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Abstract

Reinforcement Learning (RL) has achieved remarkable success in Artiőcial Intelli-
gence (AI), powering breakthroughs in robotics, gaming, and real-world decision-making.
However, despite these advancements, RL continues to struggle with fundamental chal-
lenges such as low sample efficiency, limited generalization, and poor interpretability.
In contrast, humans excel at robustly solving complex problems by recognizing abstract
structures and reasoning through them efficiently. Inspired by these capabilities, my
research explores ways to address the core limitations of RL by reŕecting structured rea-
soning and planning. I focus on improving generalization and interpretability of trained
policies by developing models that explicitly reason about solutions, going beyond brittle
pattern recognition. Additionally, I design methods that enable RL agents to operate
on high-level concepts, facilitating structured decision-making and more efficient long-
horizon reasoning.

The challenge of policy generalization is particularly pronounced in the őeld of
robotics. Therefore, in that domain, we show how to teach robotic policies to think criti-
cally and reason through tasks with our Embodied Chain-of-Thought (ECoT) approach.
Policies trained with ECoT not only learn more efficiently, but, more importantly, gen-
eralize beyond the training distribution by abstracting task structures from complex
visual observations. By explicitly reasoning through tasks, these policies become more
interpretable and easier to control.

Recognizing the abstract structure of a problem is of little value without efficient
tools to control it. Inspired by how humans operate on high-level concepts, we propose
Subgoal Search (kSubS), a novel hierarchical search algorithm that effectively solves com-
plex reasoning tasks. The human ability to adapt to the complexity of the problem at
hand inspired us to further develop Adaptive Subgoal Search (AdaSubS) that adapts to
the complexity of the problem by dynamically generating subgoals. Our extensive exper-
imental and theoretical analysis highlights unique advantages of subgoal-based methods,
including the ability to transform multimodal training signal into a learning advantage
and robustness to low-quality data.

My research takes a step toward bridging the gap between natural intelligence and
autonomous learning systems by drawing inspiration from human-like reasoning. On the
practical side, it also provides state-of-the-art solvers for challenging domains, advancing
both the theoretical foundations and the applicability of RL.
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Streszczenie

Uczenie przez wzmocnienie (Reinforcement Learning, RL) osiągnęło imponujące suk-
cesy w dziedzinie sztucznej inteligencji, umożliwiając przełomy w robotyce, grach kom-
puterowych oraz podejmowaniu decyzji w rzeczywistych scenariuszach. Pomimo tych
osiągnięć, RL nadal zmaga się z podstawowymi wyzwaniami, takimi jak niska efekty-
wność treningu, ograniczona zdolność uogólniania oraz słaba interpretowalność. Tym-
czasem ludzie potraőą skutecznie rozwiązywać złożone problemy, rozpoznając abstrak-
cyjne struktury i sprawnie rozumując za ich pomocą.

Zainspirowany tymi ludzkimi zdolnościami, w swojej pracy badawczej poszukuję
sposobów na przezwyciężenie kluczowych ograniczeń RL poprzez odzwierciedlenie struk-
turalnego rozumowania i planowania. Skupiam się na poprawie uogólniania i inter-
pretowalności wytrenowanych polityk, rozwijając modele, które w sposób jawny rozu-
mują nad rozwiązaniami, wychodząc poza niestabilne rozpoznawanie wzorców. Projek-
tuję także metody, które umożliwiają agentom RL operowanie na wysokopoziomowych
krokach, wspierając strukturalne podejmowanie decyzji oraz efektywne rozumowanie w
długim horyzoncie czasowym.

Problem uogólniania polityki jest szczególnie widoczny w robotyce. Dlatego w tej
dziedzinie pokazujemy, jak nauczyć roboty krytycznego myślenia i rozumowania przy
użyciu podejścia Embodied Chain-of-Thought (ECoT). Polityki trenowane z ECoT nie
tylko uczą się wydajniej, ale co ważniejsze – uogólniają poza rozkład danych treningowych,
dostrzegając strukturę zadania w złożonych obserwacjach wizualnych. Poprzez jawne
rozumowanie nad zadaniami, polityki te stają się bardziej interpretowalne i łatwiejsze
do kontrolowania.

Samo rozpoznanie abstrakcyjnej struktury problemu jest mało użyteczne bez skutecz-
nych narzędzi do jej kontrolowania. Inspirując się tym, jak ludzie operują na pojęciach
wysokiego poziomu, proponujemy Subgoal Search (kSubS) – nowy hierarchiczny algo-
rytm przeszukiwania, który skutecznie rozwiązuje złożone zadania wymagające rozu-
mowania. Zdolność człowieka do adaptacji względem złożoności danego problemu zain-
spirowała nas do opracowania Adaptive Subgoal Search (AdaSubS) – adaptacyjnej wer-
sji, która dynamicznie generuje podcele w zależności od złożoności zadania. Nasza sze-
roko zakrojona analiza eksperymentalna i teoretyczna ukazuje unikalne zalety metod
opartych na podcelach, w tym zdolność do wykorzystywania niejednoznacznego sygnału
treningowego oraz odporność na dane niskiej jakości.

Moje badania stanowią krok w kierunku zbliżenia naturalnej inteligencji i auto-
nomicznych systemów uczących się, czerpiąc inspirację z ludzkiego rozumowania. W
praktyce, dostarczają także najnowocześniejszych rozwiązań dla wymagających dziedzin,
poszerzając zarówno podstawy teoretyczne, jak i możliwości stosowania RL.
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Chapter 1

Introduction

Imagine a chess grandmaster planning ten moves ahead, a child learning to ride a bicycle
after a few falls, or a cook adjusting recipe ingredients based on taste – examples of
humans learning through experience and reasoning about consequences. For decades,
artiőcial intelligence researchers have pursued systems capable of matching this natural,
adaptive intelligence. Early AI systems operated through rigid, predeőned instructions
and logical rules [Newell and Simon, 1956,McCarthy, 1959], creating brittle agents that
failed when confronted with novel situations. Recently, deep learning has revolutionized
how machines perceive and interact with the world. Drawing inspiration from neural
structures, these systems process information through layered networks that extract
increasingly abstract patterns from raw data, enabling breakthroughs in visual perception
[Krizhevsky et al., 2012,He et al., 2016], image and video generation [Goodfellow et al.,
2014,Ho et al., 2020, Liu et al., 2024], language modeling [Vaswani et al., 2017,Devlin
et al., 2019,Brown et al., 2020,OpenAI, 2023], and complex decision-making [Mnih et al.,
2015,Silver et al., 2018b,Berner et al., 2019,Hafner et al., 2023] that seemed impossible
just a decade ago.

Among recent advancements, Reinforcement Learning (RL) has emerged as a par-
ticularly powerful paradigm for developing adaptive decision-making systems. The core
principle of RL – learning optimal behaviors through trial-and-error interactions with
an environment – mirrors how humans acquire skills through experience rather than ex-
plicit instruction. This approach has led to remarkable achievements: defeating world
champions in chess [Silver et al., 2018a] and Go [Silver et al., 2016b], mastering video
games [Mnih et al., 2015,Vinyals et al., 2019], and enabling robots to perform dexterous
manipulation [OpenAI et al., 2019,Kim et al., 2024b] and navigate complex environments
autonomously [Chiang et al., 2019,Shah et al., 2021,Shah et al., 2022]. Furthermore, RL
has begun transforming healthcare treatment protocols [Yu et al., 2023], őnancial trading
strategies [Zhang et al., 2019], and industrial control systems [Schoettler et al., 2020],
demonstrating potential to reshape decision-making across a wide variety of domains.

Despite these impressive advances, current RL approaches face fundamental lim-
itations that restrict their broader applicability. Modern systems require millions of
trial-and-error interactions to learn even relatively simple tasks, while humans can often
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master similar challenges with much less experience. Furthermore, RL agents often fail
to transfer learned behaviors to unseen tasks or changing environments. Furthermore,
decisions made by RL systems frequently lack interpretability, offering little insight into
the reasoning process. These challenges motivate the central question driving my re-
search: Can we overcome the fundamental limitations of RL by drawing inspiration from
human reasoning? While this question encompasses a wide research landscape beyond
the scope of any single dissertation, my work explores one promising direction: How can
we develop RL systems that efficiently recognize abstract problem structures and conduct
interpretable, structured reasoning?

My dissertation addresses these question by developing novel frameworks that inte-
grate structured reasoning mechanisms into reinforcement learning. Rather than viewing
RL and human-inspired reasoning as separate approaches, I demonstrate that their in-
tegration creates systems that combine the ŕexibility of learning-based methods with
the efficiency and generalizability of structured reasoning. In summary, my works make
three main contributions to the őeld:

1. We developed Embodied Chain-of-Thought (ECoT), a novel approach enabling
robotic policies to reason explicitly through tasks, improving generalization beyond
training distributions and enhancing interpretability.

2. We created Subgoal Search (kSubS), a hierarchical search algorithm operating on
high-level concepts that effectively solves even complex reasoning tasks by breaking
them into manageable subgoals.

3. We designed Adaptive Subgoal Search (AdaSubS), a dynamic planning algorithm
that adapts to the complexity of the problem by controlling the range of subgoals.

Together, these contributions represent concrete steps toward reinforcement learning
systems that think, reason, and plan more like humans – a capability that paves the way
for the next revolution in artiőcial intelligence.

Embodied Chain-of-Thought Reasoning In [P4], we introduce Embodied Chain-
of-Thought Reasoning (ECoT), a novel approach to training robotic policies that ad-
dresses a fundamental challenge in robotics: generalization beyond the training distribu-
tion. Traditional behavioral cloning maps raw visual inputs directly to actions, creating a
brittle association that often fails when encountering novel scenarios. In contrast, ECoT
trains agents to think before they act by decomposing decision-making into a structured
reasoning process. The agent őrst analyzes the scene, identiőes relevant objects and
relationships, formulates a plan, and only then executes appropriate actions. This ex-
plicit reasoning allows the agent to internalize not merely the surface-level behaviors
but the underlying reasoning processes of experts, enabling more robust and adaptable
decision-making.

We build a scalable pipeline that extracts embodied reasoning patterns from existing
datasets without requiring additional data collection. Our experimental results demon-
strate that ECoT signiőcantly outperforms state-of-the-art methods, particularly in out-
of-distribution scenarios, conőrming that structured reasoning enhances generalization
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more effectively than simply scaling data volume. Beyond performance improvements,
ECoT advances interpretability and safety – by making the agent’s decision process
transparent, it allows human operators to understand why an agent chose particular
actions and even guide its reasoning through natural language interventions.

Subgoal Search Unlike classical search algorithms that typically operate at a low
level of abstraction, humans plan by identifying and reasoning over high-level steps that
emphasize key decision points. Inspired by this cognitive strategy, in [P2] we intro-
duce Subgoal Search (kSubS), a planning framework that leverages subgoals – high-level
steps that span multiple actions at once. By guiding the search process through these
subgoals, kSubS enables deeper and more structured planning, even under constrained
computational resources. Building on this idea, we developed Adaptive Subgoal Search
(AdaSubS) [P3], which improves the ŕexibility of the Subgoal Search framework by dy-
namically adjusting the subgoal distances based on environmental complexity. In chal-
lenging areas requiring detailed reasoning, AdaSubS generates short subgoals for careful
navigation. In simpler parts of the problem, it uses distant subgoals to advance faster.

Through extensive experimental evaluation, we demonstrate that both kSubS and
AdaSubS successfully solve tasks with high combinatorial complexity. Our analysis re-
veals several unique advantages of hierarchical search, including robustness to ambiguous
demonstrations and resilience against severe value approximation errors [P5]. Addition-
ally, we reveal subtle evaluation pitfalls that can lead to misleading conclusions.
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Chapter 2

Background

2.1. Reinforcement Learning

At its core, RL is a framework in which an agent learns by interacting with an en-
vironment to maximize cumulative rewards. Formally, this interaction is modeled as
a Markov Decision Process (MDP), deőned by a state space, action space, transition
dynamics, reward function, and discount factor. The agent iteratively explores the en-
vironment, updating its policy based on observed rewards and transitions, aiming to
optimize long-term outcomes.

Figure 2.1: The framework of Reinforcement Learning. Iteratively, the agent observes
a state of the environment, computes the next action, and executes it, receiving a
reward.

Although RL has led to groundbreaking successes, fundamental challenges persist,
limiting its broader applicability. Among these challenges, sample efficiency – the ability
to learn from a limited number of interactions – remains a critical bottleneck. Tradi-
tional RL methods often require vast amounts of trial-and-error learning, making them
impractical for real-world applications where data collection is expensive or unsafe. Addi-
tionally, RL policies frequently struggle with generalization, failing to adapt to conditions
beyond the training distribution. Finally, the lack of interpretability in learned policies
hinders trust and deployability in safety-critical environments.

Signiőcant progress has been made in addressing sample efficiency by leveraging of-
ŕine datasets and imitation learning [Collaboration et al., 2024]. Offline RL enables

15



agents to learn from previously collected data without direct environment interaction,
while imitation learning allows agents to mimic expert demonstrations, signiőcantly re-
ducing the need for trial-and-error exploration. These approaches have led to impressive
results, such as robotic policies capable of learning complex skills from human demon-
strations [Kim et al., 2024b, Walke et al., 2023b, Chi et al., 2023], agents reaching su-
perhuman performance in game playing by imitating experts [Silver et al., 2016a,Berner
et al., 2019], or autonomous driving cars [Osiński et al., 2020]. Despite these advance-
ments, efficiently learning structured, generalizable, and interpretable policies remains a
key challenge.

2.2. Planning

Planning plays a crucial role in decision-making, enabling agents to anticipate future
outcomes before acting [Hamrick et al., 2021]. In RL, planning methods improve effi-
ciency by leveraging models of the environment to simulate future states, reducing the
reliance on direct interactions. Compared to model-free approaches, which rely solely
on experience, RL with planning accelerates learning and improves generalization by
guiding exploration more effectively.

Figure 2.2: An illustrative example of planning. The agent predicts
the consequences of its actions before executing them.

Classical planning algorithms that have historically been used to guide decision-
making in structured environments, remain essential even in contemporary applications.
Greedy BestFS [Cormen et al., 2009] prioritizes the most promising nodes based on
heuristic estimates but can be misled by inaccurate heuristics. A* [Russell and Norvig,
2020] improves on this by combining heuristic estimates with actual costs, ensuring op-
timal solutions when heuristics are admissible. MCTS [Coulom, 2006], a probabilistic
approach, balances exploration and exploitation, making it effective for large and com-
plex domains. Recently MCTS gained popularity driven by huge successes of AlphaZero
and related algorithms [Silver et al., 2018b, Fawzi et al., 2022, Jumper et al., 2021].
While early AI systems relied on handcrafted heuristics to evaluate search trees, re-
cent advancements have demonstrated that learned heuristics can outperform manually
designed ones [Silver et al., 2016a].
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2.3. Robotics

One of the most exciting frontiers of RL research lies in robotics, where autonomous
agents must interact with the physical world to perform complex tasks. Robotics re-
search spans a wide range of applications, including manipulation [Kim et al., 2024a],
locomotion [Li et al., 2025], autonomous navigation [Shah et al., 2022], and human-robot
interaction [Christen et al., 2023]. Recent advancements have enabled robots to achieve
impressive feats, such as dexterous manipulation and locomotion of humanoids [Ra-
dosavovic et al., 2024].

Despite this progress, robotics presents unique challenges that make RL difficult
to apply in practice. One major hurdle is data availability, as collecting high-quality
training data for real-world robotic systems is costly and time-consuming [Popov et al.,
2017, Walke et al., 2023a, Collaboration et al., 2023]. Furthermore, the discrepancy
between simulated training environments and real-world deployment, known as the sim-
to-real gap, poses signiőcant challenges, often requiring extensive domain adaptation
techniques [Peng et al., 2018,Loquercio et al., 2019,Akkaya et al., 2019]. Additionally,
robotic systems must generalize across diverse environments and tasks while ensuring
safety and interpretability, particularly in human-centric settings.

Figure 2.3: Google Robot manipulating an apple.

Given these challenges, there is a strong need for sample-efficient, interpretable, and
generalizable RL methods that can enable robots to reason and plan effectively. Hence, in
this dissertation, I explore how human-like reasoning and planning can be incorporated
to build more capable and efficient robotic policies.
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Chapter 3

Subgoal Search

3.1. Overview

Complex problems become more tractable when decomposed into smaller subproblems
– a principle central to human reasoning [Hollerman et al., 2000]. Consider how humans
navigate: rather than planning every step from start to őnish, we identify visible land-
marks, reach them sequentially, and progressively work toward our destination. Follow-
ing this principle, Subgoal Search (kSubS), introduces a structured reasoning framework
that mirrors this human strategy by guiding exploration through intermediate objec-
tives [Czechowski et al., 2021]. Unlike classical planning methods that struggle with
long-horizon tasks, kSubS enables deeper, more efficient search within computational
constraints while reducing approximation errors. This is achieved through a trained
subgoal generator that iteratively builds the search tree by identifying promising sub-
goals at a őxed distance k.

However, many problems contain both difficult bottlenecks requiring precise planning
and trivial sections that can be skipped with longer subgoals. For instance, navigating
a winding road with a car demands precise, short-term decisions, whereas on a straight
highway, planning can extend further ahead. Building on this insight, Adaptive Sub-
goal Search (AdaSubS) improves upon kSubS by introducing a set of subgoal generators
trained for different distances [Zawalski et al., 2023]. At each step, the planner dynam-
ically selects the appropriate generator, adjusting the planning horizon based on search
progress.

We evaluate kSubS and AdaSubS in Sokoban, Rubik’s Cube, and the inequality
theorem prover INT [Wu et al., 2021], which are known to be NP-hard [Demaine et al.,
2018,Culberson, 1997]. Both methods signiőcantly outperform low-level baselines, with
AdaSubS achieving state-of-the-art results on INT.

3.2. Components of Adaptive Subgoal Search

AdaSubS utilizes the following components: subgoal generators, verifier, conditional low-
level policy (CLLP), and value function. These components are implemented using
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Figure 3.1: An example iteration of the
search performed by AdaSubS.

Algorithm 1 Adaptive Subgoal Search

Requires: C1 max number of nodes
V value function network

ρk0
, . . . , ρkm

subgoal generators
Solved predicate of solution

function solve(s0)
T← ∅ ▷ priority queue with lexicographic order
parents← {}
for k in k0, . . . , km do

T.push(((k, V (s0)), s0))

seen.add(s0) ▷ seen is a set
while 0 < len(T) and len(seen) < C1 do

(k,_), s← T.extract_max()
subgoals← ρk(s)
for s

′ in subgoals do
if s

′ in seen then continue
if not is_valid(s, s′) then

continue
seen.add(s′)
parents[s′]← s

for k in k0, . . . , km do
T.push(((k, V (s′)), s′))

if solved(s′) then
return ll_path(s′, parents)

▷ get the low-level path

return False

trained neural networks. To solve a task, AdaSubS iteratively builds a tree of subgoals
reachable from the initial state until the target state is reached or the search budget is
depleted. In each iteration, it chooses a node in the tree that is subsequently expanded
by one of the generators. The chosen generator creates a few subgoal candidates, i.e.,
states expected to be a few steps closer to the goal than the current node. For each of
them, we use the veriőer and CLLP to check whether they are valid and reachable within
a few steps. For the correct subgoals, we compute their value function, place them in the
search tree, and the next iteration follows. The complete pipeline of Adaptive Subgoal
Search is summarized by Algorithm 1, and illustrated in Figure 3.1.

3.3. Experiments

We empirically demonstrate the efficiency of Adaptive Subgoal Search on three complex
reasoning domains: Sokoban, Rubik’s Cube, and the inequality proving benchmark INT
[Wu et al., 2021].

As the performance metric, we use the success rate, deőned as the fraction of solved
problem instances. The computational budget is deőned as the graph size, i.e., the
number of nodes visited during the search and evaluated with a neural network (subgoal
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generator, value function, veriőer, or conditional low-level policy). That includes both
the high-level subgoals, and the low-level intermediate states visited by CLLP.

As our baselines, we use classical low-level search algorithms: BestFS, A*, and
MCTS. Whenever possible, all tested methods share exactly the same components. In
particular, all methods use the same value function network for a fair comparison.

As shown in Figure 3.2, while both subgoal methods outperform classical search
baselines, AdaSubS excel in all tested domains. Not only they can solve the hardest
instances for which baselines fail, but also they require considerably smaller search budget
when solving simpler instances.

(a) Solving INT – inequali-
ties. Components are trained
on randomly generated proofs of
length 25.

(b) Solving the Rubik’s cube.
Components are trained on var-
ious cube solvers.

(c) Solving Sokoban. Compo-
nents are trained on trajectories
obtained from tree search.

Figure 3.2: Subgoal methods outperform low-level tree search algorithms, usually by a wide margin.
The results were measured on a fixed set of 1000 problems for each domain. Shaded areas indicate 95%
confidence intervals.

We further tested the generalization properties of subgoal methods in the INT envi-
ronment. Speciőcally, we trained the components on proofs of length 15 and evaluated
on increasingly longer proofs without any retraining. Figure 3.3 shows that while kSubS
can successfully learn to solve the in-distribution instances, its quality decreases when
applied to OOD problems. On the other hand, AdaSubS is much more resilient to the
distribution shift, as it retains as much as 50% of its initial performance, even when eval-
uated on twice longer proofs. Hence, the ability of adaptively controlling the planning
horizon turns out to be essential in OOD generalization.

3.4. Adaptive planners

There are various ways to implement adaptivity in the framework of Subgoal Search, but
not all work equally well. Speciőcally, we designed and tested the following methods:
MixSubS, Iterative mixing, Strongest-first, Longest-first. Each method uses a set of n

generators ρk1 , . . . , ρkn trained to produce subgoals on different distances k1 < . . . < kn.
A detailed description of the methods with pseudocodes can be found in [Zawalski et al.,
2023].
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Figure 3.3: Out-of-distribution performance of AdaSubS and kSubS in INT. Both methods
were trained on proofs of length 15. Error bars correspond to 95% confidence intervals.

INT

Small budget Large budget

with verifier without with verifier without

kSubS

k = 4 2.2% 0.1% 82.4% 83.0%
k = 3 4.0% 0.2% 89.6% 90.7%
k = 2 2.1% 0.5% 89.8% 91.7%
k = 1 0.0% 0.0% 34.7% 46.0%

MixSubS
k = [4, 3, 2] 0.0% 0.0% 94.6% 95.0%
k = [3, 2, 1] 0.0% 0.0% 92.2% 92.9%
k = [3, 2] 17.0% 14.8% 92.2% 93.5%

Iterative mixing
iterations = [1, 1, 1] 32.0% 30.1% 87.0% 88.6%
iterations = [10, 1, 1] 43.0% 44.8% 95.1% 96.0%
iterations = [4, 2, 1] 54.0% 52.1% 93.6% 95.5%

Strongest-first 39.5% 40.8% 88.5% 89.8%

Longest-first 59.0% 51.5% 95.7% 95.5%

Rubik (with verifier)

Small budget Large budget

kSubS 28.8% 98.6%

MixSubS 49.1% 99.2%

Iterative mixing 50.6% 99.1%

Strongest-first 33.4% 99.0%

Longest-first 58.0% 99.2%

Sokoban (small budget)

with verifier without

kSubS 26.0% 4.7%

MixSubS 52.7% 37.7%

Iterative mixing 64.5% 52.6%

Strongest-first 54.6% 41.9%

Longest-first 72.2% 63.4%

Table 3.1: (left) Results for the INT. For each case, unless stated otherwise, the distances of subgoal
generators are k = [3, 2, 1]. (right) Shortened results for Rubik and Sokoban; for complete results and
configurations, see [Zawalski et al., 2023]. The results were obtained on 1000 problems each, which
yields ±3% Bernoulli 95% confidence intervals.

Already the simple MixSubS works better than the non-adaptive baselines. In par-
ticular, it can outperform the maximum of performances of kSubS for each k. Iterative
mixing is able to exhibit strong performance; however, it needs tedious schedule tuning
for each domain. Strongest-first and Longest-first implement bias towards longer dis-
tances. When Strongest-first encounters an area with overoptimistic value estimates, it
wastes a lot of compute to examine it with all subgoal distances. On the other hand,
Longest-first őrst explores other areas before using shorter subgoals and thus is able to
avoid this problem. The observed effects occur robustly across our test scenarios.
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3.5. What matters in subgoal search?

The results discussed above demonstrate the effectiveness of the subgoal planning. In
[Zawalski et al., 2024b], we further established a solid foundation for the domain of
hierarchical search and combinatorial reasoning by extensively investigating how the
choice of environments and training data impacts the performance of subgoal-based
methods.

We identiőed key attributes that contribute to the advantages of hierarchical search:
high value approximation errors, training data collected from diverse sources, complex
action spaces, and the presence of dead ends in the environment. Furthermore, we pro-
posed a consistent evaluation methodology to facilitate meaningful comparisons between
methods. Our study provides a deeper understanding of when subgoal methods should
be favored over low-level approaches.

Below we highlight selected key őndings. Extended discussion of all the properties
can be found in [Zawalski et al., 2024b].

3.5.1. Subgoal methods are robust to diverse sources of data

Achieving superhuman performance in complex tasks often involves large-scale datasets
of demonstrations obtained from agents with varying skill levels and strategies [Silver
et al., 2016a]. By training models on data collected from a variety of solvers and testing
them in the Rubik’s Cube and N-Puzzle environments, we show that the variability in
training data has a signiőcant impact on the performance of search algorithms.

Figure 3.4: Solving the Rubik’s Cube. Com-
ponents are trained on data from 4 different
solvers.

Figure 3.5: Solving the N-Puzzle. Com-
ponents are trained on data from 2 different
solvers.

As shown in Figures 3.4-3.5, subgoal methods consistently outperform low-level meth-
ods by a wide margin. However, when the training dataset is limited to a single source
of demonstrations – whether the demonstrations are long and structured or short and
direct – this performance gap disappears (see Figures 3.6-3.8). Notably, subgoal meth-
ods, particularly AdaSubS, maintain stable performance across all training setups, while
low-level methods are highly sensitive to the characteristics of the training data.
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Figure 3.6: Solving the Rubik’s
Cube. Components are trained
on reversed random shuffles.

Figure 3.7: Solving the Ru-
bik’s Cube. Components are
trained on the Beginner algorith-
mic solver.

Figure 3.8: Solving N-Puzzle.
Components are trained on an al-
gorithmic solver.

To explain those results, we found that value functions trained on diverse data often
fail to assign consistently low values to the initial states of tasks. When demonstra-
tions differ signiőcantly in their length or execution style, the value function learns this
variation, leading to inconsistent value predictions. Hierarchical methods can overcome
this issue by relying on subgoals. Subgoals enable the agent to make long steps toward
the solution, effectively bypassing regions of the state space where the value function is
inconsistent or noisy, as it does not need to assess every small step along the way (this
property is further studied in Section 3.5.2). In contrast, low-level methods operate on a
őner, step-by-step level, executing small, atomic actions. This makes them more sensi-
tive to the variability in the value function because they must evaluate each intermediate
state on the way.

3.5.2. Subgoal methods are value noise őlters

We found that the classical search algorithms are highly sensitive to the quality of the
value function. To show that in a controlled setting, we added Gaussian noise to the value
estimates and observed how different noise levels impacted the success rate of solving
tasks.

Figure 3.9: Success rate of low-level and subgoal methods as the approximation errors of
the value function increase. σ = 100 results in completely random value estimates.

While BestFS is able to solve nearly all instances under ideal conditions, its perfor-
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mance signiőcantly declines as value function errors increase, even to 0% (see Figure
3.9). A* and MCTS behave similarly. In contrast, the subgoal methods show remark-
able resilience. Particularly AdaSubS, which maintains nearly unchanged success rate,
despite high value errors.

Figure 3.10: Value estimates along a solving trajectory generated by BestFS. Even small
approximation errors cause non-decreasing values, slowing down the search. In contrast, the
subgoal path mitigates these errors, leading to mostly monotonic values along the trajectory.

These results align with our őndings in Section 3.5.1, where using diverse training
data naturally introduced value estimation errors. As observed in [Zawalski et al., 2023],
the search process of subgoal methods is guided by subgoal generators, which reduces
reliance on the value function. Subgoal generators and the conditional policies connect-
ing subgoals are not directly inŕuenced by the value approximation errors. The value
function is used only in high-level nodes, which represent only a fraction of the search
tree.

3.6. Summary

Subgoal Search and Adaptive Subgoal Search offer a new perspective on planning. By
decomposing the tasks into smaller subproblems, they outperform classical search al-
gorithms in complex reasoning tasks while maintaining simplicity. By adapting the
planning horizon to the complexity of the problem, AdaSubS achieved state-of-the-art
results on INT and scales favorably to OOD instances. Additionally, by an extensive
experimental validation we identiőed the key properties of the environments that con-
tribute to the advantage of subgoal methods. We believe that those contributions will
streamline further research in this growing area.
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Chapter 4

Embodied Chain-of-Thought

Reasoning

4.1. Overview

Vision-language-action (VLA) modelsÐőne-tuned vision-language models (VLMs) adapted
to robotic controlÐhave emerged as a powerful way to leverage the broad knowledge en-
coded in foundation models trained on Internet-scale data [Bommasani et al., 2022].
While these models typically learn direct mappings from observations to actions, by-
passing explicit reasoning, they have achieved state-of-the-art results across diverse tasks
and robot embodiments [Brohan et al., 2023,Embodiment Collaboration et al., 2024,Kim
et al., 2024a]. However, recent advances in chain-of-thought (CoT) prompting [Wei et al.,
2023] have shown that explicit reasoning steps can signiőcantly enhance performance on
complex tasks, and are now standard in language modeling.

Inspired by this, we introduce Embodied Chain-of-Thought Reasoning (ECoT) for
VLA policies [Zawalski et al., 2024a]. Unlike conventional VLAs, ECoT agents perform
structured, multi-step textual reasoning before selecting each action. Unlike standard
CoT approaches in language models, ECoT interleaves abstract subgoal reasoning with
grounded, multimodal perception, mirroring how humans combine high-level planning
with contextual understanding. To enable the relatively weak LLM backbones of open-
source VLAs to perform such reasoning effectively, we design a scalable pipeline for
synthetically generating embodied CoT training data for large robot datasets.

4.2. Reasoning steps

Our goals when designing the steps of our embodied chain-of-thought reasoning chains are
twofold: encourage the model to (A) reason through the required high-level steps of the
task at hand and determine which step needs to be executed next, and (B) increasingly
ground this reasoning in lower-level features of the scene and robot state before predicting
the robot action.
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ACTION: 

[Δx, Δ𝜃, ΔGrip] = …

USER: "Put the 

watermelon on the towel”

TASK:

Place the 

watermelon on the 

towel

PLAN:

1. Move to watermelon

2. Firmly grasp it

3. Move to towel

4. Place watermelon on 

towel

SUBTASK: 

Move to the watermelon

SUBTASK REASONING: 

The watermelon is the first 

object the robot needs to 

interact with. The robot is not 

yet close to the watermelon, 

so the robot needs to move 

closer

Input Generated Embodied Chain-of-Thought Robot Action

MOVE:

Move backward

MOVE REASONING: 

The watermelon is 

behind the robot, so it 

needs to move 

backward

GRIPPER 

POS:

[156, 55]

VISIBLE OBJECTS:

Watermelon
[126, 146, 141, 125],

Towel [20, 59, 218, 198],
Spoon [114, 93, 141, 125]

…

Figure 4.1: Steps of our embodied chain-of-thought reasoning. We interleave several intermediate
reasoning steps into the mapping from inputs to robot actions. Green: “standard” linguistic chain-of-
thought steps that break a given instruction into the required sub-tasks. Purple: Embodied chain-of-
thought steps that require grounding the policy’s reasoning in the scene and robot state. Our experiments
show that these grounded reasoning steps are key to improving policy performance with chain-of-thought
reasoning.

We visualize the ECoT reasoning steps that we train the VLA to perform for an
example task in Figure 4.1. From left to right, the model is trained to őrst rephrase
the task instruction (TASK) and predict a high-level plan of steps for achieving the
instructed task (PLAN). Next, it reasons through which of the sub-tasks should be
executed at the present step (SUBTASK), a task which requires understanding the
current state of the scene and robot. Then, the model predicts an even lower-level
language command like “move leftž or “move upž (MOVE) that is closely related to
the low-level actions the robot needs to execute. Finally, we ask the model to predict
precise, spatially grounded features that describe the scene and thus force the model to
pay close attention to all elements of the input image– speciőcally, the pixel position of
the robot end effector (GRIPPER) and the names and bounding box pixel coordinates
of all objects in the scene (OBJECTS).

Prismatic-VLM

Grounding DINO OWL + SAM

Proprio à Primitives

{right, down, down,  …}

Proprio 1: [Δx, Δ𝜃, ΔGrip]

Gemini LLM ♊

Explain the plan, subtask, and 
movement for each step, given:

Task Moves

black robotic arm

Desc.

This scene has a watermelon, 

spoon, towel, and mushroom.

1. Describe scene

2. Extract bounding boxes 4. Compute gripper position

Please describe the scene.

3. Compute motion primitives 5. Generate plans + subtasks

Plan: Go to watermelon, grasp, go 
to towel, release

Subtasks:

1. The robot needs to grasp the 
watermelon, so first must move to it

2. The robot is at the watermelon, so 
it can now grasp it

3. …

Moves:

1. The watermelon is right of the 
robot, so it must move <right>

2. The watermelon is below the 
robot, so it must move <down>

3. …

Put the watermelon on the towel

Proprio 1: [Δx, Δ𝜃, ΔGrip]

Robot Trajectory from Dataset

Task Instruction

State Info

Observations

Figure 4.2: Our pipeline for generating synthetic embodied chain-of-thought data at scale for a given
robot dataset. We use a Prismatic VLM [Karamcheti et al., 2024] to create a scene description (1),
and Grounding Dino [Liu et al., 2023] to detect bounding boxes for all objects (2). We then compute
templated motion primitives from the low-level robot states (3) and the robot gripper position using
OWLv2 [Minderer et al., 2024] and SAM [Kirillov et al., 2023] (4). Finally, all information is passed to
a large Gemini language model [Gemini Team, 2024] to create the synthetic reasoning chain (5).
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4.3. Experiments

4.3.1. Performance

Type Task
Algorithm (ID View) Algorithm (OOD View)

Octo OpenVLA RT-2-X Naive CoT ECoT (Ours) Octo OpenVLA RT-2-X Naive CoT ECoT (Ours)

ID

Put mushroom in pot 29% 88% 94% 71% 100% 35% 59% 76% 76% 65%
Put spoon on towel 60% 90% 80% 60% 80% 20% 80% 80% 60% 80%
Put carrot on plate 70% 80% 90% 90% 100% 40% 90% 90% 100% 90%
Wipe [plate / pan] with towel 13% 50% 38% 38% 50% 0% 50% 0% 13% 63%

Spatial
Relations

Put mushroom in
[left / right / middle] container

0% 22% 17% 22% 33% 0% 17% 22% 55% 67%

Put purple object in
[left / right / middle] container

0% 28% 17% 50% 56% 0% 22% 11% 55% 39%

Put [right / left] object on middle object 0% 13% 0% 50% 63% 0% 25% 25% 50% 63%

OOD
Objects

Pick up [screwdriver / hammer /
measuring tape / detergent / watermelon]

30% 20% 80% 50% 50% 30% 20% 80% 50% 50%

Move mushroom to
[measuring tape / detergent]

0% 10% 70% 20% 100% 10% 0% 90% 40% 90%

Put mushroom in tall cup 0% 80% 0% 70% 30% 10% 20% 0% 20% 30%
Place watermelon on towel 20% 30% 60% 60% 70% 50% 10% 90% 30% 40%

OOD
Instructions

Pick up any object that is not
[yellow / a duck / a sponge / a towel]

50% 33% 58% 50% 42% 17% 17% 67% 25% 67%

Put the edible object in the bowl 13% 25% 13% 25% 88% 0% 13% 25% 25% 100%
Put the object used for [eating /
drinking] on towel

25% 38% 38% 38% 75% 13% 0% 25% 38% 75%

Aggregate 21% ± 3.3% 44% ± 3.9% 47 ± 4.0% 48 ± 4.0% 66% ± 3.8% 16% ± 2.9% 30% ± 3.6% 48 ± 4.0% 48% ± 4.0% 64 ± 3.9%

Table 4.1: Comparison of success rates for OpenVLA, RT-2-X, and ECoT across two scenes
(one with in-distribution camera view and one with out-of-distribution). Mean ± one StdErr. On
aggregate, our ECoT policy achieves the highest success rate, improving absolute success rate by 45%,
22%, 19%, and 18% over Octo, OpenVLA, RT-2-X, and naïve CoT respectively in the in-distribution
view setting and 48%, 34%, 16%, and 16% in the out-of-distribution view setting.

We report performance of all approaches on our evaluation set in Table 4.1. We see
that while OpenVLA achieves high performance on in-distribution tasks, it struggles on
the hard generalization cases we test. RT-2-X performs better than vanilla OpenVLA,
potentially due to the larger robot pre-training dataset (note again that OpenVLA and
our approach are only trained on the Bridge dataset) and the fact that it co-trains the
policy with Internet-scale vision-language data and robot data, while all other approaches
only use robot data during őne-tuning.

Importantly, we őnd that our ECoT policy substantially outperforms the OpenVLA
policy across all generalization evaluations. This is notable, since both policies are based
on the exact same VLM base model and use the same robot data for őne-tuning. The
only difference is in the use of CoT reasoning by our approach. Curiously, our ECoT
model even surpasses the performance of RT-2-X in the tested tasks, even though RT-
2-X is trained on 10 additional robot datasets and uses a network that is 7x larger (55B
vs. 7B). Finally, the results in Table 4.1 show that including embodied reasoning about
visual inputs and the low-level robot state signiőcantly boosts performance over the
“Naïve CoTž ablation of our approach, which only reasons about high-level linguistic
features like sub-task plans.

4.3.2. Diagnosing Policy Failures Through Inspecting Reasoning Chains

In addition to improving performance, chain-of-thought reasoning provides a tool for
users and researchers to better understand the decisions the policy takes. By inspecting
and visualizing the model’s reasoning steps, we can discover potential mistakes in the
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reasoning chain that led to policy failure downstream.
Additionally, training a policy to reason through a task step-by-step in natural lan-

guage provides a powerful mechanism for humans to interact with the policy and correct
its behavior. Instead of needing involved teleoperation equipment to provide direct robot
action feedback like in DAgger approaches [Kelly et al., 2019], humans can now simply
correct the policy’s behavior by modifying its reasoning chains via natural language
feedback. Prior work introduced carefully designed policy architectures and explicitly
trained policies to support such correction via language [Sharma et al., 2022, Shi et al.,
2024]. Here, similar capabilities emerge naturally by training VLA policies to perform
chain-of-thought reasoning.

Experiments show that our ECoT policy can make effective use of the human lan-
guage intervention, increasing its success rate by 48% on our most challenging evaluation
tasks. In contrast, we evaluate the vanilla, non-CoT OpenVLA policy and RT-2-X in
the same way, providing each with a single human language correction per rollout, but
őnd that neither of them can beneőt from the human intervention to the same degree.

4.3.3. Does ECoT capability transfer to other robots?

We test whether őne-tuning a generalist VLA policy with ECoT data can transfer ECoT
reasoning between robot embodiments. Concretely, we use the official checkpoint of the
OpenVLA-7B model [Kim et al., 2024a], which was trained on a mix of 27 robot datasets.
We continue training the released checkpoint on this mix, but replace the original Bridge-
Data V2 dataset with our generated ECoT dataset. As a result, approximately 13% of
the training data is ECoT data.

We make two key őndings. First, őne-tuning a pre-trained VLA to perform ECoT
reasoning is substantially faster than training an ECoT VLA from the base VLM. Sec-
ondly, we őnd that the őne-tuned model can perform ECoT reasoning on other robot
embodiments than it has been trained for. It correctly recognizes robot grippers, ob-
jects and their positions, and predicting future gripper movements, despite the large
differences in robot appearance, scene layout and camera setup. We hypothesize that
the VLM pre-training enables the model to generalize the concepts of robot end-effector
position and movement, and object identity and positions between robots and scenes.

4.4. Summary

We demonstrated that training VLA policies to perform chain-of-thought reasoning can
substantially increase their performance without the need to collect additional robot
training data. Instead of simply applying the CoT recipe from language modeling,
our experiments underline the importance of adding reasoning steps that are strongly
grounded in the scene and robot state, and involve for example object bounding boxes,
the robot’s end-effector, or low-level robot movements. Importantly, this approach not
only improve the performance, but also allow inspecting the inner thinking of the model
and straightforward interactive correction of failures.
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a blue sink
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a yellow banana
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carrot in the red bowl.

PLAN: 1. Move to the carrot. 2. 

Grasp the carrot. 3. Move to the 
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move it to the red bowl à Move 
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a black robot arm
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TASK: Move to the banana.
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banana to the plate, release the 
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SUBTASK: The banana is on the 

left side of the plate, so the robot 
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MOVE: The robot needs to move 

left to get closer to the banana à

Move left.

TASK: Put the grey sponge on 
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PLAN: Move to the sponge, pick 

up the sponge, move to the 

towel, put down the sponge.
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table, and it needs to be reached 

first à Move to the sponge.
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a yellow towel
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Figure 4.3: Our OXE fine-tuned ECoT model can generate reasonings for non-WidowX robots too,
despite never having seen reasoning annotations for said embodiment.
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Chapter 5

Conclusions

My research addressed a fundamental challenge in reinforcement learning: enabling
agents to reason and act with human-like adaptability, efficiency, and interpretability.
While deep RL has achieved remarkable successes, its limitations in generalization, data
efficiency, and transparency highlight the need for more structured approaches.

To this end, we introduced three contributions that integrate structured reasoning
and planning into RL. Embodied Chain-of-Thought (ECoT) enables agents to explic-
itly plan before acting, improving generalization and interpretability in robotic tasks.
Subgoal Search (kSubS) introduces a hierarchical planning framework that successfully
decomposes complex problems into manageable parts. Adaptive Subgoal Search (Ada-
SubS) extends this by adjusting planning granularity based on task complexity, striking
a balance between precision and efficiency.

Together, these methods demonstrate that combining learning with structured rea-
soning enhances robustness, performance, and human-alignment. By planning through
subgoals and reasoning chains, agents gain the ability to generalize beyond training data
and provide interpretable decision traces.

While challenges remain in scaling and automating structured representations, this
work offers concrete steps toward RL systems that do more than react – they reason.
This marks progress toward the broader goal of building AI that thinks and adapts more
like humans.

5.1. Future directions

While this dissertation presents signiőcant advancements, several open challenges remain,
providing opportunities for future research:

• Enhancing Subgoal Search with better subgoal discovery. Exploring alter-
native approaches to generating subgoals and leveraging the latest architectures,
such as diffusion models, have the potential to further improve the effectiveness of
the framework.
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• Fine-tuning with online interactions. While Subgoal Search can successfully
leverage offline data for training, extending it with a self-improvement loop is
another promising direction.

• Subgoal Search on latent representations. Subgoal Search cannot be used in
environments with visual observations as long as it operates on full states rather
than representations.

• Applying Subgoal Search to robotics. We demonstrated the effectiveness
of Subgoal Search in solving complex reasoning tasks. Following the human-like
planning intuition, it would be exciting to see Subgoal Search guiding robots in
solving intricate manipulation tasks.

• Adaptive Embodied Chain-of-Thought. A lot of computations can be saved
by deciding when to reason carefully and when thinking is not required.

• Exploring human-robot interaction. Since using the ECoT approach leads
to interactive policies, it may be used as an advanced and easy control interface,
replacing scripting or teleoperation.
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ABSTRACT

Multi-agent reinforcement learning (MARL) provides a framework

for problems involving multiple interacting agents. Despite appar-

ent similarity to the single-agent case, multi-agent problems are

often harder to train and analyze theoretically. In this work, we

propose MA-Trace, a new on-policy actor-critic algorithm, which

extends V-Trace to the MARL setting. The key advantage of our

algorithm is its high scalability in a multi-worker setting. To this

end, MA-Trace utilizes importance sampling as an off-policy cor-

rection method, which allows distributing the computations with

no impact on the quality of training. Furthermore, our algorithm

is theoretically grounded – we prove a fixed-point theorem that

guarantees convergence. We evaluate the algorithm extensively

on the StarCraft Multi-Agent Challenge, a standard benchmark for

multi-agent algorithms. MA-Trace achieves high performance on

all its tasks and exceeds state-of-the-art results on some of them.

KEYWORDS

Reinforcement Learning, V-Trace, Importance Sampling, Scalability

1 INTRODUCTION

Reinforcement learning has witnessed impressive development

in recent years. Famously, superhuman performance has been

achieved in games Go [30], StarCraft II [36], Dota 2 [4] and other

applications. These successes are the result of rapid algorithmic

development. Research in directions like trust-region optimization

[29], principle of maximum entropy [13], importance sampling

[8], distributional RL [3] or bridging the sim-to-real gap [2] are

among these which brought significant progress. Multi-agent rein-

forcement learning (MARL), a framework for problems involving

multiple interacting agents, is similar to the standard, single-agent

setting. However, it is inherently harder. The challenges are both

theoretical (e.g., partial observability and lack of the Markov prop-

erty) and practical (MARL algorithms often suffer from inferior

stability and scalability).

In this work, we take a step towards amending this situation. We

propose MA-Trace, a new on-policy actor-critic algorithm, which

adheres to the centralized training and decentralized execution

paradigm [10, 19, 25]. The key component of MA-Trace is the usage

of importance sampling. This mechanism, based on V-Trace [8],

provides off-policy correction for training data. As we demonstrate

empirically, it allows distributing the computations efficiently in

a multi-worker setup. Another advantage of MA-Trace is the fact

that it is theoretically grounded. We provide a fixed-point theorem

that guarantees convergence.

The on-policy algorithms directly optimize the objective; thus,

they tend to be more stable and robust to hyperparameter choices

than off-policy methods [1, 33, 35]. However, it is often impractical

to train an on-policy algorithm in the distributed setting. When

data collection is performed using many workers, the communica-

tion latency, asynchronicity, and other factors make the behavioral

policies lag behind the target one. This results in a shift of the col-

lected data towards off-policy distribution, which hurts the training

quality. V-Trace reduces this shift by utilizing importance weights,

thus permitting highly scalable training. Following that scheme,

MA-Trace can be distributed to many workers to vastly reduce the

wall-time of training with no negative impact on the results.

We evaluate MA-Trace on StarCraft Multi-Agent Challenge [27]

– a standard benchmark for multi-agent algorithms. Our approach

achieves competitive performance on all tasks and exceeds state-of-

the-art results on some of them. Additionally, we provide a compre-

hensive set of ablations to quantify the influence of each component

on the final results. We confirm that importance sampling is a key

factor for MA-Trace’s performance and show that our algorithm

scales favorably with the number of actor workers. Additionally,

we provide a few quite surprising findings, e.g. that an observation-

based critic network performs better than a state-based.

For the description of key ideas and videos, visit our webpage:

https://sites.google.com/view/ma-trace/main-page. The code used

for our experiments is available at https://github.com/awarelab/

seed_rl.

Our main contributions are the following:

(1) We introduce MA-Trace – a simple, scalable and effective

multi-agent reinforcement learning algorithm with theoreti-

cal guarantees.

(2) We confirm that the training of MA-Trace can be easily

distributed onmultiple workers with nearly perfect speed-up

and no negative impact on the quality.

(3) We provide extensive experimental validation of the MA-

Trace algorithm in StarCraft Multi-Agent Challenge, includ-

ing ablations with regard to importance sampling, central-

ization of learning, scaling and sharing of parameters.

https://sites.google.com/view/ma-trace/main-page
https://github.com/awarelab/seed_rl
https://github.com/awarelab/seed_rl


2 RELATED WORK

For a general overview ofmulti-agent reinforcement learning (MARL)

we refer to [5, 15]. Unsurprisingly, the development of MARL meth-

ods is closely coupled with the algorithmic progress in RL. A simple

approach to multi-agent learning was proposed by Tan [34]: the

IQL algorithm uses independent 𝑄 learners for each agent, with

improvements proposed in [11, 17, 24].

MA-Trace adheres to the centralized training and decentralized

execution (CTDE) paradigm. CTDE [9, 16, 23] is based on using

the centralized information during training. During execution, the

agents act using only their respective observations. Following this

scheme, [9] introduces the RIAL and DIAL algorithms in the context

of 𝑄-learning. CTDE is particularly easy to implement with actor-

critic algorithms; the centralized information is imputed only to

the critic network (which is not used during the execution). COMA

[10] is an example of such an algorithm; additionally, it uses a

counterfactual baseline to deal with multi-agent credit assignment

explicitly.

Another approach to take advantage of the multi-agent struc-

ture is the value decomposition method. VDN [32] propose a linear

decomposition of the collective 𝑄 function into agent-local 𝑄 func-

tions. Following this idea, [25] introduced QMIX, which learns

a complex state-dependent decomposition by using monotonic

mixing hypernetworks. Extensions of QMIX include MAVEN [21],

COMIX [6], SMIX(𝜆) [39], and QTRAN [31] that can represent even

general non-monotonic factorizations.

MA-Trace is based on V-Trace [8], a distributed single-agent

algorithm. The idea of extending RL algorithms to the multi-agent

setting has been successfully executed multiple times. Lowe et al.

[19] propose a multi-agent actor-critic algorithm MADDPG, which

is based on the DDPG algorithm [18]. Yu et al. [40] introduce also

MASAC, extending SAC [14], and MATD3 building on top of TD3

[12]. Recently [41] showed that MAPPO, a multi-agent version of

PPO [29], achieves surprisingly strong results in the most popular

benchmarks, comparable with off-policy methods.

Espeholt et al. [8] propose the V-Trace algorithm to address the

problem that in distributed (e.g. multi-node) training the policy

used to generate experience is likely to lag behind the policy used

for learning. Munos et al. [22] considered earlier a similar off-policy

corrections for the target of the 𝑄-function. These corrections are

intended to focus on samples generated by behavioral policies close

to the target one. Leaky V-Trace, a more general version of the V-

Trace correction, was considered by Zahavy et al. [42]. Vinyals et al.

[37] adapt V-Trace importance corrections to large action space

to train grandmaster level StarCraft II agents. These corrections

are refinements of the concept of importance sampling; see [33,

Sections 5.5, 12.9] for a broader discussion.

Blending all these concepts, DOP [38] utilizes value decomposi-

tion and importance sampling to successfully train decentralized

agents with policy gradients on off-policy samples. This is substan-

tially different from our work since in MA-Trace we use importance

weights to enable efficient multi-node training. DOP does not con-

sider distributing the computations, the objective optimized by that

algorithm requires providing on-policy samples, which is impossi-

ble to satisfy in a highly distributed setting.

3 BACKGROUND

Multi-agent reinforcement learning task is formalized by decentral-

ized partially observableMarkov decision processes (Dec-POMDP) [23].

A Dec-POMDP is defined as a tuple (N ,S,A, 𝑃, 𝑟,Z,𝑂,𝛾, 𝜌0). N

is the set of agents {1, . . . , 𝑛}, S is the state space, A is the set

of actions available to agents, 𝑃 is the transition kernel, 𝑟 is the

reward function,Z is the space of collective observations, 𝑂 is the

set of observation functions {𝑂1, . . . ,𝑂𝑛}, 𝛾 is the discount factor

and 𝜌0 is the initial state distribution. At state 𝑠 ∈ S, the agents

select actions 𝑎𝑖 ∼ 𝜋𝑖 (·|𝑂𝑖 (𝑠)), where 𝜋𝑖 are their respective polices.

Fix 𝑎 := (𝑎1, . . . , 𝑎𝑛). The agents receive rewards according to the

reward functions 𝑟𝑖 = 𝑟𝑖 (𝑠, 𝑎) and the system evolves to the next

step generated by 𝑃 (𝑠, 𝑎) (might be stochastic). In the so-called fully

cooperative setting, assumed in this work, the rewards are equal,

i.e. 𝑟1 = . . . = 𝑟𝑛 .

The agents learn a joint policy

𝜋 (𝑎 |𝑜) =

𝑛
∏

𝑖=1

𝜋𝑖 (𝑎𝑘 |𝑜𝑘 ) (1)

with the aim to maximize the expected discounted return

𝐽 (𝜋) = E𝜋

[

∞
∑

𝑡=0

𝛾𝑡𝑟𝑡

]

.

The expected discounted return obtained by policy 𝜋 starting from

state 𝑠 ∈ S is called the value function

𝑉 𝜋 (𝑠) = E𝜋

[

∞
∑

𝑡=0

𝛾𝑡𝑟𝑡 |𝑠0 = 𝑠

]

, (2)

4 MA-TRACE ALGORITHM

4.1 Overview of the algorithm

In this work, we introduce a multi-agent actor-critic algorithm

based on V-trace: MA-Trace, see Algorithm 1. It follows the para-

digm of centralized training, decentralized execution. Each agent

compute its action taking its local observation as input. On the

other hand, the critic network operates only during training, so it

does not need to obey decentralization requirements. Furthermore,

it can utilize any kind of additional information. We study two

versions of MA-Trace: with the critic 𝑉 : S → R taking as inputs

full states, and with the critic 𝑉 : Z → R taking as input the joint

observation of all agents, denoted respectively as MA-Trace (full)

and MA-Trace (obs). MA-Trace (full) requires collecting states 𝑠𝑡 in

line 6 of Algorithm 1 and using them as input to 𝑉𝜙 in lines 10 and

14.

The value function 𝑉 𝜋 corresponding to policy 𝜋 can be, for

example, obtained by repeated application of the Bellman operator.

This requires on-policy data. The central innovation of V-Trace in

the single-player setting andMA-Trace in the multi-player setting is

to allow for slightly off-policy data by utilizing importance sampling.

To this end, we use the V-Trace-inspired policy evaluation operator

R, defined as

R𝑉 (𝑠) := 𝑉 (𝑠)+

E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡 (𝑐0 · · · 𝑐𝑡−1)𝜌𝑡 (𝑟𝑡 + 𝛾𝑉 (𝑠𝑡+1) −𝑉 (𝑠𝑡 )) |𝑠0 = 𝑠

]

,

(3)



where 𝑐𝑡 = 𝑐 (𝑠𝑡 , 𝑎𝑡 ), 𝜌𝑡 := 𝜌 (𝑠𝑡 , 𝑎𝑡 ) are importance sampling cor-

rections and 𝑐 : S × A → R+, 𝜌 : S × A → R+ are measurable

functions. In our algorithms we specialize to

𝑐𝑡 := min

(

𝑐,
𝜋 (𝑎𝑡 |𝑠𝑡 )

𝜇 (𝑎𝑡 |𝑠𝑡 )

)

, 𝜌𝑡 := min

(

𝜌,
𝜋 (𝑎𝑡 |𝑠𝑡 )

𝜇 (𝑎𝑡 |𝑠𝑡 )

)

, (4)

where 𝜇 is a policy that collected the data and 𝑐, 𝜌 are hyperparam-

eters (usually set to 1.0). Intuitively speaking, 𝑐𝑡 controls the speed

of training and 𝜌𝑡 balances the learned value function between 𝑉 𝜋

and𝑉 𝜇 . These parameters are further discussed in Corollary 3. The

operator R leads to 𝑛-step Monte-Carlo target 𝑣𝑡 given the state 𝑠𝑡

𝑣𝑡 := 𝑉 (𝑠𝑡 ) +

𝑡+𝑛+1
∑

𝑢=𝑡

𝛾𝑢−𝑡

(

𝑢−1
∏

𝑖=𝑡

𝑐𝑖

)

𝜌𝑢
(

𝑟𝑢 + 𝛾𝑉 (𝑠𝑢+1) −𝑉 (𝑠𝑢 )
)

. (5)

It is a random variable; the clipping with the min function in (4) is

instrumental to reducing its variance and thus making it applicable

in learning. A key advantage of MA-Trace is a significant reduction

in the wall-time due to distributed data collection (see line 6 in

Algorithm 1). From the algorithmic standpoint, the major problem

to address is that the policy used for collection𝜋𝜃 ′ might be outdated

due to communication overheads. This is successfully achieved with

the importance correction mechanisms described above.

We use the communication model proposed in [7, Figure 1, Fig-

ure 3]. It consists of a single learner and actor workers. The actors

are simple loops around the environment, generating observations

(and rewards) transmitted to the learner. The learner makes in-

ferences (and sends back actions); moreover, it handles trajectory

accumulation and training.

Algorithm 1MA-Trace

Require: 𝑑 density of training

𝛼 learning rate

1: for 𝑘 in 0, . . . , 𝑛 − 1 do

2: 𝜔𝑘 ← random actor parameters

3: 𝜙 ← random critic parameters

4: for 𝑒𝑝𝑜𝑐ℎ in 0, 1, 2, . . . do

5: D ← ∅

6: add trajectories {𝜏𝑖 } sampled with 𝜋𝜃 ′ to D

7: ⊲ collected by multiple workers possibly remote.

8: for 𝑖 in 0, . . . , 𝑑 − 1 do

9: sample 𝑠𝑡 ∼ D

10: 𝜙 ← 𝜙 − 𝛼∇𝜙
[

∥𝑣𝑡 −𝑉𝜙 (𝑠𝑡 )∥
2
2

]

⊲ 𝑣𝑡 is calculated

according to (5)

11: for 𝑖 in 0, . . . , 𝑑 − 1 do

12: sample 𝑠𝑡 ∼ D

13: for 𝑘 in 1, . . . , 𝑛 do

14: 𝑔𝑘 ← 𝜌𝑡∇𝜔 log(𝜋𝜔 (𝑎𝑡,𝑘 |𝑠𝑡,𝑘 )) (𝑟𝑡,𝑘 + 𝛾𝑉
𝑘
𝜙
(𝑠𝑡+1) −

𝑉𝑘
𝜙
(𝑠𝑡 ))

15: ⊲ 𝜌𝑡 is calculated according to (4)

16: 𝜔𝑘 ← 𝜃𝑘 + 𝛼𝑔𝑘

4.2 Theoretical analysis of MA-Trace

The operator, R enjoys the fixed point property. We present a proof

of the following Theorem in Appendix A.

Theorem 1. Let 𝑐, 𝜌 be such that for any 𝑠 ∈ S, 𝑎 ∈ A

𝜌 (𝑠, 𝑎) − 𝑐 (𝑠, 𝑎) E𝑎′∼𝜇 ( · |𝑠′)
[

𝜌 (𝑠 ′, 𝑎′)
]

≥ 0, (6)

where 𝑠 ′ is the state obtained from 𝑠 after issuing action 𝑎. Assume

also that E𝜇 𝜌0 ≥ 𝛽 ∈ (0, 1]. Then the operator R is a C∞ contraction

with a unique fixed point 𝑉 𝜋̃ which is a value function of a policy 𝜋̃

given by

𝜋̃ (𝑎 |𝑠) :=
𝜌 (𝑠, 𝑎)𝜇 (𝑎 |𝑠)

∑

𝑏∈A 𝜌 (𝑠, 𝑏)𝜇 (𝑏 |𝑠)
. (7)

The contraction constant is smaller than 1 − (1 − 𝛾)𝛽 < 1.

Remark 2. The theorem is an extended version of [8, Theorem 1].

First, we assume the vectorized statement, which is natural for the

multi-agent setting. Second, the condition (6) admits more general

importance sampling weights. We also fix a mathematical inaccuracy

present in the original proof of [8, Theorem 1], see Remark 6.

Now we can easily show that the result follows for the impor-

tance weights used in our work.

Corollary 3. Let 𝑐𝑡 , 𝜌𝑡 be importance sampling weights (4) and

0 ≤ 𝑐 ≤ 𝜌 . Assume also that E𝜇 𝜌0 ≥ 𝛽 ∈ (0, 1]. Then the operator

R is a C∞ contraction with a unique fixed point 𝑉 𝜋̃ which is a value

function of a policy 𝜋̃ given by

𝜋̃ (𝑎 |𝑠) :=
min (𝜌𝜇 (𝑎 |𝑠), 𝜋 (𝑎 |𝑠))

∑

𝑏∈A min (𝜌𝜇 (𝑏 |𝑠), 𝜋 (𝑏 |𝑠))
.

The contraction constant is smaller than 1 − (1 − 𝛾)𝛽 < 1.

Proof. It is easy to check that 𝑐 (𝑠, 𝑎) = min
(

𝑐,
𝜋 (𝑎 |𝑠)
𝜇 (𝑎 |𝑠)

)

, 𝜌 (𝑠, 𝑎) =

min
(

𝜌,
𝜋 (𝑎 |𝑠)
𝜇 (𝑎 |𝑠)

)

yield the importance sampling weights (4). More-

over, for any 𝑠 ′ ∈ S

E𝑎′∼𝜇 ( · |𝑠′)

[

𝜌 (𝑠 ′, 𝑎′)
]

= E𝑎′∼𝜇 ( · |𝑠′) min

(

𝜌,
𝜋 (𝑎′ |𝑠 ′)

𝜇 (𝑎′ |𝑠 ′)

)

≤ E𝑎∼𝜇 ( · |𝑠′)

(

𝜋 (𝑎′ |𝑠 ′)

𝜇 (𝑎′ |𝑠 ′)

)

= 1

and therefore (6) holds whenever 0 ≤ 𝑐 ≤ 𝜌 . Now the result follows

by Theorem 1. □

Observe that when 𝜌 is infinite, the fixed point 𝑉 𝜋̃ corresponds

to the target policy 𝜋 . On the other hand, when 𝜌 tends to 0, 𝑉 𝜋̃

gets close to the value of the behavioral policy 𝜇. In the general case,

when 𝜌 is finite but positive, the fixed point is the value function

of a policy located somewhere between 𝜋 and 𝜇. However, 𝜋̃ does

not depend on 𝑐𝑡 – these weights affect the speed of convergence

only [8].

Remark 4. There is a theoretical difference between MA-Trace

(full) and MA-Trace (obs), which perhaps is subtle in some cases. The

Markov property is a key element required in the proof of Corollary

3. While it is by definition true for MA-Trace (state) it might fail for

MA-Trace (obs) - if the concatenated observations do not provide a

sufficient statistic of 𝑠𝑡 .

For the actor network we use policy gradient updates. Here we

also need importance sampling to correct for using the off-policy

behavioral policy 𝜇. We recall the factorization (1); analogously we



denote joint decentralized parameterized policy 𝜋𝜔 (𝑎1, . . . , 𝑎𝐾 |𝑠) =
∏𝐾
𝑘=1

𝜋𝜔 (𝑎𝑖 |𝑠𝑖 ). The policy gradient theorem suggests the ascent

in the direction:

𝑔 := E𝑎𝑡∼𝜋𝜔
[

∇𝜔 log𝜋𝜔 (𝑎𝑡 |𝑠𝑡 )𝐴
𝜋𝜔 (𝑠𝑡 , 𝑎𝑡 ))

]

,

where 𝑎𝑡 = (𝑎𝑡,1, . . . , 𝑎𝑡,𝐾 ) and 𝐴𝜋𝜔 is some advantage estimator.

For off-policy data collected with 𝜇 we have

𝑔 ≈ E𝑎𝑡∼𝜇
[

𝜌𝑡∇𝜔 log𝜋𝜔 (𝑎𝑡 |𝑠𝑡 )𝐴
𝜋𝜔 (𝑠𝑡 , 𝑎𝑡 ))

]

,

where the equality holds if 𝑐 = +∞ in (4). This formula leads to the

practical Monte-Carlo estimator used in line 14 of Algorithm 1:

𝜌𝑡 (∇𝜔𝑖 log(𝜋𝜔𝑖 (𝑎𝑡,𝑖 |𝑠𝑡,𝑖 ))) (𝑟𝑡 + 𝛾𝑉 (𝑠𝑡+1) −𝑉 (𝑠𝑡 )) . (8)

5 EXPERIMENTS

5.1 Environment

We evaluate MA-Trace on StarCraft Multi-Agent Challenge (SMAC)

[28] (version 4.10), which is a standard benchmark for multi-agent

algorithms, based on a popular real-time strategy game StarCraft II.

It provides 14 micromanagement tasks of varying difficulty and

structure.

The aim is to win a battle against a built-in AI by using your team

of agents. In easier tasks, often rudimentary coordination is enough.

However, harder tasks involve engaging a stronger enemy (e.g., hav-

ing more units), which requires inventing smart techniques and

tricks. Each unit has a limited line of sight, which makes the envi-

ronment partially observable. We provide more details in Appendix

F.

5.2 Main result

In Table 1 and Figure 1, we present the results of the main version

of our algorithm – MA-Trace (obs), in which the critic uses stacked

observations of agents as described in Appendix F. MA-Trace (obs)

reaches competitive results and in some cases exceeds the current

state-of-the-art. We compare with a selection of the state-of-the-art

algorithms on SMAC following [41] and [26]. We also demonstarte

scalability, which lets MA-Trace can reach good performance even

using short training (wall time).

Task MA-Trace (our) MAPPO IPPO QMIX COMA IQL

2s3z 99 [99.5; 99.7] 100 100 95 43 75
3s5z 97 [96.6; 98.6] 100 100 88 1 10
1c3s5z 100 [99.8; 100] 100 100 96 31 21
5m_vs_6m 78 [74.3; 78.4] 89 87 75 1 49
10m_vs_11m 96 [86.2; 97.7] 97 93 95 7 34
27m_vs_30m 99 [99; 100] 94 69 39 0 0
3s5z_vs_3s6z 87 [81.6; 92.1] 84 83 83 0 0
MMM2 98 [98; 98.8] 90 87 87 0 0
2s_vs_1sc 99 [99; 99.6] 100 100 97 98 100
3s_vs_5z 0 [0; 0] 100 100 98 0 45
6h_vs_8z 85 [71; 88.8] 88 84 9 0 0
bane_vs_bane 100 [100; 100] 100 100 100 64 99
2c_vs_64zg 98 [98; 98.5] 100 98 92 0 7
corridor 91 [88.6; 96.1] 100 98 84 0 0

Table 1: Median win rate of MA-Trace (obs) compared with other

algorithms. In 3s_vs_5z, our agent discovers that keeping the oppo-

nents alive leads to higher rewards than killing them. This strategy,

however, yields a lowwin rate. SeeAppendix F.1 for a detailed study.

Figure 1:MA-Trace compared with state-of-the-arts algorithms on

SMAC.

5.3 Training details

We use standard feed-forward networks for the actor and critic net-

works with two hidden layers of 64 neurons and ReLU activations.

The critic network of MA-Trace (obs) takes stacked observations of

agents as input, while MA-Trace (full) utilizes the full state provided

by SMAC. DecMA-Trace have a critic using single-agent observa-

tions. See details in Appendix C.

For each reported version of MA-Trace, we have searched for

the best hyperparameters to ensure a fair comparison. The values

of all hyperparameters are listed in Appendix D.2.

To estimate the performance of MA-Trace we run training for 3

days or until convergence. We report the median win rate of 10 runs

(with different random seeds) along with the interquartile range.

Training curves for all the tasks can be found in Appendix G.

5.4 Ablations

Below we present a comprehensive list of ablations to evaluate the

design choices of our algorithm. In each case, we present training

curves for tasks, which best illustrate our claims. For the complete

training results and more details, we refer to Appendix E.

Advantage of using importance sampling. Using the importance

weights is the key algorithmic innovation of MA-Trace (and V-

Trace), responsible for the strong performance we report. Indeed,

already for 30 actor workers, using the weights is essential. Other-

wise, the algorithm is unstable and suffers from poor asymptotic

performance. See Figure 2 and Appendix E.2.

Figure 2:MA-Trace using 30 distributed workers with and without

importance sampling (no IS).



Training scaling. The importance sampling enables V-Trace to

be truly scalable in multi-node setups. MA-Trace enjoys the same

property. Importantly, we do not observe any degradation in the

training performance when trained in the multi-node setup. See

Figure 3 and Appendix E.3.

Figure 3: Speed of MA-Trace training with respect to the number

of distributed workers, with standard deviation shaded. The speed

is measured as the average number of steps processed per second.

Input for the critic network. We found that MA-Trace (full) per-

forms slightly worse than MA-Trace (obs). Usually the differences

are small. However, in two harder tasks, corridor and 6h_vs_8z,

MA-Trace (full) learns much slower and often fails. This is perhaps

surprising, as the full state contains additional information (e.g.,

about invisible opponents). To deepen the analysis, we ran MA-

Trace (obs+full), which uses both the observations and full state

as the critic input. This improves the results, though they are still

slightly inferior to MA-Trace (obs); see Figure 4 and Appendix G. A

more detailed discussion of this topic can be found in Appendix E.1.

Figure 4: Comparison of using the full state MA-Trace (full) and

aggregated agents’ observations MA-Trace (obs) and both.

Centralized vs decentralized. As noted by [20], centralized train-

ing in some cases may suffer from higher variance. Therefore we

compared MA-Trace with its decentralized version (i.e. having ind-

pendent critics for each agent). The latter typically obtains weaker

results and is less stable. See Figure 5 and details in Appendix B.

Sharing actors networks. We follow a common approach of shar-

ing the policy network between agents. In some works, e.g., [26], to

preserve individuality, the observations are enriched with agent ID.

This might be beneficial if agents should be assigned different roles

within the team. However, we find these benefits rather minor and

opt for input provided by the environment (i.e., without ID). See

Figure 7 and details in Appendix C.2.

One can also use separate networks for each agent. We check

that MA-Trace works considerably worse in such a case. In rare

Figure 5: Performance of MA-Trace during centralized and decen-

tralized training.

cases, using separate networks is advantageous, but only in the

easiest tasks, e.g., 3s5z. See Figure 6 and details in Appendix C.1.

Figure 6: Performance of shared (standardMA-Trace) and separate

agents’ networks.

Figure 7: The impact of enriching observation with agent ID.

6 LIMITATIONS AND FURTHERWORK

We show that MA-Trace successfully solves SMAC tasks. Further

benchmarking is needed to underpin its quality. This includes test-

ing on more environments, both fully cooperative (like SMAC) and

competitive. The latter might require further algorithmic develop-

ments.

The importance sampling weights successfully reduce distribu-

tional shifts arising in distributed training. An interesting question

is whether they can also reduce the shifts introduced by the non-

stationarity of the multi-agent environment.

MA-Trace exhibits lower sample efficiency than the other meth-

ods we used for comparisons. This, at least partially, can be ex-

plained by its on-policy nature. Adapting the importance correc-

tion to accommodate more off-policy data would be an important

achievement.

7 CONCLUSIONS

In our work, we introduced MA-Trace, a new multi-agent rein-

forcement learning algorithm. We evaluated it on 14 scenarios

constituting the StarCraft Multi-Agent Challenge and confirmed

its strong performance. We also included ablations regarding im-

portance sampling, centralization of learning, scaling, and sharing

of parameters.



Thanks to the use of importance weights, MA-Trace is highly

scalable. Furthermore, the convergence properties of our algorithm

highlighted by Theorem 1 show that it has not only experimental

but also mathematical grounding.
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A THE PROOF OF THE FIXED POINT
THEOREM

Let C𝐾∞ be the space of functions S ↦→ R
𝐾 endowed with the

infinity norm ∥ 𝑓 ∥C𝐾∞
= sup𝑠∈S |𝑓 (𝑠) |∞. C

𝐾
∞ is Banach if S is fi-

nite or we additionally assume that functions are continuous (this

encompasses the case when S is discrete).

For an easy reference we recall the statement of Theorem 1. Let

𝑐 : S ×A → R+, 𝜌 : S ×A → R+ be measurable functions and set

𝑐𝑡 = 𝑐 (𝑠𝑡 , 𝑎𝑡 ), 𝜌𝑡 = 𝜌 (𝑠𝑡 , 𝑎𝑡 ).

Define the operator R : C𝐾∞ ↦→ C
𝐾
∞ by

R𝑉 (𝑠) := 𝑉 (𝑠)+

+ E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡 (𝑐0 · · · 𝑐𝑡−1)𝜌𝑡 (𝑟𝑡 + 𝛾𝑉 (𝑠𝑡+1) −𝑉 (𝑠𝑡 )) |𝑠0 = 𝑠

]

.

(9)

Theorem 5. Let 𝑐, 𝜌 be such that for any 𝑠 ∈ S, 𝑎 ∈ A

𝛼 (𝑠, 𝑎) := 𝜌 (𝑠, 𝑎) − 𝑐 (𝑠, 𝑎) E𝑎′∼𝜇 ( · |𝑠′)
[

𝜌 (𝑠 ′, 𝑎′)
]

≥ 0, (10)

where 𝑠 ′ is the state obtained from 𝑠 after issuing action 𝑎. Assume

also that E𝜇 𝜌0 ≥ 𝛽 ∈ (0, 1]. Then the operator R is C𝐾∞ contraction

with a unique fixed point 𝑉 𝜋̃ which is a value function of a policy 𝜋̃

given by

𝜋̃ (𝑎 |𝑠) :=
𝜌 (𝑠, 𝑎)𝜇 (𝑎 |𝑠)

∑

𝑏∈A 𝜌 (𝑠, 𝑏)𝜇 (𝑏 |𝑠)
. (11)

The contraction constant 𝜂 is smaller than 1 − (1 − 𝛾)𝛽 < 1.

Remark 6. We note that the proof [8, Theorem 1] has some glitches.

A careful examination reveals that the analysis of the first displayed

equation on page 12 in [8] is not correct. We fix it by making intro-

ducing filtration and analyzing the measurability of explicitly and

argue that such an approach makes the proof more clear

Proof. Let 𝑐𝑡 :=
∏𝑡
𝑢=0 𝑐𝑢 with the convention 𝑐𝑡 = 1 for 𝑡 ≤ 0.

We use the same convention for 𝜌𝑠 . It is convenient to express R in

the following form

R𝑉 (𝑠) =(1 − E𝜇 𝜌0)𝑉 (𝑠)+

+E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1 (𝜌𝑡𝑟𝑡 + 𝛾 [𝜌𝑡 − 𝑐𝑡 𝜌𝑡+1]𝑉 (𝑠𝑡+1))

]

.

Fix 𝑉1,𝑉2 ∈ C
𝐾
∞ and put C𝐾∞ ∋ Δ𝑉 := 𝑉1 −𝑉2. For 𝑠 ∈ S we write

R𝑉1 (𝑠) − R𝑉2 (𝑠) =(1 − E𝜇 𝜌0)Δ𝑉 (𝑠)+

+E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡+1𝑐𝑡−1 [𝜌𝑡 − 𝑐𝑡 𝜌𝑡+1]Δ𝑉 (𝑠𝑡+1)

]

.

We define filtration {F𝑡 }
+∞
𝑡=0 by

F𝑡 := 𝜎 ((𝑠0, 𝑎0, . . . , 𝑎𝑡−1, 𝑠𝑡 )) .

We rewrite in terms of conditional expectation

𝑎 :=E𝜇 [𝑐𝑡−1 [𝜌𝑡 − 𝑐𝑡 𝜌𝑡+1]Δ𝑉 (𝑠𝑡+1)]

=E𝜇
(

E𝜇 [𝑐𝑡−1 [𝜌𝑡 − 𝑐𝑡 𝜌𝑡+1]Δ𝑉 (𝑠𝑡+1) |F𝑡+1]
)

.

Clearly, all terms except for 𝜌𝑡+1 are F𝑡+1 measurable, thus

𝑎 = E𝜇

[

𝑐𝑡−1 [𝜌𝑡 − 𝑐𝑡 E𝜇 (𝜌𝑡+1 |F𝑡+1)]Δ𝑉 (𝑠𝑡+1)
]

.

Recall (10) and observe that 𝜌𝑡 − 𝑐𝑡 E𝜇 (𝜌𝑡+1 |F𝑡+1) = 𝛼 (𝑠𝑡 , 𝑎𝑡 ) =:

𝛼𝑡+1. Let us also put by convention 𝛼0 = 1 − E𝜇 𝜌0. Thus shifting

indices we get

R𝑉1 (𝑠) − R𝑉2 (𝑠) = E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−2𝛼𝑡Δ𝑉 (𝑠𝑡 )

]

.

By our assumptions we have 𝑐𝑡 , 𝛼𝑡 ≥ 0 and thus we get

|R𝑉1 (𝑠) − R𝑉2 (𝑠) | ≤ ∥𝑉1 −𝑉2∥C𝐾∞
E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−2𝛼𝑡

]

.

We are left with rather straightforward calculations (assume by

convention that 𝜌−1 = 1).

E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−2𝛼𝑡

]

= E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−2𝜌𝑡−1

]

− E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1 E𝜇 (𝜌𝑡 |F𝑡 )

]

= E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−2𝜌𝑡−1

]

− E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1𝜌𝑡

]

= 1 + 𝛾 E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1𝜌𝑡

]

− E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1𝜌𝑡

]

= 1 + (𝛾 − 1) E𝜇

[

+∞
∑

𝑡=0

𝛾𝑡𝑐𝑡−1𝜌𝑡

]

≤ 1 + (𝛾 − 1)𝛽.

The last inequality follows by dropping all summands except 𝑡 = 0.

Now, we are to determine the unique fixed point. Recall (11), we

calculate

E𝜇

[

𝜌𝑡

(

𝑟𝑡 + 𝛾𝑉
𝜋̃ (𝑠𝑡+1) −𝑉

𝜋̃ (𝑠𝑡 )
)

|𝑠𝑡

]

= 𝑐 E𝜋̃

[

𝜌𝑡

(

𝑟𝑡 + 𝛾𝑉
𝜋̃ (𝑠𝑡+1) −𝑉

𝜋̃ (𝑠𝑡 )
)

|𝑠𝑡

]

= 0,

where 𝑐 =
∑

𝑏∈A 𝜌 (𝑠, 𝑏)𝜇 (𝑏 |𝑠) is the normalizing constant and the

second equality hold by the Bellman equation. □



B CENTRALIZED TRAINING AND
DECENTRALIZED EXECUTION

In a multi-agent problem, the agents take actions based on their

local observations 𝑠𝑖 , according to their policies 𝜋𝑖 . Decentralized

training is a simple approach of learning 𝜋𝑖 , using any (single-

agent) RL algorithm separately for each agent. To better utilize

the structure of a multi-agent problem, a paradigm of centralized

training and decentralized execution was introduced. The key

idea is to centralize the learning process of all the agents – use

shared knowledge provided by observations and any other infor-

mation available during training to more effectively optimize the

decentralized policies. It is now considered a leading paradigm and

is usually chosen off-the-shelf.

Recently the authors of [20] suggested that this should be rein-

vestigated. Sharing the knowledge in centralized training is indeed

beneficial, but the paradigm of independent training also has ad-

vantages. The multi-agent problems lack the strong theoretical

guarantees associated with the standard case. For example, if we

train all the agents simultaneously, the environment changes during

training from every agent’s perspective. Such non-stationarity can

destabilize standard algorithms. According to [20], decentralized

learning partially mitigates this issue – for every agent, a separate

value network is trained; thus it averages much of the stochasticity

in the environment, producing more stable estimates. On the other

hand, because of the limited information, these values are less ac-

curate. Therefore choosing between centralized and decentralized

training is a tradeoff.

To address these issues, we compared MA-Trace with its decen-

tralized version, DecMA-Trace. However, in the StarCraft Multi-

Agent Challenge, the decentralized version learns much slower and

fails to reach good performance; see Figure 8.

Figure 8: Comparison of MA-Trace and DecMA-Trace on the Star-

Craft Multi-Agent Challenge tasks.

C NETWORKS’ ARCHITECTURES

In our experiments, we use feed-forward networks with two hidden

layers of 64 neurons and ReLU activations (without normalization).

This is smaller than the networks used in benchmark [40] and [26],

but we found this sufficient to obtain good results. In this work,

we focus on algorithmic aspects rather than tuning architectures.

However, for completeness, we include a discussion of some most

popular design choices.

C.1 Sharing parameters

Our default (and most effective) scheme uses a single shared net-

work for the actors and a separate one for the critic. We experi-

mented with sharing feature extractors between the agents and the

critic, which performed worse. We also checked the performance

when training separate networks for all the components. Interest-

ingly, with this approach, the learning is much faster on the easy

tasks, such as 3s5z or 2c_vs_64zg, but completely fails on the hardest

ones; see Figure 9.

C.2 ID experiments

Sharing the agents’ networks, as described in Section C.1, can lead

to poor results if agents are not homogenous (for example, the be-

havior of shooting units should differ from melee units). This might

be circumvented by adding units’ characteristics (which is a default

in SMAC) or enriching the observations with one-hot encoded ID.

In Figure 10 we present the results of experiments in which we use

these two mechanisms. We observe some improvements, which are,

however, relatively minor.



Figure 9: Comparison of standard MA-Trace (with a shared actor

network) and its ablation with separate networks.

Figure 10: Comparison of MA-Trace conditioned on observation

with and without (default) agents’ IDs.

C.3 Agents with memory

The units in StarCraft Multi-agent Challenge have limited sight

range, thus the environment is partially observable. A common

approach to mitigate such an issue, is to give the agents memory,

e.g. by using recurrent networks or frame stacking. The authors of

[26] show that using recurrent policy is required to achieve good

results in the hardest tasks. However, our experiments show that

memoryless policies can be successfully trained to solve all the

tasks (possibly except 3s_vs_5z, see Section F.1).

To implement a simple memory it is enough to pass a few previ-

ous observations concatenated (“framestackž). We experimented

with both observation-based and state-based critics. Figures 11 and

12 show the progress of training memory-equipped agents. One

can observe hardly any difference in most tasks. On the easy task

2c_vs_64zg, using memory leads to faster training. What is partic-

ularly interesting, on the corridor, task the stacked versions learn

much faster. This may be related to the strategy learned by MA-

Trace, in which at some point a group of units has to hide and wait

(see Section F.2 for detailed description). Execution of this strategy

is probably easier when using at least short memory. However, on

some other tasks, such as 5m_vs_6m, training with memory is much

less stable and effective.

Figure 11: Comparison of MA-Trace with growing number of

stacked frames. The critic networks in ablations are conditioned on

aggregated observations.



Figure 12: Comparison of MA-Trace with growing number of

stacked frames. The critic networks in ablations are conditioned on

environment state.

D TRAINING DETAILS

D.1 SEED RL

We base our code on SEED RL [7], which is an open-source frame-

work for distributed learning, licensed under the Apache License,

Version 2.0. This library provides an implementation of V-Trace for

single-agent environments.

D.2 Hyperparameters

In our experiments the parameters crucial to the final performance

were: learning rate and entropy cost. For other hyperparameters,

we use the default values provided by SEED. The most relevant,

common for all the experiments, are listed in Table 2.

hyperparameter value

batch size 32

optimizer Adam

gamma 0.99

𝜌 1.0

𝑐 1.0

𝜆 1.0

initial entropy cost 1.0

target entropy 10−5

Table 2: Default parameters for our experiments.

We searched for the best learning rate in the set [3.5 · 10−3, 2.5 ·

10−3, 1.5 · 10−3, 10−3, 7 · 10−4, 5 · 10−4, 3.5 · 10−4]. We experimented

with adding learning rate scheduleswithwarmup and decay, though

no such scheme appeared to be beneficial.

Another hyperparameter that has a strong influence on the final

results is entropy cost. By default, SEED sets it to a constant value

of 2.5 · 10−4 and allows to use annealing. We found that aggressive

exploration at the beginning is crucial to reach good results. We

annealed entropy cost from 1 towards 10−5. The speed of adjustment

was tuned in the set [10, 5, 2.5, 1, 0.5].

In Table 3, we show the best parameters for our experiments,

found by the above grid-search. Unlike in some other works, we

found no advantage of using gradient clipping; thus, we leave the

gradients not clipped.

hyperparameter MA-Trace (obs) MA-Trace (full)

learning rate 10−3 7 · 10−4

entropy adjustment 10 10

Table 3: Specific parameters for our experiments.

D.3 Infrastructure used

The typical configuration of a computational node used in our

experiments was: the Intel Xeon E5-2697 2.60GHz processor with

128GB memory. On a single node, we ran one experiment with 30

workers. A typical experiment was run for about 20h. For the final

evaluation, we extended the training to 3 days, which is usually

equivalent to about 3 · 108 environment steps. We did not use GPUs;

we found that with the relatively small size of the network it offers

only slight wall-time improvement while generating substantial

additional costs.



E ABLATIONS

E.1 Critic comparison

During centralized training, the critic network in MA-Trace algo-

rithm uses any information available. A natural choice is to aggre-

gate the observations available to the agents, and we denote this

version as MA-Trace (obs). This might not be a sufficient statistic of

the (Markov) state of the environment. SMAC provides additional

access to such a state description, which we use in MA-Trace (full).

Intuitively, using complete information should be advantageous.

As shown in Figure 16, on most tasks, both the versions do not

differ much. On 3s5z_vs_3s6z there is a small advantage on the

full-state side. However, MA-Trace (full) shows little progress on

6h_vs_8z and corridor, as opposed to MA-Trace (obs). Therefore we

consider MA-Trace (obs) to be our default version.

Such behavior is a bit counter-intuitive. We speculate that some

information available in the agents’ observation is not easily acces-

sible (computable) for the full state. To verify this, we compared

the two versions with another, MA-Trace (obs+full), which uses

both the aggregated observations and the full state. As we can see

in Figure 16, it trains similarly to MA-Trace (obs), without signif-

icant advantage on any task. Moreover, on the hardest tasks, the

training progresses a bit slower. We leave a precise explanation of

this behavior as future work.

E.2 Importance sampling ablation

We claim that the strong performance of MA-Trace is due to using

importance weights. To verify this statement, we compared MA-

Trace with its ablation without importance weights. The training

curves for all the tasks are shown in Figure 13. Without the correc-

tions, the training is unstable and reaches good performance only

on the easiest tasks. The difference gets even larger when using

more compute workers. One notable exception is the corridor task,

in which the ablated version trains faster than MA-Trace, though

eventually both reach similar results.

E.3 Scaling experiments

MA-Trace utilizes importance sampling to reduce the shifts aris-

ing naturally in distributed training (when behavioral policies lag

behind the target policy). This allows our algorithm to be highly

scalable. Our experiments confirm that MA-Trace scales almost

linearly on at least 70 workers.

As shown in Section E.2, the importance weights indeed enable

stable training, even when distributed to many workers. What is

equally important, our experiments show that scaling does not

affect the learned policies significantly.

Figure 13: Comparison of MA-Trace with and without importance

sampling.

F STARCRAFT MULTI-AGENT CHALLENGE

To evaluate MA-Trace, we use StarCraft Multi-Agent Challenge

(SMAC) [28]. It is a standard benchmark for multi-agent algorithms,

used e.g. by [10, 26, 40] and many others. The challenge is based

on a popular real-time strategy game StarCraft II and consists of 14

micromanagement tasks. Each task is a small arena in which two

teams, controlled by the player by the built-in AI, fight against each

other. The goal in every task is to defeat (kill) all the enemy units.

Units belong to one of the three races: Protoss, Terran or Zerg.

Additionally, they are divided on a number of classes with unique

characteristic, such as speed, shooting range, fire power etc. In each

turn they can move or attack an enemy in their shooting range. A

unit is considered defeated if its health drops to 0. A defeated unit

remain inactive.

SMAC provides a variety of different tasks. In the easier tasks, the

opponents control the same forces. Therefore to win such a game,

it is enough to coordinate slightly better than the built-in AI. In the

harder tasks, however, the computer starts with a stronger squad.

This can be a minor advantage, such as in the task 10 marines vs

11 marines, or quite a big difference. In particularly hard scenarios,

such as corridor, it is unreasonable for the player to engage in an

open fight, so it is essential to develop a long-term strategy to obtain

a positional advantage.

For the hardest tasks, the authors of the challenge consider

the so-called microtricks sufficient to win consistently. However, it

appears that MA-Trace in some cases develop unexpected strategies,

see e.g. Section F.2. What is particularly interesting, our algorithm

manages to learn some techniques associated with professional



human players, such as focusing fire, withdrawing low-health units,

hit-and-run, sacrificing a unit to deceive the opponent and others.

Units in the game have limited sight range, which makes the

environment partially observable. The observations received by

individual agents contain information about all the visible units (in-

cluding themselves) – their health, energy, position, class, and other

relevant features. All the units beyond the sight range are marked

as dead (i.e., defeated and invisible units are not distinguished). It

is possible that the aggregated observations do not provide full

information, for there can be enemy units hidden beyond the sight

range of any ally. Therefore, to facilitate centralized training, SMAC

provides additional access to the full state of the environment.

Learning from binary reward (win/lose) is prohibitively hard

in most tasks. Therefore SMAC provides dense rewards to enable

training. The team receives additional points for damage dealt

and defeating a unit. This scheme is arguably natural and leads

to successful training. However, in some cases, it might reinforce

undesired behaviors, see, e.g., Section F.1.

F.1 3s_vs_5z task

MA-Trace masters all the tasks except 3s_vs_5z, see Table 1. In that

scenario, we control 3 Stalkers fighting against 5 Zealots. Stalkers

can attack the enemy from a distance; however, they are no match

for Zealots in close combat. A strategy to gain an advantage is to

shoot the enemies while they are away and flee when they get

close.

All the units in this task are Protoss, so they all have protective

shields. The shields absorb some amount of damage, until they are

down. However, as opposed to regular health, the shields regenerate

slowly with time. As dealing damage yields rewards, it might be

beneficial to keep enemy alive infinitely. Apparently, MA-Trace

learns to this strategy.

Figure 14 shows an example of the winning rate and episode

rewards. As we can see, after a short training, our algorithm wins

almost every time. Further, it discovers that the reward scheme can

be exploited – at some point, the mean return increases fast, while

the actual win rate decreases and becomes unstable.

Figure 14: The winning rate and episode rewards in a training for

the task 3s_vs_5z.

F.2 Corridor task

Another super-hard scenario (according to [26]) is corridor. In this

task, we control a team of 6 Zealots against 24 enemy Zerglings.

Though Zealots are far more powerful in combat, they are out-

numbered; thus, the open fight is clearly an unreasonable strategy.

However, the fighting arena contains a narrow passage. The authors

of SMAC suggest that a winning strategy is to gather the forces

in that passage, where the number of enemy units should lose its

importance (possibly inspired by the Battle of Thermopylae).

However, MA-Trace develops an alternative interesting strategy.

Firstly, our forces split into two groups. One (strong) hides in the

corner, where it easily defeats a few enemies, while the other (one

or two units) attracts majority of the enemies to the other side and

sacrifice itself. After defeating the second group, the enemies pass

to the far side of the arena and wait, unaware of the hidden group.

Then the strong group attack them from behind and defeat the

Zerglings one by one.

The strategy is outlined in Figure 15.

(a) Split into two groups.

(b) Hide the stronger, sacrifice the weaker.

(c) Attack from behind.

Figure 15: The consecutive parts of strategy executed byMA-Trace

on the corridor task. The yellow soldiers are our units, while the

blue creatures are enemy units.



G FULL TRAINING DATA

In this section, we provide the main practical results of our work

– complete training data for all standard versions of MA-Trace

on all the SMAC tasks. They were trained for three days or until

convergence. We report the median win rates and interquartile

ranges.

Figure 16: Training curves of main MA-Trace versions on all the

tasks available in StarCraft Multi-Agent Challenge.
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Abstract

Humans excel in solving complex reasoning tasks through a mental process of
moving from one idea to a related one. Inspired by this, we propose Subgoal Search
(kSubS) method. Its key component is a learned subgoal generator that produces
a diversity of subgoals that are both achievable and closer to the solution. Using
subgoals reduces the search space and induces a high-level search graph suitable
for efficient planning. In this paper, we implement kSubS using a transformer-
based subgoal module coupled with the classical best-first search framework. We
show that a simple approach of generating k-th step ahead subgoals is surprisingly
efficient on three challenging domains: two popular puzzle games, Sokoban and the
Rubik’s Cube, and an inequality proving benchmark INT. kSubS achieves strong
results including state-of-the-art on INT within a modest computational budget.

1 Introduction

Reasoning is often regarded as a defining property of advanced intelligence [39, 18]. When confronted
with a complicated task, humans’ thinking process often moves from one idea to a related idea, and
the progress is made through milestones, or subgoals, rather than through atomic actions that are
necessary to transition between subgoals [15]. During this process, thinking about one subgoal can
lead to a possibly diverse set of subsequent subgoals that are conceptually reachable and make a
promising step towards the problem’s solution. This intuitive introspection is backed by neuroscience
evidence [20], and in this work, we present an algorithm that mimics this process. Our approach
couples a deep learning generative subgoal modeling with classical search algorithms to allow for
successful planning with subgoals. We showcase the efficiency of our method on the following
complex reasoning tasks: two popular puzzle games Sokoban and the Rubik’s Cube, and an inequality
theorem proving benchmark INT [54], achieving the state-of-the-art results in INT and competitive
results for the remaining two.

The deep learning revolution has brought spectacular advancements in pattern recognition techniques
and models. Given the hard nature of reasoning problems, these are natural candidates to provide
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search heuristics [4]. Indeed, such a blend can produce impressive results [43, 44, 36, 1]. These
approaches seek solutions using elementary actions. Others, e.g. [29, 33, 23], utilize variational
subgoals generators to deal with long-horizon visual tasks. We show that these ideas can be pushed
further to provide algorithms capable of dealing with combinatorial complexity.

We present Subgoal Search (kSubS) method and give its practical implementations: MCTS-kSubS
and BF-kSubS. kSubS consists of the following four components: planner, subgoal generator, a
low-level policy, and a value function. The planner is used to search over the graph induced by the
subgoal generator and is guided by the value function. The role of the low-level policy is to prune
the search tree as well as to transition between subgoals. In this paper, we assume that the generator
predicts subgoals that are k step ahead (towards the solution) from the current state, and to emphasize
this we henceforth add k to the method’s abbreviation. MCTS-kSubS and BF-kSubS differ in the
choice of the search engine: the former uses Monte-Carlo Tree Search (MCTS), while the latter is
backed by Best-First Search (BestFS). We provide two sets of implementations for the generator,
the low-level policy, and the value functions. The first one uses transformer architecture [48] for
each component, while the second utilizes a convolutional network for the generator and the value
function, and the classical breadth-first search for the low-level policy. This lets us showcase the
versatility and effectiveness of the approach.

The subgoal generator lies at the very heart of Subgoal Search, being an implementation of reasoning
with high-level ideas. To be useful in a broad spectrum of contexts, the generator should be imple-
mented as a learnable (generative) model. As a result, it is expected to be imperfect and (sometimes)
generate incorrect predictions, which may turn the search procedure invalid. Can we thus make
planning with learned subgoals work? In this paper, we answer this question affirmatively: we show
that the autoregressive framework of transformer-based neural network architecture [49] leads to
superior results in challenging domains.

We train the transformer with the objective to predict the k-th step ahead. The main advantages of
this subgoal objective are simplicity and empirical efficiency. We used expert data to generate labels
for supervised training. When offline datasets are available, which is the case for the environments
considered in this paper2, such an approach allows for stable and efficient optimization with high-
quality gradients. Consequently, this method is often taken when dealing with complex domains
(see e.g. [41, 51]) or when only an offline expert is available3. Furthermore, we found evidence of
out-of-distribution generalization.

Finally, we formulate the following hypothesis aiming to shed some light on why kSubS is successful:
we speculate that subgoal generation may alleviate errors in the value function estimation. Planning
methods based on learning, including kSubS, typically use imperfect value function-based information
to guide the search. While traditional low-level search methods are susceptible to local noise, subgoal
generation allows for evaluations of the value functions at temporally distant subgoals, which
improves the signal-to-noise ratio and allows a “leap over” the noise.

To sum up, our contributions are:

1. We propose Subgoal Search method with two implementations: MCTS-kSubS, BF-kSubS.
We demonstrate that our approach requires a relatively little search or, equivalently, is able
to handle bigger problems. We also observe evidence of out-of-distribution generalization.

2. We provide evidence that a transformer-based autoregressive model learned with a simple
supervised objective to predict states k-th step ahead is an effective tool to generate valid
and diverse subgoals.

3. We show in our experiments that using subgoal planning help to might mitigate the negative
influence of value function errors on planning.

We provide the code of our method and experiment settings at https://github.com/
subgoal-search/subgoal-search, and a dedicated website https://sites.google.com/
view/subgoal-search.

2The dataset for INT or Sokoban can be easily generated or are publicly available. For the Rubik’s Cube, we
use random data or simple heuristic (random data are often sufficient for robotic tasks and navigation.)

3For example, the INT engine can easily generate multiple proves of random statements, but cannot prove a
given theorem.

2
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2 Related work

In classical AI, reasoning is often achieved by search ([39]). Search rarely can be exhaustive, and a
large body of algorithms and heuristics has been developed over the years, [39, Section 3.5]. It is
hypothesized that progress can be achieved by combining search with learning [4]. Among notable
successful examples of this approach are Alpha Zero [42], or solving Rubik’s cube using a learned
heuristic function to guide the A∗ algorithm (see [1]).

An eminent early example of using goal-directed reasoning is the PARADISE algorithm ([52]). In
deep learning literature, [24] was perhaps the first work implementing subgoal planning. This was
followed by a large body of work on planning with subgoals in the latent space for visual tasks
([23, 30, 33, 29, 21, 9, 34]) or landmark-based navigation methods ([40, 26, 14, 45, 55]).

The tasks considered in the aforementioned studies are often quite forgiving when it comes to small
errors in the subgoal generation. This can be contrasted with complex reasoning domains, in which
even a small variation of a state may drastically change its meaning or render it invalid. Thus, neural
networks may struggle to generate semantically valid states ([4, Section 6.1]).

Assuming that this problem was solved, a generated subgoal still remains to be assessed. The exact
evaluation may, in general, require exhaustive search or access to an oracle (in which case the
original problem is essentially solved). Consequently, it is unlikely that a simple planner (e.g., one
unrolling independent sequences of subgoals [9]) will either produce an informative outcome, could
be easily improved using only local changes via gradient descent [30], or cross-entropy method
(CEM) [29, 33, 34]. Existing approaches based, which are based on more powerful subgoal search
methods, have their limitations, on the other hand. [13] is perhaps the closest to our method and uses
MCTS to search the subgoal-induced graph. However, it uses a predefined (not learned) predicate
function as a subgoal generator, limiting applicability to the problems with available high-quality
heuristics. Learned subgoals are used in [31], a method of hierarchical planning. That said, the
subgoal space needs to be relatively small for this method to work (or crafted manually to reduce
cardinality). To the best of our knowledge, our algorithm is the first domain agnostic hierarchical
planner for combinatorially complex domains.

More generally, concepts related to goals and subgoals percolated to reinforcement learning early
on, leading, among others, to prominent ideas like hindsight [22], hierarchical learning [47, 7] or
the Horde architecture [46]. Recently, with the advent of deep reinforcement learning, these ideas
have been resurfacing and scaled up to deliver their initial promises. For example, [50] implements
ideas of [7] and a very successful hindsight technique [2] is already considered to be a core RL
method. Further, a recent paper [35] utilizes a maximum entropy objective to select achievable goals
in hindsight training. Apart from the aforementioned hierarchical planning, the idea to use neural
networks for subgoal generation was used to improve model-free reinforcement learning agents
[11, 6] and imitation learning algorithms [32].

3 Method

Our method, Subgoal Search (kSubS), is designed for problems, which can be formulated as a search

over a graph with a known transition model. Formally, let G = (S, E) be a directed graph and S̃ ⊂ S
be the set of success states. We assume that, during the solving process, the algorithm can, for a given

node g, determine the edges starting at g and check if g ∈ S̃.

Subgoal Search consists of four components: planner, subgoal generator, low-level policy, and a
value function. The planner, coupled with a value function, is used to search over the graph induced
by the subgoal generator. Namely, for each selected subgoal, the generator allows for sampling
the candidates for the next subgoals. Only these reachable by the low-level policy are used. The
procedure continues until the solution is found or the computational budget is exhausted. Our method

searches over a graph G̃ = (S, Es), with the edges Es given by the subgoal generator. Provided a

reasonable generator, paths to S̃ are shorter in G̃ than in G and thus easier to find.

In this paper we provide BestFS- and MCTS- backed implementations kSubS. Algorithm 1 presents
BF-kSubS; see Algorithm 4 in Appendix A.1 for MCTS-kSubS.
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For INT and Rubik’s Cube, we use transformer models (see Appendix B.1) in all components
other than the planner. For Sokoban, we use convolutional networks (see Appendix B.2). While
transformers could also be used in Sokoban, we show that a simplified setup already achieves strong
results. This showcases that Subgoal Search is general enough to work with different design choices.
In Section 4.2 we describe datasets used train these neural models.

Algorithm 1 Best-First Subgoal Search (BF-kSubS)

Require: C1 max number of nodes
V value function network

SOLVED predicate of solution

function SOLVE(s0)
T.PUSH((V (s0), s0)) ▷ T is priority queue
paths[s0]← [] ▷ paths is dict of lists
seen.ADD(s0) ▷ seen is set
while 0 < LEN(T) and LEN(seen) < C1 do

_, s← T.EXTRACT_MAX()
subgoals← SUB_GENERATE(s)

▷ see Algorithm 3
for s′ in subgoals do

if s′ in seen then continue

seen.ADD(s′)
actions← GET_PATH(s, s′)

▷ see Alg 2 or Alg 9
if actions.EMPTY() then

continue

T.PUSH((V (s′), s′))
paths[s′]← paths[s] + actions

if SOLVED(s′) then
return paths[s′]

return False

Algorithm 2 Low-level conditional policy

Require: C2 steps limit
π low-level conditional

policy network
M model of the environment

function GET_PATH(s0, subgoal)
step← 0
s← s0
action_path← []
while step < C2 do

action← π.PREDICT(s, subgoal)
action_path.APPEND(action)
s←M.NEXT_STATE(s, action)
if s = subgoal then

return action_path

step← step+ 1

return []

Subgoal generator Formally, it is a mapping ρ : S → P(S), where P(S) is a family of probability
distributions over the environment’s state space S. More precisely, let us define a trajectory as a
sequence of state-action pairs (s0, a0), (s1, a1), . . . , (sn, an), with (si, ai) ∈ S ×A, whereA stands
for the action space and n is the trajectory’s length. We will say that the generator predicts k-step
ahead subgoals, if at any state sℓ it aims to predict smin(ℓ+k,n). We show, perhaps surprisingly,
that this simple objective is an efficient way to improve planning, even for small values of k, i.e.
k ∈ {2, 3, 4, 5}.

Operationally, the subgoal generator takes as input an element of the s ∈ S and returns subgoals, a
set of new candidate states expected to be closer to the solution and is implemented by Algorithm 3.
It works as follows: first, we generate C3 subgoal candidates with SUB_NET_GENERATE. Then, we
prune this set to obtain a total probability greater than C4.

For INT and Rubik’s Cube, we represent states as sequences modeled with a transformer. Following
the practice routinely used in language modeling, [48], SUB_NET_GENERATE employs beam search
to generate a set of high likelihood outputs.4 With the same goal in mind, for Sokoban, we use
another method described Appendix C.1. SUB_NET_GENERATE uses the subgoal generator network,
which is trained in a supervised way on the expert data, with training examples being: sℓ (input) and
smin(ℓ+k,n) (label), see Appendix D for details.

Low-level conditional policy Formally, it is a mapping π : S × S → A∗. It is used to generate a
sequence of actions on how to reach a subgoal starting from a given initial state. Operationally, it
may return an empty sequence if the subgoal cannot be reached within C2 steps, see Algorithm 2.
This is used as a pruning mechanism for the subgoals set in Algorithm 1.

4In language modeling, typically, only one beam search output is used. In our case, however, we utilize all of
them, which turns out to be a diverse set of subgoals.
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In INT and Rubik’s Cube, we use Algorithm 2, which utilizes low-level policy network π. Similarly
to the subgoal generator, it is trained using expert data in a supervised fashion, i.e. for a pair
(sℓ, smin(ℓ+i,n)), with i ≤ k, its objective is to predict aℓ.

Algorithm 3 Subgoal generator

Require: C3 number of subgoals
C4 target probability
ρ subgoal generator network

function SUB_GENERATE(s)
subgoals← ∅
states, probs← SUB_NET_GENERATE(ρ, s;C3)

▷ (states, probs) is sorted wrt probs
total_p← 0
for state, p ∈ (states, probs) do

if total_p > C4 then break
subgoals.ADD(state)
total_p← total_p+ p

return subgoals

When the branching factor is small,
the low-level policy can be realized
by a simple breadth-first search mech-
anism, see Algorithm 9 in Appendix,
which we illustrate on Sokoban.

Value function Formally, it is a map-
ping V : S → R, that assigns to each
state a value related to its distance to
the solution, and it is used to guide
the search (see Algorithm 1 and Al-
gorithm 4). For its training, we use
expert data. For each state sℓ the train-
ing target is negated distance to the
goal: ℓ− n, where n denotes the end
step of a trajectory that sℓ belongs to.

Planner This is the engine that we use
to search the subgoal-induced graph.
In this paper, we use BestFS (Algorithm 1) and MCTS (Algorithm 4 in Appendix A.1). The former is
a classic planning method, which maintains a priority queue of states waiting to be explored, and
greedily (with respect to their value) selects elements from it (see, e.g., [39]). MCTS is a search
method that iteratively and explicitly builds a search tree, using (and updating) the collected node
statistics (see, e.g., [5]). In this paper, we use an AlphaZero-like [41] algorithm for single-player
games.

We note that the subgoal generator can be combined with virtually any search algorithm and can ben-
efit from an additional structure. For example, for domains providing a factored state representation,
the width-based methods [25, 12] would likely be stronger search mechanisms.

4 Experiments

In this section, we empirically demonstrate the efficiency of MCTS-kSubS and BF-kSubS. In
particular, we show that they vastly outperform their standard (“non-subgoal”) counterparts. As a
testing ground, we consider three challenging domains: Sokoban, Rubik’s Cube, and INT. All of them
require non-trivial reasoning. The Rubik’s Cube is a well-known 3-D combination puzzle. Sokoban
is a complex video puzzle game known to be NP-hard and thus challenging for planning methods.
INT [54] is a recent theorem proving benchmark.

4.1 Training protocol and baselines

Our experiments consist of three stages. First, we collect domain-specific expert data, see Section 4.2.
Secondly, we train the subgoal generator, low-level conditional policy, and value function networks
using the data and targets described in Section 3. For more details see Appendix D. Eventually, we
evaluate the planning performance of MCTS-kSubS and BF-kSubS, details of which are presented
below. In the second step, we use supervised learning, which makes our setup stable with respect to
network initialization, see details in Appendix D.1.3.

As baselines, we use BestFS and MCTS (being a single-player implementation of AlphaZero). In
INT and Rubik’s Cube, both the algorithms utilize policy networks (trained with behavioral cloning,
on the same dataset, which we used to train kSubS). Note that distribution over actions induces a
distribution over states; thus the policy network can be regarded as a subgoal generator for k = 1.
More details about the baselines can be found in Appendix I.
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4.2 Search Domains and Datasets

Sokoban is a single-player complex game in which a player controls an agent whose goal is to place
boxes on target locations solely by pushing them; without crossing any obstacles or walls. Sokoban
has recently been used to test the boundaries in RL [16, 28]. Sokoban is known to be hard [10],
mainly due to its combinatorial complexity and the existence of irreversible states. Deciding if a
given Sokoban board is solvable is an NP-hard problem [8].

We collect the expert dataset consisting of all successful trajectories occurring during the training
of an MCTS agent (using an implementation of [28]). These are suboptimal, especially in the early
phases of the training or for harder boards. For both expert training and kSubS evaluation, we
generate Sokoban boards following the approach of [37].

Rubik’s Cube is a classical 3-dimensional puzzle. It is considered challenging due to the fact that
the search space has more than 4.3× 1018 configurations. Similarly to Sokoban, Rubik’s Cube has
been recently used as a testing ground for RL methods [1].

To collect the expert dataset, we generate random paths of length 30 starting from the solved cube
and take them backward. These backward solutions are highly sub-optimal (optimal solutions are
proven to be shorter than 26 [38]).

INT: Inequality Benchmark for Theorem Proving. INT provides a generator of inequalities, which
produces mathematical formulas along with their proofs, see [54, Section 3.3]. Proofs are represented
as sequences of consecutively applied mathematical axioms (there are K = 18 axioms in total). An
action in INT is a tuple containing an axiom and its input entities. The action space in this problem
can be very large, reaching up to 106 elements, which significantly complicates planning.

INT Sokoban Rubik

k 3 4 4
C1 400 5000 1500
C2 4 4 7
C3 4 4 3
C4 1 0.98 1

Table 1: BF-kSubS hyperparameters.

The INT generator constructs paths by randomly applying ax-
ioms starting with a trivial statement. Such a path taken back-
ward constitutes the proof of its final statement (not guaranteed
to be optimal). The proof length, denoted by L, is an important
hyperparameter regulating the difficulty – we use 5, 10, 15.

For more details on datasets see Appendix C.

4.3 Main results

In this section, we present our most important finding: Sub-
goal Search enables for more efficient search and consequently
scales up to problems with higher difficulty. Specifically,
MCTS-kSubS and BF-kSubS perform significantly better than
the respective methods not using subgoals, including state-of-the-art on INT.

In Figure 1, we present the performance of Subgoal Search. We measure the success rate as a function
of the search budget. The success rate is measured on 1000 instances of a given problem (which
results in confidence intervals within ±0.03). For BF-kSubS the search budget is referred to as graph
size and includes the number of nodes visited by Algorithm 1. For INT and Rubik’s Cube, we include
both the subgoal generated by SUB_GENERATE and the nodes visited by GET_PATH (as they induce a
significant computational cost stemming from using low-level policy π in Algorithm 2). For Sokoban,
we use Algorithm 9 to realize GET_PATH, as it has a negligible cost (less than 1% of the total runtime
of Algorithm 1), we do not include these nodes into graph size.

For MCTS, we report MCTS passes, which is a common metric for MCTS, see details in Appendix
A.1.

Below we discuss the results separately for each domain. We provide examples of solutions and
generated subgoals in Appendix H.

INT The difficulty of the problems in INT increases fast with the proof length L and the number of
accessible axioms. W used K = 18; all of available axioms. We observe, that BF-kSubS scales to
proofs of length L = 10 and L = 15, which are significantly harder than L = 5 considered in [54],
see Table 2. The same holds for MCTS-kSubS, see Appendix A.2.

We check also that MCTS-kSubS vastly outperforms the baseline - AlphaZero algorithm, see Figure 1
(top, left). An MCTS-based agent was also evaluated in [54]. Its implementation uses graph neural
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Figure 1: The performance of Subgoal Search. (top, left) comparison on INT (with the proof length 15) to
AlphaZero. (top, right) BF-kSubS consistently achieves high performance even for small computational budgets.
(bottom, left) similarly on Sokoban (board size 12x12 with 4 boxes) the advantage of BF-kSubS is clearly visible
for small budget. (bottom, right) BestFS fails to solve Rubik’s Cube, while BF-kSubS can achieve near-perfect
performance.

Proof length 5 10 15

Method BestFS BF-kSubS (ours) BestFS BF-kSubS (ours) BestFS BF-kSubS (ours)

G
ra

p
h

si
ze 50 0.82 0.99 0.47 0.97 0.09 0.38

100 0.89 0.99 0.64 0.99 0.24 0.91
200 0.92 0.99 0.67 0.99 0.35 0.91
400 0.93 0.99 0.72 0.99 0.47 0.91

Table 2: INT success rates for various proof lengths and graphs sizes.

networks architectures and achieves 92% success rate for L = 5. Our transformed-based baseline is
stronger - it solves over 99% instances on the same problem set.

Sokoban Using BF-kSubS allows for significantly higher success rates rates within the same compu-
tational budget, see Table 3. Our solution scales well to the board size as big as 20× 20; note that
10× 10 boards are typically used in deep RL research [16, 37]. Importantly, we observe that already
for a small computational budget (graph size 1000) BF-kSubS obtains higher success rates than the
expert we used to create the dataset (these are 78%, 67%, 60% for the respective board sizes).

We also tested how the quality of BF-kSubS depends on the size of the training dataset for Sokoban,
the results can be found in Appendix F.

Rubik’s Cube BF-kSubS solves nearly 100% of cubes, BestFS solve less than 10%, see Figure
1 (bottom, right). This is perhaps the most striking example of the advantage of using a subgoal
generator instead of low-level actions. We present possible explanation in Appendix K.
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Board size 12 x 12 16 x 16 20 x 20

Method BestFS BF-kSubS (ours) BestFS BF-kSubS (ours) BestFS BF-kSubS (ours)

G
ra

p
h

si
ze 50 0.15 0.66 0.04 0.42 0.02 0.46

100 0.46 0.79 0.23 0.62 0.10 0.55
1000 0.75 0.89 0.61 0.79 0.47 0.70
5000 0.83 0.93 0.69 0.85 0.58 0.77

Table 3: Sokoban success rates for various board sizes (each with 4 boxes).

Out-of-distribution (OOD) generalization OOD generalization is considered to be the crucial ability
to make progress in hard combinatorial optimization problems [4] and automated theorem proving
[54]. The INT inequality generator has been specifically designed to benchmark this phenomenon. We
check that Subgoal Search trained on proofs on length 10 generalizes favourably to longer problems,
see Figure 4. Following [54], we speculate that search is a computational mechanism that delivers
OOD generalization.

It might be hard to compare computational budgets between various algorithms and their versions. In
Appendix E we measure that BF-kSubS and MCTS-kSubS offer very practical benefits, sometimes
as much as 7× faster execution.

4.4 Analysis of k (subgoal distance) parameter

The subgoals are trained to predict states k steps ahead of the current one. Higher k should make
planning easier as the search graph is smaller. However, as k increases, the quality of the generator
may drop, and thus the overall effect is uncertain. Similarly, the task of the low-level conditional
policy becomes more difficult as k increases. The optimal value of k is 3 and 4 for INT and Rubik’s
Cube, respectively. In these environments, increasing k further degrades performance. In Sokoban,
we observe monotonic improvement up to k = 10. This is perhaps because low-level conditional
policy (Algorithm 9, based on breadth-first search) never fails to fill the path from a state to the valid
subgoal. The running cost of Algorithm 9 quickly becomes unacceptable (recall that for k = 4, which
we used in the main experiment, it has still a negligible cost - below < 1% of the total runtime).

Figure 2: BF-kSubS success rates for different values of k. Black curves represent the values of k used in the
main experiments (that is k = 4 for Rubik’s Cube and Sokoban and k = 3 for INT).

4.5 Quality of subgoals

The learned subgoal generator is likely to be imperfect (especially in hard problems). We study this on
10× 10 boards of Sokoban, which are small enough to calculate the true distance dist to the solution
using the Dijkstra algorithm. In Figure 3, we study ∆ := dists1 − dists2 , where s1 is a sampled
state and s2 is a subgoal generated from s1. Ideally, the histogram should concentrate on k = 4 used
in training. We see that in slightly more than 65% of cases subgoals lead to an improvement.

The low-level conditional policy in Algorithm 2 provides additional verification of generated states.
We check that in INT and Rubik’s Cube, about 50% of generated subgoals can be reached by this
policy (the rest is discarded).
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Figure 3: Histogram of ∆. Note that 17% of sub-
goals increases the distance. Additional, 5% leads
to unsolvable “dead states” present in Sokoban.

Figure 4: Out-of-distribution generalization to
longer proofs. We compare with the behavioral
cloning agent (Policy) studied in [54].

4.6 Value errors

There might be various explanations for the success of our method. One of them is that Subgoal
Search better handles errors of learned value functions. In this section, we discuss this using a
synthetic grid world example and performing statistical analysis on the real value function trained to
approximate the distance to the solution (as described in Section 3).

Grid world example Consider a grid world with the state space S ={1, . . . , n}m, with (0, . . . , 0)
being the initial state and (n, . . . , n) the goal state. A pair of states is connected by an edge if they
are at distance 1 from each other. Let:

• Synthetic value function: the negative distance to the goal plus i.i.d Gaussian noiseN (0, σ2).

• Synthetic SUB_GENERATE (instead of Algorithm 3): Let Bk(s) be the states within distance
k from s. We return C3 − 1 states sampled uniformly from Bk(s) and a one "good subgoal"
being a state in Bk(s) with the minimal distance to the solution.

• Node expansion in BestFS (baseline): implemented as SUB_GENERATE above with k = 1.

σ BestFS BF-kSubS

3 0.999 1
10 0.142 1
20 0.006 0.983

Table 4: Success rates on the grid
world (m = 6, n = 10), depend-
ing on the value function noise
scale. We use the search budget of
500 nodes and k = 4 for kSubS.

In this setup, one easily sees that the probability that the good subgoal
will have the highest value estimation among the generated states
grows with k. Consequently, kSubS can handle higher levels of
noise than the baseline BestFS, see Table 4.

Value monotonicity Imagine a solution path from the starting state to
the goal state. Due to the errors, the value estimates on the path may
not be monotonic. This is an undesirable property, which is likely
to hinder search and make finding the path harder. Now consider the
subpath consisting of consecutive states spaced k actions apart, as
can be constructed by Subgoal Search. For this version, the value
estimates are more likely to be monotonic and easier to find. To
illustrate this, we measure monotonicity on solution paths found by our algorithm for INT. The
probability that value decreases when moving k steps ahead drops from 0.32 when k = 1 to mere
0.02 for k = 4 (see Table 7 in Appendix).

Overoptimism Alternatively, one can consider that erroneously positive values misguide a search
method (a phenomenon known as over-optimism [19]). To illustrate this, consider S3(s), the set of
all states having the same distance to the solution as s and within distance 3 from s. Intuitively, S3(s)
contains similar states with respect to the difficulty of solving. In Sokoban, the standard deviation of
value function prediction for S3(s) is equal to 2.43 (averaged over different s on Sokoban boards).
This is high when compared to the average increase of value for moving one step closer to the solution,
which is only 1.34. Consequently, it is likely that S3(s) contains a suboptimal state, e.g., having a
higher value than the best immediate neighbors of s (which by properties of the game will be closer
to solution in Sokoban). Indeed, we measure that the probability of such an event is 64%. However, it
drops significantly to 29% if one considers states closer by 4 steps (say given by a subgoal generator).
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5 Limitations and future work

In this section, we list some limitations of our work and suggest further research directions.

Reliance on expert data In this version, we use expert data to train learnable models. As kSubS
improves the performance, we speculate that training akin to AlphaZero can be used, i.e. in a
planner-learner loop without any outside knowledge.

Optimality and completeness kSubS searches over a reduced state space, which might produce
suboptimal solutions or even fail to find them. This is arguably unavoidable if we seek an efficient
method for complex problems.

Subgoals definition We use simple k-step ahead subgoals, which is perhaps not always optimal. Our
method can be coupled with other subgoal paradigms. Unsupervised detection of landmarks (see e.g.
[55]) seems an attractive future research direction.

More environments In future work, we plan to test kSubS on more environments to understand its
strengths and weaknesses better. In this work, we generate subgoals in the state space, which might
be limiting for tasks with high dimensional input (e.g., visual).

Reliance on a model of the environment We use a perfect model of the environment, which is a
common practice for some environments, e.g., INT. Extending kSubS to use learned (imperfect)
models is an important future research direction.

Determinism Our method requires the environment to be deterministic.

OOD generalization A promising future direction is to investigate and leverage the out-of-distribution
generalization delivered by our method and compare to (somewhat contradictory) findings of [17, 54].

Classical planning methods For many search problems, the state space can be represented in factored
fashion (or such representation can be learned [3]). In such cases, the search can be greatly improved
with width-based methods [25, 12]. It is an interesting research direction to combine kSubS with
such methods.

6 Conclusions

We propose Subgoal Search, a search algorithm based on subgoal generator. We present two practical
implementations MCTS-kSubS and BF-kSubS meant to be effective in complex domains requiring
reasoning. We confirm that indeed our implementations excel in Sokoban, Rubik’s Cube, and
inequality benchmark INT. Interestingly, a simple k step ahead mechanism of generating subgoals
backed up by transformer-based architectures performs surprisingly well. This evidence, let us
hypothesize, that our methods (and related) can be further scaled up to even harder reasoning tasks.
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A MCTS

A.1 MCTS-kSubS algorithm

In Algorithm 4 we present a general MCTS solver based on AlphaZero. Solver repeatedly queries the
planner for a list of actions and executes them one by one. Baseline planner returns only a single
action at a time, whereas MCTS-kSubS gives around k actions – to reach the desired subgoal (number
of actions depends on a subgoal distance, which not always equals k in practice).

MCTS-kSubS operates on a high-level subgoal graph: nodes are subgoals proposed by the generator
(see Algorithm 3) and edges – lists of actions informing how to move from one subgoal to another
(computed by the low-level conditional policy in Algorithm 2). The graph structure is represented
by tree variable. For every subgoal, it keeps up to C3 best nearby subgoals (according to generator
scores) along with a mentioned list of actions and sum of rewards to obtain while moving from the
parent to the child subgoal.

Most of MCTS implementation is shared between MCTS-kSubS and AlphaZero baseline, as we can
treat the behavioral-cloning policy as a subgoal generator with k = 1. All the differences between
MCTS-kSubS and the baseline are encapsulated in GEN_CHILDREN function (Algorithms 5 and 6).
To generate children subgoals MCTS-kSubS runs subgoal generator and low-level conditional policy,
whereas the baseline uses behavioral cloning policy for that purpose.

Algorithm 4 MCTS solver (common for AlphaZero baseline and MCTS-kSubS)

Require: La action limit
Lp planner calls limit
P planning passes
γ discount factor

cpuct exploration weight
τ sampling temperature
V value function
env environment
M environment model

Use: tree tree structure
N(s, i) visit count
W (s, i) total child-value
Q(s, i) mean child-value
πe exploration policy

# Initialize N,W,Q to zero
function SOLVER

s← env.RESET()
solution← [ ] ▷ List of actions
for 1 . . . Lp do

actions← PLANNER(s)
for a in actions do

s′, r ← env.STEP(a)
solution.APPEND(a)
s← s′

if solution.LENGTH() > La then
return None

if env.SOLVED() then
return solution

return None

function PLANNER(state)
for 1 . . . P do

path, leaf← SELECT(state)
EXPAND(leaf)
UPDATE(path, leaf)

return CHOOSE_ACTIONS(state)

function SELECT(state)
s← state

path← [ ]
while s belongs to tree do

i← SELECT_CHILD(s)
s′, r, actions← tree[s][i]
path.APPEND((s, i, r))
s← s′

return path, s

function EXPAND(leaf)
children, probs← GEN_CHILDREN(leaf)
tree[leaf]← children

π(leaf, ·)← probs

for i← 1 to children.LENGTH() do
s′, r, actions← tree[leaf][i]
W (leaf, i)← r + γ ∗ V (s′)
N(leaf, i)← 1
Q(leaf, i)←W (leaf, i)

function UPDATE(path, leaf)
quality← V (leaf)
for s, i, r ← reversed(path) do

quality← r + γ ∗ quality
W (s, i)←W (s, i) + quality

N(s, i)← N(s, i) + 1

Q(s, i)← W (s,i)
N(s,i)

function SELECT_CHILD(s)
U(s, i)←

√
∑

i′ N(s, i′)/(1 +N(s, i))
i← argmaxi(Q(s, i) + cpuctπe(s, i)U(s, i))
return i

function CHOOSE_ACTIONS(s)
i ∼ softmax

(

1
τ
logN(s, ·)

)

s′, r, actions← tree[s][i]
return actions
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Algorithm 5 GEN_CHILDREN for MCTS-kSubS

For functions GET_PATH and SUB_GENERATE
see Algorithms 2 and 3.

function GEN_CHILDREN(state)
s← state

children← [ ]
probs← [ ]
for subgoal, prob← SUB_GENERATE(s) do

actions← GET_PATH(s, subgoal)
if actions.EMPTY( ) then continue

r ←M.REWARD_SUM(s, actions)
children.APPEND((subgoal, r, actions))
probs.APPEND(prob)

return children, probs

Algorithm 6 GEN_CHILDREN for AlphaZero

Require: πb behavioral cloning policy

function GEN_CHILDREN(state)
s← state

children← [ ]
probs← [ ]
for a, prob← πb.GEN_ACTIONS(s) do

s′, r ←M.NEXT_STATE_REWARD(s, a)
children.APPEND((s′, r, [a]))
probs.APPEND(prob)

return children, probs

Variables tree,N,W,Q, πe are reused across subsequent planner invocations within a single solver
run. We limit the number of planner calls Lp for better control over the computational budget for
MCTS-kSubS. For MCTS pseudocode we assume a slightly modified version of SUB_GENERATE

function (defined originally in Algorithm 3). We presume that the function along with subgoals
returns also their respective probabilities – as MCTS needs them to guide exploration.

A.2 Detailed results of MCTS-kSubS

We evaluate MCTS-based approaches on INT proofs of length 15. We set cpuct = τ = 1 and γ = 0.99.
We tuned P on MCTS (AlphaZero) baseline and we run three variants with P ∈ {5, 15, 50}. We run
MCTS-kSubS (k = 3) with the same set of parameters and with kSubS-specific parameters fixed to
C2 = C3 = 4 (in order to match the setup for corresponding INT BF-kSubS experiments).

We limit the maximum number of actions to La = 24 for both methods. Having the same number
of planning passes P , during a single call MCTS-kSubS visits k-times more new states than the
baseline (because of states visited by the low-level conditional policy). Therefore, to ensure a similar
computational budget, we limit the number of planner calls to Lp = 8 for MCTS-kSubS and to
Lp = 24 for the baseline – so the number of states visited over the course of a single solver run is
similar for both methods.

Top-left part of Figure 1 illustrates results of MCTS experiments. For every number of planning
passes P , MCTS-kSubS has significantly higher success rate than the corresponding baseline ex-
periment. The highest difference is 0.52 for P = 5 (0.88 for MCTS-kSubS, 0.36 for the baseline)
and slightly decreases with increasing number of passes to still impressive 0.43 for P = 50 (0.91
for MCTS-kSubS, 0.48 for the baseline). Comparing MCTS-kSubS for P = 5 with the baseline for
P = 50, shows advantage of our method still by a significant margin of 0.40, despite having 10 times
smaller computational budget.

MCTS-kSubS performed better also in terms of run time. For every tested P it was at least twice as
fast as the corresponding baseline experiment.

High effectiveness of MCTS-kSubS, in terms of both search success rate as well as run time, shows
that our kSubS method is not specific to BestFS planner, but potentially allows to boost a wide range
of other planners.

B Architectures and hyperparameters

B.1 Transformer

For INT and Rubik we use mBART [27] – one of the state-of-the-art sequence-to-sequence transformer
architectures. To speed up training and inference we use its lightweight version. We reduced the
dimensionality of the model, so the number of learned parameters decreased from the original 680M
to 45M. The set of our hyperparameters matches the values proposed in [48]: we used 6 layers of
encoder and 6 layers of decoder; we adjusted model’s dimension to 512 and number of attention
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heads to 8; the inner-layer of position-wise fully connected networks had dimensionality 2048. The
difference in our model’s size compared to 65M parameters reported in [48] results from vocabulary
size. For our problems, it is enough to have 10-70 distinct tokens, whereas natural language models
require a much larger vocabulary (tens of thousands of tokens).

For inference we used number of beams equal to 16 on INT and 32 on Rubik’s Cube.

B.2 Sokoban

In Sokoban, we use three neural network architectures: for generating subgoals, for assigning value
and one for baseline policy.

We took the value function network architecture from [28]. For the subgoal generator network we
used the same convolutional architecture as in [28], with two exceptions. First, instead of predicting
single regression target we predicted distribution over d×d×7+1 classes. Secondly, we added batch
norm layers between convolutional layers to speed up training. To make the comparison between
BestFS and BF-kSubS fair, we also evaluated the training of expert from [28] with additional batch
norm layers, but it turned out to actually hurt the performance of the expert. The architecture for
baseline policy was the same as in [28] with only one modification: it predicts one of our actions
instead of a single number.

C Data processing and datasets

C.1 Sokoban

Dataset. We collected expert datasets using an RL agent (MCTS-based) from [28]. Precisely, we
trained 3 agents on Sokoban boards of different sizes (12× 12, 16× 16 and 20× 20, all with four
boxes). During the training process, we collected all successful trajectories, in the form of sequences
of consecutive states. The number of trajectories in our datasets were: 154000 for 12× 12 boards,
45000 for 16× 16 boards and 21500 for 20× 20 boards. The difference comes from the fact that the
larger boards take more time to solve, hence fewer data is collected in the same time span.

Subgoal generation. For a given state the generation of subgoals is depicted in Algorithm 7. We
maintain a queue of modified states (MS). Iteratively we take a MS from queue, concatenate it with
state and pass through subgoal generator network (subgoal_net.SORTED_PREDICTIONS). This
produces a probability distribution over candidates for further modifications of given MS. We take the
most probable candidates, apply each of them to MS, and add the new modified states to the queue.
If among the best subgoal generator network predictions there is a special "valid subgoal" token
(encoded with d×d×7+1), we put MS to subgoal candidates list (subgoals_and_probs). During
this process, each MS is assigned the probability, which is a product of probabilities of modifications,
leading to this MS. When the queue is empty, we take subgoal candidates and choose the ones with
the highest probability such that the target probability (C4) is reached (similar to Algorithm 3). The
generation of subgoals for a given state is illustrated in Figure 5.

This process is designed to be computationally efficient. The majority of subgoals differ from the
input by only several pixels, which leads to short paths of point-wise modifications. Note, that we do
not utilize any Sokoban-specific assumptions.

Datapoints for training. Preparing data points for the training of the generator is described in
Algorithm 8. For each trajectory in the dataset, we choose randomly 10% of state pairs for the
training (we do not use all states from a trajectory in order to reduce the correlation in the data).

Low-level conditional policy. In Algorithm 9 we describe the BFS-based algorithm that verifies
subgoals in Sokoban.

Performance of RL agent. We observed that each of the three RL agents we used (for 12 × 12,
16× 16 and 20× 20 boards), had a significantly lower success rate than our method’s counterparts
(that learns from these agents). For 12 × 12 boards it could solve around 78% of problems, for
16× 16 boards it dropped to 67% and for 20× 20 it was only 60%.
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Algorithm 7 Sokoban subgoal generator

Require: d dimension of a board
internal_cl a number between 0 and 1
subgoal_net CNN returning distribution over modifications.

function GENERATE_SUBGOALS(state)
subgoals_and_probs← []
q← Queue() ▷ FIFO queue
q.INSERT((state, 1))
while not q not empty do

modified_state, parent_prob← q.POP( )
network_input← CONCATENATE(state, modified_state)
predictions, probs← subgoal_net.SORTED_PREDICTIONS(network_input)
total_p← 0
for prediction, p ∈ (predictions, probs) do

if total_p ≥ internal_cl then break
total_p← total_p+ p

if prediction = d× d× 7+ 1 then
subgoals_and_probs.ADD((modified_state, parent_prob× p))

else
new_modified_state← APPLY_CHANGE(modified_state, prediction)
q.INSERT((new_modified_state, parent_prob× p))

subgoals← SORT_BY_PROBABILITY(subgoals)

total_p← 0
for subgoal, p ∈ subgoals_and_probs do

if total_p > C4 then break
subgoals.ADD(state)
total_p← total_p+ p

return subgoals

function APPLY_CHANGE(state, modification)
▷ modification is an integer in range [1, d× d× 7] encoding which pixel of state
▷ to change (and to which value).
row← modification

d×7
▷ Integer division

column← modification−row×d×7

7
▷ Integer division

depth← modification− row× d× 7− column× 7

modified_state← state

SET_TO_ZEROES(modified_state[row, column])
modified_state[row, column, depth]← 1

return modified_state
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Algorithm 8 Sokoban generate network inputs and targets

Require: d dimension of a board

function GENERATE_INPUTS_AND_TARGETS(state, subgoal)
inputs← [] ▷ empty list
targets← [] ▷ empty list
modified_state← state

input← CONCATENATE(state, modified_state)
inputs.APPEND(input)
target_class_num← 0
for i ∈ 1 . . . d do

for j ∈ 1 . . . d do
for c ∈ 1 . . . 7 do

target_class_num← target_class_num+ 1
if subgoal[i, j, c] = 1 AND modified_state[i, j, c] = 0 then

targets.APPEND(target_class_num)
▷ Numpy notation, replace pixel values on position (i, j) with values
▷ from subgoal

modified_state[i, j, :]← subgoal[i, j, :]
input← CONCATENATE(state, modified_state)
inputs.APPEND(input)

▷ Last target: no more changes to the modified_state are needed (class enumerated
▷ with d× d× 7+ 1)
targets.APPEND(d× d× 7+ 1)
return inputs, targets

Algorithm 9 BFS low-level conditional policy

Require: k limit of steps
M model of the Sokoban environment

Use: bfs_queue BFS queue;
stores pairs of a state and the action path to it (from the root).

# Initialize bfs_queue to empty
function GET_PATH(s0, subgoal)

step← 0
bfs_queue.ADD((s0, []))
while bfs_queue not empty do

s, action_path← bfs_queue.POP( )
for action ∈ action_space do

s←M.NEXT_STATE(s, action)
action_path.APPEND(action)
if s = subgoal then

return action_path

if LEN(action_path) < k then
bfs_queue.ADD((s, action_path))

return []

C.2 INT

State representation. A state in INT consists of objectives to prove and ground truth assumptions,
which are logic statements that are assumed to hold and can be used in proving. Each objective, as
well as each ground truth assumption, is a mathematical statement. In our setup, as in the original
paper [54], there is always only one objective to prove, but there may be a varying number of ground
truth statements.
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Figure 5: A detailed view of subgoal generation for Sokoban. Arrow represent probabilities of a
given modification. Final subgoals are located in the leaves.

Each mathematical statement can be converted to a string by a method
logic_statement_to_seq_string in INT library. In our code, we represent the full state
as a string in the following form (all symbols are tokens, not logical operations):

#[objective]&[1st ground truth]&[2nd ground truth]& . . . &[k − th ground truth]$

For example, the state representation could look like this:

#(((b+b)∗((b+b)∗(b+b)))∗((((b+b)+f)∗(b+b))∗(b+b))) ≥ 0&(b+f) = b&(b+f) ≥ 0$

Action representation. An action in INT consists of a chosen axiom (one from the set of ordered
field axioms, see [54, Appendix C]) and a sequence of entities onto which the axiom will be applied.
An entity is an algebraic expression that is a part of the larger statement. For example, (a+ b) is an
entity, which is a part of (a+ b) · c = (1 + f). In our code, we represent entities by indicating the
symbol of their mathematical operation, or if the entity is atomic (a single variable), by indicating the
variable itself. More precisely, directly after the symbol of operation, we add a special character ’∼’.
For example, we indicate (a + b) inside (a + b) · c in the following way: (a+ ∼ b) · c = (1 + f).
Typically, in a logic statement there may be several entities that have the same text form, but are
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located in different positions, for example (a+ b) appears twice in (a+ b) · (a+ b) = (1 + 0). Our
way of encoding actions unambiguously identifies every entity. If the action has more than one input,
we use more different indicators.

Low-level conditional policy input representation. Low-level conditional policy takes as an input
two states: s and s′, where s is the initial state and s′ is the subgoal. The input is constructed in the
following way: first, we represent both s and s′ as strings and then we find the difference (character
delta) between these strings using the function ndiff from difflib5 Python library. We observed
that using the character delta, instead of the concatenation of s and s′, significantly improved the
performance.

C.3 Rubik’s Cube

State representation The state of the Rubik’s Cube is determined by the arrangement of 54 colored
labels on its faces. Therefore, to represent the observations we simply put the labels in a fixed order.
An example state is as follows:

?byywygrygobbrboorgwbowryoogywbggywrrroyrogyowwbrwwbbgg$,

where the tokens b, g, o, r, w, y stand for blue, green, orange, red, white, and yellow. The consecutive
blocks of 9 tokens correspond to consecutive faces of the cube. Observe, that not every permutation
of colors is valid. For example, the tokens on positions 5, 14, 23, 32, 41, and 50 correspond to centers
of faces, thus they are fixed. There are more such constraints, but they are irrelevant to the pipeline
itself.

Action representation In our experiments we use quarter turns, i.e. an action corresponds to rotating
a face by 90◦, either clockwise or counterclockwise. Since the action space contains only 12 elements,
we use unique tokens to represent each of them.

Low-level conditional policy input representation. The conditional policy takes two states s and s′,
which correspond to the current state and the state to be reached. To represent such pairs, on every
position we put a token corresponding to a pair of colors – one located on that position in s and the
other in s′. Since there are only 6 distinct colors on the Rubik’s Cube, this requires using only 36
tokens.

D Training details

D.1 INT and Rubik’s Cube

D.1.1 Transformer training

For transformer training and inference we used HuggingFace’s Transformers library [53]. We did
not use any pretrained checkpoints from HuggingFace model hub. We took mBART model class
instead – and trained it from scratch in a supervised way using HuggingFace’s training pipeline. We
generated (or loaded from disk) a fresh dataset for every epoch. Training batch was of size 32. For
regularization, we set dropout = 0.1, but we did not use label smoothing (as opposed to [48]).

For the Adam optimizer we set β1 = 0.9, β2 = 0.999 and ϵ = 10−8. Learning rate schedule followed
the formula:

lr = peak_lr ∗min

(

step_num

warmup_steps
,

√

warmup_steps

step_num

)

,

where peak_lr = 3 · 10−4 and warmup_steps = 4000.

The schedule curve matches the one proposed in [48], but they use peak_lr ≈ 7 · 10−4.

D.1.2 Sequence generation

We used beam search with the number of beams set to 16 for INT and to 32 for Rubik’s Cube. The
number of returned sequences varied from 1 to 4 depending on the network type.

5https://docs.python.org/3/library/difflib.html
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We set softmax temperature to 1 by default. For Rubik’s Cube subgoal generator we tuned this
parameter and the value of 0.5 performed best. We conducted a corresponding experiment for the
baseline policy, but the temperature did not impact results in this case, as the policy outputs only a
single token. For INT we did not tune the temperature, so we kept the value of 1.

D.1.3 Random seeds

Due to use of the supervised learning, we observed little variance with respect to the random
initialization. We tested this for the subgoal generator on proofs of length 10 and for k = 3. Namely,
we trained 5 models of the subgoal generator, starting from different initializations. The success rate
barely varied, as they stayed in the interval [0.990, 0.992]. In the other experiments, we used a single
seed.

D.2 Sokoban

For training of the convolutional networks in Sokoban we set the learning rate to 10−4 and the number
of epochs to 200.
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E Wall-time for kSubS

As indicated in Table 2, kSubS builds smaller search graphs. This has the practical advantage of
making fewer neural network calls and consequently a substantially better wall-time.

The gains might be as high as 7 times due to costly sequential calls of transformer networks, see
Table 5.

Proof length 5 10 15

Method BestFS BF-kSubS (ours) BestFS BF-kSubS (ours) BestFS BF-kSubS (ours)

Total wall-time 4h 12m 3h 44m 29h 22m 5h 55m 69h 15m 9h 22m
Avg. generator calls NA 3.04 NA 3.89 NA 6.23
Avg. value calls 23.34 4.01 112.35 4.80 159.46 6.59
Avg. policy calls 22.41 8.43 112.21 13.09 161.02 20.29

Table 5: Resources consumption for INT. We present evaluation on 1000 proofs and split into calls of subgoal
generator network (used only in the subgoal search), value network and policy network (we report an average
number of calls for a single proof).

F Training dataset size analysis

We tested how the success rate of BF-kSubS on 12x12 Sokoban boards depends on the size of the
training set. The full dataset consists of 125k trajectories. We trained subgoal generator and value
network on subsets consisting of 0.5, 0.25, 0.05 and 0.01 of all trajectories. The results are presented
in Table 6.

Fraction of the dataset 1 0.5 0.25 0.05 0.01

Success rate 0.93 0.86 0.84 0.48 0.14

Table 6: Sokoban success rates for different training set sizes.

G Value errors

G.1 INT analysis

Due to the size of state spaces, it is impossible to search over the entire space of INT formulas to
find the shortest proofs. We instead analyze value estimations along proofs generated by INT engine.
The monotonicity analysis in Section 4.6 was performed using 100 such proofs of length 10. The
probabilities of value decrease for different step lengths l are presented in Table 7.

G.2 Sokoban Analysis

l Value decrease prob.

1 0.316
2 0.217
3 0.080
4 0.020

Table 7

Here, we present details related to the Sokoban analysis from Sec-
tion 4.6. We sampled 500 Sokoban boards (with dimension (12, 12)).
For each board, we calculated a full state-action graph and minimal
distance from each state to the solution (this was needed to compute
S(s) sets later on). Since Sokoban graphs can be very large we set
the limit on the graph size to 200000, which left us with 119 boards.
Next, for each board, we took the sequence of states from the shortest
solving path from the initial state (let us call this dataset as shortest-
paths - SP). For each pair of consecutive states in SP, we calculated
the difference of the value estimation, and averaged them, which gave
us a mean one-step improvement of 1.34. We calculated this metric for 5 value function networks
trained with different initialization, obtaining mean one-step improvement between [1.23, 1.41].

To calculate the standard deviation of value function estimates for S(s) we took SP, and limit it
to states s such that |S(s)| ≥ 5 (lets denote it as SP5). We calculated standard deviation for each
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s ∈ SP5 separately. This gave us a mean deviation of 2.43. (between [2.24, 2.86] for 5 value
networks trained with different initialization) The same set SP5 was used to calculate probabilities
related to overoptimistic errors on Sokoban described at the end of Section 4.6.

To calculate the above statistics we used the value function trained with supervised learning to
approximate the distance to the solution. We observe that similar problems arise also when using
value function trained with reinforcement learning [28]. In such setup, mean variance of value
function estimates for S(s) is 0.84, when one step improvement equals to 0.33 . Probability that
there is a state in S(s) with value higher than best immediate neighbour of s is 86% and it drops to
38%, if one considers states closer by 4 steps.

H Example subgoals

H.1 Example subgoals sets

In this section, we present some example outcomes of the subgoal generator for INT and Sokoban.

H.1.1 INT

In (1) and (2) we provide two examples of applying the subgoal generator (trained on proofs of length
5) to the given states in INT. The number of subgoals varies since not all of the outputs generated by
the network could be reached by the conditional low-level policy.

Input state: (((b·b)+((b+(b+f))·b))+(f+f))≥((((b+(b+b))·b)+0)+c)

Ground truth 1: (b+f)=b

Ground truth 2: (f+f)≥c

Subgoal 1: ((b·b)+((b+(b+f))·b))=(((b+(b+b))·b)+0)

Subgoal 2: (((b+(b+f))·b)+(b·b))=(((b+(b+b))·b)+0)

Subgoal 3: ((b·b)+((b+(f+b))·b))=(((b+(b+b))·b)+0)

(1)

Input state: ((((b·( 1
b
))+a)2)+(c+( 1

b
)))=(((((( 1

b
)·b)+a)·(a+1))+c)+( 1

b
))

Subgoal 1: ((((b·( 1
b
))+a)2)+(c+( 1

b
)))=((((b·( 1

b
))+a)·(a+1))+(c+( 1

b
)))

Subgoal 2: ((((b·( 1
b
))+a)·((b·( 1

b
))+a))+(c+( 1

b
)))=((((b·( 1

b
))+a)·(a+1))+(c+( 1

b
)))

(2)

H.1.2 Sokoban

Here we present two examples of the outcomes of the subgoal generator trained for 12× 12 boards:

H.2 Example solutions with subgoals

In this section, we present several examples of solutions obtained with our method. For simplicity,
we only show the subgoal states on which the successful trajectories were constructed. In our setup,
the last subgoal is always a solution.
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H.2.1 INT

An example solution of INT problem of length 5:

Problem: (((0·((a+0)+(−(a·1))))·( 1
(02)

))+((a+0)+(02)))≥((((02)+(1+(a+0)))+b)+(−((a+0)+f)))

1st subgoal: (((0·((a+0)+(−(a·1))))·( 1
(02)

))+((a+0)+(02)))=((02)+(1+(a+0)))

2nd subgoal: (((0·((0+a)+(−(a·1))))·( 1
(02)

))+((a+0)+(02)))=(1+((a+0)+(02)))

3rd subgoal: (0+a)=(a·1)

4th subgoal: a=a

(3)

H.2.2 Sokoban

An example solution of Sokoban board:

I Baselines
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Algorithm 10 Low-level generator

Require: C3 number of states to produce
NB number of beams in sampling
πb behavioral cloning policy
M model of the environment

function SUB_GENERATE(s)
actions ←

BEAM_SEARCH(πb, s;C3, NB)
subgoals← []
for action ∈ actions do

s←M.NEXT_STATE(s, action)
subgoals.APPEND(s)

return subgoals

Our first baseline is the low-level policy trained
with behavioral cloning from the expert data
trained to solve the problem (contrary to the
low-level conditional policy P , which aims to
achieve subgoals). Such policy was used [54].
We verified that our behavioral cloning policy
reproduces the results from [54] for proofs of
lengths 5.

MCTS. As a baseline for MCT-kSubS we used
an AlphaZero-based MCTS planner described
in Appendix A.1.

BestFS. The baseline for BF-kSubS is a low-
level planning. We substitute SUB_GENERATE

with a function returning adjacent states indi-
cated by the most probable actions of behav-
ioral cloning policy, see Algorithm 10.

J Simple planners

An appropriate search mechanism is an important design element of our method. To show this, we
evaluate an alternative, simpler procedure used by e.g. [9] for subgoal-based planning. It works by
sampling independent sequences of subgoals and selects the best one. This method solved none of
1000 Rubik’s Cube instances despite using the same subgoal-generator as BF-kSubS (which has a
success rate of 0.999 with a comparable computational budget).

K Investigation of baseline-BestFS on Rubik’s Cube

To obtain the training datasets on the Rubik’s Cube environment, we generated random paths starting
from a solved cube and stored them in the reversed order. These backward solutions are highly
sub-optimal: for example, the states obtained by 10 random moves are usually in a distance of about
6 - 7 steps from the final state and the gap gets much larger for a higher number of moves. This means
that on collected trajectories only some of the actions indeed lead to the solution and the majority of
them only introduce noise.

We observed that the baseline is much weaker than BF-kSubS even for k = 1, despite the effort on
tuning it. We extended the training of behavioral cloning policy and did a grid-search over parameters
to further improve its success rate. We managed to reach no more than 10% success rate for the
best version. To provide a meaningful evaluation of the baseline, we also trained it on very short
trajectories consisting of 10 random moves. Such a curriculum allowed the behavioral cloning policy
to learn, however still suffered from randomness in data (for states located far from the solution).

Interestingly, BF-kSubS for k = 1 turned out to perform much better than the baseline. Full
understanding of this phenomenon requires additional research, however we hypothesize that in our
setup learning to predict states is an easier task that predicting an action. A potential reasons are that:
states prediction provides a denser learning signal and Transformers perform better when dealing
with sequences (then with predicting a single token).

Note that both kSubS and baseline policy learn from fully off-policy data. The problem of solving
the Rubik’s Cube is challenging, thus learning from noisy off-policy trajectories can be simply too
hard for standard algorithms.

L Technical details

L.1 Infrastructure used

We had 2 types of computational nodes at our disposal, depending on whether a job required GPU or
not. GPU tasks used a single Nvidia V100 32GB card (mostly for transformer training) and Nvidia
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RTX 2080Ti 11GB (for evaluation) with 4 CPU cores and 16GB RAM. The typical configuration of
CPU job was the Intel Xeon E5-2697 2.60GHz processor (28 cores) with 128GB memory.

Each transformer for INT was trained on a single GPU for 3 days (irrespective of proof length and
the network type). INT evaluation experiments used a single GPU for a time period varying from
several hours to 3 days – with baselines being the bottleneck.

Transformers for Rubik’s Cube required more training – every network was trained for 6 days on a
single GPU. Because of relatively short sequences representing the cube’s state, we were able to run
evaluations without GPU. We used 20 CPU cores with 20GB memory, while still fitting in a 3-day
run time.

We trained and evaluated Sokoban on CPU only mostly because of rather small neural network sizes.
Training time varied from 2 to 3 days, whereas evaluation took only an hour.
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ABSTRACT

Complex reasoning problems contain states that vary in the computational cost
required to determine the right action plan. To take advantage of this property,
we propose Adaptive Subgoal Search (AdaSubS), a search method that adaptively
adjusts the planning horizon. To this end, AdaSubS generates diverse sets of sub-
goals at different distances. A verification mechanism is employed to filter out
unreachable subgoals swiftly, making it possible to focus on feasible further sub-
goals. In this way, AdaSubS benefits from the efficiency of planning with longer-
term subgoals and the fine control with shorter-term ones, and thus scales well
to difficult planning problems. We show that AdaSubS significantly surpasses hi-
erarchical planning algorithms on three complex reasoning tasks: Sokoban, the
Rubik’s Cube, and the inequality-proving benchmark INT.

1 INTRODUCTION

When solving hard problems, people often try to decompose them into smaller parts that are typically
easier to complete (Hollerman et al., 2000). Similarly, subgoal search methods aim to solve complex
tasks by considering intermediate subgoals leading towards the main goal. Besides their intuitive
appeal, such approaches offer many practical advantages. Most notably, they enable deeper search
within a smaller computational budget and reduce the negative impact of approximation errors.
Subgoal search methods powered by deep learning have shown promising results for continuous
control tasks, such as robotic arm manipulation (Nair & Finn, 2020; Jayaraman et al., 2019; Fang
et al., 2019) and navigation (Kim et al., 2019; Savinov et al., 2018). Recently, Czechowski et al.
(2021) showed that the usage of a subgoal generator can significantly improve search efficiency on
discrete domains with high combinatorial complexity.

This paper uses Czechowski et al. (2021) as a starting point and pushes forward, building upon the
following observation: many complex reasoning problems contain states that vary in complexity,
measured by the computational cost required to determine the right action plan. To illustrate this,
imagine driving a car. When traversing a narrow, winding street, it is crucial to focus on the closest
events: the next turn, the next car to avoid, etc. However, after entering a straight, empty street, it

∗equal contribution; Published as a conference paper at ICLR 2023, notable-top-5%.
†Work done while at the University of Warsaw
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is enough to think about reaching its far end. This suggests that careful balancing of the subgoal
distance is desirable: this involves selecting longer-term subgoals, if possible, to advance faster
towards the goal, and choosing shorter-term subgoals to power through the harder states. Hence, the
question arises whether it is possible and, if so, how to incorporate this adaptive subgoal generation
procedure into subgoal search methods. In this paper, we answer this question affirmatively.

An illustrative example of adaptive planning. The
planner may choose long-distance subgoals in the
easier areas (e.g. the left most part) and use short
distances in the hard areas (e.g. middle part).

We propose a novel planning algorithm Adap-
tive Subgoal Search (AdaSubS), which adaptively
chooses from subgoals with different horizons. Our
method benefits both from the efficiency of planning
with longer-term subgoals and from the reliability of
shorter-term ones. AdaSubS prioritizes further dis-
tances, retracting to shorter ranges only when stuck.
Additionally, we introduce a verifier network, which
assesses whether the proposed subgoal is valid and
reachable. The verifier makes it possible to effi-
ciently discard faulty subgoals, which are common
and more costly to detect in longer horizons. AdaSubS is a data-driven algorithm whose key com-
ponents are implemented as learnable deep models. In most cases, we use general-purpose trans-
former architectures to model subgoal generators and the verifier networks. We train those models
on offline data.

We show the effectiveness of AdaSubS in three challenging domains: Sokoban, Rubik’s Cube, and
the inequality theorem prover INT (Wu et al., 2021). AdaSubS significantly surpasses hierarchical
planning algorithms and sets a new state-of-the-art on INT.

Our main contributions are:

1. We propose Adaptive Subgoal Search (AdaSubS), a new algorithm that adjusts the planning
horizon to take into account the varying complexity of the state space.

2. We present a comprehensive study of adaptive methods, showing that they outperform similar
algorithms without adaptation. Amongst these, AdaSubS is the best choice across environments
and planning budgets.

3. We also observe a strong indication of out-of-distribution generalization. AdaSubS trained on
the proof of length 15 in INT (longest considered in the literature so far) retains more than 50%
of its performance when the proof length is increased two-fold.

The code of our method is available at https://github.com/AdaptiveSubgoalSearch/adaptive_subs.

2 RELATED WORK

The combination of planning algorithms with deep learning is an active area of research. It provided
impressive results e.g., in automated theorem proving (Polu & Sutskever, 2020), chess and Go (Sil-
ver et al., 2017), Atari benchmark (Schrittwieser et al., 2019), and video compression (Mandhane
et al., 2022).

In the field of hierarchical planning, the majority of deep-learning-based methods have focused on
visual domains (Kim et al., 2019; Pertsch et al., 2020a; Jayaraman et al., 2019; Fang et al., 2019) or
on landmark-based navigation methods (Liu et al., 2020a; Gao et al., 2017; Zhang et al., 2020) . This
body of work often relies on variational autoencoders for the compression of visual observations and
uses planning mechanisms suitable for continuous control settings.

There exist many approaches to hierarchical planning utilizing different temporal distances. Kim
et al. (2019) and Pertsch et al. (2020b) use hierarchical variational models to learn the temporal
structure of tasks by reconstructing the visual state sequences. Pertsch et al. (2020a); Parascandolo
et al. (2020); Jurgenson et al. (2020) recursively construct a plan by generating subgoals in the
middle between the existing ones. Allen et al. (2021) generate macro-actions that help to speed-up
the search. This differs from our work, as we use learning to generate subgoals (as opposed to action
sequences) and the process is agnostic with respect to the size of the action space. These works have
been shown to work on domains with limited combinatorial complexity.

2
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Recently, Czechowski et al. (2021) has shown how combinatorially complex domains can be treated
with a hierarchical planning method. Their approach shares similarities with our Adaptive Subgoal
Search; however, it cannot address variable environment complexity. By using the mechanism of
adaptive selection of the subgoal generation distance and verifier, we successfully tackle this prob-
lem, confirmed by significant performance gains. Our verifier is based on ideas similar to Cobbe
et al. (2021); Kurutach et al. (2018); Ahn et al. (2022).

Our approach relates to established search algorithms (Cormen et al., 2009; Russell & Norvig, 2010),
such as Best First Search or A*. Adaptivity techniques in the classical setup are discussed in Fickert
(2022). Koenig & Likhachev (2006) propose an adaptive mechanism to improve A* by updating
the goal-distance heuristic with local search. AdaSubS instead uses a fixed heuristic and adapts to
the local complexity by alternating between subgoal distances. Domain-independent PDDL-based
planners (McDermott et al., 1998) do not use training and attempt to solve problems in a zero-shot
manner. Thus, they indicate a lower bound on performance. On the other hand, there are domain-
specific methods (Korf, 1997; Büchner et al., 2022; Muppasani et al., 2022). Due to their focus, they
indicate an upper bound.

AdaSubS relates to multi-queue methods (see Richter & Westphal (2010); Helmert (2006)), which
alternate between multiple heuristics. Some of our planners, e.g., IterativeMixing or Longest-first,
can be viewed through the lens of this approach in the sense that we could keep the priority queues
for each generator separate (but with the same heuristic being a value function) and have an alterna-
tion mechanism between them. The key difference lies in the expansion phase: we expand subgoals
instead of children and only the generator associated with the currently selected queue is used. 1

Different instances of Sokoban, Rubik’s Cube, and INT can be viewed as tasks with varying degrees
of difficulty. Consequently, AdaSubS benefits from sharing data between these instances in a manner
typical to multitask learning (Caruana, 1998). In particular, we use a goal-conditioned policy which
is trained similarly as in Andrychowicz et al. (2020) or Kaelbling (1993). Additionally, the out-of-
distribution generalization of AdaSubS hints at strong meta-learning capabilities of the method (Yu
et al., 2020; Duan et al., 2016; Wang et al., 2016; Hessel et al., 2019).

3 METHOD

For this work, we propose Adaptive Subgoal Search (AdaSubS), a subgoal-based search algorithm
designed to solve tasks that can be formulated as a search over a graph with a known transition
model. AdaSubS is the best choice stemming from a careful study of methods based on the principle
of mixing subgoal distances; see Section 4.4 for their definitions and empirical comparisons.

Figure 1: An example iteration of

the search performed by AdaSubS.

AdaSubS (see Algorithm 1) utilizes the following key compo-
nents: subgoal generators, verifier, conditional low-level policy
(CLLP), and value function. These components are implemented
using trained neural networks (see Appendix B). To solve a task,
AdaSubS iteratively builds a tree of subgoals reachable from the
initial state until the target state is reached or the search budget
is depleted. In each iteration, it chooses a node in the tree that is
expanded by one of the generators. The chosen generator creates
a few subgoal candidates, i.e., states expected to be a few steps
closer to the target than the current node. For each of them, we
use the verifier and CLLP to check whether they are valid and
reachable within a few steps. For the correct subgoals, we com-
pute their value function, place them in the search tree, and the
next iteration follows (see Figure 1).

AdaSubS follows the general structure of Best-First Search
(BestFS); thus, the key design decision is how we prioritize nodes
to expand and choose generators to produce subgoals. We defer
the answer to these questions after providing details of the algo-
rithm components (see also Appendix G and the flowchart there).

1For search engines using multi-queues, see Fast downward https://www.fast-downward.org/;
LAPKT https://github.com/LAPKT-dev/LAPKT-public. For PDDL generators, see https:

//github.com/AI-Planning/pddl-generators
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Subgoal generators. The subgoal generator, or more precisely the k-subgoal generator, takes a state
as input and returns a diverse set of new candidate states expected to be k step closer to the solution.
The key trade-off, which AdaSubS needs to address, is that further subgoals, i.e., those for higher
values of k, advance faster towards the target but are also increasingly harder to generate and verify.
We typically use a few (e.g., 3) generators with a list of k chosen basing on experiments, namely
for INT [3, 2, 1], Rubik [4, 3, 2] and Sokoban [8, 4, 2]. Note that this is the only component of
AdaSubS that outputs a set of predictions.

Conditional low-level policy (CLLP). CLLP returns a path of low-level actions between two states
(see Algorithm 2). CLLP calls iteratively a conditional low-level policy network (PN). PN takes as
input the current and target states and returns an action. It is possible that CLLP is not able to reach
the target, in which case an empty sequence is returned. The role of CLLP is two-fold: it serves
as a mechanism allowing AdaSubS to transition between subgoals, and together with the verifier
network, it is used in the subgoal verification algorithm (see Algorithm 3).

Verifier. The verifier network is used in the verification algorithm (see Algorithm 3), to answer the
following binary classification question: given a starting state and a goal state, is it possible to reach
the latter from the former using conditional low-level policy? Computationally, the evaluation of the
verifier network is faster than CLLP. However, since the verifier is a binary classifier, we expect two
types of error to occur: accept invalid subgoals or reject valid subgoals. The verification algorithm
accepts a subgoal if the verifier network values are above a certain threshold (likewise, they are
rejected if the value is below another threshold), see tlo and thi in Algorithm 3. In the remaining
case, the algorithm falls back on CLLP to decide whether to keep or discard a given subgoal.

Value function. The value function is a neural network that estimates the negative distance between
the current and goal states. The planner uses this information to select the next node to expand.

Adaptive Subgoal Search. The particular way in which AdaSubS chooses nodes to expand and a
generator to produce subgoals (see highlighted lines in Algorithm 1) implements an adaptive mech-
anism that adjusts the planning horizon. The key difficulty to tackle here is that further subgoals,
despite being capable of advancing the search faster, are more likely to be faulty. Nevertheless, we
assume an optimistic approach prioritizing the longer distances (e.g., higher k). If the search using
the long steps gets stuck, the planner retracts and expands the most promising, high-value nodes
with closer, more conservative subgoals. The verifier network helps in mitigating the risks of this
strategy, as it allows for the efficient rejection of faulty subgoals. This way, by traversing easier
parts using fast long-distance subgoals and conservative ones in harder parts, AdaSubS adapts to the
variable complexity of the environment.

Algorithm 1 presents a simple implementation of this approach. The nodes in the search tree are
placed in a max-priority queue T with keys, being the pairs (k, v) of the next subgoal distance and its
estimated value, sorted in lexicographical order. In this way, Algorithm 1 uses the highest k possible,
searching with the BestFS strategy over values. If for a given k, all generated subgoals are invalid
(faulty or unreachable), Algorithm 1 will expand for shorter distances. If successful, we go back to
generating with the highest value of k. After reaching the target states, AdaSubS reconstructs the
path of subgoals and fills it with low-level actions; see function LL_PATH in Algorithm 4.

With a slight modification, AdaSubS can be guaranteed to find a solution to any given problem,
provided there is a large enough computational budget. See Appendix G.1 for details.

3.1 TRAINING OBJECTIVES

The components of AdaSubS are trained using a dataset of offline trajectories of subsequent states
and actions: (s0, a0), . . . , (sn−1, an−1), sn. We do not assume that they are perfect; for some of our
environments, even randomly generated trajectories may turn out to be sufficient. Details on how
the data is collected for each domain can be found in Section 4.1 and Appendix B.

Provided with such data, we train the k-generators to map si onto si+k. The value function is trained
to map si onto (i − n). CLLP is trained to map (si, si+d) onto ai for every d ≤ kmax (kmax is the
maximal distance of the subgoal generators used).

AdaSubS still works, albeit much worse if we disable the verifier network (e.g., by setting thi = 1
and tlo = 0 in Algorithm 3). However, it is a useful setup to gather a dataset of subgoals and their
reachability verified by CLLP. This dataset is used to train the verifier network, see Appendix D.
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Algorithm 1 Adaptive Subgoal Search

Requires: C1 max number of nodes
V value function network

ρk0
, . . . , ρkm subgoal generators

SOLVED predicate of solution

function SOLVE(s0)
T← ∅ ▷ priority queue with lexicographic order
parents← {}
for k in k0, . . . , km do

T.PUSH(((k, V (s0)), s0))

seen.ADD(s0) ▷ seen is a set
while 0 < LEN(T) and LEN(seen) < C1 do

(k, _), s← T.EXTRACT_MAX()
subgoals← ρk(s)
for s′ in subgoals do

if s′ in seen then continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
for k in k0, . . . , km do

T.PUSH(((k, V (s′)), s′))

if SOLVED(s′) then
return LL_PATH(s′, parents)

▷ get low-level path, see Alg. 4

return False

Algorithm 2 Conditional low-level policy

Requires: C2 steps limit
π conditional low-level

policy network
M model of the environment

function GET_PATH(s0, subgoal)
step← 0, s← s0
action_path← []
while step < C2 do

action← π.PREDICT(s, subgoal)
action_path.APPEND(action)
s←M.NEXT_STATE(s, action)
if s = subgoal then

return action_path ▷ success

step← step+ 1

return [] ▷ subgoal is unreachable

Algorithm 3 Verification algorithm

Requires: v verifier network
thi upper threshold
tlo lower threshold

function IS_VALID(s, s′)
if v(s, s′) > thi then return True

else if v(s, s′) < tlo then return False

return GET_PATH(s, s′) ̸= []

For INT and Rubik’s Cube, we use transformer models for all the key components. For the Sokoban,
we utilize convolutional networks, for details see Appendix B.

4 EXPERIMENTS

We empirically demonstrate the efficiency of Adaptive Subgoal Search on three complex reasoning
domains: Sokoban, Rubik’s Cube, and the inequality proving benchmark INT (Wu et al., 2021).
We demonstrate that AdaSubS is the best choice in a family of adaptive methods. Interestingly,
even weaker methods in this class also outperform non-adaptive baselines. Finally, we show that
AdaSubS has strong out-of-distribution generalization properties on INT.

As the performance metric, we use the success rate, defined as the fraction of solved problem in-
stances. The computational budget is defined as the graph size, i.e., the number of nodes visited
during the search and evaluated with a neural network (subgoal generator, value function, verifier,
or conditional low-level policy). In Appendix C we provide details concerning the number of neural
network calls, wall-time evaluations and memory usage.

4.1 EXPERIMENTAL DOMAINS AND DATASETS

Sokoban is a puzzle in which the goal is to push boxes on target locations. It is a popular testing
ground for classical planning methods (Lipovetzky & Geffner, 2012), and deep-learning approaches
(Guez et al., 2019; Miłoś et al., 2019). Sokoban is considered to be hard (Fern et al., 2011) due to
its combinatorial complexity. Finding a solution for a given Sokoban board is an NP-hard problem.
In our experiments we used 12× 12 Sokoban boards with four boxes.

Rubik’s Cube is a famous 3D puzzle with over 4.3 × 1019 possible configurations (Korf, 1997).
Recently Agostinelli et al. (2019); Czechowski et al. (2021) have developed methods for solving
Rubik’s Cube using neural networks.

INT is a benchmark for automated theorem proving proposed by (Wu et al., 2021). It consists of
a generator of mathematical inequalities and a tool for proof verification. An action (proof step) in
INT is a string containing an axiom and a specification of its input entities, making the action space
effectively infinite and thus challenging search algorithms.
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To collect offline trajectories datasets for Rubik’s Cube, we generate random paths of length 20
starting from the solved cube and take them in reversed order. For INT we use the generator provided
by Wu et al. (2021). For Sokoban, we use the expert data generated by a reinforcement learning agent
(Miłoś et al., 2019). Detailed information is contained in Appendix D.

4.2 PROTOCOL AND BASELINES

Our protocol consists of three stages. In the first one, an offline dataset is prepared; see Section 4.1
and Appendix D. Secondly, we use this dataset to train the learnable components of AdaSubS: the
family of subgoal generators, verifier network, and value network, see Section 3.1. Evaluation is the
final step in which the algorithm’s performance is verified. We measure its success rate using 1000
instances of a problem for each domain.

As baselines, we use BestFS and kSubS, both with the same models’ checkpoints as AdaSubS. The
former is a well-known class of search algorithms (including A∗), which, among others, performs
strongly on problems with high combinatorial complexity (Pearl, 1984), achieves state-of-the-art
results in theorem proving (Polu & Sutskever, 2020), and strong results on Rubik’s Cube (Agostinelli
et al., 2019; Czechowski et al., 2021). BestFS baseline selects actions with a trained policy network.

kSubS is the first general learned hierarchical planning algorithm proven to work on complex reason-
ing domains (Czechowski et al., 2021) (called BF-kSubS there), attaining good results on Sokoban
and Rubik’s Cube, and INT. kSubS can be view as a non-adaptive version of AdaSubS realized by a
suitable hyperparameters choice: a single subgoal generator and inactive verifier (tlo = 0,thi = 1).

For details on the hyperparameter choice for our method and the baselines, see Appendix F. For a
more detailed description of the baselines, see Appendix E.

4.3 MAIN RESULTS: IN- AND OUT- OF DISTRIBUTION PERFORMANCE

Figure 2: Success rates of AdaSubS, kSubS, and BestFS expressed in terms of graph size. The figure in the
bottom right shows the out-of-distribution performance of methods evaluated on INT with proof length 20 but
trained on length 15. The remaining figures present in-distribution performance. The results were measured on
a fixed set of 1000 problems for each domain. Shaded areas indicate 95% confidence intervals.

AdaSubS shows strong in- and out- of distribution performance. The results for the former regime
are presented in Figure 2, which shows that AdaSubS is able to make use of search capacity in the
most effective manner, practically dominating other methods across the graph size spectrum. Taking
a closer look at the low computational budgets, one can observe that AdaSubS achieves significantly
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positive success rates while the competing methods struggle. Perhaps the most striking difference
is observed for INT, where at the budget of 50 nodes AdaSubS achieves around 60% success rate,
while kSubS has a success rate close to zero and BestFS does not exceed 10%. This is particularly
impressive since the budget of 50 nodes is only slightly larger than three times the considered proof
length. To summarize, AdaSubS performs well in low computational regimes, which can be helpful
in systems that need to solve search problems under compute or memory constraints.

At the far end of the computational budget spectrum, AdaSubS still performs the best, achieving
above 90% performance in each environment (∼ 95% for INT, 100% for Rubik’s Cube, and 93%
for Sokoban). Importantly, when success rates are high, and consequently the absolute differences
between methods’ results seem to be low, it is instructive to think about failure rates. For instance,
in the case of INT (the proof length 15), the failure rate of kSubS is 9%, almost twice the failure rate
of AdaSubS. For more results on low and high budgets, see Tables 10-12 in Appendix H.4.

For the out-of-distribution analysis, we used INT, an environment designed to study this phe-
nomenon. We investigate how methods trained on the proofs of length 15 perform on problems with
longer proofs (see Figure 3). The length 15 is the longest considered in the literature (Czechowski
et al., 2021). However, we go much further, studying proof lengths up to 28. AdaSubS retains more
than 50% of its performance, suffering a relatively slow decay of 3.5% (on average) per one step
of the proof. This stands in stark contrast to kSubS, which already loses half of its performance at
length 21. AdaSubS not only outperforms kSubS at each difficulty level but also achieves the most
significant advantage in the hardest problems. Additionally, we provide a full profile of the success
rate with respect to the graph size for proof length 20; see the bottom right-hand corner of Figure 2.
AdaSubS performs much better than the baselines, with the biggest advantage for large budgets.
Results for the other environments, namely Sokoban and Rubik, are included in Appendix K.

Figure 3: Out-of-distribution performance of AdaSubS and kSubS for long proofs in INT with budget of 5000
nodes. Both methods were trained on proofs of length 15. Error bars correspond to 95% confidence intervals.

The performance boost of AdaSubS over the baselines stems from two components: the verifier and
the adaptativeness of subgoal selection. The former makes it possible to assign a bigger fraction of
a computational budget on search by recovering a part of it from CLLP. This, in principle, could
already provide significant gain when using the method. However, as shown in Table 1 and Tables
10-12 in Appendix H.4, the verifier helps, but only to a limited degree. Consequently, the majority
of the improvement stems from the algorithmic novelty offered by the adaptive procedure. The
adaptivity mechanism in AdaSubS creates this interesting dynamic that incentives the method to be
optimistic about choosing subgoal distances while providing a safety net in case this optimism fails.
How it works in practice can clearly be seen in Sokoban, where AdaSubS uses 8-subgoals 91.8% of
the time, 4-subgoals 7.4% of the time, and 2-subgoals the remaining 0.8% of the time2.

As a final note, Figure 2 can be used to infer the computational budget required for achieving a
certain success rate. Additionally, the ratio of success rate to graph size can measure the efficiency

2Additionally, the 8-generator, the 4-generator, and the 2-generator generate subgoals that are on average
6.9, 3.9, and 2.0 steps away, respectively. For AdaSubS parameters, see Table 7 in Appendix F.
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of the chosen budget, while the derivative of the success rate with respect to graph size provides the
marginal utility of the increase in the budget.

4.4 DEVELOPING ADAPTIVE SEARCH METHODS

In this section, we present a comprehensive empirical study of four adaptive methods. This en-
ables us to draw two main conclusions: adaptive search methods outperform non-adaptive ones, and
Longest-first (on which AdaSubS is based) is the most efficient adaptive procedure. We present full
results for INT, the hardest environment, and shortened results for Rubik and Sokoban, see Table 1.
The complete set of numerical results with extended discussion can be found in Appendix H.

The four adaptive methods presented in this section are implemented using the search method3.
Their adaptivity mechanism is defined by setting the way the subgoals are generated and the order
in which the states are processed4. This happens in two distinguished lines in Algorithm 1 and
changing them determines how the search prioritizes various distances.

INT

Small budget (50 nodes) Large budget (1000 nodes)

with verifier without with verifier without

BestFS - 1.7% - 36.7%

kSubS

k = 4 2.2% 0.1% 82.4% 83.0%
k = 3 4.0% 0.2% 89.6% 90.7%
k = 2 2.1% 0.5% 89.8% 91.7%
k = 1 0.0% 0.0% 34.7% 46.0%

MixSubS

k = [4, 3, 2] 0.0% 0.0% 94.6% 95.0%
k = [3, 2, 1] 0.0% 0.0% 92.2% 92.9%
k = [3, 2] 17.0% 14.8% 92.2% 93.5%

Iterative mixing

iterations = [1, 1, 1] 32.0% 30.1% 87.0% 88.6%
iterations = [10, 1, 1] 43.0% 44.8% 95.1% 96.0%
iterations = [4, 2, 1] 54.0% 52.1% 93.6% 95.5%

Strongest-first 39.5% 40.8% 88.5% 89.8%

Longest-first 59.0% 51.5% 95.7% 95.5%

Rubik (with verifier)

400 nodes 6000 nodes

BestFS 0.0% 1.8%
kSubS 28.8% 98.6%
MixSubS 49.1% 99.2%
Iterative mixing 50.6% 99.1%
Strongest-first 33.4% 99.0%
Longest-first 58.0% 99.2%

Sokoban (small budget, 100 nodes)

with verifier without

BestFS - 45.9%
kSubS 26.0% 4.7%
MixSubS 52.7% 37.7%
Iterative mixing 64.5% 52.6%
Strongest-first 54.6% 41.9%
Longest-first 72.2% 63.4%

Table 1: (left) Results for the INT. For each case, unless stated otherwise, the distances of subgoal generators
are k = [3, 2, 1]. (right) Shortened results for Rubik and Sokoban, for complete results see Table 11 and Table
12. The results were obtained on 1000 problems each, which yields ±3% Bernoulli 95% confidence intervals.

Specifically, we designed and tested the following methods: MixSubS, Iterative mixing, Strongest-
first, Longest-first. Each method uses a set of n generators ρk1

, . . . , ρkn
trained to produce subgoals

on different distances k1 < . . . < kn (recall Section 3.1 for training details). A more detailed
description of the methods (and pseudocodes) can be found in Appendix H.

• MixSubS is the simplest approach, in which for each processed state we generate one subgoal
from each generator ρki

(subgoals ← ∪nj=1ρkj
(s)). In each iteration, MixSubS chooses a

state with the highest value estimation V (s) to process.

• Iterative Mixing is similar to MixSubS and enables for advanced schedules of generators to
be used. In the consecutive iterations, the i-th generator is used to expand li nodes before
switching to the next generator. This allows us to flexibly prioritize the better generators, but at
the cost of tuning additional hyperparameters l1, . . . , ln. For these reasons, it is not practical,
but useful as a reference point.

• Strongest-first uses one generator at a time (subgoals ← ρkℓ
(s)), where kℓ is the longest

distance not previously used in s. In each iteration, Strongest-first chooses a state with the
highest value estimation V (s) to process.

• Longest-first prioritizes long subgoals over the whole search procedure. Only if the queue does
not contain any nodes with the highest k, it uses subgoals of lower distances. The nodes are
processed in the order of their value estimation V (s).

3Adaptivity may also be implemented using the subgoal generator. We considered various approaches in
this category, however, they did not perform better than the non-adaptive baseline kSubS, see Appendix H.3.
We speculate that assessing the state difficulty is a hard learning problem that is easier to handle via search.

4For similar considerations in classical planning, see multi-heuristic best-first search (Helmert, 2006).
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The high-level empirical conclusion is that the performance of methods is roughly ordered as fol-
lows: Longest-first > Iterative mixing > MixSubS > Strongest-first > kSubS > BestFS.

In more detail, already the simple MixSubS works better than the non-adaptive baselines. In par-
ticular, it can outperform the maximum of performances of kSubS for each k. This is in line with
the intuition that our mixing mechanism can elicit benefits of various distances while avoiding their
drawbacks. We conjecture that whenever a single generator begins to struggle, the search advances
with the help of another generator, allowing for stable progress. Iterative mixing is able to exhibit
strong performance; however, it needs tedious schedule tuning for each domain.

Strongest-first and Longest-first implement bias towards longer distances. Even though they are
quite similar, they display a large performance difference. We speculate that when Strongest-first
encounters an area with falsely large value estimates, it wastes a lot of compute to examine it with
all subgoal distances. On the other hand, Longest-first first explores other areas before using shorter
subgoals and thus is able to avoid this problem. We stress that these effects are far from being
obvious; however, they occur robustly across our test scenarios.

The verifier is beneficial on small budgets, especially when long subgoals are used. For large bud-
gets, gains diminish. However, a properly tuned verifier never decreases the results significantly.

5 LIMITATIONS AND FUTURE WORK

Determinism, access to model dynamics Our main focus is combinatorially complex domains.
There are many applications of interest in which we can assume access to underlying dynamics and
determinism (for example Automated Theorem Proving). Nevertheless, it is an interesting future
direction to adjust our method to stochastic domains and learned models.

Reliance on the offline data In our experiments, we need offline datasets of successful trajectories.
We leave for future work developing an algorithm based on the expert iteration paradigm.

Path optimization The goal of our algorithm is to find any path leading to the solution. In many
real-world problems, it is also important to find a short path or one with a high reward (see Appendix
I for optimality measures for Sokoban).

Completeness and memory constraints Our algorithm is not guaranteed to find a solution. We
found it is not problematic in practice. If such a property is required, it can be assured by a simple
change, see Appendix G.1. However, since AdaSubS keeps a list of visited nodes (see Algorithm
1) and caches some computations (see Algorithm 4), it requires memory proportional to the search
budget, which can grow up to the size of the state space when seeking completeness.

Adversarial configuration The performance of AdaSubS can deteriorate when the ability to train
its components is reduced and the environment is hard. For example, ’walk-the-line’ environment
(with states either lying on a unique solving trajectory or leading to deadstates) and no training data.

Combine with recursive search methods In some domains, one can generate useful subgoals for
long distances and recursively split the problem (Pertsch et al., 2020a; Parascandolo et al., 2020;
Jurgenson et al., 2020). It would be interesting to propose an algorithm that automatically detects
when such an approach is possible and combine two ways (our and recursive) of generating subgoals.

6 CONCLUSIONS

We study planning methods that adapt to the local complexity of a solved problem. We concentrate
on the adaptive selection of the subgoal distance realized by mixing various subgoal generators. We
prove that methods based on this principle outperform non-adaptive counterparts They can tackle
complex reasoning tasks as demonstrated on Sokoban, the Rubik’s Cube, and INT. Our main al-
gorithm, AdaSubS, is the best of the tested choices across all environments and search budgets.
Interestingly, AdaSubS exhibits high out-of-distribution generalization capability, retaining much of
its performance for instances of harder problems on INT than it was trained for.

9



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

7 ACKNOWLEDGMENTS AND DISCLOSURE OF FUNDING
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A LOW-LEVEL PATH FUNCTION

The low-level path function (see LL_PATH, Algorithm 4) computes a path from the starting state
to the goal state in the environment using low-level actions. However, it not only responsible for re-
turning the path but also for checking false positive errors of the verifier. Specifically, the verifier can
accept an unreachable state in Algorithm 3 and then wrongly include it in the solution path. Thus,
LL_PATH has to construct a low-level path and confirm that every step on the way is achievable.

Algorithm 4 Low-level path

function LL_PATH(s, parents)
▷ parents is the dictionary of parent nodes in the subgoal tree. (S,C) ∈ parents means that

C is a subgoal for state S
path← []
while s in parents.KEYS() do

subgoal_path← GET_PATH(parents[s], s) ▷ see Algorithm 2.
▷ In practice, to reduce the number of neural network calls, we cache
▷ the results of the GET_PATH calls in Alg 1 and reterive them here.

if subgoal_path = [] then return False ▷ mistake of the verifier
path← concatenate(subgoal_path, path)
s← parents[s]

return path
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B TRAINING DETAILS

B.1 ARCHITECTURES

INT and Rubik’s cube. All components of AdaSubS utilize the same architecture. Specifically, we
used mBart, a transformer from the HuggingFace library (see (Liu et al., 2020b)). To make training
of the model and the inference faster we reduced the number of parameters: we used 45M learned
parameters instead of 680M in the original implementation. We used 6 layers of encoder and 6 layers
of decoder. The dimension of the model was set to 512 and the number of attention heads to 8. We
adjusted the size of the inner layer of position-wise fully connected to 2048. During the inference,
we used beam search with width 16 for INT and width 32 for Rubik’s Cube. Our implementation of
the model follows (Czechowski et al., 2021, Appendix B.1)

Sokoban. We used four convolutional neural networks: the subgoal generator, conditional low-
level policy, value, and the verifier. They all share the same architecture with a different last layer,
depending on the type of output. Each model had 7 convolutional layers with kernel size (3,3)
and 64 channels. Conditional low-level policy and verifier need two Sokoban boards as an input,
so for these networks we concatenate them (across the last, depth dimension) and we treat two
boards as one tensor. For the value function on top of a stack of convolutional layers there is a fully
connected layer with 150 outputs representing 150 distances to the goal or. CLLP has analogous
final layers with the one exception that there are only two classes: determining whether it is possible
to reach a subgoal by CLLP or not. The network used for generatiing subgoals returns two outputs:
distribution over possible modifications of a given state, and prediction whether a modified state is
a good subgoal. The first output is obtained with a fully connected layer, the second with global
average pooling followed by a fully connected layer. Generation of a single subgoal is realised as
a sequence of calls to this network. We start from a given state and iteratively apply modifications
with high probability assigned by the first head of the network, until the second head predict that no
more iterations are needed. (see also Appendix G.1)

B.2 TRAINING PIPELINE

To ensure a fair comparison with (Czechowski et al., 2021) we followed their settings for a training
pipeline.

INT and Rubik’s Cube. To train the models we used the training pipeline from the HuggingFace
library (Liu et al., 2020b). We trained our models from scratch without using any pretrained check-
points. The size of the training batch was 32, the dropout was set to 0.1, and there was no label
smoothing. We used the Adam optimizer with the following parameters: β1 = 0.9, β2 = 0.999,
ϵ = 10−8. We applied the warm-up learning schedule with 4000 warm-up steps and a peak learning
rate of 3 · 10−4. For inference in INT, we used temperature 1 and for Rubik’s Cube to 0.5 (the
optimal value was chosen experimentally).

Sokoban. To train of all networks we used a supervised setting with learning rate 10−4 and trained
for 200 epochs. We used the Adam optimizer with β1 = 0.9, β2 = 0.999 and ϵ = 10−7.

B.3 DATASETS

For dataset used to train all the network see Appendix D.
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C COMPUTATIONAL BUDGET ANALYSIS

The default metric of the graph size that we use for comparisons counts all the states visited during
the search, both high-level subgoals and intermediate states passed by the CLLP. It is a good estimate
of the number of steps the algorithm takes to solve the given problem. For completeness, in this
section, we analyze the total number of calls to every learned component of the pipeline for AdaSubS
and the baseline kSubS.

Since all of the main components are deep neural networks, their evaluation time dominates the
computational budget. Tables 3, 2 and 4 present the average number of calls to each component in
1000 test episodes, fixed for all the methods. That indicates which component consumes the largest
part of the computational budget. The results are presented for different numbers of beams (see
Appendix G.1) used for sampling predictions from the subgoal generators, the only component that
outputs a set of predictions. The default number of beams was 16 for Sokoban and INT, and 32 for
the Rubik’s Cube (see Appendix F for the complete list of the parameters).

As the tables show, not only does AdaSubS solve more problems within smaller search graphs but
also calls each component fewer times, which results in faster inference.

In the Rubik’s Cube, the calls to the generators dominate the computations. However, when using
smaller beams, this number can be significantly reduced while preserving the high success rate.
In all the environments, AdaSubS is less sensitive to reducing the number of beams than kSubS
in terms of performance. This is the case since in AdaSubS every single generator creates fewer
subgoal candidates (see Tables 7-9), and thus it does not require a wide beam search. Therefore, by
reducing the number of beams, AdaSubS can provide strong results within a much shorter time.

In Rubik’s Cube and Sokoban, using the verifier in AdaSubS significantly reduces the number of
calls to the low-level policy. However, in INT this is not the case. In most cases when kSubS fails
to find a solution, at some point it cannot create any valid subgoal, and thus the search ends early.
AdaSubS does not suffer from this issue, since it uses more generators. Thus, it counts the calls even
from hard instances that require much larger graphs.

As shown in Table 5, if we count the calls only for the tasks solved by both methods, AdaSubS
provides an advantage. Therefore, AdaSubS indeed provides better results within a smaller compu-
tational budget compared to kSubS.

Environment Rubik’s Cube

Variant kSubS kSubS AdaSubS AdaSubS AdaSubS AdaSubS

(32 beams) (4 beams) (32 beams) (8 beams) (4 beams) (2 beams)

Success rate 98.8 97.1 99.2 99.2 99 98.5

Generator calls 6085 852 8872 2205 1244 680
Verifier calls 0 0 277 275 311 340
Policy calls 1330 1526 352 350 395 446
Value calls 259 285 163 162 181 197

Total calls 7675 2664 9666 2994 2133 1665
Wall-time 86.3 sec 49.9 sec 96.1 sec 49.2 sec 47.3 sec 37.3 sec

Table 2: Comparison of the average number of calls to the generator, verifier, policy, and value networks for
different numbers of beams (width of beam search in subgoal generation)) and the average wall time. Results
were obtained using fixed 1000 instances of Rubik’s Cube

C.1 MEMORY USAGE

AdaSubS keeps track of the search tree composed of high-level nodes. Thus, the amount of required
memory grows linearly with the search budget. However, if we use longer subgoals, the tree is
sparse because we do not store the nodes visited by the low-level policy.

Note that the BestFS baseline, which uses only low-level steps, usually requires much larger memory
because it must record every step. In practice, when evaluating the BestFS baseline in the INT
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environment, we often had problems with experiments crashing because of exceeding the memory
limit on the machine. We never observed similar issues when running AdaSubS.

Environment Sokoban

Variant kSubS kSubS kSubS AdaSubS AdaSubS AdaSubS

(16 beams) (8 beams) (4 beams) (16 beams) (8 beams) (4 beams)

Success rate 84.4 84.6 82.3 94 94 94.1

Generator calls 2500 1281 746 3389 1692 848
Verifier calls 0 0 0 211 211 212
Policy calls 4576 4693 5554 248 247 247
Value calls 183 187 216 82 82 82

Total calls 7260 6161 6301 3931 2233 1391
Wall-time 48.7 sec 36.6 sec 33.6 54.4 39.3 sec 30.6 sec

Table 3: Comparison of the average number of calls to generator, verifier, policy, and value networks for
different number of beams (width of beam search in subgoal generation)) and the average wall-time. Results
were obtained using fixed 1000 instances of Sokoban

Environment INT

Variant kSubS kSubS AdaSubS AdaSubS AdaSubS

(16 beams) (4 beams) (16 beams) (8 beams) (4 beams)

Success rate 90.7 89.7 96 96 95.3

Generator calls 107 26.0 362 166 76.3
Verifier calls 0 0 67.9 62.2 57.2
Policy calls 378 366 801 738 659
Value calls 6.9 6.6 14.0 13.0 11.9

Total calls 492 399 1245 974 805
Wall-time 15.3 sec 12.1 sec 43.8 sec 31.9 sec 31.1 sec

Table 4: Comparison of the average number of calls to generator, verifier, policy, and value networks for
different number of beams (width of beam search in subgoal generation)) and the average wall-time. Results
were obtained using fixed 1000 instances of INT problems.

Environment INT

Variant kSubS AdaSubS

Generator calls 93.4 102
Verifier calls 0 19
Policy calls 328 300
Value calls 6.2 5.6

Total calls 428 427

Table 5: Comparison of the average number of calls to generator, verifier, policy, and value networks for
problems solved by both methods for INT environment.
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D DATASETS AND DATA PROCESSING

Sokoban. To collect offline data for Sokoban we used an MCTS-based RL agent from (Miłoś et al.,
2019). In effect, the dataset consisted of all successful trajectories obtained by the agent: 154000
trajectories for 12x12 boards with four boxes. We use 15% of states from each trajectory to create
the training dataset D. We performed the split of dataset D into two parts of equal size: D1 and
D2. The former was used to train the subgoal generators and conditional low-level policy, while
the latter was used to train the verifier network. This split mitigates the possibility of the verifier’s
over-optimism concerning the probability of achieving subgoals by CLLP.

INT. We represent both states and actions as strings. For states, we used an internal INT tool for such
representation. For actions, we concatenate one token representing the axiom and the arguments for
this axiom (tokenized mathematical expressions) following (Czechowski et al., 2021).

To generate the dataset of successful trajectories we used the configurable generator of inequalities
from the INT benchmark (see (Wu et al., 2021)). We adjusted it to construct trajectories of length
15 with all available axioms. The dataset used for our experiments consisted of 2 · 106 trajectories.

Rubik’s Cube. To construct a single successful trajectory we performed 20 random permutations on
an initially solved Rubik’s Cube and took the reverse of this sequence, replacing each move with its
reverse. Using this procedure we collected 107 trajectories. Such solutions are usually sub-optimal,
since random moves are not guaranteed to increase the distance from the solution. They can even
make loops in the trajectories.

D.1 DATASET FOR VERIFIER

The verifier answers the question of whether a given subgoal is reachable by the CLLP. Thus, the
dataset for training this component cannot be simply extracted from the offline trajectories.

To get the training samples for the Rubik’s Cube and INT, we run AdaSubS without the verifier. In
other words, we set thi = 1 and tlo = 0, which essentially means that the reachability of all the
subgoal candidates is checked solely by CLLP. During the searching, the generators create subgoal
candidates, which are then verified by CLLP. Therefore, after working on some problem instances,
we obtain a reach dataset of valid and not valid subgoals, marked by CLLP.

For the experiments in Sokoban, the limitation of the size of the offline dataset is an important factor
for the final performance. Therefore, to ensure a fair comparison of AdaSubS with baselines, we do
not generate additional solutions. Instead, we split the dataset as described above into D1 and D2

and used only D2 to generate data for the verifier. From every trajectory in D2, we sample some
root states. For every such state, we use the subgoal generators to predict subgoal candidates. Then,
CLLP checks the validity of each of them and we include them in the verifier training dataset.

After collection, it is essential to balance the dataset. Easy instances with short solutions provide
fewer datapoints than hard tasks that require a deep search. Thus, it may happen that a substantial
fraction of data collected this way comes from a single instance, reducing the diversity of the dataset.
We have observed such issues, particularly in the INT environment. To prevent this, during the
collection of the data for INT, we limit the datapoints that can be collected from a single problem
instance to at most 100. This way, we collected about 5 · 106 training samples for the verifier for
each domain.
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E BASELINES

As baselines, we use BestFS and BF-kSubS.

BestFS is a well-known class of search algorithms (including A∗), which, among others, performs
well on problems with high combinatorial complexity (Pearl, 1984), achieves state-of-the-art results
in theorem proving (Polu & Sutskever, 2020), and strong results on Rubik’s Cube (Agostinelli et al.,
2019; Czechowski et al., 2021).

Similarly to AdaSubS, BestFS iteratively expands the graph of visited states by choosing nodes with
the highest value and adding its children to the priority queue. However, instead of using children
from the subgoal tree, it uses direct neighbors in the environment space. In other words, we use a
single policy network to generate neighbor subgoals in the distance of 1 action from a given node
and treat it as a new subgoal. One can implement BestFS by replacing the call to a subgoal generator
ρk in Algorithm 1 with ρBFS .

The implementation of ρBFS differs slightly between environments. In Rubik’s Cube, ρBFS for
each action estimates the probability that it leads to the solution. In every iteration, we take the top
3 predictions. In Sokoban, we use the same training objective, but instead of taking a fixed number
of actions, we take the smallest subset of actions with estimated probabilities summing to at least
98%. For INT, we use beam search to generate high-probability actions. This is necessary since in
INT the actions are represented as sequences.

Algorithm 5 BestFS

Requires: V value function network
ρBFS policy

SOLVED predicate of solution

function SOLVE(s0)
T← ∅ ▷ priority queue
parents← {}
T.PUSH((V (s0), s0))
seen.ADD(s0) ▷ seen is a set
while 0 < LEN(T) and LEN(seen) < C1 do

_, s← T.EXTRACT_MAX()
actions← ρBFS(s)
for a in actions do

s′ ← ENV_STEP(s, a)
if s′ in seen then

continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
T.PUSH((V (s′), s′))
if SOLVED(s′) then

return LL_PATH(s′, parents)
▷ get low-level path, see Alg. 4

return False

BF-kSubS is the first, according to our knowledge, general learned hierarchical planning algorithm
shown to work on complex reasoning domains (Czechowski et al., 2021), attaining strong results
on Sokoban and Rubik’s Cube and state-of-the-art results on INT. BF-kSubS is a special case of
AdaSubS with the following hyperparameters choice: a single subgoal generator and inactive verifier
(with tlo = 0 and thi = 1) in Algorithm 3).

19



Fast and Precise: Adjusting Planning Horizon with Adaptive Subgoal Search

F HYPERPARAMETERS

Environment Sokoban Rubik’s Cube INT

learning rate 10−4 3 · 10−4 3 · 10−4

learning rate warmup steps - 4000 4000
batch size 32 32 32
kernel size [3, 3] - -

weight decay 10−4 - -
dropout - 0.1 0.1

Table 6: Hyperparameters used for training.

Environment Sokoban

Method kSubS MixSubS AdaSubS (ours)

number of subgoals 4 1 1
number of beams 16 16 16
beam search temperature 1 1 1
k-generators 8 [8, 4, 2] [8, 4, 2]
number of steps to check (C2) 10 [10, 6, 4] [10, 6, 4]
max steps in solution check - 18 18
max nodes in search tree (C1) 5000 5000 5000
acceptance threshold of verifier (thi) - 0.99 0.99
rejection threshold of verifier (tlo) - 0.1 0.1

Table 7: Hyperparameters used for evaluation in the Sokoban environment.

Environment the Rubik’s Cube

Method kSubS MixSubS AdaSubS (ours)

number of subgoals 3 1 1
number of beams 32 32 32
beam search temperature 0.5 0.5 0.5
k-generators 4 [4, 3] [4, 3, 2]
number of steps to check (C2) 4 [4, 3] [4, 3, 2]
max steps in solution check - 4 4
max nodes in search tree (C1) 5000 5000 5000
acceptance threshold of verifier (thi) - 0.995 0.995
rejection threshold of verifier (tlo) - 0.0005 0.0005

Table 8: Hyperparameters used for evaluation in the Rubik’s Cube environment.

Most of the hyperparameters, both for training and evaluation, are either default or have little impact
on the performance of the algorithms. The values are in line with (Czechowski et al., 2021), which
ensures fair comparison.

The parameter C1 (see Algorithm 1) controls the number of high-level nodes in the search tree. It is
lower than the actual graph size that we use for comparisons since it counts neither the intermediate
states visited by CLLP nor the subgoals that turned out to be invalid. That hyperparameter was
chosen to enable all the algorithms evaluated to reach the graph size values used for comparison in
Figure 2 and others in Section 4.

F.1 TUNING THE HYPERPARAMETERS

The most important training hyperparameter that has to be tuned is the learning rate. To do this,
we compared the prediction accuracy for ten training runs corresponding to ten learning rates in
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Environment INT

Method kSubS MixSubS AdaSubS (ours)

number of subgoals 4 2 3
number of beams 16 16 16
beam search temperature 1 1 1
k-generators 3 [3, 2, 1] [3, 2, 1]
number of steps to check (C2) 3 [3, 2, 1] [3, 2, 1]
max steps in solution check - 5 5
max nodes in search tree (C1) 400 400 400
acceptance threshold of verifier (thi) - 1 1
rejection threshold of verifier (tlo) - 0.1 0.1

Table 9: Hyperparameters used for evaluation in the INT environment.

the range [10−5; 10−3]. We shared the training hyperparameters across all the components for each
environment, as they share the same network architecture.

In evaluation, the most important hyperparameter of AdaSubS is the set of k-generators. To select
the set for Sokoban, we started with small values of k (e.g., 1 or 2) and increased k multiplicatively,
doubling it as long as the new set of generators performed better. We used a similar procedure
in Rubik’s Cube and INT, but due to the bounds on the optimal path length (at most 26 and 15,
respectively), we increased k additively (incrementing k by one). This way, we have chosen k =
[8, 4, 2] for Sokoban, k = [4, 3, 2] for Rubik’s Cube, and k = [3, 2, 1] for INT. When evaluating a
set of generators, we also need to set the number of subgoals each generator should output. Thus,
each time we tried three different values ({1, 2, 3} for Rubik’s Cube and Sokoban, {2, 3, 4} for INT)
and used the one that resulted in the highest success rate. We ran the evaluation pipeline 15 times to
tune that parameter. The other parameters have rather minor impact on the results, and thus we did
not tune them extensively.

For kSubS, we took the values of k used in (Czechowski et al., 2021) for Rubik’s Cube and INT. For
Sokoban, we use k = 8 since it outperforms k = 4 proposed in this work.

In the case of the verifier thresholds, we want high precision and high recall (see discussion in
Section 4.5). While "loose" thresholds increase the processing speed, "tight" thresholds usually
result in higher solved rates. To solve this trade-off, we propose to set the thresholds giving roughly
99% recall for the lower threshold and 99% precision for the upper. After estimating the parameters
of the verifiers, it turned out that in the case of Sokoban, Rubik’s Cube, and INT, the thresholds
should be in the intervals [0; 0.1] and [0.9; 1]. The final values were determined by running a grid
search over five values in each interval. That required running the evaluation about 25 times. Note
that since the verifier is used to increase the processing speed, it is enough to tune the thresholds
only for the final version of the pipeline.

We train INT and Rubik’s Cube components on a single GPU for about three days. The components
for Sokoban are trained on CPUs for about a day. The evaluations in all the environments were
also performed on CPU nodes. See Appendix J for the details of the actual infrastructure used in
this project. Therefore, to properly tune the parameters, requires ten training runs on GPU and 40
evaluations on CPU nodes for each environment.
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G COMPONENTS OF ADASUBS

G.1 SUBGOAL GENERATORS

The main purpose of the subgoal generator is to propose subgoal candidates in every iteration of the
planner loop. That is, given the current state s of the environment it should output other states that
are a few steps closer to goal g.

We train a k-generator by extracting training data from successful trajectories. Let s0, s1, . . . , sn be
a trajectory that leads to the goal sn. For every state si we train the k-generator network to output
the state si+k, exactly k steps ahead. Provided with a dataset of trajectories, this is a supervised
objective. Clearly, a state that is k steps ahead does not need to be exactly k steps closer to the
solution, especially if the trajectories include noise or exploration. However, it is guaranteed to be
at most k steps closer, which enables reliable limits to be set for checking reachability.

In a simple approach, k is a hyperparameter that needs to be fixed, as proposed by (Czechowski
et al., 2021). However, this is a strong limitation if the environment exhibits a variable complex-
ity problem. Therefore, AdaSubS instead uses a set of generators, trained for different values of
k. This way, the planner can adjust the expansion to match the local complexity of the problem.
Additionally, training a set of generators can be easily parallelized.

For our generators, we use the transformer architecture. The input state is encoded as a sequence
of tokens, as described in (Czechowski et al., 2021, Appendix C). The network produces another
sequence of tokens on the output, which is then decoded to a subgoal state. The output sequence
is optimized for the highest joint probability with beam search: the consecutive tokens are sampled
iteratively and a fixed number of locally best sequences passes to the next iteration. This way, the
generator enables sampling of a diverse set of subgoals by adjusting the beam width and sampling
temperature. The exact number of the subgoals that the generators output are given in Appendix F.

As noted in Section 3.1, for the Sokoban environment instead of transformers we use simple con-
volutional networks. In this domain, the subgoal is created by a sequence of changes to the input
state. The generator network is trained to predict the probability of changing every pixel. Then, the
subgoals are obtained as a sequence of modifications that maximize joint probability. For simplicity,
in AdaSubS we use beam search for all domains, including Sokoban.

During the inference, the generators output a limited set of subgoals to explore. Thus, if the genera-
tors are not trained well enough, even with an infinite computational budget, the search may fail to
find a solution to the given problem, even if one exists. However, with a slight modification, Ada-
SubS can be guaranteed to find a solution to any given problem (or correctly report that the solution
does not exist). We achieve that by adding an exhaustive single-step policy as the last generator. It
would populate an empty queue with all children of the highest valued but not yet expanded node.
Note that such a modification never decreases the score since the dummy generator is only used
when a search is about to fail. In practice, this type of modification is not necessary to obtain strong
results.

G.2 CONDITIONAL LOW-LEVEL POLICY (CLLP)

If we want to add a subgoal candidate to our search tree, we need to check whether it is reachable
from the current state. This can be done using CLLP – a mapping that given a state and a subgoal
produces a sequence of actions that connects those configurations, or claims that there is no such
configuration. Specifically, the policy network, given the state and subgoal, iteratively selects the
best action and executes it until the subgoal is reached or a threshold number of steps is exceeded,
as shown in Algorithm 2.

CLLP is trained to imitate the policy that collected the training data. For every pair of states si, sj
that are located at most d steps from each other, it is trained to predict action ai, taken in state si.
Such action may not be optimal but usually it leads closer to sj . The threshold d controls the range
of the policy, as it is trained to connect states that are at most d steps away. Thus, it is essential to
set the hyperparameter d to a value that is greater than the distances of all the generators used.
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It is essential that the policy can successfully reach the correct subgoals, as it is a necessary condition
for adding them to the search tree. The training metrics show that in all our environments the policy
can reach more than 95% of correct subgoals. This percentage is even higher for short distances.

G.3 VERIFIER

To check whether a k-subgoal is reachable with the conditional policy, we need to call it up to k
times. If we decide to use generators with long horizons, it becomes a significant computational
cost. To mitigate this issue, we use the verifier that estimates the validity of a subgoal candidate
in a single call. During the search, the generated subgoal candidates are evaluated by the verifier.
For each of them, it estimates whether they are valid and outputs its confidence. If the returned
confidence exceeds a fixed threshold, we do not run the costly check with the conditional policy. We
perform such a check only in case the verifier is uncertain (see Algorithm 3).

At the end of the search, when a solving trajectory is found, we need to find the paths between all
the pairs of consecutive subgoals that were omitted due to the verifier (see Algorithm 4). Since the
length of the final trajectory is usually much smaller than the search tree, that final check requires
much less computations.

It should be noted that the verifier estimates validity with respect to the conditional policy that is
used. In case a valid subgoal is generated but the policy cannot reach it for some reason, it cannot be
used to build the search tree anyway, for no solution that uses it can be generated in the final phase.
Thus, the verifier should be trained to predict whether the CLLP that is used can reach the subgoal,
rather than whether it is reachable by an optimal policy.

To train the verifier, we run our pipeline on some problem instances. All the subgoals created by
the generators are validated with CLLP. This way, eventually we obtain a dataset of reachable and
unreachable subgoal candidates. We train the verifier network to fit that data. Unlike the other
components, training the verifier does not require access to any trajectories, only to a number of
problem instances.

G.4 VALUE FUNCTION.

The value function V : S → R estimates the negative distance between the current state s and
the goal state g. During the search, this information is used to select the most promising nodes to
expand. For every trajectory s0, . . . , sn in the dataset it is trained to output i−n given si. We opted
for a simple training objective but any value function can be used in the algorithm.

G.5 QUALITY OF ADASUBS COMPONENTS

Figure 4: Comparison of success rates
for different subgoal generators for
Sokoban. AdaSubS-k describes using a
single generator with distance k.

The effectiveness of AdaSubS depends on the quality of
its trainable components: below we present an analysis of
generators and verifiers.

Generator: k trade-off. The quality of generators dete-
riorates when k is increased. In Sokoban, nearly 90%
of subgoals created with the 4-generator are valid (ac-
cording to CLLP). However at the same time for the 16-
generator, this figure drops to 50%. Similarly, in Rubik’s
Cube, about 82% of subgoals proposed by the 4-generator
are valid, while the 3-generator has over 99% accuracy.
On the other hand, longer distances are beneficial to the
search as they make it possible to build sparser search
trees and achieve a solution faster. It turns out that the
optimal choice of k depends on the search budget. It pays
to be optimistic (i.e., choose long distances) for small
budgets, while more prudent choices have the upper hand
when more compute is available. Crucially, AdaSubS with multiple generators successfully resolves
the trade-off, outperforming every single generator, see Figure 4.
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Verifier: precision and recall For each subgoal, the verifier outputs a classification probability p,
which is used to accept the subgoal (if p > thi), reject the subgoal (if p < tlo) or to pass to the
further verification (if p ∈ [tlo, thi]) by CLLP. For the acceptance task, we require high precision, as
one false positive can lead to the failure of the whole search procedure. This leads to a high value
for the corresponding parameter thi (e.g. for Sokoban thi = 0.99, which corresponds to a precision
rate of 97%). For the rejection task, we do not wish to reject true positives. In other words, we aim
for high recall. In this case, errors usually increase the search cost; the corresponding parameter tlo
is set to tlo = 0.1 for Sokoban (this gives the recall of 99%). Additionally, for the verifier to be
useful, we need to avoid passing subgoals to the further verification p ∈ [tlo, thi]. It turns out that
for the thresholds selected, the verifier is able to assess 70% states without the assistance of CLLP.

G.6 ADAPTIVE SUBGOAL SEARCH FLOWCHART
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H DEVELOPING ADAPTIVE SEARCH METHODS

There are many natural ways to incorporate adaptivity into the subgoal search pipeline. We exper-
imented with several designs to find one that gives strong results in any domain. Here we provide
a detailed description of all the variants tested and the numerical results of their evaluation in our
environments. Their implementations can be found in Section H.2.

An adaptive algorithm should adjust the complexity of the proposed subgoals to the local complexity
of the environment in the neighbourhood of the processed state. This can be realized using the
following two approaches:

• Use an adaptive planner that provides a list of k-generators, the most promising node in
every step selects and a generator to expand it.

• Use an adaptive subgoal generator that instead of proposing fixed-distance subgoals learns
to automatically adjust the distance.

H.1 ADAPTIVE PLANNERS

When implementing adaptivity with the planner, we need to specify a list of k-generators
ρk0

, . . . , ρkm
. In every iteration, the algorithm will select a node to expand and generators from

the list that will create the new subgoals. This way, it can directly control the complexity of the
subgoals and adapt to the current state and progress of the search.

MixSubS. Given a list of trained k-generators, a simple approach is to call all of them each time a
node is expanded. In every iteration, we choose the node with the highest value in the tree and add
subgoals proposed by each generator ρk0

to ρkm
. See Algorithm 6 for the implementation.

Observe that in the easy areas of the environment the search will progress fast, since the furthest
subgoal will most likely have the highest value, so it will be chosen as the next node to expand.
On the other hand, in the hard parts the shortest generators are more likely to provide subgoals that
advance towards the target at least a step.

This method already achieve superior results compared to single generators, both on small and large
budget. In the Rubik environment, it even reaches 100% solved cubes. MixSubS provides the
advantage of planning with different horizons, but at the same time, it produces many unnecessary
nodes in the easy areas, while taking only long steps is sufficient to solve the task. Additionally, one
may want to prioritize the generators that perform better, which cannot be done with this method.

Iterative mixing. In this approach, we specify a number of iterations li for each generator ρki
. We

use ρk0
to expand the highest-valued nodes in the first l0 iterations. Then, we use ρk1

to expand
the best nodes in the following l1 iterations and the procedure follows for the consecutive genera-
tors. After finishing with the last one, we start again from the beginning. See Algorithm 7 for the
implementation.

This algorithm offers the flexibility of specifying the exact number of iterations for each genera-
tor, which forms an explicit prioritization. It can resemble some of the listed algorithms for care-
fully chosen li. However, tuning the number of iterations requires much more effort than the other
parameter-free algorithms do. Therefore, we experimented with another two mixing approaches that
select the generator automatically in every iteration.

Strongest-first. Another natural implementation of the planner is to choose the node with the high-
est value and expand it with the longest generator that was not used there yet. See Algorithm 8 for
the implementation. While this greedy approach maintain clear advantage over single generators, it
is outperformed by most of the mixing methods, even the simple mixes. We hypothesize that this
method is more sensitive to the errors of the value function – if the search enters an area that the
value function estimates too optimistically, it spends too much time trying to exploit it.

Longest-first (used by AdaSubS). This method in every iteration selects the longest generator that
has at least one node to expand and highest-valued node for that generator in the queue. This way,
it explicitly prioritizes using the longest generators and turns to the shorter only when the search
is stuck. See Algorithm 9 for the implementation. As shown in the tables below, this method
outperforms all other designs, in all the environments and within all budget constraints. It prioritizes
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the better generators, but does not require any additional hyperparameters to by specified. Therefore,
we consider it the best mixing algorithm and use in AdaSubS as the default planner.

H.2 ADAPTIVE PLANNERS IMPLEMENTATIONS

In this section we provide the implementations of the planners. The lines highlighted in blue indicate
the differences with the AdaSubS code. All the methods require specifying the list of generators
ρk0

, . . . , ρkm
. The Iterative mixing planner additionally requires a list of iterations l0, . . . , lm.

Algorithm 6 MixSubS

function SOLVE(s0)
T← ∅ ▷ priority queue
parents← {}
T.PUSH((V (s0), s0))
seen.ADD(s0)
while 0 < LEN(T) and LEN(seen) < C1 do

_, s← T.EXTRACT_MAX()
subgoals← {ρk1

(s), . . . , ρkm(s)}
for s′ in subgoals do

if s′ in seen then continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
T.PUSH((V (s′), s′))
if SOLVED(s′) then

return LL_PATH(s′, parents)

return False

Algorithm 7 Iterative mixing

function SOLVE(s0)
Tki ← ∅ ▷ m+ 1 priority queues
parents← {}
for k in k0, . . . , km do

Tk.PUSH((V (s0), s0))

seen.ADD(s0)
cnt← 0 ▷ Iterations counter
id← 0 ▷ Current generator id
while 0 < LEN(T) and LEN(seen) < C1 do

if cnt = lid or LEN(Tkid) = 0 then
id← (id+ 1)%(m+ 1), cnt← 0

cnt← cnt+ 1
_, s← Tkid .EXTRACT_MAX()
subgoals← ρkid(s)
for s′ in subgoals do

if s′ in seen then continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
for k in k0, . . . , km do

Tk.PUSH((V (s′), s′))

if SOLVED(s′) then
return LL_PATH(s′, parents)

return False

Algorithm 8 Strongest-first

function SOLVE(s0)
T← ∅ ▷ priority queue with lexicographic order
parents← {}
for k in k0, . . . , km do

T.PUSH(((V (s0), k), s0))

seen.ADD(s0)
while 0 < LEN(T) and LEN(seen) < C1 do

(_, k), s← T.EXTRACT_MAX()
subgoals← ρk(s)
for s′ in subgoals do

if s′ in seen then continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
for k in k0, . . . , km do

T.PUSH(((V (s′), k), s′))

if SOLVED(s′) then
return LL_PATH(s′, parents)

return False

Algorithm 9 Longest-first

function SOLVE(s0)
T← ∅ ▷ priority queue with lexicographic order
parents← {}
for k in k0, . . . , km do

T.PUSH(((k, V (s0)), s0))

seen.ADD(s0)
while 0 < LEN(T) and LEN(seen) < C1 do

(k, _), s← T.EXTRACT_MAX()
subgoals← ρk(s)
for s′ in subgoals do

if s′ in seen then continue
if not IS_VALID(s, s′) then

continue
seen.ADD(s′)
parents[s′]← s
for k in k0, . . . , km do

T.PUSH(((k, V (s′)), s′))

if SOLVED(s′) then
return LL_PATH(s′, parents)

return False
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H.3 ADAPTIVE GENERATORS

A k-generator is trained to propose subgoals that should be exactly k steps ahead. However, instead
of matching a fixed distance, it can opt for long subgoals when the next steps are clear and short
when difficulties appear, or both if it is not certain.

Implementing this idea requires changing the training of the generator. Given a training trajectory,
for each state si we need to select the target state st(i) that should be the output of the generator. We
tested a few methods that select this target.

Longest-reachable We use the low-level conditional policy to estimate the local complexity around
si. Specifically, we choose st(i) to be the furthest state on the trajectory such that it is reachable from
si with the CLLP and so do all its predecessors. In other words, we check whether CLLP starting
in si can reach si+1, si+2, etc. When we find the first state sj that is not reachable, we set t(i) to be
j − 1.

Intuitively, this approach makes the generator learn to output subgoals as distant as possible, but
still reachable for CLLP. However, this way the targets are selected on the borderline of reachability,
which may lead to too hard subgoals in some cases.

Sampling-reachable To make target state selection more robust, we modify reachability verifica-
tion. Instead of greedily following the best action determined by CLLP probabilities, in every step
we sample the action. This way, we are more likely to take suboptimal actions, so the selected target
should be reachable with higher confidence.

Secondary-reachable Another method of making more robust selection is to follow the action with
the lowest probability that exceeds a fixed threshold, e.g. 25%. Intuitively, we follow the action that
CLLP considers to be good, but is less certain than in the case of the highest-ranked. Therefore, a
subgoal reached in this way should be reachable with even higher confidence when following the
greedy actions.

Our experiments show that the adaptive generators trained according to those designs perform well
in the environments we consider. For instance, all the methods nearly reach a 90% solve rate on
Sokoban. However, none of them provide better results than the kSubS baseline. Therefore in this
work we focus on planner-based adaptivity and leave tuning the adaptive generators pipeline for
future work.

H.4 BENCHMARKING RESULTS

Tables 10-12 show the numerical results achieved by the adaptive planners described in section H.1,
compared to baselines: BestFS and kSubS. For some of the methods a few variants are provided.
In each table, the longest-first, strongest-first and iterative mixing methods use the same set of
generators: [3, 2, 1] for INT, [4, 3, 2] for Rubik, and [8, 4, 2] for Sokoban. Our main algorithm,
Adaptive Subgoal Search, uses the longest-first planner and the verifier network.
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INT

Small budget (50 nodes) Large budget (1000 nodes)

with verifier without with verifier without

BestFS - 1.7% - 36.7%

kSubS

k=4 2.2% 0.1% 82.4% 83.0%
k=3 4.0% 0.2% 89.6% 90.7%
k=2 2.1% 0.5% 89.8% 91.7%
k=1 0.0% 0.0% 34.7% 46.0%

MixSubS
k=[4,3,2] 0.0% 0.0% 94.6% 95.0%
k=[3,2,1] 0.0% 0.0% 92.2% 92.9%
k=[3,2] 17.0% 14.8% 92.2% 93.5%

Iterative mixing
iterations=[1,1,1] 32.0% 30.1% 87.0% 88.6%
iterations=[10,1,1] 43.0% 44.8% 95.1% 96.0%
iterations=[4,2,1] 54.0% 52.1% 93.6% 95.5%

Strongest-first 39.5% 40.8% 88.5% 89.8%

Longest-first (AdaSubS) 59.0% 51.5% 95.7% 95.5%

Table 10: INT benchmark

Rubik

Small budget (400 nodes) Large budget (6000 nodes)

with verifier without with verifier without

BestFS - 0.0% - 1.8%

kSubS

k=4 28.8% 24.5% 98.6% 98.8%
k=3 19.3% 18.6% 95.6% 95.4%
k=2 8.2% 4.5% 99.0% 95.8%
k=1 0.5% 0.5% 76.5% 76.5%

MixSubS
k=[4,3,2] 29.1% 20.9% 99.1% 100.0%
k=[4,3] 49.1% 45.1% 99.2% 100.0%

Iterative mixing
iterations=[1,1,1] 33.5% 23.0% 99.2% 100.0%
iterations=[10,1,1] 50.6% 43.6% 99.1% 99.9%
iterations=[4,2,1] 48.4% 41.2% 99.2% 100.0%

Strongest-first 33.4% 27.1% 99.0% 99.9%

Longest-first (AdaSubS) 58.0% 52.4% 99.2% 100.0%

Table 11: Rubik benchmark
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Sokoban

Small budget (100 nodes) Large budget (5000 nodes)

with verifier without with verifier without

BestFS - 45.9% - 82.6%

kSubS

k=16 13.7% 5.1% 60.5% 63.5%
k=8 26.0% 4.7% 85.6% 84.4%
k=4 8.2% 2.6% 68.1% 65.5%
k=2 1.4% 0.7% 40.0% 38.3%

MixSubS
k=[8,4,2] 52.7% 37.7% 91.7% 90.2%
k=[16,8,4] 55.6% 44.9% 89.1% 89.0%

Iterative mixing
iterations=[1,1,1] 52.7% 37.7% 91.7% 90.2%
iterations=[10,1,1] 68.3% 58.6% 92.5% 92.1%
iterations=[4,2,1] 64.5% 52.6% 93.5% 93.2%

Strongest-first 54.6% 41.9% 92.0% 90.8%

Longest-first (AdaSubS) 72.2% 63.4% 93.4% 93.6%

Table 12: Sokoban benchmark
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I OPTIMALITY OF SOLUTIONS FOR SOKOBAN

We did an additional experiment for Sokoban: we used simple BFS to find the optimal path, and
we compared its length with the outcome of AdaSubS. The results are as follows (tested on 600
Sokoban boards):

• For 7% of boards, AdaSubS found the optimal solution.

• The average difference between the length of the AdaSubS solution and the optimal solu-
tion is 15 steps.

• On average, the AdaSubS solution is 38% longer than the optimal one.
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J INFRASTRUCTURE USED

We performed experiments using two types of hardware: with and without access to GPUs. In the
former, we used nodes equipped with a single Nvidia V100 32GB card or Nvidia RTX 2080Ti 11GB
card. Each such node had 4 CPU cores and 168GB of RAM. In the latter, we used nodes equipped
with Intel Xeon E5-2697 2.60GHz CPU with 28 cores and 128GB RAM.

Each transformer model was trained on a single GPU node for 3 days. Sokoban models were trained
on CPU nodes (due to the small size of the models).
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K OUT-OF-DISTRIBUTION ANALYSIS

In Rubik’s Cube, we trained the generators on very short trajectories, obtained by applying only 10
random moves to the ordered cube (that covers about 7 · 109 configurations, compared to 4 · 1019

in total). Even with such limited data, AdaSubS succeeded in solving 99% of the fully scrambled
cubes we tested.

In Sokoban, we check that AdaSubS trained on boards with 4 boxes can tackle instances with 5, 6,
and 7 boxes. Specifically, it solves 87%, 82%, and 74% of cases, respectively, while kSubS only
solves 74%, 67%, and 56%, respectively. The results are presented in Figure 5. Note that exactly
like in the case of INT, AdaSubS consistently has half the failure rate of that of kSubS on OOD
instances.

Figure 5: Out-of-distribution performance of AdaSubS and kSubS for Sokoban boards with more boxes, with

budget of 5000 nodes. Both methods were trained on instances with 4 boxes. Error bars correspond to 95%
confidence intervals.
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Abstract: A key limitation of learned robot control policies is their inability to

generalize outside their training data. Recent works on vision-language-action mod-

els (VLAs) have shown that the use of large, internet pre-trained vision-language

models as the backbone of learned robot policies can substantially improve their

robustness and generalization ability. Yet, one of the most exciting capabilities of

large vision-language models in other domains is their ability to reason iteratively

through complex problems. Can that same capability be brought into robotics

to allow policies to improve performance by reasoning about a given task before

acting? Naive use of “chain-of-thought” (CoT) style prompting is significantly less

effective with standard VLAs because of the relatively simple training examples

that are available to them. Additionally, the purely-semantic reasoning about sub-

tasks common to regular CoT is insufficient for robot policies that need to ground

their reasoning in sensory observations and the robot state. To this end, we intro-

duce Embodied Chain-of-Thought Reasoning (ECoT) for VLAs, in which we train

VLAs to perform multiple steps of reasoning about plans, sub-tasks, motions, and

visually grounded features like object bounding boxes and end effector positions,

before predicting the robot action. We design a scalable pipeline for generating

synthetic training data for ECoT on large robot datasets. We demonstrate that ECoT

increases the absolute success rate of OpenVLA, the current strongest open-source

VLA policy, by 28% across challenging generalization tasks without any additional

robot training data. Additionally, ECoT makes it easier for humans to interpret

a policy’s failures and correct its behavior interactively using natural language.

Finally, we show that our model learns to transfer ECoT reasonings to unseen

embodiments and tasks.

Keywords: Vision-Language-Action Models, Embodied Chain-of-Thought Rea-

soning

1 Introduction

Robotic policies trained end-to-end for outputting raw low-level actions in response to sensory

observations provide a powerful and appealing learning-based approach to robotic control, obviating

the need for complex sensing and control stacks, and processing complex observations into dexterous

low-level controls [1, 2, 3]. However, this kind of “reactive” control is not necessarily the best choice

in settings that demand broad generalization, such as novel scenes or interactions with unfamiliar

objects. In such situations, a person might need to think more carefully – if they were asked to put

fruit on one plate and vegetables on another, they might first try to figure out which objects are fruits

and which are vegetables, rather than simply performing a learned skill from “muscle memory.” In the

same way, we would like our robotic policies to both perform well-practiced end-to-end control, and

to “reason through” novel situations before grounding their commands into actions. Such reasoning

∗Equal contribution, correspondence at m.zawalski@uw.edu.pl and verityw@berkeley.edu.



might include identifying and locating task relevant objects, producing a plan to accomplish a task,

and translating sub-tasks and observations into movements.

Vision-language-action models (VLAs) – pre-trained vision-language models (VLMs) fine-tuned

to produce robot actions – have gained popularity as an approach for leveraging the diversity of

Internet data captured within large foundation models [4] in a simple and scalable policy learning

recipe. Despite achieving state-of-the-art performance across a wide range of tasks and robot

embodiments [5, 6, 7], VLAs typically learn a direct mapping from observations to actions without any

intermediate reasoning. However, there have been many recent works exploring how language models

(which serve as the backbone of VLAs) can be prompted to textually “think step-by-step” about a

given task. Such chain-of-thought reasoning (CoT) [8] significantly improves their performance on

complex reasoning tasks and is now de-facto a standard practice in language modeling [9].

Regular VLA Policy

User: Clean the sink.

OpenVLA:

[ x, , Grip] = …Δ Δθ Δ

Chain-of-Thought

User: Clean the sink.

CoT OpenVLA:

[ x, , Grip] = …Δ Δθ Δ

VLA w/ Embodied

CoT OpenVLA:

Object bounding boxes:

Gripper position:

CoT OpenVLA:

Task Plan: 1. …, 2. …

Next Task: pick up carrot

Next Move: move right

Figure 1: We propose embodied chain-of-
thought reasoning for vision-language-action mod-
els (VLAs): prior VLAs directly predict the next
robot action given the task (left), we instead train
VLA policies to think “step-by-step” (right). Cru-
cially, reasoning through low-level visual and em-
bodied features like object bounding boxes and
gripper positions in addition to purely textual CoT
elements like sub-task plans, forces the policy to
“think carefully” and “look carefully” before act-
ing. Embodied CoT reasoning increases the ab-
solute success rate of state-of-the-art OpenVLA
policies [7] by 28% in challenging generalization
tasks.

We thus hypothesize that we can similarly boost

VLA performance by training them to textually

reason about their plan, environment, and mo-

tions, thereby allowing them to produce more

accurate and robust robot actions. However, sim-

ply applying the CoT techniques from language

modeling to the robotics domain faces several

challenges. For one, current VLAs build on rel-

atively small, open-source VLMs that cannot

match closed models in their ability to perform

meaningful reasoning when simply prompted to

think step-by-step [8]. Additionally, the most

common CoT reasoning in language models,

breaking tasks into sub-tasks, albeit helpful, is

insufficient for reasoning about robotic tasks.

The VLA policy needs to ground its plans and

reasoning in its observations of the environment

and robot state. Only then can the reasoning

direct the agent’s attention toward fine-grained

spatial or semantic perceptual features that are

key for solving robot manipulation tasks. Put

simply, we need VLAs to not only “think care-

fully”, but also “look carefully.”

To this end, we introduce Embodied Chain-of-

Thought Reasoning (ECoT) for VLA policies.

In contrast to prior VLAs, embodied chain-of-

thought policies perform multiple steps of tex-

tual reasoning before predicting the next robot

action (see Fig. 1, right). In contrast to existing

CoT reasoning approaches for language models,

they interleave semantic-level reasoning about

sub-tasks with “embodied” reasoning tasks that

require the policy to pay attention to its multi-modal inputs, from predicting bounding boxes of objects

in the scene to reasoning about low-level movement primitives that need to be executed based on the

current robot state. To enable the relatively weak LLM backbones of open-source VLAs to perform

such reasoning effectively, we design a scalable pipeline for synthetically generating embodied CoT

training data for large robot datasets. Concretely, we use powerful pre-trained open-vocabulary object

detectors and large language models to generate the reasoning supervision for our policies.

Our experiments show that by training state-of-the-art VLAs to perform multiple steps of reasoning

before action prediction, we can substantially boost their ability to perform challenging generalization

tasks. Our approach increases the absolute success rate of OpenVLA [7], the current best-performing

open-source VLA policy, by 28% across a suite of robot manipulation tasks that involve generalization
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to new objects, scenes, viewpoints, and instructions without any additional robot training data. Beyond

raw performance improvements, our experiments show that training VLAs with embodied CoT makes

policy failures more interpretable and allows humans to easily correct policy behavior by modifying

faulty reasoning chains via natural language feedback.

2 Related Work

Scaling robot learning. A long-standing goal of robot learning is to train policies that can gen-

eralize to a wide range of unstructured real-world environments. Towards this goal, recent works

have explored training “generalist robot policies” [10, 11, 12, 13, 14, 15, 16, 17] on diverse robot

datasets [18, 19, 10, 20, 21, 22, 23, 13, 14, 24, 15, 25, 6]. As a result of their diverse robot training

datasets, many of these policies can be prompted in natural language to solve various manipula-

tion tasks, and some generalist policies can even control multiple robot embodiments [16, 26, 6].

Importantly, these works demonstrate that training robot policies on large and diverse datasets is a

promising approach towards improving policy robustness and generalization ability.

Vision-language models for robot generalization. In a push towards generalization far beyond what

is observed in robot datasets, the recent development of strong, open-source vision-language models

that learn visuo-linguistic representations [27, 28], generate images from text [29], or generate text

in response to images and prompts [30, 31, 32, 33, 34] have resulted in a large number of works

that explore the integration of such models into robot learning pipelines, e.g., to generate goals [35],

to provide reward signals [36, 37, 38], or to learn visual state representations [39, 40, 41]. Since

collection of the aforementioned large-scale robot datasets is challenging, using models pre-trained

on Internet-scale data is an appealing alternate path towards robust robot policies that can act in a

variety of unstructured real-world environments. Most relevant to our work are recent approaches

for integrating pre-trained vision-language models into learned robot policies. While some works

use strong structural priors in their policies to enable this integration [42, 43, 44], vision-language-

action models (VLAs) have recently been proposed as a simple yet scalable alternative [5, 6, 7],

achieving state-of-the-art performance for generalist robot policies [7] and showing impressive levels

of generalization to new objects and scenes. However, existing VLAs do not sufficiently leverage

some of the most appealing properties of the underlying language and vision-language models,

specifically their ability to reason through the steps required to solve a given task.

Reasoning for language and control. Such step-by-step reasoning is a key ingredient for the

ability of large language models (LLMs) to solve a wide range of complex tasks. Prompting LLMs

(directly [45] or with in-context examples [8]) to “think step-by-step” about the problem before

formulating an answer can significantly improve their performance, with such chain-of-thought

reasoning techniques becoming standard practice in language modeling and (vision-)language model

training [9, 46]. A number of works have explored similar techniques in the context of high-level

task planning for robotics [47, 48, 49, 50, 51, 52, 53]. These approaches use pre-trained or fine-tuned

LLMs to decompose tasks into high-level sub-tasks, but rely on pre-trained low-level policies to

execute them. However, we argue that (1) careful reasoning can be beneficial for both high-level

sub-task reasoning and during low-level control and (2) all such levels of reasoning should be strongly

grounded in visual observations of the scene and the agent’s state. Thus, in contrast to these prior

works and language-only CoT, our approach trains a VLA policy to autoregressively generate CoTs

(for high- and low-level reasoning) and actions given input instructions and observations, ensuring that

both are firmly grounded in the agent’s environment. We empirically confirm that such a formulation

is critical to effectively leveraging (V)LM reasoning capabilities for control.

3 Preliminaries: Vision-Language-Action Models

“Put eggplant
DinoV2 SigLIP

Llama Tokenizer

“What should the robot do to {task}? A:”

OpenVLA

Llama 2 7B

Action De-Tokenizer

in bowl”

MLP Projector

xΔ

Δθ

GripΔ

7D Robot
ActionInput Image

Language Instruction

2

3

1

Figure 2: The OpenVLA model. Reproduced with permission
from Kim et al. [7].

Our work leverages VLAs as the

backbone for our embodied chain-of-

thought policies. VLAs use a simple

policy learning recipe: starting from

a pre-trained vision-language model,

they directly finetune the model to au-

toregressively predict the next robot
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ACTION: 

[Δx, Δ𝜃, ΔGrip] = …

USER: "Put the 

watermelon on the towel”

TASK:

Place the 

watermelon on the 

towel

PLAN:

1. Move to watermelon

2. Firmly grasp it

3. Move to towel

4. Place watermelon on 

towel

SUBTASK: 

Move to the watermelon

SUBTASK REASONING: 

The watermelon is the first 

object the robot needs to 

interact with. The robot is not 

yet close to the watermelon, 

so the robot needs to move 

closer

Input Generated Embodied Chain-of-Thought Robot Action

MOVE:

Move backward

MOVE REASONING: 

The watermelon is 

behind the robot, so it 

needs to move 

backward

GRIPPER 

POS:

[156, 55]

VISIBLE OBJECTS:

Watermelon

[126, 146, 141, 125],

Towel [20, 59, 218, 198],

Spoon [114, 93, 141, 125]

…

Figure 3: Steps of our embodied chain-of-thought reasoning. We interleave several intermediate reasoning steps
into the mapping from inputs to robot actions. Green: “standard” linguistic chain-of-thought steps that break a
given instruction into the required sub-tasks. Purple: Embodied chain-of-thought steps that require grounding
the policy’s reasoning in the scene and robot state. Our experiments show that these grounded reasoning steps
are key to improving policy performance with chain-of-thought reasoning.

action a given the current image ob-

servation I and task instruction T . To

enable this, the continuous robot ac-

tions are typically converted to discrete action tokens Ta in the vocabulary of the vision-language

model via a per-dimension action discretization scheme that assigns each continuous value to one of

256 bins [5, 7].

In this work, we use the recently released OpenVLA model [7] (see Fig. 2), since it achieves state-

of-the-art performance and is fully open-source. The model builds on the Prismatic VLM [34] and

consists of a fused visual encoder that combines pre-trained SigLIP [54] and/or DinoV2 [55] features

and a Llama 2 7B [56] LLM backbone. During training, input images are encoded into visual token

embeddings using the pre-trained vision encoders, the task instruction is mapped to task tokens using

Llama 2’s text tokenizer, and the model is trained to map these inputs to the target action tokens.

Next, we will discuss how we can improve upon this conventional VLA training recipe by enabling

the VLA to reason through the task at hand before deciding which action to take.

4 Embodied Chain-of-Thought Reasoning for Visuomotor Policies

In this section, we discuss our approach for training VLAs to perform embodied chain-of-thought

reasoning about plans, sub-tasks, motions, and visual features before predicting the next robot

action (see Fig. 1). Unlike many proprietary large language models, the relatively small LLM

backbones used in current VLAs struggle to perform involved reasoning when simply prompted to

think step-by-step [8]. Instead, we propose to explicitly train VLA models to perform embodied

CoT reasoning. Concretely, we label data from existing robot datasets post-hoc with reasoning

chains filled with features extracted from various pre-trained models and use the resulting dataset

of observation-reasoning-action tuples for training. In practice, we ensure that all elements of the

generated reasoning data can be represented as strings, such that we can use the Llama 2 text tokenizer

to translate them into reasoning tokens. Then, we can simply train the VLA to autoregressively

predict these tokens, directly followed by action tokens.

While this approach is conceptually simple, its implementation requires answering multiple key

questions: (1) Which reasoning steps are suitable for guiding policies in solving embodied robot

manipulation tasks (Fig. 3)? (2) How can we generate training data for these reasoning steps at scale

on existing robot datasets (Section 4.2)? Another practical consideration arises after training, while

using ECoT policies for robot control: carefully reasoning through each action can significantly slow

down policy inference. We discuss solutions to these problems in the following sections.

4.1 Designing Embodied Chain-of-Thought Reasoning Steps

Our goals when designing the steps of our embodied chain-of-thought reasoning chains are twofold:

encourage the model to (A) reason through the required high-level steps of the task at hand and

determine which step needs to be executed next, and (B) increasingly ground this reasoning in

lower-level features of the scene and robot state before predicting the robot action.
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Prismatic-VLM

Grounding DINO OWL + SAM

Proprio à Primitives

{right, down, down,  …}

Proprio 1: [Δx, Δ𝜃, ΔGrip]

Gemini LLM ♊

Explain the plan, subtask, and 
movement for each step, given:

Task Moves

black robotic arm

Desc.

This scene has a watermelon, 

spoon, towel, and mushroom.

1. Describe scene

2. Extract bounding boxes 4. Compute gripper position

Please describe the scene.

3. Compute motion primitives 5. Generate plans + subtasks

Plan: Go to watermelon, grasp, go 
to towel, release

Subtasks:

1. The robot needs to grasp the 
watermelon, so first must move to it

2. The robot is at the watermelon, so 
it can now grasp it

3. …

Moves:

1. The watermelon is right of the 
robot, so it must move <right>

2. The watermelon is below the 
robot, so it must move <down>

3. …

Put the watermelon on the towel

Proprio 1: [Δx, Δ𝜃, ΔGrip]

Robot Trajectory from Dataset

Task Instruction

State Info

Observations

Figure 4: Our pipeline for generating synthetic embodied chain-of-thought data at scale for a given robot
dataset. We use a Prismatic VLM [34] to create a scene description (1), and Grounding Dino [28] to detect
bounding boxes for all objects (2). We then compute templated motion primitives from the low-level robot states
(3) and the robot gripper position using OWLv2 [57] and SAM [58] (4). Finally, all information is passed to a
large Gemini language model [59] to create the synthetic reasoning chain (5).

We visualize the ECoT reasoning steps that we train the VLA to perform for an example task in

Fig. 3. From left to right, the model is trained to first rephrase the task instruction (TASK) and

predict a high-level plan of steps for achieving the instructed task (PLAN). Next, it reasons through

which of the sub-tasks should be executed at the present step (SUBTASK), a task which requires

understanding the current state of the scene and robot. Then, the model predicts an even lower-level

language command like “move left” or “move up” (MOVE) that is closely related to the low-level

actions the robot needs to execute. Finally, we ask the model to predict precise, spatially grounded

features that describe the scene and thus force the model to pay close attention to all elements of the

input image– specifically, the pixel position of the robot end effector (GRIPPER) and the names and

bounding box pixel coordinates of all objects in the scene (OBJECTS).

While we believe that our choice of reasoning tasks and their order is well-aligned with our intuition

for a sensible step-by-step solution to the task, we by no means exhaustively explored all possible

reasoning tasks. Testing alternative tasks and task orderings, and finding ways to automatically

determine sensible reasoning chains are important directions for future work.

4.2 Generating Embodied Chain-of-Thought Data at Scale

The gold standard for obtaining high-quality reasoning chains are direct human annotations. However,

this approach is impractical for large robot learning datasets [6], which consist of millions of individual

transitions. Thus, we instead propose to leverage pre-trained vision and/or language foundation

models to automatically generate ECoT training data, akin to synthetic data generation in NLP [60].

We provide an overview of our data generation pipeline in Fig. 4. For a given image-instruction pair,

we first prompt a Prismatic-7B VLM [34] to generate a detailed description of the scene. We then

concatenate the original instruction and this generated description and input the resulting string into

Grounding DINO [28], an open-vocabulary object detector. It detects all relevant object instances

and their bounding boxes and associates them with the corresponding language snippets from the

input text. We filter the predictions based on the provided confidence score, only keeping detections

with a box- and text-confidence larger than 0.3 and 0.2 respectively to use for the OBJECT features.

See Appendix A for example detections.

Next, we generate the per-step low-level action primitives in MOVE (e.g., “move left”, “move up”).

Following Belkhale et al. [61], we use the robot proprioception to determine the movement direction

for the next 4 time steps (assuming a fixed camera), and translate this into one of 729 templated

movement primitives (see Appendix B for a list of all primitives). We use OWLv2 [57] and SAM [58]

to detect 2D end effector positions in the training images (GRIPPER) paired with 3D positions

extracted from the robot state to fit a robust estimate of the projection matrix using RANSAC [62].

We then use the 2D projections of the robot end-effector position for our training. This process is

repeated for each trajectory independently, eliminating the need to assume fixed camera parameters.
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To generate the final reasoning chain, we feed each episode’s task instruction, scene description, and

per-step movement primitives into Gemini 1.0 [59] and prompt it to produce both a high-level plan of

sub-tasks in accordance with the task instruction and observed movement primitives and the current

sub-task for each step. We also ask it to briefly explain the primitive movement and chosen sub-task

in each step, which we include in the ECoT training data. We run our data generation pipeline on the

complete Bridge v2 dataset [13], with more than 2.5M transitions, over the course of 7 days.

4.3 Efficient Chain-of-Thought Inference for Robot Policies

Inference speed is a key challenge for ECoT policies. The additional reasoning tokens the model

needs to predict can significantly reduce the achievable control frequency by increasing the number

of tokens to be predicted per timestep from 7 for OpenVLA to 350 for ECoT. We explore a simple

solution for speeding up inference: we keep parts of the reasoning chain like the high-level plan

or the current sub-task fixed for multiple steps. Crucially, encoding previously predicted tokens is

much faster for Transformer-based policies like OpenVLA than generating it. We compare two such

strategies: (1) synchronous execution, where we predict the high-level reasoning every N steps, and

(2) asynchronous execution, in which one ECoT policy instance continually updates the high-level

reasoning chains, while a second policy instance uses the most recent reasoning chain to predict low-

level reasoning steps and robot actions. We report the trade-off between performance and inference

speed for all approaches in Section 5.5. Note that these runtime improvements are orthogonal to

widely used approaches for improving throughput of large language and vision-language models, like

optimized computation kernels [63] and speculative decoding [64], which we leave for future works.

5 Experiments

In this section, we investigate the effectiveness of ECoT for robot control across a range of challenging

manipulation tasks. We answer the following questions: (1) Does embodied chain-of-thought

reasoning improve the performance of VLA policies (Section 5.2)? (2) Does embodied chain-of-

thought reasoning make it easier to interpret and correct policy failures (Sections 5.3 and 5.4)? (3) How

can we optimize the runtime efficiency of policies with embodied CoT reasoning (Section 5.5)?

5.1 Experimental Setup

Robot setup and training data. We perform evaluations with the 6-DoF WidowX robot arm from

the Bridge V2 paper [13], a commonly used setup for evaluating generalizable robot policies [16, 7].

Given a single 3rd person camera and natural language instruction, the policy predicts end-effector

velocity actions to control the robot. Walke et al. [13] provide a large and diverse teleoperated dataset

of 60k demonstrations. We apply our pipeline for synthetic generation of chain-of-thought data

(Section 4.2) on this dataset to obtain our training dataset.

Evaluation tasks. We design a suite of challenging evaluation tasks that focus on testing the policies’

generalization ability along multiple axes: processing spatial relations, interacting with unseen

objects, and performing unseen instructions. All policies are evaluated on the same real-world setups

to control for camera angle, lighting, and background. We perform 314 total trials per approach.

Comparisons. We compare our policy (ECoT) to state-of-the-art VLA policies, namely Open-

VLA [7], the same model our approach is built upon, but trained without chain-of-thought reasoning,

and RT-2-X [6], a 55B parameter closed VLA policy. To ensure fair comparison, we train the

OpenVLA policy on the same dataset we use for training our approach, the Bridge V2 data [13].

For RT-2-X we cannot control the data distribution in the same way since the model is closed. The

RT-2-X policy we compare to was trained on Bridge V2 data and additional datasets from the Open

X-Embodiment dataset [6]. Thus, it has access to more training data than our approach. We also

compare against Octo [16], which is also trained on that dataset, but was not fine-tuned from a

VLM (i.e., it is not a VLA). Finally, we compare to Naïve CoT, a version of our model that only

uses non-embodied CoT reasoning about sub-tasks akin to conventional CoT reasoning in language

modeling (see Fig. 3). This comparison will test the importance of using embodied reasoning for

VLA policies.

5.2 Embodied Chain-of-Thought Reasoning Improves Policy Generalization

We report performance of all approaches on our evaluation set in Table 1. We see that while OpenVLA

achieves high performance on in-distribution tasks, it struggles on the hard generalization cases we
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Table 1: Comparison of success rates for OpenVLA, RT-2-X, and ECoT across two scenes (one with
in-distribution camera view and one with out-of-distribution). Mean ± one StdErr. On aggregate, our ECoT
policy achieves the highest success rate, improving absolute success rate by 45%, 22%, 19%, and 18% over
Octo, OpenVLA, RT-2-X, and naïve CoT respectively in the in-distribution view setting and 48%, 34%, 16%,
and 16% in the out-of-distribution view setting.

Type Task
Algorithm (ID View) Algorithm (OOD View)

Octo OpenVLA RT-2-X Naive CoT ECoT (Ours) Octo OpenVLA RT-2-X Naive CoT ECoT (Ours)

ID

Put mushroom in pot 29% 88% 94% 71% 100% 35% 59% 76% 76% 65%
Put spoon on towel 60% 90% 80% 60% 80% 20% 80% 80% 60% 80%
Put carrot on plate 70% 80% 90% 90% 100% 40% 90% 90% 100% 90%
Wipe [plate / pan] with towel 13% 50% 38% 38% 50% 0% 50% 0% 13% 63%

Spatial
Relations

Put mushroom in
[left / right / middle] container

0% 22% 17% 22% 33% 0% 17% 22% 55% 67%

Put purple object in
[left / right / middle] container

0% 28% 17% 50% 56% 0% 22% 11% 55% 39%

Put [right / left] object on middle object 0% 13% 0% 50% 63% 0% 25% 25% 50% 63%

OOD
Objects

Pick up [screwdriver / hammer /
measuring tape / detergent / watermelon]

30% 20% 80% 50% 50% 30% 20% 80% 50% 50%

Move mushroom to
[measuring tape / detergent]

0% 10% 70% 20% 100% 10% 0% 90% 40% 90%

Put mushroom in tall cup 0% 80% 0% 70% 30% 10% 20% 0% 20% 30%
Place watermelon on towel 20% 30% 60% 60% 70% 50% 10% 90% 30% 40%

OOD
Instructions

Pick up any object that is not
[yellow / a duck / a sponge / a towel]

50% 33% 58% 50% 42% 17% 17% 67% 25% 67%

Put the edible object in the bowl 13% 25% 13% 25% 88% 0% 13% 25% 25% 100%
Put the object used for [eating /
drinking] on towel

25% 38% 38% 38% 75% 13% 0% 25% 38% 75%

Aggregate 21% ± 3.3% 44% ± 3.9% 47 ± 4.0% 48 ± 4.0% 66% ± 3.8% 16% ± 2.9% 30% ± 3.6% 48 ± 4.0% 48% ± 4.0% 64 ± 3.9%

test. RT-2-X performs better than vanilla OpenVLA, potentially due to the larger robot pre-training

dataset (note again that OpenVLA and our approach are only trained on the Bridge dataset) and the

fact that it co-trains the policy with Internet-scale vision-language data and robot data, while all other

approaches only use robot data during fine-tuning.

Importantly, we find that our ECoT policy substantially outperforms the OpenVLA policy across all

generalization evaluations. This is notable, since both policies are based on the exact same VLM base

model and use the same robot data for fine-tuning. The only difference is in the use of CoT reasoning

by our approach. Curiously, our ECoT model even surpasses the performance of RT-2-X in the tested

tasks, even though RT-2-X is trained on 10 additional robot datasets and uses a networks that is 7x

larger (55B vs. 7B). Finally, the results in Table 1 show that including embodied reasoning about

visual inputs and the low-level robot state significantly boosts performance over the “Naïve CoT”

ablation of our approach, which only reasons about high-level linguistic features like sub-task plans.

We visualize qualitative examples of our model’s reasoning in Fig. 5. The left two examples show

that the model successfully breaks down the task into a sequence of sub-tasks and then crucially

grounds those sub-tasks in the scene by predicting the relevant bounding boxes and gripper position

of the robot, before deciding on the next move and concrete low-level robot action. We visualize

more chain-of-thought examples from our evaluation tasks in Appendix, Fig. 8.

5.3 Diagnosing Policy Failures Through Inspecting Reasoning Chains

In the previous section we showed that training VLA policies to reason through a given task step-by-

step can significantly improve their performance on challenging generalization tasks. In addition to

improving performance, such chain-of-thought reasoning provides a tool for users and researchers to

better understand the decisions the policy takes. By inspecting and visualizing the model’s reasoning

steps, we can discover potential mistakes in the reasoning chain that led to policy failure downstream.

We give an example of this in Fig. 5 (right): the ECoT policy failed to solve the task pick up the

screwdriver. Inspecting the reasoning chain, we can see that the hammer is incorrectly identified as a

screwdriver, causing the robot to reach for that instead. It should be noted that such inspection of

reasoning chains is not a “bullet-proof” approach for interpreting the failures of an end-to-end trained

policy: the model could predict a particular plan and then still deviate from it when choosing the final

action. However, in practice we find that reasoning chains often correlate strongly with the executed

actions. We provide more examples for diagnosing policy failures via its reasoning chains in Fig. 8.

5.4 Chain-of-Thought Reasoning Enables Interactive Policy Correction

Intuitively, training a policy to reason through a task step-by-step in natural language provides a

powerful mechanism for humans to interact with the policy and correct its behavior. Instead of

needing involved teleoperation equipment to provide direct robot action feedback like in DAgger

approaches [65], humans can now simply correct the policy’s behavior by modifying its reasoning
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TASK: Pick up the screwdriver and move it to the 
container

PLAN: Move to the screwdriver, pick it up, and move it 

to the container

SUBTASK: The screwdriver is in the top-left corner, so 

the robot needs to move forward and down to reach it 
à Move to the screwdriver

MOVE: The robot has reached the screwdriver à Stop

TASK: Move the mushroom to the detergent

PLAN: Move to the mushroom, grasp it, move to the 

detergent, release the mushroom

SUBTASK: The mushroom is the closest object to the 
robot, and needs to be grasped first à Move to the 

mushroom

MOVE: The mushroom is to the right of the robot, so 
the robot needs to move right à Move right

“Move the mushroom to the detergent” “Put the leftmost object on the middle object” “Pick up the screwdriver”

a white mushroom

a blue plastic bottle 

of detergent

a red screwdriver
a blue towel

a pink stuffed animal

TASK: Put the pink stuffed animal on the blue towel

PLAN: Move to the pink stuffed animal. Pick up the 

pink stuffed animal. Move to the blue towel. Put the 
pink stuffed animal on the blue towel.

SUBTASK: The pink stuffed animal is held by the 

robotic arm and the blue towel is the middle object à
Put the pink stuffed animal on the blue towel 

MOVE: The pink stuffed animal is on the left of the blue 

towel and needs to be moved right à Move right

Figure 5: Qualitative ECoT predictions from our model for two successful trajectories (left, middle) and
one failure (right). Irrelevant bounding boxes are greyed out for readability. Left: high-level reasoning and
low-level object segmentations are correct, leading to a successful rollout. Middle: the command is correctly
rephrased to refer to specific objects (i.e., “the leftmost object” is identified as the pink toy). Right: the hammer
is incorrectly identified as a screwdriver, causing the robot to take inappropriate actions.

User: Pick up any object that is not yellow.

CoT OpenVLA:

Next Task: find a yellow object

Next Move: move left

User: Wait! There is a purple object in front

of the arm!

Next Task: reach the purple object

Next Move: move forward

CoT OpenVLA:

ChatGPT:

Correct reasoning…

OpenVLA RT-2-X ECoT
(Ours)

16

44
48

60

32

80

+28%

+12%
+48%

No intervention

w/ one human intervention

a yellow object a yellow duck

Figure 6: Embodied chain-of-thought training enables interactive human policy correction in natural language.
Left: given a human intervention in natural language, we use ChatGPT to correct our model’s reasoning chains.
Right: our embodied chain-of-thought policy can benefit from a human language intervention most, increasing
success rate by 48% on our most challenging evaluation tasks.

chains via natural language feedback. Prior work introduced carefully designed policy architectures

and explicitly trained policies to support such correction via language [66, 67]. Here, we test whether

similar capabilities emerge naturally by training VLA policies to perform chain-of-thought reasoning.

To test whether chain-of-thought policies enable human correction purely via language feedback, we

rerun evaluations of our ECoT policy on the most challenging tasks from Table 1 (put mushroom in

cup, pick up out-of-distribution object, and pick up non-yellow object), in which our policy without

human intervention achieved an average success rate of only 32%. We visualize our approach for

human intervention in Fig. 6: we allow a human operator to interrupt policy execution once over the

course of the episode and provide natural language feedback (e.g. “no, the screwdriver is in the back

right corner”, “release the mushroom now!”, or “the cup is tall”). Then, we use ChatGPT to adapt

our model’s reasoning chain based on the language feedback, prompting it to produce a corrected

reasoning chain (see Fig. 11 for the exact prompt used). Finally, we feed this corrected chain back

into our policy and continue execution, holding the corrected reasoning chain fixed for 5 steps.

The results in Fig. 6 (right) show that our ECoT policy can make effective use of the human language

intervention, increasing its success rate by 48% on our most challenging evaluation tasks. In contrast,

we evaluate the vanilla, non-CoT OpenVLA policy and RT-2-X in the same way, providing each with

a single human language correction per rollout, but find that neither of them can benefit from the

human intervention to the same degree (for both we also use ChatGPT to incorporate the intervention

into the original task instruction to allow for fair comparison).
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5.5 Efficient Chain-of-Thought Inference

Table 2: Performance of accelerated
CoT inference approaches and their
relative speed-ups over the naïve ap-
proach, averaged across 3 tasks (25
trials total).

Success Speed-Up

Naïve 63% –
5-Step 72% + 24%
Async 65% + 40%

We compare the performance of approaches for accelerating CoT

policy inference (see Section 4.3) to naïvely running CoT infer-

ence at every step of execution in Table 2. We also report the

speed-up that is achieved by both proposed approaches from Sec-

tion 4.3 compared to naïve execution. Both approaches achieve

inference speed improvements while at least matching perfor-

mance, with asynchronous execution achieving the largest speed-

up at the cost of doubling the compute required at inference time

(since two policy instances are running in parallel). We use the

5-step freeze approach for the main results presented in Table 1,

since it provides the best performance-speed tradeoff. We used a

small task subset (put mushroom in pot, move mushroom to detergent or measuring tape, and put the

left/right object on the middle).

5.6 Exploring Alternative Embodied Chain-of-Thought Design Choices

We explore some alternative design choices for ECoT, changing the reasoning step orderings, reason-

ing features, and training data mixes. We first train a model that (1) predicts both the current and

next 4 gripper positions and (2) predicts the bounding boxes right after generating the plan. Notably,

the latter means that the bounding boxes are frozen (due to the 5-step freeze approach detailed in

Section 5.5) – while this means that moving the objects may make the frozen bounding boxes out of

date, it also speeds up inference significantly (since the bounding box reasoning step is generated at

every step for our base policy and often consists of many tokens). Next, we repeat this experiment,

but also co-train on the base Prismatic VLM’s vision-language pre-training data (where each batch is

75% ECoT data and 25% vision-language data), as this may enable better retention of vision-language

modeling capabilities and knowledge. Finally, we take an OpenVLA model pre-trained on the full

OXE dataset and fine-tune it on the the same dataset, but replace the Bridge V2 data with our ECoT

equivalent. This allows us to see (1) if fine-tuning on a more diverse set of demonstrations will aid

with more general reasoning and (2) if reasoning capabilities can emerge on other embodiments

(despite only the Bridge data being labeled with reasoning chains).

Table 3: Success rate of ECoT trained with various
design choices, as evaluated on a large subset of trials
on the harder out-of-distribution view setting. While
our base policy performs the best on aggregate (69%),
the other approaches achieve higher performance on
certain tasks. All policies in this table outperform Open-
VLA, RT-2-X, and Octo’s performances on the same
trial subset (29%, 46%, and 14% aggregate success rates
respectively).

Task
Base

ECoT
Frozen Bbox

ECoT
Co-trained

ECoT
Fine-tuned

ECoT

Put mushroom in pot 57% 86% 86% 86%
Put spoon on towel 80% 60% 40% 80%
Put carrot on plate 83% 67% 100% 100%
Wipe [plate / pan] with towel 75% 50% 25% 25%

Put mushroom in
[left / right / middle] container

89% 55% 11% 44%

Put purple object in
[left / right / middle] container

44% 67% 44% 67%

Put [right / left] object on middle object 63% 75% 75% 75%

Pick up [screwdriver / hammer /
measuring tape / detergent / watermelon]

50% 60% 80% 70%

Move mushroom to
[measuring tape / detergent]

90% 90% 100% 60%

Put mushroom in tall cup 20% 20% 20% 40%
Place watermelon on towel 60% 0% 20% 40%

Pick up any object that is not
[yellow / a duck / a sponge / a towel]

67% 58% 42% 17%

Put the edible object in the bowl 100% 75% 50% 38%
Put the object used for [eating /
drinking] on towel

75% 38% 50% 25%

Aggregate 69% 60% 56% 54%

For evaluation, we consider a large subset of

the tasks in Table 1 in the in-distribution view

setting only, totaling 106 trials per model. All

results are presented in Table 3. While our base

policy still performs the best, all variants still

outperform all non-reasoning baseline generalist

policies. We also find that the OXE fine-tuned

model can generate plausible reasonings for ob-

servations from other robot embodiments, de-

spite not having been trained on any reasoning

data other than the Bridge V2 WidowX syn-

thetic reasoning chains. We present more de-

tailed qualitative results on these ECoT variants

in Appendix D.

6 Discussion and Limitations

In this work, we demonstrated that training

VLA policies to perform chain-of-thought rea-

soning can substantially increase their perfor-

mance without the need to collect additional

robot training data. Instead of simply applying

the CoT recipe from language modeling, our experiments underline the importance of adding rea-

soning steps that are strongly grounded in the scene and robot state, and involve for example object

bounding boxes, the robot’s end-effector, or low-level robot movements.
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While our results are encouraging, our approach has several limitations. First, our model does not

adapt the structure of its reasoning chains to the task at hand; it always performs all steps of reasoning

in the fixed order we chose. A more effective strategy may involve executing only a subset of

reasoning steps based on the robot and scene state, and future work can explore directly optimizing

the model to pick the best reasoning steps. Additionally, scaling the ECoT training to a larger subset

of the OXE dataset [6] will allow the resulting policies to be applicable to more downstream tasks.

Last, the speed of execution for ECoT policies is still limiting: while our runtime optimizations in

Section 4.3 improve the achievable control frequencies, exploring other approaches for improving

LLM throughput [63] can unlock CoT reasoning for higher-frequency control tasks.
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A Grounding DINO Detections and Prismatic Descriptions

We provide example scene descriptions provided by Prismatic VLM and bounding boxes provided by

Grounding DINO in Fig. 7.

A robot is holding a carrot above a green plate, 

with a silver pot, red pepper, and a yellow bowl
on the counter

A wooden table holds a blue bottle, a grey 

stuffed animal, a white stuffed animal, and a 
blue towel, with a box and a black arm behind 

them

A green pickle is on the counter, a silver pot is 

on the stove burner, and a white mushroom is 
in a white bowl. The stove burner is below the 

pot, and the pickle is near the counter

A silver pot is in the sink, a white plate is on the 

stove, and a white mushroom is on the plate. 
The sink is to the left of the stove, and the pot 

is in the sink

The scene has a table with a blue chair, a 

yellow cloth on the table, and a black device. 
The cloth is to be moved from the left side of 

the table to the center.

A robot is putting a carrot on a cutting board, 

which is on the counter. There is a green 
cutting board, a red pepper, a yellow pepper, 

and a black pot nearby. The counter is white 

with silver knobs and a sink.

Figure 7: Examples of captions of observations from the Bridge dataset as generated by our Prismatic
VLM, as well as associated bounding boxes generated by Grounding DINO.
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“Put the purple object in the middle container” “Move the watermelon to the towel” “Pick up any object that is not a sponge”

TASK: Move the purple object to the silver 
container.

PLAN: Move to the purple object, grasp the 

purple object, move to the silver container, 
release the purple object

SUBTASK: We have grasped the purple object, so 
we need to move it to the silver container. à

Move to the silver container.

MOVE: The silver container is to the left of the 
robot, so we need to move left to reach it. à

Move left.

TASK: The watermelon needs to be placed on the 
towel.

PLAN: 1. Move to the watermelon. 2. Pick up the 

watermelon. 3. Move to the towel. 4. Place the 
watermelon on the towel.

SUBTASK: The watermelon has been picked up, 
and the arm is now close to the towel. à Move to 

the towel.

MOVE: The towel is to the left of the watermelon, 
so the arm needs to move left to reach it. à Move 

left up.

TASK: Pick up any object that is not a sponge.
PLAN: Approach the yellow duck, pick up the 

yellow duck, move the yellow duck away from the 

sponge.
SUBTASK: The yellow duck is the closest object 

that is not a sponge and it needs to be picked up. 
à Approach the yellow duck.

MOVE: The yellow duck is below the robotic arm 

and it needs to be approached. à Move down.

“Put the mushroom in the white cup” “Move the mushroom to the measuring tape” “Put the mushroom in the white cup”

TASK: Put the mushroom in the white cup.
PLAN: Move to the mushroom, pick it up, move to 

the white cup, put the mushroom in the white cup

SUBTASK: The mushroom is picked up, and the 
white cup is the next object to interact with. à

Move to the white cup.
MOVE: The white cup is to the left and slightly 

above the arm, so the arm needs to move in that 

direction. à Move left up.

TASK: Move the mushroom to the measuring 
tape.

PLAN: Move to the mushroom, grasp the 

mushroom, lift the mushroom, move to the 
measuring tape, place the mushroom on the 

measuring tape.
SUBTASK: The mushroom should be lifted so that 

it can be moved. à Lift the mushroom.

MOVE: Stop. à Stop.

TASK: Put the mushroom in the white cup.
PLAN: Move to the mushroom, pick up the 

mushroom, move to the cup, put the mushroom in 

the cup.
SUBTASK: The mushroom is picked up and the 

cup is not directly below the arm, so the next step 
is to move to the cup. à Move to the cup.

MOVE: The cup is above the arm, so the arm 

needs to move up to reach it. à Move up.

“Move the mushroom to the detergent” “Pick up the watermelon” “Put the leftmost object on the middle object”

TASK: Move the mushroom to the detergent.
PLAN: Grasp the mushroom, move the mushroom

to the detergent, release the mushroom.

SUBTASK: The mushroom is the object that 
needs to be moved to the detergent. à Grasp the 

mushroom.
MOVE: The gripper is not fully closed yet. à close 

gripper

TASK: Pick up the watermelon.
PLAN: Move to the watermelon, pick up the 

watermelon, move to the target location, drop the 

watermelon.
SUBTASK: The watermelon is on the table, and 

the robot needs to move to pick it up. à Move to 
the watermelon.

MOVE: The watermelon is to the left of the robot, 

so the robot needs to move left to get to it. à
Move left.

TASK: Put the yellow duck on the blue towel
PLAN: - Move to the yellow duck. Grasp the 

yellow duck. Move to the blue towel. Release the 

yellow duck.
SUBTASK: The yellow duck is the leftmost object 

and the robot is currently not at the yellow duck. 
à Move to the yellow duck.

MOVE: The yellow duck is now right below the 

robot. à Stop.

Figure 8: More qualitative examples of successful and failed chain-of-thought reasonings.
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Put the mushroom in the metal pot

Pick up the [hammer/watermelon/measuring 

tape/detergent/screwdriver]
Put the mushroom in the white cupPut the watermelon on the towelMove the mushroom to the [measuring 

tape/detergent]

Put the mushroom in the 

[leftmost/middle/rightmost] container
Put the purple object in the 

[leftmost/middle/rightmost] container

Put the [rightmost/leftmost] object on the 

middle object.

Pick up any object that is not [yellow/a duck/a 

sponge/a towel]

Put the object used for [drinking / eating] on 

the towel
Put the edible object in the bowl

Put the carrot on the plate Put the spoon on the towel Pick up the towel and wipe the [plate / pan]

Figure 9: Example starting scenes and associated prompt for all task types.
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B List of Movement Primitives

To classify a movement, we take the difference between the current state of the robot and its position

four steps ahead. Based on the axes where the difference exceeds a threshold of 0.03, we assign it a

label of the following form:

move [forward/backward] [left/right] [up/down], tilt [up/down], rotate

[clockwise/counterclockwise], [close/open] gripper

Whenever the movement in a certain axis is below the threshold, we omit its block for simplicity. For

instance, if the robot is just moving left, the label is move left. If no movement is detected, the

label is stop.

While technically it results in 36 = 729 possible labels, only 54 are used in more than 0.1% of cases:

1. stop (26.9%)

2. close gripper (10.8%)

3. open gripper (7.2%)

4. move down (6.8%)

5. move left (6.6%)

6. move right (6.1%)

7. move up (5.7%)

8. move forward (3.0%)

9. move backward (2.4%)

10. move up, open gripper (2.1%)

11. move forward right (1.1%)

12. move up, close gripper (1.0%)

13. move backward left (1.0%)

14. move forward left (0.9%)

15. move left down (0.8%)

16. move down, close gripper (0.8%)

17. move right down (0.8%)

18. move left up (0.8%)

19. move right up (0.8%)

20. move right, rotate clockwise (0.8%)

21. move left, rotate counterclockwise (0.8%)

22. move backward right (0.8%)

23. rotate counterclockwise (0.7%)

24. move down, open gripper (0.7%)

25. rotate clockwise (0.7%)

26. move forward down (0.7%)

27. move up, rotate clockwise (0.5%)

28. move up, rotate counterclockwise (0.5%)

29. move backward up (0.5%)

30. move left, rotate clockwise (0.3%)

31. move backward down (0.3%)

32. move right, open gripper (0.3%)

33. move forward up (0.3%)

34. move left, open gripper (0.3%)

35. move right, rotate counterclockwise (0.3%)

36. move backward, open gripper (0.2%)

37. move down, rotate clockwise (0.2%)

38. move down, rotate counterclockwise (0.2%)

39. move forward, rotate counterclockwise (0.2%)

40. move forward, rotate clockwise (0.2%)

41. move forward, open gripper (0.2%)

42. move right, close gripper (0.2%)

43. move backward, rotate clockwise (0.2%)

44. move backward, rotate counterclockwise (0.2%)

45. move left, close gripper (0.2%)

46. move backward right, rotate clockwise (0.1%)

47. move backward left, rotate counterclockwise (0.1%)

48. move right up, open gripper (0.1%)

49. move right up, close gripper (0.1%)

50. move backward, close gripper (0.1%)

51. rotate clockwise, close gripper (0.1%)

52. rotate counterclockwise, close gripper (0.1%)

53. move left up, open gripper (0.1%)

54. move forward right, rotate clockwise (0.1%)
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C Prompts

We now provide all the prompts used for data generation and policy language conditioning.

For using generating scene descriptions with Prismatic (step 1 in Fig. 4), we use the prompt: “Briefly

describe the things in this scene and their spatial relations to each other.” We prepend “The robot task

is: [TASK].” if the given demonstration trajectory contains a corresponding task instruction (where

we ensure that said instruction contains at least one space character to remove noisy instructions).

We provide the prompt for Gemini data labeling (step 5 in Fig. 4) in Fig. 10.

The prompts used for our language-conditioned policies are provided in Fig. 9, along with example

starting scenes for the associated tasks. For the OpenVLA-based policies, said prompts are inserted

into the template provided by the original authors [7]: “A chat between a curious user and an artificial

intelligence assistant. The assistant gives helpful, detailed, and polite answers to the user’s questions.

USER: What action should the robot take to [PROMPT]? ASSISTANT:”. The agent then generates

reasoning text (if trained to do so) and an action.

We provide the prompt used for human interventions with ChatGPT in Fig. 11.
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Annotate the training trajectory with reasoning

## Specification of the experimental setup

You’re an expert reinforcement learning researcher. You’ve trained an optimal policy for controlling a robotic arm. The

robot successfully completed a task specified by the instruction: "unfold the cloth from top right to bottom left". For

that purpose, the robotic arm executed a sequence of actions. Consecutive states that were visited can be characterized by

the following features:

‘‘‘python

trajectory_features = {

0: "stop"

1: "stop"

2: "move␣forward␣left"

3: "move␣forward␣down"

4: "move␣forward␣down"

...

36: "stop"

}

‘‘‘

Each entry in that dictionary corresponds to a single step on the trajectory and describes the move that is about to be

executed.

## Scene description

The robot is operating in the following environment. A black and red toy stove with a yellow banana in a silver pot, a blue

toy brush, and a purple towel on the counter, surrounded by white tiled walls and a grey sink.

## Your objective

I want you to annotate the given trajectory with reasoning. That is, for each step, I need to know not only which action

should be chosen, but importantly what reasoning justifies that action choice. I want you to be descriptive and include all

the relevant information available. The reasoning should include the task to complete, the remaining high-level steps, the

high-level movements that should be executed and why they are required, the premises that allow inferring the direction of

each move, including the locations of relevant objects, possible obstacles or difficulties to avoid, and any other relevant

justification.

### Begin by describing the task

Start by giving an overview of the task. Make it more comprehensive than the simple instruction. Include the activity,

the objects the robotic arm interacts with, and their relative locations in the environment. Then, describe the high-level

movements that were most likely executed, based on the task that was completed and the primitive movements that were

executed. Then, for each high-level movement write the interval of steps that movement consists of. Also, for each

high-level movement write a justification for why it should be executed. Write an answer for this part using markdown and

natural language. Be descriptive and highlight all the relevant details, but ensure that your description is consistent

with the trajectory that was executed, specified by the features listed above in the ‘trajectory_features‘ dictionary.

### List the reasonings for each step

Finally, for each step describe the reasoning that allows to determine the correct action. For each step describe the

remaining part of the objective, the current progress, the objects that are still relevant for determining the plan,

and the plan for the next steps, based on the available features. Start the reasoning from a high level and gradually

add finer features. I need you to be descriptive and very precise. Ensure that the reasoning is consistent with the

task and the executed trajectory. Write the answer for this part as a Python-executable dictionary. For every step in

the initial trajectory there should be exactly one separate item of the form <step id>:<reasoning>. Do not group the

answers. The final dictionary should have exactly the same set of integer keys as the dictionary of features provided in

the ‘trajectory_features‘ dictionary above. The reasoning should be a single string that describes the reasoning in natural

language and includes all the required features.

Each reasoning string should have the following form:

- Describe the full task that remains to be completed (but only describe what remains), and place it inside a tag <task>.

- Describe the complete high-level plan for completing the remaining task (the list of remaining high-level steps), and place

it inside a tag <plan>.

- Describe the high-level step that should be executed now (chosen from the list of high-level steps), and place it inside a

tag <subtask>.

- Describe why the chosen high-level step should be executed now, which features of the current environment influence that

decision, and how it should be done. Place it within a tag <subtask_reason>.

- Describe the current primitive movement of the arm that needs to be executed, and place it inside a tag <move>.

- Describe why the chosen movement should be executed now and which features of the current environment influence that

decision. Place it inside a tag <move_reason>.

## Task summary

Here is a breakdown of what needs to be done:

- Describe the task.

- Describe the high-level movements that were executed, based on the completed task and the listed features.

- Describe the plan for the solution that allowed the robot to complete the task successfully.

- For each step on the trajectory, describe the reasoning that leads to determining the correct action. The reasoning should

be descriptive and precise. You should provide exactly one reasoning string for each step on the trajectory specified by

‘trajectory_features‘.

- At the very end of the response, write a single label FINISHED to indicate that the answer is complete.

Figure 10: Prompt used for Gemini to generate plans, subtasks, and movement labels.
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# Objective

You’re an expert reinforcement learning researcher. You’ve trained a policy for controlling a robotic arm. The policy

computes the correct action based on a reasoning that leads to it, which includes the task that remains to be completed,

the plan for completing that task, and the subtask that currently needs to be done. I want you to prepare such a reasoning,

based on a feedback from a user of that robot.

The reasoning must have the following elements:

- TASK: the task that remains to be done.

- PLAN: a list of high-level steps that need to be executed.

- SUBTASK REASONING: reasoning that determines the current subtask.

- SUBTASK REASONING: reasoning that determines the current subtask.

- SUBTASK: the current subtask that should be executed.

- MOVE REASONING: reasoning that determines the current move.

- MOVE: the current move that should be executed

Write the answer as a python string. It will be used as an additional input for the policy, so keep the format exactly as

described.

# Examples

Given the task "Put the tomato inside the pot on the left burner" and feedback "you are too low, move up", the reasoning

should be "TASK: Put the tomato inside the pot on the left burner. PLAN: Go to the tomato, grasp it, transport it to the

stove, position it in the pot. SUBTASK REASONING: The tomato is grasped. The tomato is already near the pot, but below its

edge. SUBTASK: Position the tomato in the pot. MOVE REASONING: The pot is above current position. Move the arm up. MOVE:

Move up."

Given the task "place the silver lid on the silver pot on the upper right of the table" and feedback "move to the pot", the

reasoning should be "TASK: The lid needs to be placed on a silver pot on the upper right part of the scene. PLAN: First

move to the lid, then grip it, then move to the pot, then place the lid on the pot. SUBTASK REASONING: The lid is gripped,

so it should be moved to the pot. SUBTASK: Move to the pot."

Given the task "move the fork to the bottom left side of the counter" and feedback "move down to grasp the fork", the

reasoning should be "TASK: Pick up the fork and move it to the bottom left side of the counter. PLAN: 1. Move to the fork.

2. Pick up the fork. 3. Move to the bottom left side of the counter. 4. Put down the fork. SUBTASK REASONING: The fork

is the first object that needs to be reached. SUBTASK: 1. Move to the fork. MOVE REASONING: The fork is still downward

from the current position of the arm, so the arm continues to move that direction. MOVE: move down"

Given the task "remove the cylinder from the green cube and place it on top of the red cube" and feedback "close", the

reasoning should be "TASK: Remove the cylinder from the green cube and place it on top of the red cube. PLAN: Approach the

green cube, close the gripper around the cylinder, move the cylinder towards the red cube, open the gripper to place the

cylinder on top of the red cube. SUBTASK REASONING: The arm is now in contact with the cylinder, so it should close the

gripper to grab it. SUBTASK: Close the gripper MOVE REASONING: The cylinder has already been reached and the gripper is

closing. MOVE: Close gripper"

Given the task "pick up the towel" and feedback "go right", the reasoning should be "TASK: Pick up the towel. PLAN: Move to

the towel, Grasp the towel, Pick up the towel SUBTASK REASONING: The arm should reach the towel first. SUBTASK: Move to the

towel. MOVE REASONING: The towel is to the right, so the arm should move right. MOVE: move right"

# The current task

The policy generated the following reasoning: "TASK: Put the mushroom in the white cup. PLAN: Move to the mushroom, pick

it up, move to the cup, put the mushroom in the cup. SUBTASK REASONING: The mushroom is picked up, and the cup is the next

object to interact with. SUBTASK: Move to the cup. MOVE REASONING: The cup is positioned below the arm. MOVE: Move down.

GRIPPER POSITION: [111, 61] VISIBLE OBJECTS: a white cup [124, 25, 176, 113], a wooden table [13, 21, 241, 248], a wooden

table [10, 21, 249, 250]"

Given the task "put the mushroom in the white cup" and feedback "no, the cup is actually in front of the gripper", what

should be the reasoning?

Figure 11: Prompt used for ChatGPT during human intervention experiments
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D Analysis of Embodied Chain-of-Thought Variants

We present some qualitative analyses of our ECoT variants (frozen bounding box, vision-language

co-trained, and OXE fine-tuned).

All approaches are slightly less performant than our base ECoT policy. However, they also all

nonetheless outperform equivalent OpenVLA policies.

Vision-language co-training. We expected vision-language co-training to allow the VLA to keep

even more of its vision-language modeling capabilities and knowledge. We find that, while this is

indeed the case, it is not sufficient to leverage this for easier human-robot interaction experiments

(e.g., performing human interventions without the aid of an external "pure" vision-language model).

We also test semantic generalization tasks similar to those presented by Brohan et al. [5]. Specifically,

we tested whether the co-trained model could successfully recognize concepts not present in the

training data, such as people, countries, animals, letters, or landmarks. Our findings indicate that

co-training mildly improves the overall quality of reasoning and allows the model to consistently

recognize celebrities, such as Taylor Swift or Donald Trump. However, in other tasks, co-training

offers little to no benefit. We attribute this to the model’s ability to retain most of its prior knowledge

through the generation of diverse reasonings, even if those concepts are not directly expressed in the

data. Some of the reasonings are illustrated in Figure 12.

Fine-tuning for other embodiments. For the OXE fine-tuned variant, we find that the model can

perform embodied chain-of-thought reasoning on the WidowX station after 20, 000 gradient steps,

approximately one fifth of the updates needed for training an ECoT VLA from a base Prismatic VLM

(due to the fine-tuned variant starting with an OpenVLA, which already can map observations to

actions). In preliminary evaluations on a small subset of tasks, we find that this is even the case after

just 2, 500 steps, though there is no significant performance difference between said checkpoint and

the base OXE-pre-trained OpenVLA.

Additionally, when presented with observations and tasks from other robot embodiments, we find that

this fine-tuned model can generate plausible reasonings as well (including visually-grounded features

like the end effector position, which is naturally highly dependent on the robot embodiment). This is

an emergent generalization, given that we only trained the model on the Bridge V2 WidowX reasoning

data, with all other OXE demonstrations lacking such reasoning annotations. See Figure 13 for

qualitative examples. While we leave analysis of this generalization to future works, the ability for the

model to produce reasonings for embodiments that it was not trained on offers a promising channel

for scaling up robot reasoning, e.g., by bootstrapping good reasonings for downstream training.

wc: TODO: Add SIMPLER expts if they exist
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Figure 12: Example reasonings generated for out-of-distribution concepts, such as flags, animals, or
celebrities.
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Figure 13: Example reasonings generated for out-of-distribution embodiments.
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Combinatorial Problems?
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Abstract

Combinatorial problems, particularly the notorious NP-hard tasks, remain a significant
challenge for AI research. A common approach to addressing them combines search with
heuristics learned from demonstrations. Recently, hierarchical planning has emerged as a
powerful framework in this context, enabling agents to decompose complex problems into
manageable subgoals. However, the foundations of this approach, particularly the behavior
and limitations of learned heuristics, remain underexplored. Our goal is to advance research
in this area and establish a solid conceptual and empirical foundation. Specifically, we iden-
tify the following key characteristics, whose presence favors the choice of hierarchical search
methods: hard-to-learn value functions, complex action spaces, presence of dead ends in the
environment, or training data collected from diverse sources. Through in-depth empirical
analysis, we establish that hierarchical search methods consistently outperform standard
search methods across these dimensions, and we formulate insights for future research. On
the practical side, we also propose a set of evaluation guidelines to enable meaningful com-
parisons between methods and reassess the state-of-the-art algorithms.

1 Introduction
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Figure 1: Schematic performance comparison of
hierarchical methods (AdaSubS, kSubS) and low-
level methods (ρ-BestFS, ρ-A*, ρ-MCTS) across
six dimensions: handling data collected from
diverse sources, learning from clean unimodal
demonstrations, avoiding dead ends, performance
under high-value approximation errors, handling
complex action space, and generalizing to out-of-
distribution instances.

The ability to solve discrete tasks that require sophis-
ticated reasoning, particularly those involving NP-hard
problems, is essential for advancing AI (Bengio et al.,
2021). These include complex problems like theorem
proving (Wu et al., 2021; Trinh et al., 2024), constraint
satisfaction problem (Achiam et al., 2017), molecule
alignment (Needleman & Wunsch, 1970; Smith & Wa-
terman, 1981), social network analysis (Kipf & Welling,
2017), or navigation (LaValle, 2006; Choset et al., 2005).
Even driving a car, which typically involves continuous
control of steering and speed, requires high-level discrete
decision-making, e.g., when to overtake, when to change
lanes, or how to navigate through traffic (Kiran et al.,
2022).

Addressing such tasks, known as combinatorial prob-
lems, requires efficient planning strategies due to the
vast and complex search spaces involved (Bruck & Good-
man, 1987). A widely adopted solution is to learn
heuristics from demonstrations, even suboptimal, via
imitation learning – a flexible approach that combined
with effective planning methods has become a standard
paradigm. Recently, hierarchical search emerged as a
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powerful framework in this context, inspired by how humans plan their actions (Hull, 1932; Fishbach &
Dhar, 2005; Kool & Botvinick, 2014). This general-purpose method breaks down a problem into manageable
subproblems, or subgoals, making the overall task more tractable. Hierarchical search has been success-
fully applied to a variety of combinatorial tasks, as evidenced by methods like Subgoal Search (kSubS)
(Czechowski et al., 2021), and further advanced by Adaptive Subgoal Search (AdaSubS) (Zawalski et al.,
2023), Hierarchical Imitation Planning with Search (HIPS) (Kujanpää et al., 2023a), or HIPS-ε (Kujanpää
et al., 2023b).

Our goal is to advance research in hierarchical planning and establish a solid conceptual and empirical
foundation. We choose kSubS and AdaSubS as representative examples of simple yet effective hierarchical
methods. These approaches introduce a single layer of subgoals over low-level search algorithms, enabling us
to isolate and measure the benefits of hierarchical decomposition in a controlled manner. Through extensive
empirical analysis, we identify four key properties of environments and training data whose presence favors
the use of hierarchical search methods: hard-to-learn value functions, complex action spaces, presence of
dead ends in the environment, or data collected from diverse sources. We further analyze these findings from
a general perspective and prove theorems that explain the most unexpected results. Our findings offer a
clearer understanding of when hierarchical approaches should be preferred over low-level methods.

In summary, our contributions are as follows:

• We conduct a detailed empirical comparison of hierarchical and low-level search methods, both
guided by learned heuristics, across a range of combinatorial tasks, revealing consistent trends in
performance and robustness.

• We provide a theoretical analysis that explains key empirical findings and extends to a broader class
of hierarchical methods, offering insights that generalize beyond the specific algorithms evaluated.

• We identify key tasks and data characteristics that favor hierarchical approaches and propose eval-
uation guidelines to support more consistent and transparent benchmarking in future research.

2 Related Work

Solving Decision-Making Problems Decision-making problems are often framed as Markov Decision
Processes (MDPs) (Sutton et al., 1999), which can be solved using Reinforcement Learning (RL) algorithms
like PPO (Schulman et al., 2017) or DQN (Mnih et al., 2015). These methods learn policies through
interaction with the environment. An alternative to learning from trial and error is Imitation Learning
(IL), training models directly from offline demonstrations. The availability of large-scale datasets (Walke
et al., 2023; Collaboration et al., 2023; Grauman et al., 2022; Dosovitskiy et al., 2017), make it applicable
to the most complex domains like robotics (Mandlekar et al., 2018; Edmonds et al., 2017; Kim et al., 2024),
autonomous driving (Kelly et al., 2019; Li et al., 2022; Zhang & Cho, 2017), and physics-based control (Kim
et al., 2020; Fickinger et al., 2022). Key foundational methods such as Behavioral Cloning (BC) (Sutton
& Barto, 1998), Inverse Reinforcement Learning (IRL) (Baker et al., 2009), or DAgger (Ross et al., 2011)
have been instrumental in advancing IL for complex environments where direct exploration is less practical.
In this work, we use IL to train components for the search methods, such as the policy and value function,
which is a widely adopted approach (Czechowski et al., 2021; Zawalski et al., 2023; Takano, 2023).

Subgoal Methods Hierarchical Reinforcement Learning methods tackle complex decision-making tasks
by breaking them into subgoals. HIRO (Nachum et al., 2018) reuses past data by goal relabeling. HAC
(Levy et al., 2019) builds a multi-layer hierarchy of policies trained with hindsight. Hierarchical Diffuser
(Chen et al., 2024) learns to predict future states with diffusion models. Graph-based methods, such as
SoRB (Eysenbach et al., 2019) or DHRL (Lee et al., 2022) build a high-level graph of states, which then
allow for efficient shortest path finding. GCP (Pertsch et al., 2020) learns to predict middle states between
two given observations. Algorithms such as HPG (Ghavamzadeh & Mahadevan, 2003) or H-DDPG (Yang
et al., 2018) extend the classical RL algorithms to the hierarchical setting.
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In the area of combinatorial problems, there has been growing interest in applying HRL techniques. kSubS
(Czechowski et al., 2021) introduces a hierarchical search algorithm that iteratively generates subgoals to
construct a search tree. Building on this, AdaSubS (Zawalski et al., 2023) incorporates multiple subgoal
generators, each trained to predict subgoals at different distances from the target, allowing for dynamic
adaptation of the planning horizon based on problem complexity. HIPS (Kujanpää et al., 2023a) and HIPS-
ε (Kujanpää et al., 2023b) perform search using subgoals generated by VQ-VAE models (van den Oord et al.,
2017).

Low-level Search Algorithms Traditional search algorithms like Best-First Search (BestFS), A* (Cor-
men et al., 2009; Russell & Norvig, 2009), and Monte Carlo Tree Search (MCTS) (Veness et al., 2009;
James et al., 2017) have long been the foundation for solving complex decision-making problems. Recent
advancements have improved these methods by integrating neural network-based heuristics, improving their
efficiency in large search spaces (Silver et al., 2018; Yonetani et al., 2021). A variant of ρ-BestFS used in
(Czechowski et al., 2021; Zawalski et al., 2023), leverage heuristics learned through behavioral cloning to
guide search. More recent algorithms, like PHS (Orseau & Lelis, 2021) or LevinTS (Orseau et al., 2023),
combine policy-driven and value-based approaches, offering both theoretical guarantees and strong empirical
performance. Additionally, PDDL planners (Haslum et al., 2019) solve decision-making problems by using
predefined action models and goals, with domain-independent planners offering broad applicability, while
domain-specific ones achieve higher performance in specialized tasks.

Empirical Studies on Algorithmic Performance Our work aligns with recent empirical studies that
investigate the conditions under which various algorithmic approaches excel. For instance, Andrychowicz
et al. (2020) investigate how specific design choices influence the performance of PPO, while other research
compares offline reinforcement learning with behavioral cloning (Kumar et al., 2022) or explores design
choices for language-conditioned robotic imitation learning (Mees et al., 2022). In this paper, we focus
on hierarchical search in combinatorial problems, specifically studying the conditions where hierarchical
methods outperform low-level planners. To the best of our knowledge, this is the first systematic study of
the relationship between hierarchical and low-level search in this context.

3 Combinatorial Environments

Our study targets solving combinatorial environments – domains with discrete, compact state representations
corresponding to exponentially large configuration spaces, which makes them highly challenging to solve.
This class includes several NP-hard problems, such as the Traveling Salesman Problem (Applegate et al.,
2006), the Rubik’s Cube (Singmaster, 1981), Sokoban (Culberson, 1997), or solving non-linear inequalities
(Sahni, 1974). In our study, we specifically focus on goal-reaching tasks. To efficiently solve combinatorial
problems an algorithm should have the following desirable properties:

In combinatorial environments, each problem instance is typically entirely distinct from others, making it
unrealistic to assume that offline data provides comprehensive state space coverage. This is especially critical
in problems like the Rubik’s Cube, where even with a vast training dataset, any new state will be entirely
different from those previously encountered. Some approaches rely on sufficient state space coverage, but in
many combinatorial problems, this assumption is impractical.

1. Learning from offline data. Since combinatorial environments are characterized by a large space
of possible configurations, learning without priors or handcrafted dense rewards is infeasible due to
the challenge of exploration1. To address this, a canonical solution is to leverage offline data, even
suboptimal. Other possible approaches, such as clever reward shaping, usually require significant
domain knowledge.

2. Combinatorial space abstraction. In combinatorial environments, each problem instance is
typically entirely distinct from others. Hence, it is unrealistic to assume a comprehensive state space

1For instance, we tested PPO (Schulman et al., 2017) on the Rubik’s Cube, but, unsurprisingly, it failed to make any progress
due to never reaching the goal in the haystack of 4.3× 1019 states, hence never observing a positive reward.
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coverage by training data or repeated visits to nearby states, an assumption that some approaches
implicitly rely on.

3. Search. Methods that don’t use search and follow a single action trajectory are inherently limited
by computational complexity, since they can perform only a constant number of operations before
choosing an action. Solving NP-hard problems within a fixed computation budget is computationally
infeasible (Bruck & Goodman, 1987).

Many hierarchical methods have not been designed for combinatorial problems, so they fail to meet the listed
conditions and cannot be expected to be efficient in these applications. For instance, Chen et al. (2024); Yang
et al. (2018) require continuous state or action space, Ghavamzadeh & Mahadevan (2003) learns only from
online interactions, Eysenbach et al. (2019); Huang et al. (2019); Lee et al. (2022) assume a good coverage
of the whole state space, and Nachum et al. (2018); Levy et al. (2019) do not use planning to determine
actions.

4 Subgoal Methods

Subgoal methods, or hierarchical methods, are a family of algorithms designed to solve complex decision-
making tasks by breaking down the overall objective into smaller, more manageable subgoals (Sutton et al.,
1999). Instead of searching for a sequence of low-level actions that directly lead from the initial state to the
goal, the agent first identifies high-level intermediate targets – subgoals – that guide the trajectory toward
the final goal. The use of subgoals is widely considered as a method that scales better to longer horizons
(Chen et al., 2024; Lee et al., 2022), mitigates errors in value approximations (Czechowski et al., 2021),
and reduces overall complexity by decomposing the problem into smaller subproblems (Sutton et al., 1999;
Zawalski et al., 2023). The process of searching involves the following components:

• Subgoal generator that, given a state within the search tree, outputs a set of subgoals. For
instance, a subgoal may be a future state (Czechowski et al., 2021; Zawalski et al., 2023) or a
class of desired outcomes (Jiang et al., 2019; Panov & Skrynnik, 2018). See Figure 16 for example
subgoals. The subgoal generator can be implemented using models such as transformers with beam
search (Czechowski et al., 2021; Zawalski et al., 2023), VQ-VAE (Kujanpää et al., 2023a), or other
generative architectures. The generator is used by the planner to construct a search tree of subgoals.

• Low-level policy that determines a path of low-level actions between subgoals. For instance, it
may be a trained goal-reaching policy (Czechowski et al., 2021; Zawalski et al., 2023), a local search
(Czechowski et al., 2021; Kujanpää et al., 2023a), or a stored path from previous episodes (Eysenbach
et al., 2019; Lee et al., 2022).

• Planner that determines the order in which subgoals are generated. Standard planning algorithms
like BestFS (Czechowski et al., 2021), PHS (Kujanpää et al., 2023a), or their modified forms (Za-
walski et al., 2023), are typically used.

• Value function that estimates the distance between the given state and the goal state. The planner
uses this information to select the next node to expand with the subgoal generator. In some works it
is also called heuristic value. In our study, we focus on value functions learned from demonstrations,
but in general, values learned through RL or even scripted heuristics can be used in search.

In our experiments, we use kSubS (Czechowski et al., 2021) and AdaSubS (Zawalski et al., 2023) as subgoal
methods well-suited for combinatorial problems, as they satisfy the conditions formulated in Section 3. We
also experimented with HIPS and HIPS-ε (Kujanpää et al., 2023a;b), but these methods generally fail to
solve the problems within a reasonable computational budget. Therefore, their results are omitted from the
main text and discussed in Appendix I.

We compare the performance of the selected subgoal approaches against three popular low-level methods:
BestFS, A*, and MCTS. To ensure a fair comparison and improve efficiency, we augment these algorithms
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by using a trained policy to select the top actions before each node expansion. We refer to them as ρ-BestFS,
ρ-A*, and ρ-MCTS. A detailed description, analysis, and pseudocode for each of these algorithms can be
found in Appendix F. See also Appendix H for diagrams explaining different search methods.

4.1 Training Components

In our experiments, the models for both subgoal methods and low-level searches were trained using imitation
learning, following standard practice (Nair et al., 2018; Czechowski et al., 2021). Specifically, we collected a
dataset of approximately 500 000 trajectories for each environment. Trajectories are sequences of consecutive
states and actions leading to the goal state. We used various methods of dataset collection, like hand-crafted
algorithms, trained policies, reversed random shuffles, and others, which let us to study the influence of
training data characteristics on the performance of search methods.

To ensure a fair comparison, all methods shared common components whenever applicable (e.g., each method
uses the same value function). This allows us to focus on the differences between the search algorithms, rather
than heuristic biases. No additional heuristics were used, ensuring that performance differences arise solely
from the algorithmic approaches.

More details on training the components, including specific objectives, are provided in Appendix D.

4.2 Performance Metrics

Our primary performance metric is the success rate, defined as the percentage of problem instances solved
within a given complete search budget. The complete search budget is the total number of visited states in
the search tree. In particular, for subgoal methods, the budget includes both the generated subgoals and
the states visited by the low-level policy used to connect these subgoals.

By accounting for the total number of visited states, this metric provides a unified and fair comparison of
search efficiency across different methods. We argue that reporting only the number of visited subgoal nodes
would unfairly favor subgoal methods (see Appendix I for details).

While wall-clock time could serve as an alternative budget metric, it suffers from high variance and is sensitive
to hardware, making it difficult to reproduce results. Nevertheless, we report wall-clock measurements to
validate their correlation with the complete search budget. Detailed discussion of that metric is provided in
Appendix G.

5 Analysis

We investigate how environmental properties and training data influence the performance of hierarchical
methods compared to low-level search approaches in combinatorial tasks. While previous works (Czechowski
et al., 2021; Zawalski et al., 2023; Kujanpää et al., 2023a;b) show a considerable advantage of hierarchical
methods, our experiments reveal that this advantage is not consistent across all scenarios (see Figures 4 or
5 for specific examples). Specifically, we answer the following research questions:

Q1. Is hierarchical search more effective than low-level search for solving combinatorial problems?

Q2. What environmental properties and characteristics of the training data amplify performance differ-
ences? When hierarchical search should be preferred over low-level search?

Q3. What pitfalls should be avoided when interpreting experimental results?

To address these questions, we conducted a wide range of experiments comparing subgoal and low-level
search algorithms across a variety of combinatorial tasks. Below, in each subsection we summarize the key
findings that reveal the most significant factors affecting performance, followed by a brief discussion. For
each finding, we link it to the relevant research questions. The extended analysis of these factors can be
found in Appendix B.

5
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We present our findings using the Rubik’s Cube, Sokoban, N-Puzzle, and Inequality Theorem Proving (INT)
(Wu et al., 2021) environments2. These classical benchmarks are widely used in planning research (McAleer
et al., 2019; Czechowski et al., 2021) and are known to be NP-hard (Demaine et al., 2018; Culberson, 1997;
Ratner & Warmuth, 1986). Since different algorithms exhibit significant performance variations depending
on the problem structure, we evaluate them in a range of environments to ensure the robustness of our
findings. Detailed descriptions of these environments can be found in Appendix A.

All methods in our study were trained using imitation learning. In particular, all algorithms share the same
value function, as stated in Section 4.1. To ensure fair comparisons, we measured complete search budgets, in
contrast to counting only high-level search nodes, to avoid giving any unfair advantage to subgoal methods,
as discussed in Section 4.2 (which contributes to the research question Q3). We tuned hyperparameters of
each method separately for each experiment to ensure optimal performance.

5.1 Subgoal Methods are Robust to Diverse Sources of Data

Achieving superhuman performance in complex tasks often involves large-scale datasets of demonstrations
obtained from agents with varying skill levels and strategies (Silver et al., 2016). By training models on data
collected from a variety of solvers and testing them in the Rubik’s Cube and N-Puzzle environments, we
show that the variability in training data has a significant impact on the performance of search algorithms.
Our training data included algorithmic solvers, computational solvers, and random shuffles, as detailed in
Appendix B.1.

Figure 2: Solving the Rubik’s Cube. Components

are trained on data from 4 different solvers.

Figure 3: Solving the N-Puzzle. Components are

trained on data from 2 different solvers.

As shown in Figures 2-3, subgoal methods consistently outperform low-level methods by a wide margin
(Q1). However, when the training dataset is limited to a single source of demonstrations – whether the
demonstrations are long and structured or short and direct – this performance gap disappears (see Figures
4-6). Notably, subgoal methods, particularly AdaSubS, maintain stable performance across all training
setups, while low-level methods are highly sensitive to the characteristics of the training data.

To explain those results, we found that value functions trained on diverse data often fail to assign consistently
low values to the initial states of tasks. When demonstrations differ significantly in their length or execution
style, the value function learns this variation, leading to inconsistent value predictions. Hierarchical methods
can overcome this issue by relying on subgoals. Subgoals enable the agent to make long steps toward the
solution, effectively bypassing regions of the state space where the value function is inconsistent or noisy,
as it does not need to assess every small step along the way (this property is further studied in Section
5.2). In contrast, low-level methods operate on a finer, step-by-step level, executing small, atomic actions.

2We note that classical environments have domain-specific solvers that achieve high performance by relying on expert
knowledge. However, our goal is to compare general-purpose search methods that require no domain knowledge.
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Figure 4: Solving the Rubik’s
Cube. Components are trained on
reversed random shuffles.

Figure 5: Solving the Rubik’s
Cube. Components are trained on
the Beginner algorithmic solver.

Figure 6: Solving N-Puzzle. Com-
ponents are trained on an algorith-
mic solver.

This makes them more sensitive to the variability in the value function because they must evaluate each
intermediate state on the way.

More detailed analysis of the experiments involving diverse data sources is provided in Appendix B.1.

Takeaway Subgoal methods successfully leverage diverse demonstrations (Q2), while low-level
search performs better when trained on homogeneous trajectories (Q2).

5.2 Subgoal Methods are Value Noise Filters

We found that the classical search algorithms are highly sensitive to the quality of the value function. To
show this in a controlled setting, we added Gaussian noise to the value estimates and observed how different
noise levels impacted the success rate of solving tasks.

Figure 7: Success rate of low-level and subgoal methods as the approximation errors of the value function
increase. σ = 100 results in completely random value estimates.

While ρ-BestFS is able to solve nearly all instances under ideal conditions, its performance significantly
declines as value function errors increase, even to 0% (see Figure 7). ρ-A* and ρ-MCTS behave similarly.
In contrast, the subgoal methods show remarkable resilience. Particularly AdaSubS, which maintains nearly
unchanged success rate, despite high value errors (Q2).

These results align with our findings in Section 5.1, where using diverse training data naturally introduced
value estimation errors. As observed by Zawalski et al. (2023), the search process of subgoal methods is
guided by subgoal generators, which reduces reliance on the value function. Subgoal generators and the
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conditional policies connecting subgoals are not directly influenced by the value approximation errors. The
value function is used only in high-level nodes, which represent only a fraction of the search tree.

In hierarchical methods, the distance between high-level nodes spans multiple steps, increasing the likelihood
that value estimates for subsequent high-level nodes along the solution path will be monotonic (see Figure
8 for an illustrative example), which makes planning more efficient. This supports the claim by Czechowski
et al. (2021) that subgoals effectively mitigate the impact of value noise. To further ground that result, we
prove the following theorem:

Theorem 1 (Search advancement formula). Let gk : S → P(S) be a stochastic k-subgoal generator that,
given a state s ∈ S samples a set of b subgoals {si} such that the distances d(si, s) are independent, uniformly
distributed in the interval [−k; k]. Let V : S → R be a value function with approximation error uniformly
distributed in the interval [−σ; σ].

Then, after n iterations of search, the expected total progress toward the goal is:

EAdv =
nb

4σk

∫ k

−k

x

∫ σ

−σ

ũ(x + h)b−1dh



dx, (1)

where ũ(x) is CDF of the sum of two uniform variables U(−k, k)+U(−σ, σ). Additionally, if we approximate
that sum as U(−k − σ, k + σ), we get

EAdv ≈
n

(
(k + σ)b(bk2 + bkσ − 2kσ − 2σ2) + σb(2kσ + bkσ + 2σ2) − kb(bk2)

)

(b + 1)(b + 2)kσ(k + σ)b−1
(2)

Proof. See Appendix K for the proof.

Figure 8: Value estimates along a solving trajectory
generated by ρ-BestFS. Even small approximation er-
rors cause non-decreasing values, slowing down the
search. In contrast, the subgoal path mitigates these
errors, leading to mostly monotonic values along the
trajectory.

Figure 9: Normalized advancement EAdv/k for a sin-
gle search iteration, according to Theorem 1. The
value for each subgoal is divided by its length to rep-
resent the advancement per atomic action for easier
comparison.

Theorem 1 quantifies the expected progress of the search at each step, with Equation 1 giving an exact
formula and Equation 2 providing a useful approximation. To compare subgoal methods with low-level
methods in theory, under different levels of value approximation error, we model low-level search by setting
k = 1, which represents a single action. Figure 9 shows the expected search progress with a branching factor
of b = 3, normalized by the number of actions leading to a subgoal.

When value estimates are perfect (i.e., σ = 0), both subgoal and low-level searches perform similarly.
However, as value approximation errors increase, subgoal methods become significantly more resilient. At
high noise levels (σ = 20), single-step searches make very little progress, advancing only 0.025 per action.
In contrast, subgoals of length 8 achieve much greater progress – 1.4 for the entire subgoal, which is 0.175
per action. This 7-fold increase in theoretical efficiency explains why subgoal methods outperform low-level
methods in our experiments.
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Further analysis of these experiments can be found in Appendix B.2.

Takeaway Subgoal methods successfully handle value approximation errors. Thus, they should
be used when estimating the value is hard, for instance, when learning from diverse and suboptimal
demonstrations (Q2).

5.3 Subgoal Methods Handle Complex Action Spaces

Figure 10: Solving INT. Components are trained
on randomly generated proofs.

Figure 11: Solving the Rubik’s cube with ex-
panded action space, compared with the stan-
dard setup. Components are trained on reverse
random shuffles.

In environments with large action spaces, search methods often struggle due to the exponential increase
in the number of choices (Sutton & Barto, 1998). As shown in Figure 10, subgoal methods demonstrate
a clear advantage over low-level search methods in the INT environment (Wu et al., 2021), a benchmark
on proving mathematical inequalities (Q1). The INT environment is particularly challenging because of its
highly complex observation and action spaces, making it the most difficult benchmark among those used in
(Czechowski et al., 2021; Zawalski et al., 2023; Kujanpää et al., 2023a;b).

Given a complex action space, each node expansion in low-level methods involves executing many similar
actions, limiting their ability to efficiently search through the space. In contrast, subgoal methods compute
actions only to connect subgoals, which is a much simpler task. This targeted approach reduces the negative
impact of a large action space, allowing subgoal methods to maintain their efficiency even as the action space
grows (Q2).

To confirm this explanation, we conducted experiments on a modified version of the Rubik’s Cube, where
the action space was artificially inflated by giving the agent access to 100 copies of each action. As shown in
Figure 11, this simple modification drastically reduces the success rates of all low-level methods, even below
35%. In contrast, subgoal methods remain largely unaffected, performing similarly to the standard setup.
We can explain that result with the following theorem:

Theorem 2 (Densification of the action space). Fix any state s from the state space S. Let f : A → [0, 1]
be the action distribution induced by the data-collecting policy for the state s. Assume that f is continuous
and has a unique maximum.

For clarity, assume A = [0, 1]. Consider a sequence of increasingly dense discrete action spaces An :=
{i/n}n

i=0 ⊂ A. Let ρn : S × An → [0, 1] be a family of policies that learn the distribution f |An
over actions,

with uniform approximation error U(−E, E), where E ∈ R+. Let rn be the range of the top K actions
according to the probabilities estimated by ρn. Then

lim
n→∞

E[rn] = 0.

9
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Proof. See Appendix L

Intuitively, this theorem states that as the action space become more dense and complex, the actions sampled
for search become increasingly less diverse, which strongly impedes successful planning. Note that this
analysis is strictly more general than the last experiment, where we simply copied the available actions.
Further analysis of the experiments involving large action spaces is provided in Appendix B.3.

Takeaway When facing a problem with a complex action space, subgoal methods should outperform
low-level search (Q2).

5.4 Subgoal Methods Avoid Dead Ends

Once an agent encounters a dead end, reaching the goal becomes impossible, leading to wasted computational
effort. Our results, presented in Figure 5.4, show that subgoal methods tend to enter dead ends less often
than low-level methods. Using longer subgoals improves the ability to bypass those areas.

Among low-level methods, ρ-A* performs the best at minimizing dead ends rate, as its node selection
regularizes values by depth in the search tree, preventing it from over-committing to dead ends. However,
even ρ-A* is outperformed by subgoal methods, which rely on greedy value estimates and subgoals.

Search algorithm Dead ends rate

ρ-MCTS 22.0%
ρ-BestFS 18.5%

ρ-A* 13.7%

kSubS (4 steps) 12.7%
kSubS (8 steps) 10.0%

AdaSubS 8.86%

Figure 12: Fraction of dead ends encountered
during search between hierarchical and low-level
methods in Sokoban.

Deciding whether a state is a dead end can be NP-hard.
Hence, it is much harder for the value function to penal-
ize dead ends compared to the policy, which only ranks
the available actions and does not have to identify dead
ends (Feng et al., 2022). Furthermore, demonstrations
used for imitation learning lead to the goal state, hence
they contain no dead ends. Therefore the value function
trained this way is never directly instructed to penalize
dead ends. At the same time, during training of the policy
the actions leading to dead ends are never reinforced. Our
experiments show that hierarchical search relies much less
on the value guidance compared to low-level search (Sec-
tion 5.2), which further supports our conclusions. For a
more detailed analysis, see Appendix B.4.

Takeaway Subgoal Methods Are More Effective at Avoiding Dead Ends Compared to Low-Level
Search (Q2).

5.5 Subgoal Methods Generalize Out-Of-Distribution

Planners that can generalize to out-of-distribution (OOD) instances are essential for robust decision-making
(Kirk et al., 2023; Shen et al., 2021). We tested two types of generalization in the Sokoban environment: by
significantly changing the layout of the board and by using extremely difficult boards from the DeepMind
dataset (Guez et al., 2018) (see Figure 13 for examples).

In both cases, subgoal methods show better performance than low-level methods, with the gap increasing as
the distribution shift become more visible (see Figures 14-15). However, we found that kSubS, when using
twice longer subgoals, collapses in OOD evaluations, despite outperforming ρ-BestFS and other low-level
methods on in-distribution tasks. As the subgoal distance increases, predicting the distant future becomes
more challenging, making it less likely for the generated subgoals to be valid and reachable, especially in
OOD tasks. In contrast, low-level methods avoid this issue, as selecting an action from a limited set always
results in a valid move. Thus, while subgoal methods can be effective in OOD scenarios, excessively long
subgoals can degrade performance (Q2).

10
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Figure 13: Examples of Sokoban boards used in OOD experiments

Figure 14: Averaged OOD results on Sokoban
boards with OOD layouts. These instances were
generated by systematically varying all parame-
ters of the instance generator.

Figure 15: Performance on DeepMind extra hard
boards.

When evaluated on extremely challenging instances (see Figure 1) introduced by (Guez et al., 2018), all
methods required a significantly higher search budget but maintained the same performance order as in the
previous experiment (Q1). Solving these instances requires more advanced strategies than those learned
during training. Subgoal methods are better equipped to handle this increased complexity because selecting
subgoals is closely related to choosing a broader strategy because of their longer horizon. In contrast, low-level
methods must assess each individual action, which limits their ability to foresee the long-term consequences
of their choices.

Takeaway Subgoal methods can scale better than low-level methods on OOD instances, provided
the subgoals are not too long (Q2).

6 Discussion of the Results and Future Directions

We identified several features that facilitate the performance of subgoal methods; however, this list is not
exhaustive. Since our study is primarily empirical, it is difficult to make truly universal claims. This
highlights the need for further research, including the analysis of additional subgoal-based and low-level
algorithms, as well as a broader range of environments. Although most of our conclusions were confirmed
across multiple settings, extending the evaluation to more domains would further strengthen their validity.

Empirical results suggest general trends, but Theorems 1-2 offer theoretical support for key findings. These
theorems, which apply to the general class of hierarchical methods described in Section 4, reinforce the
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broader relevance of our results. Additional findings from our study may also inspire further theoretical
investigation.

We advocate for the use of a complete search budget as a more meaningful metric than alternatives such
as the number of high-level nodes or wall-clock time. Nevertheless, for completeness, we report runtime
comparisons in Appendix G. Developing a flexible, low-variance, and reproducible evaluation framework
based on wall-clock time remains an important direction for future work.

Our study has broader implications for other complex domains. For example, advancements in robotics
often face significant challenges due to limited data, leading many methods to rely on collective datasets
like Open X-Embodiment (Collaboration et al., 2023). As shown in our experiments, hierarchical search
methods benefit substantially from training on diverse expert data (Section 5.1). Furthermore, the data
bottleneck increases the need for the models to generalize to out-of-distribution scenes and tasks, which is
also an advantage of hierarchical methods (Section 5.5). Finally, an essential aspect of robotics involves
preventing the robot from becoming stuck or losing the manipulated object, events that can be seen as
dead-end scenarios (Section 5.4). Successful applications of hierarchical methods in robotics include models
such as SuSIE (Black et al., 2024) and HIQL (Park et al., 2023).

Additionally, our experiments indicate that hierarchical methods scale well in long-horizon tasks, as evidenced
by their performance in the N-Puzzle and the Rubik’s Cube (using Beginner demonstrations), where the
average sequence of steps often exceeds 200. Interestingly, while low-level methods can still perform well in
these scenarios, we observed that they tend to be much more sensitive to hyperparameter tuning.

It is important to note that we do not claim hierarchical methods are universally superior to low-level
approaches in all complex domains. Instead, the properties highlighted in our analysis suggest cases where
they should be considered.

7 Conclusions

We conducted a thorough comparison of hierarchical and low-level search methods for combinatorial tasks.
Our experiments provides empirical and some theoretical evidence that hierarchical approaches should be
preferred in environments where value estimation is challenging and learned estimates face significant uncer-
tainty, particularly when learning from diverse suboptimal data. Furthermore, subgoal methods demonstrate
better scalability in complex action spaces and are more effective at avoiding dead ends than low-level meth-
ods. Thus, in environments characterized by those properties, it is advisable to consider subgoal methods
as an alternative to low-level search.

While we use Subgoal Search as a representative hierarchical method in our experiments, our analysis is
framed from the broader perspective of hierarchical methods, as introduced in Section 4. Notably, Theorems 1
and 2, as well as the general properties illustrated in Figures 8 and 11, apply to a wide class of subgoal
methods, not just to the specific implementations used for our experiments.

Based on our results, we propose guidelines for future research in this area. According to our experiments,
the best-performing low-level search was usually ρ-BestFS with a confidence threshold (see Appendix F).
Although it is rather sensitive to the threshold value, which has to be optimized for each domain separately,
we advocate using this simple method as a standard baseline for further research in hierarchical search. Our
guidelines are comprehensively discussed in Appendix J.

Additionally, we identified easy-to-overlook mistakes in reporting the results that may lead to misleading
conclusions. Most importantly, the reported complete search budget of hierarchical methods must include all
the visited states and not only the high-level nodes as used in some prior works.

8 Reproducibility Statement

The code used to run all our experiments is available at https://github.com/subgoalsearchmatters/

what-matters-in-hierarchical-search. We also link there datasets used for training our models. Hence,
all our results are fully reproducible.
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A Environments

Sokoban Sokoban is a classic puzzle game where the objective is to push boxes onto target locations within
a confined space. It is a popular testing ground for classical planning methods and deep-learning approaches
due to its combinatorial complexity and difficulty in finding solutions. Recognized as a PSPACE-hard
problem, Sokoban is used to evaluate different computational strategies. Our experiments use 12 × 12
Sokoban boards with four boxes to assess the performance of our proposed models. An illustrative example
of a simple Sokoban search tree with a solving path is shown in Figure 16.

Figure 16: Hierarchical Search applied to solving Sokoban. This tree, depicted in figures, employs bolded
green arrows to highlight selected subgoals within a hierarchical search framework earmarked for subsequent
exploration. The illustration demonstrates that these intermediate goals exhibit variability in terms of both
their spatial distance and the methodology by which a planning algorithm may leverage them.

Rubik’s Cube The Rubik’s Cube, a renowned 3D puzzle, has over 4.3 × 1019 possible configurations,
highlighting the huge search space and the computational challenge it poses. Recent advancements in solving
the Rubik’s Cube with neural networks underscore the potential of deep learning methods in navigating
complex, high-dimensional puzzles. For the exact representation of the Rubik’s Cube state, see Figure 17.

N-Puzzle The N-Puzzle, a classic sliding puzzle game, comes in various sizes, including the 3x3 (8-puzzle),
4x4 (15-puzzle), and 5x5 (24-puzzle). The goal is to rearrange a frame of numbered square tiles into a specific
pattern, a task that tests the algorithm’s ability to plan and execute a sequence of moves efficiently. Figure
18 shows a visualization of a trajectory in 24-puzzle.

INT INT (INequality Theorem proving) is an automated theorem-proving benchmark for high school al-
gebraic inequality proofs. (Wu et al., 2021) provides a generator of mathematical inequalities and a proof
verification tool. Each action in INT maps to a proof step, which specifies a chosen axiom and its input
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Figure 17: Example trajectory of Rubik starting from initial state s0 leading to the final solution sn.

Figure 18: Example trajectory of n-puzzle starting from initial state s0 leading to the final solution sn. Red
arrows indicate low-level actions.

entities - which makes action space very high-dimensional, enabling up to a million valid actions at a step.
This large action space makes INT a desirable but challenging environment for expanding HRL paradigms
to vast action spaces.

We used 25-step proofs for this paper, representing an uplift from 15 considered in (Czechowski et al., 2021;
Zawalski et al., 2023) (the latter used longer proofs, but only for evaluating 15-trained models). Each step
is an application of an axiom to an axiom-specific number of entities (entities are bracketed or bracketable
parts of the theorem’s goal).

Example Theorems for INT environment

Theorem 1 Premises: ((c + c) + d) ≥ a;

(d + e) ≥ 0;

((c + c) + f) ≥ (0 + a);

(b + g) ≥ 0;

Goal: (((((((c + c) + (c + c)) · 4c) + ((c + c) + d)) + (d + e)) + ((c + c) + f)) + (b + g))

≥ ((((0 + a) + 0) + (0 + a)) + 0)

Theorem 2 Goal: (((0 + b) + c) + a) ≥ (0 + (0 + (b + (c + a))))

Theorem 3 Premises: (a + d) ≥ 0;

(a + e) ≥ (c · c);

(e + f) ≥ 0;

(c + g) ≥ 0;

(c + h) ≥ (c + g);

(c + i) ≥ 0;

Goal: (((((((c · c) · (a + d)) + (a + e)) · (e + f)) · (c + g)) + (c + h)) · (c + i))

≥ ((((((0 · (a + d)) + (c · c)) · (e + f)) · (c + g)) + (c + g)) · (c + i))

Figure 19: A comprehensive representation of theorems pertaining to goal achievement in mathematical
expressions, showcasing the logical structure and underlying premises leading to the formulated goals.
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B Key Factors For Hierarchical Search

According to our experiments, the attributes pivotal for leveraging the advantages of high-level search include:

• learning from diverse data sources,

• hard-to-learn value function,

• complex action space,

• presence of dead ends

In Section 5, we show our main experiments that support our findings. In this appendix, we present an
extended analysis of each property.

B.1 Learning from diverse data sources

Achieving superhuman performance in complex tasks, as demonstrated by AlphaGo Silver et al. (2016), often
involves large-scale datasets of demonstrations obtained from agents with varying skill levels and strategies.
However, this diversity introduces challenges such as inconsistencies in demonstrations and variations in
quality (Fu et al., 2020; Chen et al., 2021; Levine et al., 2020). Widely used datasets like D4RL (Fu et al.,
2020), Open X-Embodiment (Collaboration et al., 2023), or Waymo Open Dataset (Sun et al., 2020) reflect
this diversity, highlighting the need to address these challenges effectively. We want to answer the question
whether such setting is handled better by high-level or low-level search algorithms.

Experiment setup For this analysis, we focus on the Rubik’s cube environment. We collected a dataset of
500 000 trajectories, computed with four different solvers for the Rubik’s cube:

• Beginner – the simplest human-oriented solving algorithm. It aims to order the cube layer by
layer with a few primitive tactics. Because of that the solutions are structured, but also very long
(typically between 150 and 200 moves).

• CFOP – an algorithm designed for speedcubers. It is based on the same principle as Beginner, but
employs many advanced tactics that make the solutions faster (typically about 100 moves).

• Kociemba – a computational solver that finds near-optimal solutions (usually between 20 and 40
moves) in short time. It is heavily optimized based on the algebraic properties of the Rubik’s cube.

• Random – solutions obtained by scrambling an ordered cube with random moves and reversing the
trajectory.

Figure 30 shows example solutions generated with each solver. Clearly, the algorithmic solvers (Beginner
and CFOP) generate much longer solutions that the other methods. They are also more structured, as they
are based on building patterns. The computational solver Kociemba on the other hand go directly towards
the solution because its moves are carefully optimized to ensure maximal advantage. Because of that, this
dataset represent a truly diverse set of demonstrations.

Results As shown in Figure 2, the subgoal methods outperform the low-level methods by a wide margin.
While ρ-BestFS is comparable on small budgets, it struggles with solving most of the instances. Also, it
should be noted that the performance of the subgoal methods changes only slightly compared to training on
a single Random solver (Figure 4) while the low-level searches are heavily affected.

Learned values To find the sources of that outcome, we checked the values learned by the heuristic function.
Because of the diversity introduced by combining the experts, we should expect that the estimates are subject
to high uncertainty and possibly high variance.

Figure 20 shows the distribution of the learned heuristic for random fully shuffled cubes. Although most
instances can be solved optimally within 20-26 moves, the estimates range from 14 to 90 steps. Furthermore,
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Figure 20: Value distribution for fully scrambled cubes, learned on data coming from diverse experts. The
values are rescaled so that the x-axis represent the estimated number of steps to the solution. The values
represent the mean of each interval.

the distribution is clearly bimodal – one mode correspond to a typical length of Kociemba solution, the other
to CFOP.

Furthermore, Figure 25 shows the distribution of value estimates throughout the solutions for each solver. We
observe that for the algorithmic solvers the initial distance is considerably underestimated. After about 20%
moves the value network recognizes the pattern of layers built by the solvers and expect a long solution by
assigning values close to 100. On the other hand, the values learned for the states visited by the computational
solvers start as overestimated, but steadily decrease towards 0.

While it is a reasonable strategy for the value to fit to the provided dataset, it creates a challenge for
the search. If a search algorithm aims to imitate Beginner or CFOP, it has to reach the layer pattern,
characteristic of those solvers. However, the random states tend to have very low distance estimate, compared
to the initial layer patterns. Because of that, for tens of steps the heuristic estimates would be actually
increasing, making the reached states less and less probable to expand.

In practice, the low-level searches usually fail to cross this gap. On the other hand, the high-level methods
are partially guided by the subgoal generators that ignore the values. The value gap that spans across about
30 steps can be crossed with as few as 5 subgoals of length 6. Because of that both kSubS and AdaSubS can
successfully leverage the schematic algorithmic solutions.

To finally confirm that conclusion, we must answer the question whether the performance of low-level searches
would increase if they could leverage the algorithmic solutions as well. For that purpose, we trained the
components for each method using data only from the Beginner solver. This way we remove the challenge of
noisy initial values. As shown in Figure 5, the low-level searches indeed perform much better. BestFS even
matches the performance of AdaSubS. That confirms our observation that low-level searchas fail to utilize
multimodal data because they rely too much on the value function and seek monotonic slopes.

At the same time we observe that since BestFS and AdaSubS show nearly identical performance on Beginner
solutions, it is questionable that hierarchical methods handle long-horizon tasks better, which is a common
belief (Nachum et al., 2018; Eysenbach et al., 2019; Chen et al., 2024).

B.2 Value Approximation Errors

In many practical scenarios, value function estimates are based on either limited data samples or hand-
crafted heuristics (Campbell et al., 2002; Mnih et al., 2015; Walke et al., 2023). This often leads to high
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Figure 21: Beginner solver

Figure 22: CFOP solver

Figure 23: Kociemba solver

Figure 24: Reversed random 20-move trajectories

Figure 25: The learned value estimates distribution for various solvers. For each plot 100 episodes were solved
using the respective solver. The boxes represent the distribution of value estimates for the consecutive points
of the solution. The x-axis denotes the relative part of the trajectory (i.e., 0.5 denotes the middle point in
each trajectory, regardless of its length). The blue line indicates the true number of steps to the solution.

approximation errors. If search algorithms rely too heavily on these imperfect estimates, they can make poor
decisions, especially in large and complex environments where accurate value estimates are even harder to
obtain (Collaboration et al., 2023; Vinyals et al., 2019).
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Figure 26: Beginner

bryoyrorryyygboywogybbrgbgrwwoogwgygbbrooyobrwrwgwbgww

brooyoorbyyygboywogyybrrbgrowgwgywogwbrboywbrwrbgwggwr

brooyoowwyybgbrywoyrryrggbbbwgrgywogwbrboywbryoogwggwr

oobwyrwooyrrgbrywobwgyrggbbwbrrgywogyybboywbryoogwggwr

oobwyrorryrygboywogybbrwbggwbrogyoogyybboywbrwrwgwggwr

oobwyworgyrygboywogywbrgbgroowogbgyrrybroybbrwrwgwbgwy

oworyogwbgywgboywooowbrgbgrrybogbgyryryroybbrwrwgwbgwy

growywboooowgboyworybbrgbgryryogbgyrgywroybbrwrwgwbgwy

bwgoyroworybgboywoyrybrgbgrgywogbgyroowroybbrwrwgwbgwy

bwgoyroobrywgbrywwbbygrrrgyoywwgboyroowroybbrgoggwbgwy

bwgoyrwrwryggboywgrgbgrbyryoywogbbyroowroybbrowogwbgwy

rwgyyrwrwygrwbygogbgborbwryoywogbbyroogrogbborwogwbywy

gwyyyrwrwygrwbyyogbgborbwryoyrogwbygggoooborbrwogwbrbw

wygrywwrybgbwbyyogoyrorbwryggoogwbygygrooborbrwogwbrbw

owgrywwryggbybywogoyrorbwryggwogbbyrooyrogbbrrwogwbbwy

owrrybwryggbybywogoyoorbwrybogyggrbwyoywoggbrrwbgwrbwo

oworybwryggbybywogoyborrwrorybbgowggyoybogrbrrwggwwbwy

bogrybwryogbwbyoogoyborrwroryybgwwgbrbyboorgyrwggwwgyw

ywbrybwryggbobybogoyborrwrorywbgywggrbrgobyoyrwggwwowo

wryrywybboybobybogryworrwrorbrbgywggggbgobyoyrwggwwowo

yrwbyrbwyrywobybogrbrorrwroggbbgywggoybgobyoyrwggwwowo

bbywyryrwrbrobybogggborrwrooybbgywggrywgobyoyrwggwwowo

ybybyrwrwborobbgyrbgbwrryrooybbgywggryogogyorgwgowwwwo

rbygyrorwgobyborbrygbbrrwrooybbgywggrywgooyogbwgwwwywo

ogrrybwryygbyborbroybbrrwrorywbgywgggobgooyogbwgwwwywo

wrorygybroybyborbrrywbrrwrogobbgywggygbgooyogbwgwwwywo

ogrrybwryygbyborbroybbrrwrorywbgywgggobgooyogbwgwwwywo

ogbryrwroygbyborbroygbrwwrowbrggygywyobboorogbwywwgywg

wrorygorboygyborbrwbrbrwwroyobggygywygbboorogbwywwgywg

wrrryboryoygyborbrwbobrgwrbbywogyyggggbgooyogbwrwwwywo

rbyryrwroggbyborbroygbrgwrbwboogyyggbywgooyogbwrwwwywo

rbgrygwrbggbyborbroyrbrwwroyowggbgyooywrooyogbwywwgywb

wrrrybbggoyryborbryowbrwwrooywggbgyoggbrooyogbwywwgywb

brwgyrgbryowyborbroywbrwwroggbggbgyooyrrooyogbwywwgywb

brygyrgboyowyborbroywbrrwrrbboggygggbyrgooyogbwwwwwywo

ggbbyroryoywyborbrbbobrrwrrbyrggygggyowgooyogbwwwwwywo

obgrygyrbbboyborbrbyrbrrwrryowggygggoywgooyogbwwwwwywo

obyrygyrobboyborbrbygbrgwrbwygoggyggoywwoowogbwrwwrywr

yrorybogybygyborbrwygbrgwrboywoggyggbbowoowogbwrwwrywr

yrgrygogbbygyborbrwyrbrrwrryooggyggwyboboooogbwwwwwywb

ggbrygyroyboyborbrbygbrrwrrwyrggyggwyooboooogbwwwwwywb

bgogyrgryyooyborbrybobrrwrrbygggyggwwyrboooogbwwwwwywb

gywgyrgryooogbobbrybobrrwrrbybggwggyobwooygorbwwwwwyyr

gggryyyrwybogbobbrbybbrrwrrobwggwggyoooooygorbwwwwwyyr

bgyryyyrwyboyborbrbybbrrwrrobgggggggoyrooooogbwwwwwyww

yrbrygwyybybyborbrobgbrrwrroyrggggggyboooooogbwwwwwyww

wryyyrygbobgyborbroyrbrrwrryboggggggbybooooogbwwwwwyww

wryyyrrogobbybwrbwwborryrrrybogggbggbybooooogggywwwyww

rywoyrgrywboybwrbwyborryrrrbybgggbggobbooooogggywwwyww

rywoyrbgbwbyybrrbgoyrbrryrryybggggggobbooooogowwwwwyww

borgyybrwoyrybrrbgyybbrryrrobbggggggwbyooooogowwwwwyww

bgbryowyryybybrrbgobbbrryrrwbyggggggoyrooooogowwwwwyww

wrbyygrobobbybrrbgwbybrryrroyrggggggyybooooogowwwwwyww

rywoyrbgbwbyybrrbgoyrbrryrryybggggggobbooooogowwwwwyww

gywoyrbgbrywbbbgryryrorrbrryybggggggobyoowoooowwbwwyww

boggyybrwryrbbbgryyyborrbrrobyggggggrywoowoooowwbwwyww

bgbryowygyybbbbgryobyorrbrrrywggggggryroowoooowwbwwyww

ogboyobygbbyybrybgobybrryrrrywggggggrywooroobowwwwwrww

booyyggobobyybrybgrywbrryrrrywggggggbbyooroobowwwwwrww

boorygyobyyobbbgrybywyrrgrrrywggggggbbroowooorwwbwwyww

ogboyobrybbrbbbgryyyoyrrgrrbywggggggrywoowooorwwbwwyww

ygbyyogryrbybbrbbgryobrryrrbywggggggrybooooooowwwwwwww

gyyrygyobryobbrbbgbywbrryrrrybggggggrbyooooooowwwwwwww

yrgoyybgybywbbrbbgrybbrryrrrbyggggggryoooooooowwwwwwww

gyyrygyobryobbrbbgbywbrryrrrybggggggrbyooooooowwwwwwww

gyyryggroryobbwbbwybbrryrrwyyboggbggrbyooooooggrwwwwww

grgryyogyybbbbwbbwyybrryrrwrbyoggbggryoooooooggrwwwwww

grgryyrobybybbgbbobywyrryrrrbyggggggryooooooobwwwwwwww

rrgoyrbygbywbbgbborbyyrryrrryoggggggybyoooooobwwwwwwww

rrgyyryygwgoybbbbbbbywrrwrrryoggggggybbooooorowwowwyww

grgryyryyybbybbbbbwgowrrwrrbbyggggggryoooooorowwowwyww

rrgoyyoyybyybbbbbbggorrrrrrbbyggggggryyoooooowwwwwwwww

grgryyryyybbybbbbbwgowrrwrrbbyggggggryoooooorowwowwyww

yggryyryygbbrbbgbbwgowrrwrrbbwggwggyoorooyrooowwowwyyb

wwyryyryygbbgbbybbwgowrrwrrbbbggyggyrooooooyrowwowwgrg

wworyrryrgbbgbbybbwgwwrwwrgggbggbyybyooyooyyrowoowogrr

bbbryrryrobbwbbwbbwgwwrwwrgggrggryygyyyyoorooowoowoggy

bbrryyryyobbwbbwbbwgbwrrwrrrrgggyggyyyyooooooowwowwggg

gyyryyryyrbbbbbbbbwgbwrrwrrrrgggggggooyooyooyowwowwoww

yyyyyyyyybbrbbbbbbggbrrrrrrrrgggggggooooooooowwwwwwwww

yyyyyyyyyggbbbbbbbrrgrrrrrroooggggggbbroooooowwwwwwwww

yyyyyyyyyrrgbbbbbbooorrrrrrbbrggggggggboooooowwwwwwwww

yyyyyyyyyooobbbbbbbbrrrrrrrggbggggggrrgoooooowwwwwwwww

yyyyyyyyybbrbbbbbbggbrrrrrrrrgggggggooooooooowwwwwwwww

gyyryyryyrbbbbbbbbwgbwrrwrrrrgggggggooyooyooyowwowwoww

rrgyyyyyywgbbbbbbbrrgwrrwrrooyggggggrbbooyooyowwowwoww

rroyyoyyrwgbbbbbbbrrgwrywryyggoggoggwbbwoywoyowgowrowr

yyryyrroorrgbbbbbbyggwrywrywbboggoggwgbwoywoyowgowrowr

ryyoyyorryggbbbbbbwbbwrywrywgboggoggrrgwoywoyowgowrowr

yyyyyygrrbbybbgbbgrbboryorywgboggoggrrowoowoowwgwwrwwr

yyryyryygrrobbgbbgbbyoryoryrbboggoggwgbwoowoowwgwwrwwr

byroyroygoggrbbrbbwbywrywryrbboggoggwgywoywoyowgowrbwr

oobyyygrrwbyrbbrbbrbbwrywrywgyoggoggoggwoywoyowgowrbwr

gyoryorybrbbrbbrbbwgywrywryoggoggoggwbywoywoyowgowrbwr

yyoyyoyybrrrbbbbbbggyrryrryoggoggoggwbbwoowoowwgwwrwwr

yyyyyyyyyrrrbbbbbbgggrrrrrroooggggggbbboooooowwwwwwwww

yyyyyyyyybbbbbbbbbrrrrrrrrrgggggggggooooooooowwwwwwwww

Figure 27: CFOP
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Figure 28: Kociemba
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Figure 29: Random

Figure 30: Example solutions computed by each solver. Because the algorithmic solvers typically require
over 100 steps, we use a tiny font to display it.

Section B.1 hints that when value estimates are subject to high uncertainty, subgoal methods should outper-
form low-level searches. To confirm that intuition, we run an experiment in a Rubik’s cube, N-Puzzle, and
Sokoban environments (Section 5.2). During inference, we add additional noise to the value estimates. That
is, whenever a node is added to the search tree and its value estimate equals v̂, we add it with the value of
v̂ + N (0, σ) instead.

Figure 7 shows that as the amount of noise increases, each low-level method gets less and less efficient. On
the extreme, when using fully random values (σ = 100), they struggle to solve any instance.
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On the other hand, subgoal methods are much more resilient to noise in the value. Adaptive Subgoal Search
is nearly not affected by the presence of noise. kSubS is able to retain as much as 40% − 90% success rate,
even with completely random values.

Observe that the search performed by low-level methods is guided mainly by the value function. Hence, if
the computed estimates are subject to high variance, low-level search struggles to make any progress. On
the other hand, the subgoal search is guided both by the value function and the subgoal generator. Both the
subgoal generator and the conditional policy that connects subgoals do not depend on the values. Hence,
the value function is used only in the high-level nodes, which is only a fraction of the search tree.

An extreme case of that behavior is demonstrated by Adaptive Subgoal Search. Because in our configuration
each generator outputs a single subgoal, the value is nearly not used at all for search. Only when the search
is stuck, the secondary generators select the highest-ranked node to expand, which in this case is simply a
random node of the tree. To summarize, given random value estimates, AdaSubS reduces to the following
strategy:

1. Start from the root node,

2. Move from the current node to the subgoal until possible,

3. If the search is stuck, expand a random node in the search tree with a secondary generator and
return to (2).

The experiments show that this simple strategy is surprisingly competitive to the greedy best-first approach,
even without noise. Interestingly, it could be implemented in low-level search as well. We leave that promising
experiment for future work.

B.3 Complex Action Spaces

In environments with large action spaces, search methods often struggle due to the exponential increase in
the number of choices at each decision point (Sutton & Barto, 1998). This complexity makes it difficult
to efficiently identify optimal actions, slowing down decision-making and exploration (Dulac-Arnold et al.,
2015; Silver et al., 2016).

The primary difference between low-level methods and subgoal methods is that the former predicts the
next action, and the latter – the next state. In many environments, the action space is as simple as a few
bits, allowing for iterating over all possible actions, and sampling them. At the same time, states may be
considerably larger, up to the extreme of image observations. However, in some environments, the action
space is comparable to the state space, or even more complex. A classic example is the AntMaze environment,
in which actions are 8-dimensional, while the goal space is only 2-dimensional (Fu et al., 2020).

Among the combinatorial reasoning environments we consider, INT has the most complex action space.
In INT, actions correspond to proof steps and are represented as the chosen axiom, specification of its
input entities, and the required premises (Wu et al., 2021). Thus, the complexity of the action is at least
comparable to the states. Moreover, solving the INT inequalities is based on constant simplification of the
given expression, so the state is getting even smaller with each step.

Our experiments, shown in Figure 10, clearly confirm the advantage of using subgoal methods in the INT
environment. To further verify the source of that advantage, we conducted another experiment, in a modified
Rubik’s cube environment. Recall that the experiment presented in Section 5.1 shows that subgoals offer no
significant advantage in the original Rubik’s cube (with a single data source). Now, we want to check whether
the outcome would be different if the action space were more complex. For that purpose, we extended the
action space 100 times. That is, the new action space consists of 1200 possible moves to choose from – 100
copies of each original action.

As shown in Figure 11, the subgoal methods are barely affected by the change, while the low-level searches
are unable to exceed 20% success rate. That result confirms our proposition that when facing a complex
action space, hierarchical methods offer considerably better performance.
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According to our analysis, the primary issue with low-level searches in the augmented Rubik’s cube is the
lack of diversity of visited states. When for each state there are hundreds of actions that lead to a similar
outcome, they are rated similarly by the policy. Hence, all the top actions essentially lead to the same
outcome, which strongly limits the branching factor and trivializes the search trees. On the other hand,
subgoal methods are not affected because subgoal generation does not depend on the action space. The
conditional policy that connects the generated subgoals does not build a search tree, but always follows the
single best action. Because of that, subgoal methods maintain their performance, even though the action
space is much more complex.

It is also important to note that even though some state spaces may seem complex, the underlying manifold
of possible configurations is in fact low-dimensional. For instance, we use 12x12 Sokoban boards, where each
square is encoded as one-hot of 7 possible items, so technically the state space is 1008-dimensional, while
there are only 4 actions. However, in practice the subgoal is defined by the positions of agent and boxes,
which is at most 10-dimensional, hence rather simple to generate.

B.4 Dead Ends

Figure 31: An example dead-end in Sokoban –
a box that is pushed to the corner cannot be
moved anymore, so the objective is not possible
to achieve.

Dead-end states present a major challenge in decision-
making and planning tasks. Once an agent encounters a
dead end, reaching the goal becomes impossible, leading
to wasted computational effort as the algorithm may con-
tinue exploring parts of the search space that do not con-
tribute to solving the problem (Russell & Norvig, 2020).
Failing to identify dead-ends may even lead to unsafe be-
havior (Fatemi et al., 2021; Sutton & Barto, 1998). At
the same time, identifying dead-ends is NP-complete in
many environments.

Specifically, a dead-end state s is one from which there
exists no feasible sequence of actions that leads to the
goal state. Figure 31 shows an illustrative example of a
dead-end state.

B.4.1 Examples Of Dead-Ends In kSubS vs. BestFS

Figure 32: We illustrate a scenario where the kSubS algorithm encounters dead-ends, hindering the search
process. The figure shows a case where the algorithm generates two subgoals at an expected distance (k=8),
but both lead to dead-ends, wasting a portion of the search budget (18 nodes). As a result, the kSubS
algorithm backtracks from this subtree and continues searching elsewhere within the tree.
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Figure 33: The figure shows BestFS expanding two nodes from a dead-end. This resulted in the exploration
of over 300 additional nodes from that state, ultimately failing to find a solution within the given search
budget.

In this subsection, we present examples of how each method handles dead-end situations during the search
process.

For this presentation, we analyzed 128 search trees initiated from identical starting boards for both algo-
rithms. The kSubS algorithm encountered dead-ends in 3 instances. To resolve these, it navigated through
13 high-level nodes and 105 low-level nodes within the corresponding subtrees. In contrast, the BestFS
algorithm encountered dead-ends in 18 instances, requiring the traversal of 4431 nodes. Note that BestFS
does not distinguish between high-level and low-level nodes in its search.

Examples of dead-end handling are shown in Figure 32 for kSubS and Figure 33 for BestFS. Observe that in
the case showed in Figure 32 expanding the parent node resulted in adding two more dead-ends to the search
tree. Because they have higher values, they were immediately expanded. However, the subgoal generator
understood that the only way to reach solution is to make an invalid transition of releasing the blocked
box. Such subgoals cannot be achieved by the conditional policy, hence no more subgoal was created in that
branch. On the other hand, low-level search is unable to propose invalid transitions, so it stays in dead-end
until the value estimates are higher than for other branches.
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C Network Architectures & Training Details

Environment Hyperparameter Generator CLLP Value Policy

INT

learning rate 0.0001 0.0001 0.0003 0.0001

learning rate scheduling linear linear linear linear

warmup steps 4000 4000 2000 4000

batch size 32 32 128 32

weight decay 1e-05 1e-05 1e-05 1e-05

dropout 0.1 0.1 0 0.1

Rubik’s Cube

learning rate 0.0001 0.0005 3e-7 0.0001

learning rate scheduling linear linear linear linear

warmup steps 5000 50000 50000 1000

batch size 512 5000 5000 2048

weight decay 0.0001 0.001 0.00001 0.0001

dropout 0.1 0 0 0

Sokoban

learning rate 0.00001 0.0001 0.0001 0.0001

learning rate scheduling linear linear linear linear

warmup steps 2500 1000 1000 1000

batch size 512 2048 2048 2048

weight decay 0.0001 0.0001 0.0001 0.000001

dropout 0 0.1 0 0

N-Puzzle

learning rate 0.0001 0.0001 0.0001 0.0001

learning rate scheduling linear linear linear linear

warmup steps 5000 2000 2000 2000

batch size 4096 4096 512 4096

weight decay 0.00001 0.00001 0.00001 0.0001

dropout 0.1 0 0 0

Table 1: Training-related hyperparameter values

We used BART (Lewis et al., 2020) and BERT (Devlin et al., 2019) architectures from HuggingFace Trans-
formers for all components. Subgoal generators and INT’s policies (CLLP and baseline policy) use BART.
The remaining policies and value functions use BERT. Following the practice in (Zawalski et al., 2023), we’ve
reduced model size parameters, as detailed in Table 2.

INT As states in INT are complex objects, we prefer to use their string representations and avoid mapping
arbitrarily generated strings into complex states. Requisite modifications to the component definition are
best illustrated analogously to D.1. A generator is redefined as follows:

Gint : S
︸︷︷︸

state to expand

→ P (T )
︸ ︷︷ ︸

set of proposed subgoals (in string format)

and conditional level policy:

Pint : S
︸︷︷︸

current state

× T
︸︷︷︸

subgoal representation

→ A
︸︷︷︸

action

Sokoban Unlike prior work (Zawalski et al., 2023; Czechowski et al., 2021), which used convolutional
networks for all components, we work on tokenized representations of Sokoban boards and use BERT/BART
architectures instead. This modification did not adversely impact our ability to replicate AdaSubS and kSubS
results.

Training pipeline We trained our models from scratch using the HuggingFace Transformer pipeline.
Detailed training parameters, which varied across environments, can be found in 1.

Infrastructure For training, we used a single NVIDIA A100 40GB GPU node, and each component’s
training took up to 48 hours. Because we used pre-trained trajectories, we did not need to use more than
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one core during training. We ran an evaluation using 24-core CPU jobs on Xeon Platinum 8268 nodes with
192GB of memory.

Environment Hyperparameter Generator CLLP Value Policy

INT

d model 512 512 - 512

decoder layers 6 6 - 6

intermediate size - - 256 -

encoder attention heads 8 8 - 8

hidden size - - 128 -

num hidden layers - - 2 -

decoder ffn dim 2048 2048 - 2048

encoder ffn dim 2048 2048 - 2048

encoder layers 6 6 - 6

decoder attention heads 8 8 - 8

Sokoban

d model 256 - - -

decoder layers 3 - - -

intermediate size - 512 128 512

encoder attention heads 4 - - -

hidden size - 512 128 512

num hidden layers - 6 1 6

encoder ffn dim 2048 - - -

decoder ffn dim 1024 - - -

encoder layers 3 - - -

decoder attention heads 4 - - -

N-Puzzle

d model 64 - - -

decoder layers 3 - - -

intermediate size - 128 128 256

encoder attention heads 4 - - -

hidden size - 128 128 256

num hidden layers - 2 1 3

encoder ffn dim 64 - - -

decoder ffn dim 64 - - -

encoder layers 3 - - -

decoder attention heads 4 - - -

Rubik’s Cube

d model 256 - - -

decoder layers 3 - - -

intermediate size - 512 128 512

encoder attention heads 4 - - -

hidden size - 512 128 512

num hidden layers - 2 1 6

encoder ffn dim 2048 - - -

decoder ffn dim 1024 - - -

encoder layers 3 - - -

decoder attention heads 4 - - -

Table 2: Model-related hyperparameter values
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D Offline Pretraining

Models are pretrained using an offline imitation learning approach. Specifically, given a set of solution
trajectories {(s0, s1, . . . , sni

)}N
i=1 produced by an expert M, or multiple experts {Mj}M

j=1 in cases where
offline trajectories are collected from multiple experts, the objective is to learn from these trajectories. It
is important to note that these trajectories are not required to be optimal; they may include loops or
numerous redundant actions. Description of all components can be found in section D.1 and supervised
training objectives in section D.2.

D.1 Components

During the pretraining phase, models undergo an offline imitation learning process. Specifically, they are
trained on a set of solution trajectories {(s0, s1, . . . , sni

)}N
i=1, which are collected to facilitate the learning of

decision-making strategies.

Generator The generator component is responsible for generating subgoal propositions upon receiving a
state. These propositions are designed to facilitate progress toward the solution by suggesting intermediate
steps that direct the search process more efficiently.

G : S
︸︷︷︸

state to expand

→ P (S)
︸ ︷︷ ︸

set of subgoal propositions

Conditional Low-Level Policy The Conditional Low-Level Policy (CLLP) plays a crucial role in node
expansion by evaluating each subgoal proposition. For a given current state and a subgoal, the CLLP
recommends actions that lead toward achieving the subgoal. A path from the current node to the subgoal is
constructed through the iterative execution of these actions. Subgoals reached within a predefined number
of steps, k, are incorporated into the graph, while those that are not are discarded.

P : S
︸︷︷︸

current state

× S
︸︷︷︸

subgoal state

→ A
︸︷︷︸

action

Value The value function estimates the distance from a current state to the final solution. This estimation
is used to guide the selection and expansion of nodes, influencing the overall search strategy.

V : S
︸︷︷︸

state to evaluate

→ R
︸︷︷︸

value of the state

Behavioral Cloning Policy The policy ΠBC is a decision-making function that maps the current state to
an action. It encapsulates the strategy derived from the learning process, guiding the agent’s actions towards
achieving the final goal.

ΠBC : S
︸︷︷︸

current state

→ A
︸︷︷︸

action

D.2 Supervised Objectives

Each expert trajectory is defined as a sequence of states and corresponding actions
(s0, a0), . . . , (sn−1, an−1), sn that delineate a path to a solution. The training methodology leverages
this data through several key self-supervised imitation mappings:

• A k-subgoal generator that maps a state si to a future state si+k, simulating the achievement of
intermediate goals.

• A value function that estimates the remaining steps to the solution by mapping state si to a numerical
value (i − n), representing the estimated distance from the goal.

• A policy that maps each state-action pair (si, si+d), with d ≤ k, to the corresponding action ai,
thereby guiding the decision-making process towards the solution.
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E Offline Pretraining: Trajectories

E.1 Rubik’s Cube

E.1.1 Random

To construct a random successful trajectory, we performed 20 random permutations on an initially solved
Rubik’s Cube and took the reverse of this sequence, replacing each move with its reverse. Such solutions
are usually sub-optimal since random moves are not guaranteed to increase the distance from the solution.
They can even make loops in the trajectories. However, a cube scrambled with 20 moves is usually close to
a random state, so such trajectories give a decent space coverage.

E.1.2 Beginner, CFOP

Beginner and CFOP are algorithms commonly used by humans. They solve the cube by ordering the stickers
layer by layer. Because of that, the solutions are highly structured and long – usually between 100 and 200
moves. Both algorithms are composed of several subroutines that help building the consecutive layers. Thus,
the structure of such solutions highly resembles the subgoal search.

E.1.3 Kociemba

The Kociemba two-stage solver leverages the algebraic structure of the Rubik’s Cube. In the first stage, its
goal is to enter a specific subgroup. Since that subgroup is much smaller than the whole space, completing
the solution may be done efficiently. Kociemba finds reasonably short solutions (usually between 20 and 40
moves) and works reasonably fast.

E.1.4 Size Of Datasets

For training the components on a dataset collected by a single solver, we generate 100 000 trajectories. For
the experiment with diverse experts, each solver generates 25 000 trajectories for a total of 100 000.

E.2 INT

Trajectories are constructed from sequences of axiom applications, similarly to (Zawalski et al., 2023), who
followed (Wu et al., 2021). A set of up to 15 (out of 18) axioms is first selected, and then a random axiom
order is set and validated. Finally, a proof is converted to a relevant trajectory. Approximately 500,000
trajectories were generated for model pre-training.

We capped the number of axioms at 15 because some pairs of axioms (eg. terminal axioms) cannot be in
one trajectory.

E.3 N-Puzzle

To collect data for N-puzzles, we utilized an algorithm that initially arranges block number 1, followed by
block number 2, and so forth, as depicted in Figure 18. The training set comprises approximately 10, 000
trajectories.

E.4 Sokoban

To collect trajectories for Sokoban, we used a trained MCTS agent that gathered approximately 100, 000
trajectories.
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F Algorithms

F.1 Best-First Search

Overview Best-First Search greedily prioritizes node expansions with the highest heuristic estimates,
aiming for paths that likely lead to the goal. While not ensuring optimality, BestFS provides a simple yet
efficient strategy for navigating complex search spaces. The high-level pseudocode for BestFS is outlined in
Algorithm 1, and the detailed pseudocode is presented in Algorithm 2.

Algorithm 1 Pseudocode for Best-First Search

while has nodes to expand do

Take node N with the highest value
Select children ni of N
Compute values vi for the children
Add (ni, vi) to the search tree

end while

Heuristic In our implementation, we adhere to the Best-First Search principle by utilizing the learned
value function, a common practice in the planning domain (Brunetto & Trunda, 2017; Czechowski et al.,
2021; Zawalski et al., 2023; Kujanpää et al., 2023a). It should be noted that in each of our experiments,
all the compared algorithms use the same value function network. This way we ensure that the differences
come solely from the algorithmic part.

Selecting children When expanding a node during search, the standard BestFS algorithm adds all its
children. However, in our implementation, we aimed to reduce the search tree size by selecting only the
most promising children. We achieve this by sorting the children according to their probability distribution
predicted by the policy network. For choosing the final subset of children, we employ two approaches. In
the simpler variant, we always select the top k actions. In the second variant, we add top children until their
cumulative probability exceeds a fixed threshold tconf .

This pruning does not adversely affect the standard algorithm, as nodes are still chosen based on their
heuristic values, while the threshold sets a practical limit on the search space. Our results demonstrate that
BestFS tends to perform much better with a confidence threshold (Figure 34). However, its performance
is highly sensitive to this threshold as it balances exploration and exploitation, illustrating the impact of
different confidence thresholds on success rates.
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Figure 34: Comparison of success rates for the BestFS algorithm on the Rubik’s Cube with various confidence
threshold values. BestFS-X represents the BestFS algorithm with the confidence threshold set to X. Left:
The plot displays the achieved success rate relative to the graph size. Right: The plot illustrates the success
rate for a budget of 500 nodes.
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Completeness In the Rubik’s Cube environment with random trajectories, the subgoal methods solve
more instances than BestFS given a low search budget, but with more resources, BestFS takes the lead (see
Figure 4). Also, in other experiments, we may observe that BestFS typically requires higher computational
budget to solve the simplest instances, but its performance increases considerably with more resources.

That behavior is related to the fact that the search trees built by hierarchical methods are much sparser
because the branching occurs only in the high-level nodes. On the other hand, the low-level algorithms can
cover a higher fraction of the space. On the extreme, if we used all the available actions for every expansion,
the low-level search would be guaranteed to find a solution if one exists. Our mechanism of selecting the
actions removes that guarantee. However, at the same time, it drastically improves performance (compare
BestFS-0.7 with BestFS-0.99 which is complete), which makes it a much better choice for our study.

We note that the high-level algorithms could be made complete, as proposed in (Kujanpää et al., 2023b;
Zawalski et al., 2023). However, to maximize the efficiency we choose to keep the tested algorithms in their
original form. The ability to search with sparse trees not only lets the methods advance fast, but also
withdraw quickly if the branch does not lead to the solution (is a dead end).

Hyperparameters To identify the most suitable solving parameters, we used grid search. Initially we grid
over coarse values (namely 0.1, 0.2, 0.3, 0.4,0.5, 0.6, 0.7, 0.8, 0.9, and 0.99). Then we check finer values (with
precision of 0.05) around the best-performing threshold. The best-performing thresholds range from 0.6 to
0.85, depending on the environment and the components that are used.

For determining the best number of top actions k for the simpler variant, we simply check every possible
number of actions. Usually selecting 2 actions is by far the best choice.

Details regarding hyperparameters of the networks are listed in Appendix D.1.

Algorithm 2 Complete pseudocode for Best-First Search
Require:

value function network V ,
policy ρBF S

predicate of solution solved

function search(s0)
T ← ∅ {priority queue}
T .push((V (s0), s0))
parents ← {}
seen.add(s0) {seen is a set}

while 0 < len(T ) and len(seen) < max_budget do

_, s← T.extractMax() {select node with the highest value}
actions← ρBF S(s)

for a in actions do

s′ ← envStep(s, a)

if s′ in seen then

continue

end if

seen.add(s′)
parents[s′]← s

T.push((V (s′), s′))

if solved(s′) then

{solution found}
return extractLowLevelTrajectory(s′, parents)

end if

end for

end while

return False {solution not found}
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F.2 Monte Carlo Tree Search

Overview Our Monte Carlo Tree Search (MCTS) solver, designed for a single-player setting, is based on
the AlphaZero framework (Silver et al., 2018). The high-level workflow of MCTS is illustrated in Figure 35,
and detailed pseudocode is provided in Algorithm 3.

The algorithm’s operation consists of four primary stages:

• Selection: The most promising node is selected using Polynomial Upper Confidence Trees (PUCT),
augmented with an exploration weight to strike a balance between exploiting known strategies and
investigating new pathways.

• Expansion: The selected node is expanded, generating new child nodes that correspond to prospec-
tive future actions. This expansion widens the search tree and enables the exploration of various
outcomes.

• Simulation: Following the AlphaZero approach (Silver et al., 2018), policy and value networks re-
place traditional simulations. The policy network suggests favorable moves, while the value network
predicts their probability of success, directing the algorithm towards beneficial trajectories.

• Backpropagation: The insights derived from the networks are used to update node values, im-
proving future decision-making.
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Figure 35: Schematic diagram of the MCTS algorithm in our implementation. Arrows show policy network
probabilities and node values are valued network predictions. Q values, calculated via PUCT, integrate these
with exploration-exploitation balance.

Hyperparameters In the MCTS algorithm, the parameters were set as follows: sampling temperatures
were chosen from [0, 0.5, 1]. The number of steps varied between 200 and 1000, and the number of simulations
ranged from 5 to 300. The discount factor and exploration weight were consistently set at 1.
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Algorithm 3 MCTS Solver
Require:

Number of simulations: Ns

Discount factor: γ

Exploration weight: cpuct

Sampling temperature: τ

Value function: V

Environment model: M

Initial state: initial_state from env

function Search((initial_state))
root← initial_state

iteration← 0
while iteration < Ns do

node← root

while node is not a leaf do

node← selectChild(node), according to PUCT formula
end while

leaf ← node

Expand the leaf using the environment model M , policy π, value function V , and discount factor γ

Backpropagate results through the path to update N, W, Q

iteration← iteration + 1
end while

best_child← Sample child of the root according to τ and N

return action leading to best_child
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F.3 A∗ Search

Overview Like Best-First Search, A* prioritizes the exploration of promising nodes. However, A* strate-
gically guides its search by incorporating both the actual cost to reach a node and a heuristic estimate of the
remaining distance to the goal. This way it balances the greedy exploitation and conservative exploration.
The high-level pseudocode for A* is outlined in Algorithm 4, and the detailed pseudocode is presented in
Algorithm 5.

Algorithm 4 Pseudocode for A*

while has nodes to expand do

Take node N with the highest value
Select children ni of N
Compute values vi for the children
Compute depth di for the children
Add (ni, λdi + vi) to the search tree

end while

Heuristic A* guidance is achieved through the following cost function:

f(node) = λg(node) + h(node)

where:

• g(node): The cost to reach node from the start state, in our case its depth in the search tree.

• h(node): A heuristic estimate of the cost from node to the goal state.

• λ: A scaling factor balancing the influence of actual cost and heuristic estimate.

For heuristic h, we used a value network, like for BestFS (see Appendix F.1). If the heuristic used for
A* is admissible, i.e. it never overestimates the cost of reaching the goal, A* is guaranteed to find an
optimal solution. For instance, if we used h(node) ≡ 0, A* would reduce to the Dijkstra algorithm. The
heuristic that we learn is not guaranteed to be admissible. Firstly, it estimates the distance according to
the demonstrations, which is always an upper bound for the optimal distance. Secondly, the approximation
errors introduce additional uncertainty. However, our main focus is on finding any solution, not necessarily
an optimal one.

Selecting children During the search, A* maintains a priority queue of nodes to be explored. Similarly
to BetsFS (Appendix F.1) for reducing the search tree size, we select the most promising children. At each
iteration, the node with the lowest f(node) value is selected for expansion. The algorithm proceeds until the
goal state is reached or the computational budget is exceeded.

Hyperparameters The key parameter for A* is the cost weight λ. On the extreme, setting λ = 0 reduces
A* to greedy BestFS, while setting λ = ∞ makes it equivalent to Breadth-First Search. By tuning that
parameter, we control the trade-off between exploration and exploitation of the search.

To tune the depth parameter for our experiments, we grided over values [0.1, 0.2, 0.5, 1, 2, 5, 10]. However,
usually the best choice was to keep the cost weight low (0.1 or 0.2, see Figure 36). While conservative
search allows A* avoid more dead-ends than BestFS (see Figure 5.4), usually greedy steps lead to finding
the solution much faster.
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Figure 36: Figures presented above illustrate the impact of depth cost scaling on the overall success rate of
the A* algorithm on Sokoban, employing a confidence threshold of 0.85. In most experiments, the smaller
the depth scaling factor is, the better is the final success rate. The left figure shows the success rate curves
for different choices of cost weight λ, while the right plot compares those variants for a fixed budget of 500
computation nodes.

Algorithm 5 Complete pseudocode for A∗ Search
Require:

value function network V

policy ρBF S

predicate of solution solved

depth scaling factor λ

function search(s0)
T ← ∅ {priority queue}
T .push((V (s0), s0))
parents ← {}
seen.add(s0) {seen is a set}

while 0 < len(T ) and len(seen) < max_budget do

_, s← T.extractMax() {select node with the highest value}
actions← ρBF S(s)

for a in actions do

s′ ← envStep(s, a)

if s′ in seen then

continue

end if

seen.add(s′)
parents[s′]← s

T.push((V (s′)− λ · depth(s′), s′))

if solved(s′) then

{solution found}
return extractLowLevelTrajectory(s′, parents)

end if

end for

end while

return False {solution not found}
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F.4 kSubS And AdaSubS

Overview AdaSubS is a hierarchical search algorithm designed to solve combinatorial problems by op-
erating on high-level nodes, which represent multiple steps rather than single actions. It employs multiple
generators Gk1

, Gk2
, . . . , Gkm

to generate subsequent subgoals, a value function V to estimate the distance
from a given state to the solution, and a conditional low-level policy P to execute a series of actions leading
from one subgoal to the next. kSubS is a special case of AdaSubS, where only a single generator is used.
These methods are introduced and studied in (Czechowski et al., 2021; Zawalski et al., 2023).

Stages The method begins by adding m initial nodes (one per each generator) to a priority queue, where
each initial node i is assigned a priority (ki, V(s0)). Here, ki is the length of the generator used during the
node’s expansion, and V(s0) estimates the distance (in low-level actions) between s0 and the solution. The
following steps are repeated until a solution is found or the budget is exhausted:

• Selection for expansion: The node ((k, V(s), s) with the highest priority is extracted from the
queue. This priority structure ensures that the algorithm prioritizes expanding the longest subgoals
whenever possible.

• Generating subgoals: The current state s is passed to the selected generator Gk, which produces
multiple subgoal propositions represented as states s∗

1, s∗
2, . . . , s∗

p.

• Verifying reachability: Since Gk can produce invalid or unreachable subgoals, each proposed
subgoal must be verified. The conditional low-level policy P begins an iterative process, taking
single steps from s towards the proposed subgoal s∗

j . If s∗
j is reached within k steps, the subgoal

is accepted, and new high-level nodes {
(
(ki, V(s∗

j )), s∗
j

)
}i∈¶1...m♢ are added to the priority queue as

potential future subgoals to expand.

For a graphical overview of how AdaSubS works, see Appendix H.

Algorithm 6 Complete pseudocode for Adaptive Subgoal Search
Require:

C1 max number of nodes,
V value function network,
ρk0

, . . . , ρkm
subgoal generators,

Solved predicate of solution

function Solve((s0))
T ← ∅ {priority queue with lexicographic order}
parents← {}
for k in k0, . . . , km do

T.push((k, V (s0)), s0)
end for

seen.add(s0) {seen is a set}
while 0 < len(T ) and len(seen) < C1 do

(k, _), s← T.extract_max()
subgoals← ρk(s)
for s′ in subgoals do

if s′ not in seen then

if Is_Valid(s, s’) then

seen.add(s′)
parents[s′]← s

for k in k0, . . . , km do

T.push((k, V (s′)), s′)
end for

if Solved(s’) then

return ExtractLowLevelTrajectory(s’, parents)
end if

end if

end if

end for

end while

return False
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F.5 HIPS And HIPS-ε

Here we show a pseudocode for HIPS and HIPS-ε methods. For details see Alg. 7

Algorithm 7 Complete pseudocode for HIPS with BestFS-PHS* and VQ-VAE
Require:

C1 max number of nodes,
V AE Variational Autoencoder for subgoal generation,
Solved predicate of solution,
ϵ exploration parameter for balancing,
V value function for PHS* cost estimation

function Extended_HIPS_Solve((s0))
Initialize search data structures, including priority queues.
seen.add(s0) {Track seen states}
while search conditions are met do

Use PHS* search strategy to select a state s.
Generate subgoals subgoals← V AE(s).
for each s′ in subgoals do

if s′ not seen and is valid then

Evaluate s′ using V for PHS* cost.
Update priority queue based on PHS* cost.
if Solved(s′) then

return Construct solution path.
end if

end if

end for

end while

return False {Solution not found}
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G Wall Times

In our experiments, we focus on measuring the search budget in terms of the number of visited states before
finding the solution. However, it is also important to consider the total running time for completeness.

Subgoal methods introduce computational overhead. However, we note that each low-level method calls
policy and value function once in every visited state, and similarly, subgoal methods also call policy and
value once in every visited state. The only additional computation in subgoal methods comes from invoking
the subgoal generator, which occurs in a fraction of the nodes explored. In each experiment, all methods
share exactly the same heuristic function and use policies of equal size. As a result, the Complete Search
Budget metric should be closely aligned with computational cost.

We opted to focus on a budget metric that is hardware-independent, reproducible, and widely applicable,
ensuring that our results can serve as a reference point for future research. The Complete Search Budget
answers the question "How many states must be explored before finding a solution?" rather than "How long
does it take to find a solution?". These are slightly different questions, but both are relevant when assessing
planner quality.

We acknowledge that we did not optimize the implementation for runtime efficiency, instead opting for
the architectures used by (Czechowski et al., 2021) and (Zawalski et al., 2023) rather than optimizing
computational complexity. Additionally, measuring wall-clock time introduces confounding factors, such as
a bug in Hugging Face’s beam search implementation that prevents decoding parallelization, introducing
bias against subgoal methods.

For completeness, we report wall-clock times of each method in Table 3.

ρ-BestFS ρ-A* ρ-MCTS kSubS AdaSubS

Rubik 26 26 153 214 96
INT 1997 1985 - 1444 1999
Sokoban 34 36 59 125 123
NPuzzle 27 32 29 40 39

Table 3: Comparison of evaluation time of search algorithms. The values express the total time of solving
500 instances, in minutes.

While all methods perform with similar runtime in the INT environment, subgoal methods generally require
more time during evaluation in most other experiments. However, even the largest observed differences in
evaluation time mildly affect the main conclusions. For example, the robustness of subgoal methods to value
noise remains evident.
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Figure 37: Overview of the search methods under consideration, accompanied by illustrative examples
depicted in various plots for each method. Specifically, straight blue lines are utilized to represent low-level
actions that occur within the search space. In contrast, long skip connections are used to symbolize subgoals
within the search process.
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I Further Discussion On HIPS Results

HIPS and HIPS-ε (Kujanpää et al., 2023a;b) are recent hierarchical search algorithms proposing to generate
subgoals with variational autoencoders. We attempted to use HIPS and HIPS-ε in greedy and prior-informed
variations, and for all HIPS methods, the cost of inference was prohibitively high.

To compare these methods, we used A*-generated data from HIPS papers, in contrast to all other experiments
(which use data generated by us).

Our evaluation, illustrated in 38, shows that HIPS uses 100x more low-level nodes in search than comparable
subgoal search methods and baselines - despite relatively similar subgoal efficiency as calculated in relevant
papers. These findings informed our decision not to evaluate HIPS in the rest of the paper.
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Figure 38: A comparison of high-level and low-level node budgets for considered methods: HIPS, subgoal
search methods, and baselines on N-Puzzle. The low-level node budget represents the number of all states
that have ever been visited during the search. The bimodal distribution indicates that HIPS methods use
disproportionately (over 100x) more low-level nodes than comparable subgoal search methods and baselines.
This directly translates to prohibitively slow solving time.
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J Common Pitfalls In Hierarchical Search evaluations

In this study, one of our primary goals is to identify common but often overlooked pitfalls in evaluating
hierarchical search methods, which can lead to misleading conclusions. Based on our findings, we propose
a set of guidelines that help ensure meaningful and consistent comparisons across different methods. We
observed that the nature of hierarchical search makes it easy, whether intentionally or not, to present results
in a way that favors certain methods, often without readers being aware. In this section, we present key
insights on this issue, with an emphasis on the following evaluation guidelines:

• Report results using a complete search budget.

• Include ρ-BestFS with a confidence threshold as a baseline.

• Ensure careful tuning of the confidence threshold.

• Use up-to-date code for running experiments.

J.1 Complete Search Budget

We define the performance metric in terms of success rate, which is the percentage of problem instances
solved within a specified complete search budget. This budget refers to the total number of states visited
during the search process. For hierarchical methods, this includes both the subgoals generated and the states
visited by the low-level policies connecting those subgoals.

Reporting the complete search budget is crucial, as opposed to the sparse search budget, which counts only
the high-level nodes in the search tree. As discussed in Appendix I, Kujanpää et al. (2023a) rely on the sparse
search budget for their evaluations. This creates a misleading impression that HIPS outperforms low-level
baselines, while in reality, it requires significantly more computational effort to solve the same problems.

To illustrate this issue, consider a simple environment where an agent must navigate a 100x100 empty room
to reach a goal on the opposite side. In this case, a hierarchical method may require only a single subgoal
– directly corresponding to the goal state – while a low-level method, even if following the optimal path,
would require at least 100 steps. A sparse search budget would misleadingly indicate that the hierarchical
method solves the task in one step, while the low-level approach requires 100 steps, implying a 100x higher
cost. However, both methods traverse the same path, making this comparison inaccurate. Using the complete
search budget, both methods would be assigned the same cost, providing a much more meaningful comparison.

This issue arises in practical settings as well. Figure 40 compares subgoal methods and low-level BestFS on
the Sokoban environment. The dashed line represents the same runs but evaluated with the sparse search
budget instead of the complete search budget. For BestFS, both budget measures are equivalent. The figure
clearly demonstrates that while kSubS and ρ-BestFS visit a similar number of states to solve an instance,
the sparse search budget falsely amplifies the difference between the two methods.

J.2 Baselines

A common evaluation practice in hierarchical search studies is to compare hierarchical methods against
the search algorithm used as the planner (Czechowski et al., 2021; Zawalski et al., 2023; Kujanpää et al.,
2023a;b). While this is generally a good approach, it is critical to ensure that baseline methods are properly
tuned to allow for fair comparisons.

Our study shows that the most effective low-level method is ρ-BestFS with a confidence threshold. This
simple greedy search often performs significantly better than other low-level methods and, in some cases, is
competitive with subgoal methods. However, if we were to follow prior works such as (Czechowski et al.,
2021; Zawalski et al., 2023) and restrict our comparisons to variants of BestFS that select a fixed number
of actions in each node expansion, without employing a confidence threshold (see Appendix F.1 for detailed
definitions and analysis), we would artificially widen the gap between BestFS and subgoal methods. As
noted in Appendix F.1, the performance of ρ-BestFS is highly sensitive to the confidence threshold, and
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Figure 39: Solving the Rubik’s Cube. The light or-
ange line represents the best-performing variant of
BestFS that selects a fixed number of actions for
each expansion. The solid orange line represents
BestFS with actions confidence threshold, which is
much more efficient.
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Figure 40: Solving Sokoban. Solid lines correspond
to using complete search budget as the search tree
size metric. Dashed lines correspond to the same
runs, but using sparse search budget as the search
tree size metric. For BestFS, both methods are
equivalent.

proper tuning is essential. Nevertheless, we advocate for using ρ-BestFS with a confidence threshold as a
standard baseline in evaluations of hierarchical methods.

J.3 Code Quality

While our results generally align with the findings of (Czechowski et al., 2021; Zawalski et al., 2023), we
observed some notable differences. Most strikingly, when components were trained on reverse random shuffles
of the Rubik’s Cube, our models demonstrated significantly better performance. In particular, (Zawalski
et al., 2023) reports that both kSubS and AdaSubS substantially outperform ρ-BestFS. However, in our
experiments, these methods perform similarly, with only minor differences between them (see Figure 41).

Figure 41: Solving the Rubik’s Cube. Components are trained on reverse random shuffles. The left chart
present our results, while the right presents results of the same experiment from (Zawalski et al., 2023).

For this study, we re-implemented all algorithms from scratch, using up-to-date libraries and carefully tuning
hyperparameters. Our experiments revealed that low-level methods are highly sensitive to the quality of the
value function, whereas subgoal-based methods are more resilient (Section 5.2). We hypothesize that the
discrepancy in performance compared to (Czechowski et al., 2021; Zawalski et al., 2023) may stem from
insufficient training of the value function in their implementation, leading to the observed performance gap.
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Using the original implementations of kSubS and AdaSubS, which is a common practice, would replicate
the same limitation. This shows the importance of re-implementing algorithms independently and carefully
tuning their components, ensuring that evaluations are not biased by potential shortcomings in the original
implementations.
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K Proof Of The Search Advancement formula

Theorem 3 (Search advancement formula, complete statement). Let gk : S → P(S) be a stochastic k-subgoal
generator that, given a state s ∈ S samples a set of b subgoals {si} such that the distances d(si, s) are inde-
pendent, uniformly distributed in the interval [−k; k]. Let V : S → R be a value function with approximation
error uniformly distributed in the interval [−σ; σ].

Then, after n iterations of search, the expected total progress toward the goal is:

EAdv =
nb

4σk

∫ k

−k

x

∫ σ

−σ

ũ(x + h)b−1dh



dx, (3)

where ũ(x) is CDF of the sum of two uniform variables U(−k, k)+U(−σ, σ). Additionally, if we approximate
that sum as U(−k − σ, k + σ), we get

EAdv ≈
n

(
(k + σ)b(bk2 + bkσ − 2kσ − 2σ2) + σb(2kσ + bkσ + 2σ2) − kb(bk2)

)

(b + 1)(b + 2)kσ(k + σ)b−1
(4)

Proof. Let A1, . . . , Ab be independent and identically distributed (i.i.d.) random variables sampled from
U(−k, k), and let B1, . . . , Bb be i.i.d. random variables sampled from U(−σ, σ). Denote the CDF of the
sum Ai + Bi as ũ(x), and its corresponding probability density function (PDF) as p(x) = ũ′(x). Let
I = arg maxi(Ai + Bi).

We now define the cumulative likelihood of selecting the largest sum among the subgoals:

CLS(x) = P (∀1≤i≤b Ai + Bi < x) .

Since the Ai’s and Bi’s are independent, it follows that CLS(x) = ũ(x)b, which represents the cumulative
distribution of the largest sum Ai + Bi. Differentiating this expression gives the PDF of the largest sum:

PLS(x) = CLS′(x) = b · ũ(x)b−1 · p(x).

Now, consider the event that AI = x, which is equivalent to the event that the maximum maxi(Ai + Bi) =
x + h for some h ∈ [−σ, σ] and BI = h. Given that maxi(Ai + Bi) = x + h, there are p(x + h) · 4σk possible
values of BI , since AI ∈ [−k, k] and BI ∈ [−σ, σ]. Therefore, the PDF of this variable is

q(x) =

∫ σ

−σ

PLS(x + h)

p(x + h) · 4σk
dh =

∫ σ

−σ

b · ũ(x + h)b−1

4σk
dh.

Thus, the expected value of AI , which represents the progress in each step, is given by

E[AI ] =

∫ k

−k

xq(x) dx =
b

4σk

∫ k

−k

x

∫ σ

−σ

ũ(x + h)b−1 dh



dx.

If we model the search process as advancing to the best subgoal in each iteration, the total expected progress
after n iterations is

EAdv = nE[AI ] =
nb

4σk

∫ k

−k

x

∫ σ

−σ

ũ(x + h)b−1 dh



dx.

Finally, by approximating the PDF p(x) ≈ 1
2k+2σ

1[−k−σ,k+σ], and substituting this approximation into the
previous expression, we arrive at the closed-form approximation:

EAdv ≈
n

(
(k + σ)b(bk2 + bkσ − 2kσ − 2σ2) + σb(2kσ + bkσ + 2σ2) − kb(bk2)

)

(b + 1)(b + 2)kσ(k + σ)b−1
.

50



Under review as submission to TMLR

L Proof Of The Densification Of The Action Space Theorem

In Section 5.3, we showed experimentally that both in the mathematical INT environment and Rubik’s Cube
with multiplied action space the advantage of subgoal methods is significant. We attributed those benefits
to the ability of subgoal methods to use states as actions and the reduced diversity in low-level search. And
indeed, we can prove in general that as the action space gets more complex, the diversity of top actions
drops.

To give an illustrative example, in the Rubik’s Cube experiment, to model the increasingly complex action
space, for an arbitrary state we can view the training data as a ground-truth density function f over an
interval [0, 1], that is split evenly between the actions (i.e. into 12 intervals of length 1/12). Then, we
can define arbitrarily dense action spaces An consisting of n points distributed evenly in the domain. For
instance, A12 corresponds to the standard Rubik’s Cube action space, while A1200 corresponds to the variant
multiplied 100 times. Our theorem confirms that the actions selected by the policy gets less diverse as the
complexity of the action space increases, up to the extreme of converging to a single point as n approaches
infinity. In practice, it is even more general, since the data-driven action distribution f may also model
smooth interpolation between actions.

While this is rather intuitive when the learned distributions are perfect, it may seem that approximation
errors, induced both by the limited training data and the policy network can actually improve diversity.
We show that the result holds even in presence of arbitrarily large approximation errors, which is a bit
counter-intuitive.

Formally, the theorem is as follows:

Theorem 4 (Densification of the action space). Fix any state s from the state space S. Let f : A → [0, 1]
be the action distribution induced by the data-collecting policy for the state s. Assume that f is continuous
and has a unique maximum. For clarity, assume A = [0, 1].

Consider a sequence of increasingly dense discrete action spaces An := {i/n}n
i=0 ⊂ A. Let ρn : S × An →

[0, 1] be a family of policies that learn the distribution f |An
over actions, with uniform approximation error

U(−E, E), where E ∈ R+. Let rn be the range of the top K actions according to the probabilities estimated
by ρn. Then

lim
n→∞

E[rn] = 0.

Intuitively, this theorem states that as the action space become more dense and complex, the actions sampled
for search become increasingly less diverse, which strongly impedes successful planning. Note that this
analysis is strictly more general than the experiment in Section 5.3 with the Rubik’s Cube environment,
where we simply copied the available actions. Here we model the complexity by adding dense intermediate
actions, which leads to a similar conclusion.

While we assume a one-dimensional action domain for clarity, it is straightforward to generalize the proof
to cover arbitrarily high-dimensional action spaces.

Firstly, we shall prove the following key lemma.

Lemma 1. Let f : [0, 1] → R be a continuous function with a unique maximum. Let {an} be a partition
of the interval [0, 1] into n uniformly spaced points, i.e., an,i = i

n
for i = 0, 1, . . . , n. Define en,i as i.i.d.

samples from a uniform distribution U(−E, E). For a fixed n, let rn ∈ R denote the smallest interval length
such that the points in {an} corresponding to the top K values of f(an,i) + en,i are contained within this
interval. Then

lim
n→∞

E[rn] = 0.

Proof. Define pn,i,k as the probability that f(an,i) + en,i is the k-th highest value among all points in {an}.
Let m be the unique point such that f(m) is maximal. Without loss of generality, we may assume that
m = 0.
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Let dn,k denote the expected distance of the k-th highest point from 0, expressed as

dn,k :=

n∑

i=0

pn,i,kan,i.

For sufficiently large n, it holds that rn ≤ dn,1 + . . . + dn,K ≤ Kdn,K . Thus, it suffices to prove that
limn→∞ dn,K = 0.

Fix α ∈ (0, 1) such that f(an,αn) ≥ f(an,α′n) for each α′ > α. Since f is continuous and m = 0 is
the unique maximum of f , there exist such α arbitrarily close to 0. Let qn,α be the probability that
f(an,αn)+en,αn is among the top K values. Since m is a unique maximum, there exists 0 < β < α such that
f(an,βn) > f(an,αn). Therefore, if at least K points an,i with i/n < β satisfy en,i > E−(f(an,βn)−f(an,αn)),
then f(an,αn) + en,αn cannot be among the top K. The probability of this event is a strict upper bound on
qn,α.

The events en,i > E − (f(an,βn) − f(an,αn)) are pairwise independent, each occurring with probability

c :=
f(an,βn) − f(an,αn)

2E
> 0.

For sufficiently large n, the probability that at most K of the βn trials succeed is bounded by

1 − K


βn

K



(1 − c)βn.

Using the asymptotic behavior of binomial coefficients and exponential terms, it follows that

lim
n→∞

n2qn,α = 0, (5)

with convergence that is exponential.

Using the definition of dn,K , decompose it as

dn,K =
n∑

i=0

pn,i,Kan,i =
αn∑

i=0

pn,i,Kan,i +
n∑

i=αn

pn,i,Kan,i.

For i ≥ αn, since we know that f(an,αn) ≥ f(an,α′n) for each α′ > α, we can bound pn,i,K by pn,αn,K for
sufficiently large n. Therefore

n∑

i=αn

pn,i,Kan,i ≤ (1 − α)npn,αn,K .

Since pn,αn,K ≤ qn,α, it follows that

(1 − α)n2pn,αn,K ≤ (1 − α)n2qn,α.

According to Equation 5, this term converges to 0.

For i ≤ αn, observe that an,i < α and the probabilities pn,i,K sum to at most 1. Thus

αn∑

i=0

pn,i,Kan,i ≤ α.

Combining these bounds, we have
lim

n→∞
dn,K ≤ α.

Since α > 0 was an arbitrarily small constant, it follows that limn→∞ dn,K = 0.

By the relation rn ≤ Kdn,K and the fact that limn→∞ dn,K = 0, we conclude that

lim
n→∞

E[rn] = 0.
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Now, Theorem 4 is a straightforward implication of Lemma 1, applied to the sequence of policies ρn and
increasingly dense action spaces An.
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M Comparison with DeepCubeA

In contrast to the general-purpose search methods and pre-defined heuristics examined in our main study,
DeepCubeA (McAleer et al., 2019) takes a different approach: it learns a value function and heuristic
directly through deep reinforcement learning. This allowed DeepCubeA to successfully solve the Rubik’s
Cube without relying on human-provided knowledge. To provide a more complete picture of the performance
landscape, and to understand the relative strengths of learned versus pre-defined heuristics, we include a
comparison with DeepCubeA.

DeepCubeA employs Iterative Deepening A* (IDA*) as its core search algorithm. IDA* is a variant of A*
that performs a series of depth-first searches with increasing cost thresholds. In each iteration, it explores
nodes in a depth-first manner, but only up to a maximum cost defined by f(node) = g(node) + h(node),
where g(node) is the path cost (depth) and h(node) is the heuristic estimate of the remaining cost. If a
solution is not found within the current threshold, the threshold is increased, and the search restarts. This
process continues until a solution is found or a resource limit is reached.

While IDA* guarantees finding an optimal solution (given an admissible heuristic), it can revisit the same
nodes multiple times across iterations, leading to redundant computations. A*, as described in Section 5,
maintains an open list of all explored nodes, avoiding this redundancy. Because A* explores all nodes up
to a given cost before expanding nodes with higher costs, and given that we are primarily concerned with
finding any solution rather than necessarily the optimal solution, A* provides a more efficient exploration
strategy for our analysis, and effectively majorizes the behavior of IDA*.

Figure 42: Comparison with DeepCubeA

Figure 42 presents a comparison of methods used in our study (hierarchical AdaSubS and low-level ρ-BestFS)
with DeepCubeA – a well-established algorithm that solved the Rubik’s Cube with deep learning and tree
search, without human knowledge. The plots show evaluation in Rubik’s Cube (left), Sokoban (middle), and
N-Puzzle (right). The performance of DeepCubeA is weaker or on-par with the methods that we analyze in
the paper.

The takeaway from this comparison is twofold. Firstly, performance of our implementations is competitive
with well-established general-purpose solvers. Secondly, it is hard to understand the relation between search
algorithms if they use different heuristics for solving. Hence, we stress that in each experiment presented in
the main paper, all methods share the same value function to ensure a fair comparison.

54


