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Chapter 1

Introduction

The book [of Nature| is written in the mathematical language, (...)
Galileo, 1610

This famous statement, quoted after Kline (1990), is often rephrased as Mathematics is the
language of Science. 1 like to think about Mathematical Statistics in a similar vein — as the
language of Experimental Science. Whether it is sociological research, drug development or
search for elemental particles, results are established by analysing data based on principals
of Mathematical Statistics. This language, or at least its basics, are understood by the
whole scientific community and its development, together with a precise formulation of
its limitations, is one of many ways in which Mathematics can contribute to the better

understanding of the world around us.

As many languages do, Mathematical Statistics has its dialects, by which I mean different
approaches to performing statistical inference. Among the most important there are two
— classical and Bayesian. They differ in the treatment of the parameter, which guides the
probabilistic mechanism in which data is assumed to be generated. In classical statistics
this parameter is consider to be unknown, but fixed by Nature, whereas Bayesian paradigm
assigns to it a probability distribution called the prior distribution, which is then updated to

the posterior distribution. It is a basis for further inference, like the predictive distribution.

The posterior distribution is obtained by the usage of the Bayes Theorem. Even since high

school the students should be familiar with its discrete form:

_ P(A[B)P(B)
P = (4] B,)P(B;) )

Thomas Bayes (1702-1761) established a related formula in a special case. He stated and
solved the following problem. ‘Given the number of times in which an unknown event has
happened and failed: Required the chance that the probability of its happening in a single
trial lies somewhere between any two degrees of probability that can be named’. This

comes from his posthumously published paper An essay towards solving a problem in the



Doctrine of Chances (Bayes, 1763). In a modern, Bayesian language we could translate
it in a following way: compute the posterior probability of the parameter of the Bernoulli
distribution given an independent sample from that distribution. The prior distribution is
implicitly assumed to be uniform on [0,1]. Hence he solved the continuous form of (1.1)
in this case, as Fienberg et al. (2006) points out. The Bayesian approach is therefore
appropriate nomenclature, since Bayes was the first to apply this form of reasoning to this
class of problems. It was put on a solid mathematical footing by Pierre Simon Laplace
(1749-1827).

The classical theory of statistics started with the works of Ronald Fisher (1890-1962).
By introducing the notion of a parameter, Fisher revolutionised the way the scientific
world thought about inferring from the data. At the time, Bayesian inference was not
an appropriate tool as it was applicable to a very restricted modelling situations in which
the computation of the posterior distribution is doable. This changed with the advent
of high-performance computer hardware and sophisticated Markov Chain Monte Carlo
methods, that allow to approximately sample from the posterior distribution. The latter
were theoretically known to the statisticians since the 1970’s, but they started to use them

when it could be carried out on personal computers (Hjort et al., 2010).

This computational breakthrough also gave the incentive for the development of nonpara-
metric Bayes. The term nonparametric is a bit misleading, as the parameter space is still
present. This time though it is infinite-dimensional, contrary to the traditional, Bayesian
setting. Examples of such parameter spaces include function spaces or spaces of spaces of
probability distributions. The beginning of this non-parametric chapter in the Bayesian his-
tory is often identified with two seminal papers: Ferguson (1973) and Doksum (1974). The
latter introduces neutral-to-the-right processes and the former describes a true celebrity in
the non-parametric Bayesian world, namely the Dirichlet process. It is a random measure
such that its finite dimensional distributions follow the Dirichlet distribution. Soon after
this, Antoniak (1974) suggested how to use this construction to create a model where data

does not necessarily come from a discrete distribution.

As easily anticipated, with great parameter space come great challenges and difficulties.
Rather quickly after admitting infinitely dimensional spaces into the Bayesian world come
examples in which the Bayesian inference does not behave as desired. Standard Bayesian
procedures can be proved to be consistent, i.e. as the amount of information produced
by a specific parameter value increases, the posterior distribution gets concentrated on
this parameter value. One of the fundamental results in this regard for finite-dimensional
parameter space is Doob’s theorem, where the consistency is established using the theory
of martingales. It is not always the case with the non-parametric methods. First coun-
terexamples in infinitely dimensional spaces were given in Diaconis and Freedman (1986a)
and Diaconis and Freedman (1986b).

These examples of inconsistency were rather theoretically involved and did not relate to
any situation that could be encountered by a practitioner. However, since that time math-

ematicians constructed examples of non-parametric Bayesian inconsistency in situations



much closer to the hearts of a practice-oriented statisticians. One of them is presented in
Miller and Harrison (2014) and concerns the inconsistency of the posterior for the number
of clusters in non-parameteric Bayesian Mixture Models. These are introduced in more
detail in Section 1.2, for now let us just mention that those models can be used for the
inference about the clustering structure and in the aforementioned article the authors show
a large class of situations in which the posterior probability of the number of clusters does
not concentrate on the number of clusters in the mixture, from which the data was sampled
from (Miller and Harrison, 2014, Corollary 1).

The practitioners often need some of summaries of the posterior distribution. In the need
of a specific estimate of a parameter, the Bayesians turn to the decision theory, according
to which they should choose the parameter value that minimises the posterior expected
value of the risk function; the latter is chosen by the investigator. If the 0-1 loss function
is chosen and the parameter space is discrete, the Bayes estimator is simply the mode
of the posterior distribution, also called the maximum a posteriori probability estimator
(MAP). This approach can be fruitfully applied even when the posterior probability is not
continuous (in which case in general the MAP estimator is not a Bayesian estimator). One
of the most prominent examples is the LASSO method for choosing the right coefficients
in linear regression (Tibshirani, 1996); this estimator can be treated as the MAP estimator

when the prior on the linear coefficients is the Laplace distribution.

In the discussion to their article, Miller and Harrison point out that the behaviour of
the MAP (or other Bayesian) estimator is outside the scope of their analysis. This was
the starting point of my research, aimed at investigation of the properties of this MAP
clustering. In the course of my research I slightly altered the question — instead of the
consistency analysis of the MAP estimator for the number of clusters I begun to investi-
gate the number of clusters of the MAP estimator for the whole clustering structure, i.e.
partition of data insto clusters. There were two reasons for that: firstly it seemed more
computationally tractable and secondly it felt at least as important from the practitioner’s
point of view, since in the end of most of the cluster analysis examples we are interested in
the clustering itself, not only the true number of groups. I believe that the results obtained
in that research contribute, even if in a very restricted setting, to the better understanding
of the properties of Bayesian Nonparametric methods for cluster analysis and hopefully

they constitute an e-brick to the pile of mathematical statistics.

1.1 Organisation of the Dissertation

In the remaining part of Chapter 1 we introduce the main mathematical notions, necessary
for the rest of the dissertation, such as Bayesian Mixture Models (BMMs), the conjugate
exponential model within clusters, the Maximum A Posteriori clustering. Chapter 2 con-
sists of two important sections. In Section 2.1 we prove that in the conjugate exponential
BMM the clusters of the MAP partition must be separated by the contour surfaces of linear

functionals of the sufficient statistics. In other words, if we use the sufficients statistics



instead of the original data, the clusters become linearly separated, i.e. their convex hulls
are disjoint. In this sense the clusters in the MAP partition can be thought as being defined
by a decent partition of the observation space (where ‘being defined’ means that the data
placed in the same chunk of the observation space are clustered together and ‘decent‘ means
that the chunks are counterimages of convex polytopes under the sufficient statistic). Of
course, the partition of the observation space that defines the MAP clustering can change
as the number of observations increases. Nevertheless it seems interesting to analyse the
posterior probability of clusterings that are defined by a fixed partition of the observation
space (we call such clusterings induced clusterings). In Section 2.2 we derive the formula
for the asymptotic limit (up to a constant) of the logarithm of the posterior probability
of an induced partition in conjugate exponential BMM, when the data is an independent
sample from some probability distribution P, called the input distribution. Interestingly,
the limit does not depend on the prior probability on mixture weights, provided the latter
has a full support on an infinitely dimensional simplex. The aforementioned asymptotic
limit is a function of the partition of the observation space — we call it the Ap function
(depending also on the specification of the exponential conjugate model), since it is a differ-
ence of two functions that increase their values whenever two chunks of the partitions are
merged. The maximisation of this function represents a trade-off between two tendencies:
fine partitions adjust well to the data but at the same time they are penalized by the prior.
A natural idea there is that the MAP clusterings of the independent sample from P are
related to the partitions of the observation space that maximise the Ap function. This
line of research was pursued in Rajkowski (2019), where the positive result was proved for
a very specific example of an conjugate exponential BMM, namely the fixed covariance
Gaussian BMM (we later call a Normal-Normal BMM). These findings are presented in
details in Chapter 3. The fixed covariance model clearly imposes severe limitations on
the covariance structure within clusters, rarely met in the real world situations. Models
that differences between the covariance structures of the clusters should perform better
when clusters do have different covariance structures. We attempt to deal with this in the
Normal-Inverse-Wishart model, where we put a prior probability (Inverse-Wishart) on the
within cluster covariance structure as well. At the same time, we observed some undesired
behaviour of the Ap function for this model. For example when the input distribution is
uniform on a segment, in which case every partition into subsegments gives the same Ap
score. This is why in Chapter 4 an adjusted Normal-Inverse-Wishart model is considered,
where the concentration parameter of the prior on the covariance structure is increasing
linearly with the number of observations. It turns out that with this model, we can rewrite
some of the results from Chapter 3. Finally, in this case as a limit we obtain a family of
Ap functions that depend on the linear coefficient in the concentration parameter. We can
translate this Ap functions to their empirical counterparts and hence obtain a convenient
family of score function the measure the performance of data clustering. This can be used
for scoring candidates for partitions proposed by some more ad-hoc methods, like the k-
means. This approach is investigated in numerical simulations, presented towards the end
of Chapter 4.



1.2 General Framework for BMMs

In this section we introduce the main object of our analysis, which is the Bayesian Mixture
Model. Before stating the precise definition, we give an informal introduction. A mizture of
probability distributions is their convex combination, e.g. $A(0,1)+3iN(—1,1)+ 2N (1,1)
is a mixture of three normal distributions. In mizture models we assume that the data
comes from an unknown mixture of distributions. The uncertainty is twofold: we do not
know neither the mixture frequencies nor the component distributions. However, usually
we assume that the latter come from some parametrised family of distributions, but we do
not know the underlying parameters. The approach of this dissertation is Bayesian. We
put a prior distribution both on the mixture frequencies (which is a probability distribution
on the multi-dimensional simplex) and independent and identical priors on the parameters
of the component distribution. Below we show a simple example of a Bayesian Mixture
Model, which is a modification of the mixture of three normal distributions stated earlier

that accounts for the uncertainty. Here Dir(-) means the Dirichlet distribution.

p = (p1,p2,p3) ~ Dir(1,1,1)
0 = (61,05,05) < N(0,10) (1.2)
z= (21, 2) | 2,0 pIN(01,1) + paN (02, 1) + paN (05, 1).

It is probably a good moment to point out some notational convention. A careful (and,
perhaps, a little pedantic) reader would note that the first two lines of (1.2) do not specify
the joint distribution of p, @, only their marginal distributions. However it is popular in
Bayesian literature to implicitly assume that the distribution of every new variable is spec-
ified conditionally on the variables previously introduced and if some of those are omitted
in the description, this simply implies a relevant conditional independence statement. In

case of (1.2) we implicitly assume that p and 6 are independent.

We are now ready to state the formal definition of the Bayesian Mixture Model in full
generality. Let ©® C RP be the parameter space for a single cluster distributions and
{Gy: 6 € ©} be a family of probability measures on the observation space R? and assume
that Gy has a density gy with respect to the Lebesgue measure. Those are the component
measures, responsible for randomness within clusters. Consider a prior distribution 19 on
O (we will call it the base measure, defining how the parameters of the components are
spread). Let 7 be a prior probability distribution on the m-dimensional simplex A™ =
{p=(p)"y: >~ pi=1and p; >0 for i <m} (where m € NU {oo}). The observations
z1,..., 2, € R are modelled by

p=@)Z, ~ 7
0 iid

(07, X 0 (1.3)
= (21,....2,)|p,0 C " Gy,

This is a Bayesian Mizture Model. If m < oo we call the model finite, otherwise it is

(obviously) infinite. In this dissertation we concentrate on the infinite case.



The focus of this dissertation is applying Bayesian Mixture Models to detect clusters within
data. Indeed, formula (1.3) can be used to model data clustering; clusters are defined by
deciding which distribution Gy, generated a given data point. To avoid confusion in the
cluster assignment, from now on we assume that the base measure is nonatomic. In order

to formally define the clusters, we need to rewrite (1.3) as

m iid
:(ei)izl ~ U

iid m
¢: (¢177¢n)|p79 ~ Zi:lpi66i
zi|p, 0,0 ~ Gy foralli<n.

p:(pi)?Q ~ T
0

(1.4)

Then two observations with indices 7,7 < n are in the same cluster if and only if ¢; =
¢;j. In this way the distribution 7 on the m-dimensional simplex generates a probability
distribution Py, on the partitions of the index set {1,...,n} into at most m subsets. We
will use the notation [n] := {1,...,n}, which is a popular convention in the literature.
Note that the distribution of ¢ is invariant to permutation of coordinates which implies
that for any partition Z of [n] the probability weight P ,(Z) depends only on the block
sizes of Z. Following Pitman (2002, Section 2.1) we call such distributions on the space of

partitions of [n] exchangeable.

Let Prn be the exchangeable probability distribution on the space of partitions of [n],
generated by m. We can formulate (1.3) as follows: firstly we generate the partition of
observations into clusters, and then for each cluster we sample actual observations from
the relevant marginal distribution on the data. To formalise this description succinctly, we
introduce some additional notation. If @ = (z;)_; is a sequence and I C [n], then x; =
(x;)ier 18 a subsequence of x consisting of the terms at coordinates belonging to I. The
distribution Gy (k € N) is the marginal distribution of the k-tuple whose coordinates are,
conditionally on 6 ~ 9, independently and identically distributed by Gy. More specifically,
for ~ 9,k € Nand w = (uy,...,ug) |0 id G, we denote by Gy j, the marginal distribution
of w. Its density is given by

k
9ok (ur, ..., ug) ::/@ggg(ui)dﬁ(ﬁ). (1.5)

Now, (1.3) is equivalent to

I ~ Pﬂ',n
Ty = ([Bi)ie[ ‘I ~ Gﬁ,|1| forall I €T

We stress the fact that the (implicitly) independent sampling on ‘the lowest’ level of (1.6)
relates to the independence between clusters (conditioned on the random partition); within
one cluster the observations are (marginally) dependent. Using the within cluster condi-

tional independence, we can write the density of  conditionally on Z:

gg,n(w |I) = H glg’|1|(a:1). (1.7)
Iel
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Finally, for further convenience, let

Q(x,Z) = Prpn(T) - gon(xz|Z) (1.8)

be the joint density of the partition and the observation. By Bayes rule, the expression in
(1.8) is also proportional to the posterior probability P ,(Z |x) of the partition Z given

the observation x.

The expression in Formula (1.8) is proportional to the posterior distribution on the space
of partitions. Therefore, the maximiser of this expression gives the Maximum A Posteriori

clustering and this is what we use as an estimator of the clustering structure.

Such a simplification does lead to loss of information, so does any point summary of the

posterior distribution.

Definition 1.1. The Mazimum A Posteriori (MAP) partition of [n] given © = (z1,x2,...,zy)
in a given Bayesian Mixture Model of the form (1.6) is any partition Z of [n] that max-
imises Q(x,Z) given by (1.8). In other words, the set of the MAP partitions is given by
argmaxy Q(x, 7).

As far as the applications are concerned, it may seem more convenient to speak about
the MAP partition of the data set {x1,...,z,}, not the set of indices [n]. However, the
transition from the latter to the former is straightforward, and with our formulation (1.6)

of the Bayesian Mixture Model the definition above is more appropriate.

1.3 The stick-breaking construction

In this dissertation we are concerned about the situation in which the number of mixture
components is not bounded a priori. This is implied by the assumption that the distribution
7 of the components’ probability weights has a full support on the infinitely dimensional
simplex A®. One of the most popular constructions of such probability distributions is
the stick-breaking construction. It requires a sequence of independent random variables
Vi € (0,1), i € N that serve as the stick-breaking proportions. For the first probability
p1 we break the segment [0, 1] in proportion V; : (1 — V1) and take the left part. For the
second probability we take the remaining part and break it in proportion V5 : (1 — V3) and
take the left part, and so on. Formally this relationship is described by

p1 = Vi,

k-1 (1.9)
pk:VkH(l—Vi) for k > 1,
i=1

and we let m be the distribution of p = (p1,p2,...). Note that for this definition to be

valid, we need to ensure that Y ;o p; = 1. Since

k

k
> pi=1-J[0-w) (1.10)

i=1

11



a.s.

the condition > 7, p; 1 is equivalent to

D log(1-V;) = —oc. (1.11)
i=1
A prominent example of random variables Vi, Vs, ... that satisfy (1.11) is a family of

independent random variables such that
Vi ~ Beta(l — 8, + i) for some aw > 0 and 0 < 5 < 1. (1.12)

The proof that (1.11) is satisfied in this case is straightforward, but rather technical and
hence often omitted in the literature. For the completeness of this dissertation we include

it in the Appendix, see Lemma A.1 for details.

With (1.12), the distribution of the random measure > .-, p;dp,, where 6; | p i 1, is the cel-
ebrated Pitman-Yor process (Pitman and Yor, 1997), which is a generalisation of the even
more celebrated Dirichlet Process (Ferguson, 1973) — the latter being obtained by taking
B =01in (1.11). The idea of the Dirichlet Process and the proof of its existence is consid-
ered the beginning of the Bayesian Nonparametrics and hence it seems only appropriate

to devote a whole subsection for explaining the fundamentals of these notions.

1.3.1 The Dirichlet and the Pitman-Yor processes

The definition of the Dirichlet Process given in Ferguson (1973) is rather abstract. The
Dirichlet Process on X’ with parameters o > 0 (real number) and v (a probability distribu-
tion on X) is defined as a probability measure on the space of all probability distributions
on X such that if H is a random probability on X that is distributed according to this
measure then for any finite measurable partition (Aj,...,Ax) of X, the random vector
(H(A1),...,H(Ay)) has the Dirichlet distribution with parameters av(A1), ..., av(Ay).
The existence of such random measure can be established by an application of the Kol-
mogorov extension theorem, which is not completely straightforward and requires attention
to some measure-theoretical details; see Hjort et al. (2010, Chapter 2.2). If H is distributed

according to the Dirichlet Process with parameters o and v, we write H ~ DP(«, v).

Much more constructive proof of existence was given by Blackwell et al. (1973), where

the Dirichlet Process is obtained using the Generalised Polya Urn Scheme. The scheme

works as follows: firstly we sample X7 ~ v and then we let X, 11| X1,... X, ~ alg’jn,

where v, = av + Y ;" 0x, (0 being the Dirac measure concentrated at x; note that

a + n is the normalising constant of v,,). In Blackwell et al. (1973), the Dirichlet Process

is proved to be the distribution of the almost sure limit in distribution of alj:n. Also a
iid

reverse statement is shown: if H ~ DP(«,v) and Xi,..., X, |H ~ H, then X; ~ v and

X1 | X1, . X ~ aljfn. This nice conditional structure of independent samples from a

realisation of the Dirichlet Process makes various Markov Chain Monte Carlo algorithms

efficient, which enables an inference from this conceptually complicated model — this is one

of the reasons of its popularity.

12



Sethuraman (1994) formally proved that the distribution of a random measure y .=, p;dy,,
where p; are defined by (1.9) and (1.12) with 8 = 0 and 6; S ¥, is the Dirichlet Process

with parameters o and . Hence (1.4) can be rewritten as

H ~ DP(a,9)

iid
zi|p,0,¢ ~ Gy  independently for all i < n.

This is the Dirichlet Process mizture model, introduced by Antoniak (1974). The result of
Blackwell et al. (1973) allows us to specify the induced probability Py, on the space of
partitions of [n]. This is so called Chinese Restaurant Process, the name coined in Aldous
(1985). The construction goes as follows: imagine that elements of [n] are the clients
waiting in front of a Chinese Restaurant, in which there is potentially infinitely many
tables. Customer 1 chooses any table she wants. Customer 2 chooses another table with

probability proportional to a or joins Customer 1 with probability proportional to 1; thus

.

a+1
empty table with probability proportional to « or joins a nonempty table with probability

those probabilities are and a%rl respectively. In general, the n-th customer chooses an
proportional to the number of other customers sitting there. This description is readily

transformed into the following probability function on the space of all partitions of [n]:

7
Prn(T) = Zln) [Tz -y, (1.14)
IeT
where o™ = a(a+1)...(a+n—1). The Chinese Restaurant Process can be generalised
in the following way: the n-th customer chooses a table used by n; > 0 customers with
probability proportional to n; — 8 and she chooses the new table with probability propor-
tional to a + K, where K is the number of already occupied tables. This translates to

the following probability weights of partitions of [n]:

T
Pra(T) = O‘(;('/)ﬁ) [Ta-mi, (1.15)
IeT
where o(®”® = a(a +d)...(a + (n — 1)d). In the seminal paper by Pitman and Yor
(1997) it was proved that (1.15) corresponds to the stick-breaking construction with ‘stick-
breaking proportions’ given by (1.12). A nice and elementary proof of this relationship can
be also found in Lawless and Arbel (2019).

1.4 Conjugate exponential families

In Section 1.3 we dealt with the possible prior distribution on the mixture weights in
Bayesian Mixture Models. In this section we briefly present a natural and computationally
convenient candidates for distributions v and Gy (the base and the component measures),

namely conjugate exponential families.

We start with a short reminder of the exponential families. This fundamental class of

statistical models was developed independently by Darmois (1935), Koopman (1936) and

13



Pitman (1936) (a genealogical note: the last one being the father of Jim Pitman, respon-
sible, together with Mihael Perman and Marc Yor, for the Pitman—Yor process, described
in Section 1.3.1). Let X C R? be the observation space and let © C R? be the parameter
space. A family of distributions {Gy: 6 € O} on X is called p-dimensional exponential fam-
ily if for every 6 the probability Gy has the following density with respect to the Lebesgue

go(w) = h(@) - exp {T() n(6) - BO) } (1.16)

where T: X — RP is a p-dimensional statistic (called natural sufficient statistic) and
h: X - R B:©® — R and n: © — RP are some functions. Here we treat elements of
R*, k =1,2,... as column vectors and for v € R¥ by v' we denote its transpose, so that
T(x)"n() in (1.16) is simply the standard scalar product of T'(x) and n(6) in RP. Clearly
B in (1.16) is implicitly defined as

B(0) = log/X h(z) - exp {T(x)Tn(G)} dz (1.17)

so that (1.16) is indeed a density function and integrates to 1.

If we let the model be indexed by n = n(f) rather than § we obtain the canonical p-
parameter exponential family generated by T and h, in which the density of G% = Gy is
given by

gy(@) = h(@) - exp {T(x) 0~ A(m) } , (1.18)
where

A(n) = log/X h(x) - exp {T(m)Tn} dz (1.19)

is called the log-partition function. In this case the set
E={neRl:A(n) <} (1.20)

is called the natural parameter space. If the natural parameter space is a nonempty open
subset of RP, we say that the canonical exponential family is regular. Moreover we will use
the term regular for an exponential family {gs: 6 € O} (where gy is given by (1.16)) when
the corresponding canonical form is regular and 6: ©® — £ is a bijection. We point out a
minor abuse of notation, as 6 and 7 are treated both as parameters and transformations
between parameter spaces. This convention is standard in the literature and rarely leads

to misunderstandings.

The following result is a standard property of exponential families.

Theorem 1.2 (parts (a) and (b) of Theorem 1.6.3 in Bickel and Doksum (2015)). Con-
sider a canonical exponential family, where the densities are given by (1.18), with the

corresponding log-partition function A(n) and the natural parameter space £. Then

(a) € is a conver set,

(b) A: £ = R is a convex function.
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Note that we can treat (1.19) as a definition of a function on RP with values in R =
R U {—00,00}. In this way A remains a convex function in the sense presented in Rock-
afellar (1970) (Section 4). Assuming the terminology from Rockafellar (1970), the natural
parameter space (defined by (1.20)) becomes an essential domain of the log-partition func-
tion A.

In this dissertation we will usually rely on the strict convexity of the log-partition function
A. Another standard result in the theory of exponential families is that the strict convexity
is implied by the identifiability of the canonical parameter, i.e. the fact that different
canonical parameters define different distributions (Bickel and Doksum, 2015, Theorem
1.6.4).

Now we introduce a conjugate exponential family, i.e. an exponential family of distributions
such that if we consider a Bayesian model in which the prior distribution on the parameter 6
comes from this family and the likelihood is given by (1.16), then the posterior distribution
0| x also belongs to this family.

Suppose that in (1.16) we can write B(f) as B(f) = a' B(f) where a € R? and B(#) =
[B1(6),...,B4(0)]". Consider a canonical exponential family on ©, where the densities are

given by
Vrc(0) = () - exp {[U(H)T’ ~B(9)'] H —C(r, C)} : (1.21)

where 7 € RP and ¢ € R? are the hyperparameters and C(7, ¢) is the log-partition function,

C(r,¢) := log ( /@ B(0) - exp {[n(e)T, “B(6)"] H }d@) (1.22)

Let Q be the natural (hyper)parameter space, i.e.

given by

Q:={(1,¢) e RP x R?: C(7,() < o0} (1.23)

(we assume that it is non-empty). It follows that if 6 ~ 1), where ¥ has density 7, ¢, for
some (19,¢o) € Q and © = (z1,...,x%) |0 Py go then the joint density of (6, x) is

o+ X i)

k
Yro.6o (0) i];[lge(wi) = ¥(0) H h(z;) - exp {[W(Q)T7 ~B(6)'] iy

=1

- C(TO,CO)}-
(1.24)

The conditional density of 0 | « is proportional to (1.24) as a function of §. Comparing this
with (1.21) we see that 0 |x ~ 7, ¢, where 7, := 79 + Ele T(xz;) and (i := (o + ka, i.e.

o+ Y0 Tas)

T T
0|m~¢(9)'exp{[77(9) ,—B(0) ] Co + ka

k
- C(To + T(x:), 60+ ka) } :
i=1
(1.25)
As the marginal density of @ is the quotient of the joint density of (8, ) and the conditional
density of 0|, by dividing (1.24) by (1.25) we get that
k

x ~ gor(@) =[] 1) - exp {C(7a, &) — Cl70, o)} (1.26)

i=1
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Note 1.3. This definitions of conjugate exponential family is the multi-dimensional ana-
logue of the definition usually given in standard texts, e.g. Bickel and Doksum, Section
1.6.5, which corresponds to the definition above with ¢ = 1 and a = 1. The multi-

dimensional version is needed in Section 1.4.1 to deal with multivariate normal models.

Convexity assumption. From Theorem 1.2 it follows that the function a'B(6(n)) =

B(6(n)) = A(n) is a convex function on &. In Section 2.2 we will assume that also
for any (79, (o) € Q the function COTB(H(n)) is a convex function on £. (1.27)

We call this assumption a convezity assumption; it is satisfied by all multivariate conjugate
Normal models presented in Section 1.4.1. Moreover, when ¢ = a = 1, the convexity
assumption is equivalent to o > 0. When v (0) is a constant, this inequality follows from
the definition of 2. This implication is proved in Diaconis and Ylvisaker, 1979, Theorem
1.

Definition 1.4. Canonical Exponential Family Bayesian Mixture Model is a Bayesian
Mixture Model in which the component density is given by (1.16) and the base density is
(1.21) for some (79, (o) € Q.

1.4.1 Example: Conjugate Normal Families

As an example of conjugate exponential family that is commonly used in practice (in the
context of mixture models) we consider Normal Conjugate Families in which the component
distributions Gy are multivariate Normal. This corresponds to the data being normally
distributed within clusters, which is a rather standard assumption. The cluster location,
i.e. the mean of respective normal distribution, is also assumed to be normally distributed.
Here we consider three possibilities concerning the covariance structure within clusters: it
can be treated as known, unknown or known up to a scaling factor. If it is known, it is
treated as the hyperparameter of the model, and hence the parameter space © is just the
space of possible component means, which is R%, and ¢ is some fixed multivariate Normal
distribution. When the component covariance is unknown, the parameter space becomes
the product of R? (for mean locations) and the space of d-dimensional positive definite
matrices Si (for covariance structures). The marginal distribution of the covariance pa-
rameter is the Inverse-Wishart distribution. In the case when the components covariance
structure is known up to the scale factor, the marginal distribution of this factor is sim-
ply the Inverse-Gamma distribution. Since some of the results of this dissertation relate

specifically to the Normal mixture model, here we present in detail relevant formulas.

Notation. We use two standard notations to denote the determinant of a square matrix
A: det A and |A|. The latter may seem ambiguous as we also use the symbol | - | to denote
the cardinality of a set and absolute value of a real number. However, the meaning of this

symbol is always clear from the context.
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Notation. To keep the notation precise, we introduce the following convention: if ¥ is a
symmetric d x d matrix, then diag(X) is the diagonal of X, treated as d-dimensional vector,

and low () is the ‘lower triangular’ part of X, treated as a @ dimensional vector, whose

(% + j)—th coordinate is equal to (i, j)-th coefficient of 3, where ¢ > j. Whenever
this notation occurs it may seem artificial but without it it is difficult to represent relevant

models in the form of exponential families, given by (1.16).

Normal-Normal (NN)

Here the component covariance matrix is assumed to be known a priori; the component
mean is unknown and this is the parameter on which the prior distribution is set, i.e.

0=p,®=R%and z|p~ N(u, o), where g is known. The base measure is
po~ N(po, Vo). (1.28)

The hyperparameters are g € R? and ¥g, ¥ € Si. This prior is listed in Gelman et al.

(2013) and it is a rather standard example of a conjugate Bayesian family. Clearly
E(V(|u) =0, VE@|p)=V() =10 (1.29)

where V(+) is the (conditional) covariance matrix. The conditional densities are given by

wlp ~ (2m) RS0 P exp { 5w — 1) S5 (@ — )} (1.30)
po~ (2m) 2| T2 exp { =5 (1 — o) g (1 — po) }
The density of = |6 can be expressed as (1.16) by placing
1
h(z) = (2m) %220 72 exp {—2 TEglx} , T(x) =g 2, n(0) = pu,
X (1.31)
B(O) =5 et

We get the density of p in (1.30) expressed as (1.21) by placing

. -1 13 T i !
o |00 | g |adialent)) i) g )
low (2, 7) low(pp') low(¥g ")
and
—d/2 1 L Tg-1
B(0) = (2m) ™2, C(ro, o) = 5 log [Wo| + S0 W ho. (1.33)

Plugging (1.33) into (1.26) we get that the marginal density of @ = (z1,...,z) in the

Normal-Normal model is given by

2 L 1.34
(27 )dR/2 [ W [172] 5| 25/2 exp { — 5 ()}, (1.34)

gNNE(T) =

where

U = (W' + k27! and (1.35)
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k
W(x) = (i — o) S (i — o) — K ( — po) S5 " iS5 (T — o), (1.36)
i=1
in which Z is the standard notation for the mean vector % Zle x;. The detailed derivation
of (1.34) from (1.26) can be found in Appendix A.1.1.

Regularity. The regularity of the Normal-Normal model is straightforward. It is already
in its canonical form, and the parameter space © = R? clearly satisfies the definition (1.20)

of the natural parameter space.

Convexity assumption. The proof that the convexity assumption (1.27) is satisfied for
the Normal-Normal model is simple. Let us analyse (1.32). The function a'B(6(n)) is
convex on & since it is the log partition function. This is true for any g € Sﬁ‘f_. It is now

clear that the function CQTB(H(n)) is convex as well, which follows from taking Yo = ¥y.

Normal-Inverse-Wishart (NIW)

In this case both the mean and the covariance matrix are unknown. The parameter space
is therefore equal to © = R x Si, where Si is the space of all positive definite, d x d
matrices, that can serve as convariance structures. This can be naturally interpreted as an
open subset of RP, where p = @ +d. For 0 = (u, A) € O the component distribution
is |0 ~ N(u,A) and the base measure ¥ on (u, A) is defined by the following conditional

structure
A~ W_l(l/o +d+1, VOED)

WA~ N(o, Ao, (137)

where W™ is the Inverse-Wishart distribution. Here the hyperparameters are rg, vy >
0, uo € R? and ¥y € S¢. This model is also listed in Gelman et al. (2013) with a
slightly different parametrisation of the Inverse-Wishart distribution, but we made this

modification to obtain

E(V(z|pA) =EA =5,

V(E(z|p,A) =V(w)=EV(u|A)+ VE (u|A) =EA/ro + V() = Zo/ko, (1.38)

which is consistent with the Normal-Normal model, described earlier. It is also worth

pointing out that the variance of the (7, j)-th conditional covariance is

(1/0 + 2)0% + 1004

Var(V(z | p, A)ij) = Var(Aqj) = (vo+1)(v0—2)

(1.39)

where 0;; are the coefficients of ¥y (for detailed derivation see e.g. Press (2005)). Hence it
is clear that vy can be treated as ‘concentration parameter’ and the larger it is, the more

the random covariance structure of the clusters is concentrated around Xg.
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The conditional densities are given by

A~ (2m) A 2 exp { =L@ — p) A (2 — 1))

_ d/2 _ _
pIA ~ (2m) 202 AT 2 exp { = o — o) AT (1 — o) } (1.40)
y votd+l -1 vo+2d+2
A () () AT e (- Jue(SoA )

The density of x | # can be expressed as (1.16) by placing

—Zdiag(za") diag(A~1)
h(z) = 2n)~ 42, T(z)=| —low(zz") |, 7(0) = |low(A™Y) |,
. ATy (1.41)
1 L+
B(#) = 5 log |A| + S A™
2 2
where I'y is the multivariate Gamma function given by
d(d—1) a1 7
Tg(z) =n 7 1:[0 r (3; - 2) . (1.42)

We get (1.21) by placing

1
a= [1] , B(9) =

and

—2diag(voXo + Kotopo')
s T0 — —IOW(I/()E() + li(),u,[)u()—r)

Koo

3 log |A]

st ATy

vy +2d+3
) C(]:
Ro

(1.43)

1 by 1
() = (2m)" Y% Cr0,¢0) = —glogﬁo _wtd+ log 1020l +logTy (1/0—|—d—|—) '

2 2d 2
(1.44)
By an application of (1.26) we get that in this case the marginal density of x = (x1,...,xx)
is given by
d/2 v +d+1
‘V020|(V0+d+1)/2,‘€0 Fd(ik 5 ) —(vi+d+1)/2
N 1wk(E) = k2 5 /2T (0t - det <E(w)) ’ (1.45)
where I'y is the multivariate Gamma function and
vp,=19+k, kp =ko+k and (1.46)
b Kok
S(x) = vo¥o + Y _(z; — ) (2 —F) + %k(f — o) (T — o) (1.47)
i=1

This formula can be quickly deduced from Murphy (2007, eq. 266). We also give a detailed
derivation of (1.45) from (1.26) in Appendix A.1.2.
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Regularity. Clearly, n: © — RU4+3)/2 i an injective function. We now show that
n(©) = £. Suppose that ny € &, i.e.

Jew {5 ml" a3t - | <o, (1.48)

where the d-dimensional vector pg and dxd symmetric matrix Ag are defined by the equality
no = [diag(Ag hr, low(Aqy hr, Ay Yuo™]". Tt is enough to show that Ag (equivalently, Ay byis
positive definite. Suppose the contrary, i.e. that there exist v € R? such that UTAglv <0.
Let D = v+ N B(0%,1) and let T = {av + Apw: a € R,w € D} be an infinite cylinder.
Then, for any u € T, u = av + Agw:

u Agtu = (av + Agw) Ayt (av + Agw) = a?0" Agtv + 2av"w + w" Agw < ||Ag]|, (1.49)

since vT Aty < 0, vTw = 0 and w' Agw < |lw| - [|[Aow|| < ||Ag||. Tt follows that for the
infinite cylinder po + 7', the value of the function under the integral in (1.48) is bounded
from below by exp{—21||Ao||}. This clearly contradicts (1.48) and the regularity follows.

Convexity assumption. By Theorem 1.2 the function B(6(n)) = a"B(6(n)) is a convex
function of 1. This does not imply (1.27) in a straightforward way. However, fix any ¢t > 0
and suppose that the component distribution is 2|6 ~ N(p,tA). Then in (1.41) the
formula for B(f) becomes B'(0) = dlggt + Jlog|A| + £p" A7y and we can leave the
formula for 7n(#) untouched by applying a relevant modification of T'(x), i.e. T'(z) =

T(z)/t. Again by Theorem 1.2, the function B'((n)) is convex, and hence the function
n > Hog ()| + &a(n) Awn) " aln) is convex (since
that [1,1/t]B(6(n)) is a convex function. As the choice of ¢ > 0 was arbitrary, we get
(1.27).

% is a constant). This implies

Normal-Inverse-Gamma (NIG)

Note that although the Normal-Inverse-Wishart prior gives more flexibility in terms of the
component covariances, it imposes some modelling restriction, namely the component co-
variance matrix A and the covariance matrix of the component mean A/kg are proportional
random matrices. This is the reason for which here we also consider the Normal-Inverse-
Gamma prior. We were not able to find any reference to it in the literature. It is not listed
in Gelman et al. (2013) and in Murphy (2007, Chapter 6) only its 1-dimensional version is
considered (which can be also treated as a one-dimensional version of the Normal-Inverse-
Wishart model). It only allows a 1-parameter variation of the covariance function, but no
restrictions are imposed on the within-group means, unlike the Normal-Inverse-Wishart

prior.

In Normal-Inverse-Gamma model we assume that the base covariance matrix and the
component covariance matrix are known up to some scaling factor A ~ G71 (8 + 1, Boyo).

Hence the parameter is # = (u, ), the parameter space is © = R? x R, the component
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distributions are x|, A ~ N (p, AXo) and the base measure on (i, \) is defined by the

following conditional structure:

A~ GYBo+ 1, Bov)

1.50
wIN ~ Ao, ATy) 150

Here the hyperparameters are 8y, > 0, po € R% and ¥g, g € Sf,ir. With this prior

E(V(z|pA) =EASg =0,

(1.51)
V(E (z]p,A) = V() =EV(u|A)+ VE(p|A) =EAXV + V(o) = 10¥o.
The conditional densities are given by
Tl A~ (2m) S| AA 2 exp { - & )TE_l( — 1)}
WA~ @r) NN  exp {— (= o) W =)} (152
A~ (Bov0)P T (Bo + 1) 7IAT 0T exp {—Byyo/A}
The density of = |6 can be expressed as (1.16) by placing
—1aTyg! 1/
h(x) = (2m) 8ol V2, Ty = | 200 T ne) = [ / :
Yo @ /A (1.53)

d 1 _
B(6) = 5 log A + 5,1['—20 L/

We get (1.21) by placing

d/2 log A Bo +2
a= |diag(X,)|, B(f) = tdiag(pp" /A, G = diag(¥;h) |, 70= [—30’70 - §M0 " o
low (X5 1) low (pp' )/ low(¥y 1) Vo'
(1.54)
and

$(6) = (e, Cm, o) = ~(50 + 1) log(Boro) + log T (By + 1) + 5 log [ W] (1.55)

Plugging this into (1.26) we get that the marginal distribution of & = (z1,...,xy) is given
by
(B070)*° [ |/°T (o)

_ . B(am) 1.56
IGHE) = (o) 2| PSP T ) ) 2

where Wy, is defined by (1.35),
ar = Po+1+kd/2 and (1.57)

1< 1
B(x) = Boyo + 5 Z(SEl — E)Txal(ﬂfi -+ 5(5 — /Lo)TkEk(f — o) (1.58)
i=1
where

Er = (S0 + ko)t =0 0t (1.59)

(the second equality in (1.59) is easily established by investigating its inverse). The detailed
derivation of (1.56) from (1.26) can be found in Appendix A.1.3.
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Regularity. Following the lines of the proof of regularity for the Normal-Inverse-Wishart
model, in this case the proof boils down to establishing that if g is a positive-definite

matrix then the condition
L Ty,
exp (x—p) By (x —p) pde < oo (1.60)
¥ 2\

implies that A > 0, which is straightforward.

Convexity assumption. By Theorem 1.2 the function aTB(G(n)) is convex for any
choice of d € N and positive definite matrix ¥g. For any fixed By > 0 and positive
definite matrix ¥ we can deduce the convexity of COTB(G(n)) by considering d = 2 and
Yo = (6o + 2)Vy.

As a final point we note that Normal-Inverse-Gamma prior is a generalisation of the Normal

prior in the sense that (1.50) becomes (1.28) for 79 = 1 and Sy — oo.
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Chapter 2

Geometry of MAP clustering and

induced partitions

In this chapter we are concerned about two issues — the geometric properties of the MAP
clustering (Section 2.1) and the approximation to the posterior score (1.8) when the data
clustering is defined by a partition of the observation space and the data itself is and inde-
pendently identically distributed sample with a given input distribution. This is explained

in detail in Section 2.2.

In Section 2.1 we present the first important result of this dissertation, about the separation
of clusters in the MAP partition. In Rajkowski (2019, Proposition 1) it was proved that
for the Gaussian fixed covariance BMM model (with the Chinese Restaurant prior on the
space of partitions), the convex hulls of the clusters in the MAP partition are disjoint. In
other words, every two clusters are separated by a hyperplane or linear affine subspace.
Theorem 2.3 generalises that result to the conjugate exponential BMMs and shows how
the separability property of clusters relates to the sufficient statistic 7'(z) in the conjugate
exponential family. More precisely, in the general case the separation surfaces are the

contour lines of linear functionals of the sufficient statistic.

This separation result for the clusters of the MAP partition implies, loosely speaking, that
the MAP clusters are contained within some decent ‘chunks’ of the observation space.
This motivates us to ‘reverse the optics’ and consider clusterings (that we call induced)
of the data that are defined by an a’priori fixed partition A of the observation space. We
derive an asymptotic limit of the logarithm of the posterior probability (up to a norming
constant) of such induced clusterings, when the data are sampled independently from some
given probability P (we call it the input probability). The result clearly depends on A and
P. The limit is denoted by A/}/‘ (A), where M represents the conjugate exponential family
used to build the model. The limit does not depend on the exact specification of the prior
distribution 7 on the component probabilities (cf. (1.3)), provided that 7 has a full support

on the infinitely dimensional simplex A®°.
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2.1 Geometry of the MAP clustering

We start this section by defining what we mean by T-linear separation of clusters.

Definition 2.1. Let Z be a family of subsets of R and £ a family of real functions
on R?. We say that Z is separated by L if for every A,B € Z, A # B, there exists
Lap € L such that Ly g(x) > 0 and Lap(y) < 0 for all z € A,y € B. Moreover,
if L= {a'T(x)+b:a c RP,b € R} for some function T: R¢ — RP, we say that Z is

T-linearly separated. If T'(x) = x, we use the term linear separability for short.

Note 2.2. If a family Z of subsets of R is linearly separable, then every pair of elements
of Z is separated (in standard, geometric sense) by a hyperplane. Similarly, if T'(z) =
[diag(zz"), low(x2"), z] and Z is T-linearly separable then every pair of elements of Z is
separated (in geometric sense) by a quadratic surface. Hence, in this case we also use the

term quadratic separability.

————
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(a) This family is linearly (b) This family is quadrat- (¢) This family is not
separable. ically separable. It is not quadratically separable.

linearly separable.

Figure 2.1: Illustration of the different types of separability. The family Z in each picture consists
of four sets: stars, sqares, triangles and circles (distinguished also by color).

Notation. For the notational convenience we will use the separability notions also with
respect to the pairs of subsets or sequences of R%. For example, if 1, ...,2, € R and I, J
are disjoint subsets of [n] then the expression x is linearly separated from xj means that

the family {{z;: i € I},{z;: j € J}} is linearly separated.

Theorem 2.3. Let z1,...,2, € R? be pairwise distinct and let 7 be the MAP partition of
x1,...,Ty in the conjugate exponential Bayesian Mizture Model, described in Section 1.4,
where the hyperparameter is identifiable. Then the family {x: I € f} is T-linearly sepa-

rable.

Theorem 2.3 is a consequence of Lemma 2.4 and Lemma 2.5, which we state and prove
below. A somewhat imprecise description of Lemma 2.4 is the following: it states that in
order to prove the L-separability property of the MAP clustering it is sufficient to show

that for any two clusters of known sizes, if we allow a ‘data exchange’ (that preserves
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the sizes) between these two clusters, the sum of inputs of the resulting clusters to the
log-posterior score is maximised if they are L-separated. Lemma 2.5 shows that linear

separability occurs naturally in some general convex maximisation problem.

Lemma 2.4. Let £ be a family of real functions on R%. Let x1,... 2, € R and let T
be the MAP partition for x1,...,x, in some Bayesian Mizture Model, given by (1.6). For
UC [n] and0 < k < |U| let jk,u be any subset of U of size k that mazimises log gy (1) +
log gg,1(Ty\1), where | = |U| — k and gy is given by (1.5). In other words let

fk,u € argmax (logg,m(.’m) + loggﬁ7l(wu\1)). (2.1)
Icu:|I|=k
If ford C [n], 0 < k < |U| and any choice offkyu the sets of observations xj  —and TN
are separated by L then the whole family {xr: I € f} is separated by L (where I is MAP
partition of [n]).

Proof. Firstly note that by the definition of the MAP partition, using (1.8) and (1.7)

N

7€  argmax (10g Prn(Z) + Z log g§,|[|($1)>. (2.2)
partitions Z of [n] TeT

Suppose that the assumptions of Lemma 2.4 hold. Suppose that 7 is not separated by L.
Then there exist f, J € T such that x; and x; are not separated by L. Let U = TuJ
and k = |I|. Let I = Iy and J = U \ I. Moreover let Z be a partition of [n] obtained by
replacing I,.J by I,J,i.e. T="T\{I,J}U{I,J}. Note that Py ,(Z) = Pr.n(Z) (we have
[I| = |I] and |J| = |J|, so we use the exchangeability of Py ,). Moreover x; and x; are

not separated by L so by the assumptions of Lemma 2.4

I ¢ argmax (log gy (@) + log go (T 1)) (2.3)
ICU:| =k

and hence, by the definition of T

log gy x(xf) + log fi(x 7) > log go x(x;) + log fi(x ;). (2.4)
This means that
log Pr () + Z log gy (1) > log Prn(Z) + Z log gy, (1), (2.5)
IeT Iel
which contradicts the definition of Z and the proof follows. O

Lemma 2.5. Let V C RP be a convex set. Let f: V — R be a strictly concave function
and z1, ..., 241 € RP be pairwise distinct. If Y icrzi €V for every I C [k +1] such that
|I| =k and

I e argmin f( Z zi) (2.6)

IClk+): [I|=k ]

then z; and Zjpp\j are linearly separable.
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Proof. Consider the set of all possible sums of & distinct vectors z;, i.e. S = {>_;c;zi: I C
[k +1],[I| = k} and let 3 € argmingg, f(s). Since f is strictly concave, then 5 is a
vertex of the convex hull of S, denoted by convSj (see Figure 2.2). This means that
there exist a vector vy € RP such that §; is the furthest sum in the direction of v, or
formally {51} = argmax,cg, (s,vo) (cf. Moszyiiska, 2005, Corollary 3.3.6), where (-, -) is the
standard Euclidean scalar product. As the set of such vectors vy has a non-empty interior,
we can also choose vy so that (z;,vo) are all different. Let z(1), ..., 2(x4;) be an ordering
of vectors 2;, decreasing ‘in the direction o', i.e. {z(1y,...,2za40} = {21,..., 2611} and
<z(i),v0> > <Z(j),1}0> if ¢ < j. Note that

<Zzi,vo> = Z(zi,v0> (2.7)

el el

and therefore I = {2(1)s > 2y} Thus the sets {z;: i € I} and {z: i ¢ I} are linearly
separated by the hyperplane {u € R”: (u,vy) = (Zk) + Z(kg1)>v0) /2}- O]

Figure 2.2: Illustration of the proof of Lemma 2.5. Left panel: The grey ellipses are the contour
lines of the convex function f. In this example n =5 and k£ = 2. Points z1, ..., z5 are marked as
black points, and sums of their all possible pairs are marked as yellow dots and one red square,
which is the minimiser of f (the blue cross is the origin). The red square is a vertex of the convex
hull of possible sums, and as such is a point furthest in some direction, also marked on the picture.
Right panel: As the red square was the furthest in the highlighted direction, it is the sum of two
points furthest in that direction (orange crosses) and therefore those two points are separated from

others by a line perpendicular in that direction (marked in blue).

Proof of Theorem 2.3. Let U C [n], k,l € N and fk,u be as in Lemma 2.4. Plugging the
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formula (1.26) into (2.1) gives:

fk;,u € argmax (Zlog h(zi) + C(7z,, k) — C(7,¢)+
Icu: |11=k 553

+ Z log h(x;) + C(Twu\f’ G) — C(r, O) -

ieU\I

= log h 4 C T C Ty -2C ’ =
Iizg:r@?xk(iezuog (1) + C7er, Gi) + Clmay 12 G) = 2C(7,C))

= argmax (C(7ay, G) + (TG0
Icu: |I|=k

(2.8)

T(z;)

a

Let t; = ] and let tg = Z and tyy = Y ;o ti- By the assumed identifiability of

the hyperparameter and Bickel and Doksum (2015, Theorem 1.6.4), C is a strictly convex
function. Hence the functions f(t) = C(to + t) and f(¢t) = C(to + ty — t) are also strictly
convex and so is their sum, f(t) = f(¢) + f(t). Note that

F(Doti) = Clrar ) and F(Doti) = Clray G (2.9)
icl iel
and hence by (2.8) we get
-fk,u € argmax f(Ztl). (2.10)

cu: |I=k g7
Therefore by Lemma 2.5 we obtain that ¢ i and tu\ I, ATe linearly separable. This yields
T-linear separability of x i and LN and the proof follows. O

We now list three Corollaries that follow from Theorem 2.3 and the formula for the sufficient
statistic in the Normal models, described in Section 1.4.1. The fact that the hyperparam-

eter is identifiable in these models is straightforward.

Corollary 2.6. Let xq,...,x, € R? be pairwise distinct and let 7 be the MAP partition of
T1,...,xy in the Normal-Normal Bayesian Mizture Model. Then the family {x;: I € T}

1s linearly separable.

Corollary 2.7. Let x1,...,2, € R? be pairwise distinct and let 7 be the MAP partition
of x1,...,z, in the Normal-Inverse-Wishart Bayesian Mizture Model. Then the family
{@;: I € I} is quadratically separable.

Corollary 2.8. Let 21,...,2, € R? be pairwise distinct and let 7 be the MAP partition
of x1,...,Ty in the Normal-Inverse-Gamma Bayesian Mizture Model. Then the family
{xr: I € f} 18 quadratically separable. Moreover, in this case every two clusters are

separated (in standard, geometric sense) by a multidimensional ellipse.

2.1.1 Analogy to the properties of the Fisher Discriminant Analysis

Here we would like to draw attention to the aesthetic analogy of Theorem 2.3 to the

properties of the classical Fisher’s Linear or Quadratic Discriminant Analysis.
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Suppose we have access to samples from two heterogenous populations: z1,xs,..., T
and y1,v2,...,y;. Then z is observed and we need to classify it as coming from the
population of x’es or y’s. Fisher Discriminant Analysis approach is to assume that both
initial samples are taken from some multivariate normal distributions. If the population
parameters were known and equal to (1, X1) and (u2, o) respectively, and the population
frequecies were p; and py then it is a natural (and optimal in the Bayesian sense, cf. Bishop,
2006, Section 1.5.1) decision to classify the new observation to the first group if and only if
P19(p1,51)(2) > P29(us,52)(2), Where g(,, 5y is the density of the N'(u,X) distribution. This

easily translates to the following inequality:

1

1 _ _
5(2 - M2)T22 Yz — o) — i(z - MI)T21 Yz —m) > log— - *1

1X2|

BT, (2.11)

Since we do not have the access to the true theoretical values of p;, u;, X; (i = 1,2), we
replace them by their empirical estimates [i; and ;. This does not change the fact that
left-hand side of (2.11) is a quadratic function in z and hence the boundaries of the decision

region are also quadratic surfaces.

If for some reasons we expect the two populations to have the same theoretical covariance
¥ = ¥ = Yo, instead of two separate estimators 31 and 3o we can consider one pooled
estimator 3. Then (2.11) simplifies to

~

(fn — fi2) S22 > log i—j (2.12)

the left-hand side being a linear function of z and hence the decision boundaries are now
simply hyperplanes. Thus we arrived at conclusion similar to that implied by our results
concerning the properties of the MAP clustering: with assumption of normality, when the
population covariances are assumed to be the same, the boundaries are linear surfaces,

otherwise they are quadratic.

This analogy can be easily extended to the case of general exponential families. If we
assume that the density gy is given by (1.16), the comparison p1g, (2) > pagy, (2) can be

expressed as

(1(61) = n(62)) (=) > log 2 +B(61) ~ B(d) (213)
which implies that the decision boundaries are the contour lines of a linear functional of
the sufficient statistics T'.

It should, however, be stressed that Fisher Discriminant Analysis concerns a different
domain of statistical questions than those considered in this dissertation, namely classifi-
cation, not cluster analysis. Moreover, the tools used to prove Theorem 2.3 were slightly
more involved; among others, it used the convexity of the log-partition function C, whereas
the separability observation for the discriminant analysis is a straightforward consequence
of the formula (1.16).
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2.2 Induced partitions

In this section we assume that the data is an independent sample from some fixed prob-
ability distribution P on R¢, which we will call the input distribution. With the partition
of the observation space fixed, this gives a random sequence of the clustering of indices,
which in turn can be scored by the ‘posterior score’ (1.8). In the following we derive the
asymptotic behaviour of the score. Note that, in the derivation of the model, the observa-
tions are not produced by an (unconditionally) i.i.d. sampling. This (of course) does not
imply any ‘mis-specification’ if we derive asymptotic formulae by considering Xi, Xo,...
as i.i.d. P random vectors; if P, is the empirical distribution where n observations are
generated using the scheme of the previous section, then P, Ef();) P for some P and, for
asymptotic results, the Strong Law of Large Numbers gives that the same asymptotics will
hold for Xy, X,,...1id. P.

Of course, only a small class of distributions P can be generated according to the sampling
scheme; these will necessarily be infinite mixtures of normals (and the mixture will have an
infinite number of components). We do not limit ourselves to P that can be generated in
this way and we consider more general input distributions in our analysis of the performance

of the classifier.

Definition 2.9. Let P be a probability distribution on R?. We say that a family A of

P-measurable subsets of R? is a P-partition if
o P(A)>0forall Aec A,

o P(Usead) =1,

e P(ANB)=0forall A,Be A A+# B.
Notation. Let & = (x1,...,2,) be a sequence of vectors in R?. Let A be a countable
collection of disjoint subsets of R?. We denote Z:A(x) := {J2: A € A} where J4 = {i <
n: X; € A} (if JA = 0, we do not include it in Z}). If every z; belongs to exactly one

A € A then TA(x) is a partition of [n]. We say that it is induced by A. The argument x

is often clear from the context and therefore it is sometimes omitted.

Remark 2.10. It is clear by the definition of the P partition that if A is P-partition and
X1, Xs. .. % P then almost surely ZA(X1, ..., X,,) is a partition of [n] for every n € N.

Figure 2.3: In this picture the observation space

X is the rectangle and the partition A is de-

)24 R X.w X3 fined by the blue separation curves. The points
X2 Xq,..., X509 are drawn uniformly from X. The
random partition of {1,2,...,10} induced by A
. X X is
Xo {{1,3,5,8},{2,10},{4,9},{6},{7}}.
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According to Remark 2.10, partitions induced by a P-partition on a random sample from
P are almost surely partitions, and hence we can analyse their posterior probability in the
conjugate exponential Bayesian Mixture models. We investigate the asymptotic limit of
the logarithm of the joint probability given by (1.8). In order to specify the limit, we recall

the notion of convexr conjugate.

Definition 2.11. If f is a real function on R? then the convex conjugate of f is the function
f*: R4 — R U {oo}, given by f*(2) = supgepa (2" @ — f(x)).

Theorem 2.12. Consider the infinite conjugate exponential Bayesian Mixture Model, in
which the component measures are given by (1.16) and the base measure is given by (1.21).
Suppose that the exponential family is reqular and that the convexity assumption (1.27)
holds. Let P be a probability distribution on R, A be a finite P-partition of R® and
X ~ P. Assume that Eplogh(X) < oo, Ep||T(X)| < oo and

(i) A*(Ep(T(X)| X € A)) < oo, where A* is the convex conjugate of the log-partition
function A, given by (1.19),

(i) (rEp(T(X)|X € A),ra) € intQ for some r € N, where Q is the natural hyperpa-
rameter space, defined by (1.23).

Let Q be the joint probability function given by (1.8), in which gy i is given by (1.26). Let
X1, Xo,... WP and X1, = (X1, ..., Xn). Then

nlggoﬁlogc)(xln,j (X1:n)) & Eplogh(X) + Ap(A) (2.14)
where
= > P(A)-A*(Ep(T(X)| X € A)) + > _ P(A)log P(A). (2.15)
AcA AcA

The remaining part of this section is devoted to the proof of Theorem 2.12. But now let

us point out its obvious consequence.

Corollary 2.13. Let A; and As be two finite P-partitions of R such that Ap(Ay) >
Ap(Ag). Let X1, Xo,... 5 p and let Xim = (X1,...,Xyp). With the assumptions of

Theorem 2.12 almost surely there exists N such that

Q(X1 n,J H(X, n)) > Q(Xln,j (X n)) forn >N (2.16)

Hence, as long as the induced partitions are concerned, the Ap function is an indicator of
which of these partitions gives larger posterior score given by (1.8), when our data is an
independent sample from the probability distribution P. In this sense we can hope that Ap
relates somehow to the search of the MAP clustering. Clearly, the MAP clustering is not an
induced one, but since the clusters in this case can be separated by some regular surfaces (cf.
Section 2.1), we can hope that in the limit the MAP clustering can manifest some ‘induced’
behaviour. This idea is successfully applied in Rajkowski (2019) in a very specific setting
of Normal-Normal model and the Chinese Restaurant prior on the space of partitions (this

is described in Chapter 3). For now, let us move to the proof of Theorem 2.12.
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2.2.1 Proof of Theorem 2.12

We start with a well known fact from the Functional Analysis. Since its proof is nice and
short, we present it here for completeness. Let us recall that if p is a measure on some space
X and p > 1 then by LP(X, u) we denote the space of all real functions on X satisfying
Sy If(@)Pdp(z) < oo, equipped with the p-norm

rum:([yﬂmmmwoé. (217)

Moreover, L (X, u) is the space of functions with finite essential supremum (a quantity

that at the same time is the norm in this space), defined by
| flloo = inf{C > 0: |f(z)| < C for p-almost every x}. (2.18)

Lemma 2.14. Let (X, ) be a measurable space. If f € L™ (X, u) N L®(X, ) for some
nog > 0 then limy, o0 || flln = || f1]co-

Proof. Let ¢ > 0and let M = || f||oo and A = {x: f(x) > M —¢}. Clearly 0 < u(A:) < oo.

Moreover
Hﬂzz/’fMMZMMJM4—@¢ (2.19)

€

Hence liminf,, o || f||n = M — e and, by the arbitrary choice of ¢, liminf, _, || f|ln > M.

On the other hand, for n > ng we have
2= [ s [ < 2 + 171, (2:20)
A1 X\Al

which gives limsup,,_, o || f|l» < M and the proof follows. O

Lemma 2.14 plays central role in the approximation of the n-th root of both factors in
(1.8). However, in both cases the situation is slightly more involved that the one presented
by Lemma 2.14, since in fact we will deal with a sequence of functions f,, converging
pointwise to f and our goal will be to show that || fu|ln — | fllco. The proof of this

convergence requires some additional steps and observations.

We split the analysis of the asymptotic limit of the logarithm of the function ) given by
(1.8) into two parts: the asymptotic limit of the logarithm of P, and the asymptotic
limit of the logarithm of gg .

Asymptotic limit of logP;, This aspect is summarised by Lemma 2.15.

Lemma 2.15. Let P be a probability distribution on R% and let A be o finite P-partition
of the observation space. Let X, X1, X5, ... WP and Xip = (X1,...,Xy) Let Pry be a
probability distribution on the partitions of [n], generated by the probability distribution m

on A with a full support. Then

lim {/Prn (T4 (X)) < [ PP (2.21)

n—oo
AeA
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Lemma 2.15 follows simply from Lemma 2.16 and the Strong Law of Large Numbers.

Lemma 2.16. Let P, be a probability distribution on the partitions of [n], generated by
the probability distribution m on A with a full support. Fix K € N and consider a sequence
of partitions (Ip)nen, where I, = {Ip1,...,In Kk} is a partition of [n] (it is possible that
I,; =0 for some i < K). Assume that |, |/n — ap > 0 for k < K. Then

K
. n - «
nh_r}r;o Y Prn(ZLy) = kl_ll ag” (2.22)

In order to prove Lemma 2.16, we need a closed-form expression for Py ,,. This is given by
Lemma 2.17

Lemma 2.17. Let m be a probability distribution on A that generates the probability Pr p
on the space of partitions of [n]. Then for every partition T of [n]

Pﬁ,n(1)=/m S TP an) (2.23)

v: TSINTET

where sum ranges over all injective functions from I to N.

Proof. The formula (2.23) may seem rather complicated at first, but its justification is
straightforward. Let us go back to (1.4) and suppose that the weights p = (p;)$2; and
the atoms 8 = (6;)7°, are fixed. We need to know what is the probability that ¢ =
(P1,...,0n) | D, 0 i > pide, induces a partition Z. This would mean that for every
I € T all the values ¢; for i € I are equal to 6; for some j € N; let j = (I). The
values ¥ (1) must be different for different I € Z, otherwise Z would not be generated. The
probability of the sequence (¢1,...,¢n) where ¢ = Oyp) for i € I is equal to HIEIp‘z/{(‘[)'
Since any assignment of clusters to atoms is valid, so for fixed p the probability of Z is
equal to Zd): SN [ler pg(l 0 Since p ~ 7 is random, we have to integrate it out and

(2.23) follows. O

Proof of Lemma 2.16. Firstly note that for sufficiently large n we have |Ij | > 1 for all
k < K. Then in (2.23) we sum functions that depend on exactly K coordinates of p. Let

K
A" ={(p1,...pr): Y pi <1,Yip; > 0}, (2.24)
=1

For any v¢: [K] 5N let 7y be a probability measure on A% defined by

7T¢(A) = W({(pl,pg, .. ) ISWANSE (pw(l),pw@), e ,p¢(K)) S A}) (2.25)

In other words, my, is a push-forward of the m measure in the projection on the coordinates

(Py(1)s Pp(2)s - - - » Py(K))- Now let o be a measure on AX defined by

o= Y (2.26)



Note that since every summand on the right-hand side of (2.26) is a probability measure,

the measure o is not a finite measure on A%,

Now we can express (2.23) in the form of an integral on the K-dimensional set A as

K
Tim
Prn(Tn) :/ [ el dopr,. ... px). (2.27)
AK
k=1
Hence
S Pon(T) / Hp' oldo(pry .. pi) = lgalln (2.28)
where g, (p1,...,pK) = f 1D ‘klknl/n and | - ||, is the norm in L™ (A% o) space.

Since o is not a finite measure on A%, in the remaining part of the proof we will have to be
careful that the functions we are considering belong to the space L™ (A, o) for sufficiently

large n.
Let g(p1,-..,pK) = Hle pe® and let h(py,...,pK) = Hfle pr. Note that

[ o) = Prac ({1 21 (Y <10 229

Moreover for n > 1/mina; we have ¢"(p1,...,px) < h(p1,...,pr) and therefore g €
L"(A% o) for n > 1/minq;. Because g is bounded by 1, we can use Lemma 2.14 to
obtain
Tim Jlglh = llgloo = supg = T o (2.30)
AK k<K

The equality ||g]|cc = sup,x g is a consequence of the assumption that 7 has a full support
on A*. The equality sup,x g = Hkg i ap® follows in a standard way from the Lagrange
multipliers, the details are left for Lemma A.2 from the Appendix.

We now prove that ||g, — g|ln — 0. It is not a straightforward consequence of the pointwise

convergence of g, to g since o is not a finite measure on A%,

Clearly, (|Ir.n|/n —ax/2) — ai/2 > 0 and hence g, g~ /% — g'/? pointwise on A%, As AK
is compact, we have uniform convergence as well, which means ||gng~'/? — ¢*/?||s0 — 0 on
AK.

Let N € N be chosen so that for n > N we have ||gng~"? — ¢'/?||ec < € and noy, > 2 for
k < K. Then for n > N we have g”/2 < h and

lgn — gll = /K lgn — g|""do = /K \gng ™% — g2 " g" 2 do <
A A

(2.31)
< en/ g"/gdo < 6"/ hdo < €",
AK AK
hence
lim |gn — glln = 0. (2.32)
n—oo

The result follows from (2.30), (2.32) and the triangle inequality:

llgnlln = llgllso| < [lgnlln = llglln] + |lglln = llgllsc] < llgn — glln + [llglln — llgllos|- (2-33)
0

33



Asymptotic limit of log gy ,, The goal of this paragraph is to prove Lemma 2.18, which
together with Lemma 2.15 will easily imply Theorem 2.12.

Lemma 2.18. If P is a probability distribution on R, A is a finite P-partition of R?
and X1,Xo, ... “Wop. Let g9,k be the marginal density defined by (1.26) in the regular
exponential family and suppose that the convezity assumption (1.27) holds. Suppose that
Eplogh(X) < oo and for every A € A

(i) A*(Ep(T(X)| X € A)) < oo, where A* is the convex conjugate of the log-partition

function A,

(it) (rEp(T(X)|X € A),ra) € intQ for some r € N.

Then

1
nh—{go - 10g 99.n (Xl:n |I;L4(Xln)) EP logh + Z P A* EP( (X) ‘ X € A))
n AcA
(2.34)

The proof is an easy consequence of Proposition 2.19, proved later.

Proposition 2.19. Consider the reqular exponential family, described in Section 1.4, and
suppose that it satisfies the convexity assumption (1.27). Let x1,x2,... be a sequence of
points in supp h such that lim,,_ % Yo T(x;) =to € RP. Suppose that A*(tg) < oo and
for some r € N we have (rtg,ra) € int Q. Then

lim C(Tzln, Cn) = A*(to). (2.35)

n—oo M

Proof of Lemma 2.18 using Proposition 2.19.

10g go.n(X1in | Z2) = Z log gy,|11(X1) =

IeTA
= Zlogh Z C 7-XUC|I| ‘A‘ ’ C(77C) = (236)
IeTA
= ZIOg h(X;) + Z C(mx 4, Cra)) — [A] - C(7,€)
=1 AcA "

By the Strong Law of Large Numbers | AN P(A) almost surely and

R
Jim Z;log h(X;) = Eplog h(X) (2.37)

Again, by the Strong Law of Large Numbers, almost surely for every A € A:

. ZiGIA T(X)
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Hence by (2.36), (2.38) and Proposition 2.19

1
lim —log f(X1., |Z4) =
n—,oo N,

VAR I 1 A
= lim (5Zlogh( Z 1] TA|C TXI;?,C|1,§)—|n|'C(T,C)) = (2.39)

n—oo

= Eplogh(X) + Y _ P(A) A*EP(()yXeA)).
AcA

O

To prove Proposition 2.19 we also need to use Lemma 2.14, but again it is not a straight-

forward application and requires some additional steps.

Proof of Proposition 2.19. Let

#n(6) = exp {[nwf, ~B(9)'] [C/Q ”] } (2.40)

Consider a measurable space (0, V), where ¥ is a measure on © with density () with
respect to the Lebesgue measure. In this proof we will consider the spaces LP(O, V), p > 1,
with their norms || - ||,. It is clear from the formula (1.22) that

1
gC(Tmmv Cn) = log [|onlln- (2.41)

Now let

a

t
p(0) = exp {[77(9)T, ~B(6)"] [ 0] } : (2.42)
Note that, using the regularity assumption
[@lloo = 21618 exp {n(0)"to — B(0)" } = Slel]g exp {n'to — A(n)} = exp{A*(to)}. (2.43)
n

where £ is the natural parameter space, defined by (1.20). By (2.41) and (2.43) to conclude
the proof it is enough to show that ||¢y||n — ||@|lco- According to Lemma A.3 (stated and
proved in the Appendix), to ensure this convergence it is enough to check the following

conditions:

° This is straightforward from the definition.

|¢lloo < 00| This follows from (2.43) and the assumptions.

o ¢l < oo and [gu,

linlly = exp {72 Ll = exp {Crto ra) }. (244)

The function C is convex in  and hence continuous in intQ (Rockafellar, 1970,
Theorem 10.1). As (rtp,ra) € int 2 and (m TC") — (rtog,ra), we get ||¢||. < oo

’n

and |[onllz = llllr-

I
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° ‘ lon — @)oo — 0‘ More verbosely, this is

n

exp {T””Z"Tn(e) - C”TB(G)} L7 exp {ta'n(6) - a"B(®)}, (2.45)

which, by the regularity assumption, is equivalent to
Torn L>(€) T
exp § = 1) = An(n) ¢ = exp {to n- A(n)} : (2.46)

in which A, (n) = %B(G(n)) = %B(G(n)) + A(n) is a convex function, by the con-
vexity assumption (1.27) and the fact that a sum of convex functions is a convex
function itself. Of course in (2.46) we have a pointwise convergence, but the space £
can (and, in reasonable cases, is) unbounded and hence to establish uniform conver-
gence we need to make some additional observations. They will base mostly on the

convexity of the log-partition function A.

Let I(n) = to'n — A(n); it is a concave function, since the log-partition function
function A is convex. Let l,(n) = %n — A, (n); it is a concave function by the
same reasoning. By Corollary 2.3.1 in Bickel and Doksum (2015) there exists /) € £
such that I(7)) = sup,cel(n) =1 M. Fix e > 0. Let F' = {n € £:l(n) > loge}.
Without loss of generality we can assume that loge < M so that M € F. Since
E ={n:1l(n) > —x}, F is a compact subset of £ (the details of this implication
are left for Lemma A.5). Since [,, converges to [ pointwise and F' is compact, by the
Dini’s theorem we have an uniform convergence of [,, to [ on F'. Hence there exist
N; € N such that |l,,(n) —(n)] < e for n > N; and n € F. In the same way we can
prove that there exists No € N such that |l — el | < ¢ for n > Ny and n € F.
Let N = max{Ny, No}. For n € £\ F we have [(n) < e. Note that for n > N we
have l,,(n) <Il(n) +ec =loge+e¢ for n € OF and () > () —e = M —e. Again, we
will not lose generality by assuming that loge 4+ 2e < M, so that loge +e < M —¢.
It then follows from the concavity of l,, that 1, (n) < loge+¢ for n € £\ F. Therefore

for n > N we have

leln () — elM| < el 4 el < c(1 4 ¢°) forne &\ F,

(2.47)
|€ln(77) _ el(n)| <e<e(l+e) fornekF.

Since (1 + €°) — 0 as € — 0, the proof follows.

2.2.2 Properties of the Ap function

The function Ap, given by (2.15), consists of two summands, shown below

To(A) == Y P(G)-A*(Ep(T(X)| X €G)) and Hp(A):= > P(G)log P(G)
GeA GeA
(2.48)
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Definition 2.20. Let A and B be two partitions of the same space X. We say that A is
finer than B if for every A € A there exist B € B such that A C B. We can also say that
B is coarser that A. In such case we write A < B; this relation is a partial order in the
space of all partitions of X'. We use the same definition with respect to P-partitions of X

(which are not necessarily partitions).

Lemma 2.21. The function Tp(A) is decreasing with respect to partial order < on the
space of finite P—partitions of R%.

Proof. Let A, B be two finite P-partitions of R? and let A < B. By an easy induction
argument it is enough to show that for A, B € A

P(A)A*(Ep(T(X)| X € A))+P(B)A*(Ep(T(X)| X € B)) > P(C)A*(Ep(T(X)| X € C))
(2.49)
where C' = AU B. The log-partition function A is convex (Theorem 1.2) and hence its

convex conjugate A* is also convex (Rockafellar, 1970, Theorem 12.2). Therefore

P(A) P(B)

mA* (Ep(T(X)| X € A)) + mA* (Ep(T(X)|X € B)) >
> A* (igé;Ep(T(X) X eA)+ I;EQEP(T(X) X €B)) = (2.50)
=A"(Ep(T(X)| X € 0))
and that concludes the proof. O

Lemma 2.22. The function Hp(A) is increasing with respect to partial order =< on the
space of finite P—partitions of R%.

Proof. Let A, B be two finite P-partitions of R? and let A < B. By an easy induction
argument it is enough to show that for A, B € A

P(A)log P(A) + P(B)log P(B) < P(C)log P(C). (2.51)

We have
P(A)log P(A) + P(B)log P(B) — P(C)log P(C) = P(A)log ]]jgé,; + P(B)log igg; <0
(2.52)

and the proof follows. The last inequality in (2.52) comes from P(A), P(B) < P(C). O

Lemma 2.21 and Lemma 2.22 motivate the usage of the symbol ‘Ap’ — it represents a
function being a difference of two other functions, both decreasing with respect to partition
order. Hence optimizing the Ap function can be thought as finding a balance between

coarse and fine partitions.

Remark 2.23. Let X ~ P be a random vector with values in the observation space X
and let A be a P-partition of the observation space. Let X 1(A) = {X71(A4): A € A}.

Then we can write 7p(.A) more succinctly (and perhaps more artificially) as

Tr(A) = EpA* (Ep(T(X) | a(X1(A)))). (2.53)
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Recall that convex conjugate A* of a convex function A is a convex function itself (Rock-
afellar, 1970). Therefore by (2.53) and Jensen’s inequality

Tr(A) < Ep(Ep(A*(T(X)) |o(X71(A)))) = Ep(A*(T(X))) (2.54)

Note that it is possible that EpA*(T(X)) = oo (in particular, it may be the case that
A*(T(x)) = oo for all € RY, as is the case with the Normal-Inverse-Wishart or Normal-
Inverse-Gamma models). However, if EpA*(T'(X)) < oo, then (2.54) gives an upper bound

on 7p(A), and in turn an upper bound on Ap(A) (since Hp is a non-positive function).

2.2.3 The Ap function in the Gaussian case

In this section we compute the exact formula for the Ap function in Bayesian Mixture
Models with conjugate Normal priors, presented in Section 1.4.1. It should be noted that in
these cases this formula could be computed by a direct calculation on the exact formula for
the likelihood. For example, for the Normal-Normal model this direct approach was applied
in Rajkowski, 2019, Lemma 4.5 (for a special case of the Chinese Restaurant Process prior
on the space of partitions). However here we want to apply the more general formula from
Theorem 2.12 and hence our goal is simply to compute the value of A*(Ep(T(X)|X €
A)) for these model specifications. We also check that the assumptions (i) and (ii) of
Theorem 2.12 hold for these models if P is a distribution continuous with respect to
the Lebesgue measure (the regularity and the convexity assumptions were established in
Section 1.4.1).

The following standard result from the theory of exponential families will be useful. It
is a straightforward consequence of Theorem 1.6.4, Theorem 2.3.1 and Corollary 2.3.1 in

Bickel and Doksum (2015).

Theorem 2.24. Suppose P is the canonical exponential family generated by (T,h) and
that

(i) The natural parameter space, £, is open,

(ii) n is identifiable.

Let = be the observed data vector and set to = T'(x). If Cr is the convex support of the
distribution T(X) then 1) = argmax, ¢ (n"T(x) — A(n)) exists and is unique if and only if
to € C’% where C% is the interior of Cr. In such case 1) satisfies

E;(T(X)) = to. (2.55)

Corollary 2.25. With the assumptions of Theorem 2.24 we have A*(tg) = to' ) — A(7),
where 1) satisfies 3T (x) = to.

Note 2.26. If P is a probability distribution continuous with respect to the Lebesge
measure, A C R? is a P-measurable set and T'(A) is not a singleton then Ep(T(X)|X €
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A) € C% and hence the assumption (7) of Theorem 2.12 is satisfied. This property is easily
verified by all the Normal models given below, hence we check only the assumption (ii) of
Theorem 2.12.

Normal-Normal

Assumption (ii) of Theorem 2.12. By investigation of (1.32) we have that [79, (o](10, Yo) =

[70 (120, ©o)", Co(po, Wo)']" € Q for every (uo, Uo) € R¥xS4. Tt is clear that [79, (o] (R xS?)
is an open subset of 2 and that for every P-measurable A we have (E(T(X)|X € A),a) €

[70, Co](R? x 89), and hence our assumption is satisfied for r = 1.

Computation of A*(Ep(T(X)|X € A)). The computation of A*(E(T(X) | X € A)) is
also straightforward since n = 6 = p is the natural parameter. Let us recall (1.31) from
which T'(z) = £ 'z and hence

E,T(x) =%, . (2.56)

Let to = Ep(T(X)| X € A). By Theorem 2.24, 55! = Ep(X;'X | X € A). By the

linearity of the expected value this implies
1=FEp(X|X €A). (2.57)
Using (2.57) it is straightforward to verify that
to' o = Xyt . (2.58)
By (1.31) we have A(n) = B(0) = %uTEalu and hence, using (2.58) and Corollary 2.25
A(to) = 55— 55 o= 5iS i = I ER(RX|X € AP, (259

where R? = X 1 Therefore in the Normal-Normal case the Ap function is equal to

ANN(A Z P(A) - |[Ep(RX | X € A)||? + H(A). (2.60)
AeA
Note that
|Ep(RX | X € A)||? = Ep(|RX||?| X € A) —trVp(RX | X € A) (2.61)
and
> P(AER(|RX|?| X € A) = Ep(|RX|), (2.62)
AcA

hence in this case we can reformulate AgN to

ARN(A) = %EP(HRXHQ) — % > P(A) r'Vp(RX | X € A) + H(A). (2.63)
AeA

It then follows that

To(A) = B p(IRX[?) — 5 3" P(A)-arVp(RX | X € 4) < Ep(IRX|?), (264

AcA

N —
=

which could be also obtained from the more general form (2.54).
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Normal-Inverse-Wishart

Assumption (ii) of Theorem 2.12. The hyperparameter space for (uo, 2o, 1o, ko) is
R? x 8¢ x Ry x Ry. The image [r0,(o](RY x S¢ x Ry x Ry) is open in Q. If Pis a
continuous distribution and P(A) > 0 then Ep(X X' | X € A) is positive definite matrix.
Then for r > 2d + 4 we can express (rEp(T(X)|X € A),ra) as [r0, (o] (1o, Zo, vo, ko) for
appropriately chosen (19, Yo, Vo, ko) € R? x 8¢ x Ry x Ry (the assumption that r > 2d+4
is important due to the first coordinate of y). In other words, (rEp(T(X)|X € A),ra) €
[70, Co](R? x 8¢ x Ry x R.), and the proof follows.

Computation of A*(Ep(T(X)|X € A)). Recall that the parameter space is © =
R? x Sff and it bijectively corresponds to the natural parameter space £ C ]Rd(dz+ = , where
the bijection is given by n(0) = n(u, A) = (diag(Afl), low(A™1), Aflu). (See the beginning
of Section 1.4.1 for the definition of ‘diag’ and ‘low’.) Let # ~ N(u, A~1). By the well

known properties of the Normal distribution

E,x=
. a . (2.65)
E,zz = A+
Using the formula for 7'(x) in the NIW model (cf. (1.41)) and the linearity of the expected

value and low and diag operations:

—sdiag(E zz") —sdiag(A + pp')
E,T(z)=| —low(E,zx") | = | —low(A+pup") | . (2.66)
E,z 7

Let A C R? be a P-measurable set and let tg = Ep(T(X)| X € A). Let 6 = (i, A) = 6(7).
By Corollary 2.25 and the formula for A(n) = B(0(n)) in (1.41)

N . . R 1 A 1.+ 4.
A*(to) = toi) — A() = toR| — 5 log [A] = Al ' (2.67)
Note that Corollary 2.25 we have ¢y = E;7'(x) and hence by (2.66)
—Ldiag(A + i")]  [diag(A")

to' = | —low(A+paa") |7 [low(A1) | =
ji A
1 R A R R R (2.68)
= —diag(A + fil ) diag(A™Y) — low(A 4+ aa")Tow(A™Y) + T A~ a =
R UV WS N SEpPI O S e S
= 2tr(AA ) 2tr(,uu A+ oA o= 5 + 2,uA fi.
Joining (2.67) with (2.68) we obtain
d 1 A

We now write the relationship Ep(T'(X)|X € A) = tg = E4T(X) using (2.66) and the
formula for T'(z) (cf. (1.41)):

—Lldiag(Ep(XXT | X € A)) —Ldiag(A + f1i2")
—low(Ep(XXT | X € A) | = | —low(A+aa") |- (2.70)
Ep(X[X € A) I
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From (2.70) we deduce that
A=Ep(XXT|X € A)—Ep(X|X cAEp(X|X e A =Vp(X|X A (271)

and hence, by (2.69)

. d 1
A*(to) = =5 — 5 log [Vp(X| X € 4)| (2.72)

Plugging this to (2.48) we get that for Normal-Inverse-Wishart model

ANTW (4 = —% S° P(A) - (d-+1og V(X | X € A)]) + H(A) =

dAefl‘ (2.73)
=—>—5 Y P(A)-log|Vp(X|X € A)| + H(A)
2 2
AcA
Note that for any = € R% we have
* 1 TA—1 1
A(T@) = s (=5 —w A @—p) - Slog|Al) = o, (2.74)

d
(1,A)ERIXSY

since we can take y = x and A of arbitrarily small norm. Hence the bound (2.54) for 7Tp

cannot be applied in this case.

Normal-Inverse-Gamma

Assumption (ii) of Theorem 2.12. The hyperparameter space for (ug, Vo, 50,70) is
R? x 8¢ x Ry x Ry. The image [, {o](R? x 8¢ x Ry x Ry) is open in Q. For r > 2
we can express (rEp(T(X) | X € A), 'r’a) as [70, Co] (10, Yo, Bo, ko) for appropriately chosen
(10, ¥o, Bo, 70) € RY ><Sj‘|lr xR xRy (the assumption that r > 2 is important due to the first
coordinate of (p). In other words, (rEp(T(X)|X € A),ra) € [0, (](R? x S{ xRy xRy),

and the proof follows.

Computation of A*(Ep(T(X)|X € A)). Similarly to the case of the Normal-Normal
model, let us use R to denote the symmetric matrix that satisfies R? = Y ! Note that
in the Normal-Inverse-Gamma model, in which the distribution of x (given 6 = (i, \)) is
N (u, \Xp), we have

By S5'e = B gl Ral|? = tx(Vy(Ra)) + B R =

, ; (2.75)
= tr(Alg) + [|Rpl]” = dA + [ Rpl|”.

This, together with the formula for the sufficient statistic 7'(x) in this model (cf. (1.53))

implies

E,T(x) = (2.76)

—1E, 25 e _ —2(d\ + || Rul|?)
Y 'E T oltu

Let to = Ep(T(X)| X € A). By Theorem 2.24 we have tyg = E47'(x), which leads to

_ [L@A+ 1RalP)
ot

—1Ep(XTE)'X | X € A)

P . (2.77)
SolE p(X | X € A)
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in which (fi, \) = (). By (2.77) we get i = Ep(X | X € A) and

s
_ds_ 1 2 A Lipazo 21 A
oA = R EP(IRX|7| X € A) + S|RA|" = —SteVp(RX [ X € A). (2.78)
Note that
7o [—s@h+ RAI)| 5 [1/A
to = —1A ~ R T
Yo i fi/ A (2.79)
- d 1 ~112 < A 112 < . d 1 ~ 112 <
= MRl R = -+ LRl
and hence, by Corollary 2.25, the formula for B(6) in (1.53) and (2.78)
. d 1, .5 d. < 1 101, d d.
A*(tg) = (— =+ fHRuH2/)\> — <710g)\ + -’ % 1u/)\) =———_log)=
d d '
=5 §(logter(RX | X € A)) —logd

which leads us to

ARG (A) = —g(l —logd) — % > P(A) logtrVp(RX | X € A) + H(A).  (2.81)
AcA

Note that, similarly as in the Inverse-Wishart case, for any € R¢ we have

1 d

A(T@) = s (= o(o- ) S5 (@ - p) - Slogh) =, (2.82)
(HA)ERIXRy © 2A 2

since we can take p = x and arbitrarily small A. Hence the bound (2.54) for Tp cannot be

applied in this case.

Maximisation of Ap in the Normal when P = Unif([0, 1])

The Ap function was derived as a asymptotic limit of the logarithm of the BMM posterior
score of an induced partition, when the data is independently sampled from some distri-
bution P. In our quest of describing the MAP clustering, it therefore seems informative to
consider partitions of the observation space that yield the highest posterior score — which
necessarily are also the maximisers of the Ap function, as is easily deduced from Corol-
lary 2.13. For the Gaussian models, a computationally tractable example, in which we are
able to describe the maximiser exactly (or prove that it does not exist), is the case when
the input distribution P is the uniform distribution on the segment [0, 1]. Note that in the
one-dimensional case the Normal-Inverse-Wishart and Normal-Inverse-Gamma models are

equivalent and hence we will consider only the former there.

We start with Lemma 2.27 which in the case of the uniform input distribution P will allow
us to narrow the search for the maximiser of the Ap function in the conjugate Normal
models to the divisions of [0, 1] into subsegments. Basically it says that when a distribution
P is continuous with respect to the Lebsgue measure on a line, then segments are those sets

that minimise the variance given their probability (which is quite natural and expected).
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Lemma 2.27. Let P have a density with respect to the Lebesque measure on R. Let A
by any P-measurable set and let S4 be a closed segment (i.e. a set of the form [a,b] for
a < b) centered at eq := Ep(X | X € A) such that P(S4) = P(A). Then Varp(X | X €
A) > Varp(X | X € Sa) and the equality holds only if P(A\ Sa) = P(Sa\ A) =0.

Proof. Note that the existence of S4 is guaranteed by the continuity of P. Let r4 be the
radius of S4 (i.e. r4 is half the length of segment S4). We have

E(X —ea)*1xens, = Erilycas, = raP(A\ Sa). (2.83)
with the equality only if P(A\ S4) = 0. Similarly
E(X —ea)*1xegna < Erilxes,a = raP(Sa\ A). (2.84)

Since P(A) = P(S4) we have that P(A\ S4) = P(S4\ A) and hence, by (2.84) and (2.83)
we get
E(X —ea)’1xeas, > E(X —ea)*lyesa- (2.85)

Adding E (X — ea)?1xeans, to the both sides of (2.85) yields
E(X —ea)’lxea > E(X —ea)’1xes, > E(X —e5,)*1xes,, (2.86)

where eg, :=E (X | X € S4). By dividing (2.86) by P(A) = P(S4) we get Varp(X | X €
A) > Varp(X | X € Sy4) (with the equality only if P(A\ S4) = 0). This finishes the proof
of Lemma 2.27. g

The condition P(A\ Sa) = P(Sa\ A) =0 is equivalent to dp(A, S4) = 0, where dp is the

symmetric distance pseudometric, defined below.

Definition 2.28. Let M be a o-field on R? and p be a measure on (R% M). Then the
function d,,: M? — R defined by d, (A4, B) = u((A\ B) U (B\ A)) is a pseudometric on
M, which by definition means that it is symmetric, nonnegative and satisfies the triangle
inequality. It is called the symmetric difference metric. The fact that it is a pseudometric
is explained in the beginning of Section 13, Chapter III of Doob (1994). Note that since
d,(A, B) =0 does not imply A = B, formally d,, is not a metric on M. Although for our
consideration the difference of measure 0 is of no importance, we keep on using the proper

pseudometric term in this context.

The following Corollary 2.29 states that the only possible maximisers of the Ap function
in the Gaussian case (when P is the uniform distribution on [0, 1]) are basically (up to dp

distance) the divisions of [0, 1] into subsegments.

Corollary 2.29. Consider the function Ap(A) given by (2.73) or (2.63) and let P be
the uniform distribution on the segment [0, 1]. Iffl is any mazximiser of Ap among finite
P-partitions of the segment [0,1] then dp(A,Sa) =0 for any A € A, where S4 is defined

as in the formulation of Lemma 2.27.
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Proof. Assume that A= {A1,..., Ak} is the maximiser of the function A p among all finite
P-partitions of [0,1]. Let us extend the domain of the function Ap not only to finite P-
partitions of the segment [0, 1], but also to simply finite collections of P-measurable subsets
of [0,1]. Let S = {Sa,:i=1,...,K}. Since for every A € A we have P(S4) = P(A) and
Varp(Sa) < Varp(A), it follows from the formulas (2.73) and (2.63) that in these cases
Ap(A) < Ap(S). Now let 8’ = {Si,..., Sk} be any partition of the segment [0, 1] into
subsegments such that P(S;) = P(S4,) (i.e. the lengths of segments S; and Sy, are the
same). Such partition exists, since Efil P(Sy,) = Efil P(A;) = 1. By the properties
of the uniform distribution we also have Varp(X | X € ;) = Varp(X | X € Sa,). It

follows that in the Gaussian case Ap(S') = Ap(S) > Ap(A). On the other hand, A

is the maximiser of Ap, so Ap(S’) = Ap(A). Using the condition for the equality in
Lemma 2.27, we get dp(A,S4) = 0 for every A € A. O]

Normal-Normal model. Let S = {S1,..., Sk} be a partition of [0, 1] into subsegments
of length py,...,px respectively. Note that Varp(X | X € S;) = p?v, where v = % is the
total variance in the segment, and Ep(|RX||?) = R? EpX? = L. It follows from (2.63)
that

R 1 K
ARN(S) = = 5 D _pi B2 plu+ Y _pilogpi. (2.87)
=1 =1

Proposition 2.30. The values of K and py,...,px (such that Zfil p; = 1) that mazimise

(2.87) satisfy

K € {|R%], [R?]}, plz...:pf(:;( (2.88)

(where |-] and [-] are the floor and the ceiling functions respectively).

Proof. Although at first sight this seems to be a standard problem solved by the Lagrange
multipliers technique, such approach has some subtle difficulties. To circumvent them
carefully, we will optimize (2.87) ‘locally’, focusing on two segments at a time, leaving

others unchanged.

Let Fi(p1,-..,pK) be the right-hand side of (2.87). We now prove that we increase Fx by

pitp2 pitp2 )
2 2

replacing arguments (p1, p2 at least one o 1+p2) or . More precise
placing arguments (p1, p2) by at least f (0, p1+p2) or ( More precisely,

we show that
if p1 # p2 and p1p2 # 0 then

p1+p2 p1+Dp2
2 ’ 2

D35 - - ,pK)}-
(2.89)

FK(pla"wpK) < maX{FK(Oapl +p2ap37"-7pK)7F(

Let us consider pi,...,px as fixed and let f(p) = Fx(p,p1 + p2 — p,ps3,-..,PK), where
0 < p < p1 + p2. For simplicity of notation, let ¢ = p; + p2 — p. By direct calculation
3R*

f'p) = ——5 (p* — ¢*) +logp — logg. (2.90)
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It follows that

. / _ . ’ _ ;[ P1+DP2\
lim f'(p) = o0, lim fi(p)=co, f (2 ) =0. (2.91)
Again, direct calculation leads
1 1 1 1
f"(p) = =3R*v+~-+=, f"(p)=—-—=+ —. 2.92
(p) i (p) PR (2.92)

Hence f"(p) = 0 implies p = ¢ = %, i.e. there is only one root of f”(p) = 0 on

(0,p1 + p2). By applying Rolle’s theorem twice we get that there are at most two roots of
f"(p) =0in (0,p1 + p2) and, in turn,

there are at most three roots of f'(p) = 0 in (0, p1 + p2). (2.93)

Now, from (2.91), (2.93) and standard one-variate analysis we deduce that f(p) achieves
its maximal value for p =0, p =p;1 +py or p = w. By translating this into function
Fr, we get (2.89).

Let us come back to the initial problem. The function Fk is a continuous function on
the compact set AKX = {(py,...,px): Zfilpi = 1,V<kpi; > 0}. Therefore it achieves its
maximal value for some (p; ..., px) € AX. It follows from (2.89) and the symmetry of Fi
that there exist I C [n] such that p; = 7 for i € I and p; = 0 for i ¢ I. Note that

1]
Fic(- i) = Fi(ere o o) (2.94)
1] 1]
and therefore it is left to maximise Fg (%, ceey %) for K € N. We have
1 1 R*> R (1)’ 1
Frl—=,...,=|=—-——1|= log —. 2.
K(K, K) Lo (K) Flog (2.95)
The function =z — %2 — ]2%725’ — log z has its only extreme value in xg = vV R?v, which is
easily established by calculation of the derivative. Hence the optimal number of clusters is
K = |z0] or K = [z0]. O

It is worth pointing out that if g € N then the variance of every segment becomes simply

% = Y. It can be said that in this case the optimal partition ‘adapts’ itself to the

covariance hyperparameter .

Normal Inverse-Wishart Let S = {S1,...,Sk} be a partition of [0,1] into subseg-

ments of length p1, . .., px respectively. Recall that Varp(X | X € S;) = p?v, where v = 5

2
is the total variance in the segment. It follows from (2.73) that
d 1 log(12
ARV = =5~ 2 Y milogf) + Yopilogm = ED. (206)
i<n i<n
Hence every partition of [0, 1] into subsegments gives the same Agl W score. This shows

that the maximiser is not unique in this case and, indeed, we have constructed an infinite

family of maximisers; we can find a maximiser with arbitrarily many clusters.
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The result is quite intuitive; with no prior suggestion of preference, the classifier should
have no reason to express preference between a single cluster [0, 1] and two clusters, [0, 0.5]
and [0.5,1].
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Chapter 3

Asymptotic Results for MAP
clustering in the Normal-Normal
BMM

In Section 2.2 we showed the approximation to the logarithm of the joint probability
@ of clustering and data (formula (1.8)) in the conjugate exponential BMM, applied to a
dataset sampled independently from some probability distribution P on R and a clustering
induced by some finite P-partition of the observation space. This led us to a formulation
of a function Ap on the space of finite P-partitions of the observation space. Maximisers
of this function are partitions that can induce ‘best’ clusterings in terms of the posterior
score (). This does not imply that finite P-partitions that maximise the Ap function will
induce the MAP clustering. In the first place, we do not even know if the MAP clustering
is induced by any partition of the observation space. Potentially this clustering can change
significantly every time a new observation is registered. On the other hand, as showed in
Section 2.1, the MAP clustering possesses nice geometric properties, namely the clusters
are separated by the contour lines of the linear functional of the sufficient statistic in the
model. This can give us a hope that the limit of the MAP clusterings exists and exhibits
some of the properties of the induced partitions. This line of research was pursued in
Rajkowski (2019) with some success, for the Normal-Normal BMM when the prior on the
space of clusterings is the Chinese Restaurant Process, given by (1.14). In this case, when
the input distribution P has a bounded support, then we can connect the limits of the
MAP clusterings to the maximisers of the AXY function. This chapter presents the details
of this result from Rajkowski (2019).

It is important to underline that for this chapter we restrict our attention to the
Normal-Normal BMM in which the prior on the space of clusterings is the
Chinese Restaurant Process. Here we note that for the Normal-Normal model the
marginal density gnn  given by (1.34) depends on the mean location hyperparameter 19

only via the shift x — x — pg. (This applies also to the two remaining Normal models from
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Section 1.4.1, but this is not the concern of this chapter). Therefore if we are interested
in the clustering properties of the MAP clusterings in this model, we can without loss
of generality consider the case ug = 0. The properties for the general case follow by an
easy transition. In this case, using the definitions (1.8) with (1.34) and (1.14) we can

reformulate the score function @) so that it will be more convenient for further analysis.

Remark 3.1. The conditional probability of partition Z in the zero-mean Normal-Normal

BMM model with the Chinese Restaurant Process prior on the space of partitions, given

n

the observation vector = (z;) "'_1, 1s proportional to

9.(T) = O/ Cil e I 1 NI —
@m = e ar; eXp{2I€ZZm I S

where C' = a/+/det ¥g, R = 251/2, Rp= (3 + ¥, k)2 for k € N, || -| is the standard

Euclidean norm in RY.
Proof. Firstly note that
~1 2 -1 —1 2 It 2 —d -2
U, " =FkR; and hence X, W3, =R TR and det Uy = k™ %(det R) ™ “.  (3.2)

It follows from (1.34) that for g = 0:

| LA 1 et e
gnnk(@ | Z) = (2m[2]) dn/2||\11z’|1/2 exp { -3 > a'% lfI:i} exp {5 > 1IPE S s 1961} =
=1 1€

Cans2 |V IZ1/2 1< 1 o
= (2] [) /dexp{ — 5 D IR} exp {5 I11I1Ry B2} =
i=1

7|/2
|Wo|Zl/ 2 =

(3.3)

From (1.14) we can write
Prn(Z) oc T T (1] = 1)! (3.4)

1€l

Now Q(Z) x Q(z,T) follows from (3.2), (3.3), (3.4) and the formula (1.8). O
The MAP partition of [n] with observed x = (z;)!'_; is of course not affected by the

proportional change of the score formula and hence it is also the maximiser of Qg ().

3.1 Proportional growth of cluster sizes

In the sequel, we assume that observations come from iid sampling (which is pursued
in Section 3.2 and further). The main goal is to prepare the ground for analysing the
limit behaviour of the MAP clustering. To establish this, we want to prove that the
sizes of the clusters in the MAP clustering grow proportionally to the quantity of data.
Proposition 3.2 gives a partial answer. It states that when the sequence of sample ‘second

moments’ is bounded then the size of the smallest cluster in the MAP partition among
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those that intersect a ball of given radius is comparable with the sample size. The proof of
Proposition 3.2 is lengthy and consists of several auxiliary lemmas. It is therefore presented

as a separate subsection.

Proposition 3.2. Let sup, = > | |[|z,]> < oo and let T, be any MAP partition of
(1,...,xy) in Normal-Normal BMM with the Chinese Restaurant prior on the space of

partitions (i.e. any partition that maximises (3.1)). Then
liminf min{|J|: J € Z,,, 3;es|25]| < r}/n >0
n—oo

for every r > 0.

(a) n =100 (b) n =500 (¢) n = 1000

Figure 3.1: Illustration of Proposition 3.2 and Corollary 3.3. The red circle is arbitrarily fixed
and the clusters it intersects are coloured. The number of observations in each coloured cluster is

proportional to n and the number of these clusters remains bounded as n — co.

The assumption sup,, 2 37 | ||z, [|*> < oo allows the data sequence to be unbounded, while
ensuring that it does not grow too quickly. It is easy to see that an assumption of this kind
is necessary, otherwise it would be possible for each new observation to be large enough to

create a new singleton cluster; such example is shown in Proposition 3.12.

A simple consequence of Proposition 3.2 is that under these assumptions the number of

components in the MAP partition that intersect a given ball is almost surely bounded.

Corollary 3.3. If (% Iy ||xl||2)zoz1 is bounded then for every r > 0 the number of

clusters that intersect B(0,r) is bounded, i.e.
limsup [{J €Ly Jjesllz;|| < r} < oo,
n—o0
where I, is the same as in Proposition 3.2.

Proof. The proof follows easily from the fact that the size of the smallest cluster that
intersects B(0,r) is bounded from above by the number of observations divided by the

number of clusters intersecting the ball. O

Proof of Proposition 3.2
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For the reader’s convenience the proof is split into three parts. In the subsection which
we denote ‘Preliminary lemmas’, we list some facts which are important for our analysis.
The subsection ‘Important properties of the MAP partition’ presents lemmas regarding the
MAP, which are further used in the subsection ‘Concluding the proof of Proposition 3.2’,

where the actual proof of the main proposition is finally presented.

Preliminary lemmas

Remark 3.4. Let R,, be defined as in the statement of Remark 3.1, then

(a) det R,, is a decreasing sequence that converges to det R

(b) if Yy — y then Rpym — Ry

Proof. The proof is straightforward and therefore omitted. O

Lemma 3.5. Letny,...,nr €N, ny <ng <...<ng andn = Z,’f:l n; = ang + r, where
a €N, r<ng. Then Hle ni! < (ngph)ng(ng — 1) ... (ng —r+1) (if r =0, the right-hand
side being simply (ng!)®).

Proof. We prove by induction on nj that the sequence

b=(1,...,nk,1,...,ng, ..., L...ong,ng —r+Ling —r+2,...,n)

a

may be ordered so that it is term-wise not less thanc = (1,...,n1,1,...,n2,...,1,... ,ng).
Clearly the existence of such ordering establishes the lemma. For nj; = 1 this is self evident.
For ny > 1 we apply ‘greedy’ approach. Assume r > 0 (the case r = 0 follows in a
similar way). Put all ng’s from b in the places of ng,ng_1,...,nk_q in c. The fact that
ng > Ngp_1 > ... > nq ensures that it is possible and all of np — 1, np_1 — 1,...,ng_q —
1,np_q_1,...,n1 are less or equal to ng —1. Therefore we may apply inductive assumptions

to these numbers thus finishing the proof of the lemma. O
Lemma 3.6. For every € > 0 there exist K € N such that if ny,...,np < n/K, where

n= Zle n;, then m <e.

Proof. Assume that ny < ... < np < n/K and let n = ang + r, where 0 < r < ng. By
Lemma 3.5 we get that

k
Hi:lni!S(nk!)a(nk_T+1)“'nkSL.L.”'.L. 1 < 1 . (35)
n! n! 1% 2mk a* (a+1)" = (al)™

Therefore

Hz:l Tg: S il _ 1 ] (36)

Vol wWal /)
ng
For K large enough this might be arbitrarily small, so the proof follows. O
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Important properties of the MAP partition

Let us fix a sequence & = (x,,)2; in R? and let Z,, by any MAP partition of (21, ...,2,). In
order to facilitate the analysis, we introduce the following notation: let m, = min;_; | ]|
and M, = max; ;. |J| be the minimum and the maximum cluster size in the partition Z,.
Moreover for r > 0 let

m") = min{|J|: J € Z,,|Z7|| <r}, M) =max{|J|: J e L, |Z7|| <r} (3.7)

n n

be the minimal and the maximal cluster size in the partition 7, among the clusters whose

center of mass lies in B(0,r). Finally let
mll = min{|J|: J € T, Jjesllzsll < v}, M =max{|J|: J € T, Jjesllzsll <7} (3.8)

be the minimal and the maximal cluster size in the partition Z,, among the clusters that
intersect the ball B(0,r).

Let J7, JM e T, satisfy |J7'| = my, and |JM| = M,,. We choose Jrer) - M) - gmilrl and

n o Yn )
(7)

Jn M[r] similarly (e.g. Jn"\" € 7,, satisfies H.’B |l <r and ]J;Ln’(r)| = mg)). Note that

this choice may not be unique.

Proposition 3.7. If (£ 37 | ||!Ez||2)zoz is bounded then liminf, ., M, /n > 0.

1

Proof. Suppose that liminf M, /n = 0. Then there exists an increasing sequence (n)gen
such that M,, /ni < 1/k for every k € N. We now prove that

Tim Y/ Qu(T,)/Qu({]}) = 0,

hence obtaining a contradiction with the definition of the MAP partition. By (3.1)
(d+2)/2 det R
IT 171 /mt- O T

Zn
ﬁ/QfB Lny, )/Qa([x]) §/ C! ’“‘/C T |J| (d+2)/2 det R
JELn, e lJl

1
o0 {3 ViR - R}
€ (3

(3.9)

Firstly note that

limsup "{/ C'f”k‘/C = lim sup C(Tne =D /e < max{1,C}. (3.10)

k—o0 k—o0

By Lemma 3.6, it follows that, under the assumptions,

lim
k—o00

1T 171t/n! = . (3.11)

JELn,

3

o1



We have ™y/np — 1, Ry, — R and det R, > det R. Hence

Jim sup ¢ ny,(@+2)/2 det R,,, lim supy,_, oo n,i/nk(d+2)/2 det Ru, < .
koo Lo, VPt Ry~ fnin, . "Vaot gl min{l,det B}
(3.12)

Recall the inequality between linear and quadratic means which states that for every

sequence «f, ..., q; of real numbers we have

L L2
‘Z:leal < Z’llaz or equivalently: Z(Z 1%) ZOZ (3.13)

If we apply (3.13) to every coordinate of vectors yi,...,y4 € R? and sum up obtained

inequalities we obtain that

Z'HZEMJi 2
z

l
2
<D lwill® (3.14)
i=1
Therefore, setting y; = RmRQxi and using the linearity of multiplication by matrix

> WIRG R < 30 3 IR R (3.15)

Jei, Jei, jeJ

and hence, using Lemma A.6, we have

SRR < >0 D RGP < >0 N | RTR T < IRIB Y Il
Jein Jei, J€J Jei, J€J i€[n]
(3.16)

where || - [|2 is a matrix norm induced by || - || (i.e. [|All2 = supj,|=1 [[Az]|). From this and

assumptions of the Proposition we can easily deduce that

Z |J‘HR|J1‘R2$JH — ny|| Ry, 1R2$[nk]H ) is bounded from above. (3.17)
EInk

Gathering (3.9), (3.10), (3.11), (3.12) and (3.17) together, we obtain that

lim sup VQm In,)/Qa([n]) = 0.

k—o0

Hence there exists a sufficiently large n that satisfies P(Z,|x) < P({[n]}|x). This is

a contradiction. O

Corollary 3.8. If (23" | ||3:ZH2)ZO:1 is bounded then there exist ro > 0 such that ||z || <
ro for alln >0 (and arbitrary choice of JM in case of ambiguity).

Proof. By Proposition 3.7 we know that v := liminf,,_,~ M, /n > 0, so there exists N > 0
such that M,,/n > ~/2 for n > N. Suppose that there exists a sequence (ny)7°; such that
|Zjar|| > k for all k € N. Note that for ny > N

"k

fZszH D —H Z 7

GJM

n

M
= [ || = v/2 -k, (3.18)
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which, together with the inequality between the arithmetic and quadratic mean, contradicts
the assumption that the sequence (1 37 | ||z| ) | is bounded. The proof of the Lemma

now follows directly. O

Proposition 3.9. If (1 37 | HxZHQ)ZO:l is bounded then liminf, mg)/n > 0 for every
r>0.

Proof. Firstly note that it is enough to prove the statement of Proposition 3.9 for all r > rg
for some given rg > 0 — indeed, for fixed n € N, mg) is decreasing with r. We take r¢ from

the statement of Corollary 3.8.

Fix r > rg. By the definition of rg we have Jé\/l’( "~ =JM so M( g = M, and by Proposi-
tion 3.7 liminf,, M,Sr)/n > 0. Now we prove that liminf,, . mnr)/n > 0. Suppose the
contrary. We show that for sufficiently large n, the posterior probability of J, increases if
M, (r)

we create one cluster out of J,' () and J,
7, by joining J;ZL’(T) with Jyjlw’(r), ie.

. Let Z,, be a partition of [n] obtained from

T = I \ {J0) JMY g L gma(r) g g M)y, (3.19)
In order to simplify the notation, we write m, M instead of m%), ( ) respectively, re-

membering that they are both functions of n. Similarly let us write &,,, Ta; and T,0nr

instead of Z jm.(r), T ;1

most factors in (3.1) cancel out, glvmg

) and T CNEGE When taking a quotient Qm(fn)/Qm(fn | x)

Qu(Ty) mIM!U (m+ M\ YD? det Ry 12
OuZ) Clm s < mM ) dot Ry - det By SPAPRET, (3.20)
where
D, = m|| R, R?&||* + M|| Ry R*Zai||” — (m+ M)|| R, R2Emon||*. (3:21)

By Remark 3.4 we have det Ry,,+r < det R,;, and det Ry; > R and hence

det RerM
det R, - det R/

< (det R)™L. (3.22)
Let I be the identity matrix and let U = ¥ Land V be a symmetric matrix such that
V2 = R7'U?R~!. Using Lemma A.7 we get

(m+ M) — (m+ M)R(R, "\, )>R=(m+M)(I - RR, 2 ,/R) =
= (m+ M) (I— (I+R—1U2R—1/(m+M))*1) - (3.23)
— V(I +V*/(m+ M)V

and therefore

(m -+ 30) | B[ — (m o+ )| By, o B2 =

! (3.24)
— Toonr RV (I+V?/(m+ M)) ™'V R&Em07 < |VR|3°
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Moreover it is straightforward to verify that

R R < R, Rt | < | o] 3.5
and
| B+ M| R |” = (m 4+ M) | R = || R — )| <
M (3.26)
< m||R(@m — z37)||* < ml|RIP (2] + HWW < m|R|* - 4r?,
By Lemma A.6, together with (3.24), (3.25) and (3.26),
D, <m|R||3-4r* + |V R|3r*. (3.27)
Stirling formula, which is valid for every n € N (cf. Feller (1968)), states that
V2mn(n/e)"e T < nl < v/ 27Tn(n/e)"eﬁ. (3.28)
This gives:
m!M! mM /2 mm MM mM \'*  m\m
< Var < V2 (37)" - B2
(m_i_Ml* <m+M> (m_|_M)(m+M)ei 7T€<m+M> i (3 9)

Now by applying (3.22), (3.27) and (3.29) to (3.20) we obtain that for constants C’ and
C”, given by

C' = CV2r(det R) L exp{|VR||3?}, C" =exp{||R|3-4r?}, (3.30)
such that o (@41)/2
1"\ m
lim inf Qz(Zn) < liminfC’ [ + M m¢ =0, (3.31)
n—00 Qw( n) n—00 mM M

as liminf, ,ooc m/M — 0. Hence there exist n such that the posterior probability of 7,
is smaller than the posterior probability of Z,. This contradicts the definition of 7, and
finishes the proof of the Lemma. O

Concluding the proof of Proposition 3.2

Assume that (L 37 ||| ) | is bounded. We want to prove that lim inf,, mi! /n >0

for every r > 0.

Take rg from the statement of Corollary 3.8. Note that, as in proof of Proposition 3.9 it is

enough to prove the statement of Proposition 3.2 for r > ry.
Fix r > rg. Suppose that liminf,, s mn]/n = 0 and let (ng)72, be a sequence such that

limy oo m,[;l /ni = 0. This implies that

dim [

=00 (3.32)
(otherwise we would obtain a contradiction with Proposition 3.9). Let

Iy={je e lzgl < v}, Iy = {5 € TVl > 7). (3.33)
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Consider a partition 7, obtained from Z,, by taking I? from J," I and adding it to JM
i.e.
Tn =T \ AT Ty U LI 1, T U I (3.34)

¢ Qo)

When taki ti
en taking a quotien o)

most factors in (3.1) cancel out, giving

2 . | | (d+2)/2 . .
Qz(Zn)  (a+b)!M! <b(a + M)) det Ry, - det Roynr {;an} . (3.35)

Qu(Tn)  bla+M)! \(a+b)M det Ryy - det Ras
where M = |JM a=1[I5 |, 0 =11, 5 | (in order to simplify the notation we skip the index
ng) and

Do = (a+ )[Ry Rowass | + M| Ryf R |~

Lo ) (3.36)
— bRy 'R mb” (a+ M)|| Ry R maUMH :
in which Z,0p = 7« ;v and we define T, )7, T,0ns similarly. Note that
"k "k
b)IM! b+1)@ b+1

lat M) (M1D@ ~M+1

since limg_,o0(a + b)/ng = limg_ o mmc/nk = 0 and liminf,, M/n > 0. For the similar

reason

CED A (3.38)

Moreover, by Remark 3.4 we have

det Ry - det Roq s < det R%
det Ryyp - det Ry — det R?

(3.39)

Now let us investigate D,,. The notation is easier after a linear substitution y; = R%x; (so

that y7 = R%Z7), hence obtaining

Do = (a+0)|[ R vail|* + M Ry yar | =0l By 5" = (ot M) | Rt ywaon]| (3.40)

Note that
a b\ —1—1|2
O TR e G P a+bHRa+b( R e T
= LA ey b - bR <
1
= 5 @Rl + 20| B yal | B2yl + 2| B3l
—b(a+b)|[R,'v5|) =
1

- a+b( 2| Ry L yall” + 2ab|| R L val || R Lol — ¥oT15)
(3.41)

where Ty = b(a + b)R, % — bQR;+b

My = My when M7 — My is positive definite. If A, B are two invertible matrices then

For two positive definite matrices M, My we write

Al —Bl=BYB-A)A! (3.42)
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and hence

T,y = bla+b)(R? + U?/b) ' — > (R + U?/(a+ b)) ' =

(
=0 (a+b)(bR? + U —b*(a+b)((a+b)R? +U?) ' =
= b2(a +b) ((bR2 + U ((a+b)R2 + U2)_1> - (3.43)
— ab*(a+b)((a+ )R>+ U?) 'R2(bR> + U™
— ab(R? +U?/(a +b))  'R*(R* + U?/b)~!
Note that by a direct calculation:
(R*+U?/b)R*(R* + U?/(a+b)) X (R*+U*R?(R*+ U?) (3.44)
and hence, by Lemma A.6 (d) and (3.43)
Top = ab(R? + U*) ' R¥(R? + U?)~L. (3.45)

Let Tp be a symmetric, positive definite matrix such that T3 = (R?+U?)"'R?(R?+U?)~!
Using (3.41) and (3.45) we have that

_ e 1 el _
(@ +0)| B yarsl|” = bl B 55l < = (@ Rl +2abHRaibyaHHRaibyz>H—abHTo.‘/sz)=

:a( IR yall” + (2HRa+bYaHHRa+beH—HTOYbH ))

a Ir"val” +7(2HR‘ vallllB~53l| = |1 Tow3]I") )
a+b a-+b

(3.46)

Let v 4 be the minimal eigenvalue of the square matrix A. Then for any symmetric, positive

IN

definite matrix A and vector v we have v 4||v|| < ||Av]] < Daljv|| and T4 = gzll. Hence,
by (3.46)

vall” +— HYbH(QVRQHYaH VTOHYbH))
(3.47)

(a+0)|| R, Ly yarsl|” bl B, 5" < o

Similarly we note that

M| Ryivai|)? — (a+ M)||Ry Ly vaour|)* <

1 _
= MHR YMH a+ M 2HR(1+MyaH +2aMy, Ra+MyM +M HRCL+MyMH2) =
1 _
= (@ M| Ryya|* - || Ry val” - 20Mya" B yyar - M|y wwl”) <
1
< a+M(M((a+M Ryt var||” — M||R; L vai])?) — 2aMﬁTR;fMW).
(3.48)
Using (3.42) again, we can write
(a+ MRy — MR.2\ = (a+ M)(R* + U*/M) ™' = M(R* +U*/(a+ M)) " =
= M(a+ M)(MR?>+U*) ™" - M(a+ M)((a +MR?+U?) " =
= M(a+ M)((MR2+U?)™" = ((a+ M)R? + Uz)”) - (3.49)

—aM(a+ M)((a+ M)R? +U?) 'R2(MR? + U~ =
— o(R*+U?/(a+ M)) 'R} R+ U?/M)"!
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By direct calculation
(R*+U?/M)R?(R* +U*/(a+ M)) = R? (3.50)

and hence, by Lemma A.6 (d) and (3.49) we get

(a+ M)Ryf — MR 2, 2 aR™>. (3.51)
By (3.48) and (3.51)
1
M|Ryf || = (a+ M) | REyvaowi|* < 7 (@M |[R™'ya]|* — 20Mya" B2, 937) =
M
oM (Rt — 25 B ) <
M
§aa+ (Il7 IYMH + 2| R Ly ¥al| - | Rern ) <
M 1 1 1
<o (1B 'yai* + 2| R75a] - | By )-
(3.52)
Joining (3.47) and (3.52) we get that
_ b o _
Doy < a(vy 4 el -l
M 2 1 I '
+ 7 (1RyaEl” + 2| RV - R va)
By the triangle inequality
— _ a _ _
Il = Ivaml - ¥l = il - kvl = 550
> vil|Ea]| - e
Hence, by (3.32)
tn 2l = 029
Note that in particular limg_,o HybH = 00 and since HEH <Up2 H:LTIH < Uper we have
Jim (20 |[al| = 22, [[35]]) = —o0. (3.56)

Moreover HyT\/[H < ﬁRszH < Uper and therefore by (3.53), (3.54), (3.39) and (3.56) we

have

lim D,, = —o0 (3.57)
k—oo
By taking (3.35) and using (3.37), (3.38) and (3.57) we obtain that limg_,, gz((én’“)) =0.
x nk

This is a contradiction, from which the result follows.
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3.2 Clustering Randomly Generated Data

Let P be a probability distribution on (R?, B) and let (X,,)5%; be a sequence of independent
copies of a random variable X with distribution P. Now let Z, by any MAP partition
of (X1,...,X,) (i.e. any maximiser of (3.1); in case of ambiguity just choose one at
random). Then Z,, goes a random partition of [n]. Note that if Ep||X||* < oo then by the
Strong Law of Large Numbers almost surely 2 3" | || X;||> — Ep||X||> < oo and therefore
the assumptions of Proposition 3.2 are satisfied almost surely. Useful corollaries of this

observation are listed below.

Corollary 3.10. If Ep||X||* < co then almost surely for every r > 0
(a) liminf, . min{|J|: J € Z,, 3jes ]| X;|| < r}/n > 0.
(b) the number of clusters in I, that intersect B(0,r) is bounded.

An easy consequence of Corollary 3.10 is

Corollary 3.11. If the support of P is bounded then almost surely
(a) liminf,,_,o min{|J|: J € i’n}/n > 0.
(b) || is bounded.

Proof. 1f the support of P is bounded then E || X*|| < co. Therefore we can use Corol-
lary 3.10 where we take r sufficiently large so that B(0,r) contains the support of P. [

The assumptions of Corollary 3.11 cannot be relaxed to those of Corollary 3.10. It turns out
that there exists a probability distribution P with a countable number of atoms sufficiently
far apart, whose probabilities are chosen so that E || X ||* < co and almost surely the most
recent observation creates a singleton in the sequence of MAP partitions infinitely often,
i.e. there exists a sequence (1), such that {z,,} € Z,,. This violates part (a) of
Corollary 3.11.

Proposition 3.12. Ifd =1 and a =T =X =1 then for P =% °_ q(1—q)™d1gm, where
q=(2-18)71, almost surely liminf, o m(Z,) = 1.

Proof. Take d =1 and o = ¥y = ¥y = 1. Then R, = % Let y1,...,yn € R? and
vy = (y1,...,yn). Take any partition J of [n]. Let J, € J be the cluster containing
n and assume that |J,| > 2. Let Jn,{ny be obtained by creating a singleton out of n,
Le. Tngny = T \{Jn} U{Jn \ {n},{n}}. By (3.1) it is easy to show that the quotient
Qy(jn,{n})/éy(j) is equal to

h, (Y15 yn) =

1wl 2 Sy (S
Il =1\ 2]y

4 T 2| J,| _2(\Jn|+1)}‘ (3.58)

The exponent in the formula above is equal to

O ysiny)?
20 |(|Jn] + 1)

2 | Jn| — 1 Ly 2 Ys\{n} N
T4l + 1) T ] 1

(3.59)
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which is a convex quadratic function of y,. Now, since |J,| > 2, it follows that

| Jp| — 1 1 S YiNn} |
>~ and (7’1 < = 3.60
=12 @ [T | S e (360)
Now let L = 2-18* and %,, = 18™. We show that if
n < Lm'H, Yn = Tm, and  |yil, ...y |Yn—1] < Tt (%)

then hy, (yi,...,yn) > 1 (regardless of J,) and hence in MAP partition for [n] based on
data (y;)™; singleton {n} forms a separate cluster. Assume (x). Note that if n < L™+
and |y1], ..., |Yn—1| < Zm—1 then by (3.58), (3.59) and (3.60) we obtain that

1 1 1 -

Let us denote the right-hand side of (3.61) by I(y,). Now I(y,) > 1 is equivalent to

1
ﬁyn — Zm—1yn — ((m + 1) log L + (log 2)/2) > 0. (3.62)

By the properties of the quadratic function, (3.62) is implied by

Yn 2 6<§cm_1 + \/:i‘fn_l + %((m +1)log L + (log 2)/2) ) (3.63)

It can be easily proved by induction that 372, | > %((m +1)log L + (log 2)/2) for m > 2
(note that the left-hand side is geometric with respect to m, while the right-hand side is

linear) and therefore

6<xm L+ \/ 2 ;((m—{— 1)log L + (log 2)/2) ) < 18Fm_1 = im (3.64)

and as y, > Ty, we have that hy, (y1,...,yn) > 1.

Note that if (y,)52; is a sequence whose terms belong to {Z,,: m € N} then if for some
m €N

n< L™ oy >E,, and yi, ..., Yne1 < Un ()
then condition (%) holds with some m’ > m (the one that satisfies %,y = y,,). Indeed,
if (x) is satisfied and y,, = &, then as y1,...,yn—1 < yn we have y1,...,Yn—1 < Ty 1,
MOTeover &,y = Yp > &y and hence m’ > m and n < L™+ < L™+ and hence (%) is

satisfied.

We now give an example of probability weights (pp, )m>1 such that the following probability
distribution P = > >°_| ppm0z,, has a finite fourth moment and if (X,,)02 lrlg P then (¥)
happens almost surely infinitely many times. Let ¢ = L~! and p,, = (1 —q)¢d™ . Tt is

straightforward to check that in this case P has finite fourth moment, as

) o) 18m [eS) 1

~4 _ 4 -1
E Py, = g @ 130T =18"(1—-L7") E Jm=1 < 0° (3.65)
m=1 mzl m=1
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Now let s, = > pi=1—¢™. Then sk = (1 — L™™)L™ — e7!. Let

= Lm+1 1
=y Li=="— <" (3.66)
i=0
and let A,, be an event defined by
Ap={ max X;>dn}= | {(Xi>in} (3.67)

N —1 <Ny, .
N —1 <i<nm,

Then the probability of A,, is equal to 1 —s%™; which converges to 1 —e~%. By the Borel-
Cantelli Lemma, it follows that almost surely infinitely many of the events A,, happens.
Let (z,);2, be a realisation of (X,)s2; and let (my)32,; be an increasing sequence of all
indices m for which A,, hold. Now let

N, = MIN{ N1 <N < Nyt Ty = nm,?lgaz‘)inm x;}. (3.68)
Let (k;)i2; be an increasing sequence of indices such that z, < zj, for k < k; (such
sequence exists since Z,,, — 00). We now show that for every ¢ € N the condition (') is
satisfied with n = ﬁmki and m = my,. Note that, by the definition, n,, < n,, and hence,
using (3.66), ny,, < Ty, < L™+ By the definition of my, Ty, = Ty, for k € N, and

hence x5, = T, . Finally, setting m(l) = min{m € N: n,, > I}, we have

Ty < Ty, if m(l) = my,,

for I < fzmki we have ) < L, 1)

< L, if m(l) = my, for some k < k;,
zp < Ty < jmki < :cﬁMki otherwise,
(3.69)
This proves that almost surely the MAP partition creates a new cluster out of a new

observation infinitely many times. O

3.3 Convergence of the MAP partitions

Corollary 2.13 gives us a convenient characterisation of the partitions of R? that in the
limit induce the best possible partitions of sets [n]. At this stage however we do not
know yet if the best induced partitions relate to overall best partitions, namely the MAP
partitions. A natural question is if the behaviour of the MAP partition resembles the
induced classification introduced in Section 2.2, as the sample size goes to infinity, and
under what conditions. This section presents partial answers in this regard, concerning
the Normal-Normal BMM with the Chinese Restaurant Process prior on the space of
clusterings. Recall that in this case Corollary 2.7 guarantees that the clusters in the
MAP clustering are linearly separated. In other words, the convex hulls of the clusters
in the MAP partition are disjoint. Moreover in this model we already know what is the
asymptotic limit of the logarithm of the posterior probability, which for an easier reference

and correspondence to our main formula (3.1) is given below.
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Lemma 3.13. Let A be a finite P-partition of R consisting of Borel sets with positive P
iid

measure. Let X1,... ~ P. Then almost surely

V@ (TA (X)) = 2 exp {ANN (W)} (3.70)

where ANN(A) is given by (2.60).

Proof. Relation (3.70) could be established by an examination of Theorem 2.12 and the
relation between Qg (Z) and Q(x,Z). For the sake of the remaining part of this chapter,

we choose a more straightforward approach a compute the limit directly.

We abuse the notation slightly and denote pya = |12 /n for A € A. By the Strong Law of
Large Numbers the sequence (X,,)0 ; almost surely satisfies pra — pa > 0. By Stirling

formula
A
H (npr)! >~ H [(%)m \/M} = \/27Tn|I"| H pr - (g H p?l)n (3.71)
Iezh Iezh Iezh Iezh

from which it follows by the Strong Law of Large Numbers that /][ eza(npr)! = ¢ [1eza Pyt~
LT],e4P%". Note that since Z;' has at most |A| elements,

lim VOZ! =1 and

lim
n—oo n—oo

H |[1|(4+2)/2 det Ry = 1. (3.72)
IezA

It follows from the Strong Law of Large Numbers that X;4a — E(X [X € A) for A € A
almost surely. It follows that

1 12—

lim — > |7||RRXG | = Y pa||RE(X | X € A (3.73)

n—oo n, 1]
Iezp AcA

Applying (3.71), (3.72) and (3.73) together with (2.60) to the formula (3.1) for Z4 com-
pletes the proof of the Lemma. O

Since the clusters in the MAP partition are convex sets, it seems promising to try to analyse
the posterior score @) of the MAP partition in the way similar to the analysis of the induced
partition. In order to do so, we would like to have a form of ‘uniform law of large numbers’
with respect to the family of convex sets. More precisely if P is a probability distribution

on R% and X1, Xo, ... i P, for P, = %Z?:l dx, we need the following to hold:

lim sup }Pn(C) - P(C)| =0 almost surely. (%)

n—=00 ' convex

In other words we require that the class of convex sets is a Glivenko-Cantelli class with
respect to P. A convenient condition for this to hold is given in Elker et al. (1979), Example
14:

Lemma 3.14. If for each convex set C the boundary OC can be covered by countably many

hyperplanes plus a set of P-measure zero, then (x) holds for P.
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In particular, it can easily be seen that the assumptions of Lemma 3.14 are satisfied if P
has a density with respect to Lebesgue measure Aq on R? (since in this case the Lebesgue

measure \g of the boundary of any convex set is 0, and hence is also P measure 0).

Apart from uniformly approximating the probabilities of convex sets with their empirical
counterparts, we will also need to do a similar estimation for the conditional expected
values. This can be done, provided we take into account convex sets whose probability is

separated from 0. This is stated as Lemma 3.15, whose proof is left for the Appendix.

Lemma 3.15. If P satisfies () and for X ~ P we have Ep||X|* < oo then for every
0 > 0 we have
lim sup |[E.(X|X€C)—Ep(X|XeC)||=0 almost surely. (3.74)
TGRS
We can now formulate a functional relation between the posterior probability of the MAP
partition and the value of the function AgN on the family of convex hulls of the sets in
the MAP partition, i.e. A, = {conv{Xj: jeJ}: Je f}, where conv A is the convex
hull of the set A. Note that A, is not necessarily a P-partition, since it is possible that
P< Usea, A) < 1. Regardless of that fact it is possible to compute AXY (Ay), according
to the formula (2.60).

Lemma 3.16. Assume that P has bounded support and satisfies (x). Let X1,...~ P and
let A, = {conv{X;: jeI}: T€ f}, where conv A is the convex hull of the set A. Then

almost surely

$ Qe (K1) = L exp{ANY (A1,

n
e
Proof. From Corollary 3.11 (a) we know min{np;: I € fn} — 00. By applying Stirling
formula to each factor (npy)! and taking into account that by Corollary 3.11 (b) the number
of factors is bounded, we obtain that

n

I (en) = T1 (”Z”)”pﬂ/zmp[:(Z)"Jﬂ'i"‘l\m- I1»] - 37

Iel, Iel, Iel, Iel,

By definition the elements of A,, are convex and hence by Lemma 3.14 the frequencies
pr for I € Z,, approximate the respective probabilities of sets in A, uniformly. We also

use the fact that the function Y p;logp; is continuous on the compact set AX and hence

oo
n=1

W er, (o)t = 211es P = 211 aca, P By applying a similar argument to the
remaining part of formula (3.1), the result follows by Lemma 3.15 (its assumptions about

it is uniformly continuous. Hence, as (|Z,|) is bounded almost surely, it follows that

the probabilities being separated from 0 are satisfied thanks to Corollary 3.11 (a)). O

Now we investigate the convergence of the sequence A,, defined in Lemma 3.16. In order to
do so we need a topology on relevant subspaces of 2&. We begin by recalling two standard

metrics used in this context.
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Definition 3.17. Let D be a class of closed subsets of R%. Then the function o5 : D* — R
defined by
or(A,B) =inf{e > 0: A C (B);,B C (4):},

where (X). = {x € R?: dist(z, X) < ¢}, is a metric on D. It is called the Hausdorff

distance. The fact that it is a metric follows from Moszyriska, observation 1.2.1.

The two following theorems are crucial for establishing the limits of maximisers. Theo-
rem 3.18 is Theorem 3.2.14 in Moszynska (2005); it ensures the existence of pg-converging
subsequence in every bounded sequence of convex sets. Theorem 3.19 is a straightfor-
ward consequence of Theorem 12.7 in Valentine (1964) (in the latter P is taken to be the
Lebesgue measure). It states that when P has a density with respect to the Lebesgue
measure then the Hausdorff metric restricted to the space of closed and convex sets I is

stronger than the symmetric difference metric.

Theorem 3.18. The space (K, orr) is finitely compact (i.e. every bounded sequence has

a convergent subsequence).

Theorem 3.19. If P is continuous with respect to the Lebesque measure then convergence

in o implies convergence in dp in the space K.

Note that the Hausdorff and symmetric difference metrics (cf. Definition 2.28) are defined
on sets. However we are interested in MAP partitions, which are families of sets. Therefore
it is convenient to extend the definitions of these metrics to families of sets, as presented
below. Lemma A.12 ensures that the desirable properties of compactness are preserved by

such extension.

Definition 3.20. Let d be a pseudometric on the family of sets F. For K € N we define
Fi (F) to be the space of finite subfamilies of F that have at most K elements. Moreover
A={AD . A®} € Fr(F) and B={BW,... BO} € Fx(F) we define
d(A, B) = min maxd(A®, B®)), (3.76)
ceX i 1<K
where Y is the set of all permutations of [K] and we assume A®) = @ and BU) = ) for

i > k or j > [ respectively.

Now assume that P has bounded support. Then by Theorem 3.18 and Lemma A.12 it
follows that (A,)2° ; has convergent subsequences which have a limit under gz (note that
as the support of P is bounded, sets A are also bounded in the op metric). Let us denote
the (random) set of their limits by E. Note that by Theorem 3.18 each family in E consists
of convex, closed sets. If we assume that P is continuous with respect to the Lebesgue
measure then it follows from Lemma 3.16 together with Theorem 3.19 that E consists of

finite P-partitions that maximise the function AgN . We state this as Theorem 3.21

Theorem 3.21. Assume that P has bounded support and is continuous with respect to

Lebesgue measure. Then every partition in E is a finite P-partition that mazimises AgN.
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Proof. Take any & = {E(1), ... ,E(k)} € E and assume that it is a limit of (A, )22, in 0g.
By Theorem 3.19 the sequence (.flnk)gozl converges to € also in dp. Since for every k € N
every two sets in the family flnk are disjoint and hence their intersection has P measure 0.
Therefore by the continuity of the intersection with respect to dp (Doob (1994), Chapter
ITI, Formula (13.3)) we get that P(E® N EW) =0for1<i<j < K.

To prove that £ is a P-partition it is left to show that P(|JE) = 1 (we denote & =
Ugee E). Suppose this is not the case. It means that Ey = R?\ |J€ is an open set with
positive probability. Therefore it includes a ball B’ of positive probability. Since B’ is a
convex set, we get p;p — ppr > 0 and therefore there exist n’ € N such that X, € B’
This is not possible, s?nce X, € U/ln for every n > n’ and therefore X,,; € |J &, which is

a contradiction.

By Lemma 3.16 and the continuity of AgN with respect to the metric dp we obtain:
Y @x1.(Zn) = exp{AFN (An)} = exp{AFN (E)}. (3.77)

Now take any finite P-partition A. We can assume that each X, belongs to exactly one
of the sets in A, pya — pa and X 74 = E (X|X € A) for A € A (it just requires adding
a countable number of conditions on the infinite iid sequence with distribution P, each of

which is satisfied almost surely). By definition of 7,, and Lemma 3.13 we get

VQx10 (Zn) > Y/ Qx,,, (TF) = exp{AFN (A)}. (3.78)

Equations (3.77) and (3.78) together give us ANN(€) > ANN(A) which proves that £ is

a finite partition that maximises AgN .

O

Let Ma be the set of all P-partitions that maximise the AJIXN function. Proposition 3.22
states that this set is nonempty and the symmetric distance dp from M to the families

of convex hulls A, of clusters in the MAP clusterings converges to 0.

Proposition 3.22. Assume that P has bounded support and is continuous with respect to

Lebesgue measure. Then Ma # 0 and almost surely inf pqeng, dp(An, M) — 0.

Proof. Let K, be the space of all closed and convex subsets of B(0,r). Note that Mx is
closed in (F(K,),dp) as an intersection of the set of maximisers of Mx in (F(K,),dp)
and the subspace of P-partitions, both of them being closed subspaces of (Fi (K,),dp).
By Theorem 3.21 we know that E C Ma. Now the proof of Proposition 3.22 follows from

simple, topological Lemma 3.23, given below. O

Lemma 3.23. Let (X,d) be a finitely compact metric space, D C X a closed set and
(an)22, a bounded sequence in X. If every converging subsequence of (an), has a limit
in D then dist(ay, D) — 0, where dist(-,-) is the distance function, i.e.

dist(z, D) = inf d(z,y).
yeD
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Proof. Suppose that lim sup dist(a,, D) > 0. Then there exist a subsequence (an, )72, and
€ > 0 such that dist(ay,, D) > > 0. This contradicts the fact that (ay, )22, as a bounded
sequence in X has a converging subsequence whose limit must belong to the closed set
D. O

It can be shown that as the norm of the within group covariance matrix tends to 0,
the variance of the conditional expected value gains larger importance in maximising the
function AXYN in formula (2.60) and this variance increases as the number of clusters
increases. Therefore by manipulating the within group covariance parameter, when the
input distribution is bounded it is possible to obtain an arbitrarily large (but fixed) number
of clusters in the MAP partition as n — oo, as Theorem 3.24 states. This is also an
indication of the inconsistency of the procedure used since it implies that when the input
comes from a finite mixture of distributions with bounded support, then setting the X
parameter too small leads to an overestimation of the number of clusters. This corresponds
to some extent to the starting point of our research, which was the inconsistency result for

the number of clusters of Miller and Harrison (2014), described in the introduction.

Theorem 3.24. Assume that P has bounded support and is continuous with respect to
iid

Lebesque measure and let X1, Xo,... ~ P. Then almost surely for every K € N there

exists an € > 0 and ng € N such that if |So|| < € and n > ng then |Z,(X1.,)| > K.

Proof. Fix K > 0. For a > 0 let ¥(«) be defined as

\Il(a) = inf sup P(Al) . P(AQ) . HEP(X ‘ X e Al) - EP(X ’ X e A2>H2 (379)
ACKr  Ay,Az€B
P(A)Za AjUAy=4
A1NAx=0

In Lemma A.13 we carefully prove an intuitive fact that ¥(a) > 0 for a > 0.

We now prove that for e = 1teW (K ~!) if ||S|| < e then every finite maximiser of the ANY
function is of size larger than K. Take any finite partition A of R% that consists of at most
K convex sets with positive P measure. Let A € A be the set of the largest probability
in A; note that P(A) > K~!. By definition of ¥ we can divide A into two sets Aj, Ag
(Al UAs =A, AiNAy = @) such that

P(Ay)-P(Ay) - ||[Ep(X | X € A)) — Ep(X | X € Ay)|?> > W(KY)/2. (3.80)

Let A= AU{A;, A2} \ {A}. Then

ARN(A) = ARN(A) = %(P(Al)HR Bp(X|X € AP + P(A2)|[R- Ep(X | X € Ay)|*~

— P(A)|R-Ep(X | X € A)HQ) — P(Ay)log —— — P(Ay)log

) P(A)log

1
(4)
(3.81)

1
(A2)

It is straightforward to verify that plogp~' € [0,1] for p € [0,1] and, since
P(A))Ep(X|X € A1)+ P(A)Ep(X | X € Ay) = P(A)Ep(X | X € A) (3.82)
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we have

P(A)|[R-Ep(X|X € &1)|* + P(A2)|R- Ep(X | X € A)|* = P(A)|R- Ep(X | X € A)|* =
_ P(A1)P(Ay)

By IR (Bp(X|X € Ay) — Ep(X|X € )|

(3.83)

Therefore by (3.81) and Lemma A.13 we get

P(A)P(A
AR (A — ARV () = 2L 15)<A>( 2R (Ep(X| X € A) — Ep(X| X € Ag))2 — 2671 >
P(Al)P(AQ) 1 2 -1
FEp(X|X e€eA))—Ep(X|XeA -2 =
= P(A) HR_IHQH P( ‘ € 1) P( ’ S 2)” €
P(A1)P(Ap) 1 9 5 1
= HEP(X‘XEAl)—EP(X’XEAQ)H — 2e >
pP(A) (X
> e 'P(A)P(A)||Ep(X | X € A) — Ep(X | X € A))||? — 271 >
>e WK Y) /227 > 27 > 0.
(3.84)
Hence A is not a maximiser of AgN function.
Now let X1, Xo,... X P and A, be the family of convex hulls of groups of observations

defined by the sequence of the MAP partitions based on Xji,..., X, (where the MAP
partitions were computed in the model with the within group covariance matrix of the
norm less than ¢). Suppose that there exists a subsequence (n;)72; such that ]flm| <K
for i € N. By the compactness of the space (Fz(K;),0r) (cf. Lemma A.12) we get that
there is a subsequence (,Zlm]) that is convergent in this space to a P-partition £ of R¢
which is a maximiser of AXY (cf. Theorem 3.21). By our previous analysis, |£| > K. On
the other hand the probabilities of sets in A, are separated from 0 (this is a consequence

of Corollary 3.10) and this yields a contradiction. O
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Chapter 4

Normal-Inverse-Wishart with

linearly increasing concentration

In Chapter 3, we presented a careful analysis of the Normal-Normal BMM model, where
the theoretical covariance structure of each cluster was assumed to be the same and known
in advance. The example of a uniform input distribution illustrates that the within-cluster
covariance is strongly influenced by the prior covariance parameter. When this is not the
same for each cluster, or if the ‘correct’ hyper parameter value is not known in advance,
then this model performs poorly; Proposition 3.24 illustrates that under hyperparameter

misspecification, the model can behave very poorly.

To circumvent this, we place an Inverse Wishart prior over the within-cluster covariance
parameter, but the naive application of such a prior produces a model which, when applied
to a uniform input distribution, gives the same maximising value for the objective for
any division of [0, 1] into connected pieces. The problem is that the parameter space for
this non-parametric Bayes model is too large. Hence, we investigate priors which have a
regularising effect; to obtain a suitable objective as an asymptotic limit, we consider prior

distributions which depend on the number of observations.

It turns out that the only dependence on n which gives the regularising effect that we
require is the Normal-Inverse-Wishart model (1.37) with vp = a + An for parameters o
and A, while keeping the expected within cluster covariance fixed as ¥y. More explicitly,

we consider the asymptotic limit when, for a sample size n, the prior is
1
A~WHa+I+d+1,(a+In)S)  p|A~N(ug,—A). (4.1)
KQ

This leads to a parametrised family of objectives, which depend on the parameter A. For
fixed >y letting A range between 0 and +oco gives a whole range of objectives, where
A = 400 corresponds to the situation of the previous chapter, where the within-cluster
covariance is fixed as ¥9. When A > 0 (inequality strict), we can adapt the methods of the

previous chapter (with fixed within-cluster covariance) and prove corresponding results.

The first important result in this chapter is the analogue of the formula (2.73) for the
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adjusted Normal-Inverse-Wishart model.

Proposition 4.1. Let P be a probability distribution on R and let X1, X, . .. P, Let
A be a finite P-partition. Let gonrwn be defined by (1.45) with vy = vo(n) = a + An,

where X > 0. Then

Tim {/ QX1 TA (K1) 2 (2m)~ exp{ABYY (), (42)
where
AFN(A) = 3 log S| — -
1 A P(A)
— 52 (P + ) log’P(A)+)\Id+ Bt 300 VPX X € )|+ Hp(4)

AeA
(4.3)

The proof follows immediately from Lemma 2.15 and Lemma 4.2.

Lemma 4.2. Let P be a probability distribution on R* and let X1, Xo, ... WP Let A be

a finite P-partition. Let gonrw,n be given by (1.45), where vy = vy(n) = a+ An for A > 0.
Then

lim §, GaNIWn (Xlzn |I;L4(X1n)) (44)

n—o0

5ol 2 2em) 2 T |
AeA

Y, 'Ve(X X € A)

—(P(a)+) /2
L+ ‘( +2)

A
PA) + A 1T P(A)+ A

Proof of Lemma 4.2. Let J4 := {i < n: X; € A}, for short. For J C [n] let p; = |J|/n.

Moreover let €, ; = W. By Stirling formula

n(pJA +)\+En7i)
n

A d+1\ as. a1 n + A +ens 2
r, (\Jn | +vo+d+ ) a5 pd(d-1)/4 H [\/””@Jﬁ‘ A+ ) ( (pJé‘ ; ))
=0

2 2e

Hence

(pj;? +Aten ;)

d—1 R
n ’JTI?|+V0+d+1 a.s. n(pt];;lﬁ-)\ﬁ—é‘n,i) 2
\/Fd ( 2 H 2e ’ (4.6)

1=0

w

1R

For any fixed i < d

(pmx +Aten ;)
I (n(pJ;;l + A+ €n,z')) 2 _
AcA 2e

(1A Ale, ;) P atrten,i)

(e I (pop+r+ens) = % G0
€ AeA
(A+[A[N)
.S. n (Pa+N)
T(g) T ILearn™

AeA
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where we used the fact that n°m — 1. Thus, by (4.7) and (4.6)

d(1+[A[N) dpa+X)
’ (4.8)

'nHFd

AeA

‘Jr‘?|+l/0+d+1 aj(ﬁ)
2 T \2e

Similarly, using n°*»* — 1 again we can show that
(Aen4) (Ad)
2

R0 e

2 ‘
=0

Also, the following statement hold

IwoSo |00+ 1/2 2 (nA) /2|5 V2 (4.10)

From (4.9) and (4.10) we get
(vo+d+1)/2 A/2
B (151) .

A vo+d+1 —\ (2e)d
g~

Clearly
. RO
1 v —— = = L. 4.12

By the Strong Law of Large Numbers we have that

(4.13)

and hence, recalling the definition (1.47) of ¥(x), for A € A
ko(@a — 110) (@4 — 110)" ) _

\E(X A)‘ _ ‘JA|d' ‘VOZO i Zie]{}(xi — ) (T —ﬂ)T
A | T2 ko + | JA]
_ iy, | 100 Picsp (@i —TA) (@i @A) ko (@A — po) (Ta — po)” ‘
RaIFE | T3] ko + | J]
(4.14)
Let
;o WXo 2icsalri —®a)(zi — ) ko(®a — po)(@a — o) (4.15)
R | T2 ko + [ J] -
Then for ¢, = ¢H+e,
n Al Ly, A n
\/\Z(Xm)\u‘]" [+vo+d+1)/2 _ (ndpi?’VAvnD(pJ;?-‘rA-l—e )/2. (4.16)
It follows that
(4.17)

Jitltrotd+1)/2 n ’ FAten)/2
o TT 12K )[R0 D72 _ e A Alen) T (i [V ) P2 05072,
AcA AcA
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Note that by the Strong Law of Large Numbers

: d |7 (pja+A+en)/2 d (P2
JE{.IO(pJ;HVAmD Tt = P(A) <‘P(A) Y0+ Vp(X|X € A)D . (4.18)
Using (4.17) and (4.18), together with the fact that n°» — 1, we obtain
(P(A)+X)/2
I1 \/ |S(X 0|70t EE02 58 (1AW TT ( P(4)? A s VA(X| X € 4) _
* P(A)
AcA AcA
d(1+ AN d P(A) (PASEN/2
= P(A by X|XeA
" AHA(< )+ S+ Ve X € )
A
— pd(1+AN) 33| (141A412)/2 H (P(A) + \) A o P(A) SIVR(X | X € A) (P(A)+N),
Iy P(A) + A P(A)+ 270
(4.19)
The proof follows from plugging (4.8), (4.11), (4.12) and (4.19) into (1.45). O

Let us highlight important differences between the formulas (4.3) (the objective to be
maximised when A > 0) and (2.73) (the limiting objective as A — 0). Equation (4.3) may

be expressed equivalently as:

] 1 d
API,\;IW(A) = 5’-/4’ - Alog [¥o| — 5~

_ ;%(P(A)"_)\) log‘P(A))\+)\EO+ P(Z()Ai V(X[ X € A)‘ +§4P(A)logP(A).
(4.20)

When A > 0, the ‘variance’ part now contains a convex combination of the true within-
cluster covariance matrix Vp(X | X € A) and the apriori expected value of the within-

cluster covariance Y.

For A = 0, the log-determinant is multiplied by the probability P(A), while for A > 0,
this multiplier is (P(A) + ) and the sum over all A € A is not an expected value, unlike
for A = 0,. The general formula also has a term that depends linearly on the number of

clusters in the partition A, which disappears when A = 0.

The quantity %log |Xo], is independent of the partition A and is therefore irrelevant for

the problem of finding a maximiser.

We now consider what happens to the objective (4.3) when A\ — oo.

Proposition 4.3. Let A be any partition of R and P a probability measure. Then, up to

constants (i.e. differences which do not depend on the partition)

(a) for fixed A the function A — Apx(A) is decreasing,

(b) Hmy_oo App(A) = —51og|So|—2 3 4c 4 P(A)tr(Zg ' V(X | X € A)+3 44 P(A) log P(A).
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Proof of Proposition 4.3. We start with a crucial lemma.

Lemma 4.4. Let xg > 0 and let ¥ be a symmetric, d X d matriz such that Id—l—% 18 positive
definite for all x > xo. Then

(i) ©— xlog )Id + %‘ is an increasing function on (xg, 00)
(71) limg_ o zlog ‘Id + %‘ = tr(X)

Proof. Let A1,...,Aq be the eigenvalues of the matrix 3. Then the eigenvalues of the
matrix I + % are (1 -+ %) > 0 for ¢ < d and x > xg. Therefore

d d
. b . Ai
xlggoxlog ‘Id + E’ = xl;ngoz;mlog (1 + $> = Zl Ai = tr(X). (4.21)
1= 1=
The fact that © — x log Id—i—% is increasing follows from the fact that each of the functions

xlog (1 + %) is increasing (regardless of the sign of \;). O

This is key to establishing Proposition 4.3. Firstly note that
A P(A)

‘P(A) 34T pra) +A251VP(X|X €)=
=[x olwp )\20+P(Z()Al)\VP(X|X€A)’:
— |2‘1/2|‘P(A) — Yo+ P(PA(;?_)\VP(X|X S A)‘|251/2| -
B P(A) —~1/2y; ~1/2
‘P(A)+/\Id+P(A)+)\E° P(X|X € )5
(4.22)
By Lemma 4.4 we have that
A P(4)
%(P(A)—l—)\)log’P(A)_i_)\Id—l— P(A()lAzolvp(X]X €A =
€ (4.23)
=" (P(A) +A)log ‘Id + fm(z VAV (X | X € Ay t? - Id)‘

AeA

is increasing in A (plug x = P(A) + A\, zg = P(A4), X =X 1/2VP(X | X € A)%, ~1/2 1)
and
P4

Jim = (P(A) + ) log (P(Ai P T7Ve(X| X € A)‘ -
. }L“éo% (P(A) + ) log ‘Id + P(PA()? (S5 PVR(X | X € Ay - Id)’
-y tr(P( V(25 PVp(X | X € A)xg 2 - Id)> -
= AfP(A)tr(Zale(X | X € 4)) —d,
Ach

(4.24)
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which concludes the proof of Proposition 4.3. O

Note that part (b) of Proposition 4.3 gives (up to a constant) the same objective to be
maximised as ANY (cf. (2.63)). Therefore, as A ranges from oo down to 0, we have
a continuous transition between the fixed within-cluster covariance ¥y and a classifier
which does not include any prior information at all on the within-cluster covariance; the A
parameter gives a continuous transition between the fixed covariance Normal-Normal and

the Normal-Inverse-Wishart models.

Proposition 4.5. Let Hp(A) be defined as in (2.48). If Vp(X) < oo then for any A > 0
the function AaNIW(A) — H(A) is a bounded function on the space of all P-partitions of
R<.

Proof of Proposition 4.5. For any P-partition A of the observation space (cf. Lemma A.14)
we have
> PAVp(X|X € A) 3 Vp(X), (4.25)
AcA
where < is the Lowner partial order, i.e. A < B if and only if B— A is nonnegative definite.
If A< B then CACT < CBC" for any positive definite matrix C. Since PN /2 4 positive

definite and symmetric, we get

ST PA)S, AVe(X | X € A)sg Y <50 Pvp(X)s 2, (4.26)
AcA

Since the trace of a matrix is increasing with respect to the Léowner partial order, (4.26)

yields

S P, V(X | X € A)Sy ) < (s PVp(X)D, ). (4.27)
AcA

Let wa,; be the i-th largest eigenvalue of the matrix X, YV2vp (XX € A)%, -1/ . Clearly
wa; > 0. Then by (4.27) we get

d
SN PAwas < (g AVe(X)5 ). (4.28)
AcA i=1
Note that the eigenvalues of P(ff\)-i,-)\‘[d + Pl(’(f)“) v 1/2VP(X | X € A)%, ~1/2 e PO )+>\ +

%wfu and hence for every A € A

P(A) _1/2 1/2 o d P(A) .
det<P(A)+)\Id+P(A)+/\ZO P(X|X €A% )‘E( P(A)+)\wA’Z)'
(4.29)
By (4.29)
A P(A) 512 ~1/2 P(A) ,
| pray Attt pay oo VPXIXEAE Zlog ( AT PA) AP
(4.30)
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For every > —1 we have log(1 +x) >z — %2, hence

o8 (o + Pt sens) 2 gz~ 5 (o) i~ 17

A+ A PA) A (A)+ A 2 \ P(4) + A )
Since wa; > 0 and ) 4 4 P(A) =1, we get
d d
P(A)
NN PA+ N5 (wai— 1) =D Y P(A)(wa; —1) > —d. (4.32)
Aeai D P(A4) + A Aeai=
On the other hand
d 2 d 2
P(A) 2 P(A) 2
P+ ) Coni— 7 - s — 1) <
%; P(A)+ A AeA; P(A) + A
1 d 1 d
<3 DY PAP(wai— 1) = 3 D PAP (W, — 2wai+1) <
AcA i=1 AcAi=1
1 d 1 d d
<3 > PAPwh,+1) < 3 > P(AW, + 3 S
AeA i=1 AeA i=1
d 2
1 d (4-28) 1 1/2 “1/2y , d
<3 (Z ZP(A)CUAZ) +3 S g TVR(X)S, )+
AcAi=1
(4.33)
By joining (4.30) with (4.31), (4.32) and (4.33), we get that
A P(A) 172 ~1/2
> (P(A)+ ) log I+ Y, FVR(X X € A, E| >
e ‘P(A) + A P(A)+ A ’ (4.34)

1 ~1/2 —1/2\2
> _d— —
> —d - (tr(EO Vp(X)2; 2 +d) .

Which, together with an obvious inequality ) 4. 4 P(A)log P(A) < 0 and (4.22), finishes
the proof. O

4.1 Linear growth of clusters

In Chapter 3 we considered Normal-Normal model, where the within-cluster covariance ¥
is fixed and known. We showed that if the prior on the space of partition is the Chinese
Restaurant Process (cf. (1.14)) and the data sequence is bounded then the size of the
smallest cluster grows linearly with the number of observations and hence the number of
clusters in the MAP partition is bounded from above. In this section we show that the
techniques from Chapter 3 can be used to prove the linear growth of cluster size in the

model (4.1) when A > 0. This is encapsulated in the following result:

Proposition 4.6. Let x = (z,)°2, be a bounded infinite sequence of points in R?. Con-
sider the model (4.1) and the standard Chinese Restaurant prior on the space of partitions.
Let fn be the MAP partition of x1.,. Then

1
lim inf min 1] > 0. (4.35)

n—oo ref, N
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Corollary 4.7. With the assumptions and notation of Proposition 4.6 the number of clus-

ters in the MAP partition is almost surely bounded, i.e.

limsup |Z,| < cc. (4.36)

n—oo

We now prove Proposition 4.6.

4.1.1 Proof of Proposition 4.6

We present some preliminaries; the proof is given later in this subsection.

Dealing with the maximal cluster

The first step to prove Proposition 4.6 is showing that in the MAP partition the size of

the maximal cluster is proportional to the number of observations.

Lemma 4.8. With the assumptions and notation of Proposition 4.6 we have

lim inf max |I|/n > 0. (4.37)
n—00 Iein
Proof. The proof requires Lemma 4.11, which is stated and proved below. This presents a
comparison with the single cluster partition (all observations belong to the same cluster)
and shows that for any sequence of partitions where min;_; |I]/n goes to 0, the single

cluster partition gives (asymptotically) a larger value for the objective.

Lemma 4.8 is then a straightforward consequence of this, since if (4.37) is not satisfied
then the posterior probability of Z,, is less than the posterior probability of {[n]} (all n
observations belong to a single cluster) for sufficiently large n, contradicting the definition
of the MAP partition. O

Lemma 4.11 is quite subtantial and to prove it, we need some additional lemmas.

We first establish an upper bound.

Lemma 4.9. Let (2,)2, be an infinite sequence of points in R?. Let gonrw.n be defined
by (1.45), with vy = a + An, where A > 0 (as in Proposition 4.6). Let (Z,)52; be any

sequence of partitions. Then

lim sup 7\L/.gaNII/V,n(X1:n ’In) < 0. (4.38)

n—oo

Proof. Let us rewrite (1.45), bearing in mind that vy = o + An. To improve notation, let
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B=a+d+ 1.

1Zn|
_dn a+ An
gaNIWn(wl i |In) =772 K r ()B-F)\n)
d\ 72 (4.39)
+An+ |1 _d _ BAnt|]
T (I G 1y e (o)
I€T,
where
i Kok
Y(u) = (a+ )% + 2(1& —a)(u; —w)" + - 0+ (@ — p1o) (3 - po)". (4.40)
Then (4.39) can be written as:
Fd (M) g —1 _ BHAn I
_dn 2 Ko EO _
guriwn(@in | T,) = 7% ) Sen| © [Sn|
a n n n Iell Fd(ﬂg)\n) /{0—{—|I| a—l—)\n | ’
(4.41)
From Equation (A.65) we have for every I € Z,
a(Z255) g o )
< (4.42)
Fd(ﬂ 2 n) 2
Note that
E(u) = (o + An)Xo. (4.43)
By (4.42) and (4.43)
B+on+ 1% |
_dn + An + 2 Lkl
gaNIW,n(Ccl:n ’In) <7 2 H <2) ’(OZ-F )\H)E[)' 2 =
IeT
a+ An -4 ™% A 3
- () Hlgierm™ " <6) " el
B+ An+|I| 2 B+A+1
(4.44)
Hence
™NTE__A g | 4.45
\/QaNIW,n(wl.n| ") 5 SR (4.45)
which is finite, thus establishing the lemma. O
We now establish a lower bound for the single cluster partition.
Lemma 4.10. With the assumptions of Proposition 4.6
hnrgmf GaNTWn (X1 | {[n]}) > 0. (4.46)
Proof. Equation (4.41) with the single cluster Z,, = {[n]} gives:
B _@I‘d(ﬁ"")\;’kﬁ-n) Ko g Z_l E _ B+An E _%
gaviwn(@a ) =775 = G = (S0 ) G S| (B
(4.47)
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Note that

d
n 2 d
lim < o > ~ lim exp{—log (1 + ”)} ~1. (4.48)
n—00 Ko+mn n—00 2n KQ
Assume that ||z;|| < r for some r > 0 and all i € N. By Lemma A.8, Lemma A.9 and the

triangle inequality

d
Sern)/nl < 2ol < (|55 + 2r2 4 222 (4.49)
and hence
133jgpyz(xlm)/n\5;(HAEOH-+(2fF)d. (4.50)

As a consequence of (4.50)

_2
2

E_l _B+2)\n nz—l —
e e e I G e Sol I G e

o173 [ )
= ‘T lim sup E(mlm)/n‘ > 0.

o[>

n—oo
(4.51)
Using Equation (A.65)
() ’
_n +AIn+n—d\ 2 _n
sy @) > (IR T g,
Ta(Z57) (4.52)
nd
B+AIn+n—d\ 2 _n
= (P ) e
and hence, again using (4.50)
n Fd<5+)\2n+n) T A1 % _%
o n .
hnni}lor.}f 7Fd('8+2m) 1S (@1m)| 2 > < 5 ) <hTIL1:sogp |5 (@1m) /1| > >0. (4.53)
Plugging (4.48), (4.51) and (4.53) into (4.47) establishes the result. O

Lemma 4.11. Under the assumptions of Proposition 4.6, if (Z,)5>, is a sequence of

partitions such that

lim inf max |I|/n =0 (4.54)
n—oo Ie€Zl,
then
lim inf ¢ 2T i) (4.55)

n=oo || Q({[n]}, uin)
(Q(-,-) is the joint probability of observations and their partition, given by (1.8)).

Proof. From the definition,

Q(Inaulzn) - gaNIVV,n(’U/lzn‘In),PTr7 In

n(Zn)
QU{[n}, urn) — gantwn(win | [n))Pra({[n]})”

(4.56)
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From Lemma 4.9 and Lemma 4.10, the denominator of (4.57) is bounded from below and

the numerator bounded from above; hence:

| Z
Jim sup © GaNTWn(Win | Ln) < . (4.57)
n—00 gaNIW,n(ulzn | [’/ZD

For the Chinese Restaurant Process:

PF,TL(ITL) _ a'I"‘n HIEIn |I"
Prn({[n}) O‘HIeZn 1] n!

By Lemma 3.6, under the assumption (4.54) we get

n I|!
lim inf \/M =0. (4.59)
n—00 n!
Zx| ] alZnl
lim sup ¢ _arn < lim sup arn <a (4.60)
n—00 «Q Hlezn |I| n—00 «

(by considering the ‘worst case’ |Z,,| = n). By plugging (4.59) and (4.60) into (4.58), we

(4.58)

Moreover

get
liminf {'/ ———— = 0. (4.61)
n=oo || Prn({[n]})

The inequality (4.61) together with (4.57), applied to (4.56) concludes the proof. O

Proof of Proposition 4.6

We are now in a position to give the proof. Let 5 = a4+ d + 1. Suppose that the
smallest cluster of the maximising partition grows sub-linearly in n. Let Z, be the partition
obtained by joining the smallest and the largest cluster; let us denote the sizes of these
clusters by m,, and M,. By the assumptions liminf,,_ o, m,/n = 0 and by Lemma 4.8
liminf, o My /n =: v > 0. Assume that the sequence x is contained in a ball of radius

r, centered at the origin, i.e. ||x;]| < r for all i € N. The ratio Jan1Wn (1:1 | L)

— = Ina be
ga,NIW,n(ul:n ‘Zn) y

written as:

GaNIWn (ulzn ’ in)

) 7 BCrDnEn, (4.62)
GaNIW,n (ulzn ’ In)
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where

( Ko(ko + ma + M,) )3
An = ) BTZ =
(Ho + mn)(lio + Mn)

N ‘(CE + )\H)Eo‘ (IB+>\n)/2 ‘2 mImanImdx
Cn=\\ " y Dn =
‘E(wlmm)} ’E :clmm)

(B+An+mn (,8+)\n+Mn )

Y

ﬁ+)\n Fd <B+)\n+mn+Mn)

Mn /2 (B+An+My)/2
) E — ( ‘E(azlminu-[max) ‘ )

1S (2 1,0,

(4.63)

Clearly lim,,,oo my/M,, = 0 and, from (1.47) with vy = a + An, (o + An)3y < 3S(x;

min)?

S0
limsupA, <1 and C, <1 (4.64)

n—oo

By Equation (A.65)

Ty, (5+An+7271n+Mn>

B+An+ma,
Fd( 2 ) <B+)\n+mn)dm"/2
and

rd(ﬁ?n) 2 T, (6+>\7£+Mn) 2e
(4.65)
and hence, for sufficiently large n (such that M, > d)
o - e(B+ An +my) dmin /2 _(eBHA+) dmn /2 (466)
"\ B+ M+my,+ M, —d - A ' '
Let
lGImax
Bu= Y (% = XUl (i = Xl Uloa) |
iEInzin . v ) (467)
Ro\Mp n T
C,= ———"2(T1_ — TI . —
n KO + M, + Mn( ImmUImax MO)( ImmUImax MO)
Dp= Y (i = Xy Uloa) (i = K O) — Y, (@ = X0 (@ — X1,
1€ Imax 1€ Imax
Then

Hence, by Lemma 4.4

’E(wlminUImax)‘ < ’An + Bn + CTL + Dn‘
‘E(azlmax)’ N ‘An’

= |Ig+(Bp+Cn+Dy) A < ot (Bt Cot D) AT
(4.69)

S0
En<€tr((Bn+Cn+Dn)<a+A2%> 1) (4.70)
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We now have

tr(By) = tr( Y (2 — X)) (zi — %) ) = > tr((zi — &) (@ — T1,,,) ")

ie]min 7:Elmin
T/ 2
= Z H$l - mImin S mn(27")
ie]min
Ko(mn + Myp) \ 2 2
tr(Cp) = ———+— A — < 2r)°.
M) = o AL, POl = Holl™ < #0(21)

Moreover it is straightforward to compute that

T
Dn = Mn(wlmaxUImin - mlmax)(mlmaXUImin - xlmax)
and
mnp M, -
xlmaxUImin - wlmax = mmlmin + mmlmax - mImax =
n n n n
M -
= m(mlmin - mlmax)
n n
and hence
Mymy, T 2
tr(Dn) S mtr((mlmin - :Blmax)(mlmin - wlmax) ) S mn(QT) N

By (4.71) and (4.74)
tr(By, + Cp 4 Dy) < (2my, + ko) (27)2.

Moreover (using a natural upper bound M,, < n)

A, o a—+ An o A
Bt M, =B+ m+M, = 3+rrr1

A, -1 B+A+1 _1
tr<(6+)\n+Mn) )SA“@O )

2o

Thus

By Lemma A.10 (part (a)), (4.75) and (4.77)

An

26+)\+1t
B+ An+ M,

Equations (4.70) and (4.78) give

2B+ A+1

(%)

logE,, < (2my, + ko) (2r)
Note that by Lemma A.8

|E(a:[minUImax)| S Hz(w-[minUImax) Hd

and, using the triangle inequality and Lemma A.9
Ko

——(2r)* <
/io—f—mn—l—Mn( )

|22 1,0 0nm) || < (@4 AR)[[Sol| + (my + M) (2r) +

< (a+ An)||Zo|| + 4(my, + M, + 1)r?.

79

-1
) ) < (2my, + Ko)(2r) — r(Eal).

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)



Using (4.81) and (4.80) we get
d
[S(@ 1y t)| (@4 An)[[Zo]| + 4(mn + My, + Dr?)
X(®r)l T (@ + An)%o|
mn n d
(%ol + 4ma sty (53] + §1)
%ol N py
Putting together (4.64), (4.66), (4.79) and (4.82) and plugging it to (4.62) we obtain that

for sufficiently large n

(4.82)

7 A+ 1) ([[So]| + £r2)) " o
JaN1Wn (Ut | Ln) _ wq(2r)2 B0 (s ) (e(B+ A+ D%l +572)) (2(2r)2 B (L)
gaNIW,n(UI:n ‘In) B )‘d/2|20|1/2
(4.83)
It is easily seen that
- — 1) —1)! ! — 1) Mn
?ﬁ,n(INn) _ a(mn DM, —1)! <a mp! (M, — 1)! <a < mp, ) (4.84)
Prn(Zn) (my + M, — 1)! (my, + M, — 1)! M, —1
As liminf,, o §7* = 0, then taking into account (4.83) and (4.84) we get
7 7
lim inf gaNIWn(ul n ‘ ) Pw,n( n) —0, (485)

n—o0 gaNIWn(ul n ‘I ) Pﬁ,n(fn)
which contradicts the definition of the MAP partition. This is a contradiction and hence
the result is established.

4.2 From asymptotic formulae to score functions

In Section 2.2 we derived a score function A“N W for partitions of the observation space,
based on asymptotics of the posterior probablhty of partitions. The prior distribution over
the within-cluster covariance contains a parameter ¥, which is the expected within-cluster
covariance. There is another parameter A; the degrees of freedom of the inverse Wishart
distribution are vy = o + An, where « is a non-negative constant and A\ > 0 is a constant.
The parameter \ gives the strength of dependence on ¥g; for small A\ the within-cluster
covariance structure can vary substantially from g, while for A = 0o, each within-cluster

covariance structure is exactly .

By the score function we mean a function that can be used to assess a clustering proposal.
For example, between-cluster variance is a reasonable score function, which is maximised by

the k-means algorithm. In the context of our research, a natural idea for a score function is

an asymptotic formula A‘}D]\f\l W where P is the distributional limit of empirical probability

distributions P, = 1 Yo, dx,, where X1,..., X, NP We approximate A“NIW(A) by

n

A“PN iW(A). Note that A%N {\W(.A) depends on the sample only through the estimates
of set probabilities P,(A4) = %|{z X; € A}| and estimates of the conditional covariance

structures

A (X[X €A = Z X X' - % Y X, % > oxi| (4.86)

z X;eA i X;€EA i X;€EA
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Therefore, A B, » approximates Ap well if and only if b, (A) approximates P(A) well for
each A € Aand Vp (X |X € A) approximates Vp(X | X € A) well for each A € A.

Let J be a partition of indices from 1 to n which defines the clustering {{xz ieJ}:Je
j} of the data x1,...,x,. The score for this clustering is:

A 1 > A pn(xJ) —1x;
A\T)=—= (Pn(icj)+)\) log | = I+ = Yo Vu(xg)|+
+ Z Po(x)log Pp(z ).
JeJg
h
where A \J’ A ) o o
Pa(wy) =", Va(z)) = > (@i —mg) (@i — =) (4.88)
ieJ

The score formula (4.87) is obtained from Ap (-) by dropping the additive constant
1 d ’
—5 log || — 3.

In the A = 0 limit, the objective is:

1 . N . R 1
Ao(T) = -5 JEE;P”(:BJ) log [V ()| + %p(xJ) log P(x ;) + 5 log |2 (4.89)

Note that, no matter what the within-cluster variance actually is, if |.J| < d for some J € J

then [V, ()| = 0 and hence Ag(J) = co.

The results of applying this strategy to score the cluster proposals of simulated datasets are
contained in Chapter 5. We now discuss some considerations which give a suitable lower
bound on the number of data points needed per cluster so that (4.87) gives a reasonable

estimate of (4.3). The worst case scenario is A = 0.

Conditioned on belonging to the same cluster, observations are i.i.d. normal. Let Xy, X5,..., X, ~
N (i, C), where pp € R? and C € R>? Let C be the maximum likelihood estimator of the

covariance matrix, i.e.

C= %ZXiXZ-T — (;ZX> (iZX)T (4.90)
i=1 =1 i=1

According to Goodman (1963), for n > d:

d d
n ~
detC ~ | | Z; 4.91
detC °° ¢ Zl_[l v (4.91)
where Z1, ..., Z4 are independent random variables and Z; ~ X1217i +1- Therefore
d
logdet C' ~ logdet C — dlogn + Z log Z;. (4.92)
i=1

If Y ~ Gamma(c, ) then E logY = ¥(a) — log 8 and VarlogY = 91 («), where ¢ and

Y are digamma and trigamma functions respectively (¢(a) = I'(«), ¥1(a) = ¢'(a)). As

Z; ~ Gamma(2=21 1) we get

n—1+1

ElogZ,'—w< 2

1 —14+1
) —log o Varlog Z; = in (n;—O—) . (4.93)
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Putting (4.92) and (4.93) together, we get

d .
R — 1
E logdet C = logdet C + g <w (Tl;—i_) — log g)
i=1

(4.94)
R d n—1i+1
Varlogdet C' = Zwl <2>
i=1

By Alzer (1997) for = > 0 we have |[¢(x) — logz| < % and hence for i = 1,2,...,d

n—1i+1 n n—1i+1 n—1i+1 n—1i+1 n
‘w <2 )—log2’ < ‘1/1 (2 )—log2 ’+)log72 —log§ <

S Sy Ik S R
0 .
n—1t+1 & n—1+1 n—i+1

(4.95)
This implies that
|E log det C — log det Cl < n_a(l1,2+1 (4.96)
Due to Guo and Qi (2013) we have ¢ (z) < er — 1 and so
Varlogdet C' < d (en—;fﬁ1 — 1> . (4.97)

The bias 7, 4 = Zgzl (¢ (”72”1) —log %) is relatively large for small sample sizes. Taking
these considerations into account (especially (4.96)) we propose a rule of thumb in which
the approximation should be applied is where the number of observations in every cluster

is of order d2.

4.3 Summary and Perspectives for Future Work

By introducing a linear dependence of the concentration parameter in the Normal-Inverse-
Wishart model on the number of observation we allowed to pass more prior knowledge
about then within-cluster covariance structure into the model. In this setting we were able
to show that in the MAP clustering for an infinite and bounded sequence of data, the size of
clusters grows proportionally with the number of observations and, in turn, the number of
clusters is bounded (Proposition 4.6 and Corollary 4.7). We also computed the asymptotic
limit of the posterior of an induced partition (Proposition 4.1) and we established some
properties of the limit (Lemma 4.4 and Proposition 4.5). Finally, in Section 4.2 we suggest
how to use the empirical of the limit to score cluster proposals (the experimental analysis

of this approach is contained in Chapter 5).

In future work we intend to establish an analogue of Theorem 3.21 for this adjusted Normal-
Inverse-Wishart model. Moreover we plan to investigate further the clustering properties
of the Aj};{\;f W function (and its empirical equivalent). An interesting starting point is the
property of the Agl W function when P is the uniform distribution on [0, 1]. As we showed

towards the end of Chapter 2, every partition of [0, 1] into subsegments maximises the
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Agl W function. We plan to show that for the AaP{\f\I W function, the maximiser is unique
(just like with the AXY function, cf. Proposition 2.30) and to investigate the limit as
A — 0. This may be thought of analogously to the ‘viscosity solution’ that is often popular
in partial differential equations; a p.d.e. may have many solutions when the viscosity
parameter is 0 in situations where there is uniqueness for positive viscosity. The solution
to the inviscid equation which is of interest often corresponds to solving the equation with
viscosity and letting the viscosity parameter tend to 0. Letting lambda go to zero in the
problem defined by (4.1) sometimes gives a particular solution of the problem where the
prior is a traditional prior, which does not depend on n. By choosing ¥ as the total
covariance matrix, this should give the solution with the smallest number of clusters that

solves the A = 0 problem.
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Chapter 5
Experimental Results

In Chapter 4 we derived a score function and indicated the quantity of data required to
ensure that the ‘empirical’ score function approximates well the limit of log posterior. We

now give some examples to show the clusterings favoured by this score function.

Of course, the problem of finding the clustering which maximised the score function is
computationally far too demanding even with relatively modest examples, so we derive

candidate clusterings by other means and then see which are favoured by the score function.

In our examples, we will propose clusterings using the K-means algorithm and apply the
score function, to see (a) which value of K gives the greatest score and (b) whether the

‘true’ clustering gives a greater score than the best K-means clustering.

We have two hyperparameters to consider; Yy, which is the a-priori expected within-
cluster covariance mean and which gives the strength of the prior assessment. The other
hyperparameter is A that controls the strength of the prior information on the within-

cluster covariance.

In practise, we find that the total covariance matriz of the entire data set gives a good value
for ¥y. This prevents the score function from favouring too many clusters; if the parameter
A is sufficiently small, neither is the number of clusters underestimated. The single-cluster
solution gives a good reference point; with this choice of ¥, the score function for a single

cluster is 0. Indeed, let [n] = {1,...,n} then:

A P T, - N
= I+ = ( [ ]) Vn(m[n])_an(m[n]) +
P(m[n])—l—)\ P, a:[n])+)\

Apa({n]}) = =3 (P(j) + ) log

+ Iy

—~ N | =

() log P () =
(P(az[n]) + )\) log |I4] + Pn(a:[n]) logpn(a:[n]) =0,

N | =

(5.1)

since If’n(w[n}) = 1. Therefore, for different clusterings, it can easily be seen whether or not

the clustering gives a better or worse score than for the single-cluster solution.
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5.1 Metrics for Clustering

For two proposed clusterings, it is important to be able to decide whether they are close
to each other or whether they differ markedly. It is useful to have measures of divergence
between clusterings. We consider two metrics, presented in Wade et al. (2018): if J; and

J2 are two partitions of the set [n] then

e (Binder loss) fg(x) = 22 and

dp(J.Jo) = Y fe(hl/m)+ Y fe(ll/m)=2 Y fe(l/ind|/n) (5.2)

J1ET Jo€J2 J1€J1,J2€T2

e (Variation of Information) fy;(x) = xlogz and

dvi(J, )= Y fvi(lhl/n)+ > fvilllal/n) =2 > frr(lJin Ja|/n)
J1eT J2€J2 J1€J1,J2€T2 (5 3)

Recall the mathematical definition of a metric; d is a metric if d > 0, d(A, B) = d(B, A),
d(A,B) < d(A,C) +d(B,C) for any A, B,C. The fact that both, the Binder loss and
the Variation of Information, are metrics on the space of clusterings is listed in Wade
et al. (2018) as Property 1. The proof of this property for the Variation of Information is
contained in Meila (2007) and the proof for the Binder loss, as the authors of Wade et al.
(2018) points out, follows from the fact that this can be consider as a Hamming distance

between the indicator representations of the clusterings.

Let 0,, and 1,, be the n-cluster and 1-cluster partitions of [n] respectively. By Property 4
in Wade et al. (2018) we have that for any partitions J; and J3 of [n]

1
dp(J1,J2) <dp(0,,1,) =1—— and dyi(J1,72) < dvi(0n,1,) =logn (5.4)

n

To put these distances on the same scale, we consider their normalised versions, i.e.

dp(J, o) = dp(J1, J2)/dB(0n, 1,,) and dy(Ji, Jo) = dvi(Ji, J2)/dvi(0n, 1,).

We now illustrate the performance of the score function by considering several data sets.

5.2 Example: Simulated mixtures of Gaussians

For our first example, we generate n = 10* data points according to the generation scheme
for cluster assignment, cluster distribution and within-cluster observation, which we modify
by truncating the stick-breaking construction at some small level K = 5 (so that 5 is
the true number of clusters). We therefore have the true underlying distribution; the
within-cluster distribution, the generating mechanism for each cluster and the theoretical

proportions for each cluster. We know the ‘true’ cluster assignment.
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For various values of K, K = 1,...,12, we run the K-means algorithm (Steinhaus (1956),
MacQueen et al. (1967)) to obtain clusterings (Figure 5.1) and we score them using our
score function Ay, for a selection of 15 A values, which include A = 0 and A = co. The

results are presented on Figure 5.2.

Note that all the plots start from the origin, since Ay({1,...,n}) =0 by (5.1). Also, other
than for the single-cluster solution, the respective plots do not coincide, since Proposi-
tion 4.3 (a) establishes that Ay p(.A) is decreasing in X for any fixed A.

When we do not place constraints on the minimum acceptable cluster size, the number of

clusters is clearly overestimated for small .

As the value of X increases, the score converges to the A function, which is the empirical
equivalent of the Delta function that was analysed in Chapter 3, in this case the clusters
tend to adjust themselves to the covariance matrix Y. Since we have set g equal to the
total covariance matrix, it is not surprising that Ao favours the partition with just one

cluster.

Recall that Figure 5.2 gives the scores of the clusterings produced by the K-means algo-
rithm for different values of K. The true value of K is 5, yet the K-means clustering into 5
clusters performs badly; for a large range of values for A, the Ay scores shown on Figure 5.2
gives a local maximum for 3 clusters and, would suggest either the 8-mean clustering or

the 3-mean clustering produced by K-means.

Since we know the true clustering structure in this case, we can compute the normalised
distances between the various K-means solutions and the true clustering. The 8-means
solution was closest to the true partition according to both metrics (Binder loss and Vari-
ation of Information). The information is given in the plot (Figure 5.3) in the shaded
area. Note that the normalised distance values are transformed by a decreasing function
F and hence the larger outputs correspond to ‘better’ partition, so that it corresponds to
the behaviour of Ay function. The details of the transformation are given in the caption
of Figure 5.3.

Another informative part of Figure 5.3 are black segments that represent the relation
between the maximal score of the A, function among K-means proposals for different
values of A and the Ay of the true clustering. It should be noted that for A < .5 the true

partition is scored higher than the best K-means proposal.

This indicates two things: (a) the A score function gives higher scores to ‘correct’ partitions
and (b) in this example, the K-means algorithm is not performing very well; none of the

partitions chosen by K-means were close to the true partition.

In this example, there are well-defined clusters, but K-means has not found them. If these
clusterings are scored using the formula then the ‘true’ clustering scores more highly than

any of the K-means clusterings.

Figure 5.4 presents another representative example (regardless of the data dimension) of

86



the behaviour of the Ay score function for mixture of Gaussians and illustrates the following

properties:

e If the true clustering is not detected by the K-means algorithm (which is often the
case when the covariance structure varies between clusters and when a within-cluster
covariance A exhibits substantial correlation - i.e. |——2—1 is close to 1 for some

vanenel
i,7) then the true clustering has a higher score than any of the K-means clusterings,

at least for A € [0, \] for some \ < 1.

e If the true clustering is not detected by the K-means algorithm then the maximisers
of Ag score do not always correspond to the K-means clustering proposal closest to
the true clustering according to some metric. On the other hand, usually there is a
range [\, \2] such that for A within this range the partition selected as maximiser

for A, is the proposal which is closest to the true clustering.

e The number of clusters in the maximiser of the A,\ function tends to be a non-

increasing function of \. However, this is not always the case, as shown on Figure 5.5.

5.3 Example: The Fisher Iris Data

In this section we investigate the performance of the A, function on the standard, 4-
dimensional iris dataset. For a reminder, the dataset contains information about 3 species
of irises, 50 observation each. We use the suggestions of the K-means algorithm for K =
1,2,...,10 and score them using A function for a selection of 50 values of the parameter.
We include this example to show that, as the theory suggests, our method is not well
suited for a relatively small sample sizes. The cluster sizes in the 10-means clustering are
23, 22, 19, 18, 17, 16, 12, 11, 8 and 4. Clearly the within group covariance structure in
4-dimensional space cannot be estimated with samples of this size. We should not expect

good results under such circumstances, as indicated by the considerations in Section 4.2.

The results are presented in Figure 5.6 (see Section 5.2 for the detailed description of the
diagnostic plot) and they support these predictions. There is a significant instability in

the behaviour of the score function, just as the theory suggests.

We do not have access to a larger database concerning irises. Instead we decide to mimic
the original sample by generating a mixture of Gaussians. We analyse a realisation of
size 10* of the mixture of three 4-dimensional Gaussian distribution, with the same mean-
covariance structure as the original dataset. The results are shown on Figure 5.7. Here
the A, score function nicely detects the best clustering proposal suggested by K-means

(K = 3) and its value is lower than the score of the true clustering.

This example confirms that the A, score should not be used when there is not enough

information to estimate the covariance structure of the clusters.
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Figure 5.1: The K-means clustering proposals for the mixture of Gaussians example. The boundary

of convex hulls of clusters are shown in green.
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Figure 5.2: The A, scores of the mixture of Gaussians example. The maximal values of different
AA curves for different A values are denoted by black points. The A parameters were chosen so

that the values of A, for the 12-means clustering proposal are evenly spread.
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Figure 5.3: Diagnostic plot relevant to Figure 5.2. As before, the maximal values of different Ay
curves for different \ values are denoted by black points. Black segments beginning with these
black points end with the A, value of the true clustering for relevant A. This means that whenever
those segments have a positive slope, the true clustering is scored higher that any of the K-means
proposal. Two black plots on the grey background represent F(by) (squares) and F(#) (triangles),

where by, and oy, represent the normalised Binder or Vol distances of the k-means proposal to the

.04
Ol+4x

was chosen so that the results fit nicely into [0, 1] interval (note the secondary y-axis labels on the

true clustering and F'(x) = is a decreasing transformation. The formula of the transformation

right). Simply using F(z) = 1 — = was not a good idea since relatively small distance values are
quite common and difficult to distinguish visually. The points representing maximal values are
painted black and respective K-means proposals are the closest (according to relevant distance

measures) to the true clustering.
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Figure 5.4: A representative example of the behaviour for the A, score function. The data dimen-
sion is 4, the number of observations is 10* and the cluster sizes in the true clustering were 3046,

1914, 297, 1555, 311, 1051 and 1826. Here F(z) = it
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Figure 5.5: An example of the number of clusters of the maximiser of the Ay function among the
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K-means proposal not being a non-decreasing function of A. Here F(z) = it
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Figure 5.7: The diagnostic plot for the artificial mixture of Gaussians that mimics the mean-
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covariance structure of the iris dataset. Here F'(z) = 45 et
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Appendix A

Auxiliary Results

We start by fixing some notation.

Notation. If (a,)5%; and (b,)32 are real sequences, we write

o a, ~ b, if lim,_so ‘g—: =1.
e a, =<b, if 0 <liminf,,— e Z—Z < limsup,,_, Z—: < 0.
® a, 2 by if limsup,_,, §* < co.

o a, = o(by), if lim;, Z—Z =0.
Analogous notation is used when a,b: Ry — R are real functions.

e We denote the convex hull of AX and the origin by

K
AN ={(p1,...,pr): D Pk <1, Ve<kpr € 0,1} (A1)

k=1
o If 2 € R% by ||z|| we mean the standard Euclidean norm. If ¥ € R%*? is a matrix,
then ||X|| is the operator norm, i.e.
IZ] = sup [Zz||/[]]- (A.2)
z€RI\0

Lemma A.1. Let (V;)$2, be a sequence of random variables such that V; ~ Beta(l—f, o+

if3) for some a >0 and 0 < B < 1. Then >.5° log(1 —V;) & —o0
Proof. If B = 0 then V; g Beta(1, «). Since P(V; < %) > 0, by the Borel-Cantelli lemma
we deduce that almost surely log(1 — V;) < —log2 for infinitely many indices ¢ and hence

Yooy log(l —Vp) = .

For 8 > 0 note that by the concavity of the logarithm and the Jensen’s inequality we get

_ 1-5
E log(1 — V;) < logE (1 — V;) = log (1f a+(i_1)ﬁ+1). (A.3)
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Since log (1 — ﬁwa) ~ _ﬁlﬁ)ﬁﬂ and the series > 7, #lﬁ){ﬁﬂ is divergent,

then by the limit comparison test the series ) 7, log (1 — ﬁlﬁ)ﬁﬂ) is also divergent
and therefore by (A.3) and the linearity of the expected value
o0
E > log(l—V;) = —oc. (A.4)
i=1
We now prove that for X ~ Beta(a,b) then
Varlog X = v¢1(a) — ¢1(a +b), (A.5)

where 1)1 is the trigamma function, defined by ¢ (z) = (logI'(2))". Let fo4(z) = %x“_l(l—
2)*~1 be the density of the Beta(a,b) distribution. Consider the parameter b as fixed and
recall the definition of the Fisher information value for a single-parameter family of dis-

tributions:

7(a) = (B 5 log fus(X)) (A.6)

It is a standard property of the Fisher information value (Bickel and Doksum, 2015, Propo-
sition 3.4.4) that

9 0
Var% log fou(X) =Z(a) = —E G log fa,5(X), (A7)

Computing the exact formulas of the right- and left-hand sides of (A.7), we obtain

Var2 log fas(X) =Varlog X and E_— o 5 log fap(X) = 872; (A.8)
a0 lab 8 a2 OB Jab 9% B(a,b)’ '
Since B(a,b) = ((a)ﬂf;), we easily obtain that aQ B = ¢1(a +b) — YP1(a). Now (A.5)

follows from (A.7) and (A.8).

By Abramowitz and Stegun, Formula 6.4.12 we get ¥1(z) = 1 + 515 + o(%). Hence by
(A.5)

) C
Varlog(1 = Vi) = ¢i(a +if) —dr(a+ (- 1)f+1) = 5 (A.9)
for some constant C. This means that
Z\/ar log(1-V;) < o0 (A.10)

(again using the limit comparison test). Equations (A.4) and (A.10), together with an easy
application of the Chebyshev inequality, imply that > ;" log(1 — V) 5 . According
to Gut, Theorem 3.3.5, convergence in probability implies convergence almost surely for a

monotone sequence. The result follows.

O

Lemma A.2. Let a; > 0 for i < K and Zfil a; = 1. Let g(p1,...,px) = Hszlpz’“.

Then supax g = [[p<fe i
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Proof. As a; > 0 fori < K, the function g is continuous and, because A is compact in R¥
it achieves its extreme values. Let p = (p1,...,pr) € A satisfy g(px) = sup,x g. Clearly,
p € AK. Indeed, otherwise s = S5 p; < 1, p/s € A and g(p/s) = g(p)/s > g(p),
which contradicts the definition of p. Since g is nonnegative on A® and it is equal to 0 on
the boundary of A%, we know that p is in the interior of A¥. The function g is positive on
the interior of A% | so by considering the function log(g) and using the Lagrange multipliers,
we got that p satisfies

0= (a;logp;) + A= Oﬁ—i—)\ (A.11)

(2

for : < K and some X\ € R. Hence p;’s are proportional to «;’s, and because Zfil a; =1,

we get that p; = «; and the proof follows. O

Lemma A.3. Let Y be a measurable space and r € N. Let f € L"(Y) N L>*(Y) and
fofn >0 forn > 1. Assume that ||fnllr = || fllr and || fr — flloc = 0. Then

[ fnlln = [1.flloo-
Proof. Fix € > 0. By Lemma 2.14 || f||, = || f||cc and hence there exist N such that
Iflln =l fllsc] <& for mn > Ny. (A.12)
By the assumptions there exists No such that
lfn — flloo <& forn > N (A.13)
and, using Lemma A.4, there exist N3 for which
1fn = fllr < V2| fllr +¢  for n> Ni. (A.14)

It is clear that for any function g and n > r we have

lglin =/ " < \QHQOT/ 9" = llgllsc " llgll- (A.15)
Yy Yy
and hence, placing g = f, — f and taking the n-th root
Pulling (A.12), (A.13), (A.14) and (A.16) together we obtain that for n > max{Ni, N, N3, 7}

[ falln = I flloo] < [ fnlln = 11| + [1£1ln = 1 flloo| <
<|Nfn—flln+e< (A.17)

< (VRSN +e)n e
and hence
timsup ||| fulln — | lloo] < 2¢. (A.18)
n—oo
As the choice of € > 0 was arbitrary, the proof follows. O
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Lemma A.4. Let Y be a measurable space and let r € N. Let f € L™(Y) and f, f, > 0
forn > 1. Assume that || fullr — || fll-- Then

lim sup [|f = fullr < V2| £l

Proof. We start with the case = 1. For any function g let g*(z) = g(2)1y;)>0 and
9~ (z) = —g9(2)1y(z)<0- Let d,, = f — fn. Note that

ldnlls = Nl 1l + [l 11 (A.19)

Moreover
[ fulle = 1£ 1 = lldg [l = Iy, lla (A.20)

and since f, f, > 0 we have d} < f and
i lln < [1£[]2- (A.21)
Using (A.19), (A.20) and (A.21), together with the assumption || f,|l1 — ||f]|1, we get

timsup |dy 1 = limsup (215 1 = (1 falls = 1£10)) < 201l (A.22)

n—oo

and that finishes the proof of the case r = 1.

For general € N we use the obvious equality ||g||; = ||g"||1 for ¢ > 0. From the assump-
tions || ft|l1 — ||f7 |1, which implies

limsup [[f;, — flls < 2[ /"l = 2[I £ (A.23)
n—oo

It is clear that for any z > 0 and r € N we have 2" < (2 4+ 1)" — 1 and hence for any
x >y > 0, by placing z = % — 1 and multiplying by y" we get |z — y|" < 2" — y"|. But
this inequality is symmetric with respect to x,y, so it is valid for any x,y > 0 and — by

considering the obvious case x = 0 or y = 0 — for any x,y > 0. It then follows that
o= 1= [ V=17 [ 155 = 1= 05z = (A20)

We finish the proof by joining (A.23) and (A.24). O

Lemma A.5. Let f be a strictly convex function on RF with values in RU {—o00,00}. Let
U be the essential domain of f, i.e. U = {x € R¥: f(x) < oo} and assume that U is an
open subset of R¥. If there ewists xo € U such that f(xg) = infuep f(x) then for every
a € R the set U, := {x € R¥: f(x) < a} is a compact subset of U.

Proof. Without loss of generality assume that zo = 0% and f(zo) = 0. The theorem
obviously holds for a < 0. Fix a > 0. Clearly U, C U. As f is convex, it is continuous in
U (cf. Rockafellar, 1970, Theorem 10.1) and hence U, is a closed set. It is left to prove that
it is bounded. Take ¢ > 0 such that B(0,e) C U and let M = inf,epp(o.) f(2). Clearly,
by the convexity of f: f(z) > M@ for z ¢ B(0,¢). Therefore U, C B(0, 57) and the
proof follows. O
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A.1 Detailed computations of marginal distributions from
Section 1.4.1

A.1.1 Normal-Normal

diag(%o)
IOW(E())
for C(7,¢) in (1.33) in a more direct form as

If ¥ is a symmetric matrix and v = ! ] , let M(v) = X. We can rewrite the formula

Cr,¢) = 3 log MO + 37 M(O) 7 (A.25)

We have

k
o=V wo+ Y Sgtw = Ugtpo + kX 7,

=1 (A.26)
c diag(W, ) " diag(Sg )| |diag(¥; )
g low (W) low (35 1) B low(, 1)
and therefore by (A.25)
1 | 1T —1 - A
C(7e, G) = 5 log || + 2(\110 po + kX @) Ui (Vo po + kX, ). (A.27)

Hence

_ 1 _ 1. 1 _
C(72, C) —C(1,¢) = & log H + 5(‘1’0 o + kX lw)—r‘pk(‘l’o o + kX 15”) - §MOT‘I’0 Lo.
(A.28)

We also have
1
Hh ) = (21)~%/2| 50| I~c/21_[exp{—2gvZ X0 mz} (A.29)
Note that if A, B are two invertible matrices of the same size and C = (4 + B)~! then
ACA—-—A=ACA—-AC(A+B)=—-ACB=BCB—-(A+B)CB=BCB—-B (A.30)

By plugging A = ¥ land B = kEXq ! into the left-hand, the middle and the right-hand
parts of (A.30) we get

U 00 -t = kT = RPN - Rt (A.31)
Hence
(Ugtpo + kg @) Wr (Uy o + Xy ' E) — po' Uotpo =
= o (Ug ' Up Wyt — oo + 2kpo’ Uy 0,017 + K22 10, B 'E =
= po' (K285 0S5t — kX o — 2u0" (K22, 1020t — kX HE + K En, Y ' =
= —kpoXy ' po + 2k ' E + K (T ULE T — 2p0 B9 UREGE + o' B U0 o) =
k k
= (Z 2 S5 w = (i — o) S (i — Mo)) +E(® — o) 0 RS0 (® — o)
=1 =1
(A.32)
Plugging (A.28) and (A.29) into (1.26) gives us (1.34).
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A.1.2 Normal-Inverse-Wishart

—Ldiag(A)
(1) 2 —Ldiag(A
Let ¢ = ¢ and for 7 = | —low(A") | let 7() = | 2 tag(4) and 7(2) = ;1. Moreover
¢ —low(AT)
o

let M(7®) = A. Then

d W_g_g  [MED) =g (@) ()T M) _ g2
C(r,¢) = —glogC(Q)—C 5 log < 5d ‘+logI‘d %
(A.33)
Note that
(1) L (@) (- @\T_
M)~ g () ()7 =
Ch
d 1 d d
= (Vozo + KOMOMOT + ; :Ui:U¢T> T otk (“0#0 + ; mz) (K“O/LO + ;%)T -
d
1
=192 + Z vz — kTE + kTE — oy (kopo + k) (Koo + kf)T + Kopopo =
i=1
=3(x)

(A.34)

where ¥(x) is given by (1.47). Putting together (A.34) and (A.33) and applying this to
(1.26) yields (1.45).

A.1.3 Normal-Inverse-Gamma

For 7 = [a
v

b
, where a € R, v € R% let 7() = ¢, 7 = o. Similarly, for ¢ = [ ], where
w

beRand w e RUHD/2 ot ¢() = p and (@ = w. If ¥ is a symmetric matrix and
diag(%o)
IOW(E())

], let M(v) = . Then

Cr,¢) = ~(¢) = 1)log (7 — Z7IM(CP) T 410 (¢ ~ 1) —  log [M(¢?)
(A.35)

We have
M) = gt 4+ kgt = w ! (A.36)

By applying (A.31) we get

(Ugtpo + kX @) Wi (g o + kXg ') — po' Uo'tpo — k&' 5% = (% — po) kEx(Z — o)
(A.37)
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and hence

—Te | —

(1) T£2)M(C£2))—1T£2)T —

1
2

k

1 _ 1 _ 1 _ _ _

(5070 + §M0T‘I’o Yuo + 3 E ;' % 1%’) - 5(‘1’0 o + kX0m) Uk (Vg o + kEoT) =
i=1

= B(=).

(A.38)

By applying (A.35), (A.36) and (A.38) to (1.26) we obtain (1.56).

A.2 Linear algebra

Lemma A.6. Symmetric, positive definite matrices have the following properties

(a) the sum of symmetric positive definite matrices is symmetric positive definite.

(b) the inverse of symmetric positive definite matrix is symmetric positive definite.

(c) for each symmetric positive matriz A there exist an uniquely defined symmetric positive

matriz B such that A = B'B. We use the notation B = AY/2.

(d) if A, B are symmetric positive definite matrices and also A — B is symmetric positive

definite then B~Y — A1 is symmetric positive definite.

(e) if A, B are positive definite then det(A + B) > det A.

Proof. Let A, B € Ré4,

(a)

If A, B are symmetric then A + B is also symmetric. If A, B are positive definite then
for every z € R?\ {0} we have 2" (A + B)z = 2" Az + " Bz > 0 and hence A + B is

also positive definite.

If A is symmetric then A™! is also symmetric. If A is positive definite then by
Theorem 7.1 from Zhang (2011) it may be expressed as U*diaghi, ..., A\qU where
U is unitary matrix and U™ its conjugate transpose and Aq,...,Aq > 0. Therefore
Al = U*diag)\fl, e ,/\JIU and again by using Theorem 7.1 we obtain that A1 is

positive definite.

Since if A is a symmetric matrix then AT A = A? and this point is an easy consequence
of Theorem 7.4 in Zhang (2011).

Let P be a symmetric matrix that satisfy P2 = B. Positive definiteness of A — B is
equivalent to 2’ Az > 2’ Bz for all x € RY. By substituting y = Pz this is equivalent
to y PTLAP~ 1y > o/y for all y € R%. Note that P~'AP~! is positive definite (as a
product of positive definite matrices) and hence it can be expressed as U*AU. But
then the latest condition can be expressed as 2’z > 2/U*A~'Uz for all z € R? which

in the same way is equivalent to the positive definiteness of B~ — A~L.

99



(e) This is clearly equivalent to det(I +BA~') > det(I) = 1. As BA™! is positive definite
then for every eigenvalue A of I + BA~! we have A = v/(I + BA™!)v > 1, where v is

its eigenvector of norm 1. Therefore the determinant of I + BA™! is also greater than
1.

O
Lemma A.7. If A is a square matriz then I — (I + A?)~! = A(I + A?)~1A.
Proof. We have
(I+ A2+ A2+ A2 =T+ ADHT + 4> =1, (A.39)
and hence
I—(I+ A%~ = A1+ A%~ L (A.40)
Using the formula for the inverse of a product, (AB)~! = B~1A™! we get
(A1 4+ A ) =1+ A4)A 2 =424, (A.41)
and hence A?(I + A?)~! = (A2 4+ I)~!. Similarly
(AT +A)7TA) T = A T+ AHA = A2 11, (A.42)
and the proof follows. O
Lemma A.8. If ¥ € R js symmetric, positive definite then || < ||X||¢, where |.|
denotes determinant and ||.| denotes operator norm.
Proof. Let 0 < A1 < Ao < ... < Ag be the eigenvalues of the matrix Y. Then
d
Ll =]]x and [ID]=Aa (A.43)
i=1
and the result follows. O

Lemma A.9. Let u € R Then |juu'|| = |Jul?.
Proof. By the Cauchy-Schwarz inequality, for any v € R? we have

(wu")ol? = ((uu’ o) (wu" o = (v"u) (@) (u"v) < [ful?(u"0)* < [luf*flo]®. (A.44)
The inequality becomes an equality for v = u and the result follows. O

Lemma A.10. Here we present some well-known properties of the trace. If A, B are

symmetric, positive definite d X d matrices then

(i) tr(AB) < /tr(A2)tr(B?)

100



(ii) tr(A2) < tr(A)?

(iii) tr(A~Y) < d?tr(A)~!
As a result:

(a) tr(AB) < tr(A)tr(B)

(b) tr(A~Y) > dtr(A)~"

Proof. Part (i) is a Cauchy-Schwarz inequality that can be applied since tr(AB) is a scalar
product on the space of symmetric matrices, as is easily demonstrated. Part (ii) is a
consequence of the fact that the trace is a sum of eigenvalues, which are positive for
positive definite matrices, and that the eigenvalues of A? are the squares of eigenevalues
of A. Part (iii) is the inequality between arithmetic and harmonic means applied to the
eigenvalues of A. Part (a) follows easily from parts (i) and (ii), and part (b) follows from
(a) by setting B = A~ O

A.3 Proof of Lemma 3.15

This is a straightforward consequence of the definition £, (X | X € C) = E,X1xcc/P,(C)
and the following Lemma A.11.

Lemma A.11. If P satisfies (x) and for X ~ P we have Ep||X||> < co then P satisfies

lim sup HEnXl)(EC - EleXecH =0 almost surely. ()

N—=00 ¥ convex

where B, f(X) = [, f(X)dP, = 13" | f(X5).

Proof. Let K be the space of all convex sets. If A is a set, then CNA:={KNA: K € K}.
Let 2 (i < d) be the i-th coordinate of vector . We now prove that for every r > 0

lim sup ‘EnX(l)lXec — EPX(I)].XEC" =0. (A.45)
N0 cekn[—r,r]d

Fixr > 0and C € KN[-r,7]%. Form € Nand —m < k <m—1let C" = CN[rk/m,r(k+
1)/m) x R¥1. Then

m—1
k r r
EpXWMixeo — ~ppr ‘ <lpo)y< L. A.46
|ErXM1xec 3P| pPO) s o (A.46)
It follows from the same reasoning
m—1 k r
E,XWV1xeo — Zp.cr ‘ < N. AA7
’ XeC :E:m?”m ) s~ for every n € ( )
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Now choose € > 0 and m > r/e. Note that C}"* are convex sets (as intersections of convex
sets) and hence by (%) we may choose N so that for n > N and any convex C’ we have
that |P,(C") — P(C")| < /(2m) and hence

m—1 k . m—1 k m m-! k m m
\k_z PO - X R ) <X o) - Pl <
=—m =—m ;:;ﬂ (A48)
< Z r— < re
k=—m

By combining (A.46), (A.47) and (A.48) we obtain that |E, XM 1xcc — EpXMlyxeo| <
(24 r)e for n > N and since the choice of N does not depend on C, (A.45) follows.

We now prove that almost surely

lim sup |[E,XM1yec — EpXWixec| = 0. (A.49)
n—oo cek
The same result for the remaining coordinates of (xx) follows in the same way, from which
follows the statement of the Lemma. Note that the function r — EP‘X(l)‘lxé[_nr]d is
decreasing to 0 as r goes to infinity. By the Strong Law of Large Numbers almost surely

limn_mo En‘X(l)‘]-Xg[—K,K]d = EP|X(1)|1X¢[7K,K]4 for every K eN.

Fix C' € K and € > 0. Since limg_, EP|X(1)|1X¢[_K’K]d = 0 it follows that there exist
K € N such that Ep|XW|Lyg g xpe < € and limp oo En| XD [1yg) g g0 < €. The
latter means that there exist n; such that En\X(l)\1X¢[,K’K]d < ¢ for every n > n;. By
(A.45) there exist ng € N such that for every n > ng

’ETLX(l)]'XECﬂ[fK,K]d - EPX(I) 1X€Cﬁ[*K,K}d‘ < €. (ABO)
Therefore for n > max{ni,na} we get

1B, XW1xec — EpXWixeo| < [EnXWlyconkxge — ErXVxcon kxa|+
+ En|X(1)|1X¢[—K,K}d + EP‘X(I)‘]-Xg[_K,K]d < 35
(A51)

Because ni,ns do not depend on C, (A.49) follows, which finishes the proof of the Lemma.
O

Lemma A.12. If (F,d) is a pseudometric space then (Fi(F),d) is also a pseudometric
space. Moreover, if (F,d) is finitely compact then (Fg (F),d) is also finitely compact.

Proof. Assume that (F,d) is a (pseudo)metric space. We prove that (Fg (F),d) is also a
(pseudo)metric space. Take any A = {AM ... A®} € Fg(F)and B={BW,...,BO} ¢
Fr(F). By definition

d(A,B) = min maxd(A®, B®)) > o, (A.52)
o€ 1<K
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since d(A®W, BU)) > 0 for any i,j < K (as in the definition we assume that A®) = () and
BU) = for i > k or j > I respectively). Let C = {C(), ..., 0V} € Fg(F) and let o1, oo
and o3 be permutations of [K] that satisfy

d(A, B) = maxd(AY By and d(B,C) = maxd(BY, C(20)) (A.53)

Note that d(A(l)7 B(Ul(z))) —+ d(B(Ul (Z))7 C(O'Z(O'l(l)))) Z d(A(z)’ 0(02(01(1)))) and hence

d(A, B) + d(B,C) = maxd(AY, By 4 max d(B@1) ¢loz(e1)y >

<K i<K
() gloi(i) (01(0)) ((o2(o1(0)))
> max (d(4", B +d(B ), O ) > (A.54)

> max d(AW, C(72°71(0)) > (A, C)
i<K

and the triangle inequality follows. This means that d is a pseudometric on F-.

Now assume that (F,d) is finitely compact. Let (A4,)5; be a sequence in F (F) and let
A, = {AS), Aq(f), e ,A%k”)}. As the sequence (k)52 ; is bounded by K we may choose
a subsequence A,, and K € N such that |A,, | = K for every k € N. Consider the
sequence (A%lk))zozl. This sequence is bounded (as (A,,)7; is bounded). Therefore it has
a subsequence (Agk)l)?il converging in d to A1) € F. Now we consider (Aq(i)l)[’il and
again we choose a subsequence (A"kzm )o°_, converging in d to A®) ¢ F. By iterating this
procedure K times we obtain a family A= {A(l), . ,A(f()} of ‘limiting’ sets. It is easy to

verify that the final subsequence of (A,)°%; converges in d to A, which finishes the proof.

O

Lemma A.13. If P is a measure on (R%, B) with bounded support and absolutely continu-

ous with respect to the Lebesgue measure then ¥(a) > 0 for every o > 0, where ¥ is given

by (3.79).

Proof. Fix a > 0. As an easy consequence of Theorem 3.19 we obtain that P(-) is a
continuous function in (K, ggr). Therefore K& := {A € K,: P(A) > a} is a closed (as
a counterimage of closed half-line in continuous transformation) subspace of compact (by

Theorem 3.18) topological space, therefore it is compact itself.

Assume that the support of P is contained in the ball B(0,r) and without losing generality

assume that r > 1. Consider the function

©(A)= sup P(A))-P(Ay)-|Ep(X|X € A)) — Ep(X|X € A)|? (A.55)
Aq,A2€eB
A1UA=A
A1NAs=0

in the compact topological space (K, or7). We prove that this function is continuous.

Firstly note that if C' € K% then ||[EpX1xec|| < rP(C). From this it can be easily seen
that for every ¢ > 0 there exist § > 0 such that for A, B € K if dp(A,B) < § then
|IEp(X|X €A —Ep(X|X €B)| <e.
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Fix 0 < € < 1. There exist 91 < € such that if A, A" € K and dp(A, A") < 01 then
|Ep(X|X € A) — Ep(X|X € A')| < /2. There exist dy such that if A, A" € K, and
o (A, A") < 0y then dp(A, A’) < 61 (this is because of Theorem 3.19 and the fact that
(K%, opr) is compact and therefore the continuity implies the uniform continuity). Let us
take A, A" € K% such that pg(A, A’) < d2. Let A1, Ay € K be such that A1 N Ag = 0,
A1 UAs = A and

p(A) —e < P(A1)- P(42) - [|Ep(X | X € A1) — Ep(X | X € Ay)? (A.56)
Consider A} = (A’ \ A2) U A; and A) = A’ N Az. Then A} N A, =0, A U A, = A" and
dp(A1, AY),dp(Az, AS) < dp(A, A") < 6. (A.57)

Therefore |P(A4;) — P(A))| < 01 < ¢, |[Ep(X|X € 4;) — Ep(X|X € A)| < ¢/2 for
1 = 1,2. This implies that
|Ep(X | X € A}) = Ep(X | X € Ay)[| < [|[Ep(X | X € A}) — Ep(X | X € A+
+|Ep(X|X € A1) = Ep(X | X € Ag)|| + |[Ep(X | X € A2) — Ep(X | X € A3)|| <
<||Ep(X|X € A1) — Ep(X | X € A))|| +e.
(A.58)
Since p; := |P(A;)| <1land d:= ||[Ep(X | X € A1) — Ep(X | X € Ag)| < 2r, we get

|P(A}) - P(AY) - |Ep(X | X € A)) — Ep(X | X € Ay)|*—
— P(41) - P(Ay)  ||Ep(X | X € A1) — Ep(X | X € Ay)|?| <
< (p1+e)(pa+e)(d+e)? —piped =
= d*(p1e + pac + €2) + (2de + ) (p1 +€)(p2 + €) < 32r’e.

(A.59)

By (A.56) and (A.59) we obtain
p(A)——32r% < P(A})- P(A})-|Ep(X | X € A7)~ Ep(X | X € Ap)|> < p(4'). (A.60)

By symmetry we get p(A’)—e—32r%¢ < ¢(A) which means that [p(A4)—¢(A")| < (1+32r2)e
for o (A, A’) < 2 which proofs the continuity of ¢ in the topological space (K%, o0x).
Therefore by Weierstrass Theorem we get that

inf o(4) = (40 (A61)
e,
P(A)>«

for some Ay € K, such that P(Ag) > «. It is easy to see that p(Ag) > 0 (it is enough
to divide Ag into two subsets of positive measure by a hyperplane so that the center of

masses of two parts do not coincide) and the Lemma follows. O
Lemma A.14. Let ANB=0,C := AUB. Then
P(A)V p(A) + P(B)Vp(B) = P(C)Vp(C) (A.62)

where = is the Lowner partial order, i.e. My <X My iff Mo — My is non-negative definite.
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Proof. Let e1(A) = EX14(X) and e3(A) = EXX14(X) where X ~ P. Then

e e e U
Vp(4) = ;((j)) - 1(;1,)( Iéi)(f ), (A.63)

Note that the functions P, e, eo are additive, hence

P(C)Vp(C) = P(A)Vp(A) — P(B)Vp(B) =

(A.64)
The last matrix in (A.64) is clearly non-negative definite and the proof follows. O
But firstly we introduce a lemma which collects some key equalities and asymptotic results
that will be used heavily in the proofs.

Lemma A.15. For any x > d and z > 0

r+z—d\?  Tg() v+z)?
(=) <25 < (55) (A.65)

Proof. As proved in Kecki¢ and Vasi¢ (1971) for y > x > 1

y—1 T y—3
Y —e"Y < Iy) <Y je“y. (A.66)
rr—1 F(l‘) 252

Hence foranyu =z —-d+ 1,z —d+2,...,z

IR utz Utz utz_q u Z z .

(i)>(2)u2_1 e_g:(1+3>2 1<u+z>26_§><u+z> ><x+z d>

r'(3) (%)> 2e
(A.67)

[N
[SIEN

N

z 5 -1 % z
e =(1+2)7 (14 2) 2(u+z> ¢T3 <
)5—5 u u 2

(A.68)

The proof follows from (A.67), (A.68) and the definition of the multivariate Gamma func-
tion. O
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