agent's state. Thus, in contrast to these prior
works and language-only CoT, our approach trains a VLA policy to autoregressively generate CoTs
(for high- and low-level reasoning) and actions given input instructions and observations, ensuring that
both are rmly grounded in the agent's environment. We empirically con rm that such a formulation

is critical to effectively leveraging (V)LM reasoning capabilities for control.

3 Preliminaries: Vision-Language-Action Models

Our work leverages VLAs as the OpenVLA .

backbone for our embodied chain-of- R x
thought policies. VLAs use a simple f P o
policy learning recipe: starting from 0
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Figure 2; The OpenVLA model. Reproduced with permission
from Kim 8t al. [7.



Input Generated Embodied Chain -of-Thought Robot Action

7 T 7 T

TASK: SUBTASK REASONING MOVE REASONING: CRIZAER ACTION:
Place the The watermelon is the first The watermelon is POs: ['x ", L Grip] = E
watermelon on the object the robot needs to behind the robot, so it [156, 55]
towel interact with. The robot is not needs to move
yet close to the watermelon, backward
PLAN: so the robot needs to move VISIBLE OBJECTS:
¥ Watermelon
1. Move to watermelon closer [126, 146, 141, 125],
| 2. Firmly grasp it i MOVE: Towel [20, 59, 218, 198]
USER: "Put the 3. Move to towel Move backward Seconlitts F93 0, )

watermelon on the towel® 4. Place watermelon on SUBTASK:
towel Move to the watermelon

Figure 3:Steps of our embodied chain-of-thought reasoning. We interleave several intermediate reasoning steps
into the mapping from inputs to robot actiorBreen: “standard” linguistic chain-of-thought steps that break a

given instruction into the required sub-tasksirple: Embodiedchain-of-thought steps that require grounding

the policy's reasoning in the scene and robot state. Our experiments show that these grounded reasoning steps
are key to improving policy performance with chain-of-thought reasoning.

actiona given the current image ob-

servation and task instructioff . To

enable this, the continuous robot ac-

tions are typically converted to discrete action tok&pén the vocabulary of the vision-language
model via a per-dimension action discretization scheme that assigns each continuous value to one of
256 bins p, 7].

In this work, we use the recently released OpenVLA modk{gee ), since it achieves state-
of-the-art performance and is fully open-source. The model builds on the Prismatic $4]Mrid

consists of a fused visual encoder that combines pre-trained Sigé)Rid/or DinoV2 p5] features

and a Llama 2 7B46] LLM backbone. During training, input images are encoded into visual token
embeddings using the pre-trained vision encoders, the task instruction is mapped to task tokens using
Llama 2's text tokenizer, and the model is trained to map these inputs to the target action tokens.
Next, we will discuss how we can improve upon this conventional VLA training recipe by enabling
the VLA to reason through the task at hand before deciding which action to take.

4 Embodied Chain-of-Thought Reasoning for Visuomotor Policies

In this section, we discuss our approach for training VLAs to perform embodied chain-of-thought
reasoning about plans, sub-tasks, motions, and visual features before predicting the next robot
action (see ). Unlike many proprietary large language models, the relatively small LLM
backbones used in current VLAs struggle to perform involved reasoning when simply prompted to
think step-by-stepq]. Instead, we propose to explicitly train VLA models to perform embodied
CoT reasoning. Concretely, we label data from existing robot datasets post-hoc with reasoning
chains lled with features extracted from various pre-trained models and use the resulting dataset
of observation-reasoning-action tuples for training. In practice, we ensure that all elements of the
generated reasoning data can be represented as strings, such that we can use the Llama 2 text tokenizer
to translate them into reasoning tokens. Then, we can simply train the VLA to autoregressively
predict these tokens, directly followed by action tokens.

While this approach is conceptually simple, its implementation requires answering multiple key
guestions: (1) Which reasoning steps are suitable for guiding policies in solving embodied robot
manipulation tasks {  )? (2) How can we generate training data for these reasoning steps at scale
on existing robot datasets { )? Another practical consideration arisgter training, while

using ECoT policies for robot control; carefully reasoning through each action can signi cantly slow
down policy inference. We discuss solutions to these problems in the following sections.

4.1 Designing Embodied Chain-of-Thought Reasoning Steps

Our goals when designing the steps of our embodied chain-of-thought reasoning chains are twofold:
encourage the model to (A) reason through the required high-level steps of the task at hand and
determine which step needs to be executed next, and (B) increasingly ground this reasoning in
lower-level features of the scene and robot state before predicting the robot action.
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Figure 4: Our pipeline for generating synthetic embodied chain-of-thought data at scale for a given robot
dataset. We use a Prismatic VLN to create a scene descripti¢h), and Grounding DinoZ8] to detect
bounding boxes for all object®). We then compute templated motion primitives from the low-level robot states
(3) and the robot gripper position using OWLVZ7] and SAM [58] (4). Finally, all information is passed to a
large Gemini language moddlq] to create the synthetic reasoning chébh

We visualize the ECoT reasoning steps that we train the VLA to perform for an example task in

. From left to right, the model is trained to rst rephrase the task instrucfié&t6K) and
predict a high-level plan of steps for achieving the instructed tBERAN). Next, it reasons through
which of the sub-tasks should be executed at the presentSt#RTASK), a task which requires
understanding the current state of the scene and robot. Then, the model predicts an even lower-level
language command like “move left” or “move ugMQOVE ) that is closely related to the low-level
actions the robot needs to execute. Finally, we ask the model to predict precise, spatially grounded
features that describe the scene and thus force the model to pay close attention to all elements of the
input image— speci cally, the pixel position of the robot end effec®R{PPER) and the names and
bounding box pixel coordinates of all objects in the scéDBJECTS).

While we believe that our choice of reasoning tasks and their order is well-aligned with our intuition
for a sensible step-by-step solution to the task, we by no means exhaustively explored all possible
reasoning tasks. Testing alternative tasks and task orderings, and nding ways to automatically
determine sensible reasoning chains are important directions for future work.

4.2 Generating Embodied Chain-of-Thought Data at Scale

The gold standard for obtaining high-quality reasoning chains are direct human annotations. However,
this approach is impractical for large robot learning datagktsvhich consist of millions of individual
transitions. Thus, we instead propose to leverage pre-trained vision and/or language foundation
models to automatically generate ECoT training data, akin to synthetic data generation i6OILP [

We provide an overview of our data generation pipelinz in . For a given image-instruction pair,

we rst prompt a Prismatic-7B VLM 34] to generate a detailed description of the scene. We then
concatenate the original instruction and this generated description and input the resulting string into
Grounding DINO R8], an open-vocabulary object detector. It detects all relevant object instances
and their bounding boxes and associates them with the corresponding language snippets from the
input text. We Iter the predictions based on the provided con dence score, only keeping detections
with a box- and text-con dence larger than 0.3 and 0.2 respectively to use f@BIECT features.

See for example detections.

Next, we generate the per-step low-level action primitiveSIDOVE (e.g., “move left”, “move up”).
Following Belkhale et al[61], we use the robot proprioception to determine the movement direction

for the next 4 time steps (assuming a xed camera), and translate this into one of 729 templated
movement primitives (see for a list of all primitives). We use OWLvZA7] and SAM [5§]

to detect 2D end effector positions in the training imageRPPER) paired with 3D positions
extracted from the robot state to t a robust estimate of the projection matrix using RANGAC |

We then use the 2D projections of the robot end-effector position for our training. This process is
repeated for each trajectory independently, eliminating the need to assume xed camera parameters.



To generate the nal reasoning chain, we feed each episode's task instruction, scene description, and
per-step movement primitives into Gemini 198] and prompt it to produce both a high-level plan of
sub-tasks in accordance with the task instruction and observed movement primitives and the current
sub-task for each step. We also ask it to brie y explain the primitive movement and chosen sub-task
in each step, which we include in the ECoT training data. We run our data generation pipeline on the
complete Bridge v2 dataset3)], with more than 2.5M transitions, over the course of 7 days.

4.3 Ef cient Chain-of-Thought Inference for Robot Policies

Inference speed is a key challenge for ECoT policies. The additional reasoning tokens the model
needs to predict can signi cantly reduce the achievable control frequency by increasing the number
of tokens to be predicted per timestep from 7 for OpenVLA to 350 for ECoT. We explore a simple
solution for speeding up inference: we keep parts of the reasoning chain like the high-level plan
or the current sub-task xed for multiple steps. Cruciaincodingpreviously predicted tokens is

much faster for Transformer-based policies like OpenVLA thaneratingt. We compare two such
strategies: (13ynchronougxecution, where we predict the high-level reasoning eMesteps, and

(2) asynchronougxecution, in which one ECoT policy instance continually updates the high-level
reasoning chains, while a second policy instance uses the most recent reasoning chain to predict low-
level reasoning steps and robot actions. We report the trade-off between performance and inference
speed for all approaches i . Note that these runtime improvements are orthogonal to
widely used approaches for improving throughput of large language and vision-language models, like
optimized computation kernel§3] and speculative decoding4], which we leave for future works.

5 Experiments

In this section, we investigate the effectiveness of ECoT for robot control across a range of challenging
manipulation tasks. We answer the following questions: (1) Does embodied chain-of-thought
reasoning improve the performance of VLA policies ( )? (2) Does embodied chain-of-
thought reasoning make it easier to interpret and correct policy failirzsi ( and )? (3)How

can we optimize the runtime ef ciency of policies with embodied CoT reasoriirg ( )?

5.1 Experimental Setup

Robot setup and training data. We perform evaluations with the 6-DoF WidowX robot arm from

the Bridge V2 paper]3], a commonly used setup for evaluating generalizable robot polit&<T.

Given a single ' person camera and natural language instruction, the policy predicts end-effector
velocity actions to control the robot. Walke et (3] provide a large and diverse teleoperated dataset
of 60k demonstrations. We apply our pipeline for synthetic generation of chain-of-thought data
( ) on this dataset to obtain our training dataset.

Evaluation tasks. We design a suite of challenging evaluation tasks that focus on testing the policies'
generalization ability along multiple axes: processing spatial relations, interacting with unseen
objects, and performing unseen instructions. All policies are evaluated on the same real-world setups
to control for camera angle, lighting, and background. We perform 314 total trials per approach.

Comparisons. We compare our policy§CoT) to state-of-the-art VLA policies, namelppen-

VLA [7], the same model our approach is built upon, but traiadout chain-of-thought reasoning,
andRT-2-X [6], a 55B parameter closed VLA policy. To ensure fair comparison, we train the
OpenVLA policy on the same dataset we use for training our approach, the Bridge V2 8ata [
For RT-2-X we cannot control the data distribution in the same way since the model is closed. The
RT-2-X policy we compare to was trained on Bridge V2 data additional datasets from the Open
X-Embodiment datas¢®]. Thus, it has access taoretraining data than our approach. We also
compare againgbcto [16], which is also trained on that dataset, but was not ne-tuned from a
VLM (i.e., itis not a VLA). Finally, we compare tdlaive CoT, a version of our model that only
usesnon-embodiedoT reasoning about sub-tasks akin to conventional CoT reasoning in language
modeling (see ). This comparison will test the importance of usiexgbodiedeasoning for

VLA policies.

5.2 Embodied Chain-of-Thought Reasoning Improves Policy Generalization

We report performance of all approaches on our evaluation setir: . We see that while OpenVLA
achieves high performance on in-distribution tasks, it struggles on the hard generalization cases we



Table 1: Comparison of success rates for OpenVLA, RT-2-X, and ECoTacross two scenes (one with
in-distribution camera view and one with out-of-distribution). Meawne StdErr. On aggregate, our ECoT

policy achieves the highest success rate, improving absolute success rate by 45%, 22%, 19%, and 18% over
Octo, OpenVLA, RT-2-X, and naive CoT respectively in the in-distribution view setting and 48%, 34%, 16%,
and 16% in the out-of-distribution view setting.

Type Task Algorithm (ID View) Algorithm (OOD View)
Octo OpenVLA RT-2-X Naive CoT  ECoT (Ours) | Octo OpenVLA RT-2-X Naive CoT ~ ECoT (Ours)
Put mushroom in pot 29% 88% 94% 71% 100% 35% 59% 76% 76% 65%
D Put spoon on towel 60% 90% 80% 60% 80% 20% 80% 80% 60% 80%
Put carrot on plate 70% 80% 90% 90% 100% 40% 90% 90% 100% 90%
Wipe [plate / pan] with towel 13% 50% 38% 38% 50% 0% 50% 0% 13% 63%
Put mushroom in
Spatial [left / right / middle] container 0% 22% 17% 22% 33% 0% 17% 22% 55% 67%
Relations | Put purple object in
[left/ right / middle] container 0% 28% 17% 50% 56% 0% 22% 11% 55% 39%
Put [right / left] object on middle object 0% 13% 0% 50% 63% 0% 25% 25% 50% 63%
Pick up [screwdriver / hammer /
measuring tape / detergent / watermeldn] 30% 20% 80% 50% 50% 30% 20% 80% 50% 50%
Objects | Move mushroom t0 0% 10% 70% 20% 100% 10% 0% 90% 40% 90%
JECtS | [measuring tape / detergent] ° ° ° ° © ° °
Put mushroom in tall cup 0% 80% 0% 70% 30% 10% 20% 0% 20% 30%
Place watermelon on towel 20% 30% 60% 60% 70% 50% 10% 90% 30% 40%
Pick up any object that is not
00D [vellow / a duck / a sponge / a towel] 50% 33% 58% 50% 42% 17% 17% 67% 25% 67%
Instructions | Put the edible object in the bow! 13% 25% 13% 25% 88% 0% 13% 25% 25% 100%
Put the object used for [eating /
drinking] on towel 25% 38% 38% 38% 75% 13% 0% 25% 38% 75%
Aggregate 21% 3.3% 44% 3.9% 47 40% 48 4.0% 66% 3.8% |16% 2.9% 30% 3.6% 48 4.0% 48% 4.0% 64 3.9%

test. RT-2-X performs better than vanilla OpenVLA, potentially due to the larger robot pre-training
dataset (note again that OpenVLA and our approacloaetrained on the Bridge dataset) and the
fact that itco-trainsthe policy with Internet-scale vision-language daital robot data, while all other
approaches only use robot data during ne-tuning.

Importantly, we nd that our ECoT policy substantially outperforms the OpenVLA policy across all
generalization evaluations. This is notable, since both policies are based on the exact same VLM base
model and use the same robot data for ne-tuning. The only difference is in the use of CoT reasoning
by our approach. Curiously, our ECoT model even surpasses the performance of RT-2-X in the tested
tasks, even though RT-2-X is trained on 10 additional robot datasets and uses a networks that is 7x
larger (55B vs. 7B). Finally, the results Ir: show that includinggmbodiedeasoning about

visual inputs and the low-level robot state signi cantly boosts performance over the “Naive CoT”
ablation of our approach, which only reasons about high-level linguistic features like sub-task plans.

We visualize qualitative examples of our model's reasoning in . The left two examples show

that the model successfully breaks down the task into a sequence of sub-tasks and then crucially
groundsthose sub-tasks in the scene by predicting the relevant bounding boxes and gripper position
of the robot, before deciding on the next move and concrete low-level robot action. We visualize
more chain-of-thought examples from our evaluation tasks in Appeniix, .

5.3 Diagnosing Policy Failures Through Inspecting Reasoning Chains

In the previous section we showed that training VLA policies to reason through a given task step-by-
step can signi cantly improve their performance on challenging generalization tasks. In addition to
improving performance, such chain-of-thought reasoning provides a tool for users and researchers to
better understand the decisions the policy takes. By inspecting and visualizing the model's reasoning
steps, we can discover potential mistakes in the reasoning chain that led to policy failure downstream.

We give an example of this in (right): the ECoT policy failed to solve the taglick up the
screwdriver Inspecting the reasoning chain, we can see that the hammer is incorrectly identi ed as a
screwdriver, causing the robot to reach for that instead. It should be noted that such inspection of
reasoning chains is not a “bullet-proof” approach for interpreting the failures of an end-to-end trained
policy: the modekouldpredict a particular plan and then still deviate from it when choosing the nal
action. However, in practice we nd that reasoning chains often correlate strongly with the executed
actions. We provide more examples for diagnosing policy failures via its reasoning chaiiis in

5.4 Chain-of-Thought Reasoning Enables Interactive Policy Correction

Intuitively, training a policy to reason through a task step-by-step in natural language provides a
powerful mechanism for humans to interact with the policy aadectits behavior. Instead of
needing involved teleoperation equipment to provide direct robot action feedback like in DAgger
approachesgb], humans can now simply correct the policy's behavior by modifying its reasoning



OMbve the mushroom to the detergent® ORut the leftmost object on the middle objectO

a pink stuffed animal

a white mushroom

—LQ

on the blue towel
. Pick up the
. Move to the blue towel . Put the
on the blue towe I.

SUBTASK: The is held by the
robotic arm and the blue towel is the middle object !
Put the on the blue towel
MOVE: The is on the left of the blue
towel and needs to be moved right ! Move right

TASK: Move the mushroom to the detergent

PLAN: Move to the mushroom , grasp it, move to the
detergent , release the mushroom

SUBTASK: The mushroom is the closest object to the
robot, and needs to be grasped first ! Move to the
mushroom

MOVE: The mushroom is to the right of the robot, so

the robot needs to move right ! Move right

TASK: Put the
PLAN: Move to the

ORck up the screwdriver®

a red screwdriver

and move it to the

TASK: Pick up the
container

PLAN: Move to the
to the container
SUBTASK: The is in the top -left corner, so
the robot needs to move forward and down to reach it

! Move to the

MOVE: The robot has reached the

, pick it up, and move it

! Stop
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one failure (right). Irrelevant bounding boxes are greyed out for readability. Left: high-level reasoning and
low-level object segmentations are correct, leading to a successful rollout. Middle: the command is correctly
rephrased to refer to speci ¢ objects (i.e., “the leftmost object” is identi ed as the pink toy). Right: the hammer
is incorrectly identi ed as a screwdriver, causing the robot to take inappropriate actions.

User: Pick up any object that is not yellow. ChatGPT:

Correct reasoningE as

+28%‘

CoT OpenVLA:
Next Task: reach the purple object
Next Move: move forward

ayellow object ayellow duck

CoT OpenVLA:

Next Task: Pnd a object

No intervention
w/ one human intervention 80

+12%T
48

Next Move: move

User: Wait! There is a purple object in front

) ’

of the arm! RT-2-X ECoT

(Ours)

OpenVLA

Figure 6:Embodied chain-of-thought training enables interactive human policy correction in natural language.
Left: given a human intervention in natural language, we use ChatGPT to correct our model's reasoning chains.
Right: our embodied chain-of-thought policy can bene t from a human language intervention most, increasing
success rate by 48% on our most challenging evaluation tasks.

chains via natural language feedback. Prior work introduced carefully designed policy architectures
and explicitly trained policies to support such correction via languéged/]. Here, we test whether
similar capabilities emerge naturally by training VLA policies to perform chain-of-thought reasoning.

To test whether chain-of-thought policies enable human correction purely via language feedback, we
rerun evaluations of our ECoT policy on the most challenging tasks fran  (put mushroom in

cup, pick up out-of-distribution object, and pick up non-yellow object), in which our pelityout

human interventiomchieved an average success rate of only 32%. We visualize our approach for
human intervention ir: : we allow a human operator to interrupt policy executimteover the

course of the episode and provide natural language feedback (e.g. “no, the screwdriver is in the back
right corner”, “release the mushroom now!”, or “the cup is tall’). Then, we use ChatGPT to adapt
our model's reasoning chain based on the language feedback, prompting it to produce a corrected
reasoning chain (see for the exact prompt used). Finally, we feed this corrected chain back

into our policy and continue execution, holding the corrected reasoning chain xed for 5 steps.

The results ir (right) show that our ECoT policy can make effective use of the human language
intervention, increasing its success rate by 48% on our most challenging evaluation tasks. In contrast,
we evaluate the vanilla, non-CoT OpenVLA policy and RT-2-X in the same way, providing each with

a single human language correction per rollout, but nd that neither of them can bene t from the
human intervention to the same degree (for both we also use ChatGPT to incorporate the intervention
into the original task instruction to allow for fair comparison).



5.5 Ef cient Chain-of-Thought Inference

We compare the performance of approaches for accelerating Calfle 2:Performance of accelerated
policy inference (se= ) to naively running CoT infer- COT inference approaches and their
ence at every step of execution i: . We also report the "S1ative speed-ups over the naive ap-
. . proach, averaged across 3 tasks (25

speed-up that is achieved by both proposed approaches f:om ;s total).

compared to naive execution. Both approaches achieve
inference speed improvements while at least matching perfor- Success Speed-Up
mance, with asynchronous execution achieving the largest spegg;, e 63% _
up at the cost of doubling the compute required at inference timg.step ~ 72% +24%
(since two policy instances are running in parallel). We use th&sync 65% +40%
5-step freeze approach for the main results presented in Tabfe
since it provides the best performance-speed tradeoff. We used a
small task subset (put mushroom in pot, move mushroom to detergent or measuring tape, and put the
left/right object on the middle).

5.6 Exploring Alternative Embodied Chain-of-Thought Design Choices

We explore some alternative design choices for ECoT, changing the reasoning step orderings, reason-
ing features, and training data mixes. We rst train a model that (1) predicts both the current and
next 4 gripper positions and (2) predicts the bounding boxes right after generating the plan. Notably,
the latter means that thmunding boxes are frozen(due to the 5-step freeze approach detailed in

) — while this means that moving the objects may make the frozen bounding boxes out of
date, it also speeds up inference signi cantly (since the bounding box reasoning step is generated at
every step for our base policy and often consists of many tokens). Next, we repeat this experiment,
but alsoco-train on the base Prismatic VLM's vision-language pre-training data (where each batch is
75% ECoT data and 25% vision-language data), as this may enable better retention of vision-language
modeling capabilities and knowledge. Finally, we take an OpenVLA model pre-trained on the full
OXE dataset andhe-tune it on the the same dataset, but replace the Bridge V2 data with our ECoT
equivalent. This allows us to see (1) if ne-tuning on a more diverse set of demonstrations will aid
with more general reasoning and (2) if reasoning capabilities can emerge on other embodiments
(despite only the Bridge data being labeled with reasoning chains).

For evaluation, we consider a large subset d&ble 3:Success rate of ECoT trained with various
the tasks in in the in-distribution view design choicesas evaluated on a large subset of trials

: : : on the harder out-of-distribution view setting. While
setting only, totaling 106 trials per model. AIIour base policy performs the best on aggregate (69%),

results are presented i . While our base (he other approaches achieve higher performance on
policy still performs the best, all variants stilkertain tasks. All policies in this table outperform Open-
outperform all non-reasoning baseline generali¢tA, RT-2-X, and Octo's performances on the same
policies. We also nd that the OXE ne-tunedtrial subset (29%, 46%, and 14% aggregate success rates

model can generate plausible reasonings for ¢SPectively).

servations from other robot embodiments, de- Task Base FrozenBbox Co-trained Fine-tuned
. . . . ECoT ECoT ECoT ECoT

spite not having been trained on any reasonigmushroomn pot 5% 86% 86% 86%

data other than the Bridge V2 WidowX Synfu caretonpiate. g% eme 1o 00

ipe [plate / pan] with towel 75% 50% 25% 25%

thetic reasoning chains. We present more d€mshoomin
tailed qualitative results on these ECoT variant§; usi onectn " . . . )
. [left/ right / middle] container 44% 67% 44% 67%
n . Put [right / left] object on middle object ~ 63% 75% 75% 75%

Pick up [screwdriver / hammer / 0%
measuring tape / detergent / watermelon]5 °

89% 55% 11% 44%

60% 80% 70%

6 Discussion and Limitations More IO rgent % 90% 00% 6%
In this work, we demonstrated that trainingpiace wasmelon onowe Tow  Cow ok aow
1 g
VLA policies to perform chain-of-thought rea- e e re e o, ey 67% 5% a2% 17%
. . . . Put the edible object in the bowl 100% 75% 50% 38%
soning can substantially increase their .p-erqu:u:;[ﬂt(?ﬁg(])lgﬁ%leedfor[eatingl o % 0% 2550
mance without the need to collect additional Aggregate TS v T

robot training data. Instead of simply applying
the CoT recipe from language modeling, our experiments underline the importance of adding rea-
soning steps that are strongly grounded in the scene and robot state, and involve for example object
bounding boxes, the robot's end-effector, or low-level robot movements.



While our results are encouraging, our approach has several limitations. First, our model does not
adapt thestructureof its reasoning chains to the task at hand; it always perfalhseps of reasoning
in the xed order we chose. A more effective strategy may involve executing only a subset of
reasoning steps based on the robot and scene state, and future work can explore directly optimizing
the model to pick the best reasoning steps. Additionally, scaling the ECoT training to a larger subset
of the OXE datasefd] will allow the resulting policies to be applicable to more downstream tasks.
Last, the speed of execution for ECoT policies is still limiting: while our runtime optimizations in
improve the achievable control frequencies, exploring other approaches for improving
LLM throughput B3] can unlock CoT reasoning for higher-frequency control tasks.
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A Grounding DINO Detections and Prismatic Descriptions
We provide example scene descriptions provided by Prismatic VLM and bounding boxes provided by

Grounding DINO in

A . A wooden table holds a blue ,agrey is on the counter, is
is holding a carrot above a green plate, i
T animal, s on the stove burner, and
' ' , with a box and a black arm behind . The stove burner is below the
on the counter
them pot, near the counter
has a table with a blue chair, IS putting a I & G (G

is in the sink, is on the

. a
The sink is to the left of the

on the table, .
is to be moved from the left side of
the table to the center.

which is on the counter. There is

and a black pot nearby. The counter is white
with silver knobs and a sink.

Figure 7: Examples of captions of observations from the Bridge dataset as generated by our Prismatic
VLM, as well as associated bounding boxes generated by Grounding DINO.
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TASK: Move the purple object to the silver
container .

PLAN: Move to the purple object, grasp the
purple object, move to the silver container ,
release the purple object

SUBTASK: We have grasped the purple object, so
we need to move it to the silver container . !
Move to the silver container.

MOVE: The silver container is to the left of the
robot, so we need to move left to reach it. !
Move left.

TASK: The watermelon needs to be placed on the
towel.

PLAN: 1. Move to the watermelon. 2. Pick up the
watermelon. 3. Move to the towel. 4. Place the
watermelon on the towel.

SUBTASK: The watermelon has been picked up,

and the arm is now close to the towel. ! Move to
the towel.

MOVE: The towel is to the left of the watermelon,

so the arm needs to move leftto reachit. ! Move
left up.

TASK: Pick up any object that is not a sponge.
PLAN: Approach the , pick up the

, move the yellow duck away from the
sponge.
SUBTASK: The is the closest object
that is not a sponge and it needs to be picked up.
! Approach the .
MOVE: The is below the robotic arm
and it needs to be approached. ! Move down.

TASK: Put the mushroom in the white cup .
PLAN: Move to the mushroom, pick it up, move to
the white cup , put the mushroom in the white cup
SUBTASK: The mushroom is picked up, and the
white cup is the next object to interact with. !
Move to the white cup.

MOVE: The white cup is to the left and slightly
above the arm, so the arm needs to move in that
direction. ! Move left up.

TASK: Move the mushroom to the measuring
tape.

PLAN: Move to the mushroom, grasp the
mushroom, lift the mushroom , move to the
measuring tape, place the mushroom on the
measuring tape.

SUBTASK: The mushroom should be lifted so that
itcan be moved. ! Lift the mushroom.

MOVE: Stop. ! Stop.

TASK: Put the mushroom in the white cup .
PLAN: Move to the mushroom, pick up the
mushroom, move to the cup, put the mushroom in
the cup.

SUBTASK: The mushroom is picked up and the
cup is not directly below the arm, so the next step
is to move to the cup.! Move to the cup.
MOVE: The cup is above the arm, so the arm
needs to move up to reachit. | Move up.

TASK: Move the mushroom to the detergent .
PLAN: Grasp the mushroom , move the mushroom
to the detergent, release the mushroom .
SUBTASK: The mushroom is the object that

needs to be moved to the detergent.! Grasp the
mushroom.

MOVE: The gripper is not fully closed yet. ! close
gripper

TASK: Pick up the waiermelon.

PLAN: Move to the watermelon, pick up the
alermelon, move to the target location, drop the
atermelon .

SUBTASK: The waicrmelon is on the table, and

the robot needs to move to pickitup. ! Move to
the watermelon.
MOVE: The walermelon is to the left of the robot,

so the robot needs to move left to gettoit. !
Move left.

TASK: Put the on the blue towel
PLAN: - Move to the . Grasp the
. Move to the blue towel . Release the

SUBTASK: The is the leftmost object
and the robot is currently not at the .
! Move to the
MOVE: The

robot. ! Stop.

is now right below the

Figure 8: More qualitative examples of successful and failed chain-of-thought reasonings.
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[ Put the mushroom in the metal pot ] [ Put the carrot on the plate ] [ Put the spoon on the towel ] [ Pick up the towel and wipe the [plate / pan] ]

Put the mushroom in the Put the purple object in the Put the [rightmost/leftmost] object on the
[leftmost/middle/rightmost] container [leftmost/middle/rightmost] container middle object.
Move the mushroom (o the [measuring Put the watermelon on the towel Pick up the [hammer/watermelon/measuring Put the mushroom in the white cup
tape/detergent] tape/detergent/screwdriver]
Pick up any object that is not [yellow/a duck/a Put the object used for [drinking / eating] on .
[ sponge/a towel] e Put the edible object in the bowl

Figure 9: Example starting scenes and associated prompt for all task types.
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B List of Movement Primitives

To classify a movement, we take the difference between the current state of the robot and its position
four steps ahead. Based on the axes where the difference exceeds a thre8tii3oved assign it a
label of the following form:

move [forward/backward] [left/right] [up/down], tilt [up/down], rotate
[clockwise/counterclockwise], [close/open] gripper

Whenever the movement in a certain axis is below the threshold, we omit its block for simplicity. For
instance, if the robot is just moving left, the labehi®ve left . If no movement is detected, the
label isstop .

While technically it results ir8% = 729 possible labels, only 54 are used in more tBai?o of cases:

. stop (26:9%)

. close gripper (10:8%)

. open gripper (7:2%)

move dowr{6:8%)

move left (6:6%)

move right (6:1%)

move up(5:7%)

move forward (3:0%)

move backward(2:4%)

move up, open gripper (2:1%)

. move forward right (1:1%)

12. move up, close gripper (1:0%)

13. move backward left (1:0%)

14. move forward left (0:9%)

15. move left down (0:8%)

16. move down, close gripper (0:8%)

17. move right down (0:8%)

18. move left up (0:8%)

19. move right up (0:8%)

20. move right, rotate clockwise (0:8%)

21. move left, rotate counterclockwise (0:8%)
22. move backward right (0:8%)

23. rotate counterclockwise  (0:7%)

24. move down, open gripper (0:7%)

25. rotate clockwise (0:7%)

26. move forward down(0:7%)

27. move up, rotate clockwise (0:5%)

28. move up, rotate counterclockwise  (0:5%)
29. move backward up(0:5%)

30. move left, rotate clockwise (0:3%)

31. move backward dowrf0:3%)

32. move right, open gripper (0:3%)

33. move forward up (0:3%)

34. move left, open gripper (0:3%)

35. move right, rotate counterclockwise (0:3%)
36. move backward, open gripper (0:2%)

37. move down, rotate clockwise (0:2%)

38. move down, rotate counterclockwise (0:2%)
39. move forward, rotate counterclockwise (0:2%)
40. move forward, rotate clockwise  (0:2%)

41. move forward, open gripper (0:2%)

42. move right, close gripper  (0:2%)

43. move backward, rotate clockwise (0:2%)

44. move backward, rotate counterclockwise  (0:2%)
45. move left, close gripper (0:2%)

46. move backward right, rotate clockwise (0:1%)
47. move backward left, rotate counterclockwise (0:1%)
48. move right up, open gripper  (0:1%)

49. move right up, close gripper  (0:1%)

50. move backward, close gripper (0:1%)

© NGO, LONE

P
= o

51. rotate clockwise, close gripper (0:1%)

52. rotate counterclockwise, close gripper (0:1%)
53. move left up, open gripper (0:1%)

54. move forward right, rotate clockwise (0:1%)
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C Prompts

We now provide all the prompts used for data generation and policy language conditioning.

For using generating scene descriptions with Prismatic (step; 1 i), we use the prompt: “Brie y
describe the things in this scene and their spatial relations to each other.” We prepend “The robot task
is: [TASK.” if the given demonstration trajectory contains a corresponding task instruction (where
we ensure that said instruction contains at least one space character to remove noisy instructions).
We provide the prompt for Gemini data labeling (step % in ) in

The prompts used for our language-conditioned policies are provided iz, along with example

starting scenes for the associated tasks. For the OpenVLA-based policies, said prompts are inserted
into the template provided by the original autharg fA chat between a curious user and an arti cial
intelligence assistant. The assistant gives helpful, detailed, and polite answers to the user's questions.
USER: What action should the robot take RROMPT]? ASSISTANT:”. The agent then generates
reasoning text (if trained to do so) and an action.

We provide the prompt used for human interventions with ChatGF 1" in
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Annotate the training trajectory with reasoning
## Specification of the experimental setup

You're an expert reinforcement learning researcher. You've trained an optimal policy for controlling a robotic arm. The
robot successfully completed a task specified by the instruction: "unfold the cloth from top right to bottom left". For

that purpose, the robotic arm executed a sequence of actions. Consecutive states that were visited can be characterized by
the following features:

““python
trajectory_features = {
0: “"stop"
1: "stop"
2: "move forward left"
3: "move forward down"
4: "move forward down"

36: "stop"

Each entry in that dictionary corresponds to a single step on the trajectory and describes the move that is about to be
executed.

## Scene description

The robot is operating in the following environment. A black and red toy stove with a yellow banana in a silver pot, a blue
toy brush, and a purple towel on the counter, surrounded by white tiled walls and a grey sink.

## Your objective

| want you to annotate the given trajectory with reasoning. That is, for each step, | need to know not only which action
should be chosen, but importantly what reasoning justifies that action choice. | want you to be descriptive and include all
the relevant information available. The reasoning should include the task to complete, the remaining high-level steps, the
high-level movements that should be executed and why they are required, the premises that allow inferring the direction of
each move, including the locations of relevant objects, possible obstacles or difficulties to avoid, and any other relevant
justification.

#i## Begin by describing the task

Start by giving an overview of the task. Make it more comprehensive than the simple instruction. Include the activity,

the objects the robotic arm interacts with, and their relative locations in the environment. Then, describe the high-level
movements that were most likely executed, based on the task that was completed and the primitive movements that were
executed. Then, for each high-level movement write the interval of steps that movement consists of. Also, for each
high-level movement write a justification for why it should be executed. Write an answer for this part using markdown and
natural language. Be descriptive and highlight all the relevant details, but ensure that your description is consistent

with the trajectory that was executed, specified by the features listed above in the ‘trajectory_features™ dictionary.

### List the reasonings for each step

Finally, for each step describe the reasoning that allows to determine the correct action. For each step describe the
remaining part of the objective, the current progress, the objects that are still relevant for determining the plan,

and the plan for the next steps, based on the available features. Start the reasoning from a high level and gradually
add finer features. | need you to be descriptive and very precise. Ensure that the reasoning is consistent with the
task and the executed trajectory. Write the answer for this part as a Python-executable dictionary. For every step in
the initial trajectory there should be exactly one separate item of the form <step id>:<reasoning>. Do not group the
answers. The final dictionary should have exactly the same set of integer keys as the dictionary of features provided in
the “trajectory_features™ dictionary above. The reasoning should be a single string that describes the reasoning in natural
language and includes all the required features.

Each reasoning string should have the following form:

- Describe the full task that remains to be completed (but only describe what remains), and place it inside a tag <task>.

- Describe the complete high-level plan for completing the remaining task (the list of remaining high-level steps), and place
it inside a tag <plan>.

- Describe the high-level step that should be executed now (chosen from the list of high-level steps), and place it inside a
tag <subtask>.

- Describe why the chosen high-level step should be executed now, which features of the current environment influence that
decision, and how it should be done. Place it within a tag <subtask_reason>.

- Describe the current primitive movement of the arm that needs to be executed, and place it inside a tag <move>.

- Describe why the chosen movement should be executed now and which features of the current environment influence that
decision. Place it inside a tag <move_reason>.

## Task summary
Here is a breakdown of what needs to be done:

- Describe the task.

- Describe the high-level movements that were executed, based on the completed task and the listed features.

- Describe the plan for the solution that allowed the robot to complete the task successfully.

- For each step on the trajectory, describe the reasoning that leads to determining the correct action. The reasoning should
be descriptive and precise. You should provide exactly one reasoning string for each step on the trajectory specified by
“trajectory_features’.

- At the very end of the response, write a single label FINISHED to indicate that the answer is complete.

Figure 10: Prompt used for Gemini to generate plans, subtasks, and movement labels.
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# Objective

You're an expert reinforcement learning researcher. You've trained a policy for controlling a robotic arm. The policy
computes the correct action based on a reasoning that leads to it, which includes the task that remains to be completed,

the plan for completing that task, and the subtask that currently needs to be done. | want you to prepare such a reasoning,
based on a feedback from a user of that robot.

The reasoning must have the following elements:

- TASK: the task that remains to be done.

- PLAN: a list of high-level steps that need to be executed.

- SUBTASK REASONING: reasoning that determines the current subtask.
- SUBTASK REASONING: reasoning that determines the current subtask.
- SUBTASK: the current subtask that should be executed.

MOVE REASONING: reasoning that determines the current move.
MOVE: the current move that should be executed

Write the answer as a python string. It will be used as an additional input for the policy, so keep the format exactly as
described.

# Examples

Given the task "Put the tomato inside the pot on the left burner" and feedback "you are too low, move up", the reasoning

should be "TASK: Put the tomato inside the pot on the left burner. PLAN: Go to the tomato, grasp it, transport it to the

stove, position it in the pot. SUBTASK REASONING: The tomato is grasped. The tomato is already near the pot, but below its
edge. SUBTASK: Position the tomato in the pot. MOVE REASONING: The pot is above current position. Move the arm up. MOVE:
Move up."

Given the task "place the silver lid on the silver pot on the upper right of the table" and feedback "move to the pot", the
reasoning should be "TASK: The lid needs to be placed on a silver pot on the upper right part of the scene. PLAN: First
move to the lid, then grip it, then move to the pot, then place the lid on the pot. SUBTASK REASONING: The lid is gripped,
so it should be moved to the pot. SUBTASK: Move to the pot."

Given the task "move the fork to the bottom left side of the counter" and feedback "move down to grasp the fork", the

reasoning should be "TASK: Pick up the fork and move it to the bottom left side of the counter. PLAN: 1. Move to the fork.

2. Pick up the fork. 3. Move to the bottom left side of the counter. 4. Put down the fork. SUBTASK REASONING: The fork
is the first object that needs to be reached. SUBTASK: 1. Move to the fork. MOVE REASONING: The fork is still downward
from the current position of the arm, so the arm continues to move that direction. MOVE: move down"

Given the task "remove the cylinder from the green cube and place it on top of the red cube" and feedback “close", the
reasoning should be "TASK: Remove the cylinder from the green cube and place it on top of the red cube. PLAN: Approach the
green cube, close the gripper around the cylinder, move the cylinder towards the red cube, open the gripper to place the

cylinder on top of the red cube. SUBTASK REASONING: The arm is now in contact with the cylinder, so it should close the
gripper to grab it. SUBTASK: Close the gripper MOVE REASONING: The cylinder has already been reached and the gripper is
closing. MOVE: Close gripper"

Given the task "pick up the towel" and feedback "go right", the reasoning should be "TASK: Pick up the towel. PLAN: Move to
the towel, Grasp the towel, Pick up the towel SUBTASK REASONING: The arm should reach the towel first. SUBTASK: Move to the
towel. MOVE REASONING: The towel is to the right, so the arm should move right. MOVE: move right"

# The current task

The policy generated the following reasoning: "TASK: Put the mushroom in the white cup. PLAN: Move to the mushroom, pick

it up, move to the cup, put the mushroom in the cup. SUBTASK REASONING: The mushroom is picked up, and the cup is the next
object to interact with. SUBTASK: Move to the cup. MOVE REASONING: The cup is positioned below the arm. MOVE: Move down.
GRIPPER POSITION: [111, 61] VISIBLE OBJECTS: a white cup [124, 25, 176, 113], a wooden table [13, 21, 241, 248], a wooden
table [10, 21, 249, 250]"

Given the task "put the mushroom in the white cup" and feedback "no, the cup is actually in front of the gripper", what

should be the reasoning?

Figure 11: Prompt used for ChatGPT during human intervention experiments
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D Analysis of Embodied Chain-of-Thought Variants

We present some qualitative analyses of our ECoT variants (frozen bounding box, vision-language
co-trained, and OXE ne-tuned).

All approaches are slightly less performant than our base ECoT policy. However, they also all
nonetheless outperform equivalent OpenVLA policies.

Vision-language co-training.We expected vision-language co-training to allow the VLA to keep
even more of its vision-language modeling capabilities and knowledge. We nd that, while this is
indeed the case, it is not suf cient to leverage this for easier human-robot interaction experiments
(e.g., performing human interventions without the aid of an external "pure" vision-language model).
We also test semantic generalization tasks similar to those presented by BrohdB]eSgeci cally,

we tested whether the co-trained model could successfully recognize concepts not present in the
training data, such as people, countries, animals, letters, or landmarks. Our ndings indicate that
co-training mildly improves the overall quality of reasoning and allows the model to consistently
recognize celebrities, such as Taylor Swift or Donald Trump. However, in other tasks, co-training
offers little to no bene t. We attribute this to the model's ability to retain most of its prior knowledge
through the generation of diverse reasonings, even if those concepts are not directly expressed in the
data. Some of the reasonings are illustrated in Figiire

Fine-tuning for other embodiments. For the OXE ne-tuned variant, we nd that the model can
perform embodied chain-of-thought reasoning on the WidowX station 20t@00gradient steps,
approximately one fth of the updates needed for training an ECoT VLA from a base Prismatic VLM
(due to the ne-tuned variant starting with an OpenVLA, which already can map observations to
actions). In preliminary evaluations on a small subset of tasks, we nd that this is even the case after
just2; 500steps, though there is no signi cant performance difference between said checkpoint and
the base OXE-pre-trained OpenVLA.

Additionally, when presented with observations and tasks from other robot embodiments, we nd that
this ne-tuned model can generate plausible reasonings as well (including visually-grounded features
like the end effector position, which is naturally highly dependent on the robot embodirmbig)s

an emergent generalization, given that we only trained the model on the Bridge V2 WidowX reasoning
data, with all other OXE demonstrations lacking such reasoning annotations. See Figfme
qualitative examples. While we leave analysis of this generalization to future works, the ability for the
model to produce reasonings for embodiments that it was not trained on offers a promising channel
for scaling up robot reasoning, e.g., by bootstrapping good reasonings for downstream training.

wc: TODO: Add SIMPLER expts if they exist
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Figure 12: Example reasonings generated for out-of-distribution concepts, such as ags, animals, or
celebrities.
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Figure 13: Example reasonings generated for out-of-distribution embodiments.
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Abstract

Combinatorial problems, particularly the notorious NP-hard tasks, remain a signi cant

challenge for Al research. A common approach to addressing them combines search with
heuristics learned from demonstrations. Recently, hierarchical planning has emerged as a
powerful framework in this context, enabling agents to decompose complex problems into
manageable subgoals. However, the foundations of this approach, particularly the behavior
and limitations of learned heuristics, remain underexplored. Our goal is to advance research
in this area and establish a solid conceptual and empirical foundation. Speci cally, we iden-
tify the following key characteristics, whose presence favors the choice of hierarchical search
methods: hard-to-learn value functions, complex action spaces, presence of dead ends in the
environment, or training data collected from diverse sources Through in-depth empirical
analysis, we establish that hierarchical search methods consistently outperform standard
search methods across these dimensions, and we formulate insights for future research. On
the practical side, we also propose a set of evaluation guidelines to enable meaningful com-

parisons between methods and reassess the state-of-the-art algorithms.

1 Introduction

The ability to solve discrete tasks that require sophis-
ticated reasoning, particularly those involving NP-hard
problems, is essential for advancing Al (Bengio et al.,
2021). These include complex problems like theorem
proving (Wu et al., 2021; Trinh et al., 2024), constraint
satisfaction problem (Achiam et al., 2017), molecule
alignment (Needleman & Wunsch, 1970; Smith & Wa-
terman, 1981), social network analysis (Kipf & Welling,
2017), or navigation (LaValle, 2006; Choset et al., 2005).
Even driving a car, which typically involves continuous
control of steering and speed, requires high-level discrete
decision-making, e.g., when to overtake, when to change
lanes, or how to navigate through tra c (Kiran et al.,
2022).

Addressing such tasks, known as combinatorial prob-
lems, requires e cient planning strategies due to the
vast and complex search spaces involved (Bruck & Good-
man, 1987). A widely adopted solution is to learn
heuristics from demonstrations, even suboptimal, via
imitation learning a exible approach that combined
with e ective planning methods has become a standard
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Figure 1: Schematic performance comparison of
hierarchical methods (AdaSubS, kSubS) and low-
level methods ( -BestFS, -A*, -MCTS) across
six dimensions: handling data collected from
diverse sources learning from clean unimodal
demonstrations avoiding dead ends performance
under high-value approximation errors handling
complex action space and generalizing to out-of-

paradigm. Recently, hierarchical search emerged as adistribution instances.
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powerful framework in this context, inspired by how humans plan their actions (Hull, 1932; Fishbach &
Dhar, 2005; Kool & Botvinick, 2014). This general-purpose method breaks down a problem into manageable
subproblems, or subgoals, making the overall task more tractable. Hierarchical search has been success-
fully applied to a variety of combinatorial tasks, as evidenced by methods like Subgoal Search (kSubS)
(Czechowski et al., 2021), and further advanced by Adaptive Subgoal Search (AdaSubS) (Zawalski et al.,
2023), Hierarchical Imitation Planning with Search (HIPS) (Kujanpaa et al., 2023a), or HIPS-" (Kujanpaa

et al., 2023b).

Our goal is to advance research in hierarchical planning and establish a solid conceptual and empirical
foundation. We choosekSubSand AdaSubS as representative examples of simple yet e ective hierarchical
methods. These approaches introduce a single layer of subgoals over low-level search algorithms, enabling us
to isolate and measure the bene ts of hierarchical decomposition in a controlled manner. Through extensive
empirical analysis, we identify four key properties of environments and training data whose presence favors
the use of hierarchical search methods:hard-to-learn value functions, complex action spaces, presence of
dead ends in the environmentor data collected from diverse sourcesWe further analyze these ndings from

a general perspective and prove theorems that explain the most unexpected results. Our ndings oer a
clearer understanding of when hierarchical approaches should be preferred over low-level methods.

In summary, our contributions are as follows:

" We conduct a detailed empirical comparison of hierarchical and low-level search methods, both
guided by learned heuristics, across a range of combinatorial tasks, revealing consistent trends in
performance and robustness.

" We provide a theoretical analysis that explains key empirical ndings and extends to a broader class
of hierarchical methods, o ering insights that generalize beyond the speci c algorithms evaluated.

" We identify key tasks and data characteristics that favor hierarchical approaches and propose eval-
uation guidelines to support more consistent and transparent benchmarking in future research.

2 Related Work

Solving Decision-Making Problems Decision-making problems are often framed as Markov Decision
Processes (MDPs) (Sutton et al., 1999), which can be solved using Reinforcement Learning (RL) algorithms
like PPO (Schulman et al., 2017) or DQN (Mnih et al., 2015). These methods learn policies through
interaction with the environment. An alternative to learning from trial and error is Imitation Learning
(IL), training models directly from o ine demonstrations. The availability of large-scale datasets (Walke

et al., 2023; Collaboration et al., 2023; Grauman et al., 2022; Dosovitskiy et al., 2017), make it applicable
to the most complex domains like robotics (Mandlekar et al., 2018; Edmonds et al., 2017; Kim et al., 2024),
autonomous driving (Kelly et al., 2019; Li et al., 2022; Zhang & Cho, 2017), and physics-based control (Kim
et al., 2020; Fickinger et al., 2022). Key foundational methods such as Behavioral Cloning (BC) (Sutton
& Barto, 1998), Inverse Reinforcement Learning (IRL) (Baker et al., 2009), or DAgger (Ross et al., 2011)
have been instrumental in advancing IL for complex environments where direct exploration is less practical.
In this work, we use IL to train components for the search methods, such as the policy and value function,
which is a widely adopted approach (Czechowski et al., 2021; Zawalski et al., 2023; Takano, 2023).

Subgoal Methods  Hierarchical Reinforcement Learning methods tackle complex decision-making tasks
by breaking them into subgoals. HIRO (Nachum et al., 2018) reuses past data by goal relabeling. HAC
(Levy et al., 2019) builds a multi-layer hierarchy of policies trained with hindsight. Hierarchical Di user
(Chen et al., 2024) learns to predict future states with di usion models. Graph-based methods, such as
SoRB (Eysenbach et al., 2019) or DHRL (Lee et al., 2022) build a high-level graph of states, which then
allow for e cient shortest path nding. GCP (Pertsch et al., 2020) learns to predict middle states between
two given observations. Algorithms such as HPG (Ghavamzadeh & Mahadevan, 2003) or H-DDPG (Yang
et al., 2018) extend the classical RL algorithms to the hierarchical setting.
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In the area of combinatorial problems, there has been growing interest in applying HRL techniques. kSubS
(Czechowski et al., 2021) introduces a hierarchical search algorithm that iteratively generates subgoals to
construct a search tree. Building on this, AdaSubS (Zawalski et al., 2023) incorporates multiple subgoal
generators, each trained to predict subgoals at di erent distances from the target, allowing for dynamic
adaptation of the planning horizon based on problem complexity. HIPS (Kujanpaa et al., 2023a) and HIPS-
" (Kujanpaa et al., 2023b) perform search using subgoals generated by VQ-VAE models (van den Oord et al.,
2017).

Low-level Search Algorithms Traditional search algorithms like Best-First Search (BestFS), A* (Cor-
men et al., 2009; Russell & Norvig, 2009), and Monte Carlo Tree Search (MCTS) (Veness et al., 2009;
James et al., 2017) have long been the foundation for solving complex decision-making problems. Recent
advancements have improved these methods by integrating neural network-based heuristics, improving their
e ciency in large search spaces (Silver et al., 2018; Yonetani et al., 2021). A variant of -BestFS used in
(Czechowski et al., 2021; Zawalski et al., 2023), leverage heuristics learned through behavioral cloning to
guide search. More recent algorithms, like PHS (Orseau & Lelis, 2021) or LevinTS (Orseau et al., 2023),
combine policy-driven and value-based approaches, o ering both theoretical guarantees and strong empirical
performance. Additionally, PDDL planners (Haslum et al., 2019) solve decision-making problems by using
prede ned action models and goals, with domain-independent planners o ering broad applicability, while
domain-speci ¢ ones achieve higher performance in specialized tasks.

Empirical Studies on Algorithmic Performance Our work aligns with recent empirical studies that
investigate the conditions under which various algorithmic approaches excel. For instance, Andrychowicz
et al. (2020) investigate how speci ¢ design choices in uence the performance of PPO, while other research
compares o ine reinforcement learning with behavioral cloning (Kumar et al., 2022) or explores design
choices for language-conditioned robotic imitation learning (Mees et al., 2022). In this paper, we focus
on hierarchical search in combinatorial problems, speci cally studying the conditions where hierarchical
methods outperform low-level planners. To the best of our knowledge, this is the rst systematic study of
the relationship between hierarchical and low-level search in this context.

3 Combinatorial Environments

Our study targets solving combinatorial environments domains with discrete, compact state representations
corresponding to exponentially large con guration spaces, which makes them highly challenging to solve.
This class includes several NP-hard problems, such as the Traveling Salesman Problem (Applegate et al.,
2006), the Rubik's Cube (Singmaster, 1981), Sokoban (Culberson, 1997), or solving non-linear inequalities
(Sahni, 1974). In our study, we speci cally focus on goal-reaching tasks. To e ciently solve combinatorial
problems an algorithm should have the following desirable properties:

In combinatorial environments, each problem instance is typically entirely distinct from others, making it
unrealistic to assume that o ine data provides comprehensive state space coverage. This is especially critical
in problems like the Rubik's Cube, where even with a vast training dataset, any new state will be entirely
di erent from those previously encountered. Some approaches rely on su cient state space coverage, but in
many combinatorial problems, this assumption is impractical.

1. Learning from o ine data. Since combinatorial environments are characterized by a large space
of possible con gurations, learning without priors or handcrafted dense rewards is infeasible due to
the challenge of exploratiort. To address this, a canonical solution is to leverage o ine data, even
suboptimal. Other possible approaches, such as clever reward shaping, usually require signi cant
domain knowledge.

2. Combinatorial space abstraction. In combinatorial environments, each problem instance is
typically entirely distinct from others. Hence, it is unrealistic to assume a comprehensive state space

1For instance, we tested PPO (Schulman et al., 2017) on the Rubik's Cube, but, unsurprisingly, it failed to make any progress
due to never reaching the goal in the haystack of 4 :3 1019 states, hence never observing a positive reward.
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coverage by training data or repeated visits to nearby states, an assumption that some approaches
implicitly rely on.

3. Search. Methods that don't use search and follow a single action trajectory are inherently limited
by computational complexity, since they can perform only a constant number of operations before
choosing an action. Solving NP-hard problems within a xed computation budget is computationally
infeasible (Bruck & Goodman, 1987).

Many hierarchical methods have not been designed for combinatorial problems, so they fail to meet the listed
conditions and cannot be expected to be e cient in these applications. For instance, Chen et al. (2024); Yang

et al. (2018) require continuous state or action space, Ghavamzadeh & Mahadevan (2003) learns only from
online interactions, Eysenbach et al. (2019); Huang et al. (2019); Lee et al. (2022) assume a good coverage
of the whole state space, and Nachum et al. (2018); Levy et al. (2019) do not use planning to determine
actions.

4 Subgoal Methods

Subgoal methods, or hierarchical methods, are a family of algorithms designed to solve complex decision-
making tasks by breaking down the overall objective into smaller, more manageable subgoals (Sutton et al.,
1999). Instead of searching for a sequence of low-level actions that directly lead from the initial state to the
goal, the agent rst identi es high-level intermediate targets subgoals that guide the trajectory toward

the nal goal. The use of subgoals is widely considered as a method that scales better to longer horizons
(Chen et al., 2024; Lee et al., 2022), mitigates errors in value approximations (Czechowski et al., 2021),
and reduces overall complexity by decomposing the problem into smaller subproblems (Sutton et al., 1999;
Zawalski et al., 2023). The process of searching involves the following components:

Subgoal generator that, given a state within the search tree, outputs a set of subgoals. For
instance, a subgoal may be a future state (Czechowski et al., 2021; Zawalski et al., 2023) or a
class of desired outcomes (Jiang et al., 2019; Panov & Skrynnik, 2018). See Figure 16 for example
subgoals. The subgoal generator can be implemented using models such as transformers with beam
search (Czechowski et al., 2021; Zawalski et al., 2023), VQ-VAE (Kujanp& et al., 2023a), or other
generative architectures. The generator is used by the planner to construct a search tree of subgoals.

Low-level policy that determines a path of low-level actions between subgoals. For instance, it
may be a trained goal-reaching policy (Czechowski et al., 2021; Zawalski et al., 2023), a local search
(Czechowski et al., 2021; Kujanpéaa et al., 2023a), or a stored path from previous episodes (Eysenbach
et al., 2019; Lee et al., 2022).

Planner that determines the order in which subgoals are generated. Standard planning algorithms
like BestFS (Czechowski et al., 2021), PHS (Kujanpaa et al., 2023a), or their modi ed forms (Za-
walski et al., 2023), are typically used.

Value function that estimates the distance between the given state and the goal state. The planner
uses this information to select the next node to expand with the subgoal generator. In some works it
is also calledheuristic value. In our study, we focus on value functions learned from demonstrations,
but in general, values learned through RL or even scripted heuristics can be used in search.

In our experiments, we use kSubS (Czechowski et al., 2021) and AdaSubS (Zawalski et al., 2023) as subgoal
methods well-suited for combinatorial problems, as they satisfy the conditions formulated in Section 3. We
also experimented with HIPS and HIPS- (Kujanpéa et al., 2023a;b), but these methods generally fail to
solve the problems within a reasonable computational budget. Therefore, their results are omitted from the
main text and discussed in Appendix I.

We compare the performance of the selected subgoal approaches against three popular low-level methods:
BestFS, A*, and MCTS. To ensure a fair comparison and improve e ciency, we augment these algorithms
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by using a trained policy to select the top actions before each node expansion. We refer to them asBestFS,
-A*, and -MCTS. A detailed description, analysis, and pseudocode for each of these algorithms can be
found in Appendix F. See also Appendix H for diagrams explaining di erent search methods.

4.1 Training Components

In our experiments, the models for both subgoal methods and low-level searches were trained using imitation
learning, following standard practice (Nair et al., 2018; Czechowski et al., 2021). Speci cally, we collected a
dataset of approximately 500 000 trajectories for each environment. Trajectories are sequences of consecutive
states and actions leading to the goal state. We used various methods of dataset collection, like hand-crafted
algorithms, trained policies, reversed random shu es, and others, which let us to study the in uence of
training data characteristics on the performance of search methods.

To ensure a fair comparison, all methods shared common components whenever applicable (e.g., each method
uses the same value function). This allows us to focus on the di erences between the search algorithms, rather
than heuristic biases. No additional heuristics were used, ensuring that performance di erences arise solely
from the algorithmic approaches.

More details on training the components, including speci ¢ objectives, are provided in Appendix D.

4.2 Performance Metrics

Our primary performance metric is the success rate de ned as the percentage of problem instances solved
within a given complete search budgetThe complete search budget is the total number of visited states in
the search tree. In particular, for subgoal methods, the budget includes both the generated subgoals and
the states visited by the low-level policy used to connect these subgoals.

By accounting for the total number of visited states, this metric provides a uni ed and fair comparison of
search e ciency across di erent methods. We argue that reporting only the number of visited subgoal nodes
would unfairly favor subgoal methods (see Appendix | for details).

While wall-clock time could serve as an alternative budget metric, it su ers from high variance and is sensitive
to hardware, making it di cult to reproduce results. Nevertheless, we report wall-clock measurements to
validate their correlation with the complete search budget. Detailed discussion of that metric is provided in
Appendix G.

5 Analysis

We investigate how environmental properties and training data in uence the performance of hierarchical
methods compared to low-level search approaches in combinatorial tasks. While previous works (Czechowski
et al., 2021; Zawalski et al., 2023; Kujanp&a et al., 2023a;b) show a considerable advantage of hierarchical
methods, our experiments reveal that this advantage is not consistent across all scenarios (see Figures 4 or
5 for speci ¢ examples). Speci cally, we answer the following research questions:

Q1. Is hierarchical search more e ective than low-level search for solving combinatorial problems?

Q2. What environmental properties and characteristics of the training data amplify performance di er-
ences? When hierarchical search should be preferred over low-level search?

Q3. What pitfalls should be avoided when interpreting experimental results?

To address these questions, we conducted a wide range of experiments comparing subgoal and low-level
search algorithms across a variety of combinatorial tasks. Below, in each subsection we summarize the key
ndings that reveal the most signi cant factors a ecting performance, followed by a brief discussion. For
each nding, we link it to the relevant research questions. The extended analysis of these factors can be
found in Appendix B.
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We present our ndings using the Rubik's Cube, Sokoban, N-Puzzleand Inequality Theorem Proving (INT)
(Wu et al., 2021) environments’. These classical benchmarks are widely used in planning research (McAleer
et al., 2019; Czechowski et al., 2021) and are known to be NP-hard (Demaine et al., 2018; Culberson, 1997;
Ratner & Warmuth, 1986). Since di erent algorithms exhibit signi cant performance variations depending

on the problem structure, we evaluate them in a range of environments to ensure the robustness of our
ndings. Detailed descriptions of these environments can be found in Appendix A.

All methods in our study were trained using imitation learning. In particular, all algorithms share the same
value function, as stated in Section 4.1. To ensure fair comparisons, we measured complete search budgets, in
contrast to counting only high-level search nodes, to avoid giving any unfair advantage to subgoal methods,
as discussed in Section 4.2 (which contributes to the research question Q3). We tuned hyperparameters of
each method separately for each experiment to ensure optimal performance.

5.1 Subgoal Methods are Robust to Diverse Sources of Data

Achieving superhuman performance in complex tasks often involves large-scale datasets of demonstrations
obtained from agents with varying skill levels and strategies (Silver et al., 2016). By training models on data
collected from a variety of solvers and testing them in the Rubik's Cube and N-Puzzle environments, we
show that the variability in training data has a signi cant impact on the performance of search algorithms.
Our training data included algorithmic solvers, computational solvers, and random shu es, as detailed in
Appendix B.1.

Figure 2: Solving the Rubik's Cube. Components Figure 3: Solving the N-Puzzle. Components are
are trained on data from 4 di erent solvers. trained on data from 2 di erent solvers.

As shown in Figures 2-3, subgoal methods consistently outperform low-level methods by a wide margin
(Q1). However, when the training dataset is limited to a single source of demonstrations whether the

demonstrations are long and structured or short and direct this performance gap disappears (see Figures
4-6). Notably, subgoal methods, particularly AdaSubS, maintain stable performance across all training

setups, while low-level methods are highly sensitive to the characteristics of the training data.

To explain those results, we found that value functions trained on diverse data often fail to assign consistently
low values to the initial states of tasks. When demonstrations di er signi cantly in their length or execution
style, the value function learns this variation, leading to inconsistent value predictions. Hierarchical methods
can overcome this issue by relying on subgoals. Subgoals enable the agent to make long steps toward the
solution, e ectively bypassing regions of the state space where the value function is inconsistent or noisy,
as it does not need to assess every small step along the way (this property is further studied in Section
5.2). In contrast, low-level methods operate on a ner, step-by-step level, executing small, atomic actions.

2We note that classical environments have domain-specic solvers that achieve high performance by relying on expert
knowledge. However, our goal is to compare general-purpose search methods that require no domain knowledge.
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Figure 4: Solving the Rubik's Figure 5: Solving the Rubik's Figure 6: Solving N-Puzzle. Com-
Cube. Components are trained on Cube. Components are trained on ponents are trained on an algorith-
reversed random shu es. the Beginner algorithmic solver. mic solver.

This makes them more sensitive to the variability in the value function because they must evaluate each
intermediate state on the way.

More detailed analysis of the experiments involving diverse data sources is provided in Appendix B.1.

Takeaway Subgoal methods successfully leverage diverse demonstrations (Q2), while low-level
search performs better when trained on homogeneous trajectories (Q2).

5.2 Subgoal Methods are Value Noise Filters

We found that the classical search algorithms are highly sensitive to the quality of the value function. To
show this in a controlled setting, we added Gaussian noise to the value estimates and observed how di erent
noise levels impacted the success rate of solving tasks.

Figure 7: Success rate of low-level and subgoal methods as the approximation errors of the value function
increase. =100 results in completely random value estimates.

While -BestFS is able to solve nearly all instances under ideal conditions, its performance signi cantly
declines as value function errors increase, even to 0% (see Figure 7)-A* and -MCTS behave similarly.
In contrast, the subgoal methods show remarkable resilience. Particularly AdaSubS, which maintains nearly
unchanged success rate, despite high value errors (Q2).

These results align with our ndings in Section 5.1, where using diverse training data naturally introduced
value estimation errors. As observed by Zawalski et al. (2023), the search process of subgoal methods is
guided by subgoal generators, which reduces reliance on the value function. Subgoal generators and the
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conditional policies connecting subgoals are not directly in uenced by the value approximation errors. The
value function is used only in high-level nodes, which represent only a fraction of the search tree.

In hierarchical methods, the distance between high-level nodes spans multiple steps, increasing the likelihood
that value estimates for subsequent high-level nodes along the solution path will be monotonic (see Figure
8 for an illustrative example), which makes planning more e cient. This supports the claim by Czechowski

et al. (2021) that subgoals e ectively mitigate the impact of value noise. To further ground that result, we
prove the following theorem:

Theorem 1 (Search advancement formula) Let gx : S! P (S) be a stochastick-subgoal generator that,
given a states 2 S samples a set ob subgoals s;g such that the distancedl(s;;s) are independent, uniformly
distributed in the interval [ k;k]. Let V :S! R be a value function with approximation error uniformly
distributed in the interval [ ; ].

Then, after n iterations of search, the expected total progress toward the goal is:

b Zy z
Eadv = —— X t(x + h)® 1dh dx; (1)
4k |
wherew(x) is CDF of the sum of two uniform variablesU( k;k)+ U( ; ). Additionally, if we approximate

that sumasU( k ;k + ), we get

n (k+ )P(bk2+bk 2k 22+ b2k +bk +2 2) KkP(bK)
Adv (b+1)(b+2)k (k+ )b 1

(@)

Proof. See Appendix K for the proof. O

Figure 8: Value estimates along a solving trajectory Figure 9: Normalized advancementEag, =k for a sin-
generated by -BestFS. Even small approximation er- gle search iteration, according to Theorem 1. The
rors cause non-decreasing values, slowing down thevalue for each subgoal is divided by its length to rep-
search. In contrast, the subgoal path mitigates these resent the advancement per atomic action for easier
errors, leading to mostly monotonic values along the comparison.

trajectory.

Theorem 1 quanti es the expected progress of the search at each step, with Equation 1 giving an exact
formula and Equation 2 providing a useful approximation. To compare subgoal methods with low-level
methods in theory, under di erent levels of value approximation error, we model low-level search by setting

k = 1, which represents a single action. Figure 9 shows the expected search progress with a branching factor
of b= 3, normalized by the number of actions leading to a subgoal.

When value estimates are perfect (i.e., = 0), both subgoal and low-level searches perform similarly.
However, as value approximation errors increase, subgoal methods become signi cantly more resilient. At
high noise levels ( = 20), single-step searches make very little progress, advancing only:025 per action.
In contrast, subgoals of length 8 achieve much greater progress :2 for the entire subgoal, which is 0175
per action. This 7-fold increase in theoretical e ciency explains why subgoal methods outperform low-level
methods in our experiments.
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Further analysis of these experiments can be found in Appendix B.2.

Takeaway Subgoal methods successfully handle value approximation errors. Thus, they shoul
be used when estimating the value is hard, for instance, when learning from diverse and suboptima
demonstrations (Q2).

5.3 Subgoal Methods Handle Complex Action Spaces

Figure 10: Solving INT. Components are trained Figure 11: Solving the Rubik's cube with ex-

on randomly generated proofs. panded action space, compared with the stan-
dard setup. Components are trained on reverse
random shu es.

In environments with large action spaces, search methods often struggle due to the exponential increase
in the number of choices (Sutton & Barto, 1998). As shown in Figure 10, subgoal methods demonstrate
a clear advantage over low-level search methods in the INT environment (Wu et al., 2021), a benchmark
on proving mathematical inequalities (Q1). The INT environment is particularly challenging because of its
highly complex observation and action spaces, making it the most di cult benchmark among those used in
(Czechowski et al., 2021; Zawalski et al., 2023; Kujanpaa et al., 2023a;b).

Given a complex action space, each node expansion in low-level methods involves executing many similar
actions, limiting their ability to e ciently search through the space. In contrast, subgoal methods compute
actions only to connect subgoals, which is a much simpler task. This targeted approach reduces the negative
impact of a large action space, allowing subgoal methods to maintain their e ciency even as the action space
grows (Q2).

To con rm this explanation, we conducted experiments on a modi ed version of the Rubik's Cube, where
the action space was arti cially in ated by giving the agent access to 100 copies of each action. As shown in
Figure 11, this simple modi cation drastically reduces the success rates of all low-level methods, even below
35%. In contrast, subgoal methods remain largely una ected, performing similarly to the standard setup.
We can explain that result with the following theorem:

Theorem 2 (Densi cation of the action space). Fix any state s from the state spaceS. Let f : A! [0;1]
be the action distribution induced by the data-collecting policy for the stats. Assume thatf is continuous
and has a unique maximum.

For clarity, assume A = [0;1]. Consider a sequence of increasingly dense discrete action spacAg :=
fi=ngl, A.Let ,:S A,! [0;1]be a family of policies that learn the distributionf ja, over actions,
with uniform approximation error U( E;E), where E 2 R.. Let r, be the range of the topK actions
according to the probabilities estimated by ,. Then

nI!|1m E[rn]=0:
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Proof. See Appendix L O

Intuitively, this theorem states that as the action space become more dense and complex, the actions sampled
for search become increasingly less diverse, which strongly impedes successful planning. Note that this
analysis is strictly more general than the last experiment, where we simply copied the available actions.
Further analysis of the experiments involving large action spaces is provided in Appendix B.3.

Takeaway =~ When facing a problem with a complex action space, subgoal methods should outperfor
low-level search (Q2).

5.4 Subgoal Methods Avoid Dead Ends

Once an agent encounters a dead end, reaching the goal becomes impossible, leading to wasted computational
e ort. Our results, presented in Figure 5.4, show that subgoal methods tend to enter dead ends less often
than low-level methods. Using longer subgoals improves the ability to bypass those areas.

Among low-level methods, -A* performs the best at minimizing dead ends rate, as its node selection
regularizes values by depth in the search tree, preventing it from over-committing to dead ends. However,
even -A* is outperformed by subgoal methods, which rely on greedy value estimates and subgoals.

Deciding whether a state is a dead end can be NP-hard.
Hence, it is much harder for the value function to penal-
ize dead ends compared to the policy, which only ranks

Search algorithm Dead ends rate

the available actions and does not have to identify dead -MCTS 22.0%
ends (Feng et al., 2022). Furthermore, demonstrations -BestFS 18.5%
used for imitation learning lead to the goal state, hence -A* 13.7%
they contain no dead ends. Therefore the value function kSubS (4 steps) 12.7%
trained this way is never directly instructed to penalize kSubS (8 steps) 10.0%
dead ends. Atthe same time, during training of the policy AdaSubs 8.86%

the actions leading to dead ends are never reinforced. Our
experiments show that hierarchical search relies much lessgigyre 12: Fraction of dead ends encountered
on the value guidance compared to low-level search (Sec-qyring search between hierarchical and low-level
tion 5.2), which further supports our conclusions. For a methods in Sokoban.

more detailed analysis, see Appendix B.4.

Takeaway Subgoal Methods Are More E ective at Avoiding Dead Ends Compared to Low-Level
Search (Q2).

5.5 Subgoal Methods Generalize Out-Of-Distribution

Planners that can generalize to out-of-distribution (OOD) instances are essential for robust decision-making
(Kirk et al., 2023; Shen et al., 2021). We tested two types of generalization in the Sokoban environment: by
signi cantly changing the layout of the board and by using extremely di cult boards from the DeepMind
dataset (Guez et al., 2018) (see Figure 13 for examples).

In both cases, subgoal methods show better performance than low-level methods, with the gap increasing as
the distribution shift become more visible (see Figures 14-15). However, we found that kSubS, when using
twice longer subgoals, collapses in OOD evaluations, despite outperforming-BestFS and other low-level
methods on in-distribution tasks. As the subgoal distance increases, predicting the distant future becomes
more challenging, making it less likely for the generated subgoals to be valid and reachable, especially in
OOD tasks. In contrast, low-level methods avoid this issue, as selecting an action from a limited set always
results in a valid move. Thus, while subgoal methods can be e ective in OOD scenarios, excessively long
subgoals can degrade performance (Q2).
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Figure 13: Examples of Sokoban boards used in OOD experiments

Figure 14: Averaged OOD results on Sokoban Figure 15: Performance on DeepMind extra hard
boards with OOD layouts. These instances were boards.

generated by systematically varying all parame-

ters of the instance generator.

When evaluated on extremely challenging instances (see Figure 1) introduced by (Guez et al., 2018), all
methods required a signi cantly higher search budget but maintained the same performance order as in the
previous experiment (Q1). Solving these instances requires more advanced strategies than those learned
during training. Subgoal methods are better equipped to handle this increased complexity because selecting
subgoals is closely related to choosing a broader strategy because of their longer horizon. In contrast, low-level
methods must assess each individual action, which limits their ability to foresee the long-term consequences
of their choices.

Takeaway Subgoal methods can scale better than low-level methods on OOD instances, provide
the subgoals are not too long (Q2).

6 Discussion of the Results and Future Directions

We identi ed several features that facilitate the performance of subgoal methods; however, this list is not
exhaustive. Since our study is primarily empirical, it is dicult to make truly universal claims. This
highlights the need for further research, including the analysis of additional subgoal-based and low-level
algorithms, as well as a broader range of environments. Although most of our conclusions were con rmed
across multiple settings, extending the evaluation to more domains would further strengthen their validity.

Empirical results suggest general trends, but Theorems 1-2 o er theoretical support for key ndings. These
theorems, which apply to the general class of hierarchical methods described in Section 4, reinforce the
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broader relevance of our results. Additional ndings from our study may also inspire further theoretical
investigation.

We advocate for the use of a complete search budget as a more meaningful metric than alternatives such
as the number of high-level nodes or wall-clock time. Nevertheless, for completeness, we report runtime
comparisons in Appendix G. Developing a exible, low-variance, and reproducible evaluation framework
based on wall-clock time remains an important direction for future work.

Our study has broader implications for other complex domains. For example, advancements in robotics
often face signi cant challenges due to limited data, leading many methods to rely on collective datasets
like Open X-Embodiment (Collaboration et al., 2023). As shown in our experiments, hierarchical search
methods benet substantially from training on diverse expert data (Section 5.1). Furthermore, the data
bottleneck increases the need for the models to generalize to out-of-distribution scenes and tasks, which is
also an advantage of hierarchical methods (Section 5.5). Finally, an essential aspect of robotics involves
preventing the robot from becoming stuck or losing the manipulated object, events that can be seen as
dead-end scenarios (Section 5.4). Successful applications of hierarchical methods in robotics include models
such as SuSIE (Black et al., 2024) and HIQL (Park et al., 2023).

Additionally, our experiments indicate that hierarchical methods scale well in long-horizon tasks, as evidenced
by their performance in the N-Puzzle and the Rubik's Cube (using Beginner demonstrations), where the
average sequence of steps often exceeds 200. Interestingly, while low-level methods can still perform well in
these scenarios, we observed that they tend to be much more sensitive to hyperparameter tuning.

It is important to note that we do not claim hierarchical methods are universally superior to low-level
approaches in all complex domains. Instead, the properties highlighted in our analysis suggest cases where
they should be considered.

7 Conclusions

We conducted a thorough comparison of hierarchical and low-level search methods for combinatorial tasks.
Our experiments provides empirical and some theoretical evidence that hierarchical approaches should be
preferred in environments where value estimation is challenging and learned estimates face signi cant uncer-
tainty, particularly when learning from diverse suboptimal data. Furthermore, subgoal methods demonstrate
better scalability in complex action spaces and are more e ective at avoiding dead ends than low-level meth-
ods. Thus, in environments characterized by those properties, it is advisable to consider subgoal methods
as an alternative to low-level search.

While we use Subgoal Search as a representative hierarchical method in our experiments, our analysis is
framed from the broader perspective of hierarchical methods, as introduced in Section 4. Notably, Theorems 1

and 2, as well as the general properties illustrated in Figures 8 and 11, apply to a wide class of subgoal
methods, not just to the speci ¢ implementations used for our experiments.

Based on our results, we propose guidelines for future research in this area. According to our experiments,
the best-performing low-level search was usually -BestFS with a con dence threshold (see Appendix F).
Although it is rather sensitive to the threshold value, which has to be optimized for each domain separately,
we advocate using this simple method as a standard baseline for further research in hierarchical search. Our
guidelines are comprehensively discussed in Appendix J.

Additionally, we identi ed easy-to-overlook mistakes in reporting the results that may lead to misleading
conclusions. Most importantly, the reported complete search budgedf hierarchical methods must include all
the visited states and not only the high-level nodes as used in some prior works.

8 Reproducibility Statement

The code used to run all our experiments is available athttps://github.com/subgoalsearchmatters/
what-matters-in-hierarchical-search . We also link there datasets used for training our models. Hence,
all our results are fully reproducible.
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A Environments

Sokoban Sokoban is a classic puzzle game where the objective is to push boxes onto target locations within
a con ned space. It is a popular testing ground for classical planning methods and deep-learning approaches
due to its combinatorial complexity and diculty in nding solutions. Recognized as a PSPACE-hard
problem, Sokoban is used to evaluate dierent computational strategies. Our experiments use 12 O 12
Sokoban boards with four boxes to assess the performance of our proposed models. An illustrative example
of a simple Sokoban search tree with a solving path is shown in Figure 16.

Figure 16: Hierarchical Search applied to solving Sokoban. This tree, depicted in gures, employs bolded
green arrows to highlight selected subgoals within a hierarchical search framework earmarked for subsequent
exploration. The illustration demonstrates that these intermediate goals exhibit variability in terms of both
their spatial distance and the methodology by which a planning algorithm may leverage them.

Rubik's Cube The Rubik's Cube, a renowned 3D puzzle, has over:8 10 possible con gurations,
highlighting the huge search space and the computational challenge it poses. Recent advancements in solving
the Rubik's Cube with neural networks underscore the potential of deep learning methods in navigating
complex, high-dimensional puzzles. For the exact representation of the Rubik's Cube state, see Figure 17.

N-Puzzle The N-Puzzle, a classic sliding puzzle game, comes in various sizes, including the 3x3 (8-puzzle),
4x4 (15-puzzle), and 5x5 (24-puzzle). The goalis to rearrange a frame of numbered square tiles into a speci c
pattern, a task that tests the algorithm's ability to plan and execute a sequence of moves e ciently. Figure

18 shows a visualization of a trajectory in 24-puzzle.

INT INT (INequality Theorem proving) is an automated theorem-proving benchmark for high school al-
gebraic inequality proofs. (Wu et al., 2021) provides a generator of mathematical inequalities and a proof
veri cation tool. Each action in INT maps to a proof step, which species a chosen axiom and its input
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Figure 17: Example trajectory of Rubik starting from initial state sq leading to the nal solution sp.

Figure 18: Example trajectory of n-puzzle starting from initial state sy leading to the nal solution s,. Red

arrows indicate low-level actions.

entities - which makes action space very high-dimensional, enabling up to a million valid actions at a step.
This large action space makes INT a desirable but challenging environment for expanding HRL paradigms

to vast action spaces.

We used 25-step proofs for this paper, representing an uplift from 15 considered in (Czechowski et al., 2021;
Zawalski et al., 2023) (the latter used longer proofs, but only for evaluating 15-trained models). Each step
is an application of an axiom to an axiom-speci ¢ number of entities (entities are bracketed or bracketable

parts of the theorem's goal).

Example Theorems for INT environment

Theorem 1 Premises: ((c+c)+ d) a;

(d+e) O
((c+ )+ f) (0+ a)
(b+g9) O

Theorem 2 Goal:

Theorem 3 Premises: (a+d) O
(a+e) (c c)
(e+f) O
(c+9) 0O
(c+h) (c+g)
(c+i) O

Goal:  (((((( c c) (a+d)+(a+e)
((((© (a+d)+(c o)

Goal: (( c+c)+(c+c) do)y+((c+c)+ d)y+(d+e)+(( c+c)y+ f))+( b+ g))
((((0+ a)+0)+(0+ a)+0)
((0+ b+ c)+ a) (O+(0+( b+(c+ a))

(c+g)+(c+h) (c+i)
(ctgh+(c+g) (c+i)

Figure 19: A comprehensive representation of theorems pertaining to goal achievement in mathematical
expressions, showcasing the logical structure and underlying premises leading to the formulated goals.
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B Key Factors For Hierarchical Search
According to our experiments, the attributes pivotal for leveraging the advantages of high-level search include:

"~ learning from diverse data sources,
" hard-to-learn value function,
~ complex action space,

" presence of dead ends

In Section 5, we show our main experiments that support our ndings. In this appendix, we present an
extended analysis of each property.

B.1 Learning from diverse data sources

Achieving superhuman performance in complex tasks, as demonstrated by AlphaGo Silver et al. (2016), often
involves large-scale datasets of demonstrations obtained from agents with varying skill levels and strategies.
However, this diversity introduces challenges such as inconsistencies in demonstrations and variations in
quality (Fu et al., 2020; Chen et al., 2021; Levine et al., 2020). Widely used datasets like D4RL (Fu et al.,
2020), Open X-Embodiment (Collaboration et al., 2023), or Waymo Open Dataset (Sun et al., 2020) re ect
this diversity, highlighting the need to address these challenges e ectively. We want to answer the question
whether such setting is handled better by high-level or low-level search algorithms.

Experiment setup  For this analysis, we focus on the Rubik's cube environment. We collected a dataset of
500 000 trajectories, computed with four di erent solvers for the Rubik's cube:

" Beginner the simplest human-oriented solving algorithm. It aims to order the cube layer by
layer with a few primitive tactics. Because of that the solutions are structured, but also very long
(typically between 150 and 200 moves).

CFOP an algorithm designed for speedcubers. It is based on the same principle as Beginner, but
employs many advanced tactics that make the solutions faster (typically about 100 moves).

" Kociemba a computational solver that nds near-optimal solutions (usually between 20 and 40
moves) in short time. It is heavily optimized based on the algebraic properties of the Rubik's cube.

Random solutions obtained by scrambling an ordered cube with random moves and reversing the
trajectory.

Figure 30 shows example solutions generated with each solver. Clearly, the algorithmic solvers (Beginner
and CFOP) generate much longer solutions that the other methods. They are also more structured, as they
are based on building patterns. The computational solver Kociemba on the other hand go directly towards
the solution because its moves are carefully optimized to ensure maximal advantage. Because of that, this
dataset represent a truly diverse set of demonstrations.

Results As shown in Figure 2, the subgoal methods outperform the low-level methods by a wide margin.
While -BestFS is comparable on small budgets, it struggles with solving most of the instances. Also, it
should be noted that the performance of the subgoal methods changes only slightly compared to training on
a single Random solver (Figure 4) while the low-level searches are heavily a ected.

Learned values To nd the sources of that outcome, we checked the values learned by the heuristic function.
Because of the diversity introduced by combining the experts, we should expect that the estimates are subject
to high uncertainty and possibly high variance.

Figure 20 shows the distribution of the learned heuristic for random fully shu ed cubes. Although most
instances can be solved optimally within 20-26 moves, the estimates range from 14 to 90 steps. Furthermore,
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Figure 20: Value distribution for fully scrambled cubes, learned on data coming from diverse experts. The
values are rescaled so that the x-axis represent the estimated number of steps to the solution. The values
represent the mean of each interval.

the distribution is clearly bimodal one mode correspond to a typical length of Kociemba solution, the other
to CFOP.

Furthermore, Figure 25 shows the distribution of value estimates throughout the solutions for each solver. We
observe that for the algorithmic solvers the initial distance is considerably underestimated. After about 20%
moves the value network recognizes the pattern of layers built by the solvers and expect a long solution by
assigning values close to 100. On the other hand, the values learned for the states visited by the computational
solvers start as overestimated, but steadily decrease towards 0.

While it is a reasonable strategy for the value to t to the provided dataset, it creates a challenge for
the search. If a search algorithm aims to imitate Beginner or CFOP, it has to reach the layer pattern,
characteristic of those solvers. However, the random states tend to have very low distance estimate, compared
to the initial layer patterns. Because of that, for tens of steps the heuristic estimates would be actually
increasing, making the reached states less and less probable to expand.

In practice, the low-level searches usually fail to cross this gap. On the other hand, the high-level methods
are partially guided by the subgoal generators that ignore the values. The value gap that spans across about
30 steps can be crossed with as few as 5 subgoals of length 6. Because of that both kSubS and AdaSubS can
successfully leverage the schematic algorithmic solutions.

To nally con rm that conclusion, we must answer the question whether the performance of low-level searches
would increase if they could leverage the algorithmic solutions as well. For that purpose, we trained the
components for each method using data only from the Beginner solver. This way we remove the challenge of
noisy initial values. As shown in Figure 5, the low-level searches indeed perform much better. BestFS even
matches the performance of AdaSubS. That con rms our observation that low-level searchas fail to utilize
multimodal data because they rely too much on the value function and seek monotonic slopes.

At the same time we observe that since BestFS and AdaSubS show nearly identical performance on Beginner
solutions, it is questionable that hierarchical methods handle long-horizon tasks better, which is a common
belief (Nachum et al., 2018; Eysenbach et al., 2019; Chen et al., 2024).

B.2 Value Approximation Errors

In many practical scenarios, value function estimates are based on either limited data samples or hand-
crafted heuristics (Campbell et al., 2002; Mnih et al., 2015; Walke et al., 2023). This often leads to high
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Figure 21: Beginner solver

Figure 22: CFOP solver

Figure 23: Kociemba solver

Figure 24: Reversed random 20-move trajectories

Figure 25: The learned value estimates distribution for various solvers. For each plot 100 episodes were solved
using the respective solver. The boxes represent the distribution of value estimates for the consecutive points
of the solution. The x-axis denotes the relative part of the trajectory (i.e., 0:5 denotes the middle point in
each trajectory, regardless of its length). The blue line indicates the true number of steps to the solution.

approximation errors. If search algorithms rely too heavily on these imperfect estimates, they can make poor
decisions, especially in large and complex environments where accurate value estimates are even harder to
obtain (Collaboration et al., 2023; Vinyals et al., 2019).
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Figure 26: Beginner

Figure 30: Example solutions computed by each solver. Because the algorithmic solvers typically require
over 100 steps, we use a tiny font to display it.

Section B.1 hints that when value estimates are subject to high uncertainty, subgoal methods should outper-
form low-level searches. To con rm that intuition, we run an experiment in a Rubik's cube, N-Puzzle, and
Sokoban environments (Section 5.2). During inference, we add additional noise to the value estimates. That
is, whenever a node is added to the search tree and its value estimate equalswe add it with the value of
¢+ N (0; ) instead.

Figure 7 shows that as the amount of noise increases, each low-level method gets less and less e cient. On
the extreme, when using fully random values ( = 100), they struggle to solve any instance.
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On the other hand, subgoal methods are much more resilient to noise in the value. Adaptive Subgoal Search
is nearly not a ected by the presence of noise. kSubS is able to retain as much as 40%090% success rate,
even with completely random values.

Observe that the search performed by low-level methods is guided mainly by the value function. Hence, if
the computed estimates are subject to high variance, low-level search struggles to make any progress. On
the other hand, the subgoal search is guided both by the value function and the subgoal generator. Both the
subgoal generator and the conditional policy that connects subgoals do not depend on the values. Hence,
the value function is used only in the high-level nodes, which is only a fraction of the search tree.

An extreme case of that behavior is demonstrated by Adaptive Subgoal Search. Because in our con guration
each generator outputs a single subgoal, the value is nearly not used at all for search. Only when the search
is stuck, the secondary generators select the highest-ranked node to expand, which in this case is simply a
random node of the tree. To summarize, given random value estimates, AdaSubS reduces to the following
strategy:

1. Start from the root node,
2. Move from the current node to the subgoal until possible,

3. If the search is stuck, expand a random node in the search tree with a secondary generator and
return to (2).

The experiments show that this simple strategy is surprisingly competitive to the greedy best- rst approach,
even without noise. Interestingly, it could be implemented in low-level search as well. We leave that promising
experiment for future work.

B.3 Complex Action Spaces

In environments with large action spaces, search methods often struggle due to the exponential increase in
the number of choices at each decision point (Sutton & Barto, 1998). This complexity makes it di cult

to e ciently identify optimal actions, slowing down decision-making and exploration (Dulac-Arnold et al.,
2015; Silver et al., 2016).

The primary di erence between low-level methods and subgoal methods is that the former predicts the
next action, and the latter the next state. In many environments, the action space is as simple as a few
bits, allowing for iterating over all possible actions, and sampling them. At the same time, states may be
considerably larger, up to the extreme of image observations. However, in some environments, the action
space is comparable to the state space, or even more complex. A classic example is the AntMaze environment,
in which actions are 8-dimensional, while the goal space is only 2-dimensional (Fu et al., 2020).

Among the combinatorial reasoning environments we consider, INT has the most complex action space.
In INT, actions correspond to proof steps and are represented as the chosen axiom, speci cation of its
input entities, and the required premises (Wu et al., 2021). Thus, the complexity of the action is at least
comparable to the states. Moreover, solving the INT inequalities is based on constant simpli cation of the
given expression, so the state is getting even smaller with each step.

Our experiments, shown in Figure 10, clearly con rm the advantage of using subgoal methods in the INT
environment. To further verify the source of that advantage, we conducted another experiment, in a modi ed
Rubik's cube environment. Recall that the experiment presented in Section 5.1 shows that subgoals o er no
signi cant advantage in the original Rubik's cube (with a single data source). Now, we want to check whether
the outcome would be di erent if the action space were more complex. For that purpose, we extended the
action space 100 times. That is, the new action space consists of 1200 possible moves to choose from 100
copies of each original action.

As shown in Figure 11, the subgoal methods are barely a ected by the change, while the low-level searches
are unable to exceed 20% success rate. That result con rms our proposition that when facing a complex
action space, hierarchical methods o er considerably better performance.
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According to our analysis, the primary issue with low-level searches in the augmented Rubik's cube is the
lack of diversity of visited states. When for each state there are hundreds of actions that lead to a similar
outcome, they are rated similarly by the policy. Hence, all the top actions essentially lead to the same
outcome, which strongly limits the branching factor and trivializes the search trees. On the other hand,
subgoal methods are not a ected because subgoal generation does not depend on the action space. The
conditional policy that connects the generated subgoals does not build a search tree, but always follows the
single best action. Because of that, subgoal methods maintain their performance, even though the action
space is much more complex.

It is also important to note that even though some state spaces may seem complex, the underlying manifold

of possible con gurations is in fact low-dimensional. For instance, we use 12x12 Sokoban boards, where each
square is encoded as one-hot of 7 possible items, so technically the state space is 1008-dimensional, while
there are only 4 actions. However, in practice the subgoal is de ned by the positions of agent and boxes,
which is at most 10-dimensional, hence rather simple to generate.

B.4 Dead Ends

Dead-end states present a major challenge in decision-
making and planning tasks. Once an agent encounters a
dead end, reaching the goal becomes impossible, leading
to wasted computational e ort as the algorithm may con-
tinue exploring parts of the search space that do not con-
tribute to solving the problem (Russell & Norvig, 2020).
Failing to identify dead-ends may even lead to unsafe be-
havior (Fatemi et al., 2021; Sutton & Barto, 1998). At
the same time, identifying dead-ends is NP-complete in
many environments.

Speci cally, a dead-end states is one from which there Figure 31. '.A‘n example dead-end in Sokoban
a box that is pushed to the corner cannot be

exists no feasible sequence of actions that leads to the q the obiective i t o
goal state. Figure 31 shows an illustrative example of a moveh. anymore, so thé objective I1s not possible
dead-end state. to achieve.

B.4.1 Examples Of Dead-Ends In kSubS vs. BestFS

Figure 32: We illustrate a scenario where the kSubS algorithm encounters dead-ends, hindering the search
process. The gure shows a case where the algorithm generates two subgoals at an expected distance (k=8),
but both lead to dead-ends, wasting a portion of the search budget (18 nodes). As a result, the kSubS

algorithm backtracks from this subtree and continues searching elsewhere within the tree.
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Figure 33: The gure shows BestFS expanding two nodes from a dead-end. This resulted in the exploration
of over 300 additional nodes from that state, ultimately failing to nd a solution within the given search
budget.

In this subsection, we present examples of how each method handles dead-end situations during the search
process.

For this presentation, we analyzed 128 search trees initiated from identical starting boards for both algo-
rithms. The kSubS algorithm encountered dead-ends in 3 instances. To resolve these, it navigated through
13 high-level nodes and 105 low-level nodes within the corresponding subtrees. In contrast, the BestFS
algorithm encountered dead-ends in 18 instances, requiring the traversal of 4431 nodes. Note that BestFS
does not distinguish between high-level and low-level nodes in its search.

Examples of dead-end handling are shown in Figure 32 for kSubS and Figure 33 for BestFS. Observe that in
the case showed in Figure 32 expanding the parent node resulted in adding two more dead-ends to the search
tree. Because they have higher values, they were immediately expanded. However, the subgoal generator
understood that the only way to reach solution is to make an invalid transition of releasing the blocked
box. Such subgoals cannot be achieved by the conditional policy, hence no more subgoal was created in that
branch. On the other hand, low-level search is unable to propose invalid transitions, so it stays in dead-end
until the value estimates are higher than for other branches.
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C Network Architectures & Training Details

Environment  Hyperparameter Generator CLLP Value Policy
learning rate 0.0001 0.0001 0.0003 0.0001
learning rate scheduling linear linear linear linear

INT warmup steps 4000 4000 2000 4000
batch size 32 32 128 32
weight decay le-05 1le-05 1le-05 le-05
dropout 0.1 0.1 0 0.1
learning rate 0.0001 0.0005 3e-7 0.0001
learning rate scheduling linear linear linear linear

Rubik's Cube  warmup steps 5000 50000 50000 1000
batch size 512 5000 5000 2048
weight decay 0.0001 0.001 0.00001 0.0001
dropout 0.1 0 0 0
learning rate 0.00001 0.0001  0.0001  0.0001
learning rate scheduling linear linear linear linear

Sokoban warmup steps 2500 1000 1000 1000
batch size 512 2048 2048 2048
weight decay 0.0001 0.0001  0.0001  0.000001
dropout 0 0.1 0 0
learning rate 0.0001 0.0001 0.0001 0.0001
learning rate scheduling linear linear linear linear

N-Puzzle warmup steps 5000 2000 2000 2000
batch size 4096 4096 512 4096
weight decay 0.00001 0.00001 0.00001 0.0001
dropout 0.1 0 0 0

Table 1: Training-related hyperparameter values

We used BART (Lewis et al., 2020) and BERT (Devlin et al., 2019) architectures from HuggingFace Trans-
formers for all components. Subgoal generators and INT's policies (CLLP and baseline policy) use BART.
The remaining policies and value functions use BERT. Following the practice in (Zawalski et al., 2023), we've
reduced model size parameters, as detailed in Table 2.

INT As states in INT are complex objects, we prefer to use their string representations and avoid mapping
arbitrarily generated strings into complex states. Requisite modi cations to the component de nition are
best illustrated analogously to D.1. A generator is rede ned as follows:

Gty [

state to expand set of proposed subgoals (in string format)

and conditional level policy:

Pin = (3} fiz3 o 3!

current state subgoal representation action

Sokoban  Unlike prior work (Zawalski et al., 2023; Czechowski et al., 2021), which used convolutional
networks for all components, we work on tokenized representations of Sokoban boards and use BERT/BART
architectures instead. This modi cation did not adversely impact our ability to replicate AdaSubS and kSubS
results.

Training pipeline We trained our models from scratch using the HuggingFace Transformer pipeline.
Detailed training parameters, which varied across environments, can be found in 1.

Infrastructure For training, we used a single NVIDIA A100 40GB GPU node, and each component's
training took up to 48 hours. Because we used pre-trained trajectories, we did not need to use more than
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one core during training. We ran an evaluation using 24-core CPU jobs on Xeon Platinum 8268 nodes with
192GB of memory.

Environment  Hyperparameter Generator CLLP Value Policy
d model 512 512 - 512
decoder layers 6 6 - 6
INT intermediate size - - 256 -
encoder attention heads 8 8 - 8
hidden size - - 128 -
num hidden layers - - 2 -
decoder n dim 2048 2048 - 2048
encoder n dim 2048 2048 - 2048
encoder layers 6 6 - 6
decoder attention heads 8 8 - 8
d model 256 - - -
decoder layers 3 - - -
Sokoban intermediate size - 512 128 512
encoder attention heads 4 - - -
hidden size - 512 128 512
num hidden layers - 6 1 6
encoder n dim 2048 - - -
decoder n dim 1024 - - -
encoder layers 3 - - -
decoder attention heads 4 - - -
d model 64 - - -
decoder layers 3 - - -
N-Puzzle intermediate size - 128 128 256
encoder attention heads 4 - - -
hidden size - 128 128 256
num hidden layers - 2 1 3
encoder n dim 64 - - -
decoder n dim 64 - - -
encoder layers 3 - - -
decoder attention heads 4 - - -
d model 256 - - -
decoder layers 3 - - -
Rubik's Cube intermediate size - 512 128 512
encoder attention heads 4 - - -
hidden size - 512 128 512
num hidden layers - 2 1 6
encoder n dim 2048 - - -
decoder n dim 1024 - - -
encoder layers 3 - - -

decoder attention heads 4 - - -

Table 2: Model-related hyperparameter values
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D Oine Pretraining
Models are pretrained using an oine imitation learning approach. Specically, given a set of solution

o ine trajectories are collected from multiple experts, the objective is to learn from these trajectories. It
is important to note that these trajectories are not required to be optimal; they may include loops or
numerous redundant actions. Description of all components can be found in sectiod:1 and supervised
training objectives in section D: 2.

D.1 Components

During the pretraining phase, models undergo an o ine imitation learning process. Speci cally, they are

decision-making strategies.

Generator The generator component is responsible for generating subgoal propositions upon receiving a
state. These propositions are designed to facilitate progress toward the solution by suggesting intermediate
steps that direct the search process more e ciently.

Gy ! P&

state to expand set of subgoal propositions

Conditional Low-Level Policy The Conditional Low-Level Policy (CLLP) plays a crucial role in node
expansion by evaluating each subgoal proposition. For a given current state and a subgoal, the CLLP
recommends actions that lead toward achieving the subgoal. A path from the current node to the subgoal is
constructed through the iterative execution of these actions. Subgoals reached within a prede ned number
of steps,k, are incorporated into the graph, while those that are not are discarded.

Pr k3 ' Az

current state subgoal state action

Value The value function estimates the distance from a current state to the nal solution. This estimation
is used to guide the selection and expansion of nodes, in uencing the overall search strategy.

Vi g ! It

state to evaluate value of the state

Behavioral Cloning Policy The policy gc is a decision-making function that maps the current state to
an action. It encapsulates the strategy derived from the learning process, guiding the agent's actions towards

achieving the nal goal.
. |
et 13 A
current state action

D.2 Supervised Objectives

Each expert trajectory is dened as a sequence of states and corresponding actions
(so;a0);:::;(sn 1;an 1);Sn that delineate a path to a solution. The training methodology leverages
this data through several key self-supervised imitation mappings:

" A k-subgoal generator that maps a states; to a future state s;j., simulating the achievement of
intermediate goals.

~ Avalue function that estimates the remaining steps to the solution by mapping state s; to a numerical
value (i n), representing the estimated distance from the goal.

" A policy that maps each state-action pair ( s;;Sj+q), with d  k, to the corresponding action a;,
thereby guiding the decision-making process towards the solution.
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E One Pretraining: Trajectories

E.1 Rubik's Cube

E.1.1 Random

To construct a random successful trajectory, we performed 20 random permutations on an initially solved
Rubik's Cube and took the reverse of this sequence, replacing each move with its reverse. Such solutions
are usually sub-optimal since random moves are not guaranteed to increase the distance from the solution.
They can even make loops in the trajectories. However, a cube scrambled with 20 moves is usually close to
a random state, so such trajectories give a decent space coverage.

E.1.2 Beginner, CFOP

Beginner and CFOP are algorithms commonly used by humans. They solve the cube by ordering the stickers
layer by layer. Because of that, the solutions are highly structured and long usually between 100 and 200
moves. Both algorithms are composed of several subroutines that help building the consecutive layers. Thus,
the structure of such solutions highly resembles the subgoal search.

E.1.3 Kociemba

The Kociemba two-stage solvedeverages the algebraic structure of the Rubik's Cube. In the rst stage, its
goal is to enter a speci ¢ subgroup. Since that subgroup is much smaller than the whole space, completing
the solution may be done e ciently. Kociemba nds reasonably short solutions (usually between 20 and 40
moves) and works reasonably fast.

E.1.4 Size Of Datasets
For training the components on a dataset collected by a single solver, we generate 100 000 trajectories. For
the experiment with diverse experts, each solver generates 25000 trajectories for a total of 100 000.

E.2 INT

Trajectories are constructed from sequences of axiom applications, similarly to (Zawalski et al., 2023), who
followed (Wu et al., 2021). A set of up to 15 (out of 18) axioms is rst selected, and then a random axiom

order is set and validated. Finally, a proof is converted to a relevant trajectory. Approximately 500,000

trajectories were generated for model pre-training.

We capped the number of axioms at 15 because some pairs of axioms (eg. terminal axioms) cannot be in
one trajectory.

E.3 N-Puzzle

To collect data for N-puzzles, we utilized an algorithm that initially arranges block number 1, followed by
block number 2, and so forth, as depicted in Figure 18. The training set comprises approximately 1000
trajectories.

E.4 Sokoban

To collect trajectories for Sokoban, we used a trained MCTS agent that gathered approximately 1000
trajectories.
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F Algorithms

F.1 Best-First Search

Overview  Best-First Search greedily prioritizes node expansions with the highest heuristic estimates,
aiming for paths that likely lead to the goal. While not ensuring optimality, BestFS provides a simple yet
e cient strategy for navigating complex search spaces. The high-level pseudocode for BestFS is outlined in
Algorithm 1, and the detailed pseudocode is presented in Algorithm 2.

Algorithm 1 Pseudocode for Best-First Search
while has nodes to expanddo
Take nodeN with the highest value
Select childrenn; of N
Compute valuesy; for the children
Add (n;j;Vv;) to the search tree
end while

Heuristic  In our implementation, we adhere to the Best-First Search principle by utilizing the learned
value function, a common practice in the planning domain (Brunetto & Trunda, 2017; Czechowski et al.,
2021; Zawalski et al., 2023; Kujanpaa et al., 2023a). It should be noted that in each of our experiments,
all the compared algorithms use the same value function network. This way we ensure that the di erences
come solely from the algorithmic part.

Selecting children When expanding a node during search, the standard BestFS algorithm adds all its
children. However, in our implementation, we aimed to reduce the search tree size by selecting only the
most promising children. We achieve this by sorting the children according to their probability distribution
predicted by the policy network. For choosing the nal subset of children, we employ two approaches. In
the simpler variant, we always select the topk actions. In the second variant, we add top children until their
cumulative probability exceeds a xed threshold teons -

This pruning does not adversely a ect the standard algorithm, as nodes are still chosen based on their
heuristic values, while the threshold sets a practical limit on the search space. Our results demonstrate that
BestFS tends to perform much better with a con dence threshold (Figure 34). However, its performance
is highly sensitive to this threshold as it balances exploration and exploitation, illustrating the impact of
di erent con dence thresholds on success rates.

Success Rate
o o I
(<2 © o

I
IS

o
)

0.0

0.2 0.4 0.6 0.8 1.0
Value of the threshold

Figure 34: Comparison of success rates for the BestFS algorithm on the Rubik's Cube with various con dence
threshold values. BestFS-X represents the BestFS algorithm with the con dence threshold set to XLeft:
The plot displays the achieved success rate relative to the graph sizeRight: The plot illustrates the success
rate for a budget of 500 nodes.
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Completeness In the Rubik's Cube environment with random trajectories, the subgoal methods solve
more instances than BestFS given a low search budget, but with more resources, BestFS takes the lead (see
Figure 4). Also, in other experiments, we may observe that BestFS typically requires higher computational
budget to solve the simplest instances, but its performance increases considerably with more resources.

That behavior is related to the fact that the search trees built by hierarchical methods are much sparser
because the branching occurs only in the high-level nodes. On the other hand, the low-level algorithms can
cover a higher fraction of the space. On the extreme, if we used all the available actions for every expansion,
the low-level search would beguaranteedto nd a solution if one exists. Our mechanism of selecting the
actions removes that guarantee. However, at the same time, it drastically improves performance (compare
BestFS-0.7 with BestFS-0.99 which is complete), which makes it a much better choice for our study.

We note that the high-level algorithms could be made complete, as proposed in (Kujanpaa et al., 2023b;
Zawalski et al., 2023). However, to maximize the e ciency we choose to keep the tested algorithms in their
original form. The ability to search with sparse trees not only lets the methods advance fast, but also
withdraw quickly if the branch does not lead to the solution (is a dead end).

Hyperparameters  To identify the most suitable solving parameters, we used grid search. Initially we grid
over coarse values (namely 4, 0:2, 0:3, 0:4,0:5, 0:6, 0:7, 0:8, 0:9, and 099). Then we check ner values (with
precision of Q05) around the best-performing threshold. The best-performing thresholds range from:6 to
0:85, depending on the environment and the components that are used.

For determining the best number of top actionsk for the simpler variant, we simply check every possible
number of actions. Usually selecting 2 actions is by far the best choice.

Details regarding hyperparameters of the networks are listed in Appendix D.1.

Algorithm 2 Complete pseudocode for Best-First Search
Require:
value function network V,

policy BFs
predicate of solution solved

function search (sp)

T ; {priority queue}
T.push((V (so); s0))

parents fg

seenadd (sp) { seen is a set}

while 0< len (T) and len (seen) < max_budget do
;s T:extractMax () {select node with the highest value}
actions BFs (S)

for a in actions do
s®  envStep (s;a)

if sOin seenthen
continue
end if

seenadd (s9)
parents[s’] s
T:push((V (s9;s9)

if solved (s9 then
{solution found}
return extractLowLevelTrajectory (s% parents)
end if
end for
end while

return False {solution not found}
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F.2 Monte Carlo Tree Search

Overview  Our Monte Carlo Tree Search (MCTS) solver, designed for a single-player setting, is based on
the AlphaZero framework (Silver et al., 2018). The high-level work ow of MCTS is illustrated in Figure 35,
and detailed pseudocode is provided in Algorithm 3.

The algorithm's operation consists of four primary stages:

Selection : The most promising node is selected using Polynomial Upper Con dence Trees (PUCT),
augmented with an exploration weight to strike a balance between exploiting known strategies and
investigating new pathways.

Expansion : The selected node is expanded, generating new child nodes that correspond to prospec-
tive future actions. This expansion widens the search tree and enables the exploration of various
outcomes.

Simulation : Following the AlphaZero approach (Silver et al., 2018), policy and value networks re-
place traditional simulations. The policy network suggests favorable moves, while the value network
predicts their probability of success, directing the algorithm towards bene cial trajectories.

Backpropagation : The insights derived from the networks are used to update node values, im-
proving future decision-making.

Z; a,HB wS BZ,HB Z,Af; a,HB 9SVHS $ a

<
o
—————

Figure 35: Schematic diagram of the MCTS algorithm in our implementation. Arrows show policy network
probabilities and node values are valued network predictions. Q values, calculated via PUCT, integrate these
with exploration-exploitation balance.

Hyperparameters In the MCTS algorithm, the parameters were set as follows: sampling temperatures
were chosen from [0, 0.5, 1]. The number of steps varied between 200 and 1000, and the number of simulations
ranged from 5 to 300. The discount factor and exploration weight were consistently set at 1.
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Algorithm 3 MCTS Solver

Require:
Number of simulations: Ns
Discount factor:
Exploration weight:  Cpuct
Sampling temperature:
Value function: V
Environment model: M
Initial state: initial _ state from env

function Search ((initial _ state))
root initial _ state
iteration 0
while iteration <N s do
node  root
while node is not a leaf do
node selectChild (node), according to PUCT formula
end while
leaf node
Expand the leaf using the environment model M, policy , value function V, and discount factor
Backpropagate results through the path to update N;W;Q
iteration iteration +1
end while
best_child Sample child of the root accordingto and N
return action leading to best_child
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F.3 A Search

Overview Like Best-First Search, A* prioritizes the exploration of promising nodes. However, A* strate-
gically guides its search by incorporating both the actual cost to reach a node and a heuristic estimate of the
remaining distance to the goal. This way it balances the greedy exploitation and conservative exploration.
The high-level pseudocode for A* is outlined in Algorithm 4, and the detailed pseudocode is presented in
Algorithm 5.

Algorithm 4  Pseudocode for A*

while has nodes to expanddo
Take nodeN with the highest value
Select childrenn; of N
Compute valuesy; for the children
Compute depth d; for the children
Add (n;; d; + v;) to the search tree

end while

Heuristic ~ A* guidance is achieved through the following cost function:
f (node) = g (node) + h(node)
where:
g(node): The cost to reach node from the start state, in our case its depth in the search tree.
h(node): A heuristic estimate of the cost from node to the goal state.

. A scaling factor balancing the in uence of actual cost and heuristic estimate.

For heuristic h, we used a value network, like for BestFS (see Appendix F.1). If the heuristic used for
A* is admissible i.e. it never overestimates the cost of reaching the goal, A* is guaranteed to nd an
optimal solution. For instance, if we usedh(node) 0, A* would reduce to the Dijkstra algorithm. The
heuristic that we learn is not guaranteed to be admissible. Firstly, it estimates the distance according to
the demonstrations, which is always an upper bound for the optimal distance. Secondly, the approximation
errors introduce additional uncertainty. However, our main focus is on nding any solution, not necessarily
an optimal one.

Selecting children During the search, A* maintains a priority queue of nodes to be explored. Similarly
to BetsFS (Appendix F.1) for reducing the search tree size, we select the most promising children. At each
iteration, the node with the lowest f (node) value is selected for expansion. The algorithm proceeds until the
goal state is reached or the computational budget is exceeded.

Hyperparameters The key parameter for A* is the cost weight . On the extreme, setting = 0 reduces
A* to greedy BestFS, while setting = 1 makes it equivalent to Breadth-First Search. By tuning that
parameter, we control the trade-o between exploration and exploitation of the search.

To tune the depth parameter for our experiments, we grided over values [@; 0:2; 0:5; 1; 2; 5; 10]. However,
usually the best choice was to keep the cost weight low (@ or 0.2, see Figure 36). While conservative
search allows A* avoid more dead-ends than BestFS (see Figure 5.4), usually greedy steps lead to nding
the solution much faster.
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Figure 36: Figures presented above illustrate the impact of depth cost scaling on the overall success rate of
the A* algorithm on Sokoban, employing a con dence threshold of 0.85. In most experiments, the smaller
the depth scaling factor is, the better is the nal success rate. The left gure shows the success rate curves
for di erent choices of cost weight , while the right plot compares those variants for a xed budget of 500
computation nodes.

Algorithm 5 Complete pseudocode foA Search

Require:
value function network V
policy BFs
predicate of solution solved
depth scaling factor

function search (sp)

T ; {priority queue}
T.push((V (so); s0))

parents fg

seenadd (sp) { seen s a set}

while 0< len (T) and len (seen) < max_budget do
;s T:extractMax () {select node with the highest value}
actions Brs (S)

for a in actions do
s®  envStep (s;a)

if s®in seenthen
continue
end if

seencadd (s%)
parents[s’ s
T:push((V (s%) depth(s9;s9)

if solved (s9 then
{solution found}
return extractLowLevelTrajectory (s%, parents)
end if
end for
end while

return False {solution not found}

41



Under review as submission to TMLR

F.4 KkSubS And AdaSubS

Overview AdaSubS is a hierarchical search algorithm designed to solve combinatorial problems by op-
erating on high-level nodes, which represent multiple steps rather than single actions. It employs multiple

from a given state to the solution, and a conditional low-level policy P to execute a series of actions leading
from one subgoal to the next. kSubS is a special case of AdaSubS, where only a single generator is used.
These methods are introduced and studied in (Czechowski et al., 2021; Zawalski et al., 2023).

Stages The method begins by addingm initial nodes (one per each generator) to a priority queue, where
each initial node i is assigned a priority (k;; V(so)). Here, k; is the length of the generator used during the
node's expansion, andV(sg) estimates the distance (in low-level actions) betweersy and the solution. The

following steps are repeated until a solution is found or the budget is exhausted:

Selection for expansion : The node ((k; V(s);s) with the highest priority is extracted from the
gueue. This priority structure ensures that the algorithm prioritizes expanding the longest subgoals
whenever possible.

Generating subgoals : The current state s is passed to the selected generatd®, which produces

" Verifying reachability : Since G can produce invalid or unreachable subgoals, each proposed
subgoal must be veried. The conditional low-level policy P begins an iterative process, taking
single steps froms towards the proposed subgoak; . If s; is reached within k steps, the subgoal
is accepted, and new high-level node$ (ki;V(s;));s; izt 1:m ¢ are added to the priority queue as
potential future subgoals to expand.

For a graphical overview of how AdaSubS works, see Appendix H.

Algorithm 6 Complete pseudocode for Adaptive Subgoal Search
Require:
C1 max number of nodes,
V value function network,
koi-:i: km Subgoal generators,
Solved predicate of solution

function Solve ((so))
T ; {priority queue with lexicographic order}
parents fg
for kin ko;:::;km do
T:push((k;V (so0));So)
end for
seen:add(sp) { seen is a set}
while 0< len(T) and len(seen) < C 1 do
(k; ) ;s  T:extract _max()
subgoals k(s)
for s® in subgoals do
if s notin seen then
if Is_Valid (s, s’ then
seen:add(s°)
parents[s9 s
for kin ko;:::;km do
T:push((k;V (s9);s9
end for
if Solved (s') then
return  ExtractLowLevelTrajectory (s', parents)
end if
end if
end if
end for
end while
return False
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F.5 HIPS And HIPS-"

Here we show a pseudocode for HIPS and HIPS-methods. For details see Alg. 7

Algorithm 7 Complete pseudocode for HIPS with BestFS-PHS* and VQ-VAE

Require:
C1 max number of nodes,
V AE Variational Autoencoder for subgoal generation,
Solved predicate of solution,
exploration parameter for balancing,
V value function for PHS* cost estimation

function Extended_HIPS_Solve ((s0))
Initialize search data structures, including priority queues.
seen:add(sp) {Track seen states}
while search conditions are met do
Use PHS* search strategy to select a state s.
Generate subgoals subgoals  V AE (s).
for each s%in subgoals do
if s not seen and is valid then
Evaluate s° using V for PHS* cost.
Update priority queue based on PHS* cost.
if Solved (sO then
return  Construct solution path.
end if
end if
end for
end while
return False {Solution not found}
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G Wall Times

In our experiments, we focus on measuring the search budget in terms of the number of visited states before
nding the solution. However, it is also important to consider the total running time for completeness.

Subgoal methods introduce computational overhead. However, we note that each low-level method calls
policy and value function once in every visited state, and similarly, subgoal methods also call policy and
value once in every visited state. The only additional computation in subgoal methods comes from invoking
the subgoal generator, which occurs in a fraction of the nodes explored. In each experiment, all methods
share exactly the same heuristic function and use policies of equal size. As a result, the Complete Search
Budget metric should be closely aligned with computational cost.

We opted to focus on a budget metric that is hardware-independent, reproducible, and widely applicable,
ensuring that our results can serve as a reference point for future research. The Complete Search Budget
answers the question "How many states must be explored before nding a solution?" rather than "How long
does it take to nd a solution?". These are slightly di erent questions, but both are relevant when assessing
planner quality.

We acknowledge that we did not optimize the implementation for runtime e ciency, instead opting for
the architectures used by (Czechowski et al., 2021) and (Zawalski et al., 2023) rather than optimizing
computational complexity. Additionally, measuring wall-clock time introduces confounding factors, such as
a bug in Hugging Face's beam search implementation that prevents decoding parallelization, introducing
bias against subgoal methods.

For completeness, we report wall-clock times of each method in Table 3.

-BestFS  -A* -MCTS kSubS AdaSubS

Rubik 26 26 153 214 96
INT 1997 1985 - 1444 1999
Sokoban 34 36 59 125 123
NPuzzle 27 32 29 40 39

Table 3: Comparison of evaluation time of search algorithms. The values express the total time of solving
500 instances, in minutes.

While all methods perform with similar runtime in the INT environment, subgoal methods generally require
more time during evaluation in most other experiments. However, even the largest observed di erences in
evaluation time mildly a ect the main conclusions. For example, the robustness of subgoal methods to value
noise remains evident.
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Figure 37: Overview of the search methods under consideration, accompanied by illustrative examples
depicted in various plots for each method. Speci cally, straight blue lines are utilized to represent low-level
actions that occur within the search space. In contrast, long skip connections are used to symbolize subgoals

within the search process.
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|  Further Discussion On HIPS Results

HIPS and HIPS-" (Kujanpaa et al., 2023a;b) are recent hierarchical search algorithms proposing to generate
subgoals with variational autoencoders. We attempted to use HIPS and HIPS-in greedy and prior-informed
variations, and for all HIPS methods, the cost of inference was prohibitively high.

To compare these methods, we used A*-generated data from HIPS papers, in contrast to all other experiments
(which use data generated by us).

Our evaluation, illustrated in 38, shows that HIPS uses 100x more low-level nodes in search than comparable
subgoal search methods and baselines - despite relatively similar subgoal e ciency as calculated in relevant
papers. These ndings informed our decision not to evaluate HIPS in the rest of the paper.

1.0 | == AdaSubS 1.0 | == kSubS
HIPS = AdaSubS
= HIPS-g HIPS
= HIPS-¢
BestFS
—— Policy (BC)

o
©
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o
o
4
o

Success rate
o
'S

Success rate
o
S

o
N
Q
N

0.0 0.0
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High-level node budget Low-level node budget

Figure 38: A comparison of high-level and low-level node budgets for considered methods: HIPS, subgoal
search methods, and baselines on N-Puzzle. The low-level node budget represents the number of all states
that have ever been visited during the search. The bimodal distribution indicates that HIPS methods use
disproportionately (over 100x) more low-level nodes than comparable subgoal search methods and baselines.
This directly translates to prohibitively slow solving time.
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J Common Pitfalls In Hierarchical Search evaluations

In this study, one of our primary goals is to identify common but often overlooked pitfalls in evaluating
hierarchical search methods, which can lead to misleading conclusions. Based on our ndings, we propose
a set of guidelines that help ensure meaningful and consistent comparisons across di erent methods. We
observed that the nature of hierarchical search makes it easy, whether intentionally or not, to present results
in a way that favors certain methods, often without readers being aware. In this section, we present key
insights on this issue, with an emphasis on the following evaluation guidelines:

" Report results using a complete search budget
" Include -BestFS with a con dence threshold as a baseline.
" Ensure careful tuning of the con dence threshold.

" Use up-to-date code for running experiments.

J.1 Complete Search Budget

We de ne the performance metric in terms of success rate which is the percentage of problem instances
solved within a speci ed complete search budget This budget refers to the total number of states visited
during the search process. For hierarchical methods, this includes both the subgoals generated and the states
visited by the low-level policies connecting those subgoals.

Reporting the complete search budgeis crucial, as opposed to thesparse search budgetwhich counts only
the high-level nodes in the search tree. As discussed in Appendix |, Kujanpda et al. (2023a) rely on the sparse
search budget for their evaluations. This creates a misleading impression that HIPS outperforms low-level
baselines, while in reality, it requires signi cantly more computational e ort to solve the same problems.

To illustrate this issue, consider a simple environment where an agent must navigate a 100x100 empty room
to reach a goal on the opposite side. In this case, a hierarchical method may require only a single subgoal
directly corresponding to the goal state while a low-level method, even if following the optimal path,
would require at least 100 steps. A sparse search budget would misleadingly indicate that the hierarchical
method solves the task in one step, while the low-level approach requires 100 steps, implying a 100x higher
cost. However, both methods traverse the same path, making this comparison inaccurate. Using tfemplete
search budgetboth methods would be assigned the same cost, providing a much more meaningful comparison.

This issue arises in practical settings as well. Figure 40 compares subgoal methods and low-level BestFS on
the Sokoban environment. The dashed line represents the same runs but evaluated with the sparse search
budget instead of the complete search budget. For BestFS, both budget measures are equivalent. The gure
clearly demonstrates that while kSubS and -BestFS visit a similar number of states to solve an instance,
the sparse search budget falsely ampli es the di erence between the two methods.

J.2 Baselines

A common evaluation practice in hierarchical search studies is to compare hierarchical methods against
the search algorithm used as the planner (Czechowski et al., 2021; Zawalski et al., 2023; Kujanp&a et al.,
2023a;b). While this is generally a good approach, it is critical to ensure that baseline methods are properly
tuned to allow for fair comparisons.

Our study shows that the most e ective low-level method is -BestFS with a con dence threshold. This
simple greedy search often performs signi cantly better than other low-level methods and, in some cases, is
competitive with subgoal methods. However, if we were to follow prior works such as (Czechowski et al.,
2021; Zawalski et al., 2023) and restrict our comparisons to variants of BestFS that select a xed number
of actions in each node expansion, without employing a con dence threshold (see Appendix F.1 for detailed
de nitions and analysis), we would arti cially widen the gap between BestFS and subgoal methods. As
noted in Appendix F.1, the performance of -BestFS is highly sensitive to the con dence threshold, and
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Figure 39: Solving the Rubik's Cube. The light or- Figure 40: Solving Sokoban. Solid lines correspond
ange line represents the best-performing variant of to using complete search budgets the search tree

BestFS that selects a xed number of actions for  size metric. Dashed lines correspond to the same
each expansion. The solid orange line represents runs, but using sparse search budgeas the search

BestFS with actions con dence threshold, which is  tree size metric. For BestFS, both methods are

much more e cient. equivalent.

proper tuning is essential. Nevertheless, we advocate for using-BestFS with a con dence threshold as a
standard baseline in evaluations of hierarchical methods.

J.3 Code Quality

While our results generally align with the ndings of (Czechowski et al., 2021; Zawalski et al., 2023), we
observed some notable di erences. Most strikingly, when components were trained on reverse random shu es
of the Rubik's Cube, our models demonstrated signi cantly better performance. In particular, (Zawalski
et al., 2023) reports that both kSubS and AdaSubS substantially outperform -BestFS. However, in our
experiments, these methods perform similarly, with only minor di erences between them (see Figure 41).

Figure 41: Solving the Rubik's Cube. Components are trained on reverse random shu es. The left chart
present our results, while the right presents results of the same experiment from (Zawalski et al., 2023).

For this study, we re-implemented all algorithms from scratch, using up-to-date libraries and carefully tuning
hyperparameters. Our experiments revealed that low-level methods are highly sensitive to the quality of the
value function, whereas subgoal-based methods are more resilient (Section 5.2). We hypothesize that the
discrepancy in performance compared to (Czechowski et al., 2021; Zawalski et al., 2023) may stem from
insu cient training of the value function in their implementation, leading to the observed performance gap.
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Using the original implementations of kSubS and AdaSubsS, which is a common practice, would replicate
the same limitation. This shows the importance of re-implementing algorithms independently and carefully
tuning their components, ensuring that evaluations are not biased by potential shortcomings in the original
implementations.
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K Proof Of The Search Advancement formula

Theorem 3 (Search advancement formula, complete statement)Let g« : S! P (S) be a stochastidk-subgoal
generator that, given a states 2 S samples a set ob subgoalsf s;g such that the distancesd(s;;s) are inde-
pendent, uniformly distributed in the interval [ k;k]. Let V : S! R be a value function with approximation
error uniformly distributed in the interval [ ; ].

Then, after n iterations of search, the expected total progress toward the goal is:

b Z z
Eadv = —— X t(x + h)® dh dx; 3)
4k |
wherew(x) is CDF of the sum of two uniform variablesU( k;k)+ U( ; ). Additionally, if we approximate

that sumasU( k ;k + ), we get

c n (k+ )P(bkk+bk 2k 22+ b2k +bk +2 2) kP(bK)
Adv (b+1)(b+2)k (k+ )b 1

(4)

U( k;k), and let By;:::;Bp be i.i.d. random variables sampled fromU( ; ). Denote the CDF of the
sum A; + B; as u{x), and its corresponding probability density function (PDF) as p(x) = t%x). Let
| =argmax;(A; + Bj).

We now de ne the cumulative likelihood of selecting the largest sum among the subgoals:
CLS(x)= P(81 | pAj+ Bj<x):

Since the A;'s and B;'s are independent, it follows that CLS(x) = 1(x)®, which represents the cumulative
distribution of the largest sum A; + B;. Di erentiating this expression gives the PDF of the largest sum:

PLS(x)= CLSYx)= b &(x)* * p(x):

Now, consider the event that A; = x, which is equivalent to the event that the maximum max; (A; + B;) =
x+ hforsomeh2 [ ; ]andB, = h. Given that max;(A; + Bj) = x + h, there arep(x + h) 4k possible
values ofB,, sinceA, 2 [ k;kl]andB, 2 [ ; ] Therefore, the PDF of this variable is

Z

4 = PLS(x + h) dh = b t(x+ h)P !

_ h:

p(x + h) 4k 4k d

Thus, the expected value ofA,, which represents the progress in each step, is given by
Z Z z

E[AI]= k><q(><)ol><= T kx t(x + h)® 1dh dx:

If we model the search process as advancing to the best subgoal in each iteration, the total expected progress

after n iterations is Z, Z

Eaav = NE[A] = % X t(x + h)® 1dh dx:
K

Finally, by approximating the PDF p(x) ﬁl[ k «k + 1, and substituting this approximation into the

previous expression, we arrive at the closed-form approximation:

n (k+ )°(bk?+ bk 2k 2 2)+ P2k +bk +2 2) K°(bK?)
(b+1)(b+2)k (k+ )0 1 '

EAdv
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L Proof Of The Densi cation Of The Action Space Theorem

In Section 5.3, we showed experimentally that both in the mathematical INT environment and Rubik's Cube
with multiplied action space the advantage of subgoal methods is signi cant. We attributed those bene ts
to the ability of subgoal methods to use states as actions and the reduced diversity in low-level search. And
indeed, we can prove in general that as the action space gets more complex, the diversity of top actions
drops.

To give an illustrative example, in the Rubik's Cube experiment, to model the increasingly complex action
space, for an arbitrary state we can view the training data as a ground-truth density function f over an
interval [0;1], that is split evenly between the actions (i.e. into 12 intervals of length 1/12). Then, we
can de ne arbitrarily dense action spacesA, consisting of n points distributed evenly in the domain. For
instance, A1, corresponds to the standard Rubik's Cube action space, whilé 1,90 corresponds to the variant
multiplied 100 times. Our theorem con rms that the actions selected by the policy gets less diverse as the
complexity of the action space increases, up to the extreme of converging to a single point asapproaches
in nity. In practice, it is even more general, since the data-driven action distribution f may also model
smooth interpolation between actions.

While this is rather intuitive when the learned distributions are perfect, it may seem that approximation
errors, induced both by the limited training data and the policy network can actually improve diversity.
We show that the result holds even in presence of arbitrarily large approximation errors, which is a bit
counter-intuitive.

Formally, the theorem is as follows:

Theorem 4 (Densi cation of the action space). Fix any state s from the state spaceS. Let f : A! [0;1]
be the action distribution induced by the data-collecting policy for the stats. Assume thatf is continuous
and has a unique maximum. For clarity, assumeA = [0; 1].

Consider a sequence of increasingly dense discrete action spaocks = fi=ngl., A. Let ,:S A,!
[0; 1] be a family of policies that learn the distributionf j5, over actions, with uniform approximation error
U( E;E), whereE 2 R, . Let r, be the range of the topK actions according to the probabilities estimated
by . Then

nI!|1m E[rn]=0:

Intuitively, this theorem states that as the action space become more dense and complex, the actions sampled
for search become increasingly less diverse, which strongly impedes successful planning. Note that this
analysis is strictly more general than the experiment in Section 5.3 with the Rubik's Cube environment,
where we simply copied the available actions. Here we model the complexity by adding dense intermediate
actions, which leads to a similar conclusion.

While we assume a one-dimensional action domain for clarity, it is straightforward to generalize the proof
to cover arbitrarily high-dimensional action spaces.

Firstly, we shall prove the following key lemma.

Lemma 1. Letf :[0;1]! R be a continuous function with a unique maximum. Letfa,g be a partition
of the interval [0;1] into n uniformly spaced points, i.e., a,; = r'T fori =0;1;:::;n. Dene e, as i.i.d.
samples from a uniform distribution U( E;E). Fora xed n, let r, 2 R denote the smallest interval length
such that the points infa,g corresponding to the topK values off (ani) + eyi are contained within this
interval. Then

lim E[rn]=0:

nil

Proof. De ne pnik as the probability that f (a,i)+ eni is the k-th highest value among all points in f a,g.
Let m be the unique point such that f (m) is maximal. Without loss of generality, we may assume that
m = 0.
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Let d,«x denote the expected distance of the&k-th highest point from O, expressed as

X
Onk = Pr:i:k Qn;i -
i=0
For su ciently large n, it holds that r, On.p + 100+ dnk Kdnk . Thus, it suces to prove that
|imn!1 dn;K =0.

Fix 2 (0;1) such that f (an.n ) f(an, on) for each ©> . Sincef is continuous andm = 0 is
the unique maximum of f, there exist such arbitrarily close to 0. Let g, be the probability that
f(ann )+ enn isamong the topK values. Sincem is a unique maximum, there exists 0< < such that
f(ann ) >f (an.n ). Therefore, if atleastK points a,; with i=n< satisfye,; >E (f(an.n ) f(ann )),
then f (an.n )+ €.n cannot be among the topK . The probability of this event is a strict upper bound on
Ch;

The eventse,i >E  (f(an.n ) f(ann )) are pairwise independent, each occurring with probability

_ f@n) f(ann) .
c:.= °F > 0:

For su ciently large n, the probability that at most K of the n trials succeed is bounded by

n
1 K 1 "
c @9

Using the asymptotic behavior of binomial coe cients and exponential terms, it follows that
H 2 —0N-
A N7 =03 ®)
with convergence that is exponential.

Using the de nition of d,.x , decompose it as

X X X
Onk = Pnjiik @ni = Prik @n;i + Pnii:k @n;i
i=0 i=0 i=n
For i n , since we know thatf (a,., ) f(a, o) for each °> , we can boundpnix by pnnk for
su ciently large n. Therefore
X

pn;i;K a-n;i (1 )npn; n;K

Since pn: nk Gy , it follows that
(1 )nzpn: n;K (1 )n2q1;

According to Equation 5, this term converges to 0.
For i n , observe thata,; < and the probabilities p,.;x sum to at most 1. Thus

X

pn;i;K an;i

i=0

Combining these bounds, we have
nlillm Ok

Since > 0 was an arbitrarily small constant, it follows that lim ;; d,x =0.
By the relation r, Kdnk and the fact that lim,; dnx =0, we conclude that

nI!ilm E[r,]=0:
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Now, Theorem 4 is a straightforward implication of Lemma 1, applied to the sequence of policies,, and
increasingly dense action spaceA,,.
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M  Comparison with DeepCubeA

In contrast to the general-purpose search methods and pre-de ned heuristics examined in our main study,
DeepCubeA (McAleer et al., 2019) takes a dierent approach: it learns a value function and heuristic
directly through deep reinforcement learning. This allowed DeepCubeA to successfully solve the Rubik's
Cube without relying on human-provided knowledge. To provide a more complete picture of the performance
landscape, and to understand the relative strengths of learned versus pre-de ned heuristics, we include a
comparison with DeepCubeA.

DeepCubeA employs lIterative Deepening A* (IDA*) as its core search algorithm. IDA* is a variant of A*
that performs a series of depth- rst searches with increasing cost thresholds. In each iteration, it explores
nodes in a depth- rst manner, but only up to a maximum cost de ned by f(node) = g(node) + h(node),
where g(nhode) is the path cost (depth) and h(node) is the heuristic estimate of the remaining cost. If a
solution is not found within the current threshold, the threshold is increased, and the search restarts. This
process continues until a solution is found or a resource limit is reached.

While IDA* guarantees nding an optimal solution (given an admissible heuristic), it can revisit the same
nodes multiple times across iterations, leading to redundant computations. A*, as described in Section 5,
maintains an open list of all explored nodes, avoiding this redundancy. Because A* explores all nodes up
to a given cost before expanding nodes with higher costs, and given that we are primarily concerned with
nding any solution rather than necessarily the optimal solution, A* provides a more e cient exploration
strategy for our analysis, and e ectively majorizes the behavior of IDA*.

Figure 42: Comparison with DeepCubeA

Figure 42 presents a comparison of methods used in our study (hierarchical AdaSubS and low-leveBestFS)
with DeepCubeA a well-established algorithm that solved the Rubik's Cube with deep learning and tree
search, without human knowledge. The plots show evaluation in Rubik's Cube (left), Sokoban (middle), and
N-Puzzle (right). The performance of DeepCubeA is weaker or on-par with the methods that we analyze in
the paper.

The takeaway from this comparison is twofold. Firstly, performance of our implementations is competitive
with well-established general-purpose solvers. Secondly, it is hard to understand the relation between search
algorithms if they use di erent heuristics for solving. Hence, we stress that in each experiment presented in
the main paper, all methods share the same value function to ensure a fair comparison.
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