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Abstract

This thesis investigates functional limits of functionals related to systems of
independently moving particles with weights/charges. A very large class of self-
similar processes with stationary increments can be obtained as a scaling limit
(spatial or temporal) of such systems, including fractional Brownian motion,
the Rosenblatt process and an increasing number of processes with heavy-tailed
finite-dimensional distributions.

The first part of the thesis establishes a particle picture interpretation for the
asymmetric Rosenblatt processes and Hermite process of any order by consid-
ering functionals of intersection local times of the moving particles.

The second part is concerned with studying the behaviour of such systems when
the weights attached to the particles have heavy-tailed distributions. The pro-
cesses obtained as scaling limits correspond to a new class of stable H-sssi
processes introduced recently by Samorodnitsky, et al.

The last part considers a discrete framework of random walks in random scenery.
Therein, by introducing additional randomness, we are able to provide a natural
way in which a certain class of stable H-sssi processes can be obtained, This
is especially important, given that the aforementioned class was, in general,
previously representable only in an abstract way.

Keywords: local times; Lévy processes; stable self-similar processes; ran-
dom walks in random scenery; Hermite processes; Rosenblatt process; particle
systems

AMS MSC 2010: Primary 60G18, Secondary 60F17
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Streszczenie

Praca bada funkcjonalne twierdzenia graniczne zwiazane z ukladami niezalez-
nie poruszajacych si¢ czastek z dotaczonymi wagami. Wiele proceséw samopo-
dobnych ze stacjonarnymi przyrostami mozna otrzymac jako obiekty graniczne
przeskalowanych (czasowo lub przestrzennie) funkcjonaléw tychze uktadéw cza-
stek. Dotyczy to przykladowo utamkowego ruchu Browna, procesu Rosenblatta
i sporej liczby proceséw o ciezko-ogonowych rozktadach brzegowych.

Pierwsza czeé¢ pracy skupia sie na stworzeniu czasteczkowej interpretacji asy-
metrycznego procesu Rosenblatta i proceséw Hermite’a dowolnego rzedu. Jako
narzedzia uzyte sa tu czasy lokalne samoprzecigé trajektorii czastek.

Druga czesé pracy dotyczy badania sytuacji, w ktorej wagi dotaczone do czastek
maja rozklady o ciezkich ogonach. Otrzymane procesy graniczne odpowiadaja
nowym klasom stabilnych proceséw samopodobnych wprowadzonych niedawno
przez Samorodnitsky’ego i in.

Ostatnia cze$¢ pracy po$wiecona jest dykretnym modelom bladzenia losowego
w losowym érodowisku. W czeéci tej, dodajac dodatkowe zrédio losowosci, je-
stedmy w stanie otrzymaé¢ naturalnie wygladajacy model w ktérym procesy gra-
niczne naleza do klasy stabilnych proceséw samopodobnych, ktéra dotad (w
og6lnosci) zostala wprowadzona tylko w abstrakcyjny sposob.
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Chapter 1

Introduction

The main theme of the thesis may be succinctly described as “investigating
scaling functional limit theorems for systems of moving particles with view to
non-Gaussian and usually stable limits”.

1.1 Functional limit theorems

1.1.1 Sums of stationary sequences

Classical functional limit theorems investigate convergence in law, as n — oo,
of the processes of the form

Lnt)
1
Xo(t) = 2 Y & 20, (1.1.1)
" k=1

where (£1))kez is a stationary sequence of random variables and F,, is a suitable
norming. More precisely, often one considers a continuous interpolation of X,
that is the processes

X, (t) = X([nt]) + (nt — |nt])(X([nt]) — X(|nt])), t=>0. (1.1.2)

We will briefly recall the results in this case, even though in the thesis we are
dealing with somewhat more complicated models related to particle systems.
This is because we shall see similar phenomena arising in both cases. The
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4 CHAPTER 1. INTRODUCTION

classical Donsker theorem (see [B, Section 8]) states that if & are i.i.d. random
variables with finite variance o2, then the suitable normalization is F,, = ov/n
and the processes X,, converge in C[0, 00) to the standard Brownian motion. If
& are i.i.d. random variables with infinite variance and are in the domain of
attraction of a-stable laws, then F,, = na L(n), with L slowly varying at infinity,
then )Afn converge in law in D[0, 00) to an a-stable Lévy process.

The picture becomes more complicated when the random variables &; are de-
pendent. There is a variety of different limits possible. These limit processes are
usually self-similar, i.e., for some H > 0 and any a > 0 the process (X (at))i>0
has the same law as (a” X (t));>0. They also have stationary increments if (&)
is stationary. We will use the abbreviation ”H-sssi” to indicate that the process
is self-similar with stationary increments.

Self-similar processes with stationary increments (see Section EI) are (by Lamperti’s
theorem) the only possible limits of normalized partial sums of stationary se-
quences. Whenever (£x)iecz is a stationary sequence of random variables the
processes given by ( converge in the sense of finite dimensional distribu-
tions for some normalizing sequence F),, which increases to 400, then the limit
process must be an H-sssi process (see Theorem 8.1.5 in [42]).

The most famous of these non-central functional-limit theorems is perhaps the
one in which fractional Brownian motion arises as a limit. Recall that fractional
Brownian motion, with Hurst coefficient H € (0,1), is a centred Gaussian pro-
cess By with covariance

E(Byy (1) Bur(s)) = g (1P + s [t — s").

Let (£n)nez be a centred stationary Gaussian sequence with variance equal to
1 such that

r(n) i= E(uo) = n*7~2L(n), (1.1.3)

with H € (%, 1) and L - a function slowly varying at infinity. Then the processes
() converge in law to a fractional Brownian motion with Hurst coefficient
H (see [45))

Another important example is when one considers a stationary sequence (py, )nez
with
2H—2

r(n) :=E(pppo) =n" *F L(n) (1.1.4)
and in () considers the sequence (£,)nez, with &, = (p2—1), n € Z. The res-
ult which is originally due to Taqqu ([45]) states that, with F}, = n'!, the corres-
ponding limit process is the so called Rosenblatt process which is non-Gaussian
but has the same covariance function as the fractional Brownian motion. This
is a self-similar process with stationary increments living in the so called second
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Wiener chaos. See Section for details. These types of processes are still
actively investigated (see for instance [3] or [4]).

Another important research direction deals with the case when &’s are heavy
tailed. The possible limits form a very wide family of self-similar processes. In
particular, so called linear fractional stable motions arise as limits of moving
average processes with noise sequence given by a stationary sequence (&) with
heavy-tailed marginal distributions (see [42, Proposition 9.5.7]).

1.1.2 Functional limit theorems related to particle systems

A different class of problems in which functional limit theorems were investig-
ated relates to particle systems. Similar types of limits appear in that context,
although the picture is much less complete. The present thesis answers some of
the questions in that framework.

Deuschel and Wang in [14] studied the following model: suppose that at time
0 we have a system of particles in R? whose positions are determined by a
Poisson random measure with Lebesgue intensity measure, then each of the
particles moves independently according to a Brownian motion. The positions
of the particles at time ¢ are described by the empirical process Ny, such that
for A € B(R?) N;(A) is the number of particles in A at time . Deuschel and
Wang investigated the limit of rescaled occupation time, i.e.,

1 Tt

XT(t) == F7T 0

(Ns — ENy)ds, (1.1.5)
where T' — oo and Fp is an appropriate normalization. They showed that
for d = 1 and any ”sufficiently nice” test function ¢ the functional X; eval-
uated at ¢ (denoted by (X7, ¢)), converges in law in C[0,00) to a fractional
Brownian motion with Hurst parameter H = %. This result has been later
extended to the case where the particles were moving independently according
to symmetric « stable Lévy processes. In [6] and [L0] the processes of the form
() were considered in the space of tempered distributions. In particular,
it was shown that if d < «, then for any ¢ € S(R%)-Schwartz space of smooth
functions decreasing rapidly at infinity, the processes ((Xr (%), ¢))i>0, converge
to a fractional Brownian motion with Hurst paramter H = 1 — i, while if
d > «a, then the limit is a Brownian motion (up to a multiplicative constant).
Bojdecki, Gorostiza and Talarczyk in their series of papers [[7], [9], and others
concentraded principally on branching systems (the moving particles could die
or give birth to new particles). It was shown that, depending on the parameters
of the system in question, the limiting object of the process ((Xr(t),¢)) can
be either a Brownian motion or a stable Lévy process or a self-similar process

with dependent (and usually non-stationary) increments. The latter could be
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a Gaussian or a stable process. In their model stable limit appeared due to
branching when the distribution of offspring had infinite variance. Analogous
models, considering both branching particle systems as well as superprocesses
were studied by other authors e.g. [26], [32], [39] and [40].

Another result of Bojdecki Gorostiza and Talarczyk [§] which will be of im-
portance to us gives a particle picture representation of the Rosenblatt process.
Therein the Rosenblatt process arises as a limit of a functional involving inter-
section local times of a system of particles evolving according to a-stable Lévy
processes. This result can be considered as particle system analog of the res-
ult of Taqqu regarding the Rosenblatt process in [45] described in the previous
section.

Recently, other functonal limit theorems regarding scaling limits of dynamical
systems (see [B5], [20]) and particle systems (see [12]) were proved resulting in
some new interesting stable self-similar processes.

1.1.3 Motivation

Our research presented in this dissertation concerns limit theorems related to
particle systems in the spirit of the results described in Section . The motiv-
ation was two-fold: on the one hand the aim was to get a better understanding
of some particle systems, e.g. a natural extension of the simple Poisson system
particles moving according to a-stable lévy processes, from [30], [14] and [6],
where additionally each of the particles has a certain weight, which can have
a heavy-tailed distribution. On the other hand, in view of the fact that the
processes such as Brownian motion, fractional Brownian motion, Lévy stable
processes and the Rosenblatt process turned out to arise as limits of certain
functionals of particle systems, we wanted to see what other interesting classes
of processes can be obtained from particle systems in a reasonably natural way.

The problems that we study in this thesis split into three groups:

1. "particle picture” interpretations of self-similar processes with stationary
increments which live in Wiener chaoses, such_as non-symmetric Rosen-
blatt process and Hermite processes (Chapter J),

2. particle picture interpretations of stable self-similar processes described
in [15], [B5] and [20] obtained as limits of systems of weighted moving
particles (Chapter ),

3. a scaling limit in terms of systems of random walks in random scenery
leading to a stabel self-similar process with stationary increments first
described in [20] in an abstract way, thus giving an interpretation to that
process (Chapter E)
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Presently we give a short description of our results

1.2 Overview of the results

In this section we provide a brief overview of the results of our research. In order
to make it transparent and concise we do not introduce the full terminology and
background, which we provide in Chapter P. Here we concentrate on the most
important results we have obtained.

1.2.1 Particle systems

In chapter 3 and 4 we will be using a particular version of a system with initial
positions of particles given by a Poisson random measure and their movement
governed by Lévy processes. The system can be intuitively described as follows.
We have a countable number of particles in R whose initial positions are given
by points of a Poisson random measure with Lebesgue intensity. As time goes
by they move in space independently according to some predefined Lévy process.
To each of the particles we independently assign random variables, which may
be interpreted as weights or charges. This makes the system much more het-
erogeneous and allows for more complexity. As the particles evolve we observe
their behaviour indirectly through some observable or statistic. For instance we
may look at the number of particles in a specific set A C R at any given time.
We may also choose some function ¢ : R — R and consider the functional of the
form

t
X(¢) :=sz/0 $laj +l)ds, >0,
J

where z; are the weights/charges, x; are the starting points and 7; are the
processes determining the movement of the particles. This corresponds to the
occupation_time process evaluated on a test function ¢, i.e. fot (N, ¢)ds, in the
setting of [6] in the case without branching and with z; = 1,

Thus, we track the movement of the system as time goes by. Considering the
possible limits of the functionals of the above form turns out to be very fruitful
and leads to appealing representations of a number of important stochastic
processes.

The particle system described here is a variation of a model (without branching)
considered by Bojdecki et al. in [f], [12] and [8], except that in the papers
mentioned above, we have either z; = 1 (and the corresponding processes have
to be centred) as in [12] and [f] or z; are i.i.d. Bernoulli random variables with
P(zj =1)=P(z; = —1) = 5 as in [§].
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In Chapters 3 and 4 of the thesis we will consider the following system. Let
(27) be a Poisson system with Lebesgue intensity measure on R and let (17)32,
be independent symmetric a-stable Levy processes with the index of stability
a € (0,2). Assume that these processes are independent of the points (z7).
Finally, assume that (z;)32; arei.i.d random variables independent of everything
else, where z; represents the signed weight of j-th particle. The particle system
is given by (27 + nf)t207j2172,__. and (z;);=1,2,... Thus the initial position of the
particles is given by the points (27) and they evolve independently according to
the symmetric a-stable processes. In some cases we allow the particle motions
to be governed by a more general Lévy process.

1.2.2 Representation of the non-symmetric Rosenblatt pro-
cess and Hermite processes

For 0 < H < 1 there is only one (up to a multiplicative factor) H-self-similar
Gaussian process with stationary increments, namely the fractional Brownian
motion By. Due to this fact, in many models it appears in a natural way as a
limit process in some limiting procedures. It is a member of a larger family of
Hermite processes. For k > 1 a k-Hermite process is an H-sssi process which
"lives” in the k-th Wiener chaos and can be represented with the help of multiple
Wiener-It6 integrals:

’ t k
Zh(t) = /R/O LG —z)¢ dsW(day) ... W (day), (1.2.1)
Jo 4

where W is a two-sided Brownian motion, 3(1 — ) < d < 3 is the number
satisfying H = kd—kajl so that 1/2 < H < 1. Other possible representations

are given in Section

k-Hermite processes arise as functional limits of the processes of the form ([l.1.1))
once we choose §; = Hy(p;), where Hy, is the k-th Hermite polynomial and (7;)
is a stationary Gaussian sequence satisfying

2H -2

r(n) :=E(pppo) =n" % L(n), (1.2.2)
with H € (%7 1), k > 1 and L - a function slowly varying at infinity.

Recently in [§] it was shown that the Rosenblatt process can be obtained from
a Poisson system of particles as in Section , where z; are random signs
(denoted by o; in [§]): (0j) is an i.i.d. sequence such that o; takes values 1
and —1 with equal probability and the processes 1’/ are a-stable Lévy processes
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with the index of stability a € (%, 1). It was shown that the process given by

1 . .
531: fZUJO'k<A(£L’J +77J,1'k+77k,T);1[07t]>7 t207 (123)
7k

where A is the 2-intersection local time of two independent a-stable Lévy pro-
cesses (see section 2.3 in [8], [1]), converges, as T — oo, (up to a constant)
for a € (1/2,1), in C[0, 7] for 7 € (0,00), to the Rosenblatt process with the
Hurst coefficient H = «. Informally k-intersection local time of cadlag processes
p',...,p" at time T > 0 (denoted here by A®*)) can be defined by

<A(k)(p17 o ,p’“;T)7¢> =

_ /[0 - d(pL,)00(p2, — pL) .. SolpE, — pl)dsy .. .dsy, (1.2.4)

where Jy is the Dirac distribution at 0 and ¢ € S (the Schwartz space of rapidly
decreasing function). One gives a meaning to ([l.2.4) by approximating dy by
smooth functions, see e.g. [44].

We extend this result to all k-Hermite processes by showing (see Theorem )
that if for k> 2, a € (1 — £,1) and T > 0 we denote

1 . . . .
T k .
Pt = kj2 > oo (AP @I L T N T), 1), > 0,
J1#--FJk

(1.2.5)
then, the process p’ has a continuous modification and as T — oo, it converges
in law in C[0, 7] for every 7 > 0, to the k-Hermite process Z}, with the Hurst
coefficient equal to H = 1 — (1 — a)k/2. In the proof we rely on the toolbox
of spectral multiple Wiener-It6 integrals (see Section )7 which is a different
path from the one chosen by the authors in [§], who used the method of moments.

It was not at first obvious whether or not Hermite processes were the only self-
similar processes with stationary increments in their respective Wiener chaoses.
The only H-sssi process in the first Wiener chaos is the fractional Brownian
motion (see Theorem 1.3.3 in [16]). This is not true for Wiener chaoses of
order k£ > 2 and the first example of this fact was the non-symmetric Rosenblatt
process (see [27] and [49] for an introduction to this process), which is obtained

if we replace the kernel H?Zl(s —2;)%! in equation () (for k = 2) by
glz,y) = a2y~ o oy (1.2.6)

with a,8 € (0,1) and o + 8 > 1. Even in this relatively simple case with
k=2 ad,8,8 € (0,1) and a+ 8 = o + ' > 1 the corresponding non-
symmetric processes have different laws for different choices of a,a’, 3 and f’
(see Proposition 3.10 in [49]). More generally, the initial kernel can be replaced
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by even more general functions to obtain the so called generalized Hermite
processes introduced and investigated in [3].

In Theorem we prove that if we consider a different functional of the same
particle system, i.e.,

1 T T ) ) 1
F = Tzajak/o /O Lo, (27 + n) —drds (1.2.7)

j#k |k + nk — ad — i1

for T > 0,t > 0 and o and § such that 1 > 8 > a > 0, a+ 8 > 1, then,
as T — oo the processes nT converge, in C[0,7] for every 7 > 0, to the non-
symmetric Rosenblatt process with parameters (a, ), up to a multiplicative
constant.

1.2.3 Infinite variance H-sssi processes as limits of particle
systems and random walks in doubly random scenery

In recent years a number of stable non-Gaussian H-sssi processes were intro-
duced which further enrich the already vast number of such processes investig-
ated by researchers. They often arise quite naturally as scaling limits of (spatial
or temporal) of dynamical systems (see [B5] and [20] for example) or particle
systems_(see [[1]). We will briefly describe the main results of these papers in
Section @ One of our research interests was evidently in that direction. It res-
ulted in two publications: [47] and [46] which are the content of chapters fj and
E respectively. In our approach we obtain in the limit the processes ([1.2.10) and
(L.2.1 ;), thus obtaining their particle picture interpretation, as well as obtain
some new self-similar stable processes.

A wide range of stable self-similar processes has the integral representation of
the form

Xt:/ft(x)M(dx), ter, (1.2.8)
S

where T is some index set, (S,S, ) is a measure space, f; : S — R are de-
terministic functions and M is a stable random measure as described in Section
. Generally speaking the random measure M is responsible for how heavy
the tails of the marginal distributions of the process X are and the family of
functions (f:):er determines its dependence structure.

In chapter H we consider a system of particles as in where the particles
(27) are drawn according to a Poisson random measure on R with Lebesgue
intensity, the movements of the particles are given by i.i.d. Lévy processes (7).
The quantities that we study are given by the functional

1 Tt _ '
& =52 / o(a? +ml)du, T >0, (1.2.9)
J
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where Fr is some appropriate norming, z; are i.i.d. weighted charges attached
to the particles and ¢ is some integrable test function. We were interested
in functional limit theorems for processes of the form () in the regime in
which the weights z; are heavy tailed. The results that we have obtained are
fairly general and we had to overcome a number of technical difficulties to make
them so (see Section @ for details). However, in this introductory note we will
provide a simplified version which, nonetheless, provides a good overview of the
type of limits obtained.

Suppose at this moment that the particle motions are given by symmetric (-
stable Lévy processes with 1 < 3 < 2 and that the common distribution of (z;)
has, up to a multiplicative constant, density of the form |z|_1_°‘1{‘z‘>1}dz, for
1 < a < 2. The limit processes depend mainly on two properties of ¢:

o whether [, ¢(y)dy = 0 or not;

e how does ¢(y) behave as y — +oo0.

First order limit theorem (see Theorem )

@

If [o ¢(y)dy # 0, then under normalization Fp = T"~ 5tap
o o=l K/ (y)dy x X,
R

where K is a positive constant and X is the process given by
X = (/ Lt(x,w’)Ma(dx,dw’)) , (1.2.10)
Rx t>0

where (L¢(z,w’))i>0.0er is a jointly continuous version of the local time of
the S-stable Lévy process, with 5 € (1,2) (defined on some probability space
(@, F,P')) and M, is a symmetric a-stable random measure on R x Q' with
control measure A\; ® ', which is itself defined on some other probability space
(Q, F,P).

Second order limit theorems

If fR é(y)dy = 0, to obtain a non-trivial limit of G one has to take a larger
normalization. Also, the situation is more complicated, as the behaviour of GT
depends on the rate of decay of ¢ at 400 and —oo.

Case 1 (see Theorem )



12 CHAPTER 1. INTRODUCTION

If ¢ is sufficiently quickly vanishing at infinity, then, with the normalization
Fr= T%+%ﬁ, we have
¢" L5 Koy,
where Y is given by
(Y(t)t>0 = ( W(Lt(x,w’),w’)Ma(dw’,dx)) , (1.2.11)
QxR >0

where everything is as in the previous case with additional randomness provided
by a Brownian motion W defined on (€', 7', P') independent of the local time
(L¢)t>0- The precise condition on ¢ are given in Section but it suffices e.g.
if
[ totwlivlay < oc
R

—1
for some Kk > *87

Case 2 (see Theorem )

If ¢ vanishes relatively slowly at infinity, then the limit of () depends
on finer behaviour of ¢ at +o0o and —oo. Suppose that ¢(x) ~ —=, where

|z]7
l<y<1+ % Then, for Fp = T e %

" L% 16y,

where Ks(¢) is a positive constant and V is given by
Vi :/ Zi(z,w") My (dx, dw'), (1.2.12)
Rx €Y
where M, as before and
auwvzf Y7 (L(a + 9,0 — Li(e — y,w')) dy, w€R,  (12.13)
0
with (L4)¢>0 also as in the previous two cases. There are also other cases in
which on of the tails of ¢ dominates the other, which lead to similar results with
a modified prozess Z. Details can be seen in Section . The processes (Z;)

is a fractional derivative of stable local time and its properties were extensively
studied in [[17]. The process V appears to be new.

1.2.4 Random walks in doubly random scenery
Description and known results

The third part of the thesis is closely related to the second one, inasmuch as
the limit processes obtained belong to the same class. The methodology and
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modelling approach are, however, discrete, and therefore quite different both in
their use and interpretation.

The models that we consider in this part are in the vein of random walks in
random scenery models going back to the paper [22] by Kesten and Spitzer.
These models consider a system of random walks (often called users) moving
on Z4, d € N and collecting rewards (&) that are attached to the points of the
lattice Z¢. The user earns random rewards (governed by the random scenery)
associated to the points in the network that they visit. Thus, models of this
form should have a lot in common with the particle systems with weights that
we have described in Section .

The quantity of interest is then the total amount of rewards collected. If we
denote the random walk on Z by (S, )n>0, and the scenery by (&x)kez, then the
total sum of rewards collected by time n € N is given by

n
Z, = ngk. (1.2.14)
k=1

In [22] the authors assume that S, = X7 +...+ X,, is such that the X; are i.i.d.
and belong to the normal domain of attraction of a S-stable law with 8 € (1,2].
In particular the linearly interpolated version of S, (as in (|L.1.2)) converges in
law in D[0, 00) to a S-stable Lévy process Y.

The &; are i.i.d., independent of the X; and in the normal domain of attraction
of an a-stable law and as in the previous paragraph the linearly interpolated
version of their partial sums converges, in law in D[0, c0), after rescaling to an
a-stable Lévy process W.

Then they prove that the appropriately rescaled and linearly interpolated pro-
cess (Zjny)e>0 converges in C[0,00), as n — oo to the process (A¢)s>0, which
has the integral representation given by

Ay = /RLt(x)W(dx), t >0,

where L; is the jointly continuous version of the local time of the process Y.
Note that the process A is not a stable process.

Following the above result, [[L5] the authors considered a scaling limit of a large
number of independent users collecting rewards from independent sceneries.
The scaling limit in the corresponding functional limit theorem (see Theorem
1.2 in [15]) leads to the process that we have already described, namely ()
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Motivation and results

In [20] the authors have introduced a new class of stable H-sssi processes which
can be represented as

(Ya,ﬁ,’y(t))tzo = </Q’><]R S’Y(Lt(xaw/)vw/)dza(wlvm)> ) (1-2~15)

t>0

where S, is a symmetric vy-stable Lévy process, (L(z))i>0 is the local time of
a symmetric S-stable Lévy process independent of the process S, (both defined
on (Q,F,P)), and Z, is a symmetric a-stable random measure on (', R)
with control measure P’ ® A\;. The parameters «, 5 and ~ satisfy 0 < a < v <
2,6 € (1,2]. The authors have obtained only Y, g2 as a limit of their model.
Given that the process () can be obtained as a limit of a fairly intuitive
aggregation of discrete structures, we have conjectured that the same may be
true of the more complicated objects of the form ([l.2.15). This turns out to
be true and we have managed to provide a relatively uncomplicated scenario in
which it happens.

We briefly describe the setting of our result and its formulation. The model
is similar to the one introduced in [L5] with the caveat that we introduce an
additional source of randomness. We consider only the simple one-dimensional
integer lattice. In our model, each user generates a sequence Y7, Ys, ... of i.i.d.
random variables which are independent of the £,’s and his movement. Now,
any time the walker visits a point z € Z he/she gets a reward (or receives
punishment) given by Yy x &, where k is number of times that the walker has
already stayed at z (including the current visit). Thus, the amount by which a
potential reward is being multiplied depends only on the number of the visits.
The total reward/punishment at time n in this scheme is given by

Nn(m)

Z( 3 Yk)gz, (1.2.16)
TEZL k=1
where N
No(@) =Y 1(s,=a} (1.2.17)
k=1

denotes the number of visits to the point x € Z up to time n € N.

We are interested in the scaling limit in which we consider the aggregate be-
haviour of a large number of independent walkers with independent strategies
and having independent environments from which they collect the rewards. We
consider an i.i.d. sequence of processes ((Dﬁf) (t))tzo)jil, n > 1 and define for
t>0

Cn

1 )
Glt) = 75 > DY), n>1, (1.2.18)

Cn =1
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where ¢, is any sequence of positive integers. We prove (see Theorem ) that
under certain assumptions (see SectionE) for any 0 < a < v < 2 the process
(Gn(t))i>0 defined by () converges (up to a multiplicative constant) as
n —_ oo, in the sense of finite-dimensional distributions, to the process given
by (IL.2.15).

1.3 Organization of the thesis

The thesis is split into two parts. The first one provides an introduction to the
subject matter of the thesis, delineates main research areas and objectives, gives
a brief overview of the most important results. Moreover, it includes a relatively
self-contained overview of the main mathematical tools and concepts used. The
second part contains the precise formulation of all results and their proofs.

In Chapter m we provide a brief overview of the main results of our research with
some introductory remarks needed to understand our motivations and interests.

In Chapter E we delineate the most important technical tools that we use
throughout the thesis so that the whole exposition is as self-contained as it
reasonably can be. We first fix the notation, then give a brief introduction to
self-similar processes, stable random variables, Lévy processes, local times, in-
finitely divisible random measures and integrals with respect to these measures.
Finally we provide some technical results relating to tightness criteria for cadlag
processes and some basic tools connected to regular variation.

Chapter E is the content of our first major research direction which was aimed
at providing a representation for the non-symmetric Rosenblatt process and
Hermite processes of any order. In the introduction to this section we provide
additional material regarding, among other things, Wick polynomial generalized
random fields, random Gaussian spectral measures and integrals with respect
to these measures. We then go on to state the main results and prove them
rigorously.

Chapter H we provide a particle picture representation of a number of new
classes of stable self-similar processes with stationary increments introduced by
Samorodnitsky et al. in [B5] and [20]. It starts with a description of the frame-
works in which the above-mentioned classes arose, then describes our own with
a number of theorems providing alternative and intuitively appealing models in
which they may arise. Some additional results concerning occupation times of
stable Lévy processes are also presented and later proven.

Chapter E is intimately realted to Chapter H as the limit processes obtained
belong to the same class of processes. However, it uses discrete structures
to arrive at those limits. It presents a random walk in random scenery limit
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representation of a class of stable processes introduced in [20]. It manages to
provide a natural interpretation this class which was previously, in general, only
representable in an abstract way.

Some of the four main sections described above are followed by appendices in
which some additional technical results are proved.



Chapter 2

Notation and background

In this section we fix basic notation and recall some of the concepts and theorems
later used in the main part of the thesis, in particular random measures and
integrals with respect to them, multiple Wiener-It6 integrals, random spectral
measures, weak convergence of processes and regular variation.

17
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Nomenclature

2.1

Borel o-field on a metric space S
the Schwartz space of rapidly decreasing functions on R
the Schwartz space of rapidly decreasing functions on R¢

the Schwartz space of complex-valued rapidly decreasing functions

convergence in law in the space of continuous on [0, 7] functions with
supremum norm

equality in the sense of finite-dimensional distributions

convergence of finite-dimensional distributions
the Fourier transform of a function ¢, $(x) = Jpa e @Y g (y)dy

independent and identically distributed

Stationarity, self-similarity and infinite di-
visibility

2.1.1 Self-similar processes and stationarity

Definition 2.1.1. A stochastic process (Xi)icr s stationary if for any h € R

f.d.d.

(Xetn)ter " =" (Xt)ter. (2.1.1)

Definition 2.1.2. A stochastic process (X;)¢>0 has stationary increments if for
any h >0

d.d.
(Xtq4n — Xn)e>o = (Xt — Xo)t>o0- (2.1.2)

19
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Definition 2.1.3. A stochastic process (Xi)i>o is self-similar if there exists an
H > 0 such that for all ¢ > 0,

d.d.
(Xet)e>0 = CH(Xt)t20~ (2.1.3)

The parameter H is called the Hurst exponent. We also say that X is H-
self-similar (or H-ss for short). If, additionally, the process X has stationary
increments, we then say that it is H -sssi.

The intuitive understanding of self-similarity can be briefly sketched as follows.
Whenever a stochastic process X is H-self-similar, rescaling time by a factor
of ¢ > 0 and, at the same time, rescaling space by a factor ¢/ will result in
a process which looks statistically the same. The classic example is that of
Brownian motion for which the Hurst exponent is equal to 1/2.

Let us recall some basic properties of H-sssi processes (see [37, Proposition
2.5.6]).

Proposition 2.1.4. Let X = (X;);>0 be an H-sssi process. Then the following
properties hold:

(i) Xo =0 a.s.,

(i) If H#0, H# 1 and E|X;1| < 0o, then EX; =0, for allt > 0,
(i) If H =1 and E|X1| < oo, then Xy =t a.s. for allt >0,

(iv) If E|X:1|? < oo, then E|X;|? = t?HE|X %, for all t >0,

(v) IfE|X|? < oo, then, for 0 < s,t < oo,

cov (X Xs) = 7Var2(X1)

([t27 + |7 — |t — s|*7) (2.1.4)
(in particular this means that in_this case we must have H < 1 since
otherwise the right-hand side of () is not non-negative definite).

If X is a centred Gaussian H-sssi process, then X must be a fractional Brownian
motion since the covariance structure uniquely determines the finite-dimensional
distributions for a centred Gaussian process. If we do not make the gaussian-
ity assumption, then there is large number of H-sssi processes, from Hermite
processes to stable H-gssi processes, which will be described in a more detailed
fashion in and , respectively.

2.1.2 Infinite divisibility

Now, let us introduce the notion of infinite divisibility, which needs to be men-
tioned to make our presentation complete.
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Definition 2.1.5. A random variable X is infinitely divisible if for everyn € N
there exist i.7.d. random variables Y{*,..., Y such that

XLy 4.4y

If we denote the distribution of X by ux and its characteristic function by
¢x(+), then the following are equivalent (see [2, Proposition 1.2.6]):

(i) X is infinitely divisible;
(ii) For every n € N there exists a probability measure p,, such that
Hx = ,U‘:L )
where * denotes convolution of measures;

(iii) For every n € N ¢x has an n-th root, i.e., there exists a function ¢x ,(-),
with ¢x () = (éx,n(-))", such that ¢x ., is itself a characteristic function.

Usually the easiest way to determine whether a random variable is infinitely
divisible is to check the condition (iii) above. Examples of infinitely divisible
random variables include Gaussian _and Poisson random variables. Stable ran-
dom variables discussed in Section are also infinitely divisible.

Full characterization of infinitely-divisible random variables is provided by the
famous Lévy-Khinchine theorem which we formulate for completeness.

Theorem 2.1.6 (Lévy-Khinchine). A random variable X with values in R%, d >
1 is infinitely divisible if and only if there exists a € R?, a positive-definite
symmetric matriz ¥ and a measure v on R4\ {0}, satisfying

/]Rd (LA |2]?) v(dz) < oo, (2.1.5)

such that for for all § € R* we have

Eexp (i(6, X)) = exp (—(9)), (2.1.6)
where
W(6) = —ila, )+ (6, 29>—/ (409 1~ itey (0.2)) w(d2). (2.17)
2 R4\ {0} -

The measure v is usually called the Lévy measure of X.

For reference see [2, Theorem 1.2.14]. The triple (a,X,v) is called the charac-
teristic triple of X. The function z ~— 1y).|<1}(0, z) may be replaced by other
bounded functions which near 0 behave as (6, z). This changes only the value
of a.
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Definition 2.1.7. A stochastic process (Xi)ier, where T is some index set, is
said to be infinitely divisible if for every integer n > 0, there exists a stochastic
process (Yi)ieT such that

n
(Xi)rer £ (Z Yf’”) ,
teT

k=1

where ((Yt(k))teT)keN are i.i.d. copies of Y.

Similarly as in the case of infinitely divisible random variables we have a Lévy-
Khinchine representation of the characteristic function of an infinitely divisible
process X which says that to every infinitely divisible stochastic process there
corresponds a unique characteristic triple (a,X,v) as in Theorem , such
that for t > 0

Eexp(i60X;) = exp(—t(0), 0 €R, (2.1.8)

where 1) is as in (see Corollary 2.4.20 in [2]).

2.2 Lévy processes stable random variables and
stable processes

2.2.1 Lévy processes

The brief introduction to Lévy processes presented in this section follows [2].

Definition 2.2.1. Let X = (X;)t>0 be a stochastic process defined on some
probability space (2, F,P). We say that X is a Lévy process if the following
three conditions are satisfied:

(1) Xo =0 almost surely;

(2) X has independent and stationary increments;

(8) X is continuous in probability, i.e., for every e > 0 and s,t >0

lim P(|X; — X,| > ¢) = 0.

It can be shown that such an X always has a cadlag version and from now on
we always take such a version. The marginals of Lévy processes are in a one-
to-one correspondence with infinitely divisible distributions. More precisely, if
X = (Xy)1>0 is a Lévy process, then X, is infinitely divisible for every ¢ > 0.
On the other hand, for any infinitely divisible random variable Z there exists
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a Lévy process X such that X; Lz (see [2, Chapter 1.4]). The equivalent of

() for a Lévy processes X is given by
Ee'fX: = B9, (2.2.1)

Here 1) is as in (R.1.7) and corresponds to an infinitely divisible random variable
X,. Examples of Lévy processes include Brownian motion, Poisson process,
compound Poisson process and stable Lévy motions, i.e., Lévy processes which
have stable finite-dimensional distributions.

2.2.2 Stable random variables and processes

Definition 2.2.2. Let X, X' be independent copies of the same random variable
in R, Then, they are stable iff there exists an o € (0,2] such that for all
A, BeR

AX + BX' £ (A* + B*)'/*X + D
for some D € R, If D =0, then X is strictly stable.

The characteristic function of a stable random variable (for d = 1 as we will
only consider this case) is given in the following proposition (see for instance
[43]).

Proposition 2.2.3. An «-stable random variable X with o € (0,2], has the
following characteristic function:

exp ( — 00| (1 — iBsign(0) tan(rer/2)) + u9)7 if a £ 1,

exp ( — (0|1 + B2 sign(6) log(|6])) + uo), ifa#1,

(2.2.2)
where o > 0 is the scale parameter, 5 € [—1,1] is the skewness parameter and
w € R is the shift parameter.

E(exp(i6X)) =

In the thesis we will only consider symmetric a-stable (SaS for short), i.e.,
with 8 and p in () equal to 0. Gaussian random variables correspond to
a = 2 and are usually treated independently. Following [B7], we recall that
stable random variables are the only possible weak limits of normalized partial

sums
n
k1 Xk —an
by, ’

where the X are i.i.d., a, is chosen so tha) are centered and b, are
E)

positive such that b, — co. If the sums in ( converge weakly to a stable

(2.2.3)
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random variable, we then say that X; is in the domain of attraction of this
variable.

Stable random variables are infinitely-divisible, with corresponding Lévy meas-
ures of the form

a b
l/(dZ) = 1{2 < O}|Z|T+1 + 1{2 > O}|Z|T+17
for some a,b > 0. This choice corresponds to 5 = Z;Jr“b.

Stable processes are stochastic processes with stable finite-dimensional distribu-
tions. In particular we will often refer to symmetric a-stable Lévy process, i.e.,
infinitely divisible processes with characteristic triple (0,0, 7) where the Lévy
measure v has density with respect to Lebesgue measure on R of the form

pldz) = clz| 1 7%z, z€R, (2.2.4)
where ¢ > 0 is a constant and « € (0, 2].

Definition 2.2.4. A stochastic process (Xi)i>o is stable if its finite-dimensional
distributions are stable.

2.3 Random measures and stochastic integrals
with respect to these measures

In this section we will give a brief introduction to the random measures which
will be later used extensively for representations of limit processes. We be-
gin with a rather general setting and then consider stable and Gaussian cases
separately.

Let (S,S) be a measurable space and consider a o-finite measure m on (5,S).
By Sy denote all A € § with m(A) < co. The measure m is usually called the
control measure. A random measure M is a set function on Sy such that for
each A € Sy, M(A) is a complex-valued random variable. One may think of Sy
as an index set. We are usually interested in random measures that satisfy two
additional requirements.

Definition 2.3.1. An independently scattered o-finite random measure M is
a random measure on (S,S) such that:
(i) M(U;—,) =>02 M(Ay) a.s. for any pairwise disjoint A, in Sop;

(ii) if A1,..., A, in Sy are pairwise disjoint, M(A1),...,M(A,) are inde-
pendent.
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In the thesis we will consider random measures such that, additionally to (i) and
(ii), for A € Sy M(A) is real-valued and E(e??M(A)) = ¢=m(Av(0) where 1(0) is
a (fixed) Lévy exponent as in (R.1.6). More specifically, we will consider Poisson
((0) = 1 — €'%), symmetric a-stable ()(f) = |0|*) and Gaussian (¢(6) = 6?)

cases.

Integration with respect to random measures is a fundamental building block of
representations of a number of stochastic processes. Although one can be very
general and construct an integral with respect to general infinitely-divisible ran-
dom measures, we choose to consider the Gaussian and stable cases separately.
This choice is made because in the results that follow the introductory section
we are always in only one of this two domains.

Defining an integral of a simple function is straightforward. If
f@) =" fila, (), (2.3.1)
k=1

for frp € C, Ay € Sy, k=1, ...,n, we define the integral of f with respect to M
by

1) = [ f@drde) = 3 (AL (2.3.2)
k=1

Then the definition of the integral can be extended to a larger class of functions,
depending on the properties of M. The general theory of integration with
respect to infinitely divisible random measures was developed in [3§].

2.3.1 Integrals with respect to Gaussian measures

Gaussian random measures are a subclass random measures with orthogonal in-
crements. A random measure with orthogonal increments is o-additive random
measure with control measure m such that

EZ(A) = 0, (2.3.3)

for all A, Ay, Ay € Sy. For orthogonal random measure M and simple functions
f, g one has

BU(NT) = [ f@a@m(da) = (F.0)12(5m (2.3.5)

Given () it is easy to extend the definition of I(f) to all f € L2?(S,m).
More precisely, for any Cauchy sequence (f,) in € L2(S,m), (I(f,)) is Cauchy

2
in L2(Q2) and if f, L (i’m) f, with the f,, being simple functions, we may define

I(f) as an L2-limit of (I(f,)).
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Definition 2.3.2. A random measure W on (S,S) with orthogonal incre-
ments is called Gaussian if, for any Ai,...,A, in Sy, the random vector
(W(A1),...,W(A,)) has multivariate Gaussian distribution.

It follows directly that for any functions f1,..., f, € L?(S,m), the random vec-
tor (I(f1),...,I(fn)) has multivariate Gaussian distribution. Of special interest,
especially for representing Hermite processes (see Section B.1.1)), are Hermitian
Gaussian random measures. These are complex-valued Gaussian random meas-
ures Z on (R, B(R)), with symmetric control measure, which additionally satisfy

Z(A) = Z(—A), Aec B(R).

They are also called (see [28]) spectral Gaussian random measures. For a short
introduction to this topic see Section P.5.4.

2.3.2 Integrals with respect to Poisson and stable sym-
metric random measures

We briefly cover Poisson random measures which are used extensively in the
construction of many random objects presented in the thesis. Using Poisson
random measures, we then describe an intuitive construction of stable random
measures. Finally we provide a brief overview of the general case when the
infinitely divisible random measure does not have a Gaussian component.

Poisson random measures

The content of this section is based on [25].

Definition 2.3.3. Let (S,S) be a measurable space and consider a o-finite
measure m on (S,S). A Poisson random measure N on (S,S) with intens-
ity measure m is an independently scattered real-valued random measure (in
the sense of Definition @) such that for each A € Sy N(A) has Poisson
distribution with parameter m(A).

It can be shown (see [24, Theorem 3.6]) that on any o-finite measure space
(S, S, m) there exists a Poisson random measure. Briefly, if m(S) < oo, then for
k - Poisson distribution with parameter m(S) and X1, X, ... i.i.d. distributed
with X7 having m(-)/m(S) as its distribution, the quantity

K
E 5Xk7
k=1
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has all the required properties. When m(S) = oo, then one can write m as a
sum of finite measures, repeat the above construction independently for each of
them and finally add them up.

For simple functions of the form (R.3.1]) and I(f) as in (), we have

Eexp(i0I(f)) = exp (/

(04 @) _ 1)m(dx)), 6 cR. (2.3.6)
S

Then, one shows that the definition of I(f) may be extended to functions f
satisfying

/S(\f(x)| A1) m(dz) < oo.
The formula (R.3.6) continues to hold for such functions.

We will also consider stochastic integrals with respect to compensated Poisson
random measures. If N is a Poisson random measure with intensity measure
m, then we define its compensated form by N := N —m. For f; and A; as in

() and I(f) = 1_, fN(A), one can easily show, using the characteristic
function of Poisson random variable, that

n

Eexp(i0I(f)) = exp (Zm(Ak)(eif*’G 1 fke)), feR.  (2.3.7)
k=1

We also denote I(f) by [q f(s)N(ds). In general one can define I(f) for func-
tions in L?(S,m(ds)) by taking a sequence (f™) of simple functions converging
to f in L?(S,m(ds)) and noticing that for f simple

E(I(f)?) = /S £ (s)Pm(ds).

This means that the sequence of random variables (I(f™")),>1 converges in
L? and the limit is independent of the particular choice of the sequence (f").
Moreover, for f € L?(S,m(ds)) we have

E exp (ZG/Sf(s)N(ds)) = exp (/S (ewf(s) -1- sz(s))m(ds)) (2.3.8)

Symmetric stable random measures

The content of this section is based mostly on [42, Chapter 3].

Definition 2.3.4. We say that an independently scattered random measure M,
on (S,8) is a symmetric « stable random measure with control measure m if for
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each A € S, of finite u-measure, M,(A) has symmetric a stable distribution,
i.e.,

Eexp(i0Mq(A)) = exp (—m(A)[6]*), 0 €R.

When S = R? one can construct M, in a relatively easy way. Assume that
a € (0,2). Following section 2.1.9 in [[13] we will define the symmetric a-stable
random measure M, as a limit of integrals with respect to compensated Poisson
random measures. From now on we take (S, S) = (R, B(R?)) for some positive
integer d. Let N be a Poisson random measure on (R? x R, B(R? x R)) with
intensity measure

cam(ds)du

fufre

where ¢, is such that ¢, fR ﬁ;ﬁ‘fﬂ du = 1. Then, for A € § such that m(4) < oo,
we can set

M(A) = €£%1+ /A /u:|u|>€} ulN(ds, du), (2.3.9)

where the limit is in _the distribution. For simple functions of the form ()
and I(f) given by () one has

Eexp(i0I(f)) =exp (— |9|a/ | f(s)|*m(ds)). (2.3.10)

Rd

One shows that the definition of I(f) may be extended to measurable functions
satisfying

[ 1s)Imids) < . 311)
S

P () is still valid for this extension. may be described in terms of the
0.3.10) is still valid for thi ion. I(f be described i f th

underlying Poisson random measure as

I(f) = lim / / f(s uN (ds, du), 2.3.12
(f) =0+ Joa Jusiulse) (s)uN( ) ( )
with the limit in the sense as in ()

Many of our limit processes will have the form

(X))ot = ( /S f(t,s)M(ds)) (2.3.13)

teT

for suitable families of functions {f(¢,-) : t € T} and index sets T. It is im-
portant to notice that (Xy);er is a stable process and its finite-dimensional
distributions have the form

Eexp(i »  0xXy,) = exp (/ ‘ > O f(t, s)‘am(ds)). (2.3.14)
k=1 5 k=1

See [42, Section 3.3] for more details.
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2.3.3 Examples

In this section we present some well known examples of stochastic processes
which have a representation of the form (R.3.13) with M being a symmetric
a-stable random measure. Recall that in the Gaussian case the only (up to a
multiplicative constant) symmetric H-sssi process is fractional Brownian mo-
tion. However, in the stable case, for any given « € (0,2) and feasible® H, there
are, in general many H — sssi a-stable processes.

Example 2.3.1. Let A be standard (unit-scale) symmetric a-stable random
measure on R with Lebesgue control measure. Then the process

X; = / 1,4 (z)A(dx), t>0
R

is a symmetric a-stable Lévy process.

Example 2.3.2. Let H € (0,1). One can show that the function

Ry (t,s) = = ([t +[s? — |t —s[*"), t,seR,

M| —

is positive semi-definite (see [37, Proposition 2.6.1]). By part (iv) of Proposition
@, if the process X = (X;)ier is H-sssi, then, provided E(X?) < oo, it must
have the covariance function of the above form. Since the distribution of any
centred Gaussian process is entirely determined by its covariance function, we
conclude that there can be only one Gaussian H-sssi process (up to a multi-
plicative constant). We call this process a fractional Brownian motion (fBM for
short). We say that X is a standard fBm if E(X?) = 1.

Fractional Brownian motion admits many representations using Gaussian ran-
dom measures. We will first describe the one encountered most frequently in the
literature. Let B be a Gaussian random measure on (R, B(R)) with Lebesgue
intensity measure. Then (see Proposition 2.6.5 in [37]) the process

Buee = ([ (-0 = 0l Ban) @)

teR

is a fractional Brownian motion. Another representation can be obtained by
using Hermitian Gaussian random measures. Let B be a Hermitian Gaussian
random measure on (R, B(R)) with Lebesgue intensity. Then ([B7, Proposition
2.6.11]) the process defined by

(Baw), . = (/}R‘fitzx‘lxvﬂffé(duo , (2.3.16)

teR

is also a fractional Brownian motion with Hurst parameter H.

'He(0,1/a)for0<a<land H € (0,1) for 1 <a <2
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Example 2.3.3 (Linear fractional symmetric stable motion). Let A be stand-
ard symmetric a-stable random measure on R with Lebesgue control measure.
Assume that H € (0,1) and H # 1/a. Consider the following kernel

Joren(tm) = (((t — ) ) ((—x)+)H‘1/“) (2.3.17)
ter(((t=2)-) T = ((-2))TY), taeR

where c1, co € R are constants. One might show for any choice of these constants
and every t, the function x — g¢, ¢, (£, z) is in L*(R,dz). We may then define
the process X by

X(t) = /R Goren(t,7)A(dT), tER.

Using the fact that g¢, ¢, (£, ) =gy 65 (8, ) = gey.en (E—8,x—5) and ge, ¢, (ct, cx) =
=g, . (t,x) for s < t and ¢ > 0, we might easily show that thus defined
X is H-sssi. In a complete opposition to the Gaussian case, different choices of
c1 and ¢z lead to different processes (see [42, Proposition 3.5.3]).

2.4 Multiple Wiener-It6 integrals

In the exposition below we follow a very clear and readable presentation of
Pipiras and Taqqu in [B7]. Let (S,S) be a measurable space and W be a
Gaussian random measure on this space with control measure m as in Definition
. In this section we consider only real-valued W. We want to give a brief
overview of the construction and properties of integrals of the form

In(f) = . flur, .. upg)W(duy) ... W(duyg), (2.4.1)

for positive integers k and suitable real-valued functions f. We assume that m
is non-atomic and define the class of simple functions as functions of the form

n

flun, ) = D ai i lag, xoxa, (U, ug), (2.4.2)
i1yeyip=1
where A;,,..., A;, € Sy are pairwise disjoint and a;, .. ;. € R. Any such func-
Zlfoilhzafriille(st)hg;:?eﬁﬁés {(u1,...,ug) : u; = u; for some ¢ # j}. For f
n
L(f)= > ai. i, W(A,)... W(A;). (2.4.3)
i1yeyip=1

As expected, for simple function f, g and real a,b we have

Ix(af + bg) = alp(f) + bIx(g).
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More importantly for f simple

Ik (f) = L(f),

where fdenotes the symmetrization of f. Additionally,

and
07 if k 7& q,
RIS 9)r2(semey,  if k=g,

for positive integers k, ¢ and f, g simple (see [37, Appendix B]). This means that
for f simple

E (L (f)1q(9)) = { (2.4.4)

EL(f)* = k! | f]

L2 (S ) S KU L2 s m) -

The inequality above follows from triangle inequality in L?. Now it is easy
to extend the definition of I;(f) to all f in L2(S*,mF), ie., for any Cauchy
sequence (f,,) in L2(S*, m*), I,(f,,) converges in L?().

2.5 Generalized random fields, random spectral
measures and It6’s formula

2.5.1 Schwartz space, generalized functions and Fourier
transform

The space of generalized functions S'(R?) is defined to be the linear space of
all continuous linear maps F : S(R?) — C. Using the dual bracket notation we
will write (F, ¢) to denote the value of the functional F evaluated at ¢ € S(R?).
One can define the Fourier transform of F' € §'(R%) by extending the Parseval
formula. Recall that for f,g € L?(R?) we have

R 1 =
| T@@ye = o [ Flalatayda. (2.5.1)

It is not hard to show, using Fubini theorem, that the equality (R.5.1)) also holds
if we assume that f is in L!(R?) and g is in S¢(R?). Let us note that the Fourier
transform is bicontinuous map from S¢ to 8¢ and maps S to the subspace of
S¢(R%) containing functions f satisfying f(—z) = f(x) for all x € R%.

Definition 2.5.1. For any F € 8’ we define its Fourier transform F by

-~

(F, ) = @2m)"(F,¢), €S (R). (2.5.2)
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2.5.2 Hermite polynomials, Wick polynomials
and Wick products

In this section we provide a brief overview of Gaussian Hilbert spaces and Wick
products which are used extensively throughout this chapter. In this exposition
we follow [19] and [2§].

Definition 2.5.2. A Gaussian linear space is a real linear space of random
variables, defined on some probability space (0, F,P), such that each random
variable in this space has centred Gaussian distribution. A Gaussian Hilbert
space is a a Gaussian linear space which is complete (i.e., a closed subspace of

L2(Q, F,P)).

Let us briefly introduce the setting in which we are going to define the most
important concepts of this section. Assume that (X;):er are jointly Gaussian
random variables in some index set 7. By H define the Hilbert space of all
square integrable random variables measurable with respect to B(X,t € T)
(the Borel sigma algebra generated by the random variables X;, ¢t € T) with
the scalar product given by (X,Y) := E(XY) for X,Y € H. Moreover, let
H1 denote the closed subspace of H generated by finite linear combinations
Zj a; X, with a; € R and t; in T. Let Y1,Ys,... be an orthonormal basis in
‘H;. Since these random variables are jointly Gaussian, they are independent
and, moreover, we have B(Y1,Ys,...) = B(Xy,t € T). In order to define Wick
products we have to first define Hermite polynomials. For a non-negative integer
n the n-th Hermite polynomial is the polynomial defined by

d (exp™™/2). (2.5.3)

- n z2/2
Hy(x) == (—1)" exp dzn
Hermite polynomials form a complete orthogonal system in

L*(R,B(R), M%exp_’”z/z dz). Furthermore, one can show (see [28, Theorem
2.1]) that for the process X and the random variables Y7, Y3, ..., the set of all
possible finite products Hj, (Y7,) ... Hj, (Y, ) is a complete orthogonal system in

the Hilbert space H.

Given the above let us define H<,, to be the Hilbert space which is the closure of
the linear space consisting of all the random variables of the form P, (Xy,, ..., Xt ),
where P, is a polynomial of degree at most n and t1,...,t, € T for some finite
m. To complete the picture we define Hy to consist of real constants. Finally
we define

H, = Hgn © Hgn_l

for n > 1. The symbol & denotes the orthogonal completion. Notice that by
[28, Theorem 2.1]
H=HodH1D...,

i.e., H is a direct sum of Hg, H1,.. ..
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In this setting we define for each n > 0 the map m, : X — H, to be the
orthogonal projection of an element of H onto H,,. This means that any random
variable X € H satisfies

X =) m(X),
n=0

with the sum converging in L2.

Definition 2.5.3. Given any polynomial P(x1,...,x,) of degree n and random
variables &1, ... ,&, € H1 we define the Wick polynomial : & ... &, : by
P&y, 6n) = (P&, -5 E6n)). (2.5.4)

Notice that Wick polynomials of different degrees are orthogonal. Since the
definition above applies only to Gaussian random variables we also provide an
alternative definition, which is equivalent in the Gaussian case, but is much
more general.

Definition 2.5.4. Assume that random wvariables &1,...,&, are centered and
square integrable. We define

b= ()M T BEE) T & (2.5.5)
AeM {s,t}eA r¢UA

where M is the set of unordered pairs {s,t} C {1,...,n}, such that all the
elements in these pairs are distinct. In particular || J A| = 2|A|. The sum above
1s over all distinct sets A of this form including the empty set.

For example we have
261 i= 6,
1616 =66 — E(6i6),
1618283 1 = 616283 — E1E(&283) — L2E(£163) — GE(6162).

The next two results (see [28, Corollary 2.3]) provide a link between Hermite
and Wick polynomials.

Proposition 2.5.5. Let &1,...,&, be an orthonormal system in Hi and let
P(xy,...,0p) = Z lew“sjmx.{I ce w%n
be a homogeneous polynomial of degree n. Then

PGty bm) =Y iy (G) - H (Em)-

In particular

for € € Hy with EE2 = 1.

Proposition 2.5.6. Let &1,&s,... be an orthonormal basis in Hi. Then the
random variables Hj (&1)... Hj (&), k—1,2,..., j1 + ...+ jr = n, form a
complete orthogonal basis in H,,.
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2.5.3 Generalized random fields

In the previous section the set of indices T" was arbitrary. In this chapter we
are going to consider stochastic processes indexed by function in the Schwarz
space (see Section ) In the definition below we restrict our attention to
S = S(R), but it extends naturally to S(R?).

Definition 2.5.7. We say that the set of random variables (X(¢))ges s a
generalized random field over S if

(i) X(a1¢1+a2¢2) = a1 X (P1) +a2X(d2) almost surely for all ay,a2 € R and
@1, 02 € §. The exceptional zero-measure set may depend on ai,as, $1
and ¢s.

(i) X(¢n) = X(9) in probability if ¢, — & in the topology of S.

By the regularization theorem of It6 (see [21, Theorem 3.1.2]), if a generalized
random field X is continuous in L?(Q, P), then there exists an S’-valued random
variable X such that for any f € S

(X,¢) = X(¢)
almost surely, where (-, -) is the dual bracket.

The general idea behind using generalized random fields is as follows. Very
often, given a generalized random field X over & we can extend it in a unique
and meaningful way to a more general linear class of functions 7 and working
first only with indices ¢ from S is much less cumbersome. We will see a lot of
examples of this idea later on. Now we will briefly sketch the construction of
random spectral measures as given in [28, Chapter 3.

2.5.4 Random Spectral Measures and integrals with re-
spect to these measures

In this section we provide an overview of the construction and integration with
respect to random spectral measures in a way most pertinent to Chapter
?Random spectral measure” is a different name for a Hermitian random measure
which was already discussed in Section . We base our exposition on the
excellent book of Major [2§].

A large number of generalized random fields have the representation of the form

X(¢) = N o(x)Zc(dz), ¢ €S, (2.5.6)
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where Zg is the so called random spectral measure, which will be described
shortly. The above representation can be very useful, especially in connection
with the It6’s formula which we will also formulate. Now we will briefly sketch
the construction of random spectral measures as given in [28, Chapter 3].

First, the Bochner-Schwartz theorem states that for any generalized random
field over S there exists a unique o-finite measure G on R? such that

E(X@)X(W) = | 6@i@Gd), oves. (2:5.7)

The measure G satisfies G(A4) = G(—A) for A € B(R?) and there exists some
7 > 0 such that

/ (1 + [Jz]|5)  "G(dx) < oo.
Rd
Fix a generalized random field X over S. Let H; be the Gaussian Hilbert space

as defined in the discussion following Definition R.5.2 and H{ its complexifica-
tion. One may define the mapping I : S¢ — HS by

—

I(o+iY) = X(¢) +iX (), &Y ES (2.5.8)

and then easily show that

¢+

2
=EX X
Gy — EX@ X[
which means that I is defined on a linear subspace of L?(G(dx)) and it is norm-

preserving. Thus it can be uniquely extended to a unitary transformation the
whole of L?(G(dz)) which satisfies

f@)g@)Glda) =E (I(HT(9)) . f.g € L*(Glda)).
R
We now may define the random spectral measure using the formula
Za(A) :=1(14), (2.5.9)

for any A € B(RY) with G(A) < co. These are complex-valued Gaussian random
measures Z on (R, B(R)), with symmetric control measure, which additionally
satisfy

Z(A)=Z(—A), AeB(R)o,

where B(R)o denotes Borel subsets of R of finite G-measure. They are also
called Hermitian Gaussian random measures in the literature. We recall their
basic properties in the following proposition.

Proposition 2.5.8. Let Z be a Hermitian Gaussian random measure on (R, B(R))
with control measure m.
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(i) The random variables Z(A) are jointly Gaussian in the sense that ReZ(A)
and SZ(B) are jointly Gaussian for A, B € B(R) with G(A), G(B) < .
(it) EZ(A) = 0.
(iii) EZ(A)Z(B) = G(AN B).
(i) Z(4) = Z(A).
(v) Z?Zl Z(Aj) = Z(Uj_1A;) almost surely for A; disjoint.

Constructing the integral as usual with the help of simple functions and then
extending it by means of isometry we see that

B( [ s chx/(chx) | f@t@c )

for any f,g € L*(G(dx)). It is easy to show that for g € L*(R, G(dx)) satisfying
g(x) = g(—z),x € R, [, 9(x)Zg(dx) is real-valued. Together with () this
implies that

X(¢) = g b(x)Zg(dz), ¢ €S, (2.5.10)

which leads to the conclusion that for any stationary generalized Gaussian ran-
dom field there exists, on the same probability space as X, a unique random
spectral measure Z¢ corresponding to the spectral measure G such that (R.5.10)
holds (see [28, Theorem 3.1]. Recalling Definition , one might notice that
in view of Ito regularization theorem (see [21, Theorem 3.1.2]), Z¢ can be seen
as a Fourier transform of an &’'(R)-valued random variable.

2.5.5 Multiple integrals with respect to spectral random
measure

Our goal in this section is to provide an overview of construction of multiple
Wiener-It6 integrals in the spectral case. We will only consider the case when
the spectral measure Zg is defined on R. We want to provide meaning to the
integrals of the form

"

- fo(x1,. o xn)Za(dxy) ... Za(dey), (2.5.11)

where f,, : R™ :— R is a measurable function satisfying some further properties
that will be specified later. The ” sign over the integral signifies that the integral
does not take into account the diagonals in R?. The exact definition will be
provided later.
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Assume for the rest of this section that G is a spectral measure (see (R.5.7)) of
a stationary generalized Gaussian field. For n > 1 define H to be the space of

complex-valued functions f,, satisfying fn(—2x1,...,—2,) = fn(z1,...,2,) and
/ | fo(@1, ... ,xn)|2G(dx1) ...G(dzy) < oo. (2.5.12)
Rﬂ.

Moreover, by Hg denote all the functions of HZ invariant under the permuta-
tions of their arguments. In particular, since G is symmetric, we see that the
scalar product (f,g) inherited from L?(G(dr1) ®...® G(dx,)) is real-valued as
long as f and g are in Hp,. For any function f,, € H2 we define its symmetrized
version by

Sym(£) o) = S0 Fa) - f(a) (2.5.13)

" well,

where II,, is the set of all permutations of n elements. As usual, we are first going
to define integrals for simple functions. As in the case of classic Multiple Wiener-
It6 (see Section R.4) we first define integrals on the set of simple functions. The
details are as follows.

Fix a positive integer n > 0. A collection D of 2 bounded measurable sets in
R is called a regular system (we borrow here the nomenclature from [28]) if it
is of the form

D={A4,:j=+1,...,£N}, (2.5.14)

for some N > 0, with A; = —A_; and A; N A; = 0 for i # j. We say that a
function f in H is adapted to this system if it is constant on the sets of the
form A; x ... A, is equal to zero outside of this Cartesian product and and
on the products for which j; = +ji for some [ # k. This basically means that
the function f stays off the diagonals of R™ of the form x; = +xp for [ #1'.

Definition 2.5.9. Assume that a function f € 7-[78 is adapted to a regqular
system as in () We define its multiple integral with respect to the spectral
measure Zg by

I(f) = % . (x1,...,2n)Zg(dz1) ... Za(dxy,)
= Y ) ZalAs) - Za(A) (2515)
" ji==+1,...,£N,

I=1,...,N
where x;, € Aj,.
Notice that in the above definition all products the form Zg(4;,) ... Zg(4;,) are

products of independent random variables since Z¢ is independently scattered.
Tt is also easy to notice (using Proposition ) that for a simple function (in
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the sense of remarks above Definition ) f € HE, I(f) is real-valued and
EI(f) = 0. Since the sum in () is for simple functions essentially a sum
over all permutations of their arguments we also have

I(f) = I(Sym(f)) (2.5.16)

for f simple in 7-[72; One of the more fundamental properties of thus defined
I(f) is the fact that the L? scalar product between I(f) and I(g),

1

EI(f)I(g9) = g (@1, xn)g(@1, ... 2n)G(dzy) ... G(dzy),  (2.5.17)

for simple symmetric functions in € 7—[7?; (for proof see the discussion after equa-
tion (4.7) in [28]). Furthermore for n # m and f, g simple functions in H7, and
&, respectively, we have

EI(f)I(g) = 0. (2.5.18)

We may extend the definition of I(f) using the following result (see [28, Lemma
4.1] for proof.

Lemma 2.5.10. The class of simple functions is dense in Hp, and the class of

symmetric simple functions is dense in He.

We are now ready to provide a general definition of multiple spectral integrals.

Definition 2.5.11. For a function f € T@ choose a sequence of simple
functions in H} converging to f in HY (which exists by Lemma [2.5.10). Then,
we define I(f) to be the L* limit of I(fn).

The most important result to us is the following consequence of It6 formula (see
[28, Theorem 4.7]). Recall that : X ... X} : denotes the Wick product of square
integrable variables X1,..., Xj.

Theorem 2.5.12. Assume that X is a generalized Gaussian random field over
S(R) with spectral measure G. Forn > 1 and ¢1,..., ¢, € S(R) we have

—

X1 (Xon) = | ). e Za(de) ... Za(dry),  (2.5.19)

almost surely, where Z¢ is the random spectral measure as constructed in Section
-m 5.4.

2.5.6 Relationship between the time-domain and spectral
domain approaches

Often_one makes a choice to work with stochastic integrals described in @
and E based on convenience. For our purposes we find the spectral domain
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approach more natural, based on tools developed by Major in [28]. However, the
two approaches are closely related, which is clarified by the proposition below.
For proof see [36, Proposition 9.3.1].

Proposition 2.5.13. Assume that B is a Gaussian random measure on (R, B(R))
with Lebesque control measure du. Let B be a random spectral measure on

(R, B(R)) with Lebesgue control measure dz. Denote the corresponding multiple

stochastic integrals by Iy, and j;, respectively. Let f, be in L*(R", du; ®. . .@du,,)

form=1,... k and by ?:L denote their L? Fourier transforms. Then,

(LA Tn(fr) 2 (ml)mfl(ﬁ)7...,(2wl)l/zﬁc(ﬁc)) . (2.5.20)

2.5.7 Generalized Gaussian Random Fields and Fractional
Brownian Motion

One of the important tools which we will be using in this paper are S’-valued
random variables. In particular, we will be working with centered Gaussian S’-
valued random variables . For each o < 1 there exists ( by the It regularization
theorem) a centered Gaussian S’-random variable X with covariance functional
given by

BXX0) = 1 [ da)iaielde, sweS®. (252)

The spectral measure of this field is given by G(dz) = L|z|~“dz. As noted
in [8], for a € (0,1), X can be approximated by the normalized total charge
occupation of our particle system from Subsection [L.2.9 on the interval [0, T,
that is by a functional given by

1 T i
(Xr.0) = 7= Ej:aj/o o(z; +€E)ds, o€ S(R). (2.5.22)

By an L? extension we may evaluate X on functions from a much wider class
than S(R) and in fact ((X, 1jg4)))¢>0 is up to a constant the fractional Brownian
motion with Hurst coeficient equal to H = HT”‘ The particle system we are
working with can be used to approximate this process as in the theorem below.

Theorem 2.5.14 (Theorem 2.1 in [§]). For a € (0,1), as T — oo, we have:

(i) Xr = X in S'(R),

(it) ((X1,1j04))t>0 converges in the sense of finite dimensional distributions
to (KBH)>o where K is a constant and B is a fractional Brownian
motion with Hurst coefficient H = H7O‘
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Remark 2.5.15. The random field ((X, ¢))scs(r) can be used (see Section
in the introduction to this chapter) to constmct a random spectral measure Zg
associated with this field such that (X, ¢) = fR x)Zg(dx) for ¢ € S.

2.6 Local times

Assume that (X;)tcr is a measurable stochastic process on some probability
space (Q, F,P), i.e., a stochastic process such that the mapping (¢, w) — Xi(w)
is B(R) ® F-measurable. In what is to come we will follow a very intuitive
exposition given in [42, Chapter 10.4]. Let D be in B(R?). We define the
occupation measure of X by

px(D) = A({teR: (t,X,) € D}),

where \ is one-dimensional Lebesgue measure. Intuitively, for A, B € (R),
pux (A x B) corresponds to the amount of time in the time period A that the
process X spends in the set B. Given some fixed A € R we may also define

ux.a(B):=pux(AxB), BeBR). (2.6.1)

This allows as to write the following identity.

/f(Xt)dt:/f(CC)HX,A(d$) (2.6.2)
A R

for any non-negative measurable function f.

Definition 2.6.1. Let A € B(R) and assume that X is a measurable process,
i.e, a process such that the mapping (t,w) — R is B([0,00)) ® F-measurable.
We say that X has a local time over A if the measure px 4 defined in ()
is absolutely continuous with respect to one-dimensional Lebesgue measure. We
then write

dux A ()

Lx a(z) = N

zeR. (2.6.3)

Equipped with the definition above we may rewrite () as

/ F(X))dt = / F@)Lxa(2)da. (2.6.4)
A R

Whenever a local time of X at A exists it may also be computed as a limit

1

Lxa(e) = lim o /A L earq (X0)dt (2.6.5)

and the limit exists almost surely. The almost sure existence of the limit_in
) can also be taken as a definition of local time, see for example [29,
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Chapter 3.6]. If a process X has a local time over [0,¢] for every ¢ > 0 then we
may use the following notation which is also the most popular one:

Lx(t,z):= Lx04(z), t>0,z€R. (2.6.6)

The classical condition for existence of a local time is due to Berman. For proof
see [42, Proposition 10.4.5].

Proposition 2.6.2. Let X be measurable and A € B(R) have finite Lebesgue
measure.

(i) If

/(//E(ei9<xt—xs>)dtds> 9 < oo,
R AJA

then the local time Lx 4 exists and satisfies

/ Lx a(x)*dx < oco.
R

} 1/2
/(//E(e“’%-&)) dtds) 9 < oo,
R AJA

then the local time Lx a exists and is bounded and uniformly continuous
mx.

(i) If

Tt is often desirable for the local time Lx (¢, ) defined by () to be jointly
continuous in t and x. This, fortunately, is the case for a number of fundamental
examples like:

o fractional Brownian motion with H € (0, 1);
o a-stable Lévy motion for o € (1,2) (see for example [23, Section 3]);

« linear fractional symmetric stable motion with a > 1, 1/ < H < 1 and
c2 = 0 in Example P

Unsurprisingly, properties like self-similarity and stationarity translate into equi-
valent properties for the local time.

Proposition 2.6.3. Let (X;)ier be a measurable process and assume that it
has a jointly continuous local time (Lx (t,))t>0,zer-

(i) If X is H-self-similar, then for every ¢ >0

d —
(Lx(ct,c2)), oo pep = (¢ Lx(t,2)) 120 er - (2.6.7)
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(i) If X is stationary, then for each h > 0
d
(Lx(t+h,x) — Lx(h, x))tzo,me]R = (Lx(t, x))tZO,mGJR : (2.6.8)

The proof of the Proposition is straightforward (see for instance [42, Pro-
position 10.4.8]).

2.7 Weak convergence and tightness criteria for
continuous processes

In the thesis we will often need the following theorem which characterizes weak
convergence in the space of continuous functions with the supremum metric,
from now on denoted by C[0,T], 0 < T' < co. For proof see [p, Theorem 8.1].

Theorem 2.7.1. Let (P,) be a sequence of probability measures on C[0,T]
for some finite positive T. P, converges weakly in C|0,T] to some probability
measure P on C[0,T) if and only if the sequence (P,) is tight and (P,,) converges
to P in the sense of finite-dimensional distributions.

One can often prove the convergence of finite-dimensional distributions of some
process (X¢)¢cjo,7] by examining the characteristic functions of the vectors
(Xt Xt,)-

The criterion for tightness, which is often very useful and is used extensively in
the thesis is given in the following theorem (see [5, Theorem 12.3]).

Theorem 2.7.2. A sequence of stochastic processes (X )nen (Xn = (Xn(£))i>0)
is tight in C[0, 1] if it satisfies the following two conditions:
(i) The sequence of random variables (X, (0))nen is tight.

(i) There exist constants v > 0 and a > 1 and a non-decreasing, continuous
function F : [0,1] = R, such that

P(Xa(0) = Xa(s)] 2 X) < oI F() - F)I", (27.1)

holds for all s,t € [0,1] and all A > 0.

In particular () 1s implied by

E| X, (t) — X, (s)]Y < |F(t) — F(s)[*. (2.7.2)
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2.8 Regular variation

In this section we include some of the basic results on regular variation. They
are extensively used in most of our work and we have decided to include them
for the sake of reader’s convenience.

Definition 2.8.1. A measurable function f : [0,00) — R is regularly varying
at infinity with exponent v € R if f is eventually positive or negative and for
each a >0

i L@

Jim. @) =a’. (2.8.1)

If a function is regularly varying at infinity with exponent 0, then we say that
it is slowly varying at infinity. The next result is immediate and provides a
convenient way of working with regularly varying functions.

Lemma 2.8.2. If a function f is regularly varying at infinity with exponent -y,
then it can be represented in the form

fl@)=2"L(z), x>0,

for some slowly varying function L.

For brevity, we will often denote the fact that a function f is regularly varying
at infinity with exponent v by writing f € RV (7). One frequently considers
also functions regularly varying at 0. We say that a measurable function f :
(0,00) — R is regularly varying at 0 if the function z — f(1/z) is regularly
varying at infinity.

Next, we recall some fundamental facts regarding regular variation which will be
used frequently later on. The first result states that the convergence in ()
is uniform on compact subsets of R, which do not contain 0. For its proof see
[42, Proposition 10.5.5].

Proposition 2.8.3. Let L be a slowly varying function. Then for every 0 <
a < b< oo and any € > 0 there exists xo € (0,00) such that for all x > xo and
all ¢ € [a, b],

1‘§e.

The next result says that regularly varying functions behave very much like
power functions under integration (see Theorem 10.5.6 in [42]).

Theorem 2.8.4. Assume that f € RV (y) with v > —1 and that [ is loc-
ally integrable. Then the function defined by F(x) := fo‘r flx)dxz,x > 0, is in
RV (v + 1) and, moreover,

F(x) 1

11m = .
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The following Proposition (see [42, Proposition 10.5.5]) states that if L is slowly
varying at infinity, then for all ¢ from a compact interval in (0, 00) for all x large
enough the quantity L(cx)/L(z) is arbitrarily close to 1.

Proposition 2.8.5. Let L be slowly varying at infinity. Then for every 0 <
a<b<ooandd >0, there exists xy < oo such that for all x > x,

- 1‘ <5 (2.8.2)
for all ¢ € [a, b].

The last result we are going to formulate is usually known under the name Potter
bounds and follows from Karamata’s representation theorem (see [42, Theorem
10.5.7)).

Proposition 2.8.6 (Potter bounds). Assume that f € RV (y) for some v € R.
For every e € (0,1), there exists o € (0,00) such that for each x > x9 and a > 1
we have

(1-ea"°< < (14 e)arre.

In the course of the thesis we will also need the following result. For proof see
[42, Theorem 10.5.6].

Theorem 2.8.7. Let f be a positive function regularly varying at infinity with
exponent § > —1. Assume that f is locally integrable, i.e., an f(@)dx < oo for
every 0 < a < oo. Then the function F(x) = fox f)ydt, x > 0, is regularly
varying at infinity with exponent 8+ 1 and satisfies

. F(x) 1
M of@) T BT

(2.8.3)

with 1/0 defined as +o0.
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Chapter 3

Particle picture
interpretation for
non-symmetric Rosenblatt
process and Hermite
processes

3.1 Introduction

In this chapter we discuss the particle picture interpretation of Hermite processes
and non-symmetric Rosenblatt process. We give detailed proofs of the results
described in Section [1.2.2. We first recall the most important concepts, then
state the results in their full generality and finally provide their proofs.

The presentation in this chapter is based on the article [48] by the author of the
thesis.

3.1.1 Hermite Processes and Generalized Hermite Pro-
cesses

We follow section 7.1 in [B4] and sketch the original framework which leads to
Hermite processes. Let (§,)nez be a centered stationary Gaussian sequence with

47
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variance equal to 1 such that
2H—2

r(n) == E(b) =n"* L(n), (3.1.1)

with H € (%, 1), k > 1 and L - a function slowly varying at infinity. Take any
function g : R — R satisfying Eg(&) = 0 and Eg(&)? < oo, which has the
following expansion in Hermite polynomials:

g@) =) ¢;Hj(w), (3.1.2)

=0

where H; is the j-th Hermite polynomial, ¢; = %E(g(ﬁo)Hj(&))) and k is the
smallest j with ¢; # 0. If we introduce the following sequence of stochastic
processes:

[nt]
N 1
ZEM(t) = = > g(&), meNt>0, (3.1.3)
=1
then
Zhn I&d o 7k (3.1.4)

where Z Ikl, is the k-Hermite process and the convergence holds in the sense of
finite-dimensional distributions. This is how Hermite processes were obtained
in the first place.

Recall that for k € N (using the notation from [3]) one can represent a k-Hermite
process as

.
ZE (1) = “"“’d/m/o [T (s — ;) s (day) ... W (da), (3.1.5)

Jj=1

where W is a two-sided Brownian motion, (1 — ) < d < 3 is the number
satisfying H = kd — k/2+ 1 so that 1/2 < H < 1, a4 is a positive constant
chosen so that Var(Z% (1)) = 1 and ™" above the integral sign indicates that
the diagonal is excluded from integration. We use the so called spectral rep-
resentation using multiple Wiener-It6 integrals in the sense of [28] (see Section

B.5.9):

"

u1++uk)t

i( —~ —~
250 = e [ o T W (dn) . T () (3.1
) = oo | S bl W ) . W (dn): (3.1.6)

here the constant cj q serves the same purpose as a4 in () and W is the
random complex Gaussian white noise measure on R, where d is given as before.
For k£ = 1 the 1-Hermite process is just a fractional Brownian motion and the
2-Hermite process is called the Rosenblatt process. For all k& € N k-Hermite
processes have the same covariance given by

E(Z% (5) 25 (1)) = R(s,t) = %(s%’ +2H g — g2,
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Recall from Section that if we replace the kernel H?Zl(s — ;)47 in equa-
tion () (for k = 2) by

g(z,y) =2 TPy TR sy (3.1.7)

with «, 8 € (0,1) and a + § > 1, then the corresponding process as in m is
the non-symmetric Rosenblatt process.

3.1.2 Representation of Hermite Processes

Hermite processes arise naturally as limits of normalized partial sums of sta-
tionary sequences as in (B.1.3). Recently, in [§] a different type of limit theorem
was proved. It was shown that the Rosenblatt process can be obtained from a
Poisson system of particles evolving according to a-stable processes. Our aim is
to extend this representation to the general k-Hermite processes and the non-
symmetric Rosenblatt process. Let us briefly sketch the particle system we are
going to use.

Let (27) be a Poisson system with Lebesgue intensity measure on R and let
(& );”;1 be independent symmetric a-stable Levy processes with the index of
stability « € (0,1). Notice that we only consider the values of the parameter
a for which (&)¢>0 is transient. We also assume that these processes are inde-
pendent of the points (z7). In the end, assume that (0j)32; are ii.d random
variables such that P(o; = 1) = P(0; = —1) = 1 and that these variables are in-
dependent of everything else. The particle system is given by (27 +§§ )i>0. Thus
the initial position of the particles is given by the points (z7) and they evolve
independently according to the symmetric a-stable processes. Furthermore, we
independently assign charges o; to these particles.

In [§] it was shown that the process given by

1 , .
¢r = 7 > ojon(A(al + 2" + €5 T),10,), t>0, (3.1.8)
J#k

where A is the intersection_local time of two independent a-stable Lévy processes
([8, Section 2.3], [I] and ()), converges, as T — oo, (up to a constant) for
a € (1/2,1), in C([0,7]) for 7 € (0,00), to the Rosenblatt process with the
Hurst coeficient H = . We will show how a non-symmetric Rosenblatt process
is obtained from the same particle system. We will also extend the result of [§]
to k-Hermite processes for k£ > 3.
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3.2 Main results

First we will state a limit theorem leading to a non-symmetric Rosenblatt pro-
cess. Consider the particle system described in Section and let § > a.
Define

T 1 T T ) ] 1
n =TZajak/O /0 1o (27 + &) —drds (3.2.1)

£k |k + &k — 2d — G155

for T > 0,t > 0. The fact that the above functional is well defined and has
a continuous modification is the content of the following proposition which is
proved in Section B.4.1. In the sequel we will use nT to denote this continuous
modification.

Proposition 3.2.1. The process in (B.2.1) is well defined, in the sense that the
sum in (B.2.1) converges in L*(Q), and has a continuous modification.

The first of the two main results in this chapter is the related to the non-
symmetric Rosenblatt process.

Theorem 3.2.2. Let « and B be such that 1 > 3> a >0, a+ 3 > 1. Then,
as T — oo, the process (nf)i>0 converges, in C[0,7] for every 7 > 0, to the
non-symmetric Rosenblatt process with parameters (a, 8), up to a multiplicative
constant.

The second question we set out to answer was whether the representation given
by () can be extended to k-Hermite processes for general £ > 2. To for-
mulate our result we must first introduce the so called k-intersection local time
(k-ILT), which is an extension of the notion of intersection local time (ILT) and
was first considered in [44]. Informally, k-ILT of cadlag processes p', ..., p"F at
time T' > 0 (denoted here by A*)) can be defined by

<A(k)(pl, S ,p’“;T),¢>> =

= /[O - d(ps,)00(p2, — pb,) -~ So(pk, — pb,)ds1 ... dsp, (3.2.2)

where dg is the Dirac distribution at 0 and ¢ € S (the Schwartz space of rapidly
decreasing function). One gives a meaning to (@) by approximating dg by
smooth fuctions. The precise definition and the proof of existence of ILT in th
case of independent symmetric a-stable Lévy processes is given in Section ‘,
which is an extension of Proposition 5.1 in [11]. The answer to the second
question is provided by the following theorem.

(D

Theorem 3.2.3. Let k > 2 be a natural number and o € (1 — %, 1). ForT >0
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we denote

1 . . . .
T . k 1 c e
Pr = T Z Tj, ...ajk<A( )(333 + &, R T, 10,4),t > 0.
J1#FJk

(3.2.3)
Then, the process p* is well defined and has a continuous modification. Moreover,
as T — oo, it converges, in C[0, | for every T > 0, to the k-Hermite process Z%
with the Hurst coefficient equal to H =1 — (1 — a)k/2.

The main scheme of the proofs of Theorems and is similar to the one
employed in [8], in particular the idea of using Wick products of an appropriate
&’-valued random variable. To stress some of the main differences and diffi-
culties that had to be overcome in our case let us point out that in the case of
Theorem B.2.2 it was at first not at all clear what functional of a particle system
can be used to approximate the non-symmetric Rosenblatt process. Also, since
the functional is different, we need to use different approximations.

In case of Theorem it was more or less clear that one should use ()
as the approximating process. However, in the proof of the representation of
the symmetric Rosenblatt process in [8] the identification of the limiting distri-
bution was done using the cumulants and the fact that the finite-dimendional
distributions of this process are determined by its moments. In our thesis we
will take a different route and utilize the It6 formula for multiple Wiener-Ito6
integrals (Theorem 4.3 in [2§]).

Additionally, since we have to deal with k-intersection local times and Wick
products of order k, there are some non-trivial technical difficulties (see the

proof of (B4.54)).

This chapter is organized as follows. In Section @ we fix_the notation. Sec-
tion contains proof of Theorem and in Section M we discuss the
existence of k-intersection local time and prove Theorem B

3.3 Notation

Let F denote the class of non-negative symmetric, infinitely differentiable func-
tions on R with with support in B(0,1) = {z € R : |z| < 1} satisfying
Jg f(x)dz = 1. These functions will be used to to approximate Dirac delta
distributions. For any f € F, € > 0 put

fo(z) = e’df(%), zeR (3.3.1)

A1 will denote one-dimensional Lebesgue measure on R and = will denote con-
vergence in law.
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Since we are interested in the convergence of stochastic processes in the sense of
finite dimensional distributions it is convenient to introduce the following class
of functions. Let A be the family of functions of the form

= a1y, (3.3.2)
j=1
where a; € R and I; is a bounded interval for each j = 1,...,m. For g € F and

P € A we will write ¢, := ¥ * g,,, without explicitly referring to the function g
to make the notation more transparent. As it happens, we will always require
that in the limit the particular choice of g is irrelevant as far as our purposes
are concerned. Notice that

Us(@) = $()gn (@) = D()g(ka), (3.3.3)

so that - R
e (@) < [W(2)], z€R, (3.3.4)

since [g(z)| <1 for all z € R.

3.4 Proofs for Section 3.2

3.4.1 Proof of Theorem

Preliminary lemmas

We would like to have the generalizations of some of the facts used in [L1]
and [§]. First we state the generalized version of Lemma 8.1 from [11], which
is the simplified version of the so called Mecke-Palm formula (see for instance
equation (2.10) in [24]).

Lemma 3.4.1. Let (27) be a Poisson system with intensity p on R4, d > 1. If
F is in LY (R¥, y®%), then E (ijéjz#...ijk |F (291, ... ,xj’“)\) < o0 and

E Z G(2,.. ., z7%) :/ F(z1,...,zp)pldey) ... pldey).
J1F#j2F - Fk Rhd

Assume that €', ..., €* are independent symmetric a-stbale Lévy processes with
o € (1—4,1) and k > 2 is an integer. Moreover, let (0;);en be a sequence
of i.i.d. random variables independent of £!,... &* and such that P(o; = 1) =
P(o; = —1). We then have the following.
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Lemma 3.4.2. For any F(-+ €', ..., - +&F) € L2(R* x Q, A\, @ P) the series

Z Tj, ...aij(a:jl + e gl +§j"‘)
J1#--FJk

converges in L?(S2), and

E{ Y oj...05F@+¢, . alh+ %) | =
TFE e F Ik

:/ E( > Flai+&,. . ax+&) x Flar, +€7,.. . xn +€™)
]Rk

well(k)

dxq...dzg,

where the summation in the second integral is over all permutations ™ of

1,2,... k).

This lemma follows immediately from Lemma and the fact that the o;s
are independent of &1, ..., €F.

Proof of Proposition @
Let us denote
T T o
(A(x+£1,y+§2;T),¢>:/ / plx+EN|y+&2—x—€H = “tdrds, (3.4.1)
o Jo

where £1,£2 are independent symmetric a-stable Lévy processes. According to
Lemma B.4.9, in order to show that () is well defined (in the sense that the
series converges in L2()) it suffices to show that for any ¢ > 0 and independent
symmetric a-stable processes &', €2 we have

<A( + 517 -+ §2;T)7 1[O,t]> S Lz(R XR X QA ® A\ ®P), (3.4.2)
which is done in the following lemma.

Lemma 3.4.3. Let o, B € (0,1) be such that a+8 > 1, 8 > o and let ¢ € L} (R)
be bounded. Then

2
T T
I:=E / (/ / ¢(x+§3)|y+g§mg;“dsdr> dzdy | < CT? < 0,
R2 0 0

(3.4.3)

where v := *BfTa and C' is a constant.
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Proof. Without loss of generality we may assume that ¢ > 0. We have

1 RS v |
EAQAT¢“+§M+@ z-gl

d(x 4+ €Dy + € — x — gL drdsdudvdady (3.4.4)

B[ ). w—xﬁl<x+é—§>

ly + & — 52 —z — (&} — Y| Y drdsdudvdzdy (3.4.5)

[ [ sty =al o) -2t
R4 J[0, 14

Plu—r| (2 = 2)Pjy—s) (W — y)drdudsdvdrdydzdw, (3.4.6)

1

where p is the a-stable transition density. The second equality uses Fubini
theorem. Since for = # 0, [~ ps(z)ds = Clz|*~! for some constant C' = C(«),

a <1 and -
2CT
/ / Plu—r|(T)drdu < ———| (3.4.7)
o Jo |z

we see that I can be bounded by
c2r4 [ ofa)ly-aP o)t
R2

Notice that

1

o=~ w— g

dxdydzw. (3.4.8)

[ l=al =ty = Cla o —al T 349)
with C'(«, 8) being a constant. Similarly
/ lw — 2| "2 w — 2 Ldw = " (v, B)|z — z|P L. (3.4.10)
Thus
I < C"(a T2/ o(x)p(2)|z — @ P2, (3.4.11)

The right-hand side of () is finite since ¢ is bounded and in L*(R) and
a+ 5> 1. O

Corollary 3.4.4. The processn’ given by () has a continuous modification.

Proof. From (), for ¢ =154, 0 < s <t, we have that

E (n —nF)?

IN

T?C(a, B) /2 Lis0(2) 15 (2)|w — 2T 2dadz (3.4.12)
R

= TC(a,B)(t —s)*t7° . L(0,1)(x) 10,11 (2) |z — 2|*TF2dzd2

= T2C'(a, B)(t — 5)*TF,
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where the constants C(a, 3) and C'(a, 8) are independent of T > 0. Since
a+f > 1, this shows that for each 7' > 0, 7 has a continuous modification. [

Idea of the proof of Theorem

Let us briefly discuss the main ideas behind the proof of convergence of finite-
dimensional distributions of n” to those of the Rosenblatt process. We will show
that the functional ] is close to (: X7 ® X7 :. ®;), where : X7 ® Xr : is the
Wick product of the process X defined by () and ®4(x,y) = 1jg 4 (z)|z —

y|BfTa_1, z,y € R. Recall that the Wick product : X7 ® Xi . is defined in

the following way (here we use the more general Definition ). First, for
® € S(R?) of the form

o = Z@. ® 1, (3.4.13)
j=1
where ¢;,1; € S, for j =1,...,m, we set

( Xr @ Xr3,®) = 3 (X, 6;)(X,05) — E((Xr, 0) (X1, 1)) ). (3:4.14)

J=1

() can then be extended to arbitrary ® € S(R?). Next we would like to
use Theorem ‘2.5.14 to obtain that (: X7 ® Xp :, ®;) converges, as T = o0, in
distribution to (: X ® X :,®;). Finally we will show that ((: X @ X :,®)),~,
is up to a constant a non-symmetric Rosenblatt process. One of the difficulties
lies in the fact that @, is not in S(R?) and we must approximate it by functions
from the Schwartz space. (: X ® X :, ®;) is then understood as a limit under
these approximations.

Approximating functionals

We now proceed to discussing our approximating functions and some of their
properties. For convenience let us set v = B-a We are going to approximate
the function y — |y[?~! by the convolution [, |y — 2|7~ ! fc(2)dz (where f € F
and € > 0), and then use the fact that as ¢ — 0 the integral converges (u

to a constant depending only on v) to |y|~7. recall that f, is defined in B.3.1.
However, the function y — [ [y — 2[7"! fc(2)dz still does not belong to S(R)
as it vanishes slowly. To overcome this obstacle take 6 € (0,1), let hs(z) :=

-1
2" 15|z <1 and put

Vog(x) / hs(x —y)o(y)dy, ¢ €S,z eR. (3.4.15)

We approximate the function y ~ |y|Y~! by VOf.. Let us also define V() :=
lims_,o, V°¢(x). This limit exists as long as Jolz =y Ho(y)|dy < oo. Tt is



56 CHAPTER 3. HERMITE PROCESSES

easy to see that for f € C°(R), VO f € C(R) for any § € (0,1). The Fourier
transform of V¢ is given by

Vig(x) = hs(2)d(z), z€R, (3.4.16)

for ¢ € S. In the sequel we will need several of properties of operators V°. We
list them in the lemma below.

Lemma 3.4.5. Let f be in F. The operators VO defined by () have the
following properties:

(i) for each & € (0,1) VO f is nondecreasing as 6 \, 0 and

V()= lim VO f(x); (3.4.17)
(i)
lim V() = |77t #£0; (3.4.18)
(7ii) for each € >0
2277
Vi) < | flle lel”‘l- (3.4.19)

Proof. Parts (i) and (i) are obvious. To prove part (ii7) fix e > 0 and consider
two cases. Assume first that |z| > 2¢. Then V f(z) < 1/|z—e[' ™7 < 2877|771,
If |z| < 2€ then

¢ 1 1.y 1/ 1 92—y

O R MR VC IRV B
@ = [ et (Dl [ s =1l e

(3.4.20)

and this finishes the proof. O

Now we can define the approximating functional which will be at the center of
our investigation. Let €,6 € (0,1), f € F. Mimicking (B.4.1)), for any ¢ € S(R)
and a pair of real-valued cadlag processes 7, we put

T T
(AL (0.6 T),0) = / / (1) (V° f) (& — 1) dudw. (3.4.21)
0 0

For ¢ > 0 the above integral converges pointwise as § — 0 and then ¢ — 0 by
Lemma (to a possibly infinite limit) independently of the choice of f. This
limit is given by

T T
(A(n,&T),6) =/O /O ()€ — nu|"Hdudv, ¢ € S. (3.4.22)
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Now we proceed to show that in the setting that interests us most (n = z+£1, ¢ =
y + &2 for independent symmetric a-stable Lévy processes ¢ 62 and z,y € R)
the random variables given by (B.4.21]) and (B.4.22) are meaningful. We can only
show that A(ny,n2;T) exists as an S’-valued random variable in the setting in
which «, 8 € (1/2,1). The convergece of <A£5(7]1,772;T),¢> in L2(Q) for fixed
z,y € R remains an open question. However, we will only need the following.

Lemma 3.4.6. Let 1,62 be independent symmetric a-stable processes with
a € (0,1).
(i) For every ¢ € S(R),T > 0 the function given by
(@,,0) = (A s + €1y + €5 T), 9) (3.4.23)
converges in L*(R%2 x Q,\; ® A\ @ P), as €,6 go to 0, to the function

B

T T
(2,9,0) = Az, y,w) = / / H(aHEL(w)) [y +E2(w) —a—€2(w) | 7 Ldrds,
(3.4.24)

(ii) The L?-convergence as in (i) holds also if we replace ¢ by any function
¥ € A. Moreover, for ¢ of the form ¢ = 1, = ¥ * g, where k € (0,1)
and g € F, the convergence is uniform in k.

Here \1 is the one dimensional Lebesque measure and P is the underlying prob-
ability measure.

Proof of Lemma . The proof is quite straightforward once we have estab-
lished Lemma . We have

f 1 2 1 2 2
]E/Rz (<AE,5($+£ WHEET),0) —(Ale+ 8,y +¢ ;T),¢>) dzdy
1 ) 2 gl
SE/]R2 (/[O,T]z |¢(x+€u>|‘vf€(y+§v r—E,)
2
— |y + 55 —x— f}ivlldudv> dzdy

2
= E/ (/ |p(x + €i)|01(f7 My + 53 —x— §i|7_1dudv> dxdy,
R2 \ J[0,7]2
(3.4.25)

which is finite by Lemma E.ZL.a. In the second inequality in () we have
!!

used part (iii) of Lemma . Now, using parts (i) and (ii) of the same Lemma
and dominated convergence theorem we get the desired convergence. Evidently,
the particular choice of f from F is irrelevant. The rest of the proof is now
straightforward. O
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Main body of the proof

Proof of Theorem . The proof of Theorem @ more or less follows the
line of reasoning of the proof of Theorem 3.5 in [§]. We will study the behavior
of the following functional, which approximates the functional in the statement
of Theorem

Mses = 7 3 0i0WA] (07 +8,2% +€47),9), (3.4.26)
7k
where, as before €,§ € (0,1),f € F,¢ € S(R),T > 0. It is well defined by
Lemma . Moreover, the above functional converges in L?(Q), as €, — 0
(uniformly in 7" > 1 and independently of the choice of f € F) to a random
variable 773; given by

1 . .
g = Zajak<A(xJ +&, 25 +65T),9), (3.4.27)
J#k
which again follows from Lemmas and . Recall that v = (8 — «)/2.
Let 9 be any function from A4 and \Ilg,&(z)(m,y) = o(x)(VOf)(y — x), where
V9 is defined by () We will show the convergence, as T — oo, of

the characteristic function of 57y, to the characteristic function of the finite-

dimensional distributions of the non-symmetric Rosenblatt process. Using in-
1

equality |E(e'X) — E(eig)| < 2E|X — X| < 2 <E|X - )?\2)5 (for real valued

random variables X and X , it is enough to show that:

‘=0, (3.4.28)

fimg - sup B[ =,

2

lim  sup sup E |77£wm675 - 77171; =0, (3.4.29)

€0—=0  T>1xke(0,1)

2
lim sup E|(: X7 ® X7 :, \Iff’(;’qs) — 77%7675 =0, ¢0>00¢S8, (3.4.30)

T—00,e(0,1)

(:XT®XT:,\I!£57¢>T=> (X®X W), €i>0¢6€eS, (3431

Ede el

1" 2
(XX sy~ [ Dt pll " Zatdn)Zoldy)| =0

(3.4.32)

lim E

€,0,k—00
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where Zg is the random spectral measure as in Remark .

Similarly as in the proof of Lemma g it is easy to show (using dominated
convergence theorem) that ( holds It is e h to notice that || < |[¢].

Lemma, g and Lemma 8.1 from give us (for details see the proof
of equation (6.26) in [E]) The proof of i is very similar to the proof of
equation (6.27) in [8] so we will only sketch it. Recalling (R.5.22) we may write

1
X Xr ., U = = E o/ J J k
(: X7 ® X7, 55¢> T [OT]2< 0j0 543(% +&7, zk + &)

- /E\Ijeé(p(x"‘g;,x-i-ﬁi)dx)dsdu
B 8,

77’{“¢55+ [ ]2(2@55¢1’J+£§7$]+§7‘1)
0,7 .

_ / B/, (0 + € o+ € )dr)dsdu.  (3.4.33)
R

This implies that, again by Lemma in the Appendix,

2
]E‘ (: Xr ® Xr 7‘I’e(s¢> 77%“@,675

/[OT]4/E‘I’56¢“5 o+ VU (v + & o+ € dudsdudrdy.  (3.4.34)

The rest of the argument is exactly the same as in the proof of equation (6.26)
in [8] because V°f. € S(R) implies that \IlE b6 isin S(R?). The convergence
in (B.4.31) follows from Lemma 6.3 in [B] For the proof of (5.4.32) we will look
at Hermite processes from the point of view of multiple Wiener-Ito integrals.
From Theorem 4.7 in [@] it follows that for any ® € S(R?)

12

(X®X:0) = /RQ ®(z,y) Za(dz) Za (dy), (3.4.35)

where Zs is the random spectral measure, as in Remark , corresponding
to the spectral measure G(dx) = |x|~*dx. Hence, using (B.4.16),

1"

(X@X oWy, = o0 | bule 0o Zoldn) Za(dy).  (34.36)

o

By dominated convergence and L? isometry (: X ® X : \IIZ 5%> converges in

L*(Q) as€,6,k — 0 to 5= fR2 r+y)|y|~7Za(dx) Zg(dy), which by the change
of variables formula for multlple Wiener-1t6 integrals (Theorem 4.4 in [2§]), is
equal to

1 7" R . s N
%/Rz U@+ y)la|=F [y T2 W (d2)W (dy), (3.4.37)
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where W is a complex-valued Fourier transform of white noise (which is another
name for a gaussian random spectral measure with Lebesgue spectral density).
When we replace ¢ with 1j4, then (using definition 3.8 in [3] and spectral
representation discussed in the following remarks) we can define

Z{ i =nra,.,, t>0, (3.4.38)

then (Z1')i>o converges (up to a constant), as T — oo, in the sense of finite
dimensional distributions, to the non-symmetric (o, 3)-Rosenblatt process.

Tightness in C[0, 7] for every 7 > 0 follows from Corollary . More precisely,
it is a consequence of () and Theorem 12.3 in [5]. This finishes the proof.
O

3.4.2 k-intersection local times and the proof of Theorem
3

k-intersection local time of independent a-stable processes

Following [11] we would like to extend the definition of intersection local time
to k-intersection local time. For € > 0,¢ € S(R), f € F and an integer k > 2
put

o (w1, k) = p(x1) felza — 21) ... felak — 31). (3.4.39)

Note that <I>£¢ € S(R*) and

—

O (w1, 2n) = dlan + .+ an) fe(wa) . felan). (3.4.40)

Using () we can define the approximate intersection local time of k real
valued cadlag stochastic processes. For any cadlag processes p1, ..., pr taking
values in R, ¢ € S(R) and f € F we denote the approximate intersection local
time at time T' > 0 by

<A£(p17 R Pk§ T)a ¢> =
= /[O . G5 ) (P2, = pay) -+ Jelpl, = ps,)ds . dsy. (3.4.41)
Definition 3.4.7. If there exists an S'-valued random variable A (py,. .., py)
such that for each ¢ € S and f € F <A{ (%, ..., p~ 1), ¢> converges to

(AR (py,...,pr), ¢) in L>(Q)and the limit is independent of the choice of f € F
then A®) is called the k-intersection local time of p1,. .., k.-

We have the following extension of Proposition 5.1 in [L11].
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Lemma 3.4.8. Let &,...,&; be independent a-stable Lévy processes with o €
(1- %,1). Then for any starting points x1,...,x; € R and ¢ € S the k-
intersection local time <A(k) (v + €Y. o + ER:T), ¢> exists. Moreover A
can be evaluated for any function ¢ in A.

Proof. To prove the lemma it is enough to show that for any f,g € F, x1,..., 2% €
R and each ¢ € S, the limit

lim E((Al (o1 + €',z +€5T),0) (A (a1 + €1+ 657), 6))
(3.4.42)
exists and does not depend on the choice of f and g. The proof is at first
very similar to the proof of Proposition 3.3 and 5.1 in [L1]. Writing out the
i-él 4

expectation in (B.4.42) using the a-stable transition densities, passing to the
Fourier transform, using Plancherel formula and then using the estimate

1 1 1
s u(z,2)|dsdu < C(T + ,
/[OTPmk,u( s < OO e (s + 75707

where C(T) is a constant and ps ,, is the law of (£}, &L), the proof is reduced to
showing that

I = / . |6(z1 + ..+ 2)S(wr + ... + wy)] (3.4.43)
RZ
xb(z1,w1) ... b(zk, wg)dzy . .. dzpdw ... dwy < 00,

where b(z, w) = C(T) 1+|z£rw|“ (1 Ep 1+|1w\u ). To show that we will use Holder
inequality. First, fix some A € (0,1). Rewrite equation () as follows.

1
z

=

I = / |6(z1 + -+ 21) F Plwn + ...+ wp) F] (3.4.44)
R2k

xb(zl,wl)A% ..b(zk,wk))‘%
xb(z1, wl)(l_/\)% bz, wk)(l_’\)%dzl .odzpdwy ... dwy,.

The integrand can be written as g;(z, w)...gr(z, w), where

A

9i(z,w) = |0(z1 + ...+ 2)0(wi + ...+ wp)|Fh(z,w)E  (3.4.45)
xb(21, wl)(l_)‘)ﬁ cb(z-, wj_l)(l—k)ﬁ
><b(zj-|-171113'-1-1)(1_>‘)ﬁ .. .b(zk,wk)(l_k)ﬁ’

and h(z,w) = b(z1,w1) ...b(zk, wy). By Holder inequality

I< H ( /R N dzdw) ’ (3.4.46)

For ¢ € S or A, |p(z)| <

close enough to 0, we have > 1. This implies that each factor in (3.4.46)
is finite. O

| < 1+|z\’ z € R, where C' is a constant. Now, taking A

(1-N)ka
F-1
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In fact we will not need this “pointwise” sort of convergence and we will only
utilize a weaker result (which is an analogue of Lemma ) to be able to
formulate the main theorem of this section in a rigorous way.

Lemma 3.4.9. Assume that a € (1 — %, 1). Then <AZ( +EL LR T, ¢>>

converges in L2(RF x Q, A\, ® P) as € — 0 for any ¢ € S(R) and the limit is

independent of he choice of f € F. Moreover, if we replace ¢ by any function
B.3. a)

of the form v, as in | the convergence is uniform in k € (0,1). We also
denote this limit by <A(k)( +& L+ ENT), 9).

The proof of this lemma is similar to the case when k = 2 and amounts to
showing that that

/k (21 + ...+ xp) P|a | ] " day . day, < o0, (3.4.47)
R

for ¢ € S(R) or A. In the symmetric case above () follows by Holder
inequality, similarly as in Lemma B.4.§. Indeed, putting

k
1 1/(k—1)
sj(T1,. .., k) 1= H (m)
i=1,izj !
j=1,... k, we get
1 1

b1 + ...+ xp)]? dx
Ak |¢( 1 k)| 1+‘$1|a 1+|$k|a

1
k

k
H (/ O(xy 4 .o+ ap) s (21, 2n)kday dack) , (3.4.48)

which is finite since, by assumption, o > 1 — %

Remark 3.4.10. In fact one can prove that for any choice of ay, ..., ax € (0,1)
satisfying a1 + ...+ ax >k —1 and any f € L*(R)

/ |f(x1 o) Pl T o T dy L dag, < 00, (3.4.49)
Rk

but the proof is a little more complicated.

In order to use the properties of §’-valued random variables we introduce the
following approximating functional:

p?e’d) = T E 0j, ...O'jk<A£($j1 + &+ R T, 6), (3.4.50)
J1#--FJk
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where T > 0,e > 0,f € F,¢ € S(R). It is well defined by Lemmas
and . The same Lemmas also show that the functional given by

1 ) . . )
P = D Ti 0 (AP €T+ G T), ), (3.4.50)

e FJk

is well defined for any x € (0,1), T > 0, ¢ € A and is an L?(Q)-limit of the
functional in 5.4.5 with ¢ replaced by .

Main body of the proof

Proof of Theorem . The proof follows the footsteps of the proof of Theorem
3.5 in [§] with some necessary generalizations. From now on we fix o € (1— %, 1)
and f € F. We are going to prove the following claims (which imply the
convergence of finite-dimensional distributions):

) (3.4.52)

lim sup El|pl —pl
51 ‘ P Y

k—0

lim sup sup E |p;"/jﬁ - p}r’&% |2 =0, (3.4.53)

=0 T>1  ke(0,1)

2
=0, €>0, (3.4.54)

i . . & T
Am, sup B Xr®. @ Xr 48y, ) = ey,

(Xr®..@Xp @ )= (X®...0X® ) e>0k>0, (3.4.55)

"

lim sup E‘ @;(ﬂcl +...+xx)Zc(dxr) ... Zg(day)
=0 4e(0,1) Rk
2
~(X®..eX.,0 )| =0 (3.4.56)
lim E‘ / @(xl +...+ax)Zc(dzr) ... Za(day) —
r—0 RE
1" N 2
V(x1+ ... +xp)Zg(dxr) ... Zg(dz,)| =0. (3.4.57)
RE
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Here : Z ® ... ® Z : stands for the k-th Wick product of the random variable
Z. For definition see equation (B.4.60). From Lemma 3.4.9 we have (with F
replaced by ((Af — A),%,)) the following inequality:

Elpg, = Phew.|” < *’/ E[(Af — AW (@) + €. m + €5 T), 00) 2

< mz’f/k Dn(@r+ o+ o) PRI 4+ z) — 1)
R

X |z |7 x| Ty . dag. (3.4.58)

By (), dominated convergence theorem and the fact that @(z) < 'LZ(Z) for
z € R we get (5.4.53‘). The proof of (3.4.5?) is very similar and we skip it.

The hardest part is to prove () From [§] we know that (iii) holds for
k = 2. Let ® be of the form

o=> ¢ w.. . @k, (3.4.59)
j=1

where each ¢(>?) is in S(R) for s =1,...,k, t=1,...,m. By definition
<2XT®...®XT :,(p> =

> > M T E(Xr g NE(Xr, ) ] (X, 07,
j=1AeM {s,t}eA ngUA
(3.4.60)

where M is the set of unordered pairs {s,t} C {1,...,k}, such that all the
elements in these pairs are distinct. In particular || J A| = 2|A|. The sum above
is over all distinct sets A of this form including the empty set. If we define the
approximating functional by

1 4 A A ,

Po = Th/Z Y 0y, /[OT]k Sz + &0, a7 + &l )dsy . dsy,
I FEjk ’

(3.4.61)

then one can easily see that
E((: Xr®...0 Xy 5,®) —pb)? =E(: X7®...0 X1 :,®)? —E(pd)*. (3.4.62)

This follows from the fact that in pL we have summation over distinct indices
{j1,--.,jr} € N and so the only nonzero terms in E((: X7 ® ... ® Xt :, ®)pL
are those that correspond to A = () in (B.4.6(). Furthermore, if we recall the
sum in () defining (X7, ¢) for ¢ € S(R), then it is obvious that E((:
Xr®...0 X :,®)pl =E(pL)?%. Let us denote E(: X7 ®...® X7 :,®)% by I.
Then
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I =35> > (D) T EXr,o@9)(Xr,67)
j=1j'=1A,A'€M (s.0)eA
x E(Xr, ¢ 9)) (Xr,0l"7)
(s’ t")eA’
XE( IT &z, 0™ 1 (XT)¢(n’,j/)>>. (3.4.63)
n¢UA n/gUA’

Computing the last expected value in () amounts to summation over dif-
ferent choices of the diagonals just as in the proof of Lemma . To illustrate
it consider first the case A = ) = A’. Then, we have no covariances and are left
with

Iy = E(;;<XT,¢(1J)>“_<XT7¢(k,j)>

x (Xp, ¢y .. (X, ¢<’“’j)>) (3.4.64)
- E( Z Ujl"'Ujko-ijrl"'szkFT(le+§j1a-~-axjk+£jk)
s
Jk415--]2k

X FT(xjk+1 + fjk+17 o ,ijk + g]‘zk)7 )’
where

Fr(x + &Yy —|—§k) =

1
W/ . D(xy + f;l, e TR+ §§k)d51 co.dsk, x1,...,xp €R. (3.4.65)
(0,77

The only terms in the sum in (), whose expected values are non-zero, are
those for which for every I € {j1,...,jk, Jk+1,---,Jok} there is an even number
of indices taking that value. This sum can be split into a finite number of sums
over different diagonals. To be precise, by a diagonal C we mean a partition of
{1,2,...,2k} into a disjoint family of subsets C1,...,Cy of {1,2,...,2k} such
that |Cy| is even for [ = 1,...,m. Then the term in () corresponding to
this diagonal is given by

§ : Oj1 o051 Ojpyr -+ Ogog
- — 4 1 1
e V150V, €C1
Jop == vt v €0,

X FT(-le + é‘jl’ o 7lec 4 €jk)FT($jk+1 4 Ejk+17 o ’szk + é‘jZk). (3.4.66)
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Now, a diagonal C is large if any of the sets C1i,...,C,, has more than two
elements. In due course we will see that the sums over these diagonals behave
as % as T — oo. All other diagonals are pairings of different charges. This means
that for these diagonals all C}’s have exactly two elements. We will say that a
pairing is normal if for every C' € C, C has exactly one element from {1,...,k}
and one element from {k+1,...,2k}. All other non-large diagonals will be called
non-normal pairings. Notice that the choice of A, A’ in () corresponds to
fixing some particular part of the diagonal over which summation is being done.
Looking at () from this perspective, there will only be normal pairings in
the sums corresponding to A, A’ = (). We can use the same notation for sums

that will emerge from the term E (HnguA<XT,q§(”’j)> Il ¢ua <XT,¢(",JI)>)
in () Putting all this together we can write

Bl Xr®...0 X7 :,®)?2 =1+ +R, (3.4.67)

where in I; we have only the sums over the diagonals which correspond to normal

pairings. We see immediately that Iy = EU%,@)- I corresponds to the sums over

non-large non-normal pairings (notice that all the sums in (B.4.63) with A # 0

or A" # () will be in_I>) and R contains only sums over large diagonals. Notice

that the terms in () may be written with the help of the function Frr given

by (' and extend continuously to general ® € S(R?), not necessarily of
3 g

the form ()

We are going to show that I, = 0. Fix a non-large non-normal pairing C. Assume
that in the fixed diagonal over which the summation is being performed there are
n non-normal pairs B formed between members of the sequence (51, ..., ji) and
n non-normal pairs B’ formed between members of the sequence (jg41,- .- ,%2k)-
All the other pairs (there are k — 2n of them) are normal. The sum over our
fixed diagonal is going to appear in terms from () with |A],]|A4’] <n. Fix
¢,d < n and consider the summands in 5 for which |A| = ¢,|A’| = d. The sum
over C is going to appear in exactly (7)(’}) summands with ¢+ d = n with the
sign equal to (—1)¢*9. This can be justified as follows. The sum over C can
only appear in the terms with A C B and A’ C B’ and there will be () choices
of A with A C B and (7)) choices of A’ with A’ C B’. We see that for each
0 < m < 2n with m = |A| + |A’| the sum corresponding to our fixed diagonal
will appear exactly >, (mil) (7) = (3::) with sign equal to (—1)™. Hence, the
number of times (with signs taken into account) the sum over our fixed diagonal

will appear in I is exactly Zi?:o(—l)m (3:;) = 0. This proves that Iy = 0.

R can be split into a finite number of sums over large diagonals, all of which have

the property that the summation is taken over indices (j1,.. . Jr.dk+1,---J2k)
such that at least four of them are equal. To finish the proof of () we fix € €
i

(0,1) and take ® = <I>£,¢N (see ( )). It remains to show that R = RT,<I>£W
converges to 0 as T — oo uniformly in « € (0,1). Put 0(x) := ﬁ,m e R.
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Notice that

1 1
@ (@, 24)| < p(®)

1+|£C1|2 1+‘(Ek|2

= p(®)0(x1) ... 0(xy), (3.4.68)

where p(®) is a continuous seminorm on S(R¥), given by

p(®) = sup |1+ |z1?) ... (1 + |z (21, - .| - (3.4.69)
z1€ER,...,xER

Thanks to this
sup p(@fw ) < Cle f), (3.4.70)
k€(0,1) h
with C(e, f) being a constant depending only on f and e and independent of «.
To fix our attention, let us consider an example of a large diagonal with k& = 3.
This diagonal is given by requiring that j; = jo = j5 = jg and j3 = j4. Then
the expected value of the sum corresponding to this diagonal is given by
1
F E (FT(.Il + 51, T+ fl, T + 52)FT(J)2 + 62, T+ gl, r1 + 51)) dridzs.
2 JR2

(3.4.71)
The absolute value of the above integral is no bigger than

/ / O(x1 + &0)0(z1 +€),)0(x2 + €2)
R2 J[0,T6

X Oz + €2,)0(x1 + €1)0(zy + g}%))dul . dugdardzs.  (3.4.72)

By () for & = @ , the integral in () can be bounded uniformly

in k by an integral Wthh (by independence) can be written as a product of two
integrals times a constant C/(e, f). One of the factors of this product (the one
correspoding to the pairing j3 = j4) is bounded by a constant. The other is
given by

1 1 1
T2 _/[0 T) / (E + g ( + £U)9(x + fr)e(x + 51,)) dxdsdudrdv.

Following the proof of Theorem 3.5 in [§] we see that the above is bounded by

T2/ / UOU(0U0))(x)dxds < %CQ, (3.4.73)

where Cs is another constant, and U is the potential of an a-stable semigroup.
The second inequality above follows from the fact that Ut is bounded. In
the case of blocks larger than four the argument is very similar. To conclude,
R< %p(@)2, where C is a constant, which depends only on k, e and f (the bound
% was given in [8] only for the diagonal with the largest element consisting of
four equal indexes, but having larger diagonals is even better which can easily
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be inferred from the proof of equation (6.27) in [B]) This means that we can
write E((: Xr ®...® Xr 5, ®) — prs)’ < Ep(@)? for & € S(RF).

To prove () we will need the following generalization of lemma 6.3 in [E]

Lemma 3.4.11. Let (X7)r>1 be a family of 8'-valued random variables such
that

SupE<XTa ¢>2 < p2(¢)7 ¢ € S(R)a
T>1

for some continuous Hilbertian seminorm p on S(R). Suppose that Xp = X
and E(X7, $)? — E(X, ¢)? for ¢ € S(R) as T — 0. Then X1 @ ...R® X and
X®...0X are well defined and : X7 ®.. 3 Xy = X®...0X : as T — oo.

This together with Theorem implies () We proceed to prove (B.4.56)
and ([3.4.57‘). Fix k € Nk > 2. Let a € (1 — 4,1) and let (X4)ses(r) be a gen-
eralized centered Gaussian random field over the Schwartz space with spectral
measure G(dz) = |z|~“dz. Notice that, as before, using Theorem 4.7 in [2§],
we might write

"

~

<S X®...0 X 1, (I)> = [Rk (P(:L‘l, R ,zk)Zg(dxl) R Zg(dl‘k), (3474)

for any ® € S(R¥). Whenever fﬂgk (21 + ...+ 24)[2G(dxy) . .. G(day) < 00, we
see that by dominated convergence theorem,

1"

8 blxy + ...+ a1) Za(day) . .. Za(day). (3.4.75)

Given the above (B.4.56) and () follow immediately. Establishing ()

- () shows that the finite-dimensional distributions of (n{);>0 converge
to the finite dimensional distributions of the k-Hermite process given by ([L.2.1)).

2(Q
(Xo...ox:ef )L

Showing tightness, again, is relatively straightforward. It follows (along with
the fact that p” has a continuous modification) from the following. Using
Lemmas @ and , similarly as in ([5.4.58) one can show that for any
0<s<t<ooandT >0

E(p] —p)? < C(k) /Rk ‘ﬂs\t](xl +.. .xk)‘2|wl\_a ook T %y L day,
ei(tfs)(:vlJr...zk) — 12
< C(k)/Rk ER——" ] 21|~ .. ak]%dzy . . . day
< C/(CY, k)(t _ S)Q—i—k(oz—l)7
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where C(k) and C’(«, k) are constants independent of T' > 0, depending only
on k and k, c, respectively. Since a € (1—1,1) by assumption, 2+k(a—1) > 1

and as in the proof of Theorem we conclude that the sequnce (p)r> is
tight in C[0, 7] for any 7 > 0. This finishes the proof.
O

Remark 3.4.12. In fact we have shown that for ® € S(RF) the functional
defined by

1 , , , .
PT.® = s Z Uj1~-~‘7jk/ Ot &, w4 G )dsy . dsy

A (0.7
(3.4.76)
converges (up to a constant) in distribution to
/k O(z1,...,21) Za(dz) . .. Za(dz), (3.4.77)
RE

as T — 00.
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Chapter 4

Infinite variance H-sssi
processes as limits of
particle systems

4.1 Introduction

Quite recently new classes of a-stable H-sssi processes were introduced by
Dombry et al. in [15] and Samorodnitsky et al. in [B5] and [20], which we
will describe in a moment (see Section ) The aim of this chapter is to
show that these processes appear as limit processes related to occupation time
of a Poisson system of particles moving acording to independent Lévy processes
with charges and heavy-tailed weights. This provides a particle picture inter-
pretation the processes studied in [15], [B5] and [20], thus leading to a better
understanding of these processes, which at first sight (see (’41_1) and (M))
may seem somewhat artificial. Our second objective was to study the beha-
viour of the particle system considered in [12] (and earilier in [14] in a special
case) but with a modification that the particles have weights, which seems to be
quite natural. Additionally we obtain a new class of a-stable H-sssi processes.
Moreover, we extend the results of Rosen in [41] on occupation times of stable
Lévy processes in order to present out results in greater generality.

The particle system under investigation is similar to the one considered in
Chapter B, with two major differences: we attach heavy tailed weights to the
particles and we consider particles moving according to the law more general
recurrent Lévy process.

71
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4.1.1 Processes obtained as limits of our particle system

First we describe the processes which appear as limits in our setup. Most of
them have already been introduced in literature. See Section for a more
detailed description of the context in which they appeared.

All of the processes that we obtain as limits have representations as stochastic
integrals with respect to symmetric a-stable random measures. For a brief
introduction to stable random variables, stable random measures and integrals
with respect to these measures see Section R.2.2 and R.3.2, respectively.

The first class of processes which we discuss is the so called §-stable local time
fractional SauS motion. Tt was first considered in [[15] and later was obtained as a
limit process in [35]. In the latter work it was obtained as limit in law of sums of
symmetric stationary infinitely-divisible processes represented as integrals with
respect to infinitely-divisible Lévy measure with regularly varying tails. In the
former work it appeared in the context of random walks in random scenery.

It has the following integral representation:
X = (/ Lf(x,w’)Ma(dx,dw’)) , (4.1.1)
RxQ >0

where (L (z, ' ))t>0,zcr 1S a jointly continuous version of the local time of a
symmetric S-stable Lévy process, with 8 € (1,2) (defined on some probability
space (', F',P’)) and M, is a symmetric a-stable random measure on R x
with control measure A; ® I/, which is itself defined on some other probability
space (0, F,P). For a brief note on local times see the Section 2.4 For the
properties of local times of stable Lévy processes see Appendix ‘

The second class of processes we investigate was recently introduced by Jung,
Owada and Samorodnitsky in [20]. Members of this class have the following
integral representation

(Voo ()20 = ( / /XRsw<Lf<x,w'>,w'>Ma<sw,dw'>> SENCRE)

t>0

where (LY (x))e>0 is as in () and S, is an independent symmetric 7-stable
Lévy process. Both of these processes are defined on some probability space
(Y, F,P') and M, is as in () Finally, the parameters «, 8 and v satisfy
l<f<2andl<a<y<2

In the framework presented in [20] all the processes obtained as limits had v = 2.

In our recent work (see [47] and Chapter p) we have provided an augmented

random walk in random scenery model for which the functional limit spans the
- 1.9

4.1.2).

whole range of parameters in (4.
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In the limit of the occupation time of our particle system we also obtain a new
class a-stable H-sssi processes that have the following form. The first one is
given by

V= (/RXQI Zy(z, ") My (dz, dw )> , (4.1.3)

t>0

where M, is a symmetric a-stable random measure on R x €’ with control
measure A\; @ P’ and

Zi(z,w') = / ly| =Y (Ltﬁ(:v +yw) — LY (z— y,w')) dy, z€R, (4.14)
0

with (LY (z)) as in () with 8 € (1,2), defined on a probability space
(U, F',P"). The parameter v is in (1,1 4+ (8 — 1)/2). The random measure
M, itself is defined on another probability space (Q2, F,P).

The second one is given by

V= (/RXQ/ Zi(z, ") My (dz, dw )) , (4.1.5)

t>0

where
> N o > —71 B / B /
Ziw) = [ (4 ) - L @) dy, zER (L10)
0

with M, and L? as in the first case. The processes (Z;) and (Z;) are fractional
derivatives of stable local times and their properties were extensively studied
in [L7].

4.1.2 Particle system

We consider the following particle system on R. The initial positions of particles
(x j)]‘?';l are given by a Poisson random measure with Lebesgue intensity measure
and each of the particles is independently assigned a +1 charge and weight from
the same distribution. We denote these signed weights by (z;)52;.The particles
evolve according to i.i.d. Lévy processes (nj)jo-‘;l, that is, each 7/ is a process
with stationary independent increments (see Section for more details). In
the simplest setting considered here n' is a symmetric, 3-stable Lévy process,
i.e., process with independent increments such that Eexp(ifn}) = exp(—ﬁw )

for 8 € R, but we also consider more general Lévy processes, see Section
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For a test function ¢ € L'(R) we consider the charged occupation time with
time scaled by T > 0

1 Tt , _
GT .= 7 sz/o o(z? +nl)du, (4.1.7)
j

where Fr is an appropriate normalization which will be chosen such that the
process G converges in law. This model with P(z; = 1) = P(z; = —1) = 1/2
and 7/ are symmetric B-stable processes was considered in [12]. Therein it was
shown that a suitably normalized functional of the form , considered as
an S’(R%)-valued process (d € N) converges in law to KA¢ where K > 0, A
is the Lebesgue measure and ¢ is a fractional Brownian motion. In fact in the
original setting considered earlier in [[14] (with 1/’s being independent Brownian
motions) z;’s were all taken equal to one but Y7 was centred by subtracting the
mean.

Analogous models concerning occupation limits for particle systems with branch-
ing, again with z; = 1 and centering were studied by Bojdecki et al in [6] and a
series of other papers by the same authors.

We only consider systems without branching but the crucial difference in our
setup is that we assume that the law of the z;’s has heavy tails. This changes the
behaviour of the process G and leads in the limit to stable self-similar processes
described in the previous section with different limits depending on whether
Jg ¢(y)dy = 0 or not, and how ¢ behaves at infinity.

4.2 Organisation of the chapter

The chapter is organised in the following way. In Section @ we provide some
more background information regarding the context in which the processes de-
scribed in Sec tion first appeared. Section @ provides the major as-
sumptions we use for the rest of the chapter. In Section we formulate the
extensions of the results of [41] on occupation times of stable processes which
we later use to prove the main results. Section rovides all the main results
formulated in their full generality. In Section we provide proofs of Pro-
positions and which we later use to prove results from Section .
Section m is devoted to the proof of Theorem K.6.1.In Section we prove
Theorem K.6.2. Finally in Section m we prove #1.6.4.

Appendices provide some additional technical results on the properties of stable
local times and aspects related to regular variation which are used throughout
the chapter.
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4.3 Additional information on limit processes

In [15] the process (4.1.1]) was obtained in the so called random rewards schema
(see [13]) or random walks in random scenery models (see [[15]). Following [[L5]
these models can be described in the following way. Assume that there is a user
moving randomly on the network which earns random rewards (governed by the
random scenery) associated to the points in the network that they visit. The
quantity of interest is then the total amount of rewards collected. The concrete
model considered in [L5] goes as follows. Assume that that the movement of
the user is a random walk on Z which after suitable scaling converges to the
B-stable Lévy process with 8 € (1,2]. Furthermore, let the random scenery be
given by ii.d. random variables ({;);ez which belong to the normal domain
of attraction of a strictly stable distribution with index of stability o € (0,2].
Then the random walk in random scenery is given by

Zn = &5, (4.3.1)
k=1

where S = Zle X}, is the random walk determining the movement of the
user. If we consider a large number of independent random walkers moving
in independent random sceneries, then the scaling limit in the corresponding
functional limit theorem (see Theorem 1.2 in [[15]) leads to the process ({.1.1)).

The process () was then investigated in [35] where it arose as a limit of
partial sums of a stationary and infinitely divisible process (X,,)0%, given by

X, = /E Fol@)dM () (4.3.2)

where M is a symmetric homogeneous infinitely divisible random measure on
some measurable space (F, ) with a o-finite control measure p and local Lévy
measure which is regularly varying at infinity with index a € (0,2). The f,’s
are deterministic functions such that f,,(x) = f(T™(z)) for some ergodic conser-
vative measure preserving map on (E, &, u) possessing a Darling-Kac set with
a normalizing sequence regularly varying with exponent E € (0,1). Crucially,
it was also assumed that [, f(z)u(dz) # 0. For details see [35, Theorem 5.1]
and for general ergodic-theoretical introduction to this setting see [#2, Chapter
3]. The parameter « here is the same as in the random walk in random scenery
model and the parameters 8 and E satisfy g =1/(1 — E)

The model presented in [20] is basically the same as the one presented in [35] with
one crucial difference being that the function f from the discussion below ()
is such that [, f(x)u(dz) = 0. Under some conditions on the function f (see

[20, Chapter 4]), the limit process of a suitably normalized sequence as in (¢.3.9)
was shown to belong to a class of H-sssi stable processes which have an integral
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representation given by

™

Y, 5. (1) = /Q SN ), 120, (189
/% [0,00

where _
0<C¥<'7§2,0§/8<1a

(Sy(t,w’))>0 is a symmetric y-stable Lévy motion and (Mz(t,w'))i>0 is an in-
dependent E—Mittag-Lefﬂer process (see section 3 in [35] for more on the latter).
Both of these processes are defined on a probability space (€', F','). Finally
Zo,3 is a SaS random measure on Q' x [0,00) with control measure P’ ® v,
where v (dz) = (1 —E)x’ﬁlmzodx. By Proposition 3.2 in [20] the process Y 5
is H-sssi with Hurst coefficient H = 3/ + (1 — B)/a. Here we use /3 instead
of 3 so as not to confuse it with the notation we have adopted for this paper.
Similarly as in the proof of (3.10) in [35] we can show that for 3 € (0, 1) the

process ({1.3.3) has the same law as () with 8 = (1 — 8)~!. The limit pro-
cess obtained in [20] corresponds to v = 2 in () It should be said that the
process () or, equivalently, () have not appeared as limit processes for
v < 2. We provide a scheme in which it does so in Chapter p.

4.4 Assumptions

Assumption (A). Let n be a Lévy process without drift and diffusion compon-
ents with Lévy measure

v(dz) = e(B) " f(x)|z| " Pda,

where f is a symmetric eventually positive function slowly varying at infinity.

In Section in the appendix to this chapter we prove that under these

assumptions, the characteristic exponent 1 of 77 converges, up to a multiplicative
f.d.d

>0 = Py s

T — oo where p is a [-stable symmetric Lévy process and Fp is a suitable

normalization (see Lemma {.11.§ in the Appendix). We always assume that v

satisfies

constant to | - |, which is equivalent to the fact that (Fl—TnTt)

/1001/)(2)1512 < 0. (4.4.1)

Note that Assumption (A) is clearly satisfied for symmetric S-stable Lévy pro-
cesses with 8 € (1,2). Moreover it also admits a larger class of Lévy processes
whose 1-dimensional distributions are in the domain of attraction of symmetric
[B-stable law.
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It turns out that it is more convenient to consider an equivalent formulation of
our particle system according to which (z7, zj) are points of a Poisson point pro-
cess on R x R with intensity measure dz ® v, (dz), where v,(dz) is a probability
measure-the law of the z;s. This equivalence follows easily by simple properties
of Poisson random measures.

Assumption (B). Let (x},z;) be a Poisson point process on R? with intensity
measure dx @ vo(dz), where vy (dz) = W%l(z)dz, where o € (1,2) and 1 is
eventually positive symmetric and slowly varying at infinity. We assume that
2 = 1(2)|2| 717 ds a probability density function on R, although in general it
only needs to be integrable.

In some cases we will also need additional assumptions, which are stated below.

Assumption (C). Assume that there exists k € (0,1) such that the character-
istic exponent from Assumption (A) satisfies

/ P(w) "dw < co. (4.4.2)
1
Assumption (D). Assume that the function ¢ satisfies

|6z +y) — d(x)| < Cly|, (4.4.3)

for all z,y € R with k > ( —1)/2 and that C is a constant independent of x
and y. Here

¢(x) = /]R e o (y)dy.
Remark 4.4.1. For (4.4.3) to hold it suffices to assume that

/ [o(W)y|" < oo (4.4.4)
R

for some k > (8 —1)/2.

4.5 Extension of the occupation time theorems
for stable processes

First we provide some extensions of the results of Rosen in[4l]. We later use
them to prove our main theorems.

Assume that (§)¢>0 is a symmetric S-stable Lévy motion with 8 € (1,2). Then
for any ¢ € L'(R) we have

(Tlf /O Tt¢(§s—T1/Bm)ds> L) (Lf(x) /]R ¢(y)dy)t>0, (4.5.1)

t>0
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as T — oo, where (Lf(l'))tzoyxe]]{ is a jointly continuous version of a local time of
symmetric S-stable Lévy process. If fR @(y)dy = 0 then the limit process of left-
hand side of (4.5.1) is trivial and a different normalization is more appropriate.
In [41], Rosen proved that if ¢ is a bounded Borel function on R with compact
support such that [ ¢(z)dz = 0, then we have

1 oo
T?Bl ¢(§s C([O ) V (b B WL,(Q), (452)

as T — oo, where W is a Brownian motion independent of & and d(¢, ) is a
constant.

The extensions of the above results are given below. As before, Li(z) stands
for the jointly continuous version of the local time of a symmetric S-stable Lévy
process.

Proposition 4.5.1. Assume that 7 is a Lévy process satisfying Assumption (A)
and ¢ € L' (R) satisfies fR y)dy # 0. Then the following convergence holds

1 [THa ) ) o
— _T1/8 d. 8
<FT/0 o(ns =T x)ds) = (Lt (CC)/RQS(ZJ)dy)DO, (4.5.3)

as T — oo, with Fp = T_l/ﬁ"’lf(Tl/ﬁ)_l. Furthermore all thee corresponding
moments of one-dimensional distributions also converge. Moreover, if Assump-
tion (C) holds, then the convergence holds in C[0,00).

t>0

Perhaps more interestingly we prove an extension of the main result of ()
which relaxes the stringent assumptions on the function ¢ made in the original
formulation by Rosen in [41], but at the cost of weakening the convergence to
finite-dimensional distributions in general. However, the conditions necessary
for convergence in C[0, 00) are relatively weak.

Proposition 4.5.2. Assume that n is a Lévy process satisfying Assumption (A)
and ¢ € L*(R) satisfies [ #(y)dy = 0 and Assumption (D). Then the following
convergence holds

1 THTV )T f.dd
- —TYP2)d E w 4.5.4
<F%/2 A ¢(773 I) S . — C(¢) ( Lf(z))tz@ ) ( )

as T — oo, and let Fp = T~ YBTLf(TYP)=1 where W is a standard Brownian
motion independent of the local time process (Lf(ff))xeR,tzo and

_! d(w)| >4 (w) ' dw
-ﬂ\//Rw( ) o(w) 1 dw. (45.5)

Moreover, if, additionally, Assumption (C) holds, then the convergence holds in
C[0, o).
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This result seems relatively robust, in the sense that we cannot expect Propos-
ition to hold if the tails of ¢ are heavier than y s |y|~1=(B=1/2_ If this
happens then, at least for ¢ with regularly varying tails, the normalization on
the left-hand side of (4.5.4) is no longer valid and the class of limit processes is
different. See discussion at the beginning of Section M for details.

4.6 Main results

In this section we formulate the main results on the convergence of the the
processes of the for (4.1.7). The exact assumptions are given in Section {.4,
although, typically, one can think about the setting in which 7’s are independent
symmetric 3-stable Lévy processes and z;s have distribution v, with density of
the form ¢11(|3(5c,} 2|1~ *dx for some o € (1,2) and positive constants ¢, cz.
Then, in the theorems below we have [ =1 and f = 1.

In some of our results we assume that 1’s are more general Lévy processes, which
asymptotically behave as symmetric S-stable Lévy processes and z;s have heavy
tailed symmetric distributions in the domain of attraction of a-stable law with
a € (1,2).

Section presents first order limit theorems which cover the case when the
test function ¢ in (4.1.7) satisfies [, ¢(y)dy # 0. Section presents second
order limit theorems, where [;, ¢(y)dy = 0.

4.6.1 First order limit theorem

Here we formulate the first main result of our paper in which we identify the
limit process (as T' — oo) of the functional (ﬁ), provided the function ¢ is
integrable and the integral fR ¢(y)dy does not vanish. Since we consider here a
fairly general setting, the functional (E) is slightly modified.

Theorem 4.6.1. Assume that the Assumptions (A) and (B) hold. Consider
the stochastic process given by

1 Drt ) .
6F = 2y [T i 120, o)
J

where T >1 and let

Fr = T VB+Yebpl/By-1 (4.6.2)
Cr = 1(TY*P), (4.6.3)
Dy = Tf(TY%), (4.6.4)
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where [ and 1 are given in Assumptions (A) and (B), respectively. Then, for
any integrable function ¢,

Gr 228 K ( [ otway) X,

where X is given by () and K is a positive constant depending only on a
and (3. Furthermore, if additionally (C) holds, then convergence holds in law in
C[0, o0).

4.6.2 Second order limit theorems

When fR #(y)dy = 0 the, the limit process given by Theorem is the zero
process. To obtain a non-trivial limit in this case one has to use a normalization
different than Fr given by () This case being more complicated, we only
consider the case where the particle motion is given by symmetric stable Lévy
processes.

In the case of relatively light tails we have the following theorem which produces
another representation of the process first described in [20].

Theorem 4.6.2. Assume that (n’) are independent symmetric 3-stable Lévy
process with 8 € (1,2) and the Assumption (B) is satisfied. Let ¢ be an integrable
function with [, ¢(y)dy = 0, satisfying Assumption (D) such that additionally

/R ()91 T dy < oo. (46.5)

Moreover let GT be given by () with Fr = T%+71ﬁ, Cr = 1(TY*P) and

D =T. Then

.d.d.
GT LLL (¢, B)Ya 2,

where Y, 52 15 given by (), i.e., with S, replaced by Brownian motion and

o(6,5) = ¢ / 13) 21yl - dy. (4.6.6)

Remark 4.6.3. The assumptions in Theorem regarding the function ¢
can be written in a more concise form. For instance it suffices to assume that

Jel6W)Ilyl™ < oo for some k> (8 —1)/2 and [ ¢(y)dy = 0.

Things change significantly if we allow ¢ to have heavier tails. In this case
we have to assume that it is more regular. More precisely, we assume that
¢ is regularly varying at +o0o0 and —oo. We show that in this case the limit
process of the functional (E) is a stable H-sssi process (@) or (),
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which, to our knowledge, has not appeared before. In order to avoid complicat-
ing already cumbersome notation, in Theorem M below we assume that the
density v4(dz) from Assumption (B) is of the form

o —1l-a —l—a
Va(dz) = 3 (Lol 7% + a2 7179) da. (4.6.7)

We believe that considering a more general symmetric regularly varying density
would not have any qualitative effect.

Theorem 4.6.4. Suppose that the particle system and their movements are as
in the formulation of Theorem |4.6.9, assume () and let ¢ be an L'(R)-
function such that [, ¢(y)dy =0 and

oY) = Ly>01 f1(y) — Liy<or f2(—Y), (4.6.8)
where the functions f1, fo : (0,00) — R are integrable and can be written as
fi=11""g1, fa=| |92 with g1 and go being slowly varying at infinity and

eventually positive. Furthermore, assume that

. B—1
Yi,72 > 1, min(y,72) <1+ ——

Let GT be given by by () We consider two possible cases.

(i) Assume first that y1 = v2 = v and limr_, f1(T)/f2(T) = 1. Set the
normalizing factors

Fr=aq (Tl/ﬁ)TlJrl/(aﬁ)*W/ﬁ’ (4.6.9)
Dr =T and Cr =1 1in () Then

GaT L24 gy,

where V' given by () and K1 is a positive constant.

(ii) In the second case assume without loss of generality that v1 < v2. Then

" L K,V

where Fr, Dy and Cr are as in (i) with v = 1. The process V is H-sssi
with Hurst exponent H =1+ 1/(af) —v/p.

As can be expected the new processes we obtain are H-sssi.

Proposition 4.6.5. The processes V. and V defined by () and (),
respectively, are H-sssi with H =1 + ch/;% — %
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In this setting H can take any value from the interval (3,1). In the part (ii) of
Theorem | 7 we see that in the limit the heavier tall (corresponding to 1)
totally dominates the lighter one (corresponding to 72 ), even though the integral
of ¢ is zero. Also notice that for functions of the form ¢(z) = sgn(x)/(1+ |z|7)
if 0 <v <14 (8—-1)/2 we are in the setting of Theorem {.6.4 and if v >
(8 —1)/2 then ¢ satisfies assumptions of Theorem . It should be possible
to show, that if we replace z; in () by i.i.d._sym met ic random variables
with finite variance, then theorems analogous to .6.]]7 1.6.2 and §.6.4 hold when
one formally sets o = 2. Since in this cabe all the processes are Gaussian sssi
processes, the limit process in case fR y)dy # 0 is fractional Brownian motion
with Hurst exponent H = 1 — 1/20, Wthh agrees with the results of [12]. If
Jg @(y)dy = 0 and ¢ vanishes sufficiently quickly at infinity, the limit would be
Brownian motion, while if ¢ has heavier tails, the limit process should again be
a fractional Brownian motion. We expect that such analogies hold but leave
them uninvestigated.

4.7 Proofs for Section 4.5

4.7.1 Proof of Proposition
Outline of the proof

In the prof of Proposition we use the method of moments to prove the con-
vergence of finite-dimensional distributions. The proof is relatively straightfor-
ward once we use the Fourier transform to show the convergence of appropriate
moments, therefore we only give a proof of the convergence of one-dimensional
distributions. We will only show the convergence of moments for a fixed time
t. It will be clear from the proof, that the same arguments can be used to show
convergence of mixed moments.

Because of the form of the limit process it is enough to show the following
lemma. Tightness will be evident from the proof of the lemma itself.

Lemma 4.7.1. Let us denote

T Lo 1/8

P (z) = — d(ns — TP x)ds, (4.7.1)
Fr

forT,t >0, with Fp = T8 f(TY/8)=Y and Dy = Tf(TYP)~ . Lettr denote

the characteristic exponent of the rescaled Lévy process nr := T_I/B’r]tTf(Tl/ﬁ)—l

(see Corollary ) Then,

Tlg%ow: (Pl (x /¢ dy L) (z)%). (4.7.2)
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Very similarly one shows that mixed moments moments of the process (P! (z)):>0
converge to the mixed moments of the limit process. Thus, we establish the con-
vergence of finite-dimensional distributions.

Proof of Lemma

One can easily show that
z
¥r(2) = Drv( 775 ) (4.7.3)
where 1 is the characteristic exponent of the Lévy process 7.

An easy application of Plancherel formula and change of variables formula shows
that for any positive integer k

1 k ~f W1 — W2 \ ~f W2 — W3
(P (2)") = m(%) /0<51<_”<Sk<t/w¢< L )¢< s )

~fWp—1 — W\~ Wk
><...><¢( T1/5 )¢(T1//B>
xeW1te=s1vr(wr) | o= (sk=sk—)VT(wk) Qo dwg dsy ... dsg.

(4.7.4)

We have used Plancherel formula in the second equality of () To see how
the formula (.7.4) emerges, let us consider the case when k = 2 for simplicity.
Then

2 ,Ert pETt
E(PtT(‘r)2> = (FlvT> /O /(; E((b(% - T_l/ﬂfﬁ)(b(??sz - T_l/ﬁx))
d81 dSQ

_ 2(};)2/OETt/SETtE<¢(n31 _ T Vhy)

: ¢(Tls2 — Nsy + MNsy — T_l/ﬁl‘)> d51 ng

’ G) [ A TR e R

Vsy (dyl)VS2—sl (dyg) d81 d82,

where v;(+) is the probability distribution of 1, for s > 0. Now by Plancherel
formula
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E(P!(z)?) = (27rFT) /ETt /ETt /}R2 "I G(y1 — y2)d(y2)

Usy (Y1) sy —s, (y2) dy1 dya, dsi dsa

= (27TFT) /ETt /jTt /11@2 /Bwyla(w - y2)<lA5(y2)

e 51% (1) g—(s52=51)%(y2) dy; dys ds; dss

= o) [ et

e 1T (W) o= (s2=5)v7(¥2) qy dys ds; dso, (4.7.5)

where the last equality in () follows from () The general form of

is obtained analogously.

Clearly q@ is bounded. We would like to take the limit under the integral sign.
However, due to the terms ¥ the use of dominated convergence cannot be
justified as simply as in the proof of the stable case. By Lemma 4.11.12 in the

Appendix,
t
//e_’“/’T(Z)dzdu (4.7.6)
0o Jr

is bounded uniformly in 7' > 1. Now, fix some K > 0. The last integral in ()
with R* replaced by G = {(wy,...,ws) : |wi|,...,|wg| < K} converges, as
T — o0, to

1 k k . 8 ]
W) (o) [ [ e o
™ R 0<s1<...<sp<t JGx

dwl . dwk d81 PN dSk, (477)

by dominated convergence theorem. In view of Lemma in the Appendix,
the integral in (4.7 a) with R* replaced by R¥\ G can be made arbitrarily small
for K large enough. Hence

k
lim E(PT( ))k = k!(1> / / giewig=silwal®
T—oo 27 0<s1<...<sp<t JRF
emGrmseDlekl” Q) dwy dsy .. dsy, (4.7.8)

which by Lemma equals EL? ().

Tightness

Tightness under Assumption (C) follows almost immediately. One just has to
notice that for s < ¢, a calculation similar to the one in () and Lemma
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in the Appendix imply that for & sufficiently large IE‘ —PI(x )’ < Ci(t—
s)7 for some v > 1, C} < oo and then use Theorem

4.7.2 Proof of Proposition
Outline of the proof

The proof uses the method of moments and can be outlined as follows: show
the convergence of finite-dimensional distributions and then prove tightness. To
prove the convergence of finite-dimensional distributions we use the method of
moments. We will only show the convergence of moments for a fixed time .
It will be clear from the proof, that the same arguments can be used to show
convergence of mixed moments.

Due to the form of the limit process on the right-hand side of () and the
constant c¢(¢) given by (4.5.5), in order to do so, it suffices to show the following
lemma.

Lemma 4.7.2. Suppose that the assumptions of Proposition are satisfied.
ForT>1,x€R andt >0 put

~ 1 TTYP)= 1t
PT(z) = —7 / H(TY P2 —n,)ds, (4.7.9)
Fr 0

with Fr as in the statement of the Proposition , For a fizedt > 0,z € R
we have:

(i) for an even positive integer k

7" = (1 o ) (o)
(4.7.10)

(ii) if k is and odd positive integer then E(ﬁ?(a:))k —0asT — 0.

Tightness follows from the following lemma.

Lemma 4.7.3. Assume (A) and_(C). Under the assumptions of Proposi-
tion - and for pT defined by Y there exists a positive finite constant
Cy, independent of T' such that for k even and 0 < s <t < oo we have

E|PL(x) — B (2)[" < Cy(t — 5)*/? (4.7.11)
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Proof of Lemma

Similarly as in (), after a change of variables we obtain that E(]StT(x))k is
equal to

|
k (27.(_ /Rk /Rk 1{0<u1<DT Ugt+u <uz<...<up— 1<DT Up+Uk— 1<t}

%B(zrirz — w2)(ws = 7575) - By = we) ()

XeiU)lwe*'LLl’L‘DT(U)l)€7u2'¢)(w2)e*(Ua*D;1u27U1)wT(w3) X
Y e*(uk—l*D;luk72*uk—3)wT(wk—l)efukd/'(wk)

dul .. dukdwl .. .dwk, (4.7.12)

where Dy = T(f(T"#))~'. For z,w € R and T > 1 let us define
ar(w,2) = S(w/TY —2) = 6(~2), (4.7.13)
b(z) = (—2). (4.7.14)

Then ( ) can be rewritten as

k' 27‘(’ /Rk /Rk 1{O<u1<D;1u2+u1<u3<...<uk,1<D;1uk+uk71<t}
X (ar (w1, ws2) + b(wz)) (ar (w2, ws) + b(ws)) ...
x (ar(wi—1,wr) + b(wg)) (b(wy))

Xei1ulxe—u11/)T(wl)e—ugw(wg)e—(u;;—D;luz—ul)wT(u;g) o

% e—(uk—l—Dr;luk—2—’U«kfa)d)T(wk—l)e—ukw(wk)
dug ... dug dw; ... dwy. (4.7.15)

We will show that out of all 2°~! expressions that we get by multiplying the
parentheses with the terms ar and b in (4.7.15), the only term that does not
converge to zero as T" — oo is the one in which only b’s appear. In fact, we will
only prove that the term with

ar(wy, wa)ar(we, ws) ... ar(wp—1, wi)br (wy)

converges to 0, the other cases being very similar as the integral with respect
to wi,...,wy factorizes. Let us denote this term by M. Since we assume
that [, [¢(y)|dy = 1 we see that by Assumption (D) (we can without loss of
generality assume that C' =1 in the formulation of the Assumption (D)),

<AL L

(1A Jwg]™) (1A Jwg— T8 (1A fg—s T~
X ooox (LA JwsT= Y8125 (1A Jun T~ 2|%)
Xeful’lj}T(’u)l)67U21/)(w2)6*u3¢T(w3) . e*uk—1¢T(wk—1)6*uk¢(wk)

du1 PN duk dw1 . dwk. (4716)
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Now, Lemma in the Appendix implies that
M < e (TYPDIY + T8y x (1 + T~ Y8 DrT="/8), (4.7.17)

for some finite constant ¢; independent of T'. Since k > (8 —1)/2, M converges
to 0 as T'— oo. The only significant term in (4.7.15) is thus given by

1\ K
k'(i) 1{0<u <D ustur<us<..<up_1<Dp uptup_1<t}
2w Rk JRE 1 T U2 TUL<UI...<Uk—1 T Uktuk—1

><bT(wg)bT(wg)bT(wk)bT(wk)

Xei’wlwe*’ufle(wl)6*“2’4[1(’[02)e*(US*D;l’UQ*ul)wT(wS) X

X e_(uk—l—D;Iuk—Q—uk—S)wT(wk—l)e_uk"p(wk)

duy ... dug dws ... dwy, (4.7.18)

which converges, by dominated convergence theorem, to the right-hand side

of (E.?.l ) (see Lemma in the Appendix).

Very similarly one shows that for all odd positive integers k the respective
moments converge to 0 and that for any ¢; < ...t and x € R

E(P(x).. P (x)) = e(0)EOW, )

Proof of Lemma

Assume that 0 < s <t < co. Analogously to () and using the fact that ¢
is bounded we can estimate

E(P] () - P ()" <

/ / e~ (wi) g—uspr(ws)  o—up—1r(wr—1)
RF/2 J[0,t—s]k/2

du1 dU3 e duk_l dw1 dw3 e dwk_l.
This and () imply that
E|PT(x) — PT(z)[" < Cy(t — 5)*/2 (4.7.19)

for some finite constant C} independent of T. Taking k large enough we may
apply the Kolmogorov’s tightnes criterion (see Theorem ) and infer that
the sequence of processes (P (z)) is tight in C[0, 00).
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4.8 Proof of Theorem 4.6.1

4.8.1 Outline of the proof

To prove Theorem we first show the convergence of finite-dimensional
distributions, and then establish tightness, which suffices to prove convergence
in C (see [B, Theorem 8.1]). To show the former we will establish the convergence
of the characteristic function of () to the characteristic function of (E)

Letar € Ryt >0, k=1,...,m, putéT =3 anG and P x) =Y tap Pl (x)
for t > 0,7 > 1 and z € R, with PT and GT defined by () and), re-
spectively. Using the fact that (z;, z;) are points of a Poisson random measure
we have

m Drt;
Eexp(i@T) = exp (/}Rz E(exp (ZZFLT ;aj/o o(Crx + ni)du) — 1))

|z_1_°‘l(z)dzdm>. (4.8.1)

Our aim is to prove that

m

Z akLt’Bk (x)
k=1

where (L?(z)) is the local time of a symmetric S-stable Lévy process at = and
C(a,B) is a constant depending only on « and 3. Here, we have used the
properties of stable integrals (see Section ()) to get the right-hand side of
() This suffices to prove the convergence in the sense of finite-dimensional
distributions.

lim ]Eexp(iéT) = exp (C(a,ﬁ) / E dx), (4.8.2)
T—o0 R

After a change of variables 2 := TV and z := ~TY#C, 'z () can be
written as

— /B
T _ izPT(z) _ —a—1 Z(Tl Z)
Eexp(iG") = e:cp(/RzE<e 1>|z| TR dzdx |. (4.8.3)

By the symmetry of function I, () can be rewritten as

Eexp(iG') = exp(/ B(e )~ 1.cyyisP (@) — 1)
R2
(T 82)
—a—1

where [ is the slowly varying function from Assumption (B). By Proposition
ﬁT(m) converges in law to [, ¢(y)dy x > | apLy, (x) =: P(z). Furthermore all
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the moments of ﬁT(m) converge to the corresponding moments of P(z). Since
I is slowly varying at infinity 1(T/*#2)/1(T*/*#) converges to 1 as T — oo.
Taking all this into account,

~ 1/ap
. izP" (z) . =T a1 l(T Z)
A Bl = LgaicnizP (@) = Dl s

=E(e*7® — 1y, <pyizP(x) — 1)|2[ 771 (4.8.5)

By the formula () we will be able to show that (holds as long as we

can justify going to the limit under the integral sign in ). For this we need
the following lemma.

Lemma 4.8.1. Let PT be as in () and assume that the conditions of
Theorem are satisfied. Then the following claims are true.

(i) For eacht >0 the functions x — E| P (x)| and x — EP] (x)* are bounded
uniformly in T > 1.

(i) For antt >0

sup (/E|PtT(m)|dx+/]E|PtT(x)|2da:) < 0. (4.8.6)
T>1 \JR R

(iii) For any t,0 > 0 and there exist K >0 and Ty > 1 such that
sup (/ ]E\PtT(:c)|dx+/ ]E|PtT(x)\2d;v) <. (4.8.7)
T>To N Jja|>K |z|>K

(iv) For any 0 € (0,1) there exists Ty > 1 and constant C > 0, depending only
on «, 9, such that for all r € (0,1)

UV .
/Z<T ‘Z|1 Wdz S 5 —+ CT2 +6. (488)

Equipped with Lemma we can show the following, which gives us the
desired convergence.

Lemma 4.8.2. Under the assumptions of Theorem we have

B 1/a8
. izP" (z) _ S Pr — —a—l1 l(T Z)
Jim RQE(G Lqz1<1yizP (2) — 1) x |2] (TR

Z ay Ly, ()
k=1

where (L¢(x)) is the local time of a symmetric B-stable Lévy process at © € R
and C(a, B) is a constant.

dzdx

dz, (4.8.9)

= C<a,ﬂ>/RE




90 CHAPTER 4. INFINITE VARIANCE LIMITS

Tightness, under Assumption (C), will follow from the following lemma.

Lemma 4.8.3. Assume that v satisfies the conditions of Assumption (C) in
Section . Then the family of processes {(GT)i>o : T > 1} defined by ()
is tight in C[0, 7] for any T > 0.

4.8.2 Proof of Lemma

Without loss of generality we may assume that ¢ > 0, which implies that
PP (z) > 0. Changing variables and using Plancherel and Fubini’s theorems,
forz € R,t > 0,T >0 and ¢ € L}(R) we have

1 ‘ n w irw ,—u w
EPtT(a;):%/O /Rgb(Tl/ﬂ)e e T (W) gy, (4.8.10)

where Y1 equals

Yr(z) = Tf(Tl/ﬁ)‘lw(Tf/B). (4.8.11)
Hence ) .
EPT (z) < 5 9l /O /R e~ (W) dupdu, (4.8.12)

which is bounded uniformly in 7" > 1 by Lemma in the Section
if the appendix to this chapter. Using similar techniques one can write (recall

(.74
T 2 _ 2 Lt izwy, o W1 — W2 \ »f W2
EF (o) = <27r>2/o / /R ¢( 77 )¢<T1/@)

e—(uz—ul)le(wz)e—(ul)dJT(wl)dwldedulduQ

2 t 2
< HQQ;II; ( / / e—uwT<w>dwdu) (4.8.13)
0 R

and argue similarly. This proves (i).

We now turn to (ii). For any ¢ > 0,7 > 1 we have

| BPT @)z <ol 1

As for the second part of (ii), using () and obvious substitutions, we may

write
/ EP! (z)%ds =
R

I BN
/*/ / /qb(—x)equﬁ(w)Tl/ﬁe_DT(“2_“1)1’/’(”)dwdu1dqum, (4.8.14)
RTJo Ju JR
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where Dy is as in () The above (after substituting w := w/T"/#) can be
bounded by

1 bt ~( w
et [ [ (i) |
which in turn is no bigger than

1 t t
p HQS”?/ / /e_(“Z_ule(w)dwdulduQ. (4.8.16)
0 uq R

By Lemma , the last expression is bounded uniformly in 7" > 1. This
proves (ii).

~ (w2 =)V (W) oy gy duss, (4.8.15)

Let us now turn to (iii). In order to escape notational complexity we will only
consider the integrals over {x € R: z > K}. For {xr € R: z < —K} it is then

enough to use the symmetry of  and take QNS(x) = ¢(—x). We can also assume
that ¢ > 0. First notice that after changing variables and using Fubini theorem
we get

() t
/ EPtT(Jj)dZ‘ = E(/ /1{y+KTI/B<77DTu}¢(y)dydu)
K 0 R
t
= [ [ Br s <, oy,
0 R

which converges as T' — oo, by dominated convergence and (), to

/¢ dy/ gu>Kdu—/¢ dy/KOOELt( )dz. (4.8.17)

By choosing K large enough to begin with and using Lemma from Section
in the Appendix we see that the first part of (iii) is true. Regarding its

second part, write (again after changing variables and using Fubini theorem)

/K EP (¢ /// {x>KT1/B_»,,DTu1}¢(*LL') (4.8.18)

XTl/ﬁ(z)(nDTuz — NDpu; — 1‘))d$du1du2

Since 7 is a Lévy process the above equals

2/(: /: /R P(z > KTY? — npru, ) o(—1) (4.8.19)

XTl/BE(¢(77DT(u2 u) — ))dxduldug
/ / / (2T > K —T7YPnp, ) o(—2)  (4.8.20)

—igwT ~1/# —(u w1 ) (w
27T/R¢<T1/5)6 2—u)yr( )dwdxdulduz
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The integrand in () the above can be bounded by ¢(—z) ||¢||, e~ (2 —w)vr(w),
Hence

00 t
| ERf@ras < ol [ ([ PO g > K T )
0 R

K
(b(—x)e_“wT(w)dxdw) du. (4.8.21)

The integrand in (|
(again use Lemma
hand side of (|

is non-negative and bounded by an integrable function

m from Section in the appendix). Thus, the right-

) can be bounded by

t
C(t,¢>,a,6)/o /R(/)(—x)IP’(T‘l/BnDTUI > K —T7Y%)dvdu,  (4.8.22)

where C(t, ¢, a. 8) is a constant independent of T and K. By dominated con-
h!-.11.2 |

vergence and ( ) () converges to

t
Cltdv ) ol [ B > K)du, (1.8.23)

as T — oo. Here ¢ is a symmetric S-stable Lévy process. Using dominated
convergence again we conclude that there exists Ty > 0 such that

lim sup / EP! (z)%dzx = 0. (4.8.24)
K—)ooTZTU K

The proof of (iv) is relatively straightforward consequences of [42, Theorem
10.5.6] and we skip them.

4.8.3 Proof of Lemma

The proof of Lemma can be divided into the following steps. First we
prove that if we replace integration in () over R? with integration over the
set {(z,2) : |¢|] > K} or {(z,2) : |z] < r}, then the corresponding quantity
can be made arbitrarily small for K sufficiently large and r sufficiently small,
respectively. Then we show that for any » € (0,1) and K > 0 the function

(TP 2)

i02PT (z N DT —a—1
(z,2) = Ele @ — 1{\z\S1}19ZPT($) - 1‘|Z| W

(4.8.25)

can be bounded on [— K, K] x (R\ (=r,7)) , uniformly in 7' > 1, by an integrable
function.

We proceed to show the first fact. Using inequalities |e®” — 1] < |w| and |e?® —
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iw — 1| < |w|? for w € R, we see that

fo S

ew’ZﬁT(x) — 1{|Z|§1}’L’92ﬁT(I) -1

(T Bz)
Ca—1
TV B2) .
Ay de EP (2)2d
/z<1 | WTYeB) ™ J sk P ()]
|Z|>1 ‘73|>K
and
/R/I - E eiezﬁT(ac) _ 1{\z\§1}i9zﬁT(g;) .
z|<r
(T8 )
Ca—1
x|z] l(Tl/@ﬁ) dzdx
—T 2 17al(Tl/aﬁz)
< /]R]EIP ()| dl‘/2|<r|2’| Wdz, (4.8.27)

which in view of Lemma can be made arbitrarily small for all T" sufficiently
large by first choosing K large enough in (4.8.26) and r small enough in ()

We now go on to show the second fact. By Proposition , for each r € (0,1)
fixed there exists Ty > 1 such that

1/af,
‘W - 1' <1 (4.8.28)

for all z € [r,1] and T > Ty. Furthermore, by Proposition , for any 6 > 0
there exists 77 > 1 such that for all z > 1 and T > T} we have

‘Z(Tl/aﬁz) < (1+6)[2)°. (4.8.29)

1(T1/B)

This implies that for |z| > r and all T' large enough the function

(T8 )
1(T1/B) Lijz1<ry
(4.8.30)

(,2) — E ei0zPT(@) _ 1{|z|§1}i9zﬁ(x) — 1|zt

can be bounded by the function

(z,2) = 2E[PT(2)|* 1 1crapy |0 |2
+ E[PT(2)[|0]1(z1513]2] (L +0)|2|°  (4.8.31)
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for z, z € R. Choosing § small enough and again using Lemma (part (ii))
we see that the above can be bounded by an integrable function, uniformly for
all T large enough.

To conclude, using the fact that P (z) converges in law to P = 3, a;L:(z)
(with all its moments converging as well) for every « € R, we have (by dominated
convergence)

i PT . =T o U(TV B )
lim / / E(e? @) — 10 3izP (z) — 1) x |z| ¢ L dzda
R I . ( {1z1<1) ) TR
= / / E(e”ﬁ(m) — 1y <1yizP(z) — 1)]2| 7% ' dzda. (4.8.32)
|z|2r /x| <K

By dominated convergence again, we can go with r to zero_ in the integral over
dz first, use (E.ll.lll) and finally go with K to oo to get () and finish the
proof.

4.8.4 Proof of Lemma

For any K > 0,7 > 1 put Ky := KTY°% and let GT = G} + GI? for any
t > 0, with

1 Drt ) )
G = r ZZjl{KT>|Zj|}/O o(Cra’ + &))du, (4.8.33)
J
and
T2 _ 1 pbrt i
G;" = 7 Z Zj1{|zj\2KT} /0 o(Cpa? + §i)du (4.8.34)
J

We are going to show that the family of processes (GtT’l)tZO is tight C[0, 7] for
any 7 > 0 and that for any § > 0

lim limsupP( sup |G| > 6) =0, (4.8.35)

K—oo 7500 te(0,7]

which suffices to establish tightness.

We now proceed to establish tightness for the family (G?’l)tzo. Notice that,
using the formula for variance of an integral with respect to a Poisson random
measure,

(T8 2)
E(PL,(z)? da:/ 2Tz, (4.8.36

E(G! - 6T < cl/
R



49. PROOF OF THEOREM 95

for some finite constant ¢;. After a change of variables z := 2T7"/*# and an
application of [42, Theorem 10.5.6]. we conclude that for all T' large enough,
the integral over {|z| < K} in () is bounded by co K2~ for some finite
constant ¢o depending only on a.. Furthermore, by ()

. , 1 t ot / w

[eerene < el [ [ [16(757)|
1 t—s
<= ol? t—s) / / e 427 (W) dupdug (4.8.37)
T

Using Lemma , we see that () is bounded by

cs(t — s)tH°

_(ug—ul)"l’T(w)d’de1du2

for some 6 > 0 and a constant c3 independent of s,¢ and T. An application
of Theorem (not that G = 0) shows that the family (GtT’l)tZO is tight in
C[0, 7] for any 7 > 0.

Proceeding further, notice that for any 6,7 > 0 (after a change of variables)

P( sup |G{ | > 6)
te[0,7]

LT B )
< E sup PT z 7dzdac 4.8.38
5//|>K te[0,7] | M=l [T/ oB) ( )

which by part (iii) of Lemma (with ¢ replaced by its absolute value) and
[42, Corollary 10.5.8] can, for all T large enough, be bounded by

04/ |2|7%|2|°dz, (4.8.39)
|z[> K

with ¢4 being a constant independent of 7" and § > 0 can be arbitrarily small.
This establishes () and finishes the proof of the lemma.

4.9 Proof of Theorem 4.6.2

4.9.1 Outline of the proof

Let Fp,Cr and D7 be as in the formulation of Theorem . Let us define

Tt
RI(z /(b VLY x4+ T Py)dy = d(ns — T Px)ds, (4.9.1)
0
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forx e Rt >0and T > 0. Let a1,...,a, € R and t1,...,t, > 0 for some
m > 1. Then, using ) with Cr = 1 and after the change of variables
similar to the one in ()

G 7 b m . T
B (3001 = [ B(e" oS0
j=1 R2

, 1 - WTYPz)
—ilg ey T 2 ) ;R (2) - 1)1((T1/aﬁ))|z| ! “dzdm). (4.9.2)

j=1

To show convergence of finite-dimensional distributions we are going to show
that for any a1,...,a;, E Rand 0<t; < ... <t < oo withm € N

jli_{réoEexp(;asz;) = exp —cl(a)/}RE‘Q@,B);%W(LQ(@)‘ dx |,

49.3)
where co(¢, 5) is the constant in (), ¢1(a) is the constant in (),
(Li(x)) is the local time of a symmetric standard [S-stable Lévy process at x
and W is a standard one-dimensional Brownian motion independent of (L;(x)).
By Proposition for z, z € R fixed the quantity under the integral in ( )

converges to

E 6”2?:1“1“/(%(“3))7i1{|z|gl}zZajW(ij(:z:))fl |z| 717 (4.9.4)

Jj=1

(T 2P 2)
and TRy

Thus, analogously as in the proof of Theorem one must only justify going
to the limit under the integral sign. This is made possible by the lemmas below
which we prove in the following subsections.

converges to 1 since [ is slowly varying at infinity and symmetric.

Lemma 4.9.1. Assume that the conditions of Theorem are satisfied. Then
for every T > 1 and ¢ € L*(R) we have

J / E|RY ()| dz < oo, (4.9.5)
R

and
I =7"% / E|RY (2)|2dz < co. (4.9.6)
R
If, in addition, we assume that [g |¢(y)||y|ﬁ%ldy < o0, then

sup I{ +sup I < oc. (4.9.7)
T>1 T>1
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Lemma 4.9.2. Let t > 0 and assume that an _integrable function ¢ satisfies
the assumptions in the statement of Theorem . Then, for any 6 > 0 there
exists Ko > 0 and Ty = To(Ko) such that for all T > Ty, K > K we have

/ 7% E| R (x)|da < . (4.9.8)
{le|>K}

Moreover, using Holder inequality, one can easily show that there also holds an
1 —1
inequality analogous to () when we replace T E|RT ()| by T E (R (x)?).

4.9.2 Proof of Lemma
It is not hard to see, using Lemma and () from the Section

in the appendix, that for any z,x € R

E(Li(z + 2) — Lt(gc))2 < (ELi(2 + 2) + ELi(x)) (es(t, B) A ca(t, B)|2[°1)
< es(t, 5)(1 Az +z P14+ 1A |x|fﬂ*1) (1A [2F7Y) (4.9.9)

for some constants ci, ¢s, c3 depending only on ¢ and 5. By Holder inequality,
() and the fact that [; ¢(y)dy = 0 we then get

1= 1 B [ o)L+ Lio) i

< [ [1F 10w+ %) - L) iy
< [ [1F owl(Eit+ 777 - L)) duds
<

B-1 _ _B_ _ B
alt,8) [ [ T ol (LA Lo +y2 PP 1ALl )
RJR
1
1A |T_1/5y|B_1) * dzdy,

cg(t,ﬁ)/R/]R \¢(y)|((1 Alz4+yT Y=L 1A |x|_[3_1)

1
T A |y\’871> * dady

Thus, I{ is finite since 3+ 1 > 2. Note that it is bounded uniformly in 7 > 1
EES
for ¢ € LY(R) and Je lo)llyl = dy < oo.
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Using very similar manipulations we have

N

i () |(E(Lao +T70y) = L))

IN
= 3
—
\
=S
S
§
$

( (o +T70%) = Lu))*) dysd
2

— TﬁT/ (/qb E(Li(z+T" 8y — Li()) );dy> "
w9, (/R""(y)'((l + Al ea(T) A |y|ﬂ—1)5dy> do

for some finite constant c4(7") finite. Again, if fR|¢(y)||y|%dy < 00, then
SUpp>q IT < .

IN

4.9.3 Proof of Lemma

Choose K so that

. 5
/ C2(tvﬁ)/ 6(y) |yl = dyda < 5 (4.9.10)
{lz|>Ko} R

where ¢ (t, 8) is the same as in () Using Holder inequality and inequal-
ity () we have

/ 7% B|R ()| du <
{le|>K}

< / cs(t, B) / (ELi(2) + ELy(x + T~)) ) |6(y)|y] T dyda.
{lz|>K} R
(4.9.11)

Using /z +y < y/x + /y for z,y > 0, the above can be bounded by A + B,
with

A

/ 2¢5(t, 5) / (BLo(2)) ¥ 6()ly| = dydz,
{lz|>Ko} R

B

_ 1 B—-1
[ ratp) [ ELier T 0) oto)llylF dyda,
{lz|>Ko} R
B can be rewritten as
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which, by dominated convergence, converges to
B-1 -
2ea(t.8) [ [ 1olwllylF (BLi(x) dydz, (4.9.13)
{lz[>Ko} /R

as T — oo. Choosing Ty sufficiently large, we get the required inequality for all
K > Ky in view of Lemma in Section of the appendix.

The second part of the lemma is proved in a very similar manner and we omit
the proof.

4.10 Proof of Theorem 4.6.4

4.10.1 Simple case

To gain some intuition first, let us concentrate on a very concrete choice of ¢ to
show what happens when ¢ vanishes relatively slowly at infinity. We will then
extend our discussion to the case of functions regularly varying at infinity.

Suppose that
o(y) =yl " Lyy=1y — [yl Lgy<—1y, (4.10.1)

for 1 <y <1+ % Recall that RT is defined by () After a change of
variables we get

RE@) =T'F [ W Gl +0) - Ly +a)dn. (@102)
Put -
25 (x) = /T 7 By 1) = Loy + ) dy, (4.10.3)

For each 2 € R and t > 0, almost surely, limy_,o, Z; 7 (z) = Z] (2), where

Z] (z) = /OOO [y =Y (Li(y + =) — Li(—y + 2)) dy, (4.10.4)

which follows from dominated convergence theorem and Lemma below.

Lemma 4.10.1. Let Z be given by () andl <~y < 1—&—%. Fora €11,2]
andt >0

/R]E (/OOO W7 1Lu(y + 2) — Li(—y + 7)| dy)a dz < . (4.10.5)

Furthermore,

/RE (/000 ly| =7 |Le(y + x) — Le(2)] dy)a dz < . (4.10.6)
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Proof of Lemma . Since the proofs of () and () are virtuall
- 10.9)

identical, we will concentrate only on the former. We will show that (

holds for @« = 1 and o = 2 _which will suffice to prove the lemma. Denote
the corresponding integrals () by I and I, respectively. Using Jensen’s
inequality we see that

L < / / ly| ™" (E (Li(z +y) — Ly(x — y))2> : dydz. (4.10.7)
RJO
Observe that (by Lemma in the Section )
9 t t*’ul
BlLoty) - Lo - = 2[ [ (pulet ) +pa-)
0 Jo

(Pua(0) = P (29) ) duadu

< 2(ELi(x +9) +EL(x —9)) (e A ealyl” ).

where the inequality follows from (|4.11.1d) and (|4114|) for n = 1, for some
constants ¢; and ¢y depending only on 8 and ¢. Therefore

L < /R/Ooo lyl ™" ((63 A (C4|x+y|7%)) + (03 A (c4|x7y|*ﬁ%))>

-1
c1 A (02|y| 2 )dydz,

which is finite since # >land 1 <y <1+ % As for I, notice that by
the Holder inequality

Bo= [ [Tl e R (e ) - Lo - )
R JO 0

|Lt(SC + yz) — Lt(x — y2)|)dy1dy2dx
2

[ele] 1
/ </ 1 (B Lo+ 1) — Lilx — 9))?)” dy> o
R 0
Seeing that, by (), forall z € R
o0 % o -1
/ ly| ™7 (E (Li(z +y) — Li(z — y))z) dy < / ly| ez A (calyl =) dy,
0 0

(4.10.8)
we conclude I is finite. O

IN

The process (Z] (x))¢>0 is continuous and has a non-zero mean as long as x # 0.
Using Holder inequality it is easy to see that the process Z7 has all moments

finite. If we choose
Fr— T1+1/(aﬁ)—’Y/!37 (4.10.9)



4.10. PROOF OF THEOREM 101

then, we will see (in the more general setting of Theorem M) that the finite
dimensional distributions of the process (G );>0 in ({.1.7) converge to the finite
dimensional distributions of the process V' given by (#.1.3). The proof resembles
closely the proof of Theorem M

Now we may prove Proposition .

Proof of Proposition . We will only providfe te proof for V' the one for 1%
is virtually identical. Let a1,...,a,, € Rand 0 < t; < ... < t,, < oco. Take
¢ > 0 and notice that using Remark in the Appendix

Bler(i o)) = el (B3 el 0
j=1 Jj=1
_ _1/B ‘m Ty 1/8 ‘ad
emp( c /RE ;athj(c x) 31‘)

= cop( = [ B Y0y [l (L (P )
r T o
—Lctj(cl/ﬁx—y)ﬂ dydx)
= exp(fE‘Zaj/ \y|77(Lctj(cl/Bx+cl/By)
j=1 70

Ly, (VP2 — cl/ﬁy)) ‘adxcl/ﬁc—(w)/ﬁcam)

= E 6:cp(icHZath].)

j=1

where the last inequality follows from () Hence V is self-similar with

Hurst coefficient H = 1 + (Tlﬁ — % The stationarity of increments follows im-

mediately once we notice that Lyy(2) := LY, (2) = Ly(2) + L§*(2) for s,¢t > 0
and z € R and use Fubini theorem. O

4.10.2 The main body of proof

Proof of Theorem in the case 1 < 2. Recall that by assumption

(y) = Ly<orlyl ™ 292(y) + Loy lyl " 91(w),

with g; and g being eventually positive. We can always find some positive
constants K1, K5 such that g1(y) > 0 for y > K, ¢g2(y) > 0 for y < —K5 and

/ o(y)dy = 0. (4.10.10)
[—K2,K1]
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Thus, we may write ¢ = ¢, + ¢p with

ba = 11—k, 5, (7)

and ¢y := ¢ — ¢4. If we correspondingly split the functional GT in ()
into parts corresponding to ¢, and ¢y, respectively, then the part G7>% corres-
ponding to ¢, satisfies the assumptions of Theorem §.6.2 and comparing the
normalizations

Fp = gl(Tl/B)Tl-i-l/(aﬁ)—v/B (4.10.11)

and the normalization Fr_in the statement of Theorem , we conclude that
under normalization () the finite-dimensional distributions of GT** con-
verge weakly, and hence in probability, to 0. All this means that, without loss
of generality we may assume that ¢ = ¢y.

Take any ay,...,a, € Randty,...,t,, > 0. For GT as in () we have (after
a change of variables, using symmetry and the fact that (x;, z;) are points of a
Poisson random measure)

m

Eexp (z ]; ajGZ;)

:egcp<//E(eiZMT(w)—1—i1{|z|§1}zMT(x))1{|Z|ZT1/QB}|Z|_1_adzdx>,
R JR

(4.10.12)
where
=> q (91 (T"/%)~ / g1 (T Py)ly| ™7 (L, ( + y) — Ly, (x)) dy
J=1 0
—v2+v o0
TR ) [ 1) (L o - ) - Ly () ).
0
(4.10.13)
Denote

. T . i p—
fr(z,a) = (M) — 1 — i1, c32MT () |27 7 s po1/esy. (4.10.14)

In order to prove the theorem we have to show that

ZJE?)O/R/RE(]"T(Z,Q:))dzdx—AE‘iath_j(x)’adw, (4.10.15)

where
Zu(x) = /0 W™ (Le(z 4+ y) — Li(x)) ¢ > 0. (4.10.16)
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We can write M7 (z) = > | a; (Mgl(x) - MgQ(x)) with

j=1
o) Tl/By)

Mt = / 9T "Y), - L —L dy(4.10.1

t (‘T) T-1/8K, g(Tl/ﬁ) |y| ( t(‘r—'_y) t(x)) y?( 0 7)

—v2+v o0

M) = TTHR @ [ (i)

T71/5K2

X (Li(z — y) — Li(z))dy. (4.10.18)

We may only consider M7T°! since dealing with M2 is very similar because of
symmetry of the local time. In fact M 7?2 becomes of smaller order than M7t
as T — oo since 71 < 2. Moreover, we will assume that m = 1, a; = 1 and
t1 = t. Notice that

fr(z,z) < 1{‘Z|§1}Zl_a|MT($)|2 + 1{‘z‘>1}|z\_a|MT(x)| (4.10.19)

The following lemma will be instrumental to showing ()
Lemma 4.10.2. For any t > 0 there exists Ty > 0 such that

sup /E(MtT’l(x))zdx—i— sup /E|M75T1(x)|dx < 0. (4.10.20)
T>To JR T>To JR

Proof of Lemma . By the Holder inequality, inequality () and the
fact that (a + b)? < 2a® + 2b?, respectively we have

’ < | g1 (T By) . o\ 1/2 ?
IE(MTl(ﬂ?))2 < </0 W lyl (]E(Lt(:rer) *Lt(@) ) dy>
< a(Bf(z)+ Bj (2)). (4.10.21)

where ¢; is some constant independent of T and

B (x) = (/OOC ‘(mIyl‘“((lAIx+y|‘5‘1)(1/\IyIB‘l))%dy)
(4.10.22)

T Xl (TVPy) | a1 IRCTRY

Bf(z) = ( / o [ (AL Al ) dy>
(4.10.23)

Note that in both cases the quantities under the square power sign on the right-
hand sides of both (4.10.25) and (§.10.23) are bounded (uniformly in z € R)

by
AT = /OO
0

g1(T*By)

B—1
(1A T ) dy. 4.10.24
o1 (TP [~ (A ATyl = )dy (4.10.24)
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The integral in AT may be split onto two integrals over (0, 1) and (1, 00), which
we will be denoting AT and AZ, respectively. In AT we make a change of
variables to see that

T/ 8
2y, —B—1 B—1
AT =T @) [l R, (1025)
0

which converges to a constant by Theorem . Furthermore, using Theorem
2.8.¢, one gets

00 Tl/ﬁy)
AT = 9 .y 4.10.26
< cz/ ly| =7 Fedy (4.10.27)
1

for some € such that 73 — e > 1 for all T sufficiently large and some constant cy
independent of T'. Therefore, we may conclude that there is some finite Ty such
that
sup (AT + A?) < . (4.10.28)
T>T

Therefore, for some constant co, independent of T', we have

T < 91( -7 —p-1 B—1
Bl < o [ (B (nle+ o0 A )
o0 T/ By) 1
o < BT
BI@) < o [ B (kA )
so that

max (43{(@@,433@)@) < (AT)2/R(1A|:E|—#)dx. (4.10.29)

The proof that suprsg, [ E|MtTl(x)|dx < oo is virtually identical and we skip
it. O

Notice that the quantity under the integral sign in () converges pointwise
to

E:j / Tl (L (@ 4 ) — L, (2)dy.

This and Lemma in the Appendix, leads us to expect that the limit (up to
a multiplicative constant) of () is given by the characteristic function of

the corresponding finite-dimensional distribution of ) By Lemma
we may forget about the term 1y, >p-1/asy in () We would now like
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to show (assuming M7 (z) = M) that () holds. However, we have to
justify going with the limit under the integral. In order to do that we fix some

r > 0 and split M, as follows:

r 1/8
M) = [ e ) - L)y, (41030
and
o 1/8
v = Ww (Le(x +y) = L))y, (41031)

By Theorem , for r fixed and any € > 0 there exists some T finite such
that for all T' > Tp the integrand in (4.10.3i) may be bounded by

C3|y|_71+E‘Lt($ +y) — Lt(x)‘dy

for some finite constant c3. In view of inequality () we conclude that b
- 10.15)

dominated convergence we may go with the limit under the integral in (

if we substitute M7 with MtT L™+ Tt remains to prove that for any € > 0 there
exist some Tp, r > 0 such that

sup /JE(MT’L’”*(x))QdJ:—&— sup /]E|MT’1’T7(x)|dx<e. (4.10.32)
T>To JR T>To JR

Similarly as in the proof of Lemma , to show that () holds it suffices

to prove that (with no loss of generality we assume here that r € (0, 1)) for any
€ > 0 there exist some Ty, r > 0 such that

sup AT <, (4.10.33)
Z40
where
r Tl (T Py B2t
AT = /0 M ly ™ dy (4.10.34)
1 /8, .
B h(Tl/B)/ g1yl dy, (4.10.35)
0
with
ﬁﬂf%

h(w) = g1 (w)w
By Proposition , for any r > 0 fixed

1 T/ 8) -
| e

converges to a finite constant as T — co. Therefore, A7 may be written as
a product of two terms, on of which is bounded uniformly for all T" sufficiently
large and the other equal to

R(TYPr) g (TYPr) sei—2m
= r 3
WTVE) g (TYP)
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Since ¢; is slowly varying at infinity, the right-hand side of the above can be
made arbitrarily small for all "> Ty by choosing r sufficiently small and then
Ty sufficiently large. This proves () and finishes the proof of the whole
theorem.

O

4.11 Appendices

4.11.1 Properties of stable local limes

By pu(z) we denote the transition density of a symmetric 3-stable Lévy process.
In the whole appendix we assume S € (1,2). We use the fact that for any u > 0
and y € R, py(y) < pu(0). The transition density satsfies the following scaling

property:
pu(y) = uil/ﬁpl(ufl/ﬂy), u>0, yeR. (4.11.1)

We use II(n) to denote the set of permutations of the set {1,...,n} for n € N.
Finally, we set A% = {0 <y <...up, < 00}

The most important facts are given by the following lemma.

Lemma 4.11.1. Let (L ())t>0 be a local time at x € R of a symmetric 5-stable
process (denoted by &) with 5 € (1,2). Then for anyn € N and t > 0

E (Lf(z))n -

1 t ¢ . 8 8 8
n / . / / ezzzlef(unfunﬂ)lznl 6*(un717un72)|zn71| e wlal
(2m)™ Jo Upn_1 JR?
dzy...dz,duy ... du,. (4.11.2)

We also have
E(L)@) =
t ot t
n!/ / e / Dauyy—11yy—1(0) o oo Puy—iy (0)Doyy () Aty . .. duq, (4.11.3)
0 Uy Up—1
and

EL] (z1)... L (zn) = Y /A Pun—tin s (Tr, = Ty y) -
T

well(n)

e Dug—ruy Ty — Ty )Puy (Try ) Aty o dug. (4.11.4)
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The proof is very similar to the proof of [41, Lemma 1] and we skip it.

Corollary 4.11.2. From () and the fact that p,(z) < py(0) forxz € Ryu >
0, it follows that for every n € N the function

x E(Lf (:C))n
is bounded by ELY (0).

We will need a lemma about the asymptotic behavior of EL? (z) as |z| — occ.
The proof is straightforward so we skip it.

Lemma 4.11.3. For any t > 0 there exists a constant C depending only on t
and B such that
EL} (z) < C(1 A |z|7771).

Proof. By definition EL! (z) is bounded by ¢ for all € R. Recall that for all
sufficiently large x (in absolute value terms) we have

p1(z) < 61(1 A |z|717ﬂ),

for some constant ¢; (see [B3, Theorem 1.12]). Thus, we may write (using the
scaling property of the symmetric stable distribution)

/Ot pu(z)du

t\z|_ﬁ
— |I|ﬂ71/ p1 (=YY= gy
0

EL; (x)

) tlx| =P L .
< alzl? / ufb T Fdu
0

_ ﬁt2|z|7671.
2

Lemma , follows easily from Corollary .

Lemma 4.11.4. The following hold for any t > 0:

(i) for any positive p > 0
E|LY (z)|P < oo, (4.11.5)
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(i)
E|LY (x1) ... LY (z)] < o0 (4.11.6)

uniformly in x1,..., T, € R,

(iii) for any p € [1,00) we have
P
/]E‘Lf(a:)‘ da < oo, (4.11.7)
R

uniformly in x € R.

Proof. (i) and (ii) are easy consequences of Holder inequality and Corollary
1.11.2. (iii) follows from the fact that sup,cp LP(x) < t almost surely and that

/ EL? (z)dx = t.
R
O

Remark 4.11.5. For any a > 0 and z € R the process (Lft(z))tzo has the same
law as (01*1/5Lf(clz/ﬁ ))e>0 (see |44, Proposition 10.4.8]).

We also have the following lemma.

Lemma 4.11.6. For x € R, © # 0:

tla| =7

(pl(o)—pl(ull/ﬁ)) u% du. (4.11.8)

/Ot (Pu(0) —pu(2)) du = |$|5_1/0

Here p is the B-stable transition density. Putting

c= /000 (pl(()) —pl(ull/ﬂ))ul% du, (4.11.9)

which is finite (see [41]), and noticing that the first integral in () is bounded

by a constant c¢; depending only on t and B, we conclude that

t

/ (Pu(0) — pu()) du < ¢y A czfP~t, xz#£0. (4.11.10)

0
Lemma 4.11.7. Fora € (0,2), z € R and any R > 0 we have (see [19, equation
(2.42)]
. . du
c(a)|z|* = / (1 _ el Zmu1{|u|§R}) W7 (4.11.11)
R

where c(a) is a constant independent of x and R.
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4.11.2 Technical results related to regular variation

This section starts with a few technical results and consequences of the Assu p-
tion (A) in Section @ which will be needed to establish Pr0p081t10ns
and Theorem M in full generality. Notice that if in the Assumption ( the
process 7 is a symmetric

Throughout this section we let
Dy = Tf(TY5)™, (4.11.12)
_ z
Yr(z) = TF(ITYP) W(W)’ (4.11.13)

for T > 1 and z # 0. If not stated otherwise, we always assume that fR |o(y)|dy =

1, which implies that |$| is bounded by 1. Note that if ¥(z) = |z|?, then
Yr(z) = |2|? for all T > 0 and this means that all of the following lemmas
become trivial in this case.

Lemma 4.11.8. The characteristic exponent from Assumption (A) satisfies

lim ) (2) = |2|?, (4.11.14)
T— o0

for z #0.

Proof. After a change of variables we can write

_ -1 iuz | f(Tl/BU) —-1-8
Yr(2) = c(B) /R(l — "% izl <r1/6y) WM du, (4.11.15)
with ¢(8) as in Lemma . By the same lemma it only remains to justify
going with the limit under the integral sign. Fix some r € (0, 1) and write (using
the symmetry of f) ¥r(z) = ¥1-(2) + ¥4 (z) with

1/By,
Yi(z) = c(ﬂ)1/|u<r (1- werzuz)ff((j;l/ﬂ)) u 7 Pdu,  (4.11.16)

. /8
V2(z) = c(B)! /le (1—e™ + 1{u|§1}wz)=’m|u—1—@1111.17)

By [42, Theorem 10.5.6] and inequality |1 — e®* +iz| < 1/2|2]%, 2 € R, k()
can be bounded, for all T’ large enough, by ¢;(8)r?=?, where c;(3) is a finite
constant depending only on «. On the other hand, by [42, Theorem 10.5.5 and
Corollary 10.5.8], for any é > 0 there exists To > 1 such that for all T' > T} the
integrand in ¥2(z) can be bounded by ca|u|™?(1 + §)|u|®. Thus, by dominated
convergence, ) converges to

C(ﬂ)lfl | (1= €™ + Ly <ayiuz) [ul "~ Fdu. (4.11.18)
u|>r
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This and Lemma shows that for any § > 0 and z # 0 |[¢7(2) — |2|%| < §
for all T large enough. O

It is easy to see that Lemma implies the following.

Corollary 4.11.9. We have

. P(w)
3)1210 WP F(jw) 1, (4.11.19)

for some finite constant ¢1. This in turn means that v» € RVy(B) and, since we
can always write ¥(z) = |z|° Lo(2) with Lo slowly varying at 0, we have

Lo(T™!
fm 2T g (4.11.20)
Moreover, for any u > 0 and 0 € R we have
lim E(exp(i@T_l/BnDTu)> — e ulol? (4.11.21)
T—o0

Lemma 4.11.10. Let v be a Lévy exponent satisfying

/Oow(z)—ldz < 00, (4.11.22)
1

and

¥ € RV (B), Be(1,2). (4.11.23)

Then there exists finite Cy > 0 such that for any K > 0 there exists Ty > 1 such
that for any T > Ty we have

/ Yr(2)tdz < CoK' P, (4.11.24)
K

To prove the above lemma we will need the following consequence of [42, The-
orem 10.5.6].

Lemma 4.11.11. Let h: (0,00) — (0,00) be in RVy(B), with 8 € (1,2). Then
the function

w /1h(z)1dz, w e (0,1) (4.11.25)

is in RVp(1 — ) and

. f;h(z)_ldz_ 1
R TIE (4.11.26)
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Proof of Lemma . Changing variables we have

1 1
/ h(z)"'dz = / h(1/2) 'z 2dz (4.11.27)
w 1

and the function z + h(1/2)71272 is in RV (B — 2), so by Theorem the
function z — [;"h(1/2)7'27% is in RV (B — 1) and

. h()z) T e 1
1 = 4.11.2
oy ah(1l/z)~le—2 B—1’ ( 8)

which finishes the proof of the lemma. O

Proof of Lemma |4.11.1(. Notice that we can write

/: Yr(2) tdz = Ap(K) + Br(K), (4.11.29)
where

Ap(K) = ET/KIT—l//i Y(z) dz, (4.11.30)

Br(K) = Er /100¢(z)1dz, (4.11.31)

with By = TV/8=1f(T1/8). For T sufficiently large By (K) can be made arbit-
rarily small, irrespective of the value of K. By Lemma @.11.11)

: f[l(T—l/ﬁ P(z)"dz 1
Th—r)noo KT-VBy(KT-1/8)-1 — -1’ (4.11.32)

which means that for T sufficiently large

JT)

1-p
AT<K) SC(B7K)K LO(KT_l/B)a

(4.11.33)

where the fraction on the right-hand side of () converges to 1 as T — oo
by Corollary (where L is also defined) and ¢(8, K) is a finite positive
constant independent of T'. O

Lemma 4.11.12. There exists Ca(1),t) > 0 such that for any t > 0

t
sup / / et dadu < Co(,t). (4.11.34)
T>1Jo JR

Proof. This is an easy consequence of Lemma @#.11.10. O
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If we additionally assume (C) then we can rephrase Lemma to obtain
the following.

Lemma 4.11.13. Suppose that assumptions (A) and (C) are satisfied. Then
there exists a constant cg, independent of t and T such that for all T large
enough

t
/ /efuwT(w)dwdugcot‘s, (4.11.35)
0o Jr

forany0<d<1—1/8 and allt € (0,1).

Proof. Notice that, by Lemma

: Yw)
7})1310 WP F(jw) 1, (4.11.36)

for some finite constant c¢;. Thus, there exists €; > 0 such that

L )
2% = w11 /w)

for |w| < €;. We may write the left-hand side of () as Iy + Iy, with

< 2, (4.11.37)

t
L = / / e~ () duydu, (4.11.38)
0 J|wT-1Y8|>e
t
I — / / o~ (W) gos . (4.11.39)
0 JwT-1/8|<e;
(4.11.40)
Let us consider I; first. Since for any ¢t > 0 and > 0
1— —tx
’e < min(t,1/x),
x

we have that, in particular, for x € (0, 1)

—t
‘1_6 ’ <tmlﬁ—1

T

Therefore, for all T large enough,

1 -k
/|le/5|>51 (W) t"dw

1 )1—.‘{ 1
= _ TYBt5 duy < eot”
/|w>61 <DT¢)(’UJ)

for some constant ¢y independent of ¢ and T'. As for I, one can easily deduce
from () that for wT =8| < ¢

IN

L

1 T8 Jw
wr(w) > gl )
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Fix any e, > 0. An application of Karamata’s representation theorem (see for
example [42, Theorem 10.5.7]) yields the inequality

F(TVP w)

V) > cglw| ™ (4.11.41)

for all T large enough, |w| > 1 and |wT~#| < ¢, provided we choose ¢; small
enough. c3 is a positive constant independent of 7. Using all this we may write

t
_1 B—eg
I, < / /e zucics|w] dudw+t/ dw
1<|w|<T1/Pey JO Jw|<1

C4t1—(ﬁ—e2)71 + 2t

IN

provided we choose €5 small enough. Thus, we can take
§=1-(B—e)? (4.11.42)

and the proof is finished since 8 € (1, 2). O

Lemma 4.11.14. Assume that (A) and (D) hold. The for any t > 0,k > 0
and all T sufficiently large we have the following inequalities:

t K
/ / (1 A ‘1&‘ )e—uwT(Wdudw <1 (¥, B, ki, t)(TYP DL + T/,
rJo T1/8
(4.11.43)

Drt
// (1A|w|“)e*w<mdudwgc4(1p,ﬂ,m,t)(1+T*1/5*“/ﬁDT). (4.11.44)
RJO

In particular for k > (8 —1)/2

t w 2K
—ur () 1/8 p=1
/R/O (m}TW‘ )e () dudw < ey (0, B, 5, )TVEDTE. (4.11.45)

Furthermore

DTt
// e dudw < e3(1p, B,6) TP Dy, (4.11.46)
RJO

for some finite constants ¢y, co,c3 and cq independent of T .
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Pmoi. After a change of variables w’ = T 8w, v/ = u/ Dy, the left-hand side
!-11.4 ]

of ( ) can be written as
Dt
Tl/ﬁp;l/k/o (1 A |w\”)e—w<wdudw (4.11.47)
Drt
< Tl/ﬁD;1</ w(w)fldw—t—/ / |w|’””e*“w(w)dwdl&.)11.48)
lw|>1 lw|<1J0

The first integral in () is bounded by Assumption (A). We can bound
the second by

/ Dﬂw\”"dw—i—/ o]0 ()~ dw.
| <T-1/8 T-1/8 <Jw|<1

An application of Lemma gives inequality (|4.11.431) and |4.11.44l. In-
equality (| ) follows immediately once we make a change of variables and

use the fact that [, (1A |w]|?**)¢(w) " dw < co. The inequality (1.11.46) is just
Lemma after a change of variables. O




Chapter 5

Random walks in doubly
random scenery

5.1 Introduction

5.1.1 Motivation

In Chaper H we have mentioned and provided a particle picture interpretation
for the process () in the special case when v = 2. A natural question arises
as to how to obtain other members of the class Y, 5. Recall that in [20] the
scaling limit obtained by the authors also led only to Ya,E,Q' Thus, providing a
setting in which other processes of the form () arise seems natural. In the
present chapter we do exactly that, but in a more discrete framework, which is
an analogue to the particle system we have considered in Chapters  and f§. The
content of this chapter is based mainly on the publication [47] by the author of
the thesis.

5.1.2 Random walks in random scenery

Our model is based in the framework of random walks in random scenery models.
They were first considered in [22], where a number of limit theorems regarding
the scaling limits of these models were proved. The more specific context in
which we will be working was presented in [15]. The model considered therein
can be briefly sketched as follows. Assume that there is a user moving randomly
on the network (in this paper the network is just Z) who earns random rewards

115
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(governed by the random scenery) associated with the points in the network
that they visit. The quantity of interest is then the total amount of rewards
collected. To be more precise, assume that that the movement of the user is a
random walk on Z which after suitable scaling converges to the [-stable Lévy
process with 8 € (1,2]. Furthermore, let the random scenery be given by i.i.d.
random variables (§;);cz which belong to the normal domain of attraction of a
symmetric strictly stable distribution with index of stability o € (0,2]. Then
the random walk in random scenery is given by

n
Zn =Y s, (5.1.1)
k=1

where S = 2?21 X}, is the random walk determining the movement of the
user. If we consider a large number of independent random walkers moving
in independent random sceneries, then the scaling limit in the corresponding
functional limit theorem (see [15, Theorem 1.2]) leads to the process ()

5.1.3 The limit process

By [20, Proposition 3.2] the process Y, By is H-sssi with Hurst coefficient H =

B/7+ (1 — B)/a. Here we use J instead of 8 so as not to confuse it with the
notation we have adopted for this thesis. Similarly as in the proof of [35, (3.10)]

we can show that for 3 € (0, 1

(Yaﬁﬁ(t))tzo 4 Cg(/Q/XRS,Y(Lt(%w’),w’)dZa(w’,a:)) , (5.1.2)

t>0

where ¢z is a constant depending only on B, (L¢(z))e>0 is the local time of a
symmetric S-stable Lévy motion defined independent of the process S, (both

defined on (', F',P')), 8= (1 —B)~! and Z, is a symmetric a-stable random
measure on (', R) with control measure P’ ® A;.

5.2 Description of the model and the main result

Imagine that each x € Z is associated with a reward (or punishment) given
by &, which takes integer values. Now imagine a random walker moving on
7Z independently of the rewards and starting at 0. Let S, = X1 + ... Xy,
k = 1,2,..., denote the consecutive partial sums of the random walk with
X1, Xo,... being i.i.d.. Before the movement the walker generates a sequence
Y1,Ys, ... of i.i.d. random variables which are independent of the £,’s and his
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movement. Now, any time the walker visits a point x he gets a reward (or
receives punishment) given by Yj x &,, where k is number of times that the
walker has already stayed at x (including the current visit). One can think of
Y} as per visit weights that do not depend on the location of the visit (z), but
only on the number of times we have visited the current location in the past.
We will refer to the sequence (Yj) as temporal scenery. Thus the amount by
which a potential reward is being multiplied depends only on the number of the
visits. The total reward/punishment at time n in this scheme is given by

Nn(x)
S (Y v (5.2.1)
TEL k=1
where .
No(2) = 1{s,-a} (5.2.2)
k=1

denotes the number of visits to the point # € Z up to time n € N.

The specific context in which our model is investigated is an extension of the
one presented in [15, Section 1.2] and goes as follows. Let (S,,)n>0 be a random
walk on Z such that for some positive sequence (ay),>1 we have

1
— 5 = Zp, (5.2.3)
where Zg has symmetric 8-stable distribution 1 < 3 < 2. In particular, this
choice of 8 implies that the random walk is recurrent. If we define
Ny(x) := Nigj(x) + (5 = [s])(Ng41(2) — Nigy(2)), 20, zeZ,

then for any a < b and s > 0 the distribution of the random variable

1
T (a,b) == — Z Nys(2),
" z:a<n—1/Bxr<b

converges to the distribution of

b
/ L8 (y)dy,

where for any y € R, (LZ(y))s>0 is the jointly continuous version of the local
time of a symmetric 8 stable Lévy process (see [22, Section 2]).

In the most general setting (ay, )n>1 is regularly varying at infinity with exponent
B. We will assume more, i.e., that (S,,) is in the normal domain of attraction of
Zg and take a,, = n'/8. Let & = (&,)zez be a family of i.i.d. random variables
such that

1 n
e > &= Za, (5.2.4)
x=0
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where Z, is a symmetric a-stable random variable with a € (0,2). What is
different from the model considered in [15] is that we introduce more randomness
to the model with an i.i.d. sequence (Y;,),>1 such that

1 n
HX:Yj = 7, (5.2.5)
j=1

where Z, has a symmetric -stable distribution with oo <« < 2. In the original
formulation of [[15] all the Y},’s are equal to one. For technical reasons we will
also assume that there exist x > 1 such that

ar

i+...+Y,

supE RYE

keN

(5.2.6)

Note that (M) and (M) hold trivially for Y} ~-stable and ax < 7. The
above condition can be viewed as a restriction on the distribution of Y;. A
sufficient condition for () to hold is given in the lemma below. We denote
the characteristic function of Y7 by ¢.

Lemma 5.2.1. Assume that () holds and « > 1. Then (5.2.9) is satisfied

Z'f oo /
/ %d& < o0 (5.2.7)

for some r > 0 and there is a finite constant K such that |¢'(0)| < K|0]7=1 for
0 in some neighbourhood of zero.

The base for our study is the behaviour of the process

N[t] (I

)
Z(t) == ZZ ( > Yk>§m, t>0. (5.2.8)

We also define the rescaled version of () by

Dn(t) :=7r;'Z(nt), n>1,i>1,t>0, (5.2.9)
with 7, = nt/7+1/(aB)=1/(v6)
We are interested in the scaling limit in which we consider the aggregate beha-

viour of a large number of independent walkers with independent strategies and
having independent environments from which they collect the rewards. More

precisely, consider an i.i.d. sequence of processes ((Dg)(t))tzo)zl, n > 1, each
distributed as () and define for t > 0
I N
— (2) >
Gn(t) : oz Z;D" ), n>1, (5.2.10)

where ¢, is any sequence of positive integers converging to +o0o. Now we may
state our result concerning the scaling limit of the above process.
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Theorem 5.2.2. For any 0 < o < v < 2 the process (Gn(t))i>0 defined
by () converges (up to a multiplicative constant) as n — co, in the sense
of finite-dimensional distributions, to the process given by ()

5.3 Proof of Lemma 5.2.1

Take any k > 1 such that ax < . In the proof ci,cs, ... will denote constants
independent of k and #. Since the random variable Y7 is symmetric we may
write (using in [B1, Lemma 1.3])

Yi+...+Y,
mk(OéK/) ]E‘lkl/'y

aR oo 4/ 79
= 01/ =) gy (5.3.1)
0 gor
for some constant ¢; which depends only on « and k. Here ¢; denotes the
characteristic function of (1/kY/7)(Y1+...Y3). Since Y; in the domain of normal
attraction of Z, we conclude (see [[L§] for proofs) that the function

60— 1—¢(0) (5.3.2)
is regularly varying at 0 with exponent v and in particular

lim 71 — #(0)

fim e = e (5.3.3)

with a finite positive constant co depending only on 7. my(ak) can be bounded

by
o0 /
c1 / 165 (6)] do (5.3.4)
0 gom
which, using ¢ () = (qﬁ(kl%))k and changing variables, equals
< |¢'(0)|(1 — (1 — ¢(6)))" "
Cl/ |¢( >|( ( (b( ))) klf(om)/'ydo. (5.3.5)
0 Qom
Fix ¢ > 0 such that
1-9(0) > e8],
6/ ()] < el

for |§] < c and some positive constants c3, c4. The integral in () can
be written as I1 + Iy, where I; and I are integrals over (0,¢) and (¢, 00)
respectively. First, notice that

c y—1 1— Y\k—1
L §c5/ o ea(f"o‘ S ey (5.3.6)
0
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Since for z close to zero 1 — z ~ exp(—z), I; is no bigger than

cG/ 071 exp(—(k — 1)07) kL= (@x)/7dp. (5.3.7)
0

Changing variables § = (k — 1)~/7¢" and using the fact that

oo
/ 97—1—am6—/thetuf"d0 < 0,
0

we conclude that lim sup,,_, ., [1 < co. The fact that for any ¢ > 0, I5 is bounded
uniformly in k € N follows directly from the assumptions of Lemma p.2.1l.

5.4 Proof of Theorem 5.2.2

For clarity we divide the proof of Theorem m into a number of lemmas. Ba-
sically, we prove the convergence of finite-dimensional distributions by showing
the convergence of appropriate characteristic functions. First we will state them
and then proceed to their proofs. In order to simplify the notation we put

N, (z)
No(z):= ) Y, (5.4.1)
j=1

for n € N and = € Z. Since we are going to work a lot with the characteristic
function of & we introduce the following notation. Let

Au) = E(exp(iuép)), uw€eR (5.4.2)

and
AMu) = exp(—|ul®), u€eR. (5.4.3)

Assume that 61,...,0; € R, t1,...,t; € [0,00) for k > 1. We want to show the
convergence of the characteristic function of Z?zl 8;G(t;) to the corresponding
characteristic function of the process given by the right-hand side of (@)

The first lemma in this section removes the first layer of randomness in our
scheme and expresses the characteristic function in question solely in terms of
the random walk and the sequence (Y%)r>1. The proof amounts to conditioning
on (X;) and (Y;) and we skip it.

Lemma 5.4.1. For the setting as in Section @

N[ntj] (T)

k k Cn
E(exp (i) 0;Gn(t;) ] ) = (]E(HA(C;UM;Z@]. > Ym))> :
j=1 j=1 m=1

TEZ
(5.4.4)
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The second lemma says that in the limit only the asymptotic behaviour of A
near zero matters.

Lemma 5.4.2. For each v € Z, k > 1, 0 < t; < ... <t and 8§; € R,
j=1,...,k

k k
E <Cn( I Meeory? Z 0; Nint,) () — ey Vot 9jﬁ[mj]($))>>

TEZL j=1
(5.4.5)
converges to 0 as n — oo.
The third lemma is the backbone of the whole proof.
Lemma 5.4.3. Let
k N[ntj](w) @
B, = Z ot Zaj Y| , n>1. (5.4.6)
x €L j=1 m=1
Then,
k (0%
lim E(B,) = ¢()E /]R ;an(Ltj (x))| dz |, (5.4.7)
and
E(exp(—c,'B,)) =1 — ¢, 'e(a)E(B,) + o(c; ). (5.4.8)

Here c(a) is a constant depending only on «.

It is evident that given the lemmas above, Theorem follows immediately
(see the proof of [15, Theorem 1.2]). Lemma p.4.1] expresses the characteristic
function of 2%_, 0,G,,(t;) in terms of the random walk and the random variables
(Y5). Lemmasays that we can assume that the scenery has symmetric a-
stable distribution. Finally, Lemma p.4.3 establishes the convergence of finite

dimensional distributions to the finite dimensional distributions of the right-
hand side of .

First, however, we will show that the random variables B,,, n € N introduced in
the formulation of Lemma p.4.3 are uniformly integrable. We do this by showing
that E|B,|" is bounded uniformly in n € N for some x > 1.

Lemma 5.4.4. Assume that () holds for some 1 < k < v/(y — ). Then,
for every t > 0 there is a constant C, independent of n € N (possibly depending
on k), such that we have

E(B) < C. (5.4.9)
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Proof of Lemma . It is enough to prove the lemma with £k =1 and 6; = 1.
Fix n e Nand t > 0. Let x1,..., 2z, be the points in the range of the random
walk up to time [nt] taken in the increasing order with respect to Np,(x;). We
can write

1 a a
B, = pury <|Y1 +... JrYN[m](Il)‘ +...+ |Y1 + ... JFYN[M](JCS,,L)| ) - (5.4.10)

n

Notice that by Jensen’s inequality, for any x > 1 we have

By <1 R (Vi Y| 4 Y+ Yoy ™
(5.4.11)
where Ry, = >, s 1w, (z)20} for m € N. Since the sequence (Y;,)nen and the
random walk are independent, by conditioning on the random walk, we get

ak

Yi+... 4+

B(BY) < ryreswpEl

= n
keN

(R[m] Ningy(£1) ™ + -+ + Ninyg (x)*) (5.4.12)

We now claim that

Riny)

r R | Ry Z Ny (2) > (5.4.13)

is bounded uniformly in n € N for all x > 1 sufficiently close to 0. Recall that

> wez Nma(x) = [nt]. Using Hélder inequality with p = - and ¢ = VJM we
see that () is no bigger than

y—ak

_W]E<R”nt]l<zl{N[m](m)#o}) ’ [nt}%)

TEZ

(—a)w

= r;"‘%E(RW]W )[nt}T"

IN

pore (E(R[nﬂ)> T Ny @) T (5.4.14)

= e (atan) T,

where the inequality in () follows from Holder inequality as long as k <

W_ia. By [22, Lemma 1], E(Rpny) < cint] 1/8 for some constant ¢; depending
only on 3. We thus conclude that () can be bounded by

(Y

crilnt] 7 [nt] S nT S TETAE (5.4.15)

B

which is bounded uniformly in n € N. O
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Proof of Lemma 525 The proof presented here is very similar to the proof of
Lemma 3.5 in [15]. Let

k
Un(x) =1t Zejﬁ[mj](x), neN,zeZ. (5.4.16)
j=1

Using inequality (41) in [[15]

[T Ao Un(@)) = TT Men/Unla))

TEZ €L

<y \A(cgl/aUn(x)) - X(cgl/aUn(x))‘ . (5.4.17)
TEZL

Therefore () can be bounded by

cnE (Z P\(CT_Ll/aUn(x)) — )\(cgl/aUn(a?))D . (5.4.18)

T€EZ

Define g(v) = |v|=¥|A(v) — A(v)|, for v # 0 and g(0) = 0. Recall that, by
assumption, ~
Au) = Alu) + o(ful),

as u — 0. Then g is bounded and continuous. With this notation (p.4.1§)
equals

E (Z |Un(x)|°‘g(cn1/”‘Un(a:))> . (5.4.19)
TEZ

Fix any € > 0 and choose § > 0 such that |z| < § implies |g(z)] < e. Then,
() can be bounded by

E(S 1Un(@)*) + gl E(S U (@)L /o0 1) (5.4.20)
TEZL xEZL

which in turn is bounded by

B( S I0@F ) + lollo B D0 @ s, esenin ) 6420

TE€Z TEZ

Since, by Lemma the sequence of random variables (3, ., |Un(2)|*)nen
is uniformly integrable, the first summand in (p.4.21]) is bounded by € times a
constant independent of n € N and the second converges to 0 as n — co. The
choice of € was arbitrary and hence the proof is finished. O

Proof of Lemma , First, we are going to show that (5.4.1) holds. Without
losing generality we may assume that 0 < t; < ... < t. For convenience we
also put tg = 0.
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We can rewrite E(B,,) as

N 1/
(1) [t ([anc])
/R E‘(& +.0k)Z (N[ntl]([anzn)( ! )

+(03 + ... 0) ZP (Njnsy) ([ana]) — Nine, ([ana]))
% (N[TLtz] ([anx]) - N[nt1] ([anx]) ) el

na;l

4.+
+9kZ(k) (N[ntk] ([anx]) - N[ntk—ﬂ ([anx]))
% (N[ntz]([anx]) - N[ntl]([a”x]))l/’y “

— dx
nan

)

where ZW(+),..., Z®)(-) are i.i.d. copies of the sequence

1

Z(O)(m) - ml/

(Yi+...Y), meN, (5.4.22)

which are independent of the random walk (S,,) (we put Z)(0) = 0 for con-
venience). By Skorochod representation theorem we may assume that for j =
1,...,k, Z(j)(m) converges almost surely to ZU), which has symmetric y-stable
distribution and the random variables Z(/) are independent. Let

N n])\ Y/
Cn = / (01 +..0) 2 x (M> ' (5.4.23)
R nan
Nn2 anT _an AT 1/
(0 +...0,) 2@ x ( nta)([an]) Nt ([ ]))
nan

+...+
+9kZ(k) X (N[”tk]([anl']) — N[”tk_l]([anx}))l/’y a

naﬁl

We are going to show that E(B,,) — E(C,,) converges to 0 as n — co. For that
we will need the inequalities:

la® — b%| < ala —b[(a® ' + b)), a > 1,a,b >0, (5.4.24)

and

l[a® = b < |a—b]*0<a<1ab>0. (5.4.25)
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Assume first that o > 1. Put

Nnt anT 1/y
A = ‘(91+...0k)z<”(N[ntlmanw]))([nfl(_[l”)

+(02 + ... 00) Z® (Njney) ([an]) — Ningy) ([ana]))
g (N[nm]([anx]) — Nipty)([an]) ) 1/

naﬁl

o+
+61Z*) (Nt ([an]) = Ning 1 ([ana]))
% (N[nta]([anx]) - N[ntl]([anx}))l/w

—1
nan

9

and

Nn n 1/
B = ‘(91+...0k)z(1)x<[t1](£cix])> ~

nan

+(O2+ ... 9k)Z<2) X (N[mz]([anx]) _ i\[[”tl]([a"x]))l/7

Nan,

+..+

+9kZ(k) % (N[ntk]([anx]) - ]\i[ntkfl]([anz]))l/’y .

Nay

Then by (5.4.24) and Hélder inquality
E[A® — B*| < oE(|A— B|(A* '+ B*™"))

< Oé(ElA— Bla)l/a((]EAa)(a—l)/a + (EBQ)(a—l)/a>

By triangle inequality

k
A=B| < > [6+...+ 0k (Z(J) (Nntj1([an®]) = Npng, 1 ([anz])) — Zm)
j=1
Nt — Nt Al
(Pl Pl oo
nay,
Notice that by () the sequence of random variables
Yi+...Y,
(‘ nl/v )@1 (5:4.27)

is uniformly integrable and hence, by conditioning on the random walk and
using triangle inequality once again (now for the a-norm of a random variable),
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we conclude that

k
(E|A — B|*)"* Z 6] (5.4.28)

x (E’ f(N[mj]([anx]) - N[mj_l]([anx])) (5.4.29)

a) 1/((15.4.30)

where f : NU {0} — R, is a bounded function such that lim,, . f(m) = 0.
To be more precise,

X (N["tj]([a”m]) — ]\I[ntj_l]([anfﬂ]) ) /v

Nnan

f(m) :=E|ZD(m) — 2.
Using (5.2.6)) again one can easily notice that both EA® and EB® can be

bounded by
l n AnT /
ClE(i[ tel(lan ])) (5431)

naﬁl

for some finite constant ¢; independent of n. Thus, to show that [E(B,,)—E(C,)|
goes to zero as n — oo it remains to prove that for any j =1,...,k

/R <]E <f(N[mj]([a”x]) Nint, 1 ([ana]))”
(N[ntj]([ﬂlnﬂ) - N[ntjl]([anm])>a/,y)> 1o

X

na;l

Nn o w Ot/ (Oé*l)/a
x(E([ M) ) W) da (5.4.32)

naﬁ1

converges to 0 as n — oo. The integrand in () is bounded by the function

Nint((anz]) \ ¥/
x> @IE(M) ) (5.4.33)

NGy

for some constant ¢y independent of n. It follows from the proof of Lemma 6
n [22] (see also Section é) that for any K >0 and ¢t >0

N’I’L AnT a/
/ (%{‘”) e (5.4.34)
lz|>K nan

converges in distribution to
/ Ly () da (5.4.35)
|z|>K

were (L;(z))i>0,er is a jointly continuous version of local time of a symmetric
B-stable Lévy process. By [15, Lemma 3.3] the convergence holds also in L!(€2).
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Since the expected value of () converges to 0 as K — oo (see [15, Lemma
2.1]), we see that by choosing K large enough,

N’Vl anT a/
/ E(W) " dr (5.4.36)
|z|>K

Nan

can be made arbitrarily small for all n large enough. Thus it remains to show
that for any K > 0

/lafISK (E(f(N[ntj]([anx]) - N[ntj_l]([anx]))a
Nint,1([ana]) = Nine, ) ([ana]) y /vy \ e
x( [nt;] [nt;_1) ) / ))

na;1

Nn - o/ (a—1)/c
X@(W) ”) da (5.4.37)

na;l

converges to zero as n — oco. This is relatively easy and we will only sketch the
idea. Fix any r > 0 and j = 1,..., k. The integral in () can be written as
a sum of two integrals I, Is depending on whether

Nntj anpxT]) Nntj, Qpn T

nan

is greater than r or not. In the first case, taking n sufficiently large, the integrand
can be bounded by an arbitrarily small constant (in this case Nint;)(lana)) —
Nint; _1)(lanz]) must be large since na,;! — oo). In the second case we simply
bound the integrand by

1/ (w)w-“/ ? (5.4.39)

na;1

and the corresponding integral (again by [15, Lemma 3.3]) can be bounded from
above by a constant independent of n times ¢!/7. Choosing r small in the first
place gives us what was needed. The case 0 < a < 1 is very similar and we skip
the proof.

Now, by the stability and independence of ZW) ... Z(®) E(C,) is equal to

oo <]E‘|91 + Ok Nipy () (5.4.40)

TE€EL
+|02 +... 9k|7(N[nt2] (.23) — N[ntl](xD

+...+
a/y
+|0k|’y(N[ntk](I) - N[ntkfl](x)) >E(|Y1|a)
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By Lemmas 3.2 and 3.3 in [15], () converges as n — 00, to

k
S 05+ 40k = 1041+ ..+ 0k Ly, (2)] da, (5.4.41)
j=1

IS

which finishes th
en(1 —exp(—c,;,*

proof of () Now let us turn to () Define f,(x) :=

e
(2))) for x € R,n € N. Then, () is equivalent to

lim Ef,(B,) = EB. (5.4.42)
n—oo
We can write, for 6 > 0
Ef.(B,) = ]E(fn(Bn)l{‘Bnbci}) +E(fn(Bn)1{|Bn|§cm) (5.4.43)

I+ E(cn (1= (1= Bufen+ 0((Bn/cn)2)))1{Bn|<ci}>7

where (using | f, ()| < |z| for all z € R and n € N)
[L(2)] <E(|Ballgs, >e3) - (5.4.44)

which converges to 0 as n — oo by the uniform integrability of (B,)n>1. Us-
ing this, and taking § < % we see that (again by the uniform integrability of

(Bn)n1) (.4.43) holds, 0
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