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Abstract

In this dissertation we discuss numerical simulations of semiconductor devices with the drift-
diffusion model. This model consists of three nonlinear elliptic differential equations known as van
Roosbroeck equations. We consider two variants of discretization of this system with the Compos-
ite Discontinuous Galerkin Method, based on Symmetric Interior Penalty Galerkin method and on
Weakly Over-Penalized Symmetric Interior Penalty method. We discuss these methods in context of
simulations of luminescent devices based on gallium nitride and its mixed compounds. The proposed
methods account for lower regularity of solutions on the interfaces between layers of different mate-
rials. It is shown that for in the equilibrium state regime the discrete problems are well posed and
error estimates for the piecewise-linear finite element spaces in one- and two-dimensional domains are
derived. These error bounds are then verified against results of numerical simulations, which covered
both abstract settings and real semiconductor structures, in equilibrium and non-equilibrium state.

It is also demonstrated that these methods may be used in determination of physical properties of
the luminescent devices. For this purpose, a linearization of the discretized van Roosbroeck equations
based on the Newton method and Picard method was developed. Then the numerical code was devel-
oped, which makes use of these discretizations and the linearization. Since the physical phenomena
related to operation of the gallium nitride laser diodes and light-emitting diodes are not fully un-
derstood, our application allows for modification of the underlying differential model to some extent.
Examples of such modifications and their effects are presented.
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Introduction

The digital revolution, which has been going for last 40 years, has its origins in development of the
semiconductor transistor in 1960s. It was a culmination of a 30 year long research conducted in
Bell Labs aiming at replacing electromechanical switching equipment components with semiconductor
devices[52]. Then the transistors quickly superseded vacuum tubes. They were installed in wide range
of appliances: television sets, radio receivers, communication devices, etc. First calculator based on
semiconductor transistors was introduced in 1963, pocket calculators followed roughly 10 years later.
At the same time minicomputers were developed, followed then in 1970s and 1980s by microcomputers
— machines similar in size and design to currently widespread personal computers. The progress in
this domain was generally possible due to miniaturization.

While transistors have a profound impact on live of modern society, they are not the only applica-
tion of the semiconductors. An important phenomenon within the context of semiconductor material
is the electroluminescence. Electroluminescence is a light emission by a material due to the electric
current. In contrast to the incandescence effect, the light is not generated due to the heat. In semicon-
ductors, it is generated by the radiative recombination of electrons and holes (described in detail in
section 2.6]). The electroluminescence was discovered in 1907 by H. J. Round [125], in silicon carbide
(SiC). First SiC light-emitting diode (LED), was reported in 1927 by Losev. Principles of operation
of these diodes were explained in 1951 by Lehovec et al. [65]. Then in 1955 Braunstein obtained
infrared emission from gallium arsenide (GaAs) [16]. Shortly thereafter in 1960s commercial-grade
infrared diodes was introduced by Texas Instruments. Simultaneously first red light-emitting diode
was developed by Holonyak and Bevacqua [58]. In 1970s the red LED technology was mature enough
so that these devices became available in many appliances.

While first gallium nitride (GaN) light-emitting diode was introduced at this time, it took twenty
years to develop high-brightness blue LED by Nakamura et al. [81] in early 1990s. These diodes were
composed of gallium nitride and mixed compounds: indium gallium nitride (InGaN) and aluminum
gallium nitride (AlGaN). For this achievement, Nakamura was awarded the 2014 Nobel prize in physics
jointly with Akasaki and Amano, who had a significant contribution in development of growth of high-
quality gallium nitride [4]. They also introduced efficient p-type doping of GaN with magnesium (Mg)
[3]. In early 2010s the gallium nitride devices matured and became available in commerce.

In parallel to LEDs, the laser diodes (LDs) were also developed. First GaAs infrared laser diodes
were introduced in 1962 by Hall et al. [49] and Nathan et al. [83]. The same year they were followed by
red gallium arsenide phosphide (GaAsP) LDs developed by Holonyak. In 1960s it was discovered that
heterostructures (semiconductor structures composed of layers of different material) are generally
better candidates for LDs than homojunctions (made of a single material). In particular, in early
1970s the quantum wells were introduced [34], increasing greatly the LD efficiency. In a short time
semiconductor LD technology were applied to fiber optic communication and to optical data storage.
The latter then evolved to compact discs and they become commercially available in early 1980s.
These devices used infrared (CDs) and red lasers (DVDs), based on gallium arsenide. In 1996, few
years after introduction of efficient GaN LED, Nakamura demonstrated first gallium nitride blue laser
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[82]. In the meantime, the high-pressure growth technology of the low-defect gallium nitride crystal
substrates was developed by Institute of High Pressure Physics of the Polish Academy of Sciences.
These crystals were used by Nakamura in 1999 yielding 30 mW LDs with 3000 h lifetime — as opposed
to 300 h and 15 mW at the same current for sapphire-supported GaN structures of that time [46]. Due
to further studies of GaN-based LDs, prices of blue and violet semiconductor lasers dropped and these
devices became available on the market. The applications followed: data storage (Blu-ray discs),
digital projectors, solid state lighting, medical equipment, etc.

The technology of blue LEDs and LDs matured, but there are still many problems which remain
unsolved. While red and blue LEDs reach above 30% (wall plug) efficiency, green and yellow LEDs
are still under 20% [31]. To produce green light, it is more effective to use a blue diode and then
convert it with a phosphorescent layer to the green light (about 22% efficiency) than to use native
green LEDs. Moreover, GaN-based LEDs exhibit drop in efficiency with increasing current (efficiency
droop) [102], which is attributed to the Auger recombination [53]. This phenomenon is absent in red
GaAs-based LEDs. On the other hand, there is demand on the efficient green lasers, which could be
used in wall projectors with blue and red lasers.

Numerical simulations are the important tool in development of semiconductor devices. Since
our contemporary electronics relies on the semiconductors, there is strong demand on the progress
in this domain. There are various approaches in simulations of such devices, depending on precision,
efficiency and size of a simulated fragment. On the one hand there are so-called ab initio methods,
which are used to investigate properties of elements composed of hundreds of thousands of atoms.
These methods use fundamental laws of physics and they need days or weeks to perform a single
simulation on a computational cluster. On the other hand, there are statistical methods, which
approximate complex interactions of a large number of similar objects by elementary statistical laws.
Among these methods, there is a drift-diffusion theory. In this case the model is straightforward
and it allows to simulate whole semiconductor device on a standard desktop computer. This model
describes two kinds of quasiparticles, electrons and holes, which move in the electric field present in
semiconductor devices. From the mathematical point of view, the model consists of a system of three
nonlinear elliptic differential equations, which are called the van Roosbroeck equations [96].

While the idea of the differential equations dates back to 17th century works of Newton and Leibniz,
the concept gained much significance in the 18th and 19th centuries. Many physical phenomena
was then expressed mathematically as differential equations, e.g. wave equation (d’Alembert, Euler),
exponential growth model (Malthus), heat flow (Fourier), Fick’s laws of diffusion, Maxwell’s equations.
However, exact solution methods for differential equations are available only in idealized cases, which
cover only fragmentary aspects of real physical settings. Until 20th century there was no general,
efficient methods of (approximate) solution of differential problems.

At the turn of 19th century and 20th century, Rayleigh and Ritz proposed to use variational formu-
lation for approximate solutions of the boundary value problem [I12]. The idea of utilizing piecewise
linear functions on triangulations was introduced by Courant in 1940s. In 1950s the electronic com-
puters become available, bringing a breakthrough and a new meaning of the numerical solution. Then,
independently of the theoretical analysis, Finite Element Method (FEM) were used for engineering
computations (Turner et al. [114]). On the other hand, in 1960s Finite Element Method was subject
to mathematical research. In particular, piecewise polynomial approximations were studied (Birkhoff
et al. [13]). In 1974, convergence analysis and error bounds for the mixed Finite Element Methods
for saddle problems were introduced by Brezzi [20]. In the early 1980s p-version and hp-version of
Finite Element Method were popularized (Babuska et al. [9, [§]). In classic Finite Element Method
(h-version), convergence is achieved by refining a mesh, when the mesh elements diameter h goes to
zero. In the p-version, the mesh is kept fixed, while the piecewise polynomial degree p is increased.
The hp-version combines these two approaches.
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In 1970s the Penalty method was developed to impose boundary conditions weakly [7, [35]. At the
same time the Discontinuous Galerkin Method (DGM) was introduced by Reed and Hill in 1973 [93],
as they discovered it is better suited for approximate solution of the neutron transport equations than
continuous Finite Element Method. Error bounds was then demonstrated by Leisant and Raviart
in 1974 [66]. More general result for a hyperbolic equation was then introduced by Johnson and
Pitkaranta in 1986 [57]. The Interior Penalty method with discontinuous elements was introduced by
Arnold [5]. At the turn of 1980s and 1990s the interest in Discontinuous Galerkin Method significantly
increased. For example, it has been applied to three-dimensional incompressible steady fluid flows [24],
to time-dependent hyperbolic equations [25], to the compressible Navier-Stokes equations [12] or to
convection-diffusion systems [29]. In 2002, unified analysis of Discontinuous Galerkin Method for
elliptic equations was presented by Arnold et al. [6].

Numerical modelling of semiconductor devices with the drift-diffusion model has been performed
since 1964, when Gummel [47] proposed a numerical algorithm for simulations of silicon transistors,
which was based on the simple iteration method. Various methods were then used for discretization of
the van Roosbroeck equations, for example Finite Difference Method (FDM) [101], Box method [10],
Finite Element Method [30]. Special variants of discretizations were developed [75].

The problem, in a broad form, is posed as follows: find u*,v*, w*, such that

—V (eVu) + e — e T = Ry, (1)
—V (e "V V) — Q(u*, vt w*) (e TV —1) =0, (2)
~V(ppe” " Vw*) + Qut, vt w*) (e TV — 1) = 0. (3)

Equations (I)-@]) are called van Roosbroeck equations (or drift-diffusion equations). Functions
e(x), pn (), pp(x), k1 (x) are material parameters and Q(z,u,v,w) is an operator depending on the
semiconductor material. Here we would like to emphasize main problems with numerical solution
of this system. Equation (dI) is called the Poisson equation. It is the most elementary among these
equations from the numerical point of view, as it is nonlinear only due to its right hand side. The
remaining two equations (2l), ([B) additionally have nonlinear coefficients, which fluctuate strongly. It
makes these equations and also the whole system very difficult to solve. A detailed discussion of the
drift-diffusion equations is presented in sections and

An analysis of the existence of solutions for the drift-diffusion equations is presented in [54].
Homogeneous Neumann and general Dirichlet boundary conditions were considered. The proof of
existence bases on Schauder fixed point theorem. A mapping with a stationary point related to the
solution of the drift-diffusion system. The discrete case is also considered. The follow-up article
[56] treats about properties of the mapping introduced in previous paper [54]. Authors consider
both differential and discrete problem, with Finite Element Method discretization. Error bounds are
presented, and the convergence is analyzed.

Additionally in [62] it is shown that under constrains on boundary values the mapping mentioned
in previous articles is a contraction. Then, due to Banach theorem, the simple iteration algorithm
converges to a solution of the van Roosbroeck equations. Regularity properties of the considered
functions are discussed in detail.

A comprehensive information about solution of drift-diffusion system is presented in [75]. Several
discretizations are considered. Existence of discrete equations are shown. The methods are considered
on various meshes in one and two dimensions.

Numerical methods for simulations of semiconductor devices are described in [91]. First problem
discussed is choice of unknown variables: carrier concentrations, scaled concentrations, o-variables,
quasi-Fermi levels and Slotboom variables are considered. Methods of solution the nonlinear system,
i.e. Gummel method and the Newton method are discussed. Some modifications of the Newton
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method are proposed, like scaling of a step and exploiting of symmetric positive definite Jacobian.
Discretizations by Finite Different Method and Finite Volume Method are considered. Many examples
of numerical simulations in two dimensions are given.

Algorithms for acceleration of simple iteration method are proposed in [61]. Presented ideas are
devoted for increasing efficiency of Gummel’s iteration. Chebyshev and Richardson accelerations
determine coefficients of the three-term linear combination. Both of the methods rely on eigenvalues
of Jacobian of considered transformation. On the other hand, Nonlinear Minimal Residual scheme
uses similar approach as GMRES iteration and does not require estimates on eigenvalues. However
the latter is more complicated for implementation.

Solution of drift-diffusion system formulated in Slotboom variables is considered in [80]. Such
choice of variables leads to with three nonlinear elliptic differential equations, similar to ones based on
quasi-Fermi levels. However, these variables expose strongly exponential character (see [91]). To avoid
overflows and underflows, local scaling technique is used. The scaling is specific to Finite Element
Method discretization. Algorithm is presented with the assumption of zero recombination. Simulation
examples are also presented.

Neumann-Neumann domain decomposition scheme for decoupled drift-diffusion system is consid-
ered in [97]. Authors focus on study p-n diodes under high reverse bias, imposing impact ionization
recombination. Choice of variables is discussed. The iteration comprise of the Newton method for
Poisson equation and simple iteration for continuity equations. Several numerical examples are given.
Also convergence slowdown of Gummel method for high recombinations is indicated.

A different kind of problem is considered in [2I]. Authors present generalized Gummel scheme for
optimization of a doping profile for a given device. The profile is optimized to attain certain current
densities for given bias.

Application of Gummel method with electron/hole mobility dependent on electrostatic field is
presented in [23]. Upwind and weighted finite difference schemes in one dimension are considered.
Modifications are also proposed for higher dimensions and for Finite Element Method.

Gummel method and coupled Newton method are compared in [64]. Simulation of organic semi-
conductor devices are considered. Standard drift-diffusion model is enhanced by modified carrier
concentration statistic, due to disorder in organic devices. Both constant and non-constant mobilities
are considered. Discretization is performed by Finite Volume Method. Carrier concentrations and
electrostatic potential are used as unknown functions. For both methods iteration starts from the
equilibrium state, for which the initial approximation is available. Then applied voltage is increased
gradually, and a result from previous potential step is an initial approximation for the next step. Nu-
merical simulations for constant mobilities reveal that for the Newton method the iteration number
for single potential step is approximately five, and is is independent of the bias. On the other hand,
in Gummel method the iteration number depends linearly on applied voltage, reaching approximately
200 iterations for 10 V.

The problem we discuss is the discretization of the van Roosbroeck equations. As mentioned, Finite
Difference Method and Finite Element Method discretizations are successfully used for this system
since the second half of 20th century [101},[92]. However, design of the semiconductor devices has been
substantially changed over time. Initially semiconductor transistors or diodes were made from a single
material (e.g. silicon) divided into layers with different doping level. In terms of parameters, these
conditions were reflected by variations of a possibly discontinuous ki function, while €, jip,, 1, were
constant. On the contrary, contemporary semiconductor devices, like blue laser diodes (see figure [Il),
consist of layers of different semiconductor material deposited one on another. Recent designs involves
also change of the material through one layer. The material parameters, like €, p,,, ttp, are no longer
constant, in general they are discontinuous. However, these discontinuities are localized on the layers’
interfaces and inside a layer these parameters are constant or, in general, smooth functions.
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p-GaN (50 nm)

p-GaN/p-AlmGaN
(26 A /26 A)* 80 SL

p-GaN (70 nm)

Inoo«GaN:Si 8 nm) —

_v
n-GaN (140 nm)-~
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n-GaN/Alu.isGaN
(29 A /29A)*110 SL

Figure 1: Example of a gallium nitride semiconductor laser structure. Device is made of planar layers
of semiconductor materials. Claddings are composed of alternating GaN/AlGaN layers. Active part
of the device consists of 5 InGaN quantum wells, separated by barriers with lower indium content.
Layers’ widths are given in angstroms: 1 A = 0.1 nm.

Thus to obtain a good precision, it would be advantageous to use a discretization which takes into
account such localized lack of regularity and which allows to exploit higher regularity inside layers.
A natural discretization method for such a problem would be the Discontinuous Galerkin Method
[94, 90]. However, this method by its nature imposes much more degrees of freedom in the simula-
tions to allow for discontinuities, leading to slower and more memory-consuming simulations. Since
the physical layers of semiconductor devices are of regular shape, it is feasible to use the Composite
Discontinuous Galerkin Method [37] (CDGM, see section [[3]), which is a hybrid between Continuous
and Discontinuous Galerkin Method. It allows to divide the domain into subdomains, on which the
standard continuous Finite Element Method is used, and on the interfaces between these subdomains
it uses the Interior Penalty method, thus accounting for discontinuities there. This approach allows to
greatly reduce number of additional degrees of freedom, as they are only needed on the interfaces. In
addition, Composite Discontinuous Galerkin Method does not require conforming grids on the inter-
faces, thus allowing for nonconforming meshes between subdomains. This is beneficial in simulations
of semiconductor devices, as it allows for an easy mesh adaptation in certain layers without affecting
others.

The Composite Discontinuous Galerkin Method is currently successfully developed and used for
various problems, for example elliptic eigenvalue problems [43], parabolic problems [73], Darcy flow
in homogeneous porous media [71]. A FETI-DP-type method for Composite Discontinuous Galerkin
Method in two dimensions was proposed in [3§].

The Discontinuous Galerkin Method (see section [[LT.2)) is closely related to Finite Element Method
[19, 28], which provides a framework to numerically approximate solutions of ordinary/partial differ-
ential equations. The rough idea of the Finite Element Method is as follows. One start with a
differential equation in a weak (variational) form [40], posed in some (infinite dimensional) function
space. We call this a differential problem. Then a finite dimensional subspace is chosen and the
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analogous problem is posed in this subspace. We call it a discrete problem. The discrete problem
may utilize the same formulation as the differential problem, with infinite dimensional space replaced
with the finite-dimensional subspace. The discrete problem is then solved by finding coefficients of
unknown function in a given base of the discrete space. If the problem is linear, it may be reduced to
a matrix equation. There are many general methods of numerical solution of such equations (see for
example [45]), in particular building preconditioners adapted to Finite Element Method problems (cf.
[113]). If the problem is nonlinear, some form of linearization must be used, like the Banach iteration
or the Newton method [33].

This study consists of two aspects of simulations of semiconductor devices with the van Roosbroeck
equations. The mathematical part is devoted to the discretization of the nonlinear Poisson equation
@ in R?, d € {1,2}. We focus on two versions of the Composite Discontinuous Galerkin Method,
based on Symmetric Interior Penalty Galerkin method [94] and on Weakly Over-Penalized Symmetric
Interior Penalty method [17]. To our best knowledge, the composite version of the latter method has
not been introduced prior to this study.

First we introduce both methods in context of the linear elliptic differential equations. They share
common meshes and discrete spaces. In spirit of Composite Discontinuous Galerkin formulation, a
polygonal region 2 is divided into sub-polygons €2;. We use mesh which is matching in every €2; and
nonmatching across interfaces 9€2; N 0€2;. Therefore functions of the discrete spaces are continuous in
subdomains €2;, and discontinuous on the interfaces.

It is assumed that each €; is related to a physical layer of uniform semiconductor material, such
that the interfaces between physical layers are located on interfaces 9€2; N 0€2;. This assumption
implies that coefficients of the van Roosbroeck equations are also discontinuous on the interfaces.

This approach is beneficial due to the following reasons. First, the physical division of a given
device is determined by its geometry and thus it is known a priori. It is therefore natural to use
this knowledge and to pick §2; appropriately, to confine discontinuities of the elliptic coefficients to
interfaces 0€); M 9€);. Moreover, the physical purpose of each layer provides a hint on whether a mesh
on this layer should be thick or thin. Since the mesh is nonmatching on interfaces, it may be chosen
independently for each €); as needed. In addition, the composite Discontinuous Galerkin discretization
is superior to the standard Discontinuous Galerkin Method in terms of memory footprint, as multiple
values must be stored only on the interfaces, not for the whole mesh.

The Composite Discontinuous Galerkin Method is characterized by presence of interfacial and
boundary terms in the weak formulation, which are absent in the original elliptic problem. These
terms emerge as the consequence of the Green formula, which cannot be used on €2 due to insufficient
regularity of discrete space functions. On the other hand, it may be applied to each €2;, leading to these
interfacial terms which do not cancel out. These terms can later be symmetrized to make use of robust
algorithms for solving symmetric linear systems. Moreover, artificial penalty terms are introduced, to
control discontinuities on the interfaces not present in the differential solutions.

In the Weakly Over-Penalized Symmetric Interior Penalty method, terms due to Green formula
are absent for a price of higher penalty coefficients. This way the method is easier to analyze and to
implement, but it has worse numerical properties.

The first problem we must face is that solutions of differential problem are in Sobolev space
H'(Q), while discrete solutions are not. To estimate approximation error norm, we would like to
embed discrete solutions and differential solutions in some more general space. Then we pass to the
discrete formulation of the nonlinear Poisson equation. We adapt already established linear discrete
problems to this particular nonlinear case and we prove that the resulting problems are well-posed.

Before proceeding to the error estimates, we discuss the interpolation error measured in broken
norm. Generally for the norm used in composite version of Symmetric Interior Penalty Galerkin
method the result is well known, but we are not aware of similar result for the Composite Weakly
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Over-Penalized Interior Penalty method. We prove both estimates, as the proofs share their main
part. Unfortunately the estimate for the latter method is not optimal, mostly due to increased
penalty coefficients. For the original Weakly Over-Penalized Interior Penalty method, this problem
was remedied by specific choice of the interpolant. This solution however cannot be generalized to
nonmatching meshes.

At this moment we would have the sufficient instruments for establishing of the error estimates of
discrete solutions for both considered methods. The proof of these estimates is based on the fact that
broken norms related to respective discretizations is strongly bounded with the formulations of the
discrete problems.

In addition to the theory, we developed a numerical software for solving the van Roosbroeck equa-
tions. This software uses the discretization methods discussed in this thesis and it allows to perform
a convergence study of these discretizations as well as to perform simulations of the semiconductor
devices. This application operates both in equilibrium state and in non-equilibrium state, thus it can
numerically solve full van Roosbroeck system.

Our software, called pmicro, has two variants. Let us first discuss the one-dimensional variant. This
application is written in mixed Octave/Matlab and C/C++ languages, with most computationally
intensive parts written in C/C++, including the discretization. The logic is written in Octave/Matlab.
The aim of such approach is to achieve a satisfactory trade-off between efficiency and code complexity.
Low complexity provides ease of modification of the application, allowing alteration of the underlying
mathematical /physical model. This variant is our main tool in simulations of gallium nitride lumi-
nescent devices. These devices have two contacts, located on the opposite sides of the structure, so
one-dimensional model provides satisfactory results in many cases. In this application we use the van
Roosbroeck equations accounting for various physical parameters of the semiconductor material (dis-
cussed in detail in section [Z3]). During our study, we consequently expanded the underlying model by
introducing additional physical phenomena: radiative and nonradiative recombination, trap-assisted
tunneling, polarization effect and optical generation. Besides of IV characteristics (current versus
voltage), which can be easily derived from the simulated electrical properties, we also estimate the
light emission using radiative recombination rate, which allows us to calculate light-output, estimate
optical power and losses.

Second variant of our software implements two-dimensional model. We use this application mainly
in convergence study of discretizations discussed in this thesis. The code is written mostly in C/C++
and it uses PETSc library for numerical linear algebra. Unfortunately the Composite Discontinuous
Galerkin Method discretizations are not widely deployed in popular Finite Element Method libraries, so
a library for such discretization is implemented by us. The two-dimensional code accounts for simplified
van Roosbroeck equations used in analysis of the methods as well as for full drift-diffusion equations
used in physical simulations. However, the latter model does not cover full range of phenomena
implemented in one-dimensional model.

During our early simulations we faced a problem of linearization of the discretized nonlinear van
Roosbroeck equations. Our first choice was the Banach/Picard iteration, where the original system
was substituted by decoupled linear equations. Unfortunately this method was unsatisfactory, as the
number of iterations was highly dependent on device/material parameters, varying from hundreds to
millions. We also tried the Gummel method, which is similar, but it consists of decoupled nonlinear
equations. This method, well tested for silicon devices in 1980s, turned out to be unsatisfactory for
many devices simulated by us due to strong coupling of the subsequent equations in case of gallium
nitride based luminescent devices, mostly related to high recombination rate and doping. We finally
turned to the Newton method for a coupled system, which give a satisfactory results, in particular the
iteration number which do not vary much with physical parameters. However, we use also a variant of
backtracking method. In backtracking, as well as in stopping conditions, we make use of the Banach
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iteration. This approach in many cases improves the number of iteration and more importantly it
often prevents divergence of the Newton method.

The second part of this research consists of simulation of the semiconductor devices based on
gallium nitride. For these simulations we used one-dimensional variant of our software, as mentioned
before. We start our simulations with p-n homojunctions. These simple structures are the starting
points in design of complex luminescent devices like light-emitting diodes or laser diodes. These initial
simulations are supposed to create basic intuition related to GaN p-n diodes as well as to fine-tune
our software, as the development of pmicro was performed gradually, along with simulations. The
gallium nitride structures are characterized by strong doping. Especially the magnesium doping in
p-type region may reach concentrations 1 x 10! cm™ or more. Numerically this is a problem as it
increases coupling between drift-diffusion equations. On the other hand, GaN is a wide bandgap
semiconductor, and therefore the concentration of minority carriers in the equilibrium state is very
low. This leads to vast difference in concentration of carriers, electrons or holes, between n-type
region and p-type region. It poses another numerical difficulty, as then coefficients of the continuity
equations vary by several orders of magnitude. Therefore simulations of such elementary gallium
nitride semiconductor devices has already introduced severe numerical problems, which could only get
worse with device’s complexity.

Since the drift-diffusion model accounts for the electrical properties, our initial simulations focus
on I-V diagrams. For gallium nitride p-n homojunctions, we observe three cases: reverse bias, when
the current is more or less constant, low forward bias, when current is exponential in bias and high
forward bias, when this dependence becomes linear. This situation is more complicated when more
layers are introduced, like an undoped layer or quantum well between n-type region and p-type region,
and also if we take into account nonradiative recombination mechanisms, like recombination on trap
levels (Shockley-Read-Hall recombination, SRH) or Auger recombination. For a given structure, a
dominating recombination channel may vary with the bias, altering I-V characteristics. We take a
closer look on the SRH recombination. It has two aspects: contribution to the total recombination
and additional electrostatic charge due to trap levels. We find the latter effect negligible. On the
contrary, the SRH recombination rate may be significant. This mechanism of recombination is often
dominating in the low bias regime, especially if we take into account the trap-assisted tunneling. In
GaN diodes, where doping is significant and the depleted layer is narrow, there are high electrostatic
field involved for low biases, which increases ratio of the carrier tunneling to the trap level. Our sim-
ulations demonstrates better agreement between theory and experiment if the trap-assisted tunneling
is taken into account, especially for low/moderate forward biases.

Then we pass to simulations of light-emitting diodes (LEDs) and laser diodes (LDs). In this scope
two additional aspects are important. First is the polarization effect, which is present in the gallium
nitride based devices. A modification of the underlying discretization was necessary to include the
polarization charges on interfaces between different material (discussed in detail in section B3.3]). On
the other hand, in case of LEDs and LDs we have to estimate the light-output, efficiency and energy
loss. The light-output is generally proportional to the radiative recombination rate in the quantum
wells. This value is predicted by the drift-diffusion model. Other channels of recombination, i.e.
nonradiative recombination or even radiative recombination outside of quantum wells contributes to
energy loss.

We start with a problem of aluminum content in the electron blocking layer (EBL). EBL is usually
placed between the active region (quantum wells and barriers) and a p-type region. It is a barrier,
which is supposed to prevent electrons form escaping the active region. Unfortunately this layer also
blocks holes to some extent, thus making it too high unfavorable. In simulations we show that the
efficiency of a devices is increasing with aluminum content only to certain value, then it remains
constant. However, increasing the aluminum content further leads to higher resistance of the device
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and smaller light-output. Then we pass to the magnesium doping level in p-type region. It is shown
that insufficient doping results in high resistance due to unscreened polarization charges. We also
analyze dependence of number of quantum wells on the resistance of a device.

Van Roosbroeck equations can also account for optical generation of carriers. We present such
simulations in context of quaternary AllnGaN alloy.
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In this part we will derive two variants of the CDGM discretizations. First one bases on Symmetric
Interior Penalty Galerkin (SIPG) method [19]. This method was introduced in [37] for the linear elliptic
equations. Besides of features mentioned previously, the discrete form for this method is symmetric,
what is advantageous when solving linear equations. Our equations are not linear, but still this feature
will be useful in context of the linearization method we use.

Second discretization we propose is similar, but it bases on Weakly Over-Penalized Symmetric
Interior Penalty (WOPSIP) [17]. This method is also symmetric, and it has very simple form, which
is helpful in analysis and implementation. On the other hand, due to higher penalty parameter it may
perform worse in numerical simulations.

We focus our theoretical analysis of CDGM variants on the equilibrium state solutions of the van
Roosbroeck equations in R and R?. The equilibrium state is a simplified case, where only the first
equation is to be solved. It corresponds to the physical state when there is no energy transfer between
a device and the environment, in particular the device is disconnected from the power source. We
limit our analysis to this case, as the proof framework used in this paper, which is borrowed from the
DGM analysis of the Navier-Stokes problem [I15], imposes the uniqueness of the solution, which is
not guaranteed in the non-equilibrium state.

In our analysis, we focus on linear P; element. This choice is made to simplify the analysis
and implementation. While there are many computer libraries and frameworks for FEM and DGM
discretizations, none that we are aware of supports CDGM out of the box. In particular, it is not
possible to define separate meshes across subdomains. Therefore we develop our own framework,
which currently support only linear Py element.

The main problem with the van Roosbroeck system is the nonlinearity. Depending on a device
composition and design, the coefficients of the latter two equations may vary by several orders of
magnitude. There are various approaches for solving this system. They may involve decoupling,
Banach iteration [76l ], Newton method [61], etc. An important step is the choice of unknown variables.
According to [92], there is a variety of possible unknown function sets for the van Roosbroeck equations.
Each set provides certain balance between nonlinearity of the equations and exponential character of
the unknown functions. It may seem like the choice of so-called Slotboom variables is preferable, as
they provide least degree of nonlinearity. However, it also imposes enormous variations of the unknown
functions (like [1,10%4], see [92]). We will therefore use the quasi-Fermi level formulation, which makes
the equations highly nonlinear, but unknown functions do not express the exponential character.

The van Roosbroeck equations used in simulations of realistic devices depend on many material
parameters, generation/recombination coefficients, technical parameters, etc. In the theoretical study,
we would like to focus on the mathematical aspect of the Discontinuous Galerkin Method discretization
of the underlying equations. Since there is no obvious generalization, which covers every possible case,
for analysis we will focus on standard version widely used in the literature [54} B0, [61], [76]. The problem
will be formulated in section [L.21

The van Roosbroeck equations are elliptic, thus in section [[L3.2Z.T]we present standard weak problem
in this case. This general weak problem is a basis of the Composite Discontinuous Galerkin Method
(CDGM) discretizations [37], presented in section [L3]

By a coarse grid we call the partition {€;})¥, of the domain 2. Then we consider families of FEM
discretizations Xp,(€2;), parameterized with h; — 0. The CDGM discrete space X (€2) is composed
of X, (£;), with h := maxh; — 0. Note that the coarse partition does not change with h. In section
we present the discrete operators, which comprise of the part corresponding to the variational
formulation inside subdomains €2; and penalty terms on the interfaces and on 052;.

After introduction of discretizations for linear equations, in section [[.4] we use introduced spaces
and operators to discretize van Roosbroeck equation for equilibrium state. We show the existence
and uniqueness of discrete solutions. Then in section we introduce the interpolation operator and
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Figure 1.1: Example of a discontinuous interpolant on the interface with nonconforming grids. Blue
— function to be interpolated on the interface 02; N 0€a, green — interpolation in Xp, (1), red —
interpolation in Xj,(€2).

we discuss interpolation errors. There is an important difference between R and R? domain in this
aspect. Despite using the DGM, in one dimension we can easily define an interpolation operator so
that interpolants of continuous functions are also continuous. This is not the case in two dimensions
in general, due to nonconformity of grids on interfaces (see figure [[.1]).

In sections [[.6] [[.7 we present the error estimates for the proposed discretizations. To prove the
error estimates for the discretization proposed by us, we would like to use similar approach to presented
in [I15] for the Navier-Stokes equation.

In addition to the analysis presented for the equilibrium state regime, we also discuss existence of
the discrete solutions for the general case (section [4.C]). Unfortunately these results are limited to one
dimensional CWOPSIP discretization, due to the maximum principles discussed there, which are not

feasible for CSIPG nor for two-dimensional CWOPSIP.

1.1 Finite Element Method basics

We start with an introduction to the discretization of differential equations with Finite Element
Method. It is a foundation for the Composite Discrete Galerkin Method, which we introduce in
section [[L3l In this introduction we present only selected results, which are relevant to the scope of
this thesis.

1.1.1 Continuous Finite Element Method

The Finite Element Method [19, 28] provides a formalism for finding approximate solutions of the
ordinary/partial differential equations in a finite dimensional space. It is a particular case of the Ritz-
Galerkin methods. The basic idea of these methods is to substitute an infinite-dimensional functional
domain of a given differential problem with a finite-dimensional discrete spaces and to limit the initial
problem to these spaces. Upon choosing some basis of a given discrete space, the discrete problem
becomes a system of algebraic equations. The characteristic feature of the continuous Finite Element
Method is particular choice of the basis of the discrete space.
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Figure 1.2: Examples of meshes composed of triangular elements: a nonconforming mesh (left) and a
conforming mesh (right).

In this introduction, we focus on the standard continuous Finite Element Method, with a discrete
space consisting of piecewise-linear continuous functions. We start with a definition of a mesh.

Definition 1.1.1. Let Q C R¢, d € {1,2} be a polygonal domain, and let Tj, be a division of Q into
polygons, where h is the mazimum element diameter. We say that Ty is a mesh if the intersection of
any two elements of Ty, is either empty or it is a set of measure zero.

Definition 1.1.2. Let T, be a mesh. If intersection of any two elements of Ty, is either empty, a vertex
or an edge, then the mesh Ty is called a conforming mesh. Otherwise it is called a nonconforming
mesh.

Note that due to definition of the conforming mesh, if z is a vertex of any 7 € T, and if x € Oy
for some 79 € Tp, then x is also a vertex of 75. An example of a conforming/nonconforming mesh is
demonstrated in figure

Definition 1.1.3. We say that Ty, is a triangulation of Q C R?, d € {1,2} if:
e Ty is a conforming mesh.
e Every element T € Ty, is a triangle (if d =2) or an interval (if d=1).

Definition 1.1.4. Let Ty, be a triangulation of Q C RY, d € {1,2}. We define nodes of the mesh Ty,
as
Ny ={x €Q:xis avertex of 7 for any T € Tp}. (1.1.1)

For a systematic study of error of the discrete approximations, we have to introduce some parameter
characterizing a triangulation, and the use this parameter in estimates. A standard choice is the
maximal diameter of mesh elements, denoted by h.

The intuition behind the error estimate is as follows. We have some domain {2 and a family of
triangulations {7 }. We would like to bound error depending on the parameter h, and we are generally
interested about asymptotics of this bound when A — 0. While it is not necessary to have a mesh for
every h > 0 in this family {75 }rex, we would like 0 to be an accumulation point of #H, so that the
limit h — 0 is related to some sequence of meshes 7}, as h approaches zero.

To take h as a reasonable characteristic of a mesh, we have to impose additional constraints.
Otherwise some degenerate cases are possible, which makes it difficult to obtain useful results.
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Definition 1.1.5. Let {Tp}nen be a family of meshes indexed by h € H C (0,1], where the set H
s a countable subset of positive real numbers having 0 as only accumulation point. For any element
T € Tp, let hy denote the diameter of T and let p; denote the diameter of an inscribed circle of T.

We say that {Tp}nen is a shape regular family of meshes, or simply that T, is a shape regular
mesh, if there is a constant pr > 0 such that

h
Vhe HVT €T, — <pg. (1.1.2)
T
Definition 1.1.6. Let {T,}nhen be a family of meshes indexed by h € H C (0, 1], where the set H is
a countable subset of positive real numbers having 0 as only accumulation point.
We say that {Tp}hen is a quasi-uniform family of meshes, or simply that T;, is a quasi-uniform
mesh, if there is a constant pg > 0 such that

Vhe HVT €Th  pr = pgh. (1.1.3)

Conditions introduced in definitions [LT.5] assert that shapes of the mesh elements change in
a systematic manner as h — 0. Let us provide some examples in R?. In this case, shape regularity of
a mesh family assures that area || of any mesh element 7 € T}, is proportional to h2. Such meshes do
not have “degenerate” elements, which shrink in one dimension much faster than in other dimensions.
On the other hand, quasi-uniformity indicates that mesh elements cannot be arbitrarily small (in
diameter) within a given h. Thus it ensures that all mesh elements have diameters proportional to
h and area proportional to h?, so they shrink rather uniformly with h. These estimates are useful in
establishing interpolation error bounds or discrete solution error bounds. On the other hand, they fit
into a natural concept of a mesh refinement, thus they do not pose significant problems in applications.

Now we pass to the definition of standard continuous FEM space of piecewise-linear functions.

Definition 1.1.7. Let T, be a triangulation of some polygon (or interval) ). We define a continuous
linear finite element space V},(§2) on the triangulation Ty, as

Vi(Q) := {vp, €C(Q) : vp|r €P1(7) V7 € T} (1.1.4)

Assume that {x1,xo,...,25} = N}, are the nodes of the triangulation Ty,. Then we define a nodal base
{eqyp@)- -} of space Vi(Q) as a functions which satisfy
L, ifj=k,

NxE) = 1.1.5

@) (@) {0, it 4k (1.1.5)

Examples of nodal basis elements are presented on figures [[L3] [[.4

Definition 1.1.8. For a continuous linear finite element space V,(2), we_deﬁne the interpolation
operator I, : CO(Q) — Vi (Q) by the following relationship: for any u € CO(Q) element Iyu is defined
as

J
Ihu := Zu(aﬂj)go(j), (1.1.6)
j=1

where {x;} are the nodes of the triangulation Ty and {¢(;)} is the nodal basis of V;(£2).

Note that by means of this definition, u(x;) = Iyu(x;) for all nodal points x;. For convenience,
we will denote
uy := Ihu. (1.1.7)

We would like to define the notion of affine-equivalence of two sets.
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Figure 1.3: Example of a nodal basis of the one-dimensional linear continuous finite element space.

Figure 1.4: Example of a nodal basis element of the two-dimensional linear continuous finite element
space.

Definition 1.1.9. We say that two sets 7,7 C R? are affine-equivalent if there is an affine invertible
mapping F : R® — R such that F(1) = 7.

The following result allows for establishing useful trace theorems for finite element spaces

Theorem 1.1.10. Let 7,7 € R? be affine-equivalent sets and let F(x) = Az +a be the affine invertible
mapping between them.

Then there exists some constant C' = C(s,d) such that for any u € H*(1), s > 0, s € N function
@ :=wuoF belongs to H*(7) and

IN

CIIA™3°] det(A)][ulZ. . (L1.8)
CIIAZ| det(A) [l . (1.1.9)

[alFs 7

IN

\u@{s(ﬂ

Proof. This standard result is a special case of theorem 3.1.2 of [2§]. O
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Establishing estimates on functions related to meshes and elements of these meshes is difficult in
general case, as these elements change with A it is hard to track the dependence of various constants on
their diameter and shape. The situation is much different if the mesh family has an affine-equivalent
reference element, for example when it is a triangulation. Many useful properties of such finite element
spaces may be demonstrated by transition to this reference element. This technique may be used to
prove the following standard result [19].

Proposition 1.1.11. Let {V},};, be a family of continuous linear finite element spaces with triangu-
lations T, on a polygonal domain . Let T € Ty, be some element of the triangulation and let e be
some edge of T. Then for any function u € H*(1) the following estimates hold

1l ey < Clerlir ™ (Il o) + B2 ) ).

) D Y (1.1.10)
19 12 e,y < Clelirl™ (lulip gy + R2Julragr)).
If additionally Ty is quasi-uniform, then these estimates may be refined to
il ey < CH(ll2 ) + B2Hulrnry ), o

2 -1 2 212
190 VI ey < OO (ulfyary + B2l ).
Note that in one-dimensional case, where e, is a point, we define |e,| to be equal to one.

Proof. We prove estimates on ||uz,(e,), proof of estimates on ||[Vu - vz, () is analogous.

Let 7 be some given reference element, an interval(d = 1) or a triangle (d = 2), independent of
h. Provided that 7 is not degenerated, any given 7 of the triangulation 7} is affine-equivalent to 7.
Similarly any edge e, is affine-equivalent to é, which is some edge of 7. We therefore use theorem
[LTI0 with s = 0 on e,;. Taking into account that the determinant of the linear part would be equal
to |é]/|e-| up to a sign, we obtain

[l .y < Clecllall3, e (1.1.12)

Coefficients related to |é| are included in constant C, as there is a single reference element and they
do not depend on h. Then using the trace theorem on 7 we get

Clerllale) < Cleslllali ey = Clesl (13, ) + IVl .z ). (1.1.13)

Again using theorem [LT.I0lon 7 with s = 0 and s = 1 we obtain
Hﬂ\lim < C|7'|71||UH%2(T), (1.1.14)

IVullZ, ) < ClrI W2 Vulll, -

Similarly as before, absolute value of determinant of the linear part is |7|/|7| and 1/|7| is included
in the constant. Moreover we may estimate ||A~!||o < Ch,. Using these inequalities, we obtain first
estimate:

113y < Clerllrl™ (Il + B2IV ) ) (1.1.15)

If additionally 7}, is quasi-uniform, then p, > pgh and |7|~! < Ch=2. Naturally |e,;| < h, < h and
the estimate reads

[l e,y < CoR=2 (Nl ) + B2Vl ) = O (il ) + B2Vl ). (1116)

O
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If the function u in the proposition above is in the finite element space, this result may be improved
due to equivalence of norms in finite-dimensional spaces used for the reference element space.

Corollary 1.1.12. Let {(Vy, Tn)}n be a family of continuous linear finite element spaces on a polygonal
domain Q. Let T € T be some element of the triangulation and let e; be some edge of 7. Then for
any function up € Vy, the following estimates hold

lunlZoe,y < ClerllT™HlunlZyr)

3 (1.1.17)
IVun - v1200.y < Cleslim unlps oy
If additionally Ty, is quasi-uniform, then these estimates may be refined to
lunllLaery < CPHlunllZ, iy
2(er) La(n) (1.1.18)

IVun - vl ae,) < Ch™ unlfp -

In our analysis, we use the following standard corollary of a general interpolation estimates in
finite element spaces (see for example [28], theorem 3.2.1)

Corollary 1.1.13. Let u € H?(Q) be a given function and let Vi,(Q) be a continuous linear finite
element space of on a polygonal domain Q C R?, d € {1,2}. Then the following estimates on the
interpolation error in V3 () hold

u— Ihu < Ch*|u ;
[ = Tnull Ly (@) < Ch™lul2(q) (1.1.19)
]u — Ih’LL’Hl(Q) < Ch’u‘HQ(Q)-

Example We would like to present an example. We show an application of the continuous Finite
Element Method to the Poisson equation on a rectangle. This is a reference for problems we introduce
further. We would like to show the discretization and present the error estimate. This is a standard
example, more information may be found in [19, 28].

Assume that Q C R? is a rectangle. Consider Poisson’s equation

—Au = fin Q,

1.1.20
u =0 on ON. ( )

To establish a discrete problem, we need the weak formulation first. It is defined as follows:

Problem 1.1.14. Let Q C R? be a rectangle and let f € Loy(2) be given. Find u* € H(Q) such that
for every ¢ € HL(S)

/Vu*-quda: = / fodz, (1.1.21)
Q Q
where

Hol(g) := closure of_Cgo(ﬁ) in HY(Q), (1.122)
Coo(Q) == {f € C(Q) : floa = 0}.

Note that in the weak formulation the Dirichlet boundary condition is encapsulated in the definition
of the space H}(£2). Thus it is called essential boundary condition. Then let us define a finite element
space suitable for this problem. We define

Vio(2) := {vy, € Vi (Q) : vp|on = 0} (1.1.23)

We establish the following discrete problem for the Poisson equation.
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Problem 1.1.15. Let f € Ly(2) be given. Find uj € Vi, 0(Q2) such that for every ¢ € Vi o(Q)

/Vuz-VqSh dx = / fondx. (1.1.24)
Q Q

The following approximation error estimate may be derived [19] 2§].

Proposition 1.1.16. Assume that V}, is a continuous linear finite element space. Assume that solution
u* of problem [T.1.14] is in H?(S). Then the following estimate holds

lu* = uhllF ) < CR?|ulfpz o). (1.1.25)

This result compared with corollary [LT.13] shows that if the solution u* is sufficiently regular, the
estimate on approximation error of the discrete solution is similar to estimate on the interpolation
error.

1.1.2 Discontinuous Galerkin Method
The continuous Finite Element Method has the following key features:
e Discrete spaces Vo are subspaces of the differential problem space.

e Discrete variational problem is the restriction of a differential variational problem to a subspace,
forms remain the same.

The Discontinuous Galerkin Method [94, [90] provides discretizations which is similar to continuous
FEM, but they do not have these features. In particular, they may be discontinuous on interfaces
between triangulation elements.

Continuing our example of the Poisson equation discretization with piecewise-linear functions, we
define the linear classic DGM space by

Xn(Q) = {up € Lo(Q) :Vr € Ty, uplr € P1(1)}. (1.1.26)

By definition X, (Q) C La(), but X,(Q) ¢ HY(Q). While functions of X(f2) are smooth on the
mesh elements, in general they are discontinuous. Thus, while X,(€) is naturally much “smaller”
than H!'(Q), it contains a class of functions discontinuous on the triangulation edges, which is absent
in H'(Q) as they do not have weak derivatives on €.

It is therefore not feasible to simply use this discrete space instead of the continuous space to obtain
a discrete problem from a differential problem. It is necessary to impose some additional constrains.

The nodal basis of X,(Q2) is associated with the basis of continuous FEM space (figure [[.3] [4]).
For any function in this basis, a restriction of this function to any mesh element contained in its
support is a base function of X5, () (cf. figure[L5]). Due to this property the number of basis elements
of the DGM space is higher in comparison to the continuous FEM space defined on the same mesh.
Naturally, functions of X} (€2) have multiple candidates for values in the nodal points, coming from
every mesh element adjacent to a given nodal point, and nodal basis elements are related to these
values.

Let us introduce some standard notation in DGMs. Assume that e is an edge of some element
T € Tp. Since we restrict ourselves to conforming meshes, then either case is possible: e is an edge
between exactly two mesh elements 71 := 7,79 € T, or e lies on the boundary, i.e. e C 9€, and it is
adjacent only to element 7. We therefore define two operators, for a given e: the mean value operator

|7y +ulry : _
22 ife=071 NI,
{u} = { : Lo

(1.1.27)
u, if e = 01 N 01,
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Figure 1.5: An example of nodal basis elements of a linear Discontinuous Galerkin Method space for a
two-dimensional domain related to some triangle 7 € 7, (black). The nodal basis elements are plotted
in red, blue and green.

and the jump operator

1 — Ul if e=0m NO )
4] = {U’I Uy ife=0m N0 (1.1.28)

U, if e =907 NON.

The order of the elements 71, 75 in second definition is not important, but it must be consequent within
a given problem. For convenience, we define I'j, to be the set of all interior edges of the mesh 7},.
The discrete problem for DGM is given as follows.

Problem 1.1.17. Let f € Ly(Q2). Find uj, € Xp,0(2) such that for every ¢, € Xp 0(£2)

/ Vuy - Vo, de — /{Vuh v énlds
Q

ecly,

+§Z/{v¢h vu) ds+z uh (] ds—/fgbhda:

ecl’y,

(1.1.29)

where
Xn,0(Q) := {vp, € Xn(Q) : valoa = 0}, (1.1.30)

and £ € {—1,0,1} and 0. > 0 are given, as discussed below.

Let us first discuss problem [LT.17] with £ = 0 and 0. = 0 Ve € T',. In this case, definition of this
problem differs from the definition of problem [LT.I5 by the second term: — 3 . [.{Vuj - v}[¢n] ds.
Let us elaborate on the genesis of this term. To obtain the variational form of problem [[LT.T4] from
equation (LI20), one has to multiply (LI20) by a test function and use the Green formula. To
do so, sufficiently high regularity must be assumed on uj, like u; € H 2(Q), but then the problem
may be generalized to H'(2). In case of DGM space, the Green formulas may be used only on the
triangulation elements. Since the test functions are discontinuous, the boundary terms do not vanish.
They are included is the second term.
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At this point, the relation between solutions on adjacent mesh elements it too loose. While Vu is
constrained by the second term, we can easily see that there is no restriction on function’s values. For
example, addition of an arbitrary constant to uj|. if 7 € 7T} is not adjacent to 9 do not broke the
discrete solution. To remedy this problem, fourth term 3 cely Je f uy|[pn] ds is added. It is called
the penalty term. It constrains the jumps of the solution, prov&ed that penalty parameters o, are
chosen properly.

Finally we would like to comment on third term &3 ., JAVon - v}up]ds. If &€ = —1, then
it makes the problem symmetric. The problem is then called Symmetric Interior Penalty Galerkin
(SIPG) method. This method converges if the penalty parameters o, > 0 are large enough [19]. If
¢ = 0, then the problem is then called Incomplete Interior Penalty Galerkin (IIPG) method. It is not
symmetric, and this method also converges if the penalty parameters o, > 0 are large enough [19].

For continuous FEM, we presented an error estimate in H'(2)-norm. This approach is not feasible
for DGMs, as discrete solutions do not belong to H'(f2). It is a standard approach to estimate the
error in the broken norm (or energy norm)

llunllf == /Vuh Vupdr + Y ” ‘/uh up) d (1.1.31)

TETH ecl'y,
The following error estimate holds [19].

Proposition 1.1.18. Assume that T}, is a triangulation. Assume that the exact solution u* of problem
belongs to H*(Ty) (see equation [L.31] for the definition). Assume that the penalty parameters
e > 0 are large enough.

Then there is a constant C independent of h, such that

lu* = whllf < CH® Y [[u" (- (1.1.32)
TETH
1.1.3 Weakly Over-Penalized Symmetric Interior Penalty

The Weakly Over-Penalized Symmetric Interior Penalty (WOPSIP) method was introduced in [17].
The idea is similar as in SIPG or IIPG method, but the problem formulation is simpler, at cost of the
higher penalty term.

Problem 1.1.19. Let f € Ly(2). For any e € T, let TI° : Ly(e) — Py(e) be the orthogonal projection.
Find uj, € Xp,0(2) such that for every ¢p, € Xp 0(£2)

* d 7 Ol 110y, ] ds = dx.
/QVuh Von :c+gl;h |e|3/eH [up 1T [@p] ds /qubh T (1.1.33)

As in SIPG/ITPG methods, the discrete space is not a subset of the variational problem space, so
some modification of the problem formulation was necessary. This formulation is simpler, as it only
contains the additional penalty term. In this case the broken norm is defined as

un|? = /Vuh Vuyp, dx + Z le |/VuhVuh ds + Z —3 /HO up |0 uy) ds. (1.1.34)
T€TH ecl'y, ecl'y, |
We have the following error estimate [17].

Proposition 1.1.20. Assume that Ty is a triangulation, and assume it is quasi-uniform. Assume
that the exact solution u* of problem belongs to H?(Ty).
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Then for any o > 0 there is a constant C independent of h, such that

la = wil} < 12 Y By (113
TETH

WOPSIP discrete solutions has therefore similar error estimates as SIPG/IIPG. However, simple
form comes at a price of increased conditioning of the stiffness matrix, leading to numerical problems.
For the Poisson equation, there is a preconditioner presented in [17].

1.2 Differential problem

In this section we would like to elaborate on the differential problem to be discretized. We present
general drift-diffusion system first, and then we pass to the equilibrium state, which is used extensively
in this chapter. Details on the physical justification of the drift-diffusion model are presented in section
2.0l

1.2.1 Drift-diffusion system

We start with the domain Q of our problem. Luminescent semiconductor devices are generally made
of planar layers deposited one on another, which vary in composition of a semiconductor material
or number of impurities. At opposite ends of the device metal contacts are attached, to which the
current can be applied. If this is the case, it flows through the device perpendicular to the deposited
layers. We assume that Q C R? d € {1,2}, is an interval or a polygon and that 9Q = 9Qp U 00y
The boundary of 2 may be either the electrical contact (0Q2p) or a contact with insulator (0Qy). If
Q C R, then we assume that 0Q2p = 0f2, which means that the device has two electrical contacts on
the opposite ends.
For analysis, we consider the following version of van Roosbroeck system [54]

—V - (e(z)Vu*(z)) + e¥ @ @) _ gw(@)=u'@) — k) (),
Qu*(x),v* (), w* (2))(e¥" @) _1) =, (1.2.1)
* w*

—V - (pp()e” DT OVt (@) + Qut (@), v* (), w (@) (e TV —1) = 0.

We will refer the first equation in this set as the Poisson equation and the latter equations as (elec-
tron/hole) continuity equations. The weak formulation of this system is as follows.

Problem 1.2.1. Let Q C R?, d € {1,2} be an interval or polygon. Let @, 9,1 € H' () N Loo() be
3

some given functions. We say that (u*,v*,w*) € (4, 0,w) + <H01(Q)) is a weak solution of (I.21) if

Vo € H(Q)

/ e(z)Vu* (2)Vé(z) do = / <k1(m) —e“*@*”*(l‘)+eW*<f>*“*<f>)¢(x) dz,
Q

Q
/ fin () @@ Gy (2) V() de = / Qu* (z),v* (), w* (z)) (e @@ _ N(x)de, (1.2.2)
Q Q
[ ml@e @OV @)V o() o =~ [ Q)0 @) w (@) e - 1))
Q Q
Let P(u,v,w) := Q(u,v,w)(e” ™" — 1) for u,v,w € R. We assume the following:

Assumption Al.
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~

. QCR? forde {1,2}, and it is an interval (d = 1) or a polygon (d = 2).
2. 0 < Q(u,v,w) < Qpr for any u,v,w € R.

3. P(u,v,w) is monotone decreasing in v for u,v,w € R.

4. P(u,v,w) is monotone increasing in w for u,v,w € R.

5. P is locally Lipschitz.

6. 0 <ep <e(x) <ep for some ep,epn € R.

7. k1 € Loo(Q).

8. pn, pp are Lipschitz continuous functions.

9. 0 < pim < pin(z), pp(x) < ppr for some constants fiy, piar € R.

1.2.2 Equilibrium state

Equilibrium state is a physical state of a semiconductor device, where the device is disconnected from
a power source, so the current does not flow through it and the generation and recombination are in
balance. Then only the Poisson equation needs to be solved and the system reduce to the following
equation:

-V <6(m)Vu*> e Tl e —
u* =4 on 0Qp, (1.2.3)

Vu* v =0 on 0Qy,
where kq, 0,1 are given. A weak formulation of (L23]) is as follows:

Problem 1.2.2. Let 0,9 € Loo(Q) and ki € Lo(Q) be given. Find u* € 4+ HY(Q), such that

a(u*,¢) +b(u*, ¢) = f(¢) V¢ € Hy pa, (), (1.2.4)
where
a(u, @) ::/Qs(x)Vu(x) -Vo(z)de,
bu, ) = / (e — HO) () o (1.2.5)
Q

f(¢) == /Q k1 (x)¢(x) de.

From the physical standpoint, in the equilibrium state © = w = const. However, since existence
and uniqueness of the discrete problem related to this case may be also applied to non-equilibrium
case, we allow functions 0, to be in Ly (£2). A proof of the following result may be found in [54].

Lemma 1.2.3. Solution u* of problem[1.2.2 is bounded.
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1.3 Composite Discontinuous Galerkin Method

In this section we will introduce the Composite Discontinuous Galerkin Method variants, used in this
research in theoretical analysis and numerical simulations. First we describe the discrete functional
space, and then we introduce the discrete problems. These problems are formulated for a linear elliptic
equation first. Adjustment of these discretizations to our nonlinear problem is presented in section

L4

1.3.1 Discrete space

Let open set Q C R? (R!) be a rectangle (interval), divided to disjoint rectangles (intervals) {Q;}}¥, =:
£ in such a manner that £ is a conforming mesh of 2. We will call this division a coarse mesh and we
assume that each external edge of any {; is contained either in dQp or in 90Ny .

On every §2; we would like to introduce a mesh, which is in general independent of the meshes
of neighboring elements ;, ¢ # j. Let us define Ty, := T; ,(€2;) to be triangulations of €;, where
hi == max{h; : 7 € Tp,}, and h; := diam(7). By N}, we denote the nodes of the mesh 7y, .

Assumption A2. {7;,()}n, is a quasi-uniform family of meshes (see definition [L1.6).

We will define Tj, := Uf\i 1 Th;- Note that 7Tj, is a nonconforming mesh of (2.
For s > 0, we define the broken Sobolev spaces H*(E) and H*(Ty) (see [94]) as
H3(E):={ve Ly(Q):Vie{l,...,N} v;:=vl|q, € H*(£;)} C L2(0),

He(Tp) :={v € La(Q) : VT €T}, v|r € H(1)} C L2(Q), (1.3.1)

equipped with the broken Sobolev norms

1/2 1/2
[oll =) = ( > ol >> o lllas ) (Z HvHHs(T> : (1.3.2)

Q,e€ TETH

and seminorms

1/2 1/2
0l (e) = ( > M%s(ng) o ol = (Z W%s(ﬂ) : (1.3.3)

QiES 7'67’}1

Then on every €; we define a discrete space X, (Q;) C C(Q;) of piecewise linear functions on the
triangulation 7p,:

Xp, = X, (Q) = {uh € C(%) : Vr € Th, unyl. € Pl(T)}. (1.3.4)

Space Xp, (£;) is a continuous linear finite element space (see definition [LT.8]) on €2;.
Finally we define X, () as

Xn(@) = {(un1, - wn ) ung € X0, ()3 € {1, N}} € Lo(®). (1.3.5)

Thus functions from X} (€2) are not continuous in general. In particular, while X}, () is a product of
continuous linear finite element spaces, it is not a continuous linear finite element space. Note that
Xn(Q) ¢ HY(Q) and X, (Q) ¢ H?(E), but X, (Q) c HY(E), HY(Q) € HY(E) and X,(Q) C H*(Ty).

By I' we denote the set of all internal and boundary edges of subdomains €2; € £. We assume the
following;:
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Assumption A3. The coarse mesh £ is chosen in such a manner so that I' is a sum of disjoint sets
I'p, 'y and T'y, where

D:z{@EF:@C@QD},
'y = {6 cl:eC 8QN}, (136)
I'r:=={eel:eCint(Q)}.

Therefore I'p (resp. I'y) contains edges lying on the boundary where Dirichlet (resp. Neumann)
boundary conditions are imposed and in I'; there are all internal edges, which we call interfaces, as
they frequently correspond to the physical interfaces between different semiconductor materials. We
also define

I'pr=Tpuly, T;:= {6 el:eC 891} (137)

Let e € I'. Then two cases are possible. Either e € I'p U 'y, so there is a unique ; € &£ such
that e is an edge of €;, or e € I'; and there are exactly two sets €;,Q); € £ such that e is their
common edge. We will often refer to these two cases. We also define the set of neighboring domains
nb( ) —{leg T; ﬂrk#@}
Note that in one dimension, every e € I is a point. In R? we may consider functions f : e — R for
any e € I' and integrals fe f ds. However for one dimension any e € I is a singleton of a point from Q.
Thus if 2 C R and e € T', then for convenience we denote

/ fds = f(e (1.38)

For s > 1/2 we define operators [| := []c : H*(£) — La(e), {-} :={-}e: H*(£) — La(e) as
[] U; — Uy, ifeCI‘I,ezaQiﬂan,i<j,
ul =
u;, ifecT'pUTI'y,e=00Q; N0,
(1.3.9)
(u} %(ui—l—uj), ifeCI'y,e=00;N09Q;,
u} =
Uu;, ifecTpUTy,e=0909;NoS2.

Similar notation is used in Discontinuous Galerkin Method (see section [[T.2]). Note that in this case,
these operators are related to interfaces of the coarse mesh &£, which do not change with h.
For convenience, we will also use an analogous notation for triangulation parameters, i.e.

11,1 :
1 —<7+7>, if e — 09, N 09,
{h7"} = {7} = 2\ ’ (1.3.10)
h = if e = 9 N ON.
For further analysis, we introduce broken norm || - || 5, in X;(2) [37] as
lunli2 s, = Z / (Vuns) o+ 3 e [lunf?ds. (1.3.11)
ecl'pr

Here 7, is a penalty coefficient for e. It depends on the triangulation parameters and penalty
parameters o, > 0 [94]:

ae(h;T + h;?"), ifeelyec Ny,

(1.3.12)
20’ehi_r, ifeeI'p,eC Q.

Nre =20{h""} = {

Depending on the method, we will use r =1 or r = 2.
To simplify the analysis, we assume the following:
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Assumption A4.
o I'p #£ 0.
e Ty is a shape reqular mesh (see definition [L.1.7).
We will use the following standard result for finite element spaces:
Lemma 1.3.1. For any up, € X,(Q2), Q; € € and e € Ty, the following estimates hold

Huh,z’H%Q(e) < Ch@'_lHUhH%Q(Qm (1.3.13)
Hvuh,z"’/”%g(e) S Ch;lluhﬁ{l(ﬂi)- (1.3.14)

A

Constant C does not depend on h;.

Proof. These estimates are a consequence of the trace theorem for finite element spaces (see corol-
lary [LT.12) used for Xp,,(£2;) and applied to each 7 Ne, where e C 9Q;, 7 € Thi. Let The := {7 €
Th, : 7 has an edge on e}. Then

lunillipe = D, lunilll,ereg < D hi lunili,m

Te7~h,em7—h,i 7—67—}1,607;:,,1 (1315)
-1 2 -1 2
< h; Do Ml < b unil7 o0
Te7~h,em7—h,i
and analogously
IVuni v, = D Vi viliene <hit D lunilting
€T e Ths €T N Ths (1.3.16)
< hi Munil T g,):
O

1.3.2 Composite Discontinuous Galerkin variants

We propose two variants of the Composite Discontinuous Galerkin discretization. First approach
is based on Weakly Over-Penalized Symmetric Interior Penalty (WOPSIP) method (cf. [17, 1] or
section [[LT.3]). Second approach is derived from Symmetric Interior Penalty Galerkin (SIPG) method
(cf. [94, 90] or section [[LT.2). In each case we use the composite scheme (cf. [37]), i.e. inside every
2; we use a standard continuous linear Finite Element Method on the triangulation 7,, while on
boundaries e € I'p; we use the respective variant of the Discontinuous Galerkin Method. Thus we call
these methods Composite Weakly Over-Penalized Symmetric Interior Penalty (CWOPSIP) method
and Composite Symmetric Interior Penalty Galerkin (CSIPG) method, respectively.

1.3.2.1 Linear differential problem

The discretizations will be first constructed for the auxiliary linear problem.

Problem 1.3.2. Let Q C R?, d € {1,2} be a rectangle (interval) and let 0Q = 0Qp U 0Ny, where
Ip NIy =0. Let f € Lay(R). Find u* € 4+ H&BQD(Q) such that

a(u*,¢) = f(¢) V¢ € Hy o, (), (1.3.17)
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where

a(u, )::/Qe(a:)Vu(x)-VqS(x)d:c, f(o) :/Qf(x)qb(x) dx, (1.3.18)

and

Hj o0, (Q) = {u e H(Q) : ulpa, = 0}. (1.3.19)
We assume that ¢ is positive and bounded, as indicated in assumptions [ATl.

Assumption A5. @€ H'(Q) N Ly ().

1.3.2.2 Composite Weakly Over-Penalized Symmetric Interior Penalty (CWOPSIP)

This discretization has a simpler formulation of the two methods we introduce. The discrete problem
is defined as follows.

Problem 1.3.3. Find u; € X,(Q) such that

an2(ufy, on) = fu2(dn),  Yon € Xn(92), (1.3.20)

where

N
an,2(un, o) :Z/Q eVupi - Vop;de +
=1 /S

S e / fun] - [6n] ds,

c€lr (1.3.21)
uaton) = [ fonde+ 3 e [lal-on)ds

ecl'p

In the theoretical analysis, it is helpful that the broken norm can be expressed in terms of operator
ap2, 1.e.
HuhH%,zg = ah,2(uh7uh)- (1.3.22)

1.3.2.3 Composite Symmetric Interior Penalty Galerkin (CSIPG)

This discrete problem is defined as follows.

Problem 1.3.4. Find u} € X,(Q) such that

ah,l(u,’;, ¢h) = fh,l((bh)v V¢h € Xh(Q), (1.3.23)

where

N
ah,1(Uh,¢h)=Z/Q eVup; - Vénide — Y [{eVuy - v}gn] ds
i1 /%

eel'pr” ¢
=3 [teVonvuwdas+ Y me [l -lonlds
e€lpy ”® e€lpy ‘ (1.3.24)
foi(0n) = /Q fonde— Y [{eVon-v)lilds
ecl'p V€

+ Y me [lallon s

ecl'p
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In this case, we cannot relate operator aj 1 to the broken norm || - || 5, (defined in (L3I1)) in
such a simple manner as in (L3:22]), because
lunllf s, = ana(un,un) +2 > /{6Vuh - v[up) ds. (1.3.25)
e€lpr ~°

Instead we can establish the following lemma.

Lemma 1.3.5. For any o € (0,1) there exist o, > 0 and ¢ > 0, such that for every o, > oy, and
Up, Vp € Xh(Q)

2 3 | [1eVun-v)on)ds| < alfunlnss ol (1.3.26)

e€l'pr

and
(1 =) unlr s, < ani(un, up), (1.3.27)

where || - ||nx, is defined in (L311).

Proof. First we prove estimate ([L3.26]). Let us take any e = Q; N . By the Schwarz inequality and
a triangle inequality

‘2/@{6Vuh -v}op]ds

< (e, Vang [l 0

(1.3.28)
+[|ejey Ve, VHLQ(@)) H[Uh]HLg(e)'
Taking Q; € {Q;,Q}, we use lemma [3.1]
et Vuni vl o lenlll e < entll Vani - vl a1, ey
1
= EM\/h_iHV“hvi : V”LQ(e)\/—h—iH[”h]HLQ(e) (1.3.29)

1
< EMHvuhyiHLg(ﬂi)ﬁH[Uh]HLg(e)'

Therefore we get

1 1
‘Q/S{EVUh -V Hun] ds‘ < EMHV“’M'HLQ(szi)\/—h—iH[”h]HLQ(e) + E]MHVU}LJHLQ(QI-)ﬁH[Uh]HLg(e)' (1.3.30)

On the other hand, if e € I'p then e € 0Q2; N IS and by similar arguments we have

1
2 / (e un - v} un] s < e[ Vanl gy =l 08 e (1.3.31)
Summing these results up and using Cauchy’s inequality, for any « > 0
1
2 Z ‘/{esVuh v up) ds‘ <em Z Z Hvuh,iHLQ(Qi)ﬁH[Uh]HLg(e)
eclpr € ecl'prI';oe v
N 1/2 1/2
2 _ 2
<eu( S Idliien) (T 2l
i=1 ecl'pr
(1.3.32)

1/2

952

< OzHUhHh,El( Z 86242%@'1}“[%]”%2@))
eclpr

1/2
SO&H”hHh,&( > Ue{hz_l}H[Uh]HiQ(e)> ;

e€l'pr
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where the last inequality is true if we take for example o,,(a) := 26?\/[ Jema?. Thus we get

2 3 | [tV vl ds| < alnlls, lonlhs, (1339

e€l'pr

Thus estimate (L.3.20]) is proven for any a > 0.
We now restrict to a € (0,1) and we pass to estimate (L3.27). Due to definition of broken norm,

cf. equation (L3.I1]), we have

ana(un,un) = [unlfm, =2 3 [ (Vv ) ds. (1.3.34)

ecl'pr €
Using (L3.20]) we get
ona(unsun) = s, 2 Y [{eVun v ds
ecl'pr € (1335)

> |lunllf sz, — allunllf s, = (1= o)|unlls s,

1.3.3 Broken norm and the Poincare inequality

We would like to have an analogue of the Poincare inequality for the H!(€) space. To do so, we would
like to use the following result, which was proven in [I8]
Lemma 1.3.6. There is some constant C > 0 such that for any u € H(E)

[ul o < €] 3 / (V)2 dz+ 3 Jef ! /W ds +/ ? ds]. (1.3.36)

Q,’EE Qz GEFI e 8QD
Proof. This result is proven in [I8]. We use results (8.1), (1.8) of [I§] for one dimension and two
dimensions, respectively. ]
The Poincare inequality analogue is as follows.

Lemma 1.3.7. Let u € H*(E), s > 1. Then for sufficiently small h = max{hy,...,hn} we have
lull o) < cllulln,s,, where ¢ is independent of h.

Proof. By definition of the broken norm (L3.11]), we have

Juls, = 3 /Q.e(Vu>2dx+ 3 nne/e[u]st. (1.3.37)

Q€€ ecl'pr
Using lemma [[.3.6]
HU”%Q(Q) < C[ Z / (Vu)2dm+ Z \e]_l/([u])zds—i-/ u? ds}. (1.3.38)
Qi € 8QD

0, €€ ecl'y

Note that |e| does not depend on h and 7, — oo as h — 0. Thus we can find hys > 0, such that
Nre > le|~! and Nre > 1 for any 0 < h < hpr <1 and then

C[Z /Q (vu)2dx+eezm|e|—1/e[u]2ds+e;%/e[u]2ds}

0,e€
<Clan X [ evayar+ 3w [WPds] < Clulis,
Q; e

Q€€ e€l'pr

(1.3.39)
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Now we show that || - || 5, is indeed a norm in H'(£). In fact, we will prove slightly more general
lemma:

Lemma 1.3.8. The space H'(£) equipped with a scalar product

(ulv)py, = Z/ eVu - Vodz + Z nre/ (1.3.40)

e€l'pr
1s a Hilbert space.

Proof. Linearity and symmetry of this form is obvious, so we only demonstrate that
(uupy, =0 & u=0, (1.3.41)

for any u € H'(€). Note that

(ulu)px, = Z/ Vu da:—l— Z ner/ ds >0, (1.3.42)

e€l'pr

as (z) > 0 and 1., > 0. If w = 0, then Vu = 0 and by definition (L3.9)) [u] = 0 for every e € I'py,
thus (u|u)px, = 0.

On the other hand, assume that (u|u)ps, = 0. Then for any ; € & we have |u|g1(q,) = 0, so
up () = ¢; = const. For any adjacent Q;,Q; € £ with the common edge e

Nerlel(ci —¢;)” < > n/(u) ds =0, (1.3.43)

eclpr
and for any §2; with an edge e € I'p
Neslele; < ner/ “ds—0. (1.3.44)
ecl'pr

Combining these two results, we obtain that ¢; = 0 for every €2; € £ and thus u = 0.
Still we have to prove that H'(£) with a broken norm is a complete space. Let {u,)}n be a Cauchy
sequence in the broken norm. Then for every v € H'()

Z il (0, < emllvllf s, - (1.3.45)
Also by lemma [[.3.7] we have
2
ol o) < cellvllh s, - (1.3.46)
These estimates imply that for any ¢ € {1,..., N} the sequence {u(n),i}n is a Cauchy sequence in

H'(€;). Therefore Up),i — Ui in H1(€;) for some u; € H'(£;), as it is a closed space.
We will show that ug,) = u:= (uy,...,uy) in H'(£). We have

lugmy = ullf.s, SeMZIU i ilino dr+ Y Mrelllugy — w7, ds. (1.3.47)

ecl'pr

It is therefore clear that both elements of this sum goes to zero with n, as convergence if H'(€2;)
implies convergence in seminorm and convergence of traces in L?(e) on any e € I'p;. Therefore
() — ullps, — 0, so H(E) with the broken norm is closed.

Then (H'(E),(:|')n,x,) is a Hilbert space. O
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1.3.4 Consistency
At this point we have two kind of problems. There is a differential problem [[.3.2k

Problem 1.3.2. Let Q C RY, d € {1,2} be a rectangle (interval) and let 9Q = OQp U Oy, where
0Up NN = 0. Let f € La(RN). Find u* € 4+ H&,aQD(Q) such that

a(u*,¢) = f(¢) Vo € Hpa, (), (1.3.17)
where
a(u, @) = /Qe(x)Vu(x) -Vo(x)dz, f(¢p) = /Qf(x)qb(x) dx, (1.3.18)
and
Hj o0, (Q) = {u e H(Q) : ulpa, = 0}. (1.3.19)

We have also two related discrete problems [[.3.3] L34l There is a crucial difference in incorporating
of the Dirichlet boundary conditions in these problems. In the differential problem, they are imposed
strongly, by appropriate constrains on the problem’s domain and the test space. On the other hand, the
discrete problems impose Dirichlet boundary conditions weakly, by penalty terms in forms ay, ;, fs -

For further analysis, we would like to formulate a variational problem, which is an analogue of the
differential problem with Dirichlet boundary conditions imposed weakly. We therefore define the
following problem:

Problem 1.3.9. Find u* € H?(E), such that V¢ € HY(E) N H?(Ty,)

Z/QiEVu*-V(ﬁdx— 3 /e{esVu*-u}[(ﬁ]ds

Q,e€ e€l'pr

v 3 [{evovjurase 3 ne [wlolas (1.3.48)

e€l'pr V¢ e€l'pr

=Y /Qifgbdx%—fr > /6{6V¢-V}[@]ds+ > m,e/e[ﬂ]w]ds,

Q,e€ ecl'p ecl'p
where £ = —1 and & = 0.

Coefficients &7, & correspond to CSIPG and CWOPSIP, respectively.

To use problem [[.3.9 instead of problem [[L3.2], we have to show that under certain regularity
assumptions, these problems have the same solutions. At this point, we have to introduce some
assumptions on the domain 2.

Assumption AG6.
e Q CR? de{1,2}, is an interval (d = 1) or a polygon (d =2).
e 002 =00p U y.
e JQp has nonzero measure.
We would like to prove the following result, an analogue of proposition 2.9 of [94].

Theorem 1.3.10. Under assumptions [A3, [Ad, suppose that the solution w of problem belongs
to HY(Q) N H?(E) and eVu € HY(E). Then u is a solution of problem [.3.9. Conversely, if u €
H?(&) N HY(Q) is a solution of problem and eVu € HY(E), then it is also a solution of problem
32
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Before we prove this theorem, we would like to establish the following two lemmas.

Lemma 1.3.11. Under assumptions [A3, [A0, let v € H*(Q) N H?(E), € € Loo(N), eVu € HY(E),
0<em<e<epy and f € Ly(Q). Moreover let u satisfy:

/5Vu-V¢dx:/f¢dm, Vo € Hj g0, (). (1.3.49)
Q Q

Then for every e € 't UT'y we have
=0. (1.3.50)

e

B

Proof. Take e € I'y, e = 9Q; N 98Y;. Then take any ¢ € C5°(e) (¢ € R for one dimension). Since &
consists of rectangles (resp. intervals), we may extend ¢ to ¢ € C5°(€2; U Q;). The lemma conditions

imply
/6Vu-v¢dx:/f¢d:c, (1.3.51)
Q Q

Then by Green’s formula (theorem [.A.3]) and assumptions on u and eVu we have on €, Q;
/ eV -V = —/ v (6Vu)¢dx +/ eV - v, ds,
Q; Q; 00

/ eVu-Vo = —/ V- (6Vu>¢dx+/ eVu - vg,¢ds.
Q; Q; 09,

Let v := v, = —vg; on e. Summing up these equations and noting that boundary integrals are

(1.3.52)

nonzero only on e and supp(¢) C €; U, , we obtain

/Qfgbdm:/ﬂeVu-Vqu:c:—/QV- <6Vu>gbdﬂ:+/[€Vu-u]gbds. (1.3.53)

e

Now take sequence {¢.}. C C§°(Q; USY;), such that ¢cle = ¢ and [¢c|| 1, — 0. Then we have
e—

[ #oeda] < 1 lnaolloclaie) —3 0 (13.54)
and
/Qv. <5Vu)¢5dm < Hv. <gvu>HL2(mH¢€HL2(Q) —0, (1.3.55)

since V - <€Vu> € Ly(€2). Thus due to

/Qf(b8 dx = —/QV- (esVu)(be dx—l—/[EVu-l/}(bds, (1.3.56)

€

we obtain

/ [eVu : y]gz‘ads = 0. (1.3.57)

€

Since this is true for any ¢ € C°(e), we have that

[gw - u] —0 in Ly(e). (1.3.58)
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Then let e € T'y, e C 08 for some Q; € €. Again we fix ¢ € C§°(e) (in one dimension I'y = 0, so
this step is omitted) and we extend it to ¢ € C*°(Q), such that supp(¢) € ; and dpg,\. = 0. Then
by Green’s theorem, we obtain

/Qf¢dx:/ﬂf5Vu-V¢dm:—/QV- <€Vu>¢dx+/e€Vu-uqﬁds. (1.3.59)

Taking sequence {¢:}e C C*°(Q), such that ¢c|e = ¢, supp(p) € Qi, doq,\e = 0 and [|¢¢ | L, ) — v
E—

using the above equation we get

/Qf(b8 dr = —/QV- (esVu)@ dr + /eesVu-y(bds. (1.3.60)

By the same estimations as for e € I';, we obtain

/6Vu ‘vpds = 0. (1.3.61)

€

Since this is true for any ¢ € C§°(e), we have that
[eVu-v]le =eVu-v|. =0. (1.3.62)
O

Lemma 1.3.12. Under assumptions [A3, [A6, let w € HY(Q) N H2(E), ¢ € Lw(Q), eVu € HY(E),
0<em<e<en and f € La(2). The following conditions are equivalent:

(1). u satisfy:

/ eVu - Vedr = / fode, Yo € Hi g, (). (1.3.63)
Q Q

(2). u satisfy:

_ Z/Q v (5Vu)¢d$=/ﬂf¢dx7 Vo € La(£2),

Q€€ i
(1.3.64)
[eVu . l/} =0 Veely,
e

Vu-v=0 ondQy.

Proof. (2) = (1)
Take any ¢ € H&QQD(Q). We have

_ Z /QZ V- (gvu)gbdx = /Qfgbdx (1.3.65)

Q€€

For a given Q; € &, conditions of this lemma imply ulg, € H?(€;), eVulg, € HY(Q;) and we have
Pla, € HY(;), thus we may use Green’s formula (theorem EA3) on €

—/in- (svu>¢dm:/giavu-v¢dx—/am eVu - v ds. (1.3.66)
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Summing up over §; € £
Z/ eVu - qudx—Z/eVu V¢d8—/f¢dw (1.3.67)
Q,e€ ecl

If e € I'p, then by definition ¢|. = 0. On the other hand, for e € I'; we have [eVu - v] = 0 and for
e € 'y we have Vu-v =0, so [eVu-v] =eVu-v = 0. Thus the second sum is zero and we obtain
the result

Z/ eVu - v¢dx—/f¢dx (1.3.68)

ecf
(1) = (2)
Take any ¢ € C5°(€2). Since C§°(Q2) C H&agD(Q), then by (L3.63) we have

/eSVu-Vqﬁdm:/fqﬁdx. (1.3.69)
Q Q

By Green’s formula, as above
/fgbda:—Z/ eVu - Vodr = — Z/ 6Vu ¢dm+2/evu V)¢ ds. (1.3.70)
Qe ecl
Since ¢ is zero on J€), we may rewrite last sum
/ fo=— Z / . sVu gbdx—i— Z /6Vu v]pds. (1.3.71)
Qe ecl’y
Then by lemma [[311] applied to (I3.63)), we have
Veel'r [eVu-v]=0, (1.3.72)

and we obtain

_ Z/ . 5Vu>¢dx:/ﬂf¢dx. (1.3.73)

0,e€

But this is true for ¢ € C§°(€2). To obtain this result for ¢ € Ly(Q2), we use lemma [4.B.2l with f := f,
g := V- (¢Vu). Note that we assume that eVu € H'(E), so (eVu)|q, € H*(Q;) for every Q; € £ and
thus V - (eVu)|q, € La(€;). Therefore V - (eVu) € Ly(Q2) and first statement of (I.3.64]) is shown.

To shown remaining statements, we again use lemma [[L3.17]
Vee 't Uy [eVu-v] =0. (1.3.74)
For e € I'y we conclude that since € > 0, and

[eVu - V] def eVu-v =0, (1.3.75)

then
Vu-v=0. (1.3.76)

We now give the proof of theorem [[L3.101
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Proof. (Theorem [1.3.10)

Problem = problem [[.301

First assume that u is a solution of problem and that it belongs to H(Q) N H?(£). We have
by definition

/5Vu-V¢dx:/f¢dx Vo € Hj g0, (). (1.3.77)
Q Q

We use lemma [[L3.12] and we obtain that for any ¢ € Ly(9)

-3 /Q'v- (esVu)qﬁdm:/ﬂf(ﬁdx. (1.3.78)

Q€€

Let us restrict to ¢ € HY(£) N H?(T,). Then ¢; € H'(£;) and by Green’s theorem we have

/ % (6Vu)¢dx = / eVu-Vodr — / eVu-vodr. (1.3.79)
Q Q; 9
Summing up these results over €);, we get
> / eVu-Vodr — > / eVu-vpdr = / fédr. (1.3.80)
Qee 7 Q,ee /O &

By lemma [[L3.12] we have that [eVu - v] = 0 on every e € I'7, thus {¢Vu - v} = eVu- v on any 0);

and we have
3 /Q €Vu-V¢dm—e€ZF/e{€Vu-y}[¢] da = /Qf(ﬁdx. (1.3.81)

0, €€
By homogeneous Neumann boundary condition (lemma[l.3.12) on e € I'y we have {¢Vu-v} =0 and
3 / eVu-Vodr — Y /{esVu : u}[¢] dz = / fodz. (1.3.82)
Qieg QZ ecl'pr € Q

Since u € H(R), then [u] = 0 for any e € I'; and, by assumption, on e € I'p we have u = 4, so for
any ¢ € H'(E) we get

> e [lolds+e 3 [{evo-vhulas

e€l'pr eel'pr

-y nr,e/o-[¢]ds+§r 3 /{6V¢-V}0d8

ecl'y e ecl’; /€

+ 3 e [l ds+6 Y [{90-v}aas

ecl'p ecl'p V€

= Y e flilolds w6 3 [ {evorvialas

ecl'p ecl'p

(1.3.83)

By adding this result side-by-side to (IL.3.82]) we obtain

Z/QvEVu~V¢dxf 3 /C{Equ/}[d)]der& 3 L{€V¢~V}[u]ds+ 3 nr,e/e[u][qa]ds

Q€€ ecl'pr ecl'pr ee€l'pr

=/ fodr + &, GEZFD/G{EVQSJ/}[’CL] ds + Z e /Jﬁ]kb] ds.

ecl'p

(1.3.84)
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Since this is true for any ¢ € HY(€) N H?(T},), we have (L3.45)).
Problem [[.3.9] = problem [[.3.2]
Conversely assume ([3.48)) is true for some u € H*(E) N HY(Q), i.e. Yo € HY(E) N H*(Ty)

Z /QSVU-V(,bd:cf Z /e{é‘vu'l/}[(b]d8+§r Z /6{5V¢-V}[u]ds+ Z m,e/e[U][(b]ds

Q€€ e€l'pr e€l'pr eclpr

:/qubder& > /e{ev¢~u}[a] ds+ m,e/e[ﬁ][fb] ds,

ecl'p

(1.3.85)

and that eVu € HY(E).
 First we recover the Dirichlet boundary conditions. Take any e € I'p, such that e C 09);, and
¢ € C5°(e). Then let {¢c} be a sequence of functions, such that

¢e € COO(Q)a ¢e‘e = (57 supp((ﬁe) - Qi Ue, ¢E‘8Qi\e = 07
Voov|, =0 [odlie) — 0

e—0

(1.3.86)

We can get such a functions by expanding functions obtained from lemma {.B.4] by 0 to whole .
Then ¢ € H'(£) and (L.3.48) becomes

/ eVu - Vo dr — /6Vu ‘vpds + &, /quSe cvuds + e /ugz_bds =
i ¢ ¢ ¢ (1.3.87)
/ foedx + &, /6V¢E -vuds + nr,e/zlqz_bds.
Q; e e

Due to definition of ¢, V¢ - v|c = 0 and we have

/ eVu - Vo dx—/eVu-yq_Sd5+nr7e/uq_5ds :/ foe dm—knr,e/@ggds. (1.3.88)
Q; Q; e

€ €

By the Green formula

/ V- (€VU>¢€ dr + nne/uq_ﬁds = / fbedx + nr,e/zlqz_bds. (1.3.89)
Qi € Qi e
Passing to the limit € — 0
nr,e/ugbds = nr,e/zlgbds. (1.3.90)
e e
Since ¢ € C§°(e) and e € T'p are arbitrary, we get
uloq, = dlaa,, (1.3.91)

and the Dirichlet boundary conditions are satisfied.
Then take any ¢ € Ciyq,, (€2). Thus

S e / (iglds = 3 e / (@6 ds = 0. (1.3.92)

EEFD[ eEFD

as [¢p] = 0 for any e € I'y since ¢ € C5yq, (©2) and on e € I'p we have [¢p] = ¢ = 0. By the same

argument
-y /{gw.y}[(p] ds = 0. (1.3.93)

e€l'pr V¢
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Then u € H*(Q), so [u] = 0 for any e € T'; while as we have already shown that u = @ for e € I'p, so
&Y / eV v ]ds -6 > /{aw- u}[a] ds. (1.3.94)
eel'pr ecl'p V€

Thus we obtain

Z/ eV - V(;de—/fgbdx (1.3.95)

Q,e€

Since choice of ¢ € Ciyq  (€2) is arbitrary, this statement is also true for any ¢ € H} aqp (§2) (see

lemma [£.B.3]), so u satisfies equation (L3.IT).
U

1.4 Discretization of the equilibrium case

We would like to establish a discrete analogue of equation ([L2]) using discretizations introduced in
sections [.3.2 Then we will show existence and uniqueness of these nonlinear problems.
We would like to introduce additional assumptions, useful in context of error estimates.

Assumption A7.

o There is some 0 < hpr < 1 such that for any 0 < h < hpy and for any e € I'p; we have

Ner > le| ™t and ne, > 1 (¢f. (L312)).
o Constant hyy is sufficiently small, so that for any 0 < h < hps lemma[I.3.7 holds.
e (CSIPG only) Constant oy, > 0 is sufficiently large such that lemma[L.3.3 holds with o = 1/2.

e clo, € CHQy) for every Q; € € (this assumption could be weakened, but in semiconductor
simulations this function is normally constant or linear on ;).

o u* € HY(Q) N H?(E), where u* is a solution of problem [L.Z2.

o 0,0 € La(2) N Loo(R2), where v,w are defined in problem [L.2.2.

1.4.1 Composite Weakly Over-Penalized Symmetric Interior Penalty (CWOPSIP)

We start with CWOPSIP discretization, as it is simpler. We modify problem [[L3.3] by including the
nonlinear part of (L.2.4)).

Problem 1.4.1. Find u} € X,(Q) such that
an2(Up, On) + b(up, @) = fo2(dn), Von € Xi(Q), (1.4.1)

where

an,2(un; $n) Z/ eVupi - Vénidr+ Y 772e/uh [Pn] ds,

e€l'pr

b(up, ¢n) ::/Q (e“h(x)’f’(m) — (@) —un(z) )¢h( ) dx (1.4.2)

fno(on) = /kl(bh dx + Z 772e/ - [én]ds

ecl'p €
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1.4.2 Composite Symmetric Interior Penalty Galerkin (CSIPG)
Analogously as in case of CWOPSIP, we extend problem [[L3.4] by the nonlinear part.
Problem 1.4.2. Find uj € X,(Q2) such that

an,1(uh, dn) +b(up, ¢n) = fri(dn), Voén € Xn(9), (1.4.3)

where

> [teTun-vonds

ecl'pr €

- [t unlds + 3 me [l o) ds

ecl'pr € ecl'pr (144)

fn1(on) Z/Qkubhdm— Z {eVy, - v}a] ds

ecl'p €

+ Y me [lallonds,

ecl'p

N
an,1(tn, Pn) :Z/ﬂ eV ;- Vo, dr —
i=1 /%

and b is defined as in problem [1.7.1].

1.4.3 Existence and uniqueness

We would like to show that problems [[LZ.1] and are well-posed.

Proposition 1.4.3. Under assumptions [A1 to[A7, problems[I.7.1] and[I.4.3 have solutions and these
solutions are unique.

In the remainder of this section, we will prove this proposition.
We define P : X, (Q) — X;(Q) as

P(up)op := any (un, on) + b(un, on) — for (n)- (1.4.5)
We would like to use the following consequence of the Brouwer theorem [44], 69]:

Theorem 1.4.4. Let P : X — X* be a continuous function on a finite-dimensional normed real
vector space X, such that for suitable p > 0 we have

P(z)x >0 V|z| > p. (1.4.6)

Then there exists x € X such that
P(z)=0. (1.4.7)

Also we would like to use the following result:

Lemma 1.4.5. Let Q C RY be bounded. Let f € CL(R), g € Loo(2). Let P : Xp(2) — X7 () be
defined as

Plun)on = [ 9(o)f (un(w))on(a) da. (148)
Then P is continuous.

For the sake of completeness, proofs of these results are presented in Appendix (see pages [194] [198)]).
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1.4.3.1 Existence for CWOPSIP method
By definition (4.5
P(uh)uh = ap2 (uh, uh) + b(uh, uh) - fh72 (uh) (1.4.9)

Then we have that
an2 (un, un) = unllf s, - (1.4.10)

Using Schwarz inequality for f 2(up), defined in equation (IL4.2]), and then lemma [[.3.7] we get

‘/le(w)uh(w) dx‘ < Nkl @ llunllny@) < ellkill o @ llunllns, (1.4.11)

and

‘ Z 777’6/ uh dS _‘ Z /\/777’6 nre uh dS - ‘/ 777’6 nre[uh]ds

ecl'p
< H\/nre[u]HLz(aQD v/ elunlll Lo @0,) (1.4.12)
ane/ 2d5 ane/uths
ecl'p ecl'p
< lallnz, lunln,s, -
Thus
= fn2(un) = —c(i, kv, h)|[unllns.. (1.4.13)
where
(i, k1, h) = ex ([allnz, + [F1llLa@)- (1.4.14)

Then let C' := max{||9||. (), |[¥]|L. ()} We may decompose b(un, up) to

b(uh,uh) :/Q (euh—ﬁ _ ew—uh)uhdx
- /Q (eurﬁ - ewfu")“h]l{mefz:|uh(x>|>0}dx (1.4.15)
+/Q (euh_ﬁ — ew_Uh)Uh]l{$EQ:|uh(x)|§C}dx-

The first integral is non-negative, and the latter we can estimate from below

/ (euh(x)—ﬁ(x) _ ew(x)_uh(m)>uh@)l{xeﬂz\uh(x)|<(}}($)d$ > —|Q|2€200. (1.4.16)
Q <
In conclusion, we may use these estimations to obtain

P(up)up, > |lunlly s, — cillunllns, — c2. (1.4.17)

Note that constants ¢; in this inequality depend on h. It is therefore clear that for ||upl/n s, large
enough we have P(up)up > 0.
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Still we must show that P is continuous. The proof is elementary, we present it for the sake of
completeness. We decompose P(uy) into a sum P(up) = Py(up) + Py(un) + Pr(up). We start with
linear part, which we denote by P,. By Schwarz inequality

> e [l fon) ds

N
Palun)nl = lanatun, ) = | 3 [ ePuni- Vondo +
=1 i

el (1.4.18)
< llunllnss lonlln,s,-
Thus
[Pa(up)|l = sup  |Pa(up)pp| < sup  |lunllnssl9nllnss = llunllnss, (1.4.19)
lénlln,2=1 lnlln,sy=1
so P, is bounded and thus it is continuous. Then we have
Pr(un)dn = — fn2(én), (1.4.20)
which is trivially continuous, as it does not depend on uy. Finally we have
Py(un)dn = b(un, ¢pn) = / <€uh(x)76(x) - ew(m)ﬂ”(x))tﬁh(m) dx
@ (1.4.21)

_ / U@ =0(2) 5, (1) iy — / @) =0(®) 5, (2 .
Q Q

P, is not linear, so we use lemma [LZA5 with f(z) := €®, g(z) := e @) and f(z) := e %, g(x) := ¥,
Conditions of the lemma are then satisfied as f is smooth and v, € Lo (€2) due to assumptions
Thus P, is continuous.

Then by theorem [[L4.4] we have that there exists some uj}, such that P(u}) = 0.

1.4.3.2 Existence for CSIPG method

We proceed analogously to the CWOPSIP case. For b(up, ¢p,) the argumentation exactly the same.
Then fp 1(up) has one additional term, which may be estimated using lemma [L3.1] and the trace
inequality

| [tV vHalas| < 3 HeTun vl il

eEFD € eEFD

> ~1/2 X (1.4.22)

< ceym th IVunll Ly 1@l 710,
i=1

< Cllunllnz, a1 (),

where C depends on )7 and h.
Therefore
= i (un) = —c(i, by, h)|Junllns: (1.4.23)

Then estimating ap, 1 (up, up) by lemma L35 with o = 1/2 (cf. assumption [AT]), we have

1
Plun)un > Sl 2, = erllunllnzs, — e (1.4.24)
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Finally we show that P is continuous. For Py(up)¢p := b(up, ) and Pr(up)ép = fu1(un, én)
we use analogous argumentation as for CWOPSIP. Still we have to show that the linear operator
Py (un)dn = ap1(un, ¢p) is continuous.

Using lemma, with a = 1/2, lemma [[.3.8 and the Schwarz inequality we get

|an,1(un, ¢n) \—‘Z/ eVupi - Vénidr — Y /{Evuh v}|én]ds

ecl'pr
— Z/{6V¢h v up)ds + Zme/uh [Pn] ds
e€l'pr ecl'pr
(1.4.25)
_‘Z/ eVup ;- Vop;dr + Z 771e/uh [fn] d
ecl'pr
— Z /{6Vuh viop]ds — Z /{€V¢h v} up] ds
e€l'pr € e€l'pr e

< 2lunllnz [|0nllns: -
Thus P, is bounded and continuous.
The existence of u} is now proven.
1.4.3.3 Uniqueness

The uniqueness can be shown by contradiction for both cases. Assume that there exist two solutions
uy, u}: € Xn(9Q) of problem [[L41] or problem [[L4.2l Thus we have

an,r (g, &) + 0(up, dn) = frr(Pn),

+ + (1.4.26)
any(up,, &) + b(uy, én) = for(dn)-
Then by taking ¢, := uj — u}: and subtracting these equations we obtain
an(uh, =l uj, = wh) = blul, uj, — w,) = buf, uj, — uh). (1.4.27)
Thus expanding operator b
ah,r( h uh7uh Z/ U uh — e“z) (u;; — uh) dz
(1.4.28)
+ Z/ e (e_uz - e_“2> <uh - uh) dx.
i=1 7%
By monotonicity of the exponential function, the right hand side is nonpositive.
Therefore for CWOPSIP we simply have
0 < Jluj, — b |} s, = ana(uj, — uh,uf —uf) <0, (1.4.29)
while for CSIPG we use lemma (cf. assumption [AT])
Lo otz o T N N 4
0< 2Huh up s s, < ani(up, —uy,up —uy) < 0. (1.4.30)

Thus 0 < |Ju}, — uLH%ET < 0 and we have the contradiction since u} # uL Therefore the uniqueness
is proven.
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1.5 Interpolation operator and interpolation error

In this section we would like to discuss interpolation error in discrete spaces X,(€2). While these
results are not specific to our problem, they are technical tools required by our convergence study in
sections and [L7)

First let us take any €; € £ and let us define interpolation operator I, : H*(Q;) — Xp,(€) C
CO(€Y;) as follows

Vo € Ny, Inui(z) = ui(z). (1.5.1)

Note that for ; ¢ R% d € {1,2} we have H?(%;) C C%Q;) (see [94]), so this definition is not
ambiguous. Then we define I, : H2(£) — X}, by

vQ, e & Thu 0 = Ihiui- (1.5.2)
For convenience, we define

ur := Iju, uy = Ipu™. (1.5.3)

We would like to establish an estimate on |[u — us||p.x,, r € {1,2}, where u € H?*(£). We consider

Q CR? for d e {1,2}.

Theorem 1.5.1. Under assumptions [A1 to[A7, let w € HY(Q) N H%(E), @ C R be a given function
and let the interpolation operator Ij, : H*(£) — Xy, be defined as in equation (I5.3). The following
interpolation error estimates hold:
o Ifd=1,re{1,2}
o= Tl s, < OB Y fuflage (15.4)
0, €€

o [fd=2

3
Hu—uIH%,zlSCZ<h?+ 5 h—j)\urm,

Qe Q; €nb(

b
lu = uglff s, <C Z <hz‘ + Z ﬁ) |U|§{2(Qi)-

Q€€ Qjenb(Q;) 7

(1.5.5)

Note that this estimate is poor if h;/h; — oo as h — 0 for some adjacent €;,2; € £. Such a
situation may occur if for example meshes 7; p,(€2;) and T; p;(€2;) increase density disproportionately
with h. However if we increase destiny proportionally, i.e. h; := ¢;h, we obtain the following estimates.

Remark 1.5.2. If in theorem [[.51] we additionally assume that h; := c;h fori € {1,..., N}, then for
d = 2 estimates may be improved to

[u —UIH%L,ZI < Ch? Z M?{?(Qi),
Q,e€

lu = w5, < Ch Y lultgq,):
Q€€

(1.5.6)
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The remaining of this section is devoted to proofs of theorem [[L5.1] and remark [[5.21 We start
with the following proposition.

Proposition 1.5.3. Let u; € H?(S;) be a given function, where Q; € £. Then the following estimates
on the interpolation error in Xp,(€;) hold

lui — In, uZHLQ Q) < Ch |u2|H2 (1.5.7)
ui — Inwil gy < Chaluil gz, -

where the interpolation operator Iy, defined as in (L.5.1).

Proof. By definition (see equation (L3.4])), X}, (€2;) is a continuous linear finite element space. Thus

this proposition is a direct consequence of corollary [LT.13l
O

1.5.1 One dimension

We start the proof of theorem [[L5.Tlin one dimension. This part is much simpler as the two-dimensional
case, as then u and Iu are continuous on interfaces.
We see that for uy := Ipu

||u—u1Hh—Z/ VuZ Vi, uz) dx + Z nre/u—Ihu] ds

ecl'pr

<em Y llwi — Inuillfnoy + Y nre/u—fhu ds (1.5.8)

0, e€ ecl'pr

<5MHU UIHHl Q)+ Z nre/U—Ihu] ds

ecl'pr
for u € H'(Q) N H?(E). In this case, by proposition [[5.3] used for every Q; € £, we have
[[u UIHHl(g < Chi Z ‘u’HQ ) S Ch? Z ’u‘H2 (1.5.9)
Q;e€ Q;e€
Then for any e € I'py, e C 9€); is a real number, so we have

/u — Iyuds = u(e) — Iyu(e) = u(e) — u(e) = 0. (1.5.10)

e

Thus the latter element of (L5.8) is zero for any u € H'(E). Therefore we can estimate

lu = urllf s, < cenrllu—urlfngy < Cemh® Y fulfrq,. (1.5.11)
Q,e€

1.5.2 Two dimensions

The two-dimensional case is more problematic, as then even if u is continuous, I,u may be discontin-
uous across interfaces (see figure [LT]). Due to this fact, we start jointly, but then we have to separate
cases r = 1 (CSIPG) and r = 2 (CWOPSIP).

For any §2; € £ proposition [[L5.3] yields that

= Tyul3p ey = D s = Inuillo, < D C2R2 il g, (1.5.12)
Qe Q,e€
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Therefore

e = urllp ey < C Y hluilip o). (1.5.13)
0, e€

Note that

2
HU_UI”%,ET = Z/ 5<Vu—Vu1> dx + Z 77r7e/[U—u[]2ds, (1.5.14)
Qi e

Q€€ e€l'pr

so the first element of this sum is estimated and we have to estimate the latter.
Then let us take any e € I'py. For e € I'r we assume that e = 9Q; N 99); for some ;,€); € € and
we have

2

La(e) (1.5.15)

[l s = =l = [ = s = a5 = )

< 2lju; — uril7, ) + 20w = wrgll, e

while for e € I'p we have e C 9€; for some ; € £ and simply

2
/[u —ur?ds = / (uZ - uM) ds = |ju; — ul,i||%2(e). (1.5.16)

Therefore it is sufficient to estimate |u; — uMH%Q(e) for any e € I'pr, e C 09;. First using the
trace theorem for finite element functions (proposition [LT.I1]), taking into account that 7p,(£2;) is a
quasi-uniform mesh (assumptions [A2]), and then error estimates of proposition [[5.3], we get

[Ju; — ul,iH%Q(e) < Chfl <Huz' - ul,iH%Q(T) + i u; — uﬂiﬁfl(fr)) (15.17)
< chy;! <hf‘|ui|fr{2(gi) + hf‘|ui|fr{2(gi)> = Ch?uil}2(q,)-
To proceed further, we need to consider different form of 7, .. Therefore we will distinguish two cases:

CSIPG (r = 1) and CWOPSIP (r = 2).

1.5.2.1 CSIPG
In this case, we have by definition (312

Me=oc{h™'}. (1.5.18)

Therefore if e € I'p, we simply have

2
2 -1 2
m, /(u—ul) ds = ellu; —ur; =och; |lui —ur;
e . { ( e” ( ZHLg(e) ey H 1 ZHLQ(E) (1.5‘19)

< Cochy 'hiulfaq,) = Coehi|ulfzq,)-
On the other hand, if e € I'; then
o Yods = T 1 Yl — w12
M,e Ui — UT 4 ds = 771,e||uz ul,z||L2(e) = 0-50'e(hi + hj )Huz u[,l||L2(e)

‘ 5 (1.5.20)
< Coulhi + by e, = Coe(h? + 75) lula,
J
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Then if we sum up over e € I'py
2 2 AT
Z M,e <[u — u1]> ds < Z C|h;+ Z o (w2 (0,)- (1.5.21)
e€l'pr € Qief Qjenb(Qi) J
Thus taking into account this estimate and the estimate for H'(€2) interpolation error (L5E.1Z), we get

Ju—ugllf s, = Z a/Qi (Vu—m)?dx—i— Z 771,6/6<[u—u[]>2ds

Q€€ e€l'pr

h3
<oX (e ¥ 1)l
Q) 7

Qe Q) €nby(

(1.5.22)

Constants o, are included in constant C, as they do not change with h. If we increase destiny
proportionally (h; := ¢;h), the result is as follows

\m—um%hscﬁggyﬁmmy (1.5.23)
i€

1.5.2.2 CWOPSIP
In this case, we have by definition (L.3.12])
Me = oe{h?}. (1.5.24)

We proceed as in previous case, but with increased penalty term. For e € I'p

2
_9 2
12, /(u—ul) ds = och; “||u; —ur;
o f (i ehi “llws = urillz, ) (1.5.25)

< Couh Wi lullaqay) = Cochilulie o,

and for e € I';y

2 -2 -2 2
M2.¢ <uZ — uM) ds = 0.50.(h; = + hj )|wi — ul,i||L2(e)
e

5 (1.5.26)

_ _ h;
< Coulhi? + by e, = Coe(hi + 75 ) uli -
J

Finally taking into account (L5.12)

e —url}s, = > e/m <V(u_u,)>2dx+

Q,e€

h3
2 7 2
<Cy, (hz‘ +hit D ﬁ) [ulfr2 @) (1.5.27)

Q.e€ Qjenb(Q;) I

hy
<oX (wt X 1)t
J

Z 772,6/6<[u—u1])2d5

ecl'pr

Q,e€ Q;€nb(§;)
as 0 < h; < 1.
Assuming additionally that h; := ¢;h we obtain
llu— UIH%,EQ <Ch Z |u|§{2(ﬂi)' (1.5.28)

O, €€
Thus this estimate is weaker than for CSIPG.
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1.6 Error estimates for the equilibrium case for CWOPSIP

In this section we will present the analysis of discretization of the equilibrium state (problem [[.2.2])
with Composite Weakly Over-Penalized Interior Penalty method (see problem [[4T]). We would like
to prove the following theorem

Theorem 1.6.1. Under assumptions [A1l to[A7, let u* € HY(Q) N H?(E) be a solution of differential
problem [1.2.2 and let u* € X}, (Q2) be solutions of problem [1.4.1. Then the following error estimate
holds:

N

1/2
u* =} ||n.x, gc<§ :<hi + ) ﬁ)’“h,z"%mi)) + Chl|u* || g2 e).- (1.6.1)
i=1 Quenb(Q;) *

Remark 1.6.2. If additionally we assume that mesh parameters are proportional, i.e. h; := c¢;h for
every §; € €, then estimate (1.6.1) reduces to

N 1/2
[u™ = uplln,s, SChl/z(ZM,iﬁp(gi)) + Chl[u*|| 2 (e).- (1.6.2)
i=1

Remark 1.6.3. If Q C R, the estimate of remark LG22 can be improved to
[ = upllnz, SChllW"|p2e)- (1.6.3)

In the remainder of this section we prove these results.

1.6.1 Outline of the proof

The general idea standing behind this proof is as follows. We base on fact, as noted in section [[L3.2.2]
that the broken norm may be expressed in terms of ay, o, i.e.

Huh”%,EQ = ah,2(uhauh)- (1.6.4)

Our goal is to estimate the discrete solution error by an interpolation error.
Let us assume, for the purpose of this sketch, that the differential problem may be written as

a(u®,¢) = f(¢), (1.6.5)

and the discrete problems

aluy, on) = f(on), (1.6.6)

where u*,¢ € V, uy, ¢, € V) and Vj, C V. We also assume that a is bilinear and elliptic and f is

linear and that
a(u,u) = |lul, (1.6.7)

for an appropriate norm. Example of such a problem is presented in section [LT.11
Then we could proceed as follows

1. Take ¢ := ¢p, := Ipu* — uj = uj — uj and subtract (L6.6) from (LG.5]) to get

a(u* —uy,ur —uy) = 0. (1.6.8)
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2. Transform this result to

a(up — up, up — up) = a(u® — uj, up — ug).

3. Use boundedness property of a on the right-hand side to get

lup =il = alup — uh, up —up) = a(u” —uj,w, —uj) < Cllu’ —upluy, — .

4. Divide by |luj — uj| to obtain the estimate

[u7 = upll < Cllw” = g

5. Use this estimate and the triangle inequality to get

[w* = up || < flu” = wzll + fJug —upll < (1 + C)flu” — wgl].

o7

(1.6.9)

(1.6.10)

(1.6.11)

(1.6.12)

In our case, discrete spaces X3, (2) do not lie in the differential problem space H'(f2), so it is not
feasible to take Ipu* — uj as a test function. Also discrete problems and the differential problem do
not share the same forms. To overcome these problems, we formulate another differential problem
641 which is consistent with problem [[Z2:4] under additional assumptions (section [[L6.2]). At the cost

of the regularity of solutions, problem [[.6.4] accounts for more general test functions.

At this moment, it is possible to get result similar to (L.6.8]). Still the right-hand side will not be
zero due to differences in discrete/differential forms, and it must be estimated as well in (L6.10]) along
with ellipticity property of a. These estimates are demonstrated in section [L6.3l The remaining steps

are performed in section [[L6.4]

1.6.2 Consistency

Our starting point is the problem defined in section [[.2.2]

Problem 1.2.2. Let 9,1 € Loo(2) and ki € L2(Q) be given. Find u* € 4+ H(2), such that

a(u*, §) +b(u*,¢) = f(¢) V¢ € Hy o, (),

where
a(u, @) ::/Qs(x)Vu(x) -Vo(x) dx,
bu, ) = / <eu(x>—z><x>_ew<x>—u(x>)¢(x) dz,
Q
£6) = [ ka(@)ota)da.

(1.2.4)

(1.2.5)
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For convenience, we define the following operators

2:‘/)5Vu Vo dz,

Q,e€

E:‘/)u¢dx

Q,e€

}:L/ k1o dz,

Q,e€

Du,g) == Y [{=Vu-v)iglds (1.6.13)

ecl'pr €

Po) ==Y [{evo-vlilds

ecl'p

Lg)= Y me/

ecl'p

J(wd) = 3 mee /

e€l'pr
Note that for any up € X5(Q2), r € {1,2}
HuhH%,zr = A(up,up) + Jr(up, up). (1.6.14)
Using operators defined above, we may rewrite this problem as: find u* € H'(2) such that

A(u*,¢) + B(e" ", ¢) — B(e"™™ ,¢) = C(¢) Vo € Hj g0, (),

u* =1 on 0. (1.6:15)
Second problem is a nonlinear variant of abstract problem [[.3.9] with r = 2:
Problem 1.6.4. Find u* € H%(E), such that V¢ € H'(E) N H%(Ty,)
A(u*,¢) + B(e" 7°,¢) = B(e"™,¢) + D(u*, ¢) + Ja(u*, ¢) = C(¢) + I2(9). (1.6.16)

As in general case covered by theorem [[L3.10], if the solution is sufficiently regular these problems
are consistent, i.e.

Theorem 1.6.5. Under assumptions [A3, [Ad, [A7, if u* is a solution of problem [LZ2 then u* is a
solution of problem [1.6.4. Conversely, if u* is a solution of problem[I1.6.4] then it is also a solution of
problem [L.2.2.

Proof. We use theorem [[3.10 with 7 := 2 and f := k; — e* ~? + ¢?~%". By assumptions we have
u* € HY(Q) N H?(E) and ¢|g, € CY(Q;). They imply eVu* € H(E). Theorem [L3.10] then concludes
the result. O
1.6.3 Analysis

We would like to estimate a difference between solutions of two problems. A solution u* of differential
problem [L6.4] satisfies Vo € HY(E) N H?(Ty,)

A(u*’ gb) + B(eu*_ﬁa ¢) - B(eﬁ}—u*, gb) + D(U*a ¢) + JQ(U*a ¢) = C(¢) + 12(¢) (1617)
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On the other hand, a solution u} of discrete problem[L.4.Ildepending on parameter h satisfies Vo, € X},

A(uj,, dn) + B("™%, ¢n) — B(e® ™, ép) + Ja(uj,, 1) = Con) + La(6n)- (1.6.18)

We take
¢ = ¢p 1= up — uj, (1.6.19)
where u} := Iu*, and then we subtract equation (LG6.I8]) from equation (LL6.I7). We obtain
Alu* = uf —up) + B(e" 70— "0 ug —up) = BT — e uf — uj) (1.6.20)
+ Jo(u* — up,ur — up) = —D(u*,u; — uy). o

We will estimate every element of this equation.
As accordance with assumptions [AT), in this section u* € H'(Q) N H%(E).

1.6.3.1 Estimate of A(u* — u}, ¢p)
We have

A(u* —up,ui—up) = A(u* —uy +up — up, uj—up) = A(u*—ug, uj—up)+A(u—up, ui—uy). (1.6.21)

By the Schwarz inequality, we have

|A(u® = up, up —up)| = '/Qﬁv (u* —up) -V (up = up) de| < [Ju" —ullns, lur — upllns,  (1.6.22)

1.6.3.2 Estimate of B(e" ~% — e“n ™%, ¢y,)
Similarly as in the previous case, we have
B(e¥ 70 — "yl —uf) =B(e¥ TP — "IV 4 170 — oUWl )k — )
B — e — ) + BT — e i — ) (1.6.23)

=B(e? {e“? - 6“2} oy —ul) 4+ Ble™® {e“* - 6”7} , U — Uup).

First element of this sum is positive due to the definition of B and monotonicity of exponential
function. Note that the solution of the differential problem u* is bounded (lemma [[223]), also 0,w €
L (£2). Due to our definition of interpolation operator, uj is also bounded by the same values as u*.
Then let us define L, to be a Lipschitz constant of exponential function in sufficiently large bounded
set, i.e

L. :=inf {L >0:e"—eY| < Llz—y| VYa,ye|[—-M,M],
(1.6.24)
where M i= [u*]| (@) + 13l (@) + [l (o) |-

This definition allows for a bigger set than necessary, as we would like to use the constant L. also in
sections to follow. Then we may estimate
B0 = €70 — ) B = 0, uf - )
SLeB(|u” =0 —up + 0], |up —uj))
=LeB (Ju" —upl, [uj — u])

SLellu” = upllLo@llur = upllza@)-

(1.6.25)
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1.6.3.3 Estimate of —B(e?™ %" — %, ¢y,)
As in previous section
_B(ewfu _ ewfuh,uﬁ _ u;;) - _ B(ewfu _eWur 4 pup _ ewfuh,uﬁ _ u;;)

= — B(e¥™% — P wh —uf) — B(eTW — e® % uk —uf) (1.6.26)

—B(e"fe T — e ], uf — uf) + B(ee " — e, uf — uj).

Second element of this sum is positive due to the definition of B and anti-monotonicity of function
exp(—x). First element we may estimate as

B(e® [e7 = ™| uj = uj) SLeB (v = wjl, Juf - ) L6
SLellu® — wpll Ly llur — upllzae)

1.6.3.4 Estimate of —D(u*, ¢y)

This element is in some way special, as it is absent in the discrete formulation. To estimate it, we use
Schwarz inequality.

D(u*,u} —uj, Z /{EVu -v}uf —uylds Z /\{EVu [u] —uy]| ds

e€lpr CEFDI ¢
1/2 * 1/27 % *

= 7]2 e/ {eVu V}) (nQ/e [u7 —uhD‘ ds

e€lpr

1/2 1/2

> /nu{evu was| | X [ (- i) s

le€Tpr 7€ eelpr v €

1/2

< Z /O 507 h2 {eVu* - v}? ds + Z/ 7172{5Vu v} ds luf —uflln,s,

le€T' D eel'y h

1/2
< Z /O 507 h2 {eVu* - v}? ds + Z / ot h2+h2) {eVu* - v}? ds luf — uflln,5, (1.6.28)
eEFD ecl'y
r 1/2
<> > oglf{evu* )2 ds:| lluf —ublln s,

|2 EE eclprNl;

1/2
<h [Z > ogl/{svu* v}? ds:| llws — wflln s,
e

Q;e€ecl’prNl’;

1/2
<C’h|: Z /{6Vu v)? ds:| luf —uplln,sg,

e€lpy

where the constant C' depends on maximal number of edges of coarse mesh elements &.
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Then by trace inequality we have

Z ot /{5Vu* v} ds

e€lpy

Som' Y IHeVu' v}L, e ds

e€l'pr

< 0m16M< Do Ve v+ Y05 Y IV ~V|ﬂi|iz(e>> (1.6.29)

ecl'p ecl'y {Q;:e€cT;}

< Coplens 3 0 Bz = Comtentllu® [a e,
Q;e€
Therefore we have

‘D(u*,ul’? — up)| < Chlju| g2y lur — uhllnz,- (1.6.30)

1.6.3.5 Estimate of J,.(u* — uj, ¢p)

Taking r = 2 has no advantage here, so we consider general case. We have

Jr(W" = g, up — up) =Jp(u” — g+ up - up, up — )

1.6.31
(= 0 3) -+ o — v — ) o3y
Second element is nonnegative, and first one we may estimate as
Ty = wiui = i) = 32 [ et = uillui - i)
e€lpr“°
1/2 1/2
(1.6.32)
< Z nr,e[U* - uﬂz : Z nr,e[u? - U’Z]Q
eclpr ¢ e€lpr“°
<llu* = urllnz, llug — whllns,-
1.6.4 Summary
Using results of the previous subsections, we may rewrite equation
A" =i =) 4 BT = ) = B e )
+ Jo(u” = up, up —up) = —D(u”, up —up),
as
LHS = RHS, (1.6.34)
where
LHS =A(u} — uj,u} —u}) + B(e™® {6“7 - e“’t} Jub —ul) + B(ePle ™t — e ut — ul)
+ Jo(u] —uj,ui —up),
2(uf = v i = k) (1.6.35)

RHS = — A(u* — u},uj —u}) — B(e™® [e“* - e“?} Juy —up) — B(e? {e‘“l - e_“*} U — up)
= Jo(u” —up,up —up) = D(u”, up — up).

We can estimate LHS from below by omitting nonnegative elements with operator B (cf. (L6.23]),

and (L6.20)) to obtain

LHS > A(u} — uj, uj —up) + Ja(uf — uj,uj —up) = |uf — uj |7 s, (1.6.36)
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On the other hand, for RHS we may use estimates (L6.22)), (L6.25]), (L6.27), (I6.30) and (L6.32]) of

this section to get
RHS <|lu” — ullns,llur — whllns, + Lellu” — uillpyollur — upllae)
+ Lellu” — upllp,o) lur — wpllo,@) + v = ulllns, lur — upllns, (1.6.37)
+ Chllu™|| g2e)llug — upln,s,-
Therefore using LHS = RHS we obtain

luf = whllf s, < 2lu = uillns,lluf — whllns, + 2Lellu” — wil Lo lluf — whll o)

] o (1.6.38)
+ Chlju*l2g)llur — v llns.-
Then if we divide both sides of this inequality by ||u} — u}|/n 5, > 0 we will have
laf = il e <2l = willnz, +2Lellu’ = ufll o) ot + Chll* ey (1.6:39)
|uy — uh”h,Zg
Then by lemma [L3.7, we have [|uf — uj ||, @) < clluf — uj|lnn, as Xu(Q) € HY(E), so
HU’}*— UZ*HLQ(Q) < i = willnss _ (1.6.40)
lu; —uplnz, = llug —upllns,
Thus
lur — upllns, <2)|u* —upllps, +2Le|lu” - uI”L2(Q)m + Chllu* || g2e)
1 h 32
* * " % " 1.6.41
<2l — s, + 2eLellu” — uf 1y + Chlle e (641
<(2 4 2cLe)||u” = upllnn, + Chllu™|| g2 (e)-
Therefore we obtain for some constant C'
i = willnss < € (" = willnss + bl ). (1.6.42)
On the other hand, by the triangle inequality we have
[u* = uhllnss < u” = uillns, + llu — iz, (1.6.43)
Then we get in general in two dimensions for u* € H2(£) the estimate
[u* = upllnse < llu” = uillns, + lur — upllas.
< " = willzs + C (" — ufllnz, + Al e
< (1+0O)|u* —uillps, + Ch (1.6.44)
3 1/2
= C( > <hi+ > ﬁ)'“*ﬁﬂmn) + Ol |2 g
Q€€ Qjenb(Q;) 7
With the additional assumption h; := ¢;h for every €); € £ we can simplify this expression to
o = wilzy < O (B2 ey + Al e ). (1.6.45)

In one dimension, this estimate may be improved due to better interpolation error (L5.1T])

[u* = h Iz, < CRlu||m2(e): (1.6.46)
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1.7 Error estimates for the equilibrium case for CSIPG

In this section we will present the analysis of discretization of the drift-diffusion system [[2.1] with the
Composite Symmetric Interior Penalty Galerkin method [37]. Our analysis is similar to the CWOPSIP
case.

Theorem 1.7.1. Under assumptions [A1 to[A7, let u* € H*(Q) N H%(E) be a solution of differential
problem [LZ2.2 and let v* € Xp,(Q) be solutions of problem [1.7.3. Then the following error estimate
holds:

h341/
[u* —upllns, <C Z ({h? + Z h_l]l 2>‘U*’H2(Qi)- (1.7.1)
Q€€ Qjenb(Q;) 7

Remark 1.7.2. If additionally we assume that mesh parameters are proportional, i.e. h; := c¢;h for
every Q; € €, then estimate (1.7.1]) reduces to

lu* = willng, < Ch Y Jus |- (1.7.2)
0,e€

The estimate for CSIPG is therefore optimal.

The rest of this section is devoted to proof of these estimates. The proof is analogous as in
CWOPSIP case. It follows the outline presented in section [[L6.1] with the consistency result concluded
in theorem [[L74l Additionally lemma is used as analogue of equation ([L6.I0). We will use
operators A, B,C, D, F I, Jy, introduced in section and some estimates of section [[L6.3l
1.7.1 Consistency

In a similar manner as before, we would like to relate the following problems. First is already defined:

Problem 1.2.2. Let 9,1 € Loo(2) and ki € L2() be given. Find u* € 4+ H (), such that

a(u*, ¢) +b(u*,¢) = f($) V¢ € Hy 0, (), (1.2.4)

where
a(u, )::/Qe(ﬂ:)Vu(x)-ng(x) dx,
bu, ) = / (e — H @) o) o (1.2.5)
Q
£6)i= [ ka(@)ota)da.

Second problem is specific to CSIPG:
Problem 1.7.3. Find u* € H?(E), such that V¢ € HY(E) N H?(Ty,)

Alu*,9)+ B(e" ™%, ¢) = B(e"™",¢) + D(u*, ¢) + D(¢,u*) + i (u”, §) = C(¢) + F(¢) + 1 (¢). (1.7.3)
As for CWOPSIP method, we introduce on the following consistency result:

Theorem 1.7.4. Under assumptions [A3, [A6], [A7, if u* is a solution of problem then u* is a
solution of problem [1.7.3. Conversely, if u* is a solution of problem[1.7.3 then it is also a solution of
problem [L.2.2.

Proof. The result follows directly from theorem L3I0 with r =1 and f :=k; —e* " +e¥~%". O
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1.7.2 Analysis
The differential problem satisfies: for every ¢ € H*(£) N H?(Ty)
Au*, )+ B(e" °,¢) = B(e"™,¢) + D(u*, ¢) + D(¢,u*) + Ji(u*, ) = C(¢) + F(¢) + 1 (¢). (1.7.4)

On the other hand, the family of discrete problems depending on parameter h is defined as: for every
én € X,

A(uy, én) + B(e"n™", ¢p,) — B(e” ", ¢p,) + D(u};, d)
+ D(¢n,up) + Ji(up, on) = C(on) + F(on) + Li(on).

We proceed as in CWOPSIP case. As before, we subtract these equations from each other taking

¢ = ¢ = up — uyp,. (1.7.6)

(1.7.5)

C, F and I vanish, as they depend on the test function only, and we get

*

Aw® — ) — ) + B0 — %0, — ) — B — 0 uf — u)
+ D(u* —uj,u; —uy) + D(up — uy, u* — uj) (1.7.7)
+ J1(u* —up,up —up) =0.

We will discuss every element of the resulting equation separately.
For elements A(u* —uy,, ¢n), B(e¥ =0 — "™ ¢p,), —B(e?™" — ¥, ¢y,), and Jy (u* — uy, op) we
use estimates established already in section [[.6.3]

1.7.2.1 Estimate of D(u* —u}, ¢p)
Here we have
D(u* —up,u; —up) =D(u* — uyp,u; —uy,) + D(uj —uj,, ur — uy,). (1.7.8)

We start with the second element of this sum

Dluj g —ui) == 3 [ {9~ ui) v }ui i) ds. (1.79)

ecl'pr €

Using lemma [[L3.5] with o = 1/2 (cf. assumption [AT]) we obtain

* * * * 1 * *
— Z /{esV(uI —uy)- V}[ul —uy|ds > _Z”ul — uhH%,El. (1.7.10)
ecl'pr €
Then we have
D(u* —uj,uy —up) = — Z /{€V(u* —uj) - V}[u? —uy|ds. (1.7.11)
ecl'pr €

Let us take any e € I'y, e € 0€2; N 0€2;. Then

/{gv(u* —ul)- u}m —uplds < en|[{V (" —up) - v, llur — willlLace) (17.12)

—1/2 * * 1/2 * *
< enm PNV (= ) - Y|y m N f = ]l o)
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Next we have

V(u* —uy) v

. . V(u* —u})-v
H{V(u - uI)}HLz(e) = 9 + L

Q 2

Q;

La(e)
V(u* —uj) v
2

V(u* —uj)-v

<
B 2

+
Lo(e)

Q;

% La(e)

65

(1.7.13)

For any Q; € £, e C 0Q;, we can estimate ||V (u* — u}) - V{QiHLQ(e) in the following manner. Let us

define
ﬁ,e:{TeTiTCQi,|€ﬂaT|>0}.

(1.7.14)

Then using proposition [LT.IT] on every 7 € T; . and taking into account assumption [A2] we obtain

2 2

HVu*-V—Vu?-y

): Z HVu*-y—Vu?y

Q.
¢ 7'67;'75

La(e Q; 1 Lo (endr)

<Cht Y (I = il + B e — uflhgy)-
7'67;'75

Note that also since u}|_€ Py(7), then V2u}j|_ =0 and
T T
u* —uilm2ey = W m2er).
With aid of proposition [[L5.3] we obtain

HVu* v—Vui-v < C'hi_1 Z (]u* — U}gﬁql(ﬂ + hilu* — uﬂ%ﬁ(ﬂ)

Q; 11 La(e) T€Ti e
= Chi_l Z (!u* — ’U/ﬂfql(fr) + h?‘“ﬂ%ﬂ(r))
7—6,7—1:76
— Chi_l(]u* — u?’?'_[l(ﬂi) + h?’u’gﬁﬂ(ﬂi))
< Chfl(hﬂuﬂiﬂ(m) + hﬂ“*ﬁ‘ﬂ(ﬂi))
= 2Chi|u* |}z (g,
Therefore
* * V(U* — u?) e V(u* — Uf;) v
{V(u" —up) v} = 2 Q + 2 Q;
La(e) La(e) La(e)

IN

C(hg/z\U*\m(Qi) + h;/ZIU*\m(Qj))
< e(h? + W) (" 20y + [ |2 g0,)
< 2c(hi + b)) P (Ju*| g2 + [0 r20,))-

Thus we have

— * * — — —1\—1 * *
e l{V (" = u}IT, o = 02 2(h" + ) IV (u™ = up)}IIZ, )

— — —1\—1 * *
< o '2(hi 4 Ry )T dethi + ) ([ oy + 14 2(o,))

h;h:
_ A1 hily
= Co, Iy
= Co . hiby(Ju*| 20, + 10| H2(0,)*

(hi + hy) (w20, + |U*|H2(Qj))2

(1.7.15)

(1.7.16)

(1.7.17)

(1.7.18)

(1.7.19)
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If e € T'p, e € 9€);, then analogously

MV (" = up)}z, e < Coc 'hilu [ q,).

Therefore by Cauchy-Schwarz inequality and the inequalities derived above

|D(u* — uj,uj —uj)| = Z/ EVu —uy) [ —up]ds

eel'pr

—1/2
<enr O PV @ = ui)Haem Sl — uilll o)

eclpr

/
<en( X V@ - upHide) (2 meli - uilld)

eelpr eel'pr
) 1/2

<en( 3 MV = uiHiae) Il = il

ecl'pr

1/2

SEM( Z nglhihj(|u*|H2(Qi)+|U*|H2(Qj))2) w7 — uplln,s

ecl'pr

1/2
<Cen( Y Corthig) Y Il lui — uilns,
e€l'pr Q€€
< Cenoyh Y |z e luf — uillns,,
Q,e€

(1.7.20)

(1.7.21)

as number of elements of I'pr does not depend on h. Here by €2;,£2; we denote elements of £ adjacent

to e € I, noting that ; = ; if e C 9.

1.7.2.2 Estimate of D(¢p,u* — uj)
As before

D(up —uj,u* —uy) =D(u} —uj,u* —uy) + D(up — ujy, up — uj).
We have 1
D(up — up,uj —up) = =7 lluj = ui s, -

Then we have

|D(up — uj, u* —u1]< esV T —up) }Hu — uj||ds,

<em Z I{V (u7 = u) - vl oo llw” = willl o)

e€l'pr

We proceed in a similar way as for D(u* — u}, ¢p,). Thus splitting this sum up, we have

+ HV(u? —up) v

|19 (i o ||V i) v

Q1 La(e) Q11 La(e)

Then using corollary [LT.13] with assumption [A2] we get

2
o) <chit > lup —up)ing

|V (i~ i)
TE€ETi,e

< chiMup = up)lin g, < chitllur = uillh 5, -

(1.7.22)

(1.7.23)

(1.7.24)

(1.7.25)

(1.7.26)
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On the other hand we have

* *

. < | - o = s _
[ = uplllLage) < |ju” = uilg, Lo Tl uilq, L) (1.7.27)
Then using proposition [LT.I1] with assumption [A2] and proposition [L5.3] we get
2
* * 2 _ * ok
o =il e = 2 [ =i, ||, o
TET; e
<eht Y2 (et =il + B2l = uifing)
7€ Tie (1.7.28)
—1 2 2 2
< e (= uil o) + B2 = i)
< chy! <h§|u*|§{2(m) + h?|“*|§12(m))
31, %|2
= 2ch; w2 (q,)
Thus for any e = 9€Q; N 0§); € I'y
eV (uj —uh) - 3L, 0 llu” = uilllE,
< Cebelh + 1 i = il s, (B e + 11 e o)) (1729
= O | (4 + 30 )l iy + (15 + 32 |%Iz<gj>] o = il
So finally
ID(uj = ujpu” —up) < Cehy Y V" —up) - v}7, 0 llluf = uill,e
eel'pr
2 2 Y 2 (1.7.30)
* * *
< Cey Z hi + Z h—l w20 lur — villis,
Q€€ Qjenb(Q;) 7
and

[D(up — up,u* —ug)| < Cey

i
Q€€ Qjenb(Q;) 7

I 1/2
Z (h? + Z h_)|u*|§{2(ﬂl)] [|u7 _um|h,21- (1.7.31)

1.7.3 Summary

After re-arrangement of elements of (I7.7)) we obtain
LHS = RHS, (1.7.32)

where

LHS = A(u} — u},u} —u}) + Ble™® [6“7 — e”ﬂ uy —ul) 4 B(ePle™ — e V], uf — ul) (1.7.33)
+2D(uy — up, ut — up) + Jr(ur — g, up — up),

RHS = —A(u* —u',ub —ul) — Ble™? |e* —

( i — i)~ B | (1.7.34)

= D(u” —up,up —up) — D(up — up, u” —up) = Ji(u* —up, up — uy).
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As we noted, the elements of LHS with the operator B are nonnegative (cf. ([L6.23]), and (L6.26])),

and since
Aluf —up,uf —up) + Jy(uf — ujy, uf —uf) = luf —uplli s, (1.7.35)

then by lemma [[.3.5] with o = 1/2 (cf. assumption [A7))
LHS > A(u} — uf, uf — ) + 2D(u} — i u — wf) + J1(u] — 6}, f — )
= lluj = upli 5, +2D(u] — uj,up — up) (1.7.36)

1 1
> llui = whllis, = llur —uilli s, = Sl = villi s,

On the other hand, using estimates (L6.22]), (I6.20), (I6.27), (I632), (LZ2I)) and (L731) we

obtain
[RHS| < ((2 +2Le)[u* = ujllns, +ch Y |2,
Q,e€
3 1/2
NS h—%)|u*|%pm] )nu; — s (1.7.37)
Qe Qjenb(Q;) 7
h3\1/2 .
sod [+ X ) Hh]lme.
Qiég Qthb(Qi) J
Thus
1 * * h? 1/2 * * *
Slui—uil s, < LHS =RHS < C Y (W Y 75| " +h) 0l lui =il s, (1.7.38)
Qe€ Qjenb(Q;) 7
Then dividing by 3||u} — u} /s, we finally have
* * h? 1/2 *
lui —willoz <€ Y (W24 2 3] +0) Wl (1.7.39)
Q€€ Qjenb(Q;) 7

Then we may estimate using this result and properties of the interpolation operator

' = upllns, < lu* = uillns, + luf — uj s,

cox (e 3 A i

Qe€ Q;enb(Q;) (1.7.40)
By
J
Q,e€ Q;€nb(£;)
If we assume that h; = ¢;h for every ; € £, then this expression simplifies to
o =iz, < Ch 3 ol 71

Q,e€
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In this chapter we discuss simulations of semiconductor devices with the drift-diffusion method,
with particular emphasis on structures based on gallium nitride and its alloys with aluminum nitride
and indium nitride. Due to nature of this model, we focus on the electrical properties of these devices.

This chapter is organized as follows. In sections 2.1]and we discuss elementary physical proper-
ties of the semiconductor material. We also present the Vegard rule, which allows to estimate material
parameters of alloys. Then in sections 23] and [Z4] elementary information on the luminescent semi-
conductor structures is given. The drift-diffusion model in formulation accounting for physical and
material properties is discussed in detail in section [Z5 In sections and 2,71 we present recombi-
nation channels important form the standpoint of these simulations, along with appropriate formulas
to be used with the van Roosbroeck equations. To conclude, we present simulations of semiconductor
structures in sections 2.8 to 210l

2.1 Band structure of GalN, AIN and InN

2.1.1 Bandgap

The Free Electron Model provides basic understanding of electronic phenomena in solid metals. This
theory has however its limitations. In particular, it does not explain well all aspects of electron
transport in the semiconductors. Thus this theory is generalized to take into account periodic crystal
structures to the Near-Free Electron model. According to this model, electrons in crystal structures
are distributed in the energy bands, which are separated by the bandgaps with no energy levels. If
for some material in a given temperature all these bands are either full or empty, this material is an
insulator, as no electron transport is possible. On the other hand, if any energy band is filled only
partially, the material is an electric conductor.

Generally two bands are important in the conductance of the semiconductor material. In the
absolute zero temperature, these bands are characterized as follows: a lower one, called a valence
band, is the topmost fully occupied band and then the one right above, the first empty band, is called
a conduction band. There in no intermediate, partially occupied band in between, as in the absolute
zero temperature any pure semiconductor material is insulating. Then the energy gap between these
bands is called the bandgap of the semiconductor.

The focus of our interest are three semiconductor materials: gallium nitride (GaN), aluminum
nitride (AIN) and indium nitride (InN). All these semiconductors have so-called direct band gap,
which means that in the k-space the minimal energy of the conduction band and the maximal energy
of the valence band are for the same value of quasi-momentum vector. Thus in general the radiative
recombination does not need to be phonon-assisted, which allows photon emission to be quite effective
and makes these materials to be good candidates for a base of luminescent devices.

Material | Bandgap [eV] | Reference
AIN 6.1 6.2 [105]
GaN 3.4-3.5 78, [122]
InN 0.7 [124]

Table 2.1: Approximate values for bandgaps of AIN, InN and GaN between absolute zero and room
temperature.
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Figure 2.1: Gallium nitride wurtzite structure schema. Green spheres — nitrogen atoms, violet spheres
— gallium atoms.

Bandgaps of AIN, GaN and InN are listed in table 21 They do not change considerably with
temperature. Relative change of these parameters between the absolute zero and the room temperature
(300 K) is less than 2 % [123].

2.1.2 Effective mass

Assume that € R? is some bounded, measurable set. Then according to the Free Electron Model,
a wavefunction of a free electron may be represented as

P(x,t) = Cexp <z(kx - wt)), (2.1.1)

where z € Q, t € R is the time, w € R is the angular frequency of this particle and k € R3 is its
wavenumber. C' is a normalizing constant, such that

/Q s ) (2, ) = 1. (2.1.2)

Angular frequency depends on k by the dispersion relation

e
om’

w(k) (2.1.3)

where m is the mass of electron. Such a particle can be found in every part of 2 with the same
probability, as its probability density of being found is constant:

Y(x, t)* (x,t) = C*exp (2(k:a: —wt) —i(kz — wt)> = C2 (2.1.4)

Therefore the wavefunction v of a free electron is determined by the wavenumber k. Knowing k, we
can determine many corpuscular properties of the particle, for example
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e energy: E(k) = hw(k),

e momentum: p(k) = hk,

e velocity: v(k) = %,

and wave properties, for example

e wavelength: A(k) = 2.
Note that the momentum p is proportional to the wavenumber k, so we will call both p and k the
momentum unless it leads to confusion.

We emphasize a kinetic energy of a free electron is a parabolic function of the momentum:

R2k?
Ek)=——. 2.1.5
(k) =" (21.5)

In a crystal structure, the situation is much more complex as quasiparticles do interact with atoms
and such a simple dependence does not exist. On the other hand, we are interested in wide bandgap
semiconductors. We moreover assume that they are not degenerate, which means that the Fermi level
is in the bandgap. Then most of occupied electron states in a conduction band are distributed near
the energy minimum, and vacant states in the valence band are mostly near the energy maximum.
Only these states contribute to the current, as others are either fully vacant or occupied.

The approach to deal with this problem is to treat the mass of a quasiparticle as a function
dependent on k. The mass m(k) is chosen such that the classical motion equation is satisfied:

a=m"Y(k)F. (2.1.6)

Here a is the acceleration vector and F' denotes the force. If some force acts on the quasiparticle, its
state changes with time. Thus k = k(¢). Assume that k is continuously twice differentiable. First we
note that

dp dk
F=—(t)=h—(1). 2.1.7
(1) = h (1) (2.1.7
Thus using dependencies introduced above (D = Dy,)
d d d dk
t) = —v(k(t)) = =Dw(k(t)) = "' —DE(k(t)) = h"'D*E(k(t)) — (¢t
o) = o(b10) = D0) =1 DE(O) <1 EEO) 0,
=h2D?E(k(t))F(t).
Thus by comparison to (2.1.6]) we define
-1
m(k) == [DZE(k)} . mMk) = h2D2E(k). (2.1.9)

Now we would like to establish some analogy to equation (2.I.5]). First we assume that the band is

parabolic, i.e.
3

E(k) := C1k{ + Caki + Cak3 =) 7/& (2.1.10)

i=1 i

2
where we define m;] := _zho' Then
1

52
D’E(k)={0 L o], (2.1.11)
o o 2

COS*
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and we get
a(t) = miFi(t) +m3Fa(t) + miFs(t). (2.1.12)

We call m* = [m}, m3, mj] the effective mass. Note that m} may be nonpositive. If m} = mj = mj},
then we say that the particle is isotropic. Then we treat m* as a real number and we obtain
h2k?

o o2mx’

E(k) (2.1.13)
Otherwise we say that the particle is anisotropic and it behaves as it would have different mass in
respective directions.

2.1.3 Current

Assume that some electric potential difference is applied to a piece of a semiconductor material. Then
the electrostatic force acts on electrons and their momenta change. As we mentioned already, two
kinds of electrons contribute to the electron flow: conduction band electrons being near the energy
minimum and valence band electrons near the energy maximum.

The conduction band is full of energy states, which are mostly empty as electrons are scarce. Thus
the electrons in this band can easily change their momenta and energy levels. On the other hand, in
the valence band most of the states are already occupied. Only small part of topmost energy states in
this band can be unoccupied and only there any movement of electrons is possible. In this regime it
is convenient to treat these scarce unoccupied states as virtual particles instead of electrons to obtain
similar behavior of carriers in both bands.

Then an unoccupied energy state in the valence band is called a hole. Such a quasi-particle is in
fact a virtualization of an unoccupied state and an ensemble of electrons, which are responsible of its
movement other physical properties. Thus charge of a hole is equal to the charge of an electron up to
a sign, which is positive. The same is true for momentum, energy and effective mass.

2.1.4 Carrier statistics
2.1.4.1 Electrons

Since electrons and holes contribute to the current, it is necessary to estimate their concentration.
First let us focus on electrons. In the absolute zero temperature, they tend to fill the lowest possible
energy states. On the other hand they are fermions, thus due to the Pauli exclusion principle, only
one electron can occupy a single state. Thus in absolute zero electrons fill up energy levels up to a
valence band edge. Then, above the valence band, there is a forbidden zone, where no energy states
are possible (in a pure semiconductor), and above there is a conduction band, which is full of empty
states. When the temperature increases, some electrons attain higher energy, which allows them to
cross the forbidden zone and occupy empty states in the conduction band.

It is important to evaluate the number of electrons, which are in the conduction band, as they
contribute to . To estimate the electron concentration, we can use a distribution of electrons depending
on energy level. To do so, we may use the Fermi-Dirac distribution:

1

Jer(E) = m-

(2.1.14)

This is a probability density of the energy level £ being occupied by some electron in the perfect
electron gas in thermodynamic equilibrium. kp is Boltzmann constant. g is the Fermi level. This
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formula for T' = 0 gives
1 ifE<u,

(2.1.15)
0 if B> pu.

feo(E) := {
Function f, 7 allows us to estimate the probability of an electron to be in some interval [Ey, E1], but
there is one more concept to be introduced. In general, the number of available energy states is not
uniform in £. As we mentioned before, there is for example a forbidden zone, where there are no
energy states in pure semiconductor. Thus there is some distribution of states, which we call dN (F).
It is a probability measure, i.e.
o
/ dN(E) = 1. (2.1.16)
—0o0
Two particular examples of density of states measure are:
dN(E) := D(E)dE,
> 2.1.17
dN(E) := > D(E)J(E — E;)dE, ( )
i=0

where g : R — [0, 00) is a measurable function. In the latter case, we say that we have discrete energy
levels. Thus the probability of an electron to have energy between Ey and F; is

Eq
| eta®ane) (2.1.18)
Eo
where ¢ is a normalization constant, such that
o
/ cfer(E)AN(E) = 1. (2.1.19)
— 0o

Let us mention an important simplification. Assume that available energy states are bounded from
below by some Ejy and that Eg > . Then if exp (%{4) > 1, we can simplify

1 uw—FE

— X exp (—
1+ exp (%%) kpT

fer(E) = ) =t ber(E). (2.1.20)

Function b, 7 is called the Boltzmann distribution. To use the Boltzmann statistics effectively, we
must assume that we deal with the non-degenerate semiconductor, i.e. that the Fermi level u is in the
bandgap, between the conduction band and the valence band. Then indeed E — p > 0 for the energy

states available to electrons, and thus exp <f—;74) > 1. On the other hand, a degenerate semiconductor

has the Fermi level in the conduction band or in the valence band, and it behaves more like a metal
than a semiconductor.

If a distribution of an ensemble of particles is governed by Boltzmann function, we say that they
are described by Boltzmann statistics. In the other case, we say they are described by Fermi-Dirac
statistics.

We would like to use these results in simulations of the semiconductor material. Schema of the
energetic bands in the semiconductor material is in figure[2.2l We assume that valence and conduction
band edges are denoted by E,(x) and E.(z), respectively. Let us denote by n(z) the concentration of
the electrons in conduction band in a given point x € {2, where 2 corresponds to the space inside the
semiconductor.
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Figure 2.2: Schema of the energetic bands in the semiconductor material in nonzero temperature.

The density of states in the conduction band is given by (see [100])

De(z,E) =

! (27”8)3/2 E — E.(v), (2.1.21)

212\ 12
where m, is the effective electron mass, & is the reduced Planck constant. Thus, using the distributions
above, we may calculate the concentration with the Boltzmann statistics

[~ o (mekpT\3/2 p—E(x)\y uw— E.(x)
n(x) = /Ec(m) be,7(E)De(z, E)dE = 2< 572 ) exp (1@717) =: N.exp (W)’

(2.1.22)

3/2
where N, := 2 mehBQT is called the effective density of states in the conduction band. In this

derivation, we could use Fermi-Dirac statistics to get more precise results. Unfortunately, in that case
the formula on n(z) is more complicated. Also we will use the formula presented above in derivation
of the drift-diffusion equations, what is not possible when Fermi-Dirac statistics are used.

Starting from equation (2.1.22]), we would like to derive a form suitable for semiconductor simu-
lations. In equation ([2.1.22]), parameter y is the Fermi level. Under certain conditions (equilibrium
state, see section 2.5.4]), Fermi level for electrons and for holes is the same. If this is not the case,
there are two quasi-Fermi levels, for electrons F), and for holes F),. For convenience, we will use the
latter approach universally, even if F;, = F,. Thus we may substitute the Fermi level p in (2122)
with the electron quasi-Fermi level Fj,.

Then we must also take into account the contribution of the electrostatic potential to the band
energies. Previously we generally ignored this contribution, which is equivalent to assuming ¢ = 0.
Thus let us assume that E. (E,) is the conduction (valence) band edge for ¢» = 0. The contribution
of ¥ to the band edges is then as follows (see figure [2.3])

Eeet(z) = Ee(x) — q¥p(7), E,en(x) := Ey(x) — qp(x). (2.1.23)

In conclusion, we obtain the following formula for the electron concentrations, by substituting (u, E.)

by (Fn,Ec’eﬂ‘) n (D:E?E])

Fy(z) — Eo(z) + qw(:v)) (2.1.24)

n(x) := N.exp ( T
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Figure 2.3: Schema of the energetic bands in the uniform semiconductor material subject to variation
of the electrostatic potential 1. Left: zero potential, right: arbitrary non-zero potential. Band edges
(E., E,) bend proportionally to —1.

2.1.4.2 Holes

By definition, a hole is a quasi-particle corresponding to empty electron state in the valence band.
Therefore we have

B—p
for(E)=1- ! _ P (kBT> = ! (2.1.25)

1+ exp <%) 1+ exp (—E;%‘) exp (%) +1

This distribution corresponds to Fermi-Dirac statistics, while for Boltzmann we have, analogously as
for electrons

bhr(E) = exp (iB_T“ ) (2.1.26)

Distribution of energy states is also similar, but here it goes from E,(z) downwards
1 th 3/2
Du(2,E) = 55 <F> E,(z) - B, (2.1.27)

where my, is the effective hole mass. Thus we obtain formula on concentration of holes p(z) analogous
to n(x)

e (s TNE B gy (Bfe)
p(l«)_/Ec(x)th(E)Dh(x,E)dE—Q( 277712) exp< T )—. Nvexp( kT >,

(2.1.28)

3/2
where N, := 2<m2h7f)§T> is called the effective density of states in the valence band.
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Figure 2.4: Schema of gallium nitride doped with magnesium (red sphere).

To derive a form used in simulations, we proceed analogously as for electrons, so substituting
(i, Ey) by (Fp, Eycf) we obtain

p(x) = N, exp (E”(w) - i’j;) - qz[z(x)) . (2.1.29)
2.1.5 Doping

In an intrinsic semiconductor, in absence of bias, concentration of electrons n; and holes p; are equal.

Using equations ([21.22)), (ZI.28) we have

ni(z)pi(z) = 4(mhme)3/z(%)3 exp (W) (2.1.30)

Thus

kBT>3/2e <Ev(:r) - Ec(:r)>

ni(e) = pi(a) = 2Amym ) (220 ST

(2.1.31)
kT \3/2 —E,(x)
— 3/4( B 9
20mpme) (27rh2> eXp( 2kpT >
where Ej is a bandgap defined as
Ey(x) :== E.(z) — Ey(x). (2.1.32)

Using these formula and GaN parameters from tables 2.1] 2.2, we may estimate the intrinsic electron
and hole concentration in room temperature as n; = p; ~ 3 x 10719 em™3. For comparison, free
electron concentration in copper is approximately 1023 cm™3,

Thus we may easily conclude that pure gallium nitride is almost a perfect insulator (in room
temperature). In that case, there are another ways of introducing current carriers into semiconductor

material. One can increase the temperature, but this is a rather inefficient way. For example, in
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Figure 2.5: Schema of the band diagram of a doped semiconductor.

1000 °C, we have that n; = p; ~ 10'3 cm™2, which is still too small amount to provide well-enough
conductance, leaving aside for a moment that such temperature is unacceptable for a real device.

Much more efficient is to introduce defects in the crystal structure. These defects introduce ad-
ditional possible states in the bandgap. For example, in gallium nitride, some gallium atoms can be
replaced by silicon or magnesium. This method is called doping. In general, if we replace an atom
with an atom with one more valence electron, this electron can be easily detached and contribute to
the conduction band. Such dopant we call donor, as it gives an additional electron. On the other
hand, if the replaced atom has one less valence electron, it can easily bind some electron from the
valence band, introducing a hole in the valence band. This kind of impurity is called acceptor, as it
accepts an electron.

Atom substitution (doping) is only an example of acceptor or donor defect. Other crystal impurities
can also play similar role. Typical example is an atom vacancy. However, doping is widely used as
it can be easily controlled by special growth techniques. It must be noted that atom doping is only
possible up to certain concentration, approximately up to 0.1% of total substance (see figure 2.4I),
but this limit strongly depends on impurity type and growth technique. Then the substance behaves
more like a mixed crystal (see section 2.2]) or it can degenerate. We must emphasize that in a non-
degenerated semiconductor, the energy states associated with the impurities are local. It is very hard
or impossible for electrons to jump between these states, in contradiction to conduction band and
valence band, where electrons may move freely in the semiconductor material (unless the density of
defects is very high, which causes scattering of electrons). If the impurity concentration is high enough,
the energy states introduced by impurities delocalize and they can act as an additional band. It causes
a semiconductor to act more as a metal than a semiconductor, thus it is a degenerate semiconductor.
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Figure 2.6: Fermi level (red line) in pure semiconductor (left), donor-doped semiconductor (center),
acceptor-doped semiconductor (right).

Also not every atom makes a desired impurity. Generally proper impurities introduce new, discrete
energy levels in the bandgap. This level should be close to the conduction band edge for a donor and
close to the valence band edge for an acceptor (figure[Z5]). Electrons from this level do not contribute
to overall current, as due to low concentration these impurities are distant from each other and they
form spatially localized states.

Let us focus on the effect of doping on the Fermi level in a semiconductor material in 7' > 0 (see
figure 2.6). As we noted, in pure semiconductor, concentrations of electrons n; and of holes p; are
equal. Thus we may easily calculate Fermi level p comparing formulas (2.1.22]), (2.1.28)

_EC+EU mp NEc+Ev

3
2kpT1 <—) ~ . 2.1.
> + 4/<:B og - (2.1.33)

7
e 2

In room temperature (300 K), the latter element is relatively small, so p lies in vicinity of the middle
of the bandgap. It is in agreement with a fact, that for sufficiently low temperature, Fermi level value
is approximately equal to the arithmetic mean of last occupied level and first unoccupied level in
absolute zero.

Let us now discuss the position of Fermi level of semiconductor with donor doping. Donor-doped
semiconductor is called n-type semiconductor. Again assume that 7" > 0 and that the concentration
of doping is N;. To estimate concentration of ionized donors N, we may use Fermi-Dirac function
(2I14). First we calculate the concentration of donor states occupied by electrons N§

1

N = Ny , (2.1.34)
1+ g, exp (BBt )
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where Ej is ionization energy. This is a difference between the conduction state edge and the donor
level. Additional parameter g4 is called donor degeneracy level. 1f we take gq = 1, then the formula
above agrees with Fermi-Dirac function. This parameter allows to take into account certain devotion
of the donor level. Typical values are 0.5,1, 2.

Then the concentration of donors which contribute their electron to the conduction band is

—1 E.—FEi—p
9a eXp< kBId“ >

1
Ni = Na = Ni = Ny 1 Ee—Bq—p) Na —E+E
1+g," exp < TnT ) g exp <’W> +1 (2.1.35)

E.—Eq— M)
kT ’
This approximation is not essential for further analysis, but we will use it to approximate value of

Fermi level. Assume that the temperature 7' > 0 is sufficiently low, such that the thermal excitation
is negligible. Then n = N;‘. Thus

R~ nggl exp <

2(mek3T>3/2 ex <“_7E‘3(x) (2.1.36)

E.—E;— :U'>
27Th2 kBT '

> = nggl exp ( T

3/2
Let ng := 2<mekBT) . Then we have

2mh?
Ny
w=FE.—05E;+ kpTlog|—— ~ E. — 0.5F,. (2.1.37)
nogd

This result is consistent with our previous result for pure semiconductor.

Note that if a donor atom loses its electron, it gains positive charge q. Thus ionized donors
contribute also to total charge concentration.

Similar analysis may be performed for acceptors. In this case, ionized acceptor is simply acceptor
level with an electron, so

Na_' Na M_EU_EG>’

= ~ Naga exp <
1+ ga'exp (7E”ZBEF“> kel

(2.1.38)

where E, is the acceptor ionization energy and N, is the acceptor concentration. As for donors, we
assume that N, = p and using the above approximation

Po exp <%) = Nauga €xp (%) (2.1.39)
where pg := 2(%)3/2. Thus
= Ey+0.5E, + kT log p(; ~ Ey + 0.5E,. (2.1.40)
aYa
This is similar to analogous result for donors. Also note that ionized acceptors have charge of value

—q.
To obtain forms to be used in modelling, we have to substitute (u, E.) by (Fp, Ecefr) in (2135)
and (p, Ey) by (Fp, By o) in ([2I138]), as explained in section 2.1.4l Then we obtain

Nf = Na
1+ ggexp <4F”_E£;%w+Ed> o141
) N, (2.1.41)
N, =

_ Eo—q+Eq—Fy\
L+ g oxp (Bt pes)
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Parameter Symbol AIN GaN InN
Relative permittivity Er 8.5 [2] 8.9 [68] 15.3 [27]
Acceptor degeneracy level Ja 2 [79)] 2 [79)] 2 [79)
Donor degeneracy level 9d 2 [19] 2 [79)] 2 [79)]
Band gap E.—E, | 62¢eV [12I] | 3.4eV [T7] | 0.7 eV [119]
Acceptor level (Mg) E, 0.78 eV [72] | 0.17 eV [68] | 0.2 eV [107]
Donor level (Si, hydrogen-like) E, 0.064 eV [87] | 0.02 eV [68] | 0.013 eV [32]
Electron effective mass M, 0.33 [109] 0.2 [89, 68] 0.12 [42]
Hole effective mass my 3.53 [109] 1.7 [41] 1.51 [120]
Electron mobility [in 300 <2° [27] | 200 <27 [95] | 250 S [50]
Hole mobility 11y 14 9n° [39) | 59 7] | 39 9 2]

Table 2.2: Material parameters of aluminum nitride, gallium nitride and indium nitride in room
temperature (300 K).

2.1.6 Energy distribution in a crystal structure

In nonzero temperature, energy of a crystal is divided into several degrees of freedom, including
electrons on their energy levels and vibrations of the crystal lattice. Quantum of energy of the lattice
vibration is called a phonon. Thus we consider electrons and phonons in the crystal and photons
outside of the crystal. All of them can carry some portion of energy.

The most simple energy transfer is involved in radiative generation/recombination process. In
the most simple case, during radiative recombination, an electron from the conduction band loses its
energy landing in the valence band. All the energy is transferred to a new photon, which is emitted
during the process. The opposite effect, where a photon is absorbed and its energy is transferred
to some valence band electron, which is then raised to the conduction band, is called a radiative
generation. The term generation here refers to an electron/hole pair, not to the photon.

In the nonradiative recombination process, some electron also loses its energy, but this energy
is transferred to phonons. From the point of view of the efficiency of a luminescent device, these
phenomena are harmful, as they increase the temperature of a device.

2.2 Properties of the mixed AlGaN and InGalN crystals

Blue and green optoelectronics is generally based on aluminum nitride, indium nitride and gallium
nitride. Selected physical properties of these materials is presented in table These materials
crystallize in wurtzite structure (figure 2.7]) with lattice parameters as in table 23]

However, almost every device contains also mixed compounds: Al,Gaj_,N or In,Ga;_,N (see

Material ‘ a [nm] ‘ ¢ [nm]

AIN 0.31 0.50
GaN 0.32 0.52
InN 0.35 0.57

Table 2.3: Lattice parameters of wurtzite structure for AIN, InN and GaN [67].
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Figure 2.7: Primitive cell of a wurtzite structure (left) and projection of a wurtzite crystal to the
plane parallel to the base of the cell. Dimensions of the primitive cell are determined by length a of

base of the cell, which is a rhombus, and height ¢ of the cell.
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Figure 2.8: Schema of indium-gallium nitride (10% In). Yellow spheres — indium atoms.
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figure [28). To perform simulations of these devices, it is necessary to provide properties of such
materials. These properties may be obtained via physical experiments or numerical simulations.

While obtaining certain physical parameters of pure AIN, GaN and InN itself may be a hard prob-
lem, it is even more complicated in case of mixed compounds. For example, it is not easy to obtain
uniform concentrations of components, as they often tend to cluster in some regions, changing macro-
scopic properties of the material. On the other hand, it is experimentally observed that many attributes
of such compounds satisfy the following elementary rule. Let f : {Al, Iny Gai—z—y N}z y>004y<1 =& R
be some physical property. Let us fix Al, In, Gaj_,—y N for a given z,y. Then f(Al,In, Ga;_,_yN)
is approximately equal to a convex combination of respective properties of pure materials, i.e.

f(AlyIn, Gaj_p—y N) = 2 f(AIN) + yf(InN) + (1 — z — y) f(GaN). (2.2.1)

This result is called the Vegard rule. This general rule is related to the fact that mixed compounds,
Al or In atoms substitute Ga atoms. It is assumed that the concentration of compounds is big enough
so that the substitutions do not form isolated states, but they contribute to conduction band and
valence band.

If we assume that the Vegard rule is approximately true for the band gap, we conclude that
any energy gap in range 0.7-6.2 eV may be obtained for appropriate Al, Ga;_, N or In, Ga;_, N
compound. Thus the nitrides seems to be good candidates for optoelectronic devices, as they cover
full visible spectrum range.

It is sometimes beneficial to improve the Vegard rule with terms of higher order. For example, for
In, Ga;_, N we can approximate

f(In, Ga;_y N) = yf(InN) + (1 — y) f(GaN) + y(1 — y)Cigan, (2.2.2)

where Crhgan is fitted to the experimental data. Parameter Crycan is called a bowing parameter.
Another problem is the temperature dependence of material parameters. For nitrides, however,
such dependence is often limited. For example, difference in band gap for 0 K and 300 K for AIN,
GaN and InN is less that 2% [123].
We must emphasize that in a realistic device there is always certain amount of impurities, both
acceptors and donors, which come from limitations of growth techniques, strain of material, environ-
ment, etc. These impurities may also act as recombination centers. More details will be presented in

section [2.6.3]

2.3 Geometry of luminescent semiconductor structures

2.3.1 p-n homojunction

This is a very simple device. It consists of two layers, which differ only by the doping type. Material
composition is the same for both layers. First layer is donor-doped and second layer is acceptor-doped.
Thus the device is divided into two regions, called n-type region and p-type region.

In vicinity of the interface between n-type region and p-type region, there is so-called depletion
region. It is formed in the following manner. Initially in the n-type region there are two types of
charge: negative mobile electrons and positive immobile ionized donors. Their concentrations are
equal and thus the net charge is zero. Analogously in p-type region there are positive mobile holes
and negative immobile ionized acceptors, and their concentrations are initially equal.

Then the interface between n-type region and p-type region is formed and mobile carriers diffuse.
Thus electrons approach p-type region, leaving uncompensated donors, and analogously holes enter
n-type region, leaving uncompensated acceptors. Finally they recombine and annihilate, so their
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concentrations descend. Therefore positive charge in n-type region and negative charge in p-type
region emerges. This charge creates an electric field, which acts on the carriers contrarily to the
diffusion. These effects continue until the drift due to electric field balances the diffusion. It leads to
depletion of the interface vicinity from the mobile carriers.

Then if some bias is applied to the device, two situations are possible. Under forward bias, holes are
injected to the p-type region and electrons are injected to the n-type region. These carriers contribute
to the charge concentration by balancing uncompensated immobile charge in the depletion zone and
they decrease the field in the depletion region. The overflow carriers recombine, mostly near the
interface between regions.

On the contrary, under reverse bias, number of the majority carriers descend and the depletion
region increases, as well as the field near the interface. It acts as an insulating layer, so the current
under the reverse bias is very small.

2.3.2 Laser diodes and electroluminescent diodes

In our simulations we focus our attention on optoelectronic devices. We have two types of such devices.
Electroluminescent diodes (LEDs) emit light simultaneously in wide range of directions. They operate
in relatively low voltage (up to 5 V). As in p-n homojunctions, they generally consist of two regions,
n-type region and p-type region.

Most of the light emitted by a device comes from the active region placed on a border between
the n-region and p-region. The active region structure is explained in detail in section 2.4

LEDs consist of layers of semiconductor material deposited one on piled upon each other. These
layers are mostly cuboids, with a rectangular base. The base dimensions (e.g. 300 um x 300 pm) are
greater than the cuboid’s height (1 nm—100pm). Due to technological requirements LEDs may have
sophisticated shape, obtained by cutting, etching or cleaving of the deposited layers, but generally the
current flows mostly perpendicular to bases of cuboids-layers, parallel to the growth direction. Such
a structure make it feasible to use a one-dimensional model for simulation of LEDs.

On the other hand, laser diodes (LDs) operate in higher voltage (5-8 V) and they emit focused
beam in a given direction only. Their structure is similar to LED’s, but there are important differences.
There are two cladding layers, which confine the light to the active region of these devices. Also their
cross-section is a prolonged rectangle (e.g. 10pm x 300nm). In comparison to LEDs, where the
structure must be optimized to get good transport properties of electrons and holes, LDs’ structures
must also form an optical resonator when combined with mirrors situated on the faces.

2.4 Quantum structures: wells and barriers

The crucial part of a luminescent optoelectronic device is the active region. The active region is a
part of a luminescent device, which is dedicated to generate the light. It is located in the vicinity of
the border between the n-type region and the p-type region and, depending on a device, it may be
undoped or partially doped.

Due to proximity of both regions, it is possible to inject both electrons and holes to the active region,
when they recombine, preferably radiatively, emitting photons. To make the radiative recombination
most likely, and to obtain a given photon energy, this part of a device must be designed in a special
manner. In a direct bandgap material, an electron and a hole must have the same pseudo-momentum
value to recombine radiatively. In AIN, GaN and InN the conduction/valence band extremes are
achieved for zero pseudo-momentum. Thus to increase the radiative recombination rate, it is favorable
to stop the carriers in a small area.
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Thus quantum wells (QWs) are introduced in the active region of luminescent devices. These
wells are narrow to localize the carriers in a possibly small area and they made of material with the
smaller band gap than surrounding layers. Then the band edges form potential wells for electrons
and holes, where separating layers act as potential barriers. In such a structure, two kinds of carrier
transport are possible: classic ballistic transport of highly energetic carriers over the barriers and
quantum tunneling through the barriers. The latter is unlikely in modern devices, as the barriers are
designed wide enough (= 8 nm) to prohibit quantum tunneling. The layers surrounding the quantum
wells/barriers region also act as barriers, making this region some kind of trap for the electrons and
holes.

In an efficient device, most of the recombination should occur in the quantum wells, and it should
be the radiative recombination. To promote the radiative recombination, quantum well layers should
be made of possibly high quality material. To improve the quality, it is often the case that these layers
are not doped as well as the rest of the active region.

2.5 Drift-diffusion model

2.5.1 Conservation laws and equations of motion

Let us focus on movement of the charge carriers in the semiconductor material. Take electrons as
an example. On the microscopic level, an electron travelling through the semiconductor material is
subjected to the periodic variation of the potential due to atomic cores superimposed on the macro-
scopic, slowly-varying potential. On the basis of quantum mechanics, we may mimic this microscopic
periodic changes by introducing an effective mass of the quasiparticle (see section 2ZI.2]) . Then we
may consider the macroscopic potential only, replacing mass of the particle with this effective mass.

In the drift-diffusion model, we are interested in statistical approach, thus instead of individual
particles, we would like to describe the evolution of concentrations of the quasiparticles in time.

It is convenient to express movement of current carriers in terms of electric current density. In
general, it is a vector J denoting the amount of charge flowing through the infinitesimal surface during
the infinitesimal time duration. In other words, having a given surface S and time interval [t1, t3], the
total amount of charge flowing through this surface in that time may be expressed as

/t t /S () - vdSdt, (2.5.1)

where v is a normal vector to the surface S for a given € S. In the semiconductor, we may distinguish
two contributions to the total current density: electron current density J, and hole current density
Ip (J = Jn + Jp).

First let us focus on electrons. In the semiconductor material, electrons accelerate due to electric
field. On the other hand, moving electrons collide with phonons and impurities and they lose momen-
tum. In presence of certain concentration of electrons, this phenomenon may be treated statistically
by introducing of mean free path between collisions and group velocity, defined as mean velocity of all
present electrons. Electrons accelerate during free path, then they collide and lose velocity, and then
they accelerate again. This argumentation leads to the conclusion that given an electric field E, we
have some group velocity vy, proportional to E, i.e. vy = u,E. The proportionality constant j, is
called the electron mobility and it depends on the semiconductor material and temperature.

This effect is called a drift of electrons in the electric field. We may express it in therms of the
electron current density as a product of the concentration of electron charge concentration gn(x) by
the electron velocity, i.e.

I, drift () = qn(z)pnE(x). (2.5.2)
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On the other hand, electrons undergo the diffusion, which is proportional to their negative con-
centration gradient (Fick’s first law). Thus the electron diffusive flux is —Dyn, where D, is called the
electron effective diffusivity. Then the diffusive part of the electron current density is

In.dif := qDnVn(z). (2.5.3)

Note that the positive sign is due to negative charge of an electron.
Combining both drift and diffusion, we obtain

JIp = n,drift Jn,diff = qn(ﬁﬂ)ﬂnE(Sﬂ) + anVn(x) (254)
By analogous argumentation for holes we obtain
Jp = Jparite + Jp,ait = qp(x)ppE(x) — ¢DpVp(z), (2.5.5)

where p, is the hole mobility and D), is the hole effective diffusivity. Note that there is a minus sign
before the latter element, which is due to positive charge of a hole. Positive sign before the first
element is due to both opposite drift direction of holes and the positive charge.

Let us simplify expressions for J, and J,. First note that £/ := —V1, where 1 is an electric
potential. Then by Einstein relations

kT kT
D, = pn—, D, = pp,—. (2.5.6)
q q

We assume that the semiconductor material is homogeneous, so the material parameters are constant.
Then note that

Vn(z) = NoV exp (Fn@) - fB : qw@))

= LNG exp (Fn(x) _kfj}"' q(x)

= ——n(2) (VFn(m) + QVWQU))-

) (VFn(a:) + qv¢(x)> (2.5.7)

Analogously

Ev - Fp(x) - qw(x)

Vp(x) = N,V exp - p(x) | VEy(z) + ¢Vi(x)). (2.5.8)
kT

Therefore we obtain

Tn = =qn(@) V(@) + (@) (VE(2) + qV(2) ) = pan(@)V Fy (@),

(2.5.9)
Jp = —ap(@)y V(@) + (@) (VEp() + V(@) ) = () VFyp(e).
By virtue of Maxwell’s equations, if there is no magnetic field, then
dp
V-J+—=—=0 2.5.10
+5 =0, (2.5.10)

which represents the simple fact that in and out current densities are not in balance, the electrostatic
charge accumulates. In stationary case the latter term is zero, so we obtain

V-J=0. (2.5.11)
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This argumentation cannot be extended to electron current density J, and hole current density
Jp, as these currents are affected by variation of carrier concentrations m, p due to the genera-
tion/recombination effect.
Since J = J,, + J,, then
V-dp=-V-J, (2.5.12)

Change of the electron current density is proportional to the generation/recombination rate, so
V- J,=4qR, (2.5.13)

and thus using (2.5.12])
-V .-J,=¢qR. (2.5.14)

Combining these results with (2Z5.9]), we obtain two so-called continuity equations for electrons and
for holes:

V. <unnVFn> — 4R,

- (MppVFp> o (2.5.15)

2.5.2 [Electric field, electrostatic potential and polarization effect

Equations (Z5.9) serve as a starting point to two of the three van Roosbroeck equations, called the
continuity equations. Still we have to elaborate on the remaining equation, called the Poisson equation.
We start with the Gauss law for the electric displacement field D:

V-D=p. (2.5.16)

Here p is the free electric charge. In case of semiconductors, the free electric charge consists of
electrons and holes, introduced in section [Z1.4] and the ionized impurities described in detail in
section While the ionized impurities are not really “free” in the sense of spatial movement, they
can change their state during operation of a device and they do not contribute significantly to the
electric polarization. This brings us to the notion of the bound charge ppq. The bound charge consists
of core protons and valence electrons, which do not contribute to the electrical conductivity. On the
other hand, they do contribute to the electric polarization, which we would like to briefly discuss.

Let us start with isotropic (“uniform in all orientations”) dielectric (insulating) material. If this is
the case, then the bound charge is distributed uniformly and the polarization is zero. If we, however,
apply some electric field to that material, positive atom cores and negative electrons will slightly
shift in opposite directions, leading to non-uniform distribution of the bound charge. This kind of
polarization is proportional to the applied electrical field.

Such a non-uniform distribution of the bound charge may occur also due to different reasons, like
temperature, strain, or it may be characteristic to a given material without any external stimulus
(spontaneous polarization P,).

The electric displacement is a sum of the electric field F scaled by the permittivity of vacuum &g
and the polarization P, i.e.

D =¢eyFE + P. (2.5.17)

We assume that the polarization P, in case of semiconductor material, consists of a part proportional
to the electric field and of the part independent of the electric field:

P :=¢egxE + P,. (2.5.18)
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Parameter y is called the electric susceptibility of the medium and it indicates the response of the
material to the external electric field. Thus we have

p=V-D=V-(eoE+exE+PF,) =V -(e,e0E+P,) =V -(¢cE+ P,), (2.5.19)
where €, := 1 + x is called a relative permittivity. We also define
€ 1= £,€p. (2.5.20)
Under stationary conditions, the electric potential satisfies
— Vi = E. (2.5.21)
Combining this definition with equation (Z5.19]), we obtain
V- (-eVyY+ P,) =p. (2.5.22)
Finally we pass the polarization term to the right hand side and we obtain
-V (eVyY)=p—-V- P, (2.5.23)

We will call this equation Poisson’s equation.

In this derivation, we assumed x and ¢ to be real numbers. It is possible that these parameters are
different on different directions due to low symmetry of crystalic structure. Then these parameters
are represented by matrices instead of scalars, but the analysis is similar. Such materials are called
the anisotropic materials.

2.5.3 Differential problem

From the modelling standpoint, the drift-diffusion model consists of three elliptic nonlinear equations:
Poisson’s Equation (2.5.23]) and two continuity equations (2.5.15]).

_v'(ng):p_v'Pm
V- (unVE,) = R, (2.5.24)

-V (,uppVFp) =qR.

This system is also known as van Roosbroeck equations [96]. In this form, the unknown functions
are: the electrostatic potential v, the electron quasi-Fermi level F,, and the hole quasi-Fermi level
F,. If by Q € R? d € {1,2,3} we denote the domain of a modelled semiconductor device, then
U, Fp, F, 0 — R, Functions g, 1, © 8 — R are the electron and hole mobilities. They are
the material parameters described earlier, and we assume they are piecewise-constant. Function
P, : Q — R, the polarization parameter, is somewhat special. In some devices it is constant and
then it is irrelevant. If it is piecewise constant, then V - P should be interpreted as a distributional
derivative, which corresponds to the concept of interfacial polarization charge, occurring at interfaces
between materials with different polarization.

Functions n,p : 2 — R, are the concentration of electrons and the concentration of holes. In this
form of van Roosbroeck equations, they are dependent functions.

Function p : Q — R, the charge concentration, is a sum of contributions of localized charge, like
ionized donors and ionized acceptors (section 2.I.5]), ionized traps (section 2.6.3]), and delocalized
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charge, which consists of electrons and holes (section 2.T.4]). Thus if trap contribution is negligible, it
reads

p=p—n+Nj—N,, (2.5.25)
and if we take traps into account
p=p—n+Nf—N;+ Y +Nf (2.5.26)
teTy,

where 17, is a set of indices of trap levels and the sign for a given ¢ € T depends on the trap’s
occupation.

Finally the generation/recombination rate R : @ — R is a sum of elements corresponding to
different physical effects. More details on the recombination models are presented in section

The drift-diffusion equations may be presented in several sets of unknown functions. Above we
presented the formulation using unknowns (¢, F,, F},). Alternatively we could use carrier concentra-
tions (1, n,p) instead of the quasi-Fermi levels. Then using definitions (25.4]), (Z5.4), E = -V, we
get the following formulation:

V- (eVY)=p—V-P,,
V. <an _ Mnanp) = R, (2.5.27)

V. <Dpr " Mppw) ~ _R.

Different choices of unknown functions are possible, a detailed discussion is presented in [92]. Generally
1 is present in every described set, while other two unknowns are subject to change. The difference
between these options is mostly in exponential character of the solutions and nonlinearity of the
equations.

In this study, the main emphasis in on the quasi-Fermi level formulation (2.5.24]), as it keeps the
equations possibly simple and the unknowns (¢, Fy,, F),) do not express the exponential character. On
the other hand, the carrier concentrations n,p are clearly exponential, e.g they may vary between
107%0-10%°. This behavior poses a significant problem with numerical solution of these equations.

2.5.4 Equilibrium state and non-equilibrium state

In simulation on semiconductor devices, we distinguish between two states of a device.

The equilibrium state corresponds to thermodynamic equilibrium, with no net flow of energy
within a device or between a device and the environment. Under these conditions, the net genera-
tion/recombination is zero, so the recombination is in balance with generation. Otherwise there would
be some photons absorbed or generated, heat would be generated, etc. Zero recombination implies the
quasi-Fermi levels to be equal, so in fact there is a single Fermi level for both types of carriers. These
conditions are physically realized to some extent by a device disconnected from the power source, in
the dim light.

On the other hand, if we apply some voltage to such device, illuminate it, etc., then there
would be additional charge carriers injected through the contacts or generated, throwing the gen-
eration /recombination out of balance. The Fermi level would split up into quasi-Fermi levels, separate
for electrons and for holes. This is the non-equilibrium state, a natural state for operating devices.

From the modelling standpoint, the latter state is corresponding to a solution of the drift-diffusion
equations (Z5.24). Conversely, in the equilibrium state F,, = F,, = const and only unknown is 1.
Thus only Poisson’s equation (2.5.23]) is necessary in this case.
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2.5.5 Built-in potential

Before the discussion of the boundary conditions, we would like to introduce the concept of built-in
potential. The physical phenomena occurring in semiconductor material may be classified as a bulk
property or a boundary property. A bulk property is associated with the interior of the material, and
it generally occur in the major part of the volume of the material and they are independent of the
boundary, while boundary properties are strongly correlated with the state of the boundary and they
do not penetrate deeply into the interior. The latter type of phenomena may also be present on the
interfaces between different semiconductor materials.

The bulk semiconductor material, in the natural state, without external forces, is charge-neutral
(in the macroscopic scale). The charged state over the substantial volume is hard to maintain, as
it generates large forces, attracting carriers of opposite value, which will accumulate with time and
balance the charge.

Note that while maintaining large volume of charged material is energetically costly, it is often
possible that existence of charge on interfaces of boundaries is energetically favorable.

Assume that we have some device in the equilibrium state, and assume that it is built of layers
of possibly different semiconductor material, homogeneous within every layer. Then there is single
constant Fermi level for electrons and holes in this structure, as explained in section 2.5.4l Then we
may define the built-in potential 1y : € — R by condition of charge-neutrality:

p(z,¢) =0. (2.5.28)

We would like not to go into details whether this definition is well-posed or not, and we assume this
equation can be solved uniquely for almost every x € €. Note that v, is generally discontinuous, and
it is piecewise constant when the layers are homogeneous.

2.5.6 Boundary conditions

In this section, we would like to briefly discuss certain aspects of boundary conditions, in particular
ohmic contacts and contacts with insulators. A detailed analysis is presented in [101].

2.5.6.1 Contact with insulator

The basic aspect of the contact with insulator is that current does not flow through it. This statement
is equivalent to

Jn v =20,

(2.5.29)
Jp-v=0.

In the above equations we also assumed that there is no surface recombination, as otherwise it would
be present on the right hand side of both equations (see [101]). By definition ([2.5.9) of J,, and J,, we
have

oF,
0=Jy v=pn(x)VE,(z) v=p,n(x) 5 “(z),
v
OF (2.5.30)
0=1Jp v =pp@)VEy(z) v=ppp(z) &jp (2).
Since fin, fip,n,p > 0, then % = % = 0, and we get homogeneous Neumann boundary conditions

on Fy, Fj,.
When it is also assumed that the electric field vanish in the insulator. When there is no boundary
charge, we can assume that g—f = 0.
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Thus on the contact with insulator, we have homogeneous Neumann boundary conditions:

o OF, 0OF,
=St =S, (2.5.31)

2.5.6.2 Ohmic contact

Ohmic contact is an edge of a semiconductor device to which some metal is attached, which allows
the device to be connected to an electrical circuit. In simulations it is frequently assumed that the
ohmic contact is ideally conducting.

To derive boundary conditions, we must discuss some properties of a semiconductor device and
introduce some additional assumptions.

Let a device be given with ohmic contacts denoted as 9Qp 1,00p2,.... We start from the equi-
librium state. In this case, the quasi-Fermi levels are equal to the Fermi level (F;,, = F}, = p = const),
and the bias is zero. We assume that there are no potential differences within a single ohmic contact.

Let us consider an ohmic contact J{2p ;. In general, the electrostatic potential is relative and we
can only measure the difference. Thus without loss of generality, we may assume that |gq p1 =0. To
determine Fermi level p1, we assume that the charge paq,, , = 0. To justify this assumption, we would
like to argue that it is a natural state of the bulk semiconductor material, as discussed in section

Thus, having T/J‘aQD’l = 0 we may determine F;, = I}, = pu, such that p\aQD’l = 0. The Fermi level
is determined for the whole device, but due to different doping, other contacts in general will not be
charge-neutral for zero electrostatic potential. Thus again from the charge-neutrality condition, we
can determine values 1 ;, such that for ¢|gq p: = Ypi we have pgpq, , = 0 for i > 1. In general, ¢ ;
coincide with the built-in potential, introduced in section If there are only two contacts, we will
denote 9y, := 1) 2. We will also define v 1 := 0 to simplify the notation.

Thus we have the following conditions for the equilibrium state:

¢|3QD¢ = ¢b,i,
FP|BQD,¢ = M.

To derive analogous conditions in the general case, we want to emphasize two effects. First, the quasi-
Fermi levels should be equal within a single contact, as in metal there is a single Fermi level. All these
levels are equal in a given contact. Then note that the bias is not equal to differences between the
electrostatic potential ) on the contacts, but it is proportional to difference between Fermi levels in
contacts.

Therefore let ¢ p, for i > 1 denote the bias on contact 7. For convenience we define ¢)p, = 0. Then
the boundary conditions for ohmic contacts read

Yoo, = Yvi + Vi,
Fuloap, =1 —4¢ "¥p,, (2.5.33)
Fploap, =1 —q "¥p,.

2.6 Radiative and non-radiative recombination

2.6.1 Standard recombination models

In pure semiconductor material, electron energy levels are splitted into two bands, valence band with
lower energies and conduction band with higher energies. In between lies so-called forbidden zone,
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where no energy levels exist. When temperature goes to zero, all electrons tend to occupy low energy
states, in valence band, which is filled completely. When temperature is raised, energies of electrons
increase and some of them jump to conduction band.

Every electron jump to conduction band leaves an empty place in the valence band. Then, the
electron can move spatially through almost empty conduction band. On the other hand, in valence
band, another electron may move to the empty place left, creating another empty place. This is how a
hole can move spatially in valence band. A movement of electron or holes may then, under application
of voltage, create the current flowing through a device. Thus they are called carriers.

The case is slightly different when doped semiconductor is considered. Then, electron and hole
numbers are increased due to contribution of donors and acceptors respectively. The conduction of
current may be then due to mainly one type of carrier. Introduction of impurities may also create
additional allowed energy states in the forbidden zone.

Generation-recombination phenomena in semiconductor denotes two physical processes of energy
change of electrons:

Generation A jump of an electron from valence band to conduction band. Then, a hole in valence
band is created.

Recombination A jump of an electron from conduction band to valence band. There must be a hole
available, which is annihilated.

We may imagine that these phenomena could consist of single transfer of an electron from level
in one band to level in another one, what is called direct generation/recombination, or several steps
through energy states in forbidden zone, called indirect generation/recombination.

Note that generation involves an increase of energy of a given electron, therefore the energy must
be taken from an incident photon or phonon. On the contrary, in the recombination process electron
looses its energy, which may be emitted as photon or phonon. Since we are interested in simulations
of luminescent devices, we are concerned about recombination mechanism.

There is a set of usually exploited recombination models, available in many computer simulators of
semiconductor structures. Physical phenomena are represented rather coarsely, but resulting formulae
are simple and computationally cheap. Therefore we present an explanations and description of basic
recombination set.

For every generation/recombination mechanism short physical explanation and the formulae would
be given. An important fact, which leads to elimination of excess coefficients, is the the detailed balance
principle, which states that at equilibrium each process is balanced by its reverse process.

Presented analysis is based on the section 4.2 of the book [101]. For convenience, functions ng(x),
po(x) denote concentrations of electrons and holes in the equilibrium state. Then intrinsic concentra-
tion n;(z) is defined as

ni(z) == v/no(x)po(x). (2.6.1)
If Boltzmann statistics for carrier concentrations are valid, i.e. for nondegenerate case, we may rewrite
n; as

Ey(x) — Be(r) ) (26.2)

ni(x) = v/ Ne(x)Ny(x) exp < 2kT

The derivation of formulae is carried out in the phenomenological way.

It must be explained that we will use the term electron in two different meanings. When the
electron is said to change its energy (jump between energy levels), the physical particle is meant. But
when we say that electron is generated or annihilated, we tend to use semiconductor nomenclature,
where electrons denote quasiparticles from the conduction band.
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2.6.1.1 Radiative recombination

Radiative generation/recombination is a direct mechanism, i.e. creation/annihilation of electron-hole
pair assisted only by photons. It consist of two processes. During radiative recombination, called also
band to band or photon recombination, the excess energy is emitted as a photon. During generation,
called also optical generation, necessary energy is taken from incident photon.

For radiative recombination to occur, there must be both electron and hole present in a given
position of space. Therefore it is proportional to the product of concentrations n(z)p(z). Thus the
recombination rate is

2z, n, p) = C™™(z)n(z)p(z). (2.6.3)

We denote C™9 as a capture coefficient.

Then we assume that in the valence band there are always electrons available and there are empty
states in the conduction band everywhere. Then optical generation process does not depend on any
carrier concentration. Therefore we assume the rate is constant

gz, n,p) = C’;ad(x), (2.6.4)

where C’;ad is called a emission coefficient.

rad( rad(

Under equilibrium conditions we have g (x, ng,po) = r"%(x, ng, po), thus

C(z) = O™ (z)ng(2)po(x) = C™ (w)n(z). (2.6.5)
Thus the generation/recombination rate is
R4 (5., p) = "4 (z,m, p) — g™ (2, m, p) = C™(@) n(x)p(x) — ()], (2.6.6)

Then capture coefficient for radiative recombination C*®d would be just called radiative recombination
coefficient.

2.6.1.2 Shockley-Read-Hall recombination

Shockley-Read-Hall generation/recombination phenomena involve phonons, so may lead to change of
the temperature of a device. It is indirect mechanism, occurring when trap levels are available. Trap
levels are additional energy levels of energy in the bandgap. For simplicity it is assumed that there is
only one important level given, and other ones may be neglected. If for a given position an electron
occupies the trap level, we will say the trap is occupied, otherwise it is empty.

In the process, electrons move between the bands in two steps: first they jump onto the trap level,
and then jump again to the second band. We will therefore consider four types of the phenomena:

Electron emission Jump of an electron to the conduction band from occupied trap. In other words,
an electron in the conduction band is generated, and the trap becomes unoccupied.

Electron capture Jump of an electron to unoccupied trap from the conduction band. Thus an
electron in the conduction band is annihilated and the trap becomes occupied.

Hole emission Jump of electron to unoccupied trap from the valence band. A hole in the valence
band is generated and the trap becomes occupied.

Hole capture Jump of an electron into a hole in the valence band from occupied trap. A hole in the
valence band is annihilated and the trap becomes unoccupied.
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Figure 2.9: Schema of Shockley-Read-Hall generation/recombination. From the left: an electron
emission and a capture, a hole emission and a capture.

In this section we derive simple mathematical formulae describing the given process. More sophisti-
cated approach is presented in section [2.6.3l

Note that none of the above partial processes is a direct generation/recombination. For a generation
to occur, both an electron emission and a hole emission must arise. Similarly a recombination means
that the electron annihilation and hole annihilation occurred. The case then become complicated,
as we cannot easily write partial recombination forms, like we did before for radiative or Auger
recombination. However, we may try to establish rates for emissions and captures, what we denote
by letters E and P, respectively.

Let f; denote the fraction of occupied traps (by electrons). Then the fraction of unoccupied traps
is 1 — f;. The rate of electron emission is proportional to rate of occupied traps f; only, as we assume
there are always unoccupied states in conduction band

ESR (., p, f) = CSF(2) fu(=). (2.6.7)
Analogously the hole emission is proportional to the fraction of unoccupied traps
ESR (z,n,p, fi) = CSM(2)[1 — fi(z)]. (2.6.8)

For electron capture, both electron in the conduction band and unoccupied trap must be available. It
is thus proportional to product n(x)[1 — fi(x)]

Pz, n,p, fr) = Co (2)n(@)[L — filx)). (2.6.9)
Similarly for the hole capture we may write
PSRH(m,n,p, fi) = C§pRH(x)p(x)ft(x). (2.6.10)

Now we have four coefficients CS®H and additional ratio f;. We would like to reduce the number to
two, and get rid of the ratio f;.

The trap level states are so-called localized states [I17], what means that the carriers present there
cannot move in space. Now we can estimate the flux of the electrons arising from the conduction band
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into the trap level in a given point as a difference between electron capture and electron emission rates
PSR (g n.p, f) — ESR (2. n, p, f;). Analogously for flux of electrons from trap level to valence band
we have the difference PSRH(@“, n,p, ft) — EERH(@“, n,p, ft). Any of the above amounts being nonzero
influences the fraction of occupied traps. In stationary case, the ratio f; must be constant in time.
Since the spatial movement of trapped electrons is not possible, both fluxes must balance. Therefore
we have

PERH(x7nap7 ft) - ESRH(x7n7p7 ft) = PpSRH(x7n7p7 ft) - EERH(x7nap7 ft) (2611)

From now on we will omit the arguments of functions. For transitional case, we should assume for
example that time of the stabilization of the fraction f; is much smaller than the time of essential
changes of concentrations n,p to get similar conclusion.

The point of equation (Z.6.11]) is that if the electron jumps from conduction band to trap level,
and do not go back, it will proceed to valence band. The same goes to electrons from valence band
entering trap level. The sense of above statement is statistical, because in fact electrons stay on the
trap level over nonzero time. It does not mean that time is diminished, but that one electron is going
in, and another out, in approximately the same moment. However, since in drift-diffusion theory the
electrons are not distinguishable, we may assume it was the same electron.

Then, since the expression PSRH — ESRH controls all the electrons, as well as the expression
PI;Q;RH - EERH, we may write

R (g n,p, f) = PJRH — ERRH = pSRH _ pARH (2.6.12)

Under the equilibrium condition, the recombination is zero and we have

(PSRH - ESRH)(x7n07p07ft0) = O; (2613)
(PpSRH - ESRH)(x7n07p07ft0) = O; (2614)
where the index 0 means the function in the equilibrium state. Thus we may compute constants CES_RH
to be
osrH _ osru, L= fio o ose
en - cn nOT - Ccn nl, (2-6.15)
S s Jto
o = CchHpom =: Cop,. (2.6.16)

The functions ni,p; are introduced to simplify the notation. Using the above we may calculate
recombination rate twofold

RS (g nop f;) = PSRE _ ESRH _ oSRH, (1 ¢y OSRHp, 1, (2.6.17)
Rz n,p, f) = PR — ESRH = 0S%Mp s, — C5™Mp (1 - fo). (2.6.18)

Comparing both terms allows to determine function f;:
CCS,?H’I’Lft + CCSTIL%Hnlft + CEPRprt + CCSpRleft = CCSTIL%HTL + CEpRle’ (2619)

CCSEHn + CE:SpRle

felz,n,p) = : 2.6.20
1) = G ) + O+ ) (26.20)
Inserting f; into equation (2.6.17]) we obtain, after calculations

Rz, n, p) = COMCEM ok (2.6.21)

P O3 (n 4 ny) + C3R(p 4 py)’
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or in the simplified form
np —nip1

SRH _
Caitt Toogim
Note that by definitions of functions nq, p; (2.6.15]),([2.6.16])
nip1 = nopo = N3 (2.6.23)
Then, defining electron lifetime TS’RH and hole lifetime TSRH as a reciprocals of respective capture
rates 1 1
SRH SRH
T = , T = . (2.6.24)
n Césrll{H p CngH
we obtain the formula
np—n
RSRH (3, p) = P — MoPo (2.6.25)

TR (n 4 ny) + 7R (p 4 py)”

Having this formula, one still have to compute f;y to obtain fictitious concentrations ni, p;. On the
other hand, for p-n diode structures, one may use the observation that in the depleted region, the
SRH recombination is the highest and increasing bias increases concentrations n, p substantially, so
ni, p1 can be neglected for the bias high enough. Thus previous formula reduces to

np — nopo
TSRHn n TERHP

RS (3, p) = (2.6.26)
We will return to the form (2.6.25]) in the section 2.6.3]
To derive expressions on ni,pi1, let us use the Fermi-Dirac distribution to estimate the trap level

occupation fi
1

)
14 gexp (Bgtigtin )
where g is an electric potential in the equilibrium state, E; is the trap level energy and g > 0 is a

degeneracy coefficient.
Thus using equation ([2.6.15]) we have

fio = (2.6.27)

Bi—p—qi
1—fuw gexp< T O) Ey — p— qto
m=no—p B = o by [0 (Z )]
fuo 1+ gexp <ﬁ’%) B (2.6.28)
— nogexp (Et K qwo)
0 ksT )
Using definitions (2.1.24]), (2.1.29]) we obtain
- E.+ E,—pn—
ng = N.exp <M#quo), po = Ny exp (%ﬂ%), (2.6.29)
S0
— Ee+qo+ By — i — E - E
ny = gN, exp (,U c C.W(;CBT t— M qT/JO) = gN_.exp <ﬁ> (2.6.30)
Analogously using equation (Z6.16]) we obtain
Bi—p—qu
e ()
1=DPo = Do = Po
1 — fio 1+ gexp (—“—Et;B}qwo) gexp <—’”—Et;B}qw°> g exp (—’J—Et;B}qw()) (2.6.31)

—1 u—EtJrq%) 1 <Ev—Et>
— Bt TER0N -1y —v ),
Pog eXp( kT g NPT
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To sum up, we have the following formulas on nq, p:

Ei(x) — E.(x)
kgT

E,(x) — E(x)

>, p1(z) == g~ (z)Ny(x) exp ( T

ni(z) := g(x)N.(x) exp ( ), (2.6.32)

where g is the degeneracy coefficient and E; is the energy of the trap level (absolute).

2.6.2 Impact ionization

The impact ionization phenomena we will describe in limited length, as it is not so important mech-
anism in luminous structures. However, devices exploiting that effect, like thyristors, are typical
example for experimental evidence of a nonuniqueness of stationary solutions of the drift-diffusion
system. Thus the mechanism is worth of mentioning.

The impact ionization denotes the phenomena of jumping electrons from valence to conduction
band due to heavy electric field Vi and currents J,, J,. There are two cases considered:

Electron assisted generation An electron from valence band gains energy and jumps into conduc-
tion band, energy is taken from incidental electron laying in conduction band.

Hole assisted generation Like above, but energy is taken from incidental hole in valence band.

Above descriptions are analogous as for Auger recombination, but there is no recombination mecha-
nisms. The effect consists of generation only. The physical explanation is that under strong enough
electric field and heavy current, new carriers are generated, what leads to lower resistance.

The rates are

G, s ) = ) 220 g (- Prral®)y
’J((J )| El (m() ) (2.6.33)
Gy (& Ty B) = /()2 e (= 2).

where parameters oz;lp are called mazximal ionization rates and critical field strengths E}L{p. The

function E(x) denotes the electric field component in the direction of current flow. The formulation
above is so-called lucky drift model [74, [103]. More sophisticated formulations can be found in [I01].
Therefore the formula for the recombination component is

11

E :
Rz, B, Jy, Jp) = -Gy — G;,I = —aE'J—(;' exp < - %ﬂt) — G},I(m, Jp, E)

. (2.6.34)

_ I ’Jp‘ Ep,crit
—%7“?(‘ )

As there is no recombination, we cannot eliminate constants like we did for another recombinations.
For equilibrium conditions the value is zero, since carrier currents Jy,0, Jpo = 0.

In above notation we indicated the dependence of recombination R on variables E, J,,, Jp. These
functions can be calculated from variables 1, n, p, but that leads to differentiation and solution of
linear differential equation. Thus, computationally it is much more costly than other recombinations
presented in the document.
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Figure 2.10: Schema of Auger generation /recombination. From the left: an electron and a hole assisted
generations, then respective recombinations.

2.6.2.1 Auger recombination

The nature of the Auger effect is as follows. Assume that there is a electron vacancy in the inner shell
of a given atom. Normally this vacancy may be filled by an electron falling from a higher energy level,
where the energy difference is released as a photon. On the other hand, this excessive energy may be
transferred to the outer-orbit electron, which is then ejected from the atom. The latter phenomena is
known as the Auger effect [22].

The term Auger recombination describes the phenomena of jump of a electron through the band
gap, where the excessive energy is transferred to the third carrier, energy or hole (see figure 2.10]).
This carrier then thermalizes generating phonons.

Therefore we will consider four possibilities:

Electron assisted generation An electron from valence band gains energy and jumps into conduc-
tion band, energy is taken from some electron in the conduction band.

Hole assisted generation Like above, but energy is taken from some hole in the valence band.

Electron assisted recombination An electron from conduction band comes down to valence band,
where a hole is annihilated. Excess energy is passed on incidental electron in conduction band.

Hole assisted recombination As before, but excess energy is passed on incident hole in valence

band.

It must be noted that the transition of a hole in the energy landscape is counter-intuitive. A hole
gaining the energy in fact means, that some valence band electron gained the energy and occupied
empty space above its initial position, leaving new empty space. Thus the hole energy diminish, even
though it have gained the energy. Similarly a hole losing energy means an electron losing energy, so
the hole is going up on the energy axis.

The cases are now similar to radiative recombination, but slightly more complicated. Let us begin
from electron assisted recombination. To occur, there must be an electron and a hole to recombine,
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and additional electron to take the energy. The rate is therefore proportional to n?(x)p(z). Similarly
for hole assisted recombination there must be two holes and an electron, so the rates are:

Rﬁug(aﬁ,n,p) = C,fug(x)nQ(x)p(x), Rﬁug(x,n,p) = Cﬁug(x)n(x)pQ(x). (2.6.35)

For generation the cases are more simple, because of the assumption that there is always an elec-
tron available in the valence band and empty space in conduction band, too. Thus only necessary
component is the carrier which loses the energy. We have then

G5 (x,n,p) = Co®(@)n(x),  GU8(x,n,p) = Cyp'®()p(x). (2.6.36)

Due to the detailed balance principle, in the equilibrium case generations must be in balance with
respective recombinations, thus

Col8(x) = Cp8(x)ni(x),  Cp'®(x) = Cp8(x)n; (x). (2.6.37)

3 K3

Therefore by summing up all the rates we obtain the formula for Auger recombination

RY8(x,n,p) = (R, — GU8 + R — G"8) (2, n, p)

2.6.38
= (O (@)n(x) + C8 (2)p(x)|[n(x)p(x) — nf ()], ( )

where C,/? "8 and Cf} "8 are called Auger capture coefficients for electrons and holes, respectively.

2.6.3 Trap levels

The generation-recombination on trap levels, called also Shockley-Read-Hall recombination, is sub-
stantial for modeling optoelectronic devices. The mechanism was described by Shockley and Read
[104], and by Hall [48]. The derivation presented in section leads to most simple modifications
of drift-diffusion system. We want, however, to gain deeper insight of the physical phenomena and to
grasp extensions of classic formulae, available in the literature.

Better understanding of mechanisms governing the processes of SRH recombination should lead
to vital improvement of simulation results, as the mentioned recombination seems to be the biggest
in magnitude for certain devices. Nonetheless more complex formulae causes loss of computational
efficiency and increase of simulation’s time. Therefore it is advantageous to know which effects have
to be considered and in what extend.

2.6.3.1 Occupation of trap levels

Let us start from the pure semiconductor situation, far from the boundary. We have then crystalline
structure with given number of electrons and holes, contributing to the charge. Now we replace an
atom with impurity atom. We consider two cases, most frequently used. Introduced atom may have
one valence electron more or less than the original one. Therefore we have two possibilities

Electron trap Introduced atom has additional electron. If the electron is present on its level, so the
trap is occupied, the atom remains neutral, as original atom would be. Otherwise, if the trap
is unoccupied, the core charge is unbalanced and adds ¢ to the total charge. Such a impurity is
called a donor, as it may give additional electron, and it is of neutral or positive charge.

Hole trap Introduced atom has one electron less. If the electron is absent, the atom is neutral, but
still there is a level for additional electron. If it is present, the trap level contributes —g to the
charge. The impurity is called an acceptor, as it takes electrons. It may be of neutral or negative
charge.
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The latter case may be explained also using the concept of hole. The atom has a level unoccupied by
electron, we say that it is occupied by a hole, and so on. Then, analogously as for the first case, if
trap is occupied by a hole, it is neutral, and it becomes negative if unoccupied.

In the section we have derived the occupation rate of a given trap level to be

A CSRHp | CSRHp,
xz,n,p) = )
! b CSRH(n +ny) + CoRE (p + 1)

(2.6.39)

The above value is defined as fraction of traps which are occupied by electrons. Thus the number of
unoccupied traps, or traps occupied by holes is
CSRH + CSRH n
1— fi(x,n,p) = SRH v P cZBH 1 )
Ccn (n+n1) +Ccp (p+p1)

(2.6.40)

Then, the standard nomenclature is as follows. When a hole (or electron) trap is said to be occupied,
it is occupied by hole (or electron, respectively). The term “occupation” is also considered in the sense
of hole (electron, respectively). Thus the occupation rate for hole trap level is 1 — f;, and for electron
level it is f;.

Using the above reasoning we may write the number of unoccupied traps of both types, giving the
contribution to the charge:

N, (z,n,p) == Ny(z)(1 — fi(z,n,p)), N; (z,n,p) := N¢(z) fe(x,n, p). (2.6.41)

Using equations (2.6.39)), (2:6.40]) we finally obtain
CSRHp 4 CSRHp,
CSEH(n +ny) + CoRE (p + p1)’

N/ (z,n,p) = N (2.6.42)
Colttn + CSRH p,
CEH (n +m1) + CEFH (p+ p1)’

By plus sign we denote electron traps, and hole traps by minus, up to the sign of a charge contribution
they give.

Ny (z,n,p) = Ny (2.6.43)

2.6.3.2 Shallow and deep levels

Now when we have precise formulae for concentration of so-called ionized traps (2.6.41]), we would
like to establish possible simplifications. Let us begin form the case of electron traps. By equations
2:639), (2.6.41)), the concentration of ionized electron traps read

CSRHy 4 CSRiy,

N p) e . 2.6.44
¢ (z,n,p) CSEH(n +ny) + CoRHE (p + p1) ( |

When a trap level is near the middle of the forbidden zone, the probability of an electron jump
between the level and any of bands is approximately the same. Thus the capture coefficients are
similar. However, when the level gets closer to the conduction band, the electron capture becomes
more plausible, on the contrary to hole capture. Thus the coefficient CCS;LRH increases, while the
coefficient CCSPRH is getting small. For electron trap level close enough, we may assume CCSPRH ~ 0.

Thus we have -
N/ (z,n,p) ~ Conm = 1 .
B CFH(n4+n1) n-nt4+1

(2.6.45)
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Then, by use of definition of concentration n and n; (2.6.32]), we obtain

N, (z,n,p) ~ ) 7ESRH(:B)+E1($) F(z)—Ee(z)+q¥(z)
1+ g1 (z)N; *(z)exp <—t A > - N.(z) exp < = o 1 )
i ) (2.6.46)
1+ g-1(2) exp <Fn(m)—Ef:;’(x>+qw(m))

Analogous derivation we may present for hole traps, when the level is close to the valence band.
Then CSRH ~ 0 and we obtain

CSRHTL 4 CSRH CSRH 1
Ny (2,m,p) = No(a) g o Lo B L g6ar)
Ccn (n+n1) +Ccp (p+p1) Ccp (p+p1) DD +1

By definitions of functions p and ny (2.6.32]) then

1
1+ g(2)Ny ' (2) exp <W> - Ny(z) exp <Ev($)*F£§iﬂ)*qw($))
1
<E£9RH($)*FP(:B)*W(I)) '
kT

Nt_(w7n7p) ~ Nt(x)

(2.6.48)

= Ni(x)

1+ g(x) exp

Now we may explain the origin of formulae for singly ionized donor and acceptor concentrations N,
N; , by substitution E; < E. — E; in equation ([2.6.46) and E; < E, + E, in equation (2.6.40)),
respectively.

The above reasoning also reveals, that the recombination for shallow trap levels is small and
insignificant, since jump between any band and the level should occur for generation/recombination
to take place.

2.6.3.3 Estimation of carrier lifetimes

SRH

In section Z.6.1.2 we introduced, for a given trap level, electron lifetime 758 and hole lifetime T, as

n
reciprocals of capture rates of these carriers. In this section, we would like to estimate these lifetimes
for a given trap concentration Ny and temperature 7.

Let us assume that electrons and holes behave more or less like particles of the ideal gas. Due to
the law of equipartition, the kinetic energy Fi;, of a particle of the ideal gas of mass m and velocity
v is given by

m|v|

3
Eign = = ZkpT. 2.6.49
k 9 9 B ( )

kpT
=4/ —. 2.6.
ol = /2 (2.6.50)

Let us fix some time 7 and assume that k is a capture cross section. Then the volume traversed by
the particle during time 7 is equal to s|v|7. If the time 7 is small enough, we may assume that these
volumes for the ideal gas particles do not overlap. Assume that there is N particles in the ideal gas.
Thus the total volume traversed by all particles is given by

Thus

V = k|v|TN. (2.6.51)
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If the concentration of traps is Vi, then the number of collisions of particles with the traps may be
roughly estimated as

Neon := NV = Nyk|v|TN. (2.6.52)
Now let us fix on electron quasiparticles. If we fix some small volume V, then we can estimate number
of electrons in this volume as nV. Thus we can estimate number of electron captures in volume V in
time 7 as

PSREV: — N[l — fi). (2.6.53)

To capture an electron, a trap must be unoccupied before a collision, thus we have to multiply number
of collisions by the coefficient 1 — f;. Here we assume that the time 7 and the volume V are both
small enough so that re-emission and change of trap occupancy are negligible. Therefore we have

PERH _ Ncoll[} — fil _ Nt”n|vn|7:nv[1 - fi] = Nykin|vn|n[l — fi]. (2.6.54)
Vr Vr
If we compare this result with the estimate of electron capture rate (2Z.6.9)), we get
PSRH _ OSRH,1 1 = Nk, |un|n[L — £]. (2.6.55)
Thus CSRY is given by
CSRI — Ny |0 . (2.6.56)
By analogous analysis for holes and by estimate (2.6.9]) we obtain
PSRH = CCSPRprt = Nikp|vp|pfi, (2.6.57)
SO
COM = Nyrsy|vp. (2.6.58)

We would like to roughly estimate coefficients CSM C’ngH for a gallium nitride material in room
temperature (300 K). Let us assume that a trap can capture a carrier within distance comparable to
the primitive cell diameter. Let us assume this distance to be equal to a lattice parameter (see table
[2.3). Then the cross section is given as

fin = ma? = 7(0.32nm)? ~ 3.22 x 10719 m?. (2.6.59)
Also using (2.6.50)

kT 1.38 x 1072 JK~! x 300K
on| = 1/ 2B~ a — ~1.51 x 10° ms ™. (2.6.60)
MypMo 0.2 x 9.11 x 107°* kg

Assume that the concentration of traps is Ny = 1 x 1016 ecm™3 =1 x 102 m~3. Then
CSRH — Ny lvn] 1% 102 m ™3 x 3.22 x 107 m? x 1.51 x 10° ms ™' ~ 4.86 x 108571, (2.6.61)
Therefore

~SRH _
G

=206 x 10Ys. (2.6.62)

For holes we assume the cross section is the same, i.e. &, = k,. Then

kT 1.38 x 10728 JK~ ! x 300K
o] = | ~BL & a T 5T x 104 ms (2.6.63)
mymo 1.7 x 9.11 x 1031 kg
Then

CORM = Nyylup| 2 1 x 102 m™ x 3.22 x 107 m? x 517 x 10° ms™ ~ 1.66 x 10%s™,  (2.6.64)

and
7_SRH _

— -9
= e = 6.01x 107%s. (2.6.65)
cp
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Figure 2.11: Schema of tunneling to the trap level. Transmission of electrons in the space proceeds
along horizontal arrows, and then in the energy along vertical arrows.

2.7 Tunneling quantum effect

2.7.1 'Trap-assisted tunneling

The case of a tunneling described here quite particular, as it only concerns modification of trap
tunneling in strong electric field of certain shape. Such an approach is presented in article by Hurkx
et al. [51]. The derivation of results presented there is not so straightforward, so here we just describe,
how to modify already defined formulae to include tunneling effect.

The conditions under which an local modification of recombination form is valid, are severe and
some of them are obviously broken, like linearity of electrostatic potential and constant quasi-Fermi
levels. However, we assume that in the extent of a usage of tunneling modification, such conditions
are at least approximately good.

The theory covers a case similar to shown on picture 211l It is assumed that quasi-Fermi levels
and potential are approximately such as for basic p-n diode, at least locally. By E., and E,,; we
denote boundary energy levels from which tunneling is possible.

Tunneling to the trap level may be then considered as a enhancement of standard SRH formula
(Z6.25)), with electron and hole lifetimes 79%# | 75FH muyltiplied by coefficients:

n P
SRH SRH T
gy = @ty e (0 (2.7.1)
14T (x) P 14 Tp(x)
Then functions I',, and T, are defined as follows
Dy p(z) ! Dy p(2) 3
Lpplx) = kf} /0 exp <#u - Kn,p(x)u2)du, (2.7.2)
where
4\/2m2f$(x)D%p(x)
Ky p(x) = (2.7.3)
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The functions K, and K, are defined for one-dimensional case. In above equation m!“"(x) and
ml™(z) denote effective masses of electrons and holes for tunneling effect, which may be different
than respective masses in general. Function ¢/’ denotes the electrostatic field. Functions D,, and D,

represent the size of a range of energies, from which the tunneling is possible. For an electron, it reads

(compare Pic. 2.T7])

Dy () = {Ec(x) = Bem  Ey(@) < Eom, (2.7.4)

Ec(x) — Et(,l?) Et(JT) > Ecm-

Therefore it is assumed that the tunneling is possible only from energies laying in the conduction
band, above the trap level. Similarly for holes we have

Dy (z) = {Evm ~ By(z)  By(z) > Eyn,

(2.7.5)
Ey(x) — Ey(z) Ei(x) < Eyp.

Having relations (Z.7.1) and (2.6.24]), we may also compute capture rates for tunneling modification:

L 14Tl _ s
Cfqul? = Flun = TSRI?_}?&U) = Cn,};H(l + Fn,p(x))- (2.7.6)
n,p n

Therefore we may write occupied trap concentration
tun tun
Ccp P+ Ccn ni

Nt (z,n,p) =N, , 2.7.7
A ) "Ctn(n + ny) + Clun (p + py) 2.7.7)
Ctunn + Ctunpl
N; (z,n,p) = N, i = , 2.7.8
where sign index denotes sign of unoccupied trap. Then recombination rate is
R (3, p) = [P — Moo (2.7.9)

T (n o+ na) + T (p + p1)

For shallow donors, the tunneling approach described here does not change any formula, as recom-
bination is assumed to be zero and neither capture rates nor lifetimes are present in occupied trap
concentrations.

2.8 P-N diode

The p-n homojunction (see section 2:3.1]) is an elementary device in semiconductor electronics. While
it mostly does not generate the light alone, it is a basis for design of electroluminescent diodes or laser
diodes. In these devices, the luminescence comes from the radiative recombination of the electrons
and holes. This recombination takes place in active region, in quantum wells (see section [Z4]), which
confine these carriers on small volume and allow them to recombine.

Through their way to the active zone, electrons and holes are subject to nonradiative recombi-
nation, to rogue radiative recombination and to energy loss. These effects can significantly reduce
efficiency of semiconductor devices. In particular, electrons (resp. holes) traversing regions abundant
in holes (resp. electrons) generate big losses due to recombination.

It is therefore beneficial to put an active region of a device between n-type region and p-type
region. Then the recombining carriers can be provided through the appropriate regions to minimize
the rogue recombination, i.e. electrons through n-type region and holes through p-type region.

Therefore to explain many physical mechanisms governing operation of the LEDs and LDs, the
phenomena taking place in the p-n homojunctions must be carefully studied. Therefore we start the
simulations with the p-n homojunctions. Then we move on to more complicated setting.

Apart from section 2.83] all simulations are performed with software pmicro, developed by us.
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Figure 2.12: Band diagram of a GaN p-n homojunction in equilibrium case. Quasi-Fermi electron
level F;, and quasi-Fermi hole level F}, coincide to the Fermi level, thus they are equal.
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Figure 2.13: Concentration of electrons n and holes p in a GaN p-n homojunction in equilibrium case.

2.8.1 p-n homojunctions

Simulations of the p-n homojunctions reveal basic features of the semiconductor devices. We focus
on the materials based on nitrides, as they are main compound of the blue and green optoelectronic
devices.

We start with the p-n homojunction, composed of 500nm GaN n-type region doped with
1 x 10" cm ™3 donors, and 500 nm GaN p-type region doped with 1 x 10 cm™3.

In figures 2,121 .13l we see the band diagram and carrier concentrations of this device in equilibrium
state. The potential barrier in the middle of the band diagram coincides with the depletion region. It
is clearly visible, as the total carrier concentration in this region is low. As shown in figure 2.14], width
of a depleted region is dependent on the level of the doping. Lower doping results in wider depleted
region.

The main property of a diode is that generally it conducts only in one direction. In semiconductor
diodes, we distinguish between forward bias, which corresponds to that direction, and reverse bias in
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Figure 2.14: Comparison of band diagram from figure 2.12] with band diagrams of a GaN p-n ho-
mojunctions in equilibrium case with doping levels 10 times lower and 100 times lower. Quasi-Fermi
electron level F;, and quasi-Fermi hole level F), coincide to the Fermi level, thus they are equal.
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Figure 2.16: Comparison of band diagram of p-n homojunction for reverse bias: —1V and —2V.

the opposite direction.

This phenomena is clearly visible in simulations. Comparison of band diagrams for increasing
forward bias is presented in figure Injection of electrons to the p-type region and holes to the
n-type region leads to decrease of the potential barrier in the depleted region. When the forward
bias (in volts) is roughly close to the band gap (in electronvolts), then the potential barrier vanishes
almost completely, there is no depleted region anymore and the device behaves more or less as a linear
resistor. On the other hand, under the reverse bias the potential barrier increases, and the n-type
region and the p-type region become isolated from each other.

This behavior is clearly indicated by the I-V characteristic presented in figure 217l This figure
reveals three operating modes of a semiconductor diode. Under reverse bias (bias < 0V), the current
is very small and generally it does not increase with voltage. Then for the forward bias, there is an
exponential mode, when the current is small, but it increases exponentially in bias, and the linear
mode, when the current (and resistance) becomes linear in bias.



2.8. P-N DIODE 109

30
10° |
1073} 1 25l
10°
10° 1 20
€ 10 c
9 1015 9] 15t
5 5
(@] 10—18 (@]
10}
10-21
1024 5
10—27
-30
0 =% o 2 4 6 8 = o 2 4 6 8
Bias [V] Bias [V]

Figure 2.17: Current-voltage (I-V) characteristic of a GaN p-n homojunction. Logarithmic and linear
scales are presented. Absolute value of current is plotted.

2.8.2 Homojunctions, p-i-n diodes and single quantum well structures

In this section, we simulate several GaN-based semiconductor devices, with different level of com-
plexity. We would like to determine basic properties of these devices, before proceeding to more
complicated structures.

2.8.2.1 Devices

The basic structure to simulate is a p-n homojunction made of GaN, referred by abbreviation N-P.
The doping is assumed to be Ny = 5 - 10¥cm™ in the n-type region and N, = 5 - 10”cm ™2 in the
p-type region. The compensation is 2% of doping concentrations. Both regions are of 500 nm length.

The second structure we consider is a p-n junction with insulating layer in the middle. We consider
two lengths of the insulating layer: 20nm and 200 nm. These devices are referred by abbreviations
N-I-P 20nm and N-I-P 200nm. It is assumed that in insulating layer, there are in fact donors with
concentration 5-10'% cm™3, as such impurity level is expected to be present in real devices due to the
nature of growth processes.

Next device is a single quantum well (QW) structure. The quantum well is 3nm length, and we
assume n-type region and p-type region to be of length 499 nm and 498 nm, respectively. QW region
is made of Ing1GaggN. As in N-I-P case, the quantum well is assumed to be donor-doped on level
5-10'6 cm™3. This device will be abbreviated as N-W-P.

The most complex device in this simulation is the two quantum well and a barrier structure. The
layers of the device are as follows: a GaN n-type region 495 nm length, 3 nm quantum well, 5 nm
Ing.015Gag.9s5N donor doped barrier, 3 nm quantum well and 494 nm p-type region. Quantum wells’
properties are the same as in previous device. The barrier is doped with 5-10'¥cm™ shallow donors,
as n-type region. This device would be referred as N-W-B-W-P.

2.8.2.2 Dopants in insulating layers

First we would like to study the impact of low impurity concentration in insulating layers and a
quantum wells. In theoretical considerations one can assume these parts of device to be perfectly pure,
but during the real semiconductor growth it is always possible to introduce some level of impurities.
From the computational point of view, removing any doping in certain layer results not only in zero
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Figure 2.18: Comparison of the I-V characteristics of devices with doped (impure, d) and undoped
(pure, i) insulating layers and quantum wells. Tunneling to trap level was not included into the
simulation.
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and the potential of N-I-P 200nm device for pure (left) and doped (right) insulating layer. The applied
potential is 1.06 V. Tunneling to trap level was not included into the simulation.
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Figure 2.20: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-I-P 20nm device for pure (left) and doped (right) insulating layer. Only the
middle of the device is shown. The applied potential is 0.16 V and 1.06 V for lower and upper plot,
respectively. Tunneling to trap level was not included into the simulation.
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Ey[eV] —6.4 —4.5
Nfem™] | 10 10'7 | 10'8
moRA[s) 11077 107Y | 10712
TRl 11079 1071 | 10710

Table 2.4: The electron and hole lifetimes for trap-level recombination for selected trap concentrations
and the energy level of the trap. It is assumed that energy band boundaries are similar as for GaN
material: the conduction band is F. =~ —4eV and valence band is E, ~ —7.4eV. Values presented in
the table are tentative.

acceptor/donor concentration, but also no recombination on trap level, thus may lead to considerable
change of I-V characteristic.

Since the recombination terms play vital role in a simulation of luminescent devices, we must
assume some parameters for it. For all devices the radiative recombination coefficient are 7% =
1.1 x 1071%cm3/s. The case is more complicated for SRH recombination. We assume that for a
donor-doped part, a corresponding acceptor compensating level is Ey = —6.4eV, and for an acceptor-
doped part compensating donor level is Ey = —4.5eV. The energy level and impurity concentration
affect carrier lifetimes. The assumed values are presented in table[2.4l Relative effective carrier masses
are assumed to be m,, = 0.2 for electrons and m, = 1.7 for holes. In this section, we do not include
the trap-assisted tunneling, but level occupation and full SRH formula is used.

Having the parameters covered, we proceed to the simulation results. There are four devices
considered, as described in section 2.8 2.1], with insulating layers doped and undoped, what would
be denoted by additional letter d or i, respectively. We would like to verify to what extent small
concentration of impurities affects a device. Thus we assume the doping of insulating layers to be of
donor type, of magnitude 1% of the regular n-type region doping.

The comparison of I-V characteristics is presented in figure 218 We will start with N-I-P 200 nm
(figure2.19]). For bias in proximity of 3 V the currents are similar, for higher voltages the d-device has
bigger current, due to lower resistance. For bias lower than 2.5 V however, the characteristics differ
substantially. An explanation of such a behavior is lack of the SRH recombination for pure insulating
layer in the depleted region (see figure 2.19). The SRH recombination increases total current, as it
may be treated as a mean of electron transport through the potential barrier in the depleted region.
The recombination on the trap level rate, even with no tunneling effect, is significant there, so even
for small trap concentration it is important. For higher biases, the potential barrier is small and this
effect is negligible for the electric conductance, so the I-V characteristics are similar above 3 V bias.

The case of 20 nm length insulating layer is similar, however for bias around zero the difference of
currents diminish. Such a distinction results from the I-layer being too narrow to enclose the depleted
region of the device. When an applied potential is low, maximal rate of the SRH recombination is
reached in the n-type region, and the impurities in the undoped layer (figure 2:20]). Nevertheless, for
moderate bias, still quite large difference of currents is observed.

For the device with one quantum well (N-W-P) the characteristics are almost the same. In this
case reason is that the region of maximal recombination is not in the middle of the device, but it is
slightly shifted, into the n-type region (figure [221]). Thus, a doping in the quantum well does not
increase the recombination much and the difference in the charge is so small so it does not change the
behavior of the device.

In the case of the device with two quantum wells (N-W-B-W-P), there are differences in current
magnitudes in the range 1.5-2 V. The analysis is not so straightforward as before, as the recombination
maxima are in different positions for pure and doped quantum wells (figure 2.22]). It seems that for
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Figure 2.21: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-W-P device for pure (left) and doped (right) quantum well. The applied
potential is 1.06 V. Tunneling to trap level was not included into the simulation.

lower potentials, the current is approximately the same. On the other hand, for medium voltage, the
device with pure quantum wells has slightly bigger current. This effect is due to SRH recombination
in the barrier, which is smaller than SRH recombination in QWs, when it is present, but if there is no
trap levels in QWs, it becomes much larger.

The conclusion is that the impurities in insulating layers may change the I-V characteristic, but it
depends on the device. If an insulating layer is located in the region where there is significant SRH
recombination, then impact of impurities may be important. Otherwise it is negligible, as the charge
generated by additional concentrations of ionized traps is too small to affect the device. The impact is
observed for small and medium biases, up to 2.5-3 V. Above 3 V the rate of the SRH recombination
is not considerably larger near the p-n junction, as there is no potential barrier, thus its impact on
the I-V characteristic is negligible.

Nevertheless the above simulations reveal, that in general we cannot neglect the impact of impu-
rities in the active region on a device behavior, despite of their low concentration.

2.8.2.3 Tunneling

The the trap-assisted tunneling (see section 2771 might be an important phenomenon governing
operation of a p-n junction. Therefore we would like to determine the impact of this mechanism on
I-V characteristic of the device. To perform simulations, one can utilize formulae from section 7.1l
Derivation of these formulae require rigorous assumptions, which are satisfied by an idealized device,
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Figure 2.22: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-W-B-W-P device for pure (left) and doped (right) quantum wells. The applied
potential is 0.16 V and 1.06 V for lower and upper plot, respectively. Tunneling to trap level was not
included into the simulation.



2.8. P-N DIODE 115

10° 10° |
1 1
g 107 g 107
3 10_10 [ i 10—10 L
g 10" N-P (tun) 2 10"
g N-P — — - S
E o2 E o2} !
5 N-I-P 200nm (tun) 5 (el N-I-P 20nm (tun)
102 N-I-P200nm = = = 102t N-I-P 20nm
10730 ¢ N-W-P (tun) ] 1030 re N-W-B-W-P (tun)
.. ., NWP--- b, NWBWP .-
05 1 15 2 25 3 35 4 05 1 15 2 25 3 35 4
Voltage [V] Voltage [V]

Figure 2.23: Comparison of I-V characteristics of devices with trap-assisted tunneling (tun) and with
standard SRH recombination.

but they could fail in a real situation. Still, one can treat results of such simulations as some kind of
approximation.

We performed simulations of devices from section 2.8 2Tl with and without trap-assisted tunneling
and we compared the results. The I-V characteristics are shown on figure 2231 The tunneling effect
has increased the current for all devices for biases below 3 V. For higher voltages, the differences are
negligible. Such a behavior is expected, as a high electric field is present for a small bias applied to a
device.

The smallest change we observe for the N-I-P 200nm device, and the greatest for N-P diode.
The explanation is that the latter device has the the shortest depleted region and it contains largest
concentration of impurities. On the contrary, N-I-P 200nm structure has the longest depleted region
and with low impurity concentration. Also the single quantum well structure N-W-P might be con-
sidered as an external case instead of N-P, since as shown in section its insulating layer with
reduced recombination rate does not lie in the depleted region. For two other devices, N-I-P 20nm
and N-W-B-W-P, we also observe a considerable difference in the current magnitude. However it is
smaller, due to a longer depleted region and lower concentration of impurities present there.

The analysis of band diagrams reveals that the tunneling effect has considerable impact on devices
(see figures 2.24] 2.28]). The electron quasi-Fermi level, which previously was almost constant in the
active part of the device, now varies rapidly in the depleted region and it aligns to hole quasi-Fermi
level. Thus the electron concentration in p-type region is much lower than the hole concentration in
the n-type region. This effect is observed for low potentials, and vanishes for high ones. The cause of
such a behavior is much greater recombination rate for the devices with tunneling effects.

The devices for which the mentioned effect is less significant are the N-I-P structures, where the
electrostatic field is lower than in other cases (see figures 2.26] 2.28]). For N-I-P 200nm structure
an large field zone is about 200 nm long, as it enclosed in the insulating layer. It is much longer
than in other devices, where the depleted regions are of 20-30 nm length. Thus it slightly exceeds
the insulating layer for the diode N-I-P 20nm. In these cases, the tunneling effect is not sufficiently
significant for the device operation, as the potential in the depleted region is almost linear, so the
electric field is distributed almost equally, on contrary to previous examples, where it is stronger near
p-type region interface.

The observed result reveals also significant problem with the theory. Formulas presented in [51],
used in simulations, are valid under the assumption of constant quasi-Fermi levels in the active part
of the device. This assumption is obviously not valid, due to application of the very theory. Thus, the
results should probably be verified with more subtle approach.
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Figure 2.24: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-P device. The middle of the device is shown. The applied potential is 1.06 V.
Trap-assisted tunneling was included into the simulation.
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Figure 2.25: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-I-P 200nm device. The applied potential is 1.06 V. Trap-assisted tunneling
was included into the simulation.



2.8. P-N DIODE

-1
2
3
4

6
7
-8

Energy [eV]

Rad

Concentration [1/cm3]

jesllies]

oo =

<

| I I 2.

0.46

0.48

0.5 0.52

X [micron]

iy
S
4 L
2 =
=
-2
R £
i
14 5
Q
[}
~

Potential [V]

117

Figure 2.26: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-I-P 20nm device. Only the middle of the device is shown. The applied potential
is 1.06 V. Trap-assisted tunneling was included into the simulation.
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Figure 2.27: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-W-P device. Only the middle of the device is shown. The applied potential is
1.06 V. Trap-assisted tunneling was included into the simulation.
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Figure 2.28: Plots of the band diagram, the recombination rates, the charge carrier concentrations, and
the potential of N-W-B-W-P device. Only the middle of the device is shown. The applied potential
is 1.06 V. Trap-assisted tunneling was included into the simulation.

2.8.2.4 Occupation of a trap level

As we saw already in the section 2.8.2.2] small concentrations of impurities introduced unintentionally
may lead to a relevant change of a I-V characteristic of a device. The doping introduces two effects:
the SRH recombination and the charge generated by the trap occupation. We would like to determine
the impact of this charge.

Therefore we will compare two kinds of devices with insulating layers: with unintentionally doped
W and I layers, denoted as d-devices in section 2.8.2.2] and devices with recombination rate adjusted
as for doped insulating layers, but zero trap and dopant concentrations, what we denote as ir.

The I-V characteristics computed for structures N-I-P 200nm and N-W-P are similar for both
cases (figure [229). Let us study the N-I-P 200nm device more closely (figure Z30]). The quasi-Fermi
levels are quite similar, but the potentials in the insulating layer differ slightly. Thus the carrier
concentrations are different and the maximum of the SRH recombination is shifted a bit. However,
the magnitude of the recombination rate is almost the same, so the characteristics do not differ much.
For the N-W-P device, the differences are hardly noticeable (figure 2:3T]). The introduced charge is
too low to impact these devices, as it is relatively small in comparison with doping of n-type region
and p-type region.

The above simulations suggest the charge generated by the ionized traps in the insulating layer
to be a factor of low importance. The main impact is due to a recombination term, on which a I-V
characteristic is directly dependent.
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Figure 2.30: Plots of the band diagram, the recombination rates, the charge carrier concentrations,
and the potential of N-I-P 200nm device for full trap level occupation (left,d) and recombination only
(right,sr) in the insulating layer. The applied potential is 1.06 V.
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Figure 2.31: Plots of the band diagram, the recombination rates, the charge carrier concentrations, and
the potential of N-W-P device for full trap level occupation (left,d) and recombination only (right,ir)
in insulating layer. The applied potential is 1.06 V.

2.8.2.5 Dopant compensation

Since the SRH recombination term seems to have considerable impact on the device operation, and
the charge concentration due to ionized traps in insulating layers are negligible, then maybe the charge
of ionized traps may be completely neglected? Perhaps one should compute only the recombination
term? Calculation of the ionized traps charge is not particularly computationally costly, but still
omitting it simplifies the model and it improves simulation time.

We consider an p-n diode in two variants: with the trap occupation term included (N-P) and
omitted (N-P oto). In both cases, the recombination generated by traps is taken into account.

The resulting characteristics are displayed on the figure They generally agree, differences
can be hardly seen for voltages above 3 V. The same is true not only for the characteristics, but for
the potential and quasi-Fermi levels. Maximal difference potentials were [1)(x) — ¥o0(2)| < 0.02 V,
|Fon(x) — Froto(x)] < 0.03 €V and |F,(x) — Fpoto(x)| < 0.03 €V. The simulation has been performed
also for more complex N-W-B-W-P device, and similar estimates hold.

The conclusion is then that the compensation at level of 2% of doping is important mainly due to
a SRH recombination it generates, as the ionized traps charge is negligible.
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Figure 2.32: Comparison of I-V characteristics of devices with the ionized traps charge omitted (oto)
and included. The recombination generated by traps are included into both cases. Differences are
hardly noticeable.

2.8.3 Comparison with available software

Simulations presented in other sections of this study were performed with our own software. There
are some free or commercial programs, which accounts for simulations of semiconductor devices either
with the drift-diffusion model or with more subtle methods. However, these applications come with
a certain set of features, like the physical phenomena accounted for. While this is natural for any
modelling setting, introducing additional effects is limited without a source code and appropriate
license.

The drift-diffusion model is not very sophisticated, thus to experiment with new features it is quite
viable to develop one’s own computer code. In our research we focus on GaN luminescent devices, and
therefore we are interested in additional effects affecting operation of such structures, not included in
standard drift-diffusion model. The available software offer simulations of wide range of devices. It is,
however, hard or impossible to add specific improvement, if it is not implemented already.

Before proceeding to the full-blown simulations of semiconductor devices, we would like to compare
our program with other software performing similar tasks, which are available to us. For comparison
we have chosen two programs: SimWindows (free) and SiLENSe (commercial). In these tests we
do not want to show effects of improvements of the model, but to compare results of simulations
accounting for similar physical phenomena.

2.8.3.1 SimWindows

SimWindows [118] is a free program for a numerical solution of the drift-diffusion system for one-
dimensional structures. This program is lightweight and fast, configurable with graphic user interface.
It incorporates some standard recombination models (SRH, radiative, Auger) and it is configurable
to some extent. However, there is no built-in support for extending the model. In particular, scope
of modeling SRH recombination is rather narrow. It is possible to use standard SRH formula with
fictitious concentrations my, p; assumed to be zero, thus independent of a trap energy. Extension
beyond that is not possible.

For the comparison we use already simulated devices: N-P and N-W-P d. Since we want to
compare the results, we simulate the same physical conditions in our code and in SimWindows. Thus
we modified the devices in such a way: we assume simple SRH recombination form from equation
2.6.26] and we assume that occupation of trap levels is like for shallow traps, but with respect of their
energies, and no trap-assisted tunneling. We take into account the incomplete ionization of acceptors
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Figure 2.33: Comparison of I-V characteristics of p-n diode and single quantum well structure com-
puted with our code(1) and SimWindows(2). The results are in good agreement.
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Figure 2.34: Comparison of quasi-Fermi levels, the recombination rates, the charge carrier concentra-
tions, and the potential of N-P (sw) device simulated in our code(1l) and in SimWindows(2). The
applied potential is 1.0V. Results are in good agreement.

and donors. The Auger recombination is neglected. Devices simulated in such conditions would be
denoted as (sw).

The I-V characteristics of the devices N-P and N-W-P d are compared on figure 2.33l These
results generally agree.

The comparison of electrostatic potential, quasi-Fermi levels and other functions describing the
devices on figure 2341235 for applied potential 1.0 V. In both cases values from simulations performed
by our code and SimWindows are similar. In particular, good agreement in the depleted region of the
first device and near quantum well of the latter one is obtained, what implies the recombinations are
similar, and so are the currents.
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Figure 2.35: Comparison of quasi-Fermi levels, the recombination rates, the charge carrier concentra-
tions, and the potential of N-W-P d (sw) device in the proximity of quantum well simulated in our
code(1) and in SimWindows(2). The applied potential is 1.0V. Results are in good agreement.

2.8.3.2 SiLENSe

The second program we compare our code with is SILENSe [I]. Full meaning of SiILENSe acronym
is Simulator of Light Emitters based on Nitride Semiconductors. It is a commercial software, which
in addition to simulation of electric properties, has also an optical module. It is supplied with the
database of common material parameters, in particular for GaN, InN and AIN crystals. Parameters for
In,Ga;_,N mixed crystals are computed automatically by the program. SiLENSe uses one-dimensional
drift-diffusion model for simulations of electrical properties of semiconductor devices.

We will focus on the results for the following devices: N-P, N-I-P 200nm and N-W-P. SiILENSe
uses simple form of SRH recombination (Z6.26]), like SimWindows. Also the SILENSe database uses
slightly different material parameters. Thus, to perform a comparison, we have adjusted certain
parameters to be consistent with SILENSe defaults. Such modified devices are denoted by (si) suffix.

The comparison of I-V characteristics are presented on figures 2230I2.371 Differences between our
code and SiLENSe are marginal. However, when we compare band diagrams, the results do not
agree in general. For structure N-P (si) and low bias (figure 2.38)) the electrostatic potentials agree,
but we observe considerable differences for quasi-Fermi levels: for the hole level in the n-type region
and for the electron level in the p-type region. Such inconsistency introduces also differences in the
carrier concentrations on respective parts, but since they are minority carriers, they do not affect
the charge. Nevertheless, the band diagrams are quite different. Note however, that in near the
depleted region the differences between quasi-Fermi functions are much smaller. Since it is a region
of maximal recombination rate, the total current is similar for both simulations, which explains why
the I-V characteristics are in good agreement despite this inconsistency in quasi-Fermi levels. It must
be noted that this inconsistency is observed only for low bias. For high bias, these differences become
rather small (see figure [Z39). Similar behavior is observed also for the device N-I-P 200nm (figure

£.0).
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Figure 2.36: Comparison of I-V characteristics of p-n diodes without and with 200 nm insulating

layer in the depleted region, computed with our code(1) and SiLENSe(2). The results are in good
agreement.
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Figure 2.37: Comparison of I-V characteristics of the single quantum well structure computed with
our code(1) and SiLENSe(2). The results are in good agreement.

Similar behavior is observed for single quantum well structure N- W-P. While the quasi-Fermi levels
do not agree in general, the differences become small near the quantum well (figureZ47]). Thus the I-V
characteristics agree (figure2.37)). The examination of the electrostatic potential ¢ in the quantum well
indicates polarization charges on the quantum well interfaces, which leads to non-smooth potentials.
These charges are present in our code and in SiLENSe.
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for the upper plot and 1.0 V for the lower plot. The maximal SRH recombination rates in (1) and (2)
simulations are similar, but the results do not agree in general.
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2.8.4 Computing carrier currents

In simulations of semiconductor luminescent devices, it is important to estimate precisely the current
densities J,, Jp, which contribute to the current density J. Current density is an important property
of a device, as it may be used to obtain I-V characteristics or L-I (light-current) characteristics, which
are measured experimentally. These characteristics allows to compare numerical results with real
devices, and they are important factor in design of the semiconductor devices.

In this section, we discuss main problems related to calculation of current densities Jy, J,. As an
example, we simulate a p-n homojunction with 100nm GaN n-type region, doped moderately with
1 x 10" em ™ donors and 100nm GaN p-type region, doped with 1 x 109 cm™3
apply forward bias to this simple structure.

acceptors. We will

Before analysis of the simulation results, we would like to briefly discuss our expectations, basing
on physical grounds. For low bias (figure 2.42]), the built-in potential prohibits carriers from spatial
traverse across the device, but electrons and holes recombine in the depleted regions. These carriers
are constantly supplemented by carriers injected via contacts (see figure 2.43]). Thus in the n-type
region we expect some electron current and negligible hole current, and quite the reverse in the p-type
region. Under high bias, the depleted region disperses and there is no potential barrier, thus the
current carriers can traverse across the device.

2.8.4.1 Using the definition

The most natural approach in calculating currents is to directly use definitions (Z.5.9]). Unfortunately
this simple method does not give satisfactory results, as it is demonstrated in figure 2.44]). Let us
focus on electron current density first. These results indicate, that it is only present in the depleted
region and in the p-type region. In the n-type region it is nonexistent. This is in contradiction with
our discussion. Analogous effect is observed for the hole current density. Moreover the total current
density J is not constant, as it varies heavily between the depleted region and the rest of the device.
This effect is completely nonphysical.
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Figure 2.42: Band diagram and concentrations of carriers for a GaN diode, used in the simulations.
Bias is ¥yp =1V.
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Figure 2.43: Schema of carrier transport in p-n junction under low bias. The meaning of symbols
is as follows: electrons — red circles, holes — green circles, recombination — vertical arrow, spatial
movement of carriers — horizontal arrows.

These numerical artifacts may be explained if we take into account the floating-point arithmetic.
To compute concentration of currents with definitions (2.5.9)), the derivative of quasi-Fermi levels
F,, F,, must be available. In our simulations, they were computed by finite differences from functions
F,,F,. On the n-type region, the electron quasi-Fermi level F, is almost constant, as well as the
hole quasi-Fermi level on the p-type region (figure 2:42]). In spite of huge variations of the carrier
concentrations n, p, it appears that relative difference of quasi-Fermi levels can be smaller that the
floating-point number precision, which leads to zero derivative on large regions of the device.

Therefore we cannot compute currents form definition, as this method fails even for such a simple
case as p-n junction.

2.8.4.2 Using continuity equations

Instead of definitions of .J,, and J,, we may use continuity equations (2.5.15]). Then we obtain a first
order equations on J,, J,

V- Ju(x) = qR(z),

V- Jy(x) = ~qR(). 281

We assume that the van Roosbroeck equations are numerically solved and we have approximations of
Y, Fy,, F,. Thus R is a known function.

Still we need to use definition (25.9) for boundary conditions. In figure 2.44] we clearly see, that
on large parts of the device these formulas give reasonable results. However, near the boundary there
are often some artifacts related to boundary values, as shown in figure[2.44l In one dimension, we can
easily solve equations (2.81] starting form an arbitrary = € 2. The solutions are given by

To(w) = o)+ [ REQE dyla) =yt —a [ RO (2.82)

1
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Figure 2.44: Currents calculated from definition (2.5.9). Note subsets where currents become zero.
Total current J is definitely not constant.

where the choice of xg,z; € 2 is arbitrary.

In figure currents calculated by the above method are presented. In comparison with results
of previous method, this result is more regular and it corresponds to our physical intuition (see figure
[2:43)), i.e. there is almost constant electron current in n-type region and hole current in p-type region,
and they switch in the depleted region due to recombination. Moreover the total current density J is
constant.

If we compare both methods (figure 2.46]), we clearly see that both methods give similar results

on significant part of device. Differences emerge due to limitation of floating-point arithmetic, as
explained in section 2.8.4.T1
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2.8.5 Trap-assisted tunneling effect on characteristics of gallium nitride diodes

In section 2.7.Tlwe described the trap-assisted tunneling effect, which increases the SRH recombination.
Then in section 2.8.2.3] we presented simulations, which indicates that depending on the length of the
depleted region, this effect may be more or less significant.

In this section, we would like to study in detail the impact of the trap-assisted tunneling on the
operation of the GaN p-n homojunction. In particular, we would like to present a comparison of
simulations with experiments.

2.8.5.1 Comparison with experiments

For the comparison, a realistic device suggested by Smalc-Koziorowska et al. was used [106]. The
diode was divided into three layers: 60 micron thick n-GaN substrate with donor concentration Nj; =
2 x 10'® ¢cm™3, 0.5 micron thick n-GaN layer with Ny = 1.4 x 10! cm™3 and 0.5 micron thick p-
GaN layer with acceptor concentration N, = 5 x 10 ecm™3. Computations with and without the
trap-assisted tunneling modification were performed.

In this set of simulations we used material parameters from tables 2.5] We assume that the
p-GaN is doped with shallow Mg acceptors, which do not play important role in the non-radiative
recombination. We expect the p-GaN deep trap level in Mg-doped GaN to be related to the nitrogen

Parameter Symbol Value Details
Relative permittivity Ep 8.9 Ref. [68]
Acceptor degeneracy level Ja 2 Ref. [110] 99]
Donor degeneracy level Jd 2 Ref. [79]
Band gap E.-E, 3.4 eV Ref. [77]
Acceptor level (Mg, shallow) E, 0.17 eV Ref. [68]
Donor level (Si, shallow) E,; 0.02 eV Ref. [68]
Electron effective mass My, ML 0.2 Ref. [89, [6§]
Hole effective mass My, My 1.7 Ref. [41]
Electron mobility Ln 200 % Ref. [95]
Hole mobility p % Ref. [70]
Radiative recombination constant Ccred 1.1 x 10719 % fitting param.
Temperature T 300 K room temp.
Acceptor level (deep, n-GaN) E, - E, 1.0 eV Sec. 2.8.5.1]
Donor level (deep, p-GaN) E.— E; 0.5 eV Sec. 2.85.1]

Table 2.5: Material parameters of gallium nitride, used in our numerical simulations.

Impurity concentration Ny Tn = (C;?RH)_l Tp = (CI;‘;RH)_l
Ny =10%cm™3 5 x 10%¢em—3 5 x 10785 5 x 107 10g
N;=5x10"cm™3 2.5 x 101¥cm =3 10~ % 5x 10~ g
N, =5x10"cm™3 108cm—3 7 x 107125 7 x 10710

Table 2.6: Trap concentrations and carrier lifetimes based on impurity concentrations, used in our
simulations. The values 7, 7, were the fitting parameters.
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Figure 2.47: Comparison of the experimentally obtained [-V characteristics of p-n junctions from the
article [106] and simulation results with and without the trap-assisted tunneling. In the simulations,
the n-GaN donor concentration N; = 1.4 x 10!? ¢cm™2 with the trap concentration Ny = 7 x 1017 cm ™3,
and the p-GaN acceptor concentration N, = 5x 10! cm ™3 with the trap concentration N; = 10'® cm™3
were assumed near the space charge region.

vacancies with energy level around 0.43 eV[85], [8§] or nitrogen antisites at around 0.8 eV[I1T] [10§].
Thus, the deep donor energy level E.— E; = 0.5 eV is chosen. In the n-GaN the deep trap level may be
caused by the V,-On and Vga-Siga complexes[86] with energy levels 1.1 eV and 0.9 eV, respectively,
or by Si[I4] at 1.2 eV. Thus the deep acceptor energy level E; — E,, = 1.0 eV is taken in the n-GaN.
We assume trap concentrations to be about 2% of the p-GaN acceptor concentration and 5% of the
n-GaN donor concentration.

The comparison of the I-V characteristics of the simulated devices with the experimental data
from [106] is presented in figure 2.47] Both computed characteristics agree for bias above 3 V. On the
other hand, for lower bias the curves present substantially different behavior. The total current is up
to five orders of magnitude higher when the tunneling is taken into account. The agreement with the
experiment is much better for the tunneling case. In the comparison, we used the interval [1.5 V,3 V].
The precision of the measurement is too low below about 1.5 V to get reliable values. Above 3 V the
resistance of contacts dominates over the resistance of the structure, that is not taken into account in
the simulations.

To identify the physical factors for the difference between tunneling included or not, the recom-
bination must be examined. The recombination rates for various potentials for both simulations are
presented in figure[2.48 Note that the recombination in the depleted region for the tunneling included
is much higher, especially for lower bias. When the potential increases, the difference is smaller. In
fact, this is what we should expect. The tunneling of carriers to the trap level increases the number of
electrons and holes participating in the non-radiative recombination, and therefore it increases SRH
recombination rate. Tunneling distances are larger for higher voltages, because of straightening the
bands. Thus a contribution of the tunneled carriers to the recombination decreases, as the tunneling
over the barrier becomes less probable.

2.8.5.2 Impact of n type doping level on I-V characteristic of a diode

The example presented in the previous section demonstrates that the tunneling to the trap level
may accelerate the non-radiative recombination, at least for low and moderate potentials. The effect
may be neglected for devices which are supposed to work in high biases, above 3 V, but it is very
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Figure 2.49: Simulation of the impact of a donor doping of one micron p-n junction with the p-GaN
acceptor concentration N, = 5 x 10" cm™ with the trap concentration of N; = 10 ¢cm™3. The
trap concentration in the n-GaN is assumed to be 5% of the donor concentration. The trap-assisted
tunneling was active in the simulation. Increase of the donor doping significantly affects the current
for low biases.

disadvantageous for devices operating in low voltages.

As we have shown, the mentioned phenomena has a large impact on currents when a depleted
region is narrow and heavily-doped. We would like to verify whether an extension of the depleted
region, which renders the tunneling of electrons to be unlikely, leads to a decrease in the trap-assisted
recombination rate.

For simplicity, we would like to focus on a short p-n homojunction which has two layers: 0.5 micron
thick n-GaN and 0.5 micron thick p-GaN. To extend the space charge region, one can decrease the
doping of the layers. However, this is rather unfavorable in the p-GaN, as the common GaN acceptor,
magnesium, is not so shallow. Then the resistance of the p-GaN would increase greatly. This is not a
problem with the n-GalN, where the silicon donor is very shallow.

Therefore we performed a simulation of devices with the constant acceptor doping N, = 5 X
10" cm™ and the donor concentration varying from 10'® cm™3 to 5 x 10 cm™3. The resulting
I-V curves are presented in figure 2491 We see that increase in the donor concentration leads to a
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Figure 2.50: Simulation of the impact of a donor doping of one micron p-n junction with the p-GaN
acceptor concentration N, =5 x 10'® cm™3 and the trap concentration of N; = 10'® cm™3. The trap
concentration in n-GaN is assumed to be 5% of the donor concentration. The trap-assisted tunneling
was omitted in the simulation. There is no significant influence of the donor doping on the current.

significant increase in the current density for low and moderate voltages. For potentials above 3 V
the differences are barely visible.

The simulation results are a numerical evidence of the already presented theoretical considerations
about the tunneling distance. The simulations leads to the following conclusion: in order to reduce
the non-radiative recombination in a p-n junction, one should extend the space charge region. For
example, by reducing concentration of donors in the n-GaN.

We would like to ensure that the presented result is an effect of the depleted region narrowing
and the trap-assisted tunneling, not just an increase of the donor concentration. Therefore these
simulations were repeated with the tunneling inactive (figure 2.50). As we see, in this case the current
density do not change considerably with the doping.

For the sake of comparison, band diagrams of the devices with the donor concentration 10'® cm=3
and 5 x 10" cm~3 are shown in figures 2511 252l Note that for low donor concentrations or high
currents, there is no significant difference between the case with the tunneling effect active or not.
Thus the potential in the depleted region remains almost parabolic and quasi-Fermi levels are almost
constant. The difference in the current densities follows just from the magnitude of the non-radiative
recombination.

On the other hand, for low biases and high donor doping, the recombination becomes so strong
that the quasi-Fermi level varies rapidly near the junction. This fluctuation poses a problem with
the theory presented by Hurkx et al. [51], as the expressions presented in the article and used in the
simulations are valid under the assumption of constant quasi-Fermi levels in the space charge region.
Therefore the calculations for this case should be revised with a more subtle approach in the future.
Nevertheless, such a high recombination is caused by the trap-assisted tunneling, not just the narrow
space charge region (cf. figure2.52]). Thus the increase of the current in comparison with no tunneling
case still is expected, but it may be misvalued by the model.

2.8.5.3 Discussion

Our simulations prove the trap-assisted tunneling plays an important role in the Shockley-Read-Hall
recombination. The results reveal that this effect may modify considerably I-V characteristics and
band diagrams of devices. The change of the total current density is natural, as it is directly dependent
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Figure 2.51: Comparison of band diagrams of the one micron p-n junction for potentials 1.7 V,
3 V, with the n-GaN donor doping concentration Ny = 10'® ¢cm™2 and the p-GaN acceptor doping
concentration N, = 5 x 10! em™3. The respective trap concentrations are Ny = 5 x 10 cm™3 and
N; = 10'® ecm™3. The simulations were performed in two variants: with the trap-assisted tunneling
active or not. In both cases changes of the band diagram are hardly noticeable.

on the recombination rate. However, the generated recombination is so big that the electron quasi-
Fermi level varies rapidly in the proximity of a recombination peak. It happens in a significant part
of luminescent devices.

The result implies that the assumptions made by Hurkx et al. [51] could be invalid, thus the
simulation with a more general method should be performed. On the other hand, the effect cannot
be considered as a small perturbation. It influences not only the current, but also the band diagram
and should be included in the computations.

The performed simulations of a p-n GaN junction demonstrates that a high doping of the junction
(above 10! cm~3) leads to a significant increase of the non-radiative recombination. As the results
suggest, the issue may be settled by lengthening the space charge region by decreasing the doping of
the n-GaN layer.
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Figure 2.52: Comparison of the band diagrams of the one micron p-n junction for potentials 1.7 V,
3 V, with the n-GaN donor doping concentration Ny = 5 x 1012 cm™3 and the p-GaN acceptor doping
concentration N, = 5 x 10" em™3. The respective trap concentrations are N; = 2.5 x 10'® em™2 and
N; = 10'® em™3. The simulations were performed in two variants: with the trap-assisted tunneling
active or not. Note a hole quasi-Fermi fluctuation for the tunneling included and the low bias.

2.9 Light-emitting diodes and laser diodes

2.9.1 Introduction

A light-emitting diode (LED) is a semiconductor light source. It is a device based on a p-n diode,
where upon application of a sufficient voltage the light is emitted, which is generated due to radiative
recombination of electrons and holes.

Emission of the photons occurs mainly in the quantum wells. As explained in section 2.4 QWs are
supposed to localize the quasiparticles of both species in large concentrations, to make the radiative
recombination efficient. Thus they are located generally in the proximity of the depleted region.

In theory this simple schema is sufficient, in practice structure of modern GaN-based LEDs is much
more complicated due to several issues. While holes generally do not escape the active region due to
low mobility, this is not the case for electrons. To prevent electron leakage, the electron blocking layer
(EBL) is introduced. It is a quantum barrier, localized typically between quantum wells and a p-type
region, made of AlGaN. This material is used, as the band offset between GaN and AIN is realized
mostly in the conduction band edge. Thus EBL mostly blocks electrons. For holes the barrier is much
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smaller.
On the other hand, quantum wells are made of InGaN. Its forbidden zone energy can be chosen
to match wide range of the visible light spectrum (violet, blue, green, ...) upon appropriate choice

the indium-to-gallium rate. The problem of growing quantum wells followed by the EBL is that while
InGaN is grown in approximately 800°C, AlGaN is grown above 1400°C. It is likely that neighboring
InGaN layers will be destroyed during the latter process. Thus intermediate layer is often introduced.

Blue optoelectronics is based on gallium nitride grown mostly in polar directions. In this case,
every interface between different materials (GaN, InGaN, AlGaN) introduces polarization charges,
which affect the band structure of a device. In particular, an electric field in quantum wells is present,
which leads to separation of electrons and holes to opposite sides of a quantum well, reducing the
probability of radiative recombination (quantum-confined Stark effect, QCSE).

An important problem in LEDs design is to prevent the nonradiative recombination. Nonradiative
recombination may occur due to material impurity in areas of large concentration of electrons and
holes. Main countermeasure is to grow possibly pure material. On the other hand, additional care
must be taken to eliminate areas of both carrier species aside from the active region.

In simulations of LEDs it is important to compare the optical power of devices. The drift diffusion
model simulates only electric properties, we do not simulate optical properties. However, we can
estimate the photon emission rate. A radiative recombination process results in emission of a photon
with energy approximately equal to the bandgap energy. The emitted photon may be reabsorbed by
the device, but we assume that reabsorption is already included in the radiative coefficient Ci.q (see
section 2.6.1.7]). Then we should only account for photons emitted from the active region of a device,
from quantum wells. Photons emitted from outside of the quantum wells are are ignored, as they
typically have different wavelength, and thus they do not contribute to target light spectrum.

Thus assume that the recombination rate R of (2Z.5.24]) decomposes to

R(z) = Rp(x) + Ry(x), (2.9.1)

where Ry accounts for the radiative recombination rate in the quantum wells contributing to the
emitted light, while Ry is the non-radiative recombination and radiative recombination outside of the
quantum wells.

Functions R;, and Ry may be extracted from simulation’s output. If we perform a simulation for
a given bias, we may then estimate the photon emission rate as

photon emission rate := / Ry (x)dx. (2.9.2)
Q

The optical power may be then estimated as
L= / Ey(x)Rp(x)d. (2.9.3)
Q
Similarly we can estimate power loss due to rogue recombination

recombination power loss = / Ey(x)Ry(x)dx. (2.9.4)
Q

The power loss in LEDs is not only due to rogue recombination. Other causes are the electron (and
hole) thermalization and recombination of leakage carriers on the contacts. Power loss due to these
factors (combined) may be estimated by subtracting optical power and recombination loss from the
total power:

total power = VI, (2.9.5)
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Table 2.7: Simulation results of the laser structure (section 2.9.2]) versus aluminum content in the
electron blocking layer for 5 V bias. I stands for the current. Optical power is estimated as the radiative
recombination amount in the QW multiplied by the band gap. Power loss accounts for the radiative
recombination outside the QW, non-radiative recombination on the whole device, recombination of
overflow carriers on contacts and the resistance.

EBL | IJA] | Power [ Opt. Eff.
Al loss | power
W] | W]
0% | 0.364 | 1.713 | 0.108 6%
3% | 0.528 | 2.471 | 0.167 6%
6% | 0.373 | 1.551 | 0.313 | 17%
9% | 0.235 | 0.740 | 0.435 | 37%
12% | 0.169 | 0.411 | 0435 | 51%
15% | 0.155 | 0.349 | 0.424 | 55%
20% | 0.147 | 0.328 | 0.408 | 55%
30% | 0.134 | 0.298 | 0.369 | 55%

where I is the current and V' is the voltage (bias). We define optical wall-plug efficiency as

L

I 2.9.6
total power ( )

efficiency :=
In this section, we also would like to present simulations of laser diodes (LDs). In contrast to
LEDs, light emission in laser diodes is due to stimulated emission effect. For this effect to occur,
the active part of a device must be supplemented with mirrors and additional reflecting layers, called
claddings. Model used in our work does not account for the optical properties. However, we are still
interested in electrical properties of these heterostructures. To simulate these devices to some extent
without subtle optic model, we assume that the stimulated emission increases greatly the radiative
recombination rate.

2.9.2 Aluminum content in EBL

Our first problem is to determine the optimal level of aluminum doping in the electron blocking layer.
Simulations presented in this section are based on the following example of the laser heterostructure.
It starts with one micron n-GaN layer, followed by 550 nm n-Algy Gagoy N cladding and 100 nm n-
GaN waveguide. Then the active part consists of a 20 nm n-In; 50, Gagg 54N layer, a 4 nm undoped
Iny70,Gaggyy N quantum well and a 22 nm n-Injo,Gaggy, N cap. It is followed by a 20 nm p-AlGaN EBL,
a 100 nm p-GaN waveguide, a 400 nm p-Algy, Gagoy, N cladding and a 30 nm p-GaN contact layer.
We performed simulations of this with aluminum content in the EBL varying from 0 to 30%. Results
are presented in tables 2.7 2.8 Increasing aluminum content generally also increases efficiency of the
device, but only up to a certain level. For example, under 5 V bias we reach the maximum of 55%
efficiency for 15% Al in the EBL.

The explanation of this phenomena is as follows. Lower Al content decreases the barrier for
electrons, allowing them to escape from the active zone to the p-type. Then they either recombine
with abundant holes in p-type (recombination loss), or they reach the contact. In the latter case the
electrons generates energy loss not only at the contact, but also along its way through the p-type, as
the potential differences for biases > 4 V are quite significant there (conduction loss).
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Table 2.8: Simulation results of the laser structure (section [Z9.2]) versus aluminum content in the
electron blocking layer for 6 V bias.

EBL | IJ[A] | Power | Opt. Eff.
Al loss | power
W | W]
0% | 0.689 | 3.949 | 0.185 4%
3% | 0.679 | 3.846 | 0.230 6%
6% | 0.650 | 3.424 | 0475 | 12%
9% | 0.481 | 2.125 | 0.762 | 26%
12% | 0.296 | 1.039 | 0.739 | 42%
15% | 0.266 | 0.868 | 0.727 | 46%
20% | 0.255 | 0.824 | 0.709 | 46%
30% | 0.240 | 0.776 | 0.665 | 46%

Table 2.9: Simulation results for the laser structure (section 2.9.2)) versus aluminum content in the

electron blocking layer for 5 V. Indium content in the cap was increased to 8%.

EBL | IJ[A] | Power | Opt. Eff.
Al loss | power

W | W]
0% | 0.408 | 1.602 | 0.439 | 22%
3% | 0.212 | 0.557 | 0.501 | 47%
6% | 0.183 | 0.424 | 0.491 | 54%
9% | 0.177 | 0.404 | 0.482 | 54%

12% | 0.174 | 0.396 | 0.473 | 54%

It is also interesting why the conduction loss is much greater than the recombination loss for 5
V and 6 V bias. Intuitively we could expect any escaped electron to recombine in p-type due to
abundance of holes. However due to the electric field, the concentration of electrons is several orders
of magnitude smaller that the hole concentration and they move fast. And even if they recombine,
they still travel to the contact losing its energy, forming holes traveling in the opposite way.

For the optical power we observe a different pattern: it also increases rapidly up to a maximum
level, but then it slightly drops with the Al content. For example, under 5 V bias, the maximal optical
power is reached for 9-12% Al. This is an additional problem with a high Al content in EBL, as it also
creates a mild barrier for holes. It is disadvantageous, as it prohibits holes from reaching the active
zone. Note that in general increasing the EBL barrier leads to lower total current.

We have performed also simulations of the laser structure with 8% In in the cap (table 2.9]), to
study a more general setting. Then the barrier on the cap/EBL interface is higher for the same
aluminum content in the EBL. The general trend is similar as for the previous case, but then the
maximal efficiency /optical power is reached for 3-6% Al in EBL.

These two examples leads to the conclusion that the aluminum content in EBL should be chosen

in accordance to the material in the n-type cap preceding the EBL. Higher indium content allows to
decrease Al in EBL.
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Table 2.10: Simulation results for the laser structure (section [Z9.3]) versus magnesium concentration
in the p-type 5 V and 6 V bias.

Mg U [V]| I[A] | Power | Opt. Eff. | Resist.
conc. loss | power [Ohm]
[em ] W] [ W]

1 x 108 5.0 | 0.004 | 0.008 | 0.010 | 54% | 1355
5x 108 5.0 | 0.046 | 0.105 | 0.125 | 54% 109
1 x 10" 5.0 | 0.075 | 0.171 | 0.204 | 54% 67
3 x 101 5.0 | 0.137 | 0.313 | 0.374 | 54% 36
5 x 1019 5.0 | 0.175 | 0.399 | 0.476 | 54% 29

Mg U [V] | I[A] | Power [ Opt. Eff. | Resist.
conc. loss | power [Ohm]
[em ] (W] W]

1 x 108 6.0 | 0.016 | 0.052 | 0.043 | 45% 376
5x 108 6.0 | 0.099 | 0.323 | 0.269 | 45% 61
1 x 10" 6.0 | 0.155 | 0.509 | 0.423 | 45% 39
3 x 101 6.0 | 0.284 | 0932 | 0.774 | 45% 21
5 x 1019 6.0 | 0.365 | 1.198 | 0.995 | 45% 16

2.9.3 Mg doping of p-type

In this section we would like to discuss the magnesium acceptor doping on operation of laser structures.
In simulations we use the structure described in section with variable Mg concentration in the
p-waveguide and p-cladding. Length of n-cap was also shortened to 2 nm to reduce impact of the
recombination loss on the simulation. The indium content in the quantum well is 25% and the
aluminum content in the EBL is 20%.

Results are presented in table .10l We observe that the optical power of the device increases
with the Mg doping. Such a result is expected, as generally it is a consequence of the high activation
energy of the magnesium acceptor. However, a more subtle reason is related to polarization charges
on interfaces of laser structures. Note the resistance in function of the Mg concentration. We observe
the decrease of the resistance of the structure when we increase the Mg concentration, but the most
spectacular difference is between concentrations 1 x 10'® ¢cm™3 and 5 x 10'® cm™3. High resistance
for 1 x 10'® cm~3 is caused by the polarization charge on the waveguide/cladding interface (see figure
2.53). It pushes out holes away from the interface deep into the waveguide and increasing greatly the
resistance of the depleted fragment. As a consequence, most of the potential difference is located in
the waveguide. If we increase the concentration of holes, this polarization charge will be screened and
its impact on the resistance can be significantly reduced.

Note that the resistance decrease has no noticeable influence on the efficiency of the device, as it
do not increase the carrier overflow.

The conclusion of this results is to use the highest possible magnesium concentration in the p-
type. Please note, however, that the numerical model used in this study do not account for increased
absorption in such case, which could make the device less efficient in real experiment. Also growth
of highly Mg-doped layers, depending on a growth method, may lead to severe problems, like the
polarization inversion or acceptor passivation. Therefore we suggest to make the concentration possibly
high, but the actual concentration level should be adjusted experimentally and may vary depending
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Figure 2.53: Band diagram of the p-type of the laser structure for Mg doping 1 x 10'8 em ™3 (left) and
1 x 10! ecm=2 (right) for 6 V bias.

on the growth method.
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2.9.4 Number of quantum wells

We would like to discuss effect of number of quantum wells on the operation of the blue laser diodes.
The quantum wells are often very narrow, as they should localize quasiparticles. Also in gallium nitride
devices, quantum-confined Stark effect leads to spatial separation of electrons and holes due to electric
field, so the quantum wells cannot be too wide. Thus to increase the recombination volume, most
straightforward method is to simply increase number of quantum wells. We are interested whether
increasing number of QWs will improve the efficiency and optical power of a laser diode.

As before, in simulations we use our model device from section with 17% indium content in
the quantum well is and 20% aluminum content in the EBL. Number of QWs is between 1 and 7.

The intuition behind increasing number of QWs suggests that increased volume should increase
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Figure 2.54: Comparison of band diagram of a laser structure with a single quantum well (left) against
a laser structure with 5 QWs for 5V bias.

— 1QW
— 2 QWs
— 3 QWs
— 4 QWs
— 5 QWs
6 QWs
— 7 QWs

30

=
o
N
©
T
L

N
®

=
o
T

N
~

Radiative recombination rate [1/cm? s]
N
o

<

=
o
T

S
K

25

10 1660 1680 1700 1720 1740 1760

Distance [nm]

Figure 2.55: Comparison of radiative recombination rates in quantum wells for laser structures with
number of QWs between 1 and 7 for 5V bias.
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Table 2.11: Optical power of a laser structure for 5V bias versus number of quantum wells.

QWs | T[A] Power loss [W] Opt. power [W] Eff. Resist. [Ohm]

1 0.063 0.130 0.185 | 59% 79
2 0.058 0.120 0.171 | 59% 86
3 0.055 0.113 0.160 | 59% 92
4 0.052 0.107 0.151 | 59% 97
) 0.049 0.101 0.143 | 59% 102
6 0.047 0.096 0.136 | 59% 107
7 0.044 0.092 0.130 | 59% 113

the optical output, at least to some extent. Our simulations indicate that this must not be the case.
In case of many quantum wells, the majority of the recombination takes place in a single quantum well
(see figure Z.50]). In this case, it is always a quantum well closest to p-type region, but this behavior
depends on the balance between electron conductivity in n-type region and hole conductivity in p-type
region.

We computed efficiency and optical power of these structures for bias 5 V (table 2.IT]). These results
indicate that efficiency of laser diodes does not increase or degrade substantially on the number of
quantum wells. However, increased amount of quantum wells increases resistance of a heterostructure.

We must emphasize that these simulations focus on the electrical properties of laser heterostruc-
tures. From this standpoint, a single QW is most favorable. However, increased number of quantum
wells may be beneficial to the optical properties. Some of the QWs may also degrade during EBL
growth, as mentioned earlier. Thus multiple QWs may be more practical in real experiment, as the
resistance does not grow considerably.

2.10 Optical excitation in quaternary alloy AlInGaN

Simulations discussed in this section were performed in collaboration with experiments. The aim of
this study was to determine the basic physical properties of quaternary AllnGaN alloys. AllnGaN
layers, embedded in InGaN layers, are a potential material for construction of the electron blocking
layers (EBLs) in LEDs and LDs. Results of this study may be found in [15].

We would like to focus on the simulations performed in the context of this research. Two structures
were simulated, sample 1839 with higher indium content in the quaternary alloy and sample 1844 with

Layer name | Thickness [nm] | Sample 1839 Sample 1844

GaN 1 110 | GaN GaN

AlGaN 21 | Alyye,Gaggyy N Al50, Gagsyy N

GaN 2 10 | GaN GaN

InGaN 1 40 | Ingg g Gagg oy N Ing g Gags o N
AllnGaN 18 | AljgyIng 50, Garg 504N | Alyso;Ing 50, Gago 50, N
InGaN 2 18 | Ing g Gagg 4N Inse; Gagsy N

Table 2.12: Schemata of devices used for study of the quaternary AllnGaN alloys. All layers are
n-doped with 2 x 10'® ecm™3 donor concentration.
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Figure 2.56: Band diagrams of the low-In (1844 - upper diagram) and high-In (1839 - lower diagram)
samples under low (dashed lines) and high (solid lines) optical excitations. The blue and cyan lines
represent conduction and valence bands respectively. The red and green lined represent electron and
hole Fermi levels.
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Figure 2.57: Carrier concentration in the low-In (1844 - upper diagram) and high-In (1839 - lower
diagram) samples under low (dashed lines) and high (solid lines) optical excitations. The red and
green lines represent electrons and holes, respectively.

lower indium content (table 2.12]).

The optical emission is proportional to combined density of the electrons and holes. In the classical
statistics used here, the carrier’s density is the inverse exponential function of the band energy and the
Fermi energy difference. Thus it is the lowest for the largest difference. As shown in figure [2.56] this
energy difference is relatively small for the uniform regions and it changes drastically in the structure
regions suggesting huge density changes there, thus it is useful to plot the density of carriers across
the samples. It is expected that the electron density dominates in n-doped bulk GaN. The relation
between densities in other regions may be compared using diagrams presented in figure [2.571

The above diagrams indicate that in GaN bulk, the electron concentration dominates, and that
even relatively high excitation cannot compensate the difference, though the hole concentration is rel-
atively much higher for higher excitation. The electron concentration is virtually unchanged. In the
structural part, in the AlGaN and GaN layers, the hole concentration dominates, while the electrons
are swept away. The concentration difference is relatively weakly affected by the optical excitation.
The most complex behavior is observed for In-containing part. It is shown that in InGaN layers,
the electron concentration is relatively high, induced by polarization charges at InGaN/AlGaN in-
terfaces. The concentration is unaffected by the optical excitation. Naturally, as expected the holes
are swept away to the opposite side of the InGaN layer. These concentrations are much different in
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Figure 2.58: Optical recombination intensity normalized to unity, in the low-In (1844 - upper diagram)
and high-In (1839 - lower diagram) samples under low (dashed lines) and high (solid lines) optical
excitations.
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Figure 2.59: Electric field in the low-In (1844 - upper diagram) and high-In (1839 - lower diagram)
samples under low (dashed lines) and high (solid lines) optical excitations.

the majority of the sample volume. Thus it is expected that the optical recombination is controlled
by the minority carriers, with the majority carriers abundant. The recombination rate was therefore
calculated assuming that the minority carriers control the recombination rate. The recombination
intensity was calculated assuming classical model which could be affected by the quantum effects that
are not directly incorporated into the model used.

From these results it follows that the two regions contribute significantly to the optical emission
form the sample. The first is the GaN bulk, where the recombination is lower by two orders of
magnitude than the maximal but the extent of the region compensates that leading to considerable
emission form that region. The second, the maximum originates from the InGaN layer, close to GaN.
The emission region is shifted in function of the optical excitation power. It is unaffected by the
indium content.

The other features may be deduced from the distribution of the electric field within the samples,
presented in figure 259l As it is shown, the electric field is zero in the GaN bulk. Thus, the emission
should be intensive and short lived. The emission energy should be close to the bandgap, corrected
by the exciton energy. The second peak originates from the InGaN layer. Its energy should be lower
due to presence of indium, reducing the bandgap and also due to the electric field. The electric field
is considerable and strongly depends on the excitation (see also figure 2:60). Thus the emission is
characterized by long times, and also by considerable change with time. For longer time the redshift
should be observed due to increase of the electric field. The third emission source is located within the
InGaN layer, adjacent to the surface. The simulation result indicate that the main emission is form
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Figure 2.60: Electric field in the high-In (1839) samples near the InGaN1/AllnGaN interface for optical
excitations between 1 x 107 cm™3s™! and 1 x 102" cm 3571,

the region close to AlGalnN, but this conclusion may be affected by the presence of surface related
field which may shift the carriers close to the surface. The emission is from the considerable field
region in case of low In content. In case of high-In content, the emission is from reduced field. Thus
the emission should be relatively shorter, but still quite long lived. The emission energy will show
moderate redshift for low In content. For the high-In sample the emission energy should not change.

From these data it follows that the light is emitted from GaN and InGaN layers. The quaternary
AlGalnN layer will not emit light in any of the studied cases. Thus such layer is not suitable for
quantum wells but it may be successfully used for construction of the EBL. These results are in
agreement with the results already suggested in [116].
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3.1 Linearization method

The van Roosbroeck equations (or drift-diffusion equations, see section [2.5.3]), constitute a nonlinear
system. Therefore some kind of linearization must be used to numerically find approximate solutions
of these equations. The Banach iteration scheme for drift-diffusion equations is proposed in [76]. To
obtain linear equations, the algorithm uses the Picard method. Additionally convex combinations
are used to improve convergence, i.e. for a given approximation w; of i-th iteration, let T'(u;) denote
approximate solution of a given equation with the Picard method (see (8.L8]) and (81.9])). Then u;41
is given by

i1 = (1 —w)u; + wT'(u;), (3.1.1)

where w € (0, 1]. The existence of fixed point is proven, and then it is shown that for sufficiently small
w, the simple iteration scheme will converge under additional assumptions on boundary values.

In [30] similar method were proposed, which involves solving of decoupled system with quasi-
Newton method for Poisson equation (2.5.23)) and simple iteration scheme for continuity equations
(2515). The convergence is proven for small bias and zero recombination (see sections [2.3]
for physical details). Numerical simulations are presented, which demonstrate convergence of the
algorithm. In these simulations, abstract devices are used.

In early simulations, our first choice of a linearization was the Picard method. It is most straight-
forward choice, as to use it it is only necessary to implement a solver for linear elliptic equations, which

149
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is also needed for more sophisticated methods. Unfortunately our simulations with the Picard method
did not achieved satisfactory results. The method was successful, but to obtain convergence we used w
as in (B.I.T)) close to zero. The number of iterations was highly dependent on the length of device. For
example, for a short GaN p-n homojunction, 200 nm long, the iteration number was of order 103, while
for 2 pm p-n homojunction it is of order 10%. Similar effect is discussed in [55]. We also observed the
dependence of iteration number on material parameters, like for example SRH quasiparticle lifetimes,
but with no clear pattern. These numbers of iterations are generally prohibitive. While this method
may be used to some extent in one dimension with low number of nodes, it is unfeasible otherwise.

In our numerical code, unknown functions and computations are performed in SI units, i.e. the
electrostatic potential in volts, quasi-Fermi levels in joules, distance in meters, concentrations in m=3,
etc. Naturally, some of the causes of the big iteration number may be mitigated by appropriate scaling
of the unknown functions or specific discretization schemes. However, this approach is feasible when
the equations are given, i.e. they shall not be altered. In our case, our fundamental assumption was
that the drift-diffusion equations should be altered to incorporate additional physical effects, specific
to gallium nitride devices, which would be gradually included. Examples of such effects, not initially
incorporated in our model, are: trap-assisted tunneling, ionization of traps, Auger recombination,
polarization charges, carrier generation due to illumination.

It is obvious that the discretization or linearization cannot account for an arbitrary generalization
of the model, but our aim was to make it possibly broad. The assumption here was that whether
the equations can change, they should remain elliptic differential equations, generally with the same
unknown variables. On the other hand, additional physical phenomena are often represented by
modifications of underlying equations. These modifications can be found in the literature, but there
is additional effort necessary to make appropriate scaling, if the scaled equations are used. This
approach, while simple in theory, is a tedious and error-prone task. There is no clear method of
debugging the modified code, especially due to lack of closed-form solutions of the van Roosbroeck
equations. Thus to diminish chances of introducing errors, we decided to use SI units for physical
variables, and we do not use scaling of variables. We also used quite general discretizations of elliptic
differential equations, discussed in detail in section .3l

3.1.1 Newton method

A natural choice for solution of a nonlinear system of algebraic equations is the Newton method [33],[59].
This method is originally intended to finding roots of the nonlinear functions. Let G : R — R’. Vector
¢ € R’, such that G(¢*) = 0 may be approximated by Newton method using the following iterative
process:

&y — a given initial approximation of £,
& =&-1— [DG(&-1)] ' G(&i-1).

The main advantage of this method is fast, quadratic local convergence. On the other hand, good
initial approximation must be provided, otherwise the method does not have to converge at all.

To use the Newton iteration to our problem, we do the following. Let v, F},, F), € X;,(2) be some
approximations of the potential and quasi-Fermi levels respectively. Let us denote

(3.1.2)

v=1[Y1,....%5], Fn=[Fn1,....Fngl, Fp=[Fp1,...,Fpjl, (3.1.3)

where 1, F}, j, F}, ; € R are the coefficients of ¢, F},, F}, € X} (£2) in a basis of the discrete space X}, (12)
and J is a dimension of this space. We define £ as

=, Iy, By (3.1.4)
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Figure 3.1: Devices used in testing linearization algorithms: a p-n homojunction and a two quantum
well heterostructure.

We would like to use the Newton method to find an approximate solution of the discretized problem
(L21). Therefore let ay, fy, an, fn, ap, fp denote discrete problem operators (Composite Discontinuous
Galerkin Method operators as in section [[.3.2)) for left hand sides and right hand sides of the equations
(LZJ). Then let us define residual functions

Gd),j(w’Fn’Fp) =a (@baFn’va ) fzﬁ(w Fnana‘P(]))
Gn,j(w’FTL’Fp) = n(djv ns P (])) - fn(wa ny p,@(j)), (315)
Gp,j(waanFp) = ap(wﬂvasp(j)) - fp(waanvasp(j))v

where {W(j)}}'jzl is the base of X} (). Note that operators fy, an, fn, ap, fp are nonlinear in v, F,, F,,
and linear in ;).
Then we define coupled residual function G as:

G(&) = [Gy(£), Gn(£), Gp(&)], (3.1.6)
where

Gy(&) =[Gy (&) -, Gyu (&),
Gn(g) [ (6)7"'7Gn,J(§)]’ (317)
Gp(g) [Gp,l(g)’ s 7Gp,J(§)]'

If G(§) is zero, then ¢ is a discrete solution. We may then pick some initial approximation £y and use
the Newton method to find the approximate solution.

The Newton method is very sensitive to the initial approximation. Unfortunately good initial
approximations for the drift-diffusion model are available only for devices in the equilibrium state (see
section 2.5.4)). Thus the idea is to start a simulation from the equilibrium state, and then gradually
increase the bias to the given value, which corresponds to change of the boundary conditions. The
sketch of the algorithm is as follows:

& := initial_approximation();
1:=1;
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for bias:=0 to bias_max step bias_step do
while ||G(&;—1)] is not small do
si = —[DG(&-1)]"'G(&i-1);
§ii=&im1 + 84
1:=1+1;
end while
end for

In the above schema the bias_maz denotes the target voltage of the device. In this method we
clearly have two iterations. The inner iteration is based on the Newton method. The outer iteration
advances the bias. For example, to perform a simulation of device’s operation under 3 V bias, we may
take 0.1V bias_step and simulate series of biases: 0V, 0.1V, 0.2V, ..., 3V. We assume that for no
bias there is a good initial approximation, and then the successive solutions are initial approximations
for steps to follow. Thus the outer loop is a sort of homotopy method.

As mentioned in section 2.5.6] the bias is introduced to van Roosbroeck equations by boundary
conditions. It is not explicitly denoted above, but change of the bias modifies the operator G. From
this perspective we see that the inner loop is the Newton method for the operator G and a given bias,
while the outer loop changes slightly the operator G by advancing the bias, i.e. setting appropriate
boundary conditions.

While this outer loop may seem as an unnecessary additional effort, in fact it is often beneficial. For
example, to simulate a current-voltage characteristic or a light-current characteristic, it is necessary
to have simulations for a range of biases.

Unfortunately this straightforward algorithm does not perform well for the drift-diffusion simula-
tions of GaN-based devices. While the iteration number (per inner loop) is mostly invariant in a device
length or material parameters, the step change in outer iteration must be small to prevent divergence.
The divergence is often a direct consequence of overflows or underflows, which emerge easily due to
the exponential character of coefficients of the continuity equations. Also taking very small bias_step
increases the simulation time.

3.1.2 Newton method with backtracking

The convergence by may be improved by use the backtracking method for the Newton iteration [33].
The idea is to scale the Newton method step by a coefficient 0 < A < 1 in every iteration to ensure
decrease of the norm ||G(§)|| for some norm ||-||. It can be shown [33] that if the Jacobian is nonsingular,
then it is possible to find A small enough to reduce the norm [|G(§)||. When the approximation ¢ is
sufficiently close to the solution, A equal to one may be taken and from then the convergence is as
good as for the standard Newton method.
The algorithm with very simple strategy of choosing A may be written as follows (we omit the
outer iteration, as it does not change):
while ||G(&—1)]| is not small do
si = —[DG(&-1)] ' G(&i-1);
Ai=1;
&= &1+ s
while [|G(&)| > [|G(&-1)| do
>\i = )‘z / 2;
§ii=&1+ Ni-si;
end while
1:=141;
end while
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Figure 3.2: An example of a simulation of the 600 nm GaN p-n diode simulated using the Newton
method with linear backtracking. The bias is 1.38 V.

There are naturally more subtle backtracking methods. For example, they look for a minimum of
function g(\) := ||G(&-1 + As;)|| approximating it by a polynomial function. In general, smaller \;
coefficients results in slower convergence.

The following example demonstrates that this modification still needs improvement. We present
a simulation of a p-n GaN diode, which is a fairly simple device (figure B]). The result of 11th outer
step of the simulation is shown in figure Note the nonphysical fluctuations of the functions Fj,,
F,,. However, the residuum size ||G(;)|| does not indicate any problems. For the initial approximation
(from the previous bias-step), the residuum was 1.8 x 10!, then four steps of the Newton method
were performed with A = 1, which reduced the residuum as follows: 3.4 x 105, 6.5 x 103, 2.7 x 1072,
6.6 x 10~%. Thus the magnitude of the residuum was reduced by 14 orders of magnitude, which is
close to the machine precision.

Unfortunately this iteration diverged few outer steps later due to underflow. However, this is not
a general behavior, sometimes such fluctuations vanish for a large bias and the iteration does not
diverge.

Still the question remains why such an nonphysical behavior may be present when the residuum
is so small. The reason is that n and p are the coefficients of the continuity equations, which formally
correspond to Fj, and F),, respectively. On the left part of this device, where the fluctuations of F;,
emerged, the coefficient n is very small, more than a 20 orders of magnitude smaller than on the other
side of the device. Therefore this error is completely neglected by this algorithm due to the precision
of the floating point arithmetic. Similar effect is observed for F}, and p.

This example is not a isolated case. We observed such an effect for many devices, varying from
simple p-n homojunctions to laser heterostructures. This behaviour is repetitive, as our code is
deterministic. Changing the discretization, number of steps, or device’s parameters may affect this
problem, either introducing or ceasing it.

This phenomenon indicates also an additional problem — due to the nature of floating-point
arithmetic, the residual norm alone is inadequate to evaluate whether a given approximation is close
to a discrete solution in practice. We will return to this problem in next section.
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Figure 3.3: Comparison of simulation results of the 600 nm GaN p-n diode simulated using: a) the
Newton method with linear backtracking, b) the Newton method with our modification. The bias is
1.38 V.

3.1.2.1 Modification of the Newton method

As we demonstrated, the weakness of the backtracking algorithm presented is the lack of good estimates
of the quality of discrete approximations, as the residuum alone is insufficient. In this section we would
like to show how to get such an estimate. Inspired by [56], we would like to rewrite the problem in
the Banach iteration manner.

Let (v0, Fn,0, Fp0) be some initial approximation. Let us define function 7" as

& =T(&-1), (3.1.8)

where & = (4, Fri, Fp,i) is a solution of the discrete version of a following system of differential
equations

V- <505V7;Z)i> = —qC(i—1, Fji—1, Fpi-1),
V- (unn(¥iz1, Fni—1)VFn;) = qR(Wi—1, Fy i1, Fpio1), (3.1.9)
V- (pp(Wim1, Fpim1)VEpi) = —qR(Wi—1, Fyim1, Fpio1),

where &1 = (Yi—1, Fn,i—1, Fpi—1). If & = &1, then & is a solution of the discrete problem. Note
that (B.1.9) is a system of three independent linear differential equations, so T'(§;—1) may be computed
easily.

We do not aim at finding a solution by Banach iteration for 7', as generally it is not a contraction.
We would like to use T for estimate of the quality of solutions in a following manner. Let us define H
as

H(&):=T(¢) ¢ (3.1.10)

Assume that &_1 is close to the solution. Then & = T'(§;—1) ~ &—1. Unlike n and p, functions ¢, F,
and F), do not express exponential behavior, and they are of similar order of magnitude in appropriate
choice of units (¢ in volts; F),, F, in electronvolts). Therefore elements of the vector H(&;—1) do not
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vary by orders of magnitude and ||H(§;—1)|| may be used as an estimate of an approximation &;_1,
because it has no drawbacks of ||G(&;—1)]|-

Therefore we propose the following modification of the inner loop:

while ||H(&_1)|| is not small do
si = —[DG(&-1)] 7 G(&i-1);
A= 1
§ii=&im1 + 85
while [[H(€)] > (1 +¢) [ H(g 1)) do
)\i = )\Z / 2;
& =8&-1+ X" s
end while
ti=14+1;
end while

Generally for ¢ = 0 this modification tends to minimize ||H (&;)||. Our observations show that it is
often favorable to allow limited growth of ||H(&;)|| by setting ¢ > 0. In contrast to the backtracking
method, here we have no guarantee that ||H(&;—1)|| > ||H(&;)|| for any choice of the parameter A.

To illustrate usefulness of the function H, we revisit our example from the previous section (figure
B2). The nonphysical solution had a residuum norm 6.6 x 10~*. However, in this case |[H ()| =
1.1 x 10!, Therefore without question ¢ % T(¢), which is the information we expect to get.

We have therefore repeated this simulation, using the algorithm proposed in this section. The result
is presented on the figure 33b). In this case there are no fluctuations of F,, F,, [|G(£)|| ~ 3.2 x 107°
and | H(€)|| =~ 4.6 x 1075, Therefore the residuum is similar as for the nonphysical case, but the latter
value is much lower, which corresponds to better quality of this approximation.

3.1.3 Comparison

As we pointed out in Section BTl the backtracking strategy proposed in this paper may prevent
divergence and lead to the approximations, which are physically more favorable. Still we would like
to show that it is also more efficient than the standard Newton method in terms of iteration number
and computational time.

Therefore we compare simulation results for a two quantum well heterostructure presented on
figure Bl We take into account the classic Newton method, backtracking linesearch [33], and our
backtracking strategy (section B.I.2.1]). Simulations account for radiative recombination, Shockley-
Read-Hall recombination with trap-assisted tunneling [51], ionization of impurities and polarization
charges.

A goal of these simulations were to find an approximate solution of the drift-diffusion equations for
4V bias. We have to point out that it is not feasible to compute the solution for nonzero bias with the
Newton method alone, or using the inner loop of the presented algorithms, as the initial approximations
are only available for so-called steady state of a device, when bias is zero. So to perform our simulations
we set bias max to 4 V. Every consecutive solution is used as initial approximation for next inner
loop. It is generally not a waste, as normally they are also used to compute a IV characteristic on
[0, bias_max|, which are used to compare results with physical experiments in real simulations. To
obtain a fine IV characteristic, it is enough to have 10-20 steps, as it generally should not fluctuate
much.

Since the Newton method is sensitive to an initial approximation, generally more steps should
improve the convergence of the considered methods (number of steps = 1 + bias max/bias_step).
However, too much steps would increase the total iteration number and it is not very beneficial to the
IV characteristic.
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Results of these simulations are presented in table 3l For each method we performed few simula-
tions with an outer iteration number varying from 21 to 331. Every method considered in this study
diverged if the number of steps was below 21.

In this setting, the most efficient was the Newton method with our backtracking strategy. The
simulation took 284 seconds and 174 iterations in 21 steps. Next one was the linear backtracking on
|G(&)]|, with a stop condition on ||H(§)]|, which took 482 seconds and 377 iterations in 101 steps. For
lower number of steps, the latter method generally did not return satisfactory results. In comparison,
results of standard linear backtracking were acceptable for 161 steps (714 iterations, 898 s). Note that
the classic Newton method with no backtracking was more efficient, so the linear backtracking did not
help.

Generally setting the number of outer steps to a number high enough leads to convergence of every
tested method. Then the number of iterations become similar, as methods need not backtrack due to
good initial approximations. Our simulations also reveal that imposing a stop condition on || H (£)||
alone leads to slightly better efficiency.

We must mention also about another possibility, which is the application of the Newton method
directly to a problem H({) = 0. However in this case Jacobian DH is dense [61], and the method is
inefficient.
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Table 3.1: Comparison of efficiency of our modification with linear backtracking and the classic Newton
method, with stop conditions imposed on [|G(&)|| or ||H(£)]|. In this table we present an outer iterations
number (steps), total iteration number of the Newton method, computation time and average number
of iterations per one step. Simulations were performed on a standard desktop PC. In every simulation,

the Newton method is used for function G
Our backtracking strategy

allows slight increase of ||[H(&)||

Steps Iter. Iter./steps Time (s) Result

21 174 8.29 284 Good

41 227 5.54 360 Good

91 378 415 610 Good Classic Newton method

101 409 4.05 666  Good stop condition on || H(&)|

161 566 359 919 Good Steps Iter. Tter./steps Time (s) Result

331 908 274 1516 Good 2L = - —  Diverged

- - 41 — — — Diverged
Linear 'b.acktrackmg 91 - o - Diverged
stop condition on G &)l 101 378 3.74 484  Nonphysical
Steps Iter. Iter./steps Time (s) Result 161 510 317 665 Good

2 - * — Diverged 331 870 2.63 1189 Good

41 317 7.73 377 Nonphysical

91 544 598 670  Nonphysical Classic Newton method

101 465 4.60 581 Nonphysical stop condition on [|G(&)]|

161 714 443 398 Good Steps Iter. Tter./steps Time (s) Result

331 870 2.63 1189 Good 2L = - —  Diverged

- - 41 — — — Diverged
Llnear.b'acktrackmg 91 - o - Diverged
stop condition on |[H(&)|| 101 398 3.94 496 Nonphysical
Steps Iter. Iter./steps Time (s) Result 161 612 3.80 762 Good

2 - — —  Diverged 331 1197 3.62 1497 Good

41 234 5.71 288 Nonphysical

91 354 3.89 452 Nonphysical

101 377 3.73 482 Good

161 519 3.22 676 Good

331 870 2.63 1190 Good

3.2 Error analysis: numerical experiments

3.2.1 Introduction

In sections and [L.7 we derived error estimates for the CWOPSIP discretization and CSIPG dis-
cretization. These estimates are shown for the equilibrium state in formulation presented in section
[[2.2] for one- and two-dimensional domains.

In this section, we would like to verify whether these theoretical estimates hold in simulations.
We start with the model problem as in section [L22 Our simulations, however, are extended also
to non-equilibrium state, presented in section [L2.11 These simulations are referred to as formulation
u, v, w. Parameters and device schemata used in these simulations are artificial, used for the purpose
of error analysis.

Then we pass to the physical-oriented formulation presented in section In this case, we
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must provide simulation parameters, i.e. material parameters, temperature, physical constants, in
appropriate units. Here we present simulations of realistic semiconductor devices based on gallium
nitride. In general, our numerical code carries out calculations in SI units, but input and output
is provided in more natural units for semiconductor simulations, for example electronvolts instead
of joules, centimeters instead of meters, etc. We refer to this series of simulations as formulation
v, By, F.

In either case, we do not have closed-form solutions of the drift-diffusion equations except for the
trivial cases. Thus as a reference solution, we take a discrete approximation computed for a fine
discretization. In general, we use the following scheme. We take some parameter K, for example K €
{1,2,4,8,...}, and we choose a discretization such that h;(K) := ¢;K~ 1, h(K) := max{h;(K)}Y .
Then we perform simulations for some range of parameters K.

For example, if simulations were performed for K € {1,2,4,8,16,32}, then K = 32 is treated as a
reference solution, and Lo(2)- and H*(&)-errors of uy are defined as

errorK7L2(Q) = HuK — u32”L2(Q)7 errorK,H1(5) = HuK — U32”H1(5), (321)

where uf := up(g) for the grid parameter K € {1,2,4,8,16}. For other functions (vs, wn, ¥n, - .. )
errors are defined analogously. However, in v, F,,, I, formulation, due to difference in magnitudes of
discussed functions it is more favorable to use relative errors defined as

Vi — 32 Vi — ¥32llm
ITOT | [,,(Q)) = | v HLQ(Q), eITOT i {1 (g) i= | i ©. (3.2.2)
V32l 22 () 132l 1 (e
In either case, it is convenient to analyze rate of convergence, which we define as
error Q erTor i g1
conv_rateyk r,(q) = LQ(), conv_rateyg gi(g) = —KHNE) (3.2.3)

eI’I’OI'QI(,L2 (Q) err0r2K7H1 (5)

3.2.2 Formulation u, v, w

We would like to check whether the error estimate derived in sections and [[7] can be achieved
in numerical simulations. Therefore we present some examples. These examples are not directly
related to any specific semiconductor material. We present simulations of abstract devices mimicking
semiconductor p-n diodes. Our first example is a p-n diode consisting of two layers Q1, Qs (see figure
[3.4]), corresponding to n-type layer and p-type layer of a p-n homojunction. It has two contacts with
metal electrodes, left and right, denoted by 0Q2p 1 and 9€p 2. Horizontal boundaries correspond to
the contact with insulator (e.g. air). Parameters of the device are presented in table For K =1,
we divide both layers into two pieces in horizontal direction, while in vertical direction §2; is divided
into two pieces, while €25 is divided into four pieces.

In these simulations we assume that the operator @ of problem [[.2.1] is some given piecewise-
constant function:

Q(z,u,v,w) := Craq(x). (3.2.4)

This form corresponds to the radiative recombination (see section 2.6.1.7]).

We start with the equilibrium state. Then the boundary conditions are as follows: [sq, , = 0 and
ii|gqp , = up, Where uy is a built-in potential (see section Z.5.5]). In context of the u, v, w-formulation,
functions n, p, p are defined as

n(z) = @@ pz) = @U@ p(2) 1= ky(z) — n(z) + p(a). (3.2.5)

Functions v, w are constant, such that p|pa,, = 0.
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Figure 3.4: Schema of the first device used in simulations. It has two layers, corresponding to n-type
layer and p-type layer. Grid for K = 1 is presented.

Table 3.2: Parameters of the first device used in simulations. N,

horizontal and vertical direction, depending on parameter K.

Param. 04

Qy

Length | 1 x 1072
Width | 1x 1072

N, 2K +1
N, 2K +1
£ 3x 1073
Lin 1% 10?
[y 1 x 10?
k1 3 x 10?

Clrad 1x10°3

1x 1072
1x 1072
2K +1
4K +1
1x1073
3 x 10°
3 x 102
-3 x 10?
2x 1073

and NV, denote number of nodes in

Table 3.3: Lo(Q2) and H'(E)-error of uy, in function of grid density parameter K for the first device in
equilibrium state. Numbers in brackets denote the rate of convergence. Solution for CSIPG method
with K = 32 is taken as a reference function.

CSIPG CWOPSIP
K Ly(Q) H'(Q) Ly(Q) HY(Q)
1| 44x1073 3.3 4.4 x 1073 3.3
2| 11x107% (4.0)| 1.6 (2.0) | 1.1 x 1073 (4.0) | 1.6 (2.0)
4127x107* (4.0) | 82x 1071 (2.0) | 27 x107* (4.0) | 8.2 x 1071 (2.0)
8165x107° (4.1) | 40x107Y (2.0) | 6.5x107° (4.2) | 40x 107t (2.0)
16 | 1.4x107° (4.7) | 1.8 x 107t (2.2) | 1.4x 1075 (4.7) | 1.8 x 107! (2.2)
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Length 0.015 0.02(9-000

Figure 3.5: Function uy, for the first example in the equilibrium state for K = 8. Note one-dimensional
character of the solution.

Results of these simulations are presented in table 3.3l We observe a linear reduction of the H'-
error, which is consistent with our theoretical result, as the H'-norm is bounded by the broken norm
up to a constant factor. We also note the quadratic Lo-norm convergence rate. This behavior for
CSIPG method and CWOPSIP method is consistent. The error values are generally very close for
both methods.

The theory presented in sections and [L7 covers only the equilibrium state. Nevertheless
we performed the simulations also for the non-equilibrium state, to verify whether the discussed
discretizations are feasible for simulations of semiconductor devices in general.

Boundary conditions on the function u are similar as before, i.e. dlga,, = 0 and ilga,, =
Up + Ubias, Where upias 18 a nonzero difference potential between the electrodes. On functions v, w we
impose two implicit conditions on 9Qp: v|gqa, = w|sq, and plaa, = 0, cf. B25). On Qx we impose
homogeneous Neumann boundary condition.

Results of this simulation are presented in tables [3.4], [3.5], Let us start from the bias of
magnitude 6. For the approximation of function wu, results are similar to the equilibrium state. For
the functions v, w, the convergence is much worse. We may roughly estimate that the Lo-error reduces
linearly, while the H'-error convergence rate is sublinear, hard to estimate precisely without the exact
solution. In the comparison, we included also the functions n,p. The van Roosbroeck equations
may be formulated in terms of functions w,v,w, but from the physical point of view there are other
logical choices possible [92]. Another choice is u,n, p, as the charge p and many recombination models
(radiative, Shockley-Read-Hall, Auger) can be easily expressed in terms of these functions (see sections
and [2.0]).

We observe that the error convergence for n,p is faster than for v, w, and it is similar as for the
function wu, although it starts slower for n. Thus simulation of many physical parameters may rely on
better precision of functions n,p despite the slow convergence of functions v, w.
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Table 3.4: Ly(Q) and H'(&)-error of uy, vy, wy, and dependent functions n, p in function of grid density
parameter K for the first device under bias of magnitude 6. Numbers in brackets denote the rate of
convergence. Solution for CSIPG method with K = 32 is taken as a reference function.

CSIPG CWOPSIP
K Ls(Q) | La() |

H'(Q) H'(Q)

Function:

u

o =~ N =

16

6.2 x 1072
1.6 x 1072
4.0 x 1073
9.6 x 10~*
2.1 x10~*

(3.9)
(4-0)
(4-1)
(4-7)

4.3 x 1071
2.2 x 107!
1.1 x 1071
5.4 x 1072
2.4 %1072

(2.0)
(2.0)
(2.0)
(2.2)

6.2 x 1072
1.6 x 1072
4.0 x 1073
9.7 x 1074
2.1 x1074

(5.9)
(4-0)
(4-2)
(4-7)

4.3 x 1071
2.2 x 1071
1.1x 1071
5.4 x 1072
2.4 x 1072

(2.0)
(2.0)
(2.0)
(2.2)

Function:

v

o = N =

16

1.9 x 1071
1.1 x 1071
6.0 x 1072
3.1 x 1072
1.2 x 1072

(1.8)
(1.8)
(2.0)
(2.5)

9.3 x 107!
8.8 x 1071
8.1x 107!
7.0 x 107!
5.2 x 1071

(1.1)
(1.1)
(1.2)
(1.3)

1.9 x 1071
1.1 x 1071
6.0 x 1072
3.1 x 1072
1.2 x 1072

(1.8)
(1.8)
(2.0)
(2.5)

9.3 x 107!
8.8 x 1071
8.1x 107!
7.0 x 107t
5.2 x 1071

(1.1)
(1.1)
(1.2)
(1.3)

Function:

w

O = N =

16

1.4

8.1x 107!
4.5 x 1071
2.3x 107!
9.0 x 1072

(1.8)
(1.8)
(2.0)
(2.5)

9.3 x 107!
8.8 x 1071
8.1x 107!
7.0 x 107!
5.2 x 1071

(1.1)
(1.1)
(1.2)
(1.3)

1.4

8.1 x 1071
4.5 x 1071
2.3 x 1071
9.0 x 1072

(1.8)
(1.8)
(2.0)
(2.5)

9.3 x 107!
8.8 x 1071
8.1 x 1071
7.0 x 107t
5.2 x 107t

(1.1)
(1.1)
(1.2)
(1.3)

Function:

o = N =

16

6.6 x 1072
3.0 x 1072
1.1 x 1072
3.0 x 1073
6.5 x 1074

(2.2)
(2.8)
(3.6)
(4.6)

3.8 x 107!
3.0x 107!
1.9 x 1071
1.1 x 1071
5.0 x 1072

(1.3)
(1.5)
(1.8)
(2.2)

6.6 x 1072
3.0 x 1072
1.1 x 1072
3.0 x 1073
6.5 x 10~*

(2.2)
(2.8)
(3.6)
(4-6)

3.9x 107!
3.0 x 107!
1.9 x 1071
1.1x 1071
5.0 x 1072

(1.3)
(1.5)
(1.8)
(2.2)

Function:

0 =N =

16

1.9 x 1071
3.7 x 1072
8.9 x 1073
2.1x1073
45x%x 1074

(5.3)
(4-1)
(4-1)
(4-8)

5.5 x 107!
2.3x 107!
1.1 x 1071
5.3 x 1072
2.4 x 1072

(2.4)
(2.1)
(2.1)
(2.2)

1.9 x 1071
3.7 x 1072
8.8 x 1073
2.1 x1073
4.4 x 10~*

(5.3)
(4-2)
(4-1)
(4-8)

5.5 x 1071
2.3 x 1071
1.1 x 1071
5.3 x 1072
2.4 x 1072

(2.4)
(2.1)
(2.1)
(2.2)
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Table 3.5: Ly(Q) and H'(E)-error of uy, vy, wy, and dependent functions n, p in function of grid density
parameter K for the first device under bias of magnitude 10. Numbers in brackets denote the rate of
convergence. Solution for CSIPG method with K = 32 is taken as a reference function.

CSIPG

CWOPSIP

K

Ly ()

| H(@©

Ly(92)

| H'(©

Function:

u

o = N

16

1.4 x 1071
5.4 x 1072
2.3 x 1072
9.1 x 1073
2.7x 1073

(2.7)
(2.3)
(2.5)
(5.4)

6.3 x 1071
3.6 x 107!
1.9 x 1071
9.3 x 1072
4.1 x 1072

(1.7)
(1.9)
(2.0)
(2.2)

1.2 x 1071
4.2 x 1072
1.8 x 1072
7.7 %1073
2.3x 1073

6.3 x 1071
3.6 x 107!
1.9 x 1071
9.3 x 1072
4.1 x 1072

(3.0)
(2.3)
(2.4)
(5.4)

(1.7)
(1.9)
(2.0)
(2.2)

Function:

v

o = N =

16

3.8 x 107!
2.4 x 1071
1.5 x 1071
9.0 x 1072
4.0 x 1072

(1.6)
(1.6)
(1.7)
(2.2)

9.7 x 1071
9.4 x 1071
9.0 x 107!
8.2 x 107!
6.6 x 1071

(1.0)
(1.0)
(1.1)
(1.2)

3.8 x 1071
2.4 x 1071
1.5 x 1071
8.9 x 1072
4.0 x 1072

9.7 x 107!
9.4 x 107!
9.0 x 107!
8.2 x 107!
6.6 x 1071

(1.6)
(1.6)
(1.7)
(2.2)

(1.0)
(1.0)
(1.1)
(1.2)

Function:

w

o = N -

16

5.1 x 107t
3.3x 107!
2.1 x 107!
1.2 x 1071
5.5 x 1072

(1.6)
(1.6)
(1.7)
(2.2)

9.7 x 107!
9.5 x 1071
9.1 x 107!
8.3 x 107!
6.7 x 107!

(1.0)
(1.0)
(1.1)
(1.2)

5.1 x 107!
3.3x 107!
2.1 x 1071
1.2 x 1071
5.5 x 1072

9.7 x 107!
9.5 x 107!
9.1 x 107!
8.3 x 107!
6.7 x 107!

(1.6)
(1.6)
(1.7)
(2.2)

(1.0)
(1.0)
(1.1)
(1.2)

Function:

n

o = N -

16

1.5 x 1071
9.4 x 1072
4.9 x 1072
2.0 x 1072
6.0 x 1073

(1.6)
(1.9)
(2.4)
(5.4)

5.5 x 1071
4.1 x 1071
2.6 x 107!
1.4 x 1071
6.3 x 1072

(1.3)
(1.6)
(1.9)
(2.2)

1.3 x 1071
8.1 x 1072
4.4 x 1072
1.9 x 1072
5.6 x 1073

5.8 x 1071
4.2 x 1071
2.6 x 1071
1.4 x 1071
6.3 x 1072

(1.6)
(1.8)
(2.3)
(3.3)

(1.4)
(1.6)
(1.9)
(2.2)

Function:

p

o = N

16

1.6 x 101
8.6 x 1072
4.6 x 1072
2.0 x 1072
5.9 x 1073

(1.9)
(1.9)
(2.3)
(3.3)

6.2 x 107!
3.1x 107!
1.8 x 1071
1.1 x 1071
5.0 x 1072

(2.0)
(1.7)
(1.7)
(2.1)

1.4 x 1071
7.6 x 1072
4.3 x 1072
1.9 x 1072
5.7 x 1073

6.1 x 107!
3.0 x 107!
1.8 x 1071
1.1 x 1071
5.0 x 1072

(1.9)
(1.8)
(2.3)
(3.3)

(2.0)
(1.6)
(1.7)
(2.1)




3.2. ERROR ANALYSIS: NUMERICAL EXPERIMENTS 163

Table 3.6: Ly(Q2) and H'(&)-error of uy, vy, wy, and dependent functions n, p in function of grid density
parameter K for the first device under bias of magnitude 16. Numbers in brackets denote the rate of
convergence. Solution for CSIPG method with K = 32 is taken as a reference function.

CSIPG CWOPSIP

K

Ly(©2)

| H'(Q)

Ly ()

| H'(Q)

Function:

u

o =~ N =

16

9.2 x 1072
1.3 x 1071
8.7 x 1072
3.4 x 1072
9.2 x 1073

(0.7)
(1.5)
(2.6)
(3.7)

4.2 x 1071
5.4 x 107!
4.2 x 1071
1.8 x 1071
5.1 x 1072

(0.8)
(1.3)
(2.4)
(3.5)

1.0 x 1071
1.3 x 1071
8.5 x 1072
3.4 x 1072
9.4 x 1073

(0.8)
(1.5)
(2.5)
(3.6)

4.2 x 1071
5.2 x 107t
4.1 x 107!
1.8 x 1071
5.2 x 1072

(0.8)
(1.3)
(2.3)
(5.4)

Function:

v

o = N =

16

8.4 x 1071
6.4 x 1071
4.4 x 1071
2.5%x 107!
1.1 x 1071

(1.3)
(1.5)
(1.8)
(2.3)

9.7 x 107!
9.6 x 107!
9.2 x 107!
8.5 x 107!
6.9 x 1071

(1.0)
(1.0)
(1.1)
(1.2)

7.9 x 1071
5.7 x 1071
4.1 x 1071
2.4 %1071
1.1 x 1071

(1.4)
(1.4)
(1.7)
(2.3)

9.7 x 1071
9.6 x 1071
9.2 x 107!
8.5x 107!
6.9 x 1071

(1.0)
(1.0)
(1.1)
(1.2)

Function:

w

O = N =

16

3.2x 107!
2.3x 1071
1.6 x 1071
9.4 x 1072
4.3 x 1072

(1.4)
(1.4)
(1.7)
(2.2)

9.7 x 107!
9.6 x 107!
9.3 x 107!
8.6 x 107!
7.0 x 107!

(1.0)
(1.0)
(1.1)
(1.2)

3.2 x 107!
2.3x 107!
1.6 x 1071
9.4 x 1072
4.3 x 1072

(1.4)
(1.4)
(1.7)
(2.2)

9.7 x 107!
9.6 x 1071
9.3 x 107!
8.6 x 107!
7.0 x 107t

(1.0)
(1.0)
(1.1)
(1.2)

Function:

n

o = N =

16

2.7
2.0
9.3 x 107!
3.0 x 107!
7.6 x 1072

(1.4)
(2.2)
(3.1)
(3.9)

4.3
4.4
2.7
1.2
4.7 x 1071

(1.0)
(1.6)
(2.3)
(2.5)

9.5 x 107!
1.1

7.0 x 1071
2.6 x 1071
6.9 x 1072

(0.8)
(1.6)
(2.7)
(3.7)

2.0
2.7
2.2
1.1
4.7 x 1071

(0.7)
(1.2)
(2.0)
(2.4)

Function:

p

0 =N =

16

2.7
2.2
1.1
3.8 x 107!
1.0 x 1071

(1.2)
(1.9)
(2.9)
(3.8)

3.6
5.2
4.6
2.5
1.1

(0.7)
(1.1)
(1.9)
(2.3)

1.1
1.4

9.3 x 107!
3.6 x 1071
9.8 x 1072

(0.8)
(1.5)
(2.6)
(3.6)

2.0
3.9
4.2
24
1.1

(0.5)
(0.9)
(1.7)
(2.3)
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0.000

0.005

0.010
Length 0.015 0.02(9-000

Figure 3.6: Function up for the first example for the bias of magnitude 16. Note one-dimensional
character of the solution.

For higher biases (tables B.5] B.6]) the trend is similar, however we observe slower start for u,n, p.
This effect may be due to the fact, that generally higher bias increases coupling between the van

Roosbroeck equations (L2.T]):

-V - (eVu*) =k —n+p,
—V - (e "V Vo) = P(u*, vt w"), (3.2.6)
—V - (upe” "V V) = —P(u*,v*, w*).

Let us take a closer look on this system. For small bias, the majority carrier concentrations (n in n-
type regions, p in p-type regions) do not increase considerably, thus the right-hand side of the Poisson
equation does not change much in comparison with the equilibrium case. Main difference in u is due
to the Dirichlet boundary conditions accounting for increased bias. The recombination rate P is also
small, so while v, w depends strongly on u due to the exponent in the coefficients, this is not the case
in the other direction. Also coupling between v and w is loose.

On the other hand, under high bias the recombination rate P is big, and the concentrations n,p
are both of similar order of magnitude. Thus coupling between unknown functions is strong, coming
both from the coefficients as well as from the right-hand sides of the respective equations. Errors of
discrete solutions thus accumulate and the convergence rate is worse.

As can be observed in figures B.5] 3.6 in this case the solution has a one-dimensional nature. To
study more sophisticated behavior, we introduce a second device with a more complex structure (figure
[B7 see table BT for “material” parameters). This is also a p-n diode, but it has contacts attached to
the horizontal edges of the device.

Plots of the functions up, vy, wy, for simulations with K = 8 are presented in figures B.8] For
the equilibrium state, the solutions u; preserve one-dimensional character despite of position of the
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Table 3.7: Parameters of second device used in simulations.
Param. 93] Qo Q3 Qy Qs Qg
Length | 5x 1072 | 5x 1072 | 1x1072 | 1 x1072 | 5x 1073 | 5 x 1073
Width | 1x1072 | 1x102|1x1072 | 1x1072 | 1x1072 | 1x1072
N, 4K 4+1| 4K+1]| 2K+4+1| 2K+1| 4K+1| 4K+1
N, 4K 4+1| 2K+1| 2K+4+1| 2K+1| 2K+1| 4K+1
£ 3x1073 [ 3x1072 [ 1x1073 | 1x1073 | 3x1073 | 3x 1073
L 1x10%| 1x10%| 3x10° 3 x 103 1x 103 1x 103
Lop 1x10% | 1x10% | 3x10%®| 3x10%®| 1x10*| 1 x 10
k1 3x10% | 3x10%| 5x10% | =5 x10% | =3 x 10? | —3 x 10?
Chrad 1x1073 | 1x1072 | 2x1073 | 2x1072 | 1x1073 | 1x1073

o0y

oy

aQD’2

a0

oy

o0y

165

Figure 3.7: Schema of the second device used in simulations. Left contact is attached to bottom edge

of Q; (gray color) and right contact is attached to top edge of Q4. Grid for K = 1 is presented.

contacts. This behavior is generally preserved for small bias. For high bias, however, we clearly see
that this is not the case, especially near the contacts. On the other hand, functions vy, w; do not
vary much, besides of proximity of the contacts. Even for high biases we do not observe significant

variations.

As we see in table 3.8 the convergence rates are similar as for the first device for the equilibrium
state: linear convergence of H!(€)-error and quadratic convergence of L?(§2)-error for functions u,n, p
and sublinear convergence of Ls-error for functions v, w. We performed simulations also for bias 6,
10 and 16 (tables 329, BI0, BIT]). We conclude that these results are in agreement with our previous
observations, i.e. the convergence starts slower if bias is higher.
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2
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-12
-14
0.010
0.008
0.006
0.004 &
0.002
000

u,

U,

0.004 &
0.002

Figure 3.8: Function uy, for the second example in the equilibrium state (left) and for bias equal to 16
(right) for K = 8.

Table 3.8: Lo(2) and H!(E)-error of uy, in function of grid density parameter K for the second device
in equilibrium state. Numbers in brackets denote the rate of convergence.

CSIPG CWOPSIP
K Ly(Q) H'(Q) Ly(Q) HY(Q)
1] 74x1073 5.9 7.4 %1073 5.9
2 (20x107% (38) 3.0 (2.0) | 2.0 x 1072 (3.8) | 3.0 (2.0)
4150x107* (3.9) |15 (2.0) | 5.0 x107*  (3.9) | 1.5 (2.0)
8112x107* (4.1) | 74x 107t (2.0) | 1.2x107% (4.1) | 74 x 1071 (2.0)
16 | 2.6 x 107°  (4.7) | 3.3x 1071 (2.2) | 26 x 107° (4.7) | 3.3 x 1071 (2.2)
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Table 3.9: Ly(Q) and H'(&)-error of uy, vy, wy, and dependent functions n, p in function of grid density
parameter K for the second device for upi,s = 6. Numbers in brackets denote the rate of convergence.

CSIPG

CWOPSIP

K

Ly(©2)

| H'(Q)

Ly(92)

| H(@©

Function:

u

0 =N =

16

6.4 x 1072
1.8 x 1072
4.7 x 1073
1.2 x 1073
2.5 x 10~*

(3.5)
(3.9)
(4-1)
(4.7)

5.7 x 107!
3.0 x 107!
1.5 x 1071
7.5 x 1072
3.4 x 1072

(1.9)
(2.0)
(2.0)
(2.2)

6.4 x 1072
1.8 x 1072
4.7 x 1073
1.2 x 1073
2.5 x 1074

(3.5)
(3.9)
(4.1)
(4-7)

5.7 x 1071
3.0 x 107!
1.5 x 1071
7.5x 1072
3.4 x 1072

(1.9)
(2.0)
(2.0)
(2.2)

Function:

v

0 =~ N =

16

7.9 x 1072
3.9 x 1072
1.9 x 1072
8.4x1073
3.0x 1073

(2.0)
(2.1)
(2.2)
(2.8)

9.9 x 107!
9.1 x 107!
8.0 x 107!
6.6 x 1071
4.6 x 1071

(1.1)
(1.1)
(1.2)
(1.4)

7.9 x 1072
3.9 x 1072
1.9 x 1072
8.4 x 1073
3.0 x 1073

(2.0)
(2.1)
(2.2)
(2.8)

9.9 x 1071
9.1 x 107!
8.0 x 107!
6.6 x 1071
4.6 x 1071

(1.1)
(1.1)
(1.2)
(14)

Function:

w

o = N =

16

8.1x 107!
4.0 x 1071
1.9 x 1071
8.6 x 1072
3.0 x 1072

(2.0)
(2.1)
(2.2)
(2.8)

9.9 x 107!
9.1 x 107!
8.0 x 107!
6.6 x 107!
4.6 x 1071

(1.1)
(1.1)
(1.2)
(1.4)

8.1 x 1071
4.0 x 1071
1.9 x 1071
8.6 x 1072
3.0 x 1072

(2.0)
(2.1)
(2.2)
(2.8)

9.9 x 1071
9.1 x 107!
8.0 x 107!
6.6 x 107!
4.6 x 1071

(1.1)
(1.1)
(1.2)
(1.4)

Function:

n

o = N =

16

2.8 x 1071
4.2 x 1072
9.5 x 1073
2.3x 1073
4.7 x 107*

(6.6)
(4-4)
(4.2)
(4-8)

1.0
3.5x 107!
1.7 x 1071
8.1 x 1072
3.6 x 1072

(2.9)
(2.1)
(2.1)
(2.2)

2.8 x 1071
4.2 x 1072
9.5 x 1073
2.3 x 1073
4.7 x 1074

(6.6)
(4-4)
(4.2)
(4-8)

1.0
3.5 x 1071
1.7 x 1071
8.1 x 1072
3.6 x 1072

(2.9)
(2.1)
(2.1)
(2.2)

Function:

b

O = DN =

16

2.8 x 107!
4.2 x 1072
9.5 x 1073
2.3x 1073
4.7 x 1074

(6.6)
(4-4)
(4.2)
(4-8)

1.0
3.5x 107!
1.7 x 1071
8.1 x 1072
3.6 x 1072

(2.9)
(2.1)
(2.1)
(2.2)

2.8 x 1071
4.2 x 1072
9.5 x 1073
2.3 x 1073
4.7 x 10~*

(6.6)
(4-4)
(4.2)
(4-8)

1.0
3.5 x 1071
1.7 x 1071
8.1 x 1072
3.6 x 1072

(2.9)
(2.1)
(2.1)
(2.2)
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Table 3.10: Ly(Q2) and H'(&)-error of uy,vs,wy, and dependent functions n,p in function of grid
density parameter K for the second device for upi,s = 10. Numbers in brackets denote the rate of

convergence.
CSIPG CWOPSIP
K Ly () | H'() Ly () | H'(©)
Function: u
1| 11x1071 7.0 x 1071 1.1x 107t 7.0 x 1071
2 137x1072 (8.1)|41x107' (1.7) | 3.7x1072 (3.1) | 41x 10"t (1.7)
4110x1072 (3.7) |21x107Y (1.9) | 1.0x 1072 (8.7) | 21 x 107t (1.9)
8128x107% (3.7) | 1.1x107Y (2.0) | 28 x107* (8.6) | 1.1 x1071 (2.0)
16 | 7.0x 107 (3.9) | 48 x 1072 (2.2) | 79x107* (3.6) | 4.8 x 1072 (2.2)
Function: v
1] 1.6x1071 1.0 1.6 x 107 ¢ 1.0
2189x1072 (1.8) |98 x 107! (1.0) | 89x1072 (1.8) | 9.8 x 107t (1.0)
4151x1072 (1.7) | 93 x 1071 (1.1) | 5.1 x 1072 (1.7) | 9.3 x 1071 (1.1)
8128x1072 (1.8) | 85x 107! (1.1) |28 x1072 (1.8) | 85x 1071 (1.1)
16 | 1.2x1072 (2.3) | 68x 1071 (1.8) | 1.2x 1072 (2.3) | 6.8 x 1071 (1.3)
Function: w
1]21x1071 1.0 2.1 x 107! 1.0
2 112x107Y (1.8) | 98 x 107! (1.0) | 1.2 x 107t (1.8) | 9.8 x 107t (1.0)
41 70x107%2 (1.7) | 93 x 107t (1.1) | 7.0 x 1072 (1.7) | 9.3 x 1071 (1.1)
8139x1072 (1.8) | 85x 107 (1.1)3.9x1072 (1.8) | 85x 107t (1.1)
16 | 1.7x1072 (2.3) | 68x 107! (1.8) | 1.7x 1072 (2.3) | 6.8 x 1071 (1.3)
Function: n
1]1.8x107! 8.8 x 107! 1.8 x 107! 8.8 x 107!
2 135x1072 (5.1)|35x1071 (2.6) | 3.4x1072 (52)|35x10"t (2.6)
411.0x107%2 (3.4)|19x107Y (1.9) | 1.0x 1072 (8.3) | 1.9x 107t (1.9)
8134x107% (3.0)|97x1072 (1.9)|34x1073 (3.0)]9.7x10"2 (1.9)
16 | 9.5x107*  (3.5) | 45x 1072 (2.2) | 1.0x 1073 (8.4) | 45x 1072 (2.2)
Function: p
1]1.8x107! 8.8 x 107! 1.7 x 107! 8.8 x 107!
2 134x1072 (5.1)|35x107' (26) | 34x1072 (52)|34x10"Y (2.5)
4110x107%2 (3.4) | 1.8x 107t (1.9) | 1.0x 1072 (8.3) | 1.8x 107t (1.9)
8134x107% (3.0)|97x1072 (1.9)|34x1072 (3.0)]9.7x10"2 (1.9)
16 | 9.6 x 107*  (3.5) | 45x 1072 (2.2) | 1.0x 1073 (8.4) | 45x1072 (2.2)
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Table 3.11: Ly(Q2) and H'(&)-error of up,vy,wy, and dependent functions n,p in function of grid
density parameter K for the second device for upj,s = 16. Numbers in brackets denote the rate of
convergence.

CSIPG CWOPSIP
K Ly(Q) | H'(©) Ly () | H'(©)
Function: u
3.5 x 1073 2.2 3.8 x 1073 2.2
20x 1073 (1.7) | 1.6 (1.4) | 1.9 x1073 (2.0) | 1.6 (1.4)

1.1 x1073 (1.9) | 9.8 x 107t (1.6) | 1.0x107% (1.8) | 9.8 x 107! (1.6)
48 x107* (2.2) | 5.5 x 1071 (1.8) | 45 x107* (2.2) | 5.6 x 107} (1.8)
16 | 1.6 x 107 (3.1) | 28 x 1071 (2.0) | 1.5 x107* (8.0) | 2.8 x 10~' (2.0)

Function: v

o =~ N =

2.3 x 1072 7.5 x 10 2.3 x 1072 7.5 x 10

1.5x1072 (1.6) | 74x10'  (1.0) | 1.4x 1072 (1.6) | 7.4 x 10> (1.0
9.3x 1073 (1.6) | 7.1 x 10" (1.0) | 9.3 x 1073 (1.5) | 7.1 x 10! (1.0)
54x107% (1.7) | 6.6 x 108 (1.1) | 5.5 x 1073 (1.7) | 6.6 x 10! (1.1)
16 | 24x 1073 (2.2) | 5.3 x 101 (1.2) | 25 x 1072 (2.2) | 5.4 x 10! (1.2

Function: w

o = N =

2.5 x 1072 7.6 x 10! 2.4 x 1072 7.6 x 10

1.6 x 1072 (1.6) | 74 x10'  (1.0) | 1.5x 1072 (1.5) | 7.4 x 10> (1.0
9.7x 1072 (1.6) | 7.2 x 10" (1.0) | 9.7 x 1073 (1.6) | 7.2 x 10! (1.0)
55x 1072 (1.8) | 6.6 x 101 (1.1) | 5.5 x 1073 (1.8) | 6.6 x 10 (1.1)
16 | 25 x 1073 (2.8) | 5.4 x 108 (1.2) | 25 x 1073 (2.3) | 5.4 x 10!  (1.2)

Function: n

O = N =

1|35 1.5 x 103 1.9 1.0 x 10?

2|23 (1.5) | 1.2 x10®  (1.2) | 1.9 (1.0) | 1.0 x 103 (1.0)
4113 (1.8) | 9.0 x 10>  (1.8) | 1.3 (1.5) | 9.1 x 10> (1.2
857x107Y (2.8)|6.0x10% (1.5)|6.1x10"t (2.1) | 6.2x 10>  (1.5)

16 | 1.8x 107t (3.1) | 3.4 x 10>  (1.8) | 2.1 x 107! (2.9) | 3.5 x 10>  (1.8)

Function: p

1136 1.8 x 103 2.1 1.5 x 103

2|24 (1.5) | 1.4 x 10> (1.3) | 2.1 (1.0) | 1.3 x10® (1.1
4113 (1.8) | 9.8 x 10> (1.4) | 1.3 (1.6) | 9.8 x 10> (1.8)
8158x1071 (2.8)|63x10*> (1.6) | 6.1 x107t (2.2) | 6.3x 10>  (1.5)

16 | 1.8x 107t (3.1) | 3.5 x 10> (1.8) | 2.1 x 107! (2.9) | 3.5 x 10>  (1.8)
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Figure 3.9: Functions vy, wy, for the second example in the equilibrium state (left) and for bias equal
to 16 (right) for K = 8.

To this moment it is still not clear whether the slow start emerges mostly due to the coupling of
the equations, or do it also arise due to the two-dimensional character of the solutions. To study the
latter possibility, we introduce a device presented in figure BI0] (see also table BI2]). This is also a p-n
diode, but this time the interface between a n-type region and a p-type region is not perpendicular to
any axis. The n-type region consists of subdomains 7, 4, 21, Qs, Q3, thus it forms a L-shape, and
the remaining subdomains belong to the square-shaped p-type region. The depleted region goes along
the internal boundary of the L-shape.

Simulation results are presented in figures B.11], In this case, function wuy, clearly exhibits
two-dimensional behaviour even in the equilibrium case.

Error and convergence rates for the equilibrium state is presented in tables BI3] B.14l These
results clearly indicate that there is no slow start of convergence for H'(€)-error in this case, despite
of the two-dimensional character of the unknown function.
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Figure 3.10: Schema of the second device used in simulations. Layers €2y, {9, 23, Qy, 27 correspond to
the n-type region, while the remainder correspond to the p-type region. Left contact is attached to
whole left edge, while right contact is attached to the boundary of Q9. Grid for K =1 is presented.

Table 3.12: Parameters of third device 1

1sed in simulations.

Param. | Q,Q9, Q3,Qy, Q7 | Q5,Qg, Q2s, Qg || Grid N, Ny
Length 1x 1072 1x1072 O | 2K +1 | 2K +1
Width 1x 1072 1x1072 Qo | 2K +1 | 2K +1
£ 3x1073 1x1073 Q3 | 2K+1 | 2K +1
L 1x 103 3 x 103 Q| 2K+1 | 2K +1
Lp 1 x 102 3 x 102 Qs | AK +1 | 4K +1
k1 3 x 102 —3 x 102 Q6 | 2K +1 | 4K +1
Chrad 1x1073 2 x 1073 Q| 2K+1 | 2K +1
Og | 4K +1 | 2K +1
Qo | 2K +1 | 2K +1
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Figure 3.11: Function uy, for the third example in the equilibrium state (left) and for bias of magnitude
8 (right) for K = 4.

Table 3.13: Ly(Q)- and H'(Q)-error of uy, in function of grid density parameter K for the third device
in equilibrium state. Numbers in brackets denote the estimated rate of convergence.

CSIPG CWOPSIP
K Ly(9) HY(Q) Ly(Q) HY(Q)

2.0 x 1072 1.9 x 107! 2.0 x 1072 1.9 x 107!

52x 1073 (8.8) | 95x 1072 (2.0) | 52x1073 (3.8) | 9.5x 1072 (2.0)
1.3x1073 (8.9) | 48x1072 (2.0) | 1.3 x107% (3.9) | 48x 1072 (2.0)
35x107%  (3.8) | 24x1072 (2.0) | 3.5 x107% (3.8) | 24x 1072 (2.0)
16 | 94x107° (3.7) [ 12x1072 (2.0) | 94x107° (8.7) | 1.2x 1072 (2.0)
32 123x107% (4.0) | 54x1073 (2.2) | 23x107° (4.0) | 5.4x 1073 (2.2)

0 B~ N =
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Figure 3.12: Functions vp,wy, for the third example in the equilibrium state (left) and for bias of
magnitude 8 (right) for K = 4.
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Table 3.14: Lo(9)- and H'(Q)-error of up, vy, wy, and dependent functions n,p in function of grid
density parameter K for the third device for up.s = 8. Numbers in brackets denote the estimated
rate of convergence.

CSIPG CWOPSIP
K Lo(Q) | H(Q) ) | H(Q)
Function:
1.9 x 1073 2.2 2.0 x 1073 2.2
53x107%  (3.6) | 1.2 (1.9) | 52x 107 (3.8) | 1.2 (1.9)

1.6 x 107 (8.3) | 5.8 x 107! (2.0) | 1.5x107* (8.5) | 58x 1071 (2.0)
6.0x 1075  (2.7) | 29x 1071 (2.0) | 5.7x107° (2.6) | 29 x 1071 (2.0)
16 | 24x107° (2.5) | 1.4x107Y (2.0) | 22x107° (2.5) | 1L.4x 1071 (2.0)
32| 80x107% (8.1) ] 64x107% (2.2) | 44x107% (5.0) | 64x1072 (2.2)

Function: v

O = DN =

2.7 x 1072 4.6 x 10! 2.7 x 1072 4.6 x 10!

1.6 x 1072 (1.7) | 45x 10"  (1.0) | 1.6 x 1072 (1.7) | 4.5x 10"  (1.0)
92x 1073 (1.7) | 43 x10'  (1.0) | 92x 1073 (1.7) | 43 x 10"  (1.0)
52x 1073 (1.8) | 40x 10"  (1.1) | 5.2x 1072 (1.8) | 4.0x 10'  (1.1)
16 | 27x107* (1.9) | 3.5x 10" (1.1) | 27x 1073 (1.9) | 35 x 10"  (1.1)
32 | 1.1x107% (2.4) | 27 x 10" (1.3) | 1.1 x 1073 (2.4) | 27x 10"  (1.3)

Function: w

O = DN =

3.6 x 1072 6.9 x 10! 3.6 x 1072 6.9 x 10*

22x107% (1.6) | 6.7x 10"  (1.0) | 22 x107% (1.6) | 6.7 x 10"  (1.0)
1.3x107% (1.6) | 6.5 x 10" (1.0) | 1.3x 1072 (1.6) | 6.5x 10" (1.0)
78x 1073 (1.7) | 6.1 x 10" (1.1) | 7.8 x107* (1.7) | 6.1 x 10'  (1.1)
16 | 4.2x1072 (1.9) | 5.4x10'  (1.1) | 42x 1073 (1.9) | 5.4 x 10'  (1.1)
32| 1.8x 1073 (2.4) | 42x 10"  (1.3) | 1.8 x 1072 (2.4) | 4.2x 10"  (1.3)

Function: n

O = N =

2.5 x 107! 2.7 x 102 2.5 x 1071 2.7 x 102

83x1072 (3.1) | 1.6 x 10>  (1.7) | 7.8 x 1072 (3.2) | 1.6 x 10*  (1.7)
27x107% (3.0) | 88 x 10"  (1.8) | 25 x 1072 (3.1) | 8.8x 10!  (1.8)
9.5x 1073  (2.9) | 45x 101 (2.0) | 92x 1073 (2.8) | 45x 10"  (2.0)
16 | 3.3x1072 (2.9) | 22x10'  (2.0) | 3.1x 1073 (3.0) | 22x 10'  (2.0)
32193x107* (8.5) | 1.0x 10" (2.2) | 82x10"* (38) | 1.0x10'  (2.2)

Function: p

0 &=~ N

1.6 x 1071 1.5 x 102 1.4 x 107! 1.5 x 102

53x 1072 (3.0) | 7.0x 10"  (2.1) | 47x1072 (2.9) | 7.0x 10"  (2.1)
2.2x1072 (2.4) | 3.5 x 10! (2.0) | 21 x1072 (2.3) | 3.5 x 10! (2.0)
9.2x 1072 (2.4) | 1.8 x 10! (2.0) | 9.1 x10732  (2.3) | 1.8 x 10! (2.0)
16 | 34x107% (2.7) | 8.6 (2.0) | 3.3x1073 (2.7) | 8.6 (2.0)
32196x107* (8.5) |38 (2.3) | 7.6 x107%  (4.4) | 3.8 (2.2)

0 =~ N
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3.2.3 Formulation v, F},, F},: one dimension

After the study of theoretical setting in section B.2.2], we would like to check whether the error estimates
holds also in simulations of realistic semiconductor devices.

We start from a simple device: a p-n diode. It consists of two physical layers (table B.I5). We
additionally divide these layers to introduce additional narrow layers near the interface of the n-type,
p-type and contacts of the device to improve the convergence. Then in every layer we setup K
equidistant nodes. Simulation is in one-dimension.

We start with the equilibrium case (table B.I6]), where we present relative errors of CSIPG and
CWOPSIP numerical solutions for the potential ). These results indicate clearly that errors of all
these methods converge linearly to zero in H'(2) norm as h — 0. For Lo(f2) norm, the errors drop
quadratically in h. Also note that for given K errors are similar for both discretization methods.

Then we pass to non-equilibrium simulations for 1 V bias (table BIT). For the potential 1, the
conclusion is as in equilibrium case. On the other hand, for the quasi-Fermi levels the situation is much
worse. For CSIPG discretization, we observe sublinear convergence on both norms, and the H!(f2)

Table 3.15: Schemata of devices used in the simulations.

p-n diode
Layer | Material | Donor doping | Acceptor doping | Length
n-type GaN | 2 x 10" cm™3 0 | 100 nm
p-type GaN 0 2 x 10" em™3 | 100 nm
Blue laser
Layer Material | Donor doping | Acceptor doping Length
n-base GaN | 3 x 10" cm™3 0 | 1000 nm
n-cladding Alg1Gagg N | 3 x 10'® cm™3 0| 500 nm
n-waveguide GaN | 3 x 10'® cm™3 0| 100 nm
quantum well | IngoGagg N 0 4 nm
p-EBL Alp2Gag gN 0 2 x 10" cm™3 20 nm
p-cladding Alg.1GaggN 0 1x10Y em™2 | 500 nm

Table 3.16: Relative errors of the potential 1. Simulation were performed for the p-n diode in the
equilibrium state.

CSIPG CWOPSIP
K Ly () H'(Q) Ly(9) H'(Q)

2 | 8.7x 1072 4.6 x 1071 8.7 x 1072 4.6 x 1071
1.5x1072  (5.8) | 23x107Y  (2.0)|1.5x10"%2 (58)|23x10"Y (2.0)
4.0x107%  (8.8) | 1.2x107t  (1.9) | 40x1072 (8.8) | 1.2x 10"t (1.9)
16 | 1.2x107%  (8.3) | 58x 1072 (2.0) | 1.2x107% (8.3) | 58 x 1072 (2.0)
32 (30x107%  (4.1)|29%x1072  (2.0) | 3.0x107* (4.1) | 29x 1072  (2.0)
64 | 74x 1075  (4.0) | 1.4x 1072 (2.0) | T4x 1075 (4.0) | 1.4x 1072  (2.0)
128 | 1.8 x107°  (4.0) | 72x 1073 (2.0) | 1.8 x107°  (4.0) | 72x 1073  (2.0)
256 | 4.4x 1076 (4.1) | 3.5x 1073  (2.0) | 44x 1075  (4.2) | 3.5 x 1073  (2.0)
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Table 3.17: Relative error of ¢, F,, and F),. Simulation were performed for the p-n diode under 1 V
bias.

CSIPG CWOPSIP
K Ly(9) | HY(Q) Ly(Q) | HY(Q)
Function:
2| 7.8 x 1072 4.8 x 1071 7.9 x 1072 4.8 x 1071
4130x1072  (2.6) |27x107Y  (1.8) | 3.0x 1072 (2.6) | 2.7 x 107! (1.8
8| 71x107%  (4.2) | 13x107t (2.0) | 71x107% (4.2) | 13x107t (2.0)
16 | 1.5x 1073 (4.9) | 6.7x1072  (2.0) | 1.5x 1073 (4.9) | 6.7x 1072 (2.0
32 |37x107%  (4.0) | 34x 1072 (2.0) | 3.7x107*  (4.0) | 3.4x 1072 (2.0)
64 | 92x 1075 (4.0) | 1.7x 1072 (2.0) | 92x107°  (4.0) | 1.7x 1072  (2.0)
128 | 23 x 107°  (4.0) | 83 x 1072 (2.0) | 23x 107>  (4.0) | 83 x 1073  (2.0)
256 | 5.5 x 1076 (4.1) | 41x107% (2.0) | 55x 1076 (4.1) | 41 x1073 (2.0)
Function: F},
2 30x1073 1.0 1.3 x 1072 1.0
4122x107%  (1.4) 1.0 (1.0) | 9.8 x 1073  (1.4) 1.0 (1.0)
1.5x 1073 (1.4) 1.0 (1.0) | 71 x 1073 (1.4) 1.0 (1.0)
16 | 1.1x1073  (1.4) | 98 x 107t (1.0) | 5.1 x 1073  (1.4) 1.0 (1.0)
32| 75x107%  (1.4) |96 x 1071 (1.0) | 3.6 x 1073 (1.4) 1.1 (1.0)
64 | 51 x107*  (1.5) | 93 x107Y  (1.0) | 2.6 x 1073 (1.4) .1 (0.9)
128 | 3.3x107*  (1.6) | 8.7x 1071 (1.1) | 1.8 x 1073  (1.4) 1.3 (0.9)
256 | 1.9x 107 (1.7) | 7.6 x 107t (1.1) | 1.3 x 1073  (1.4) 1.7 (0.8)
Function: F),
2 |20x1073 1.0 1.0 x 1072 1.0
41.6x107% (1.38) 1.0 (1.0) | 7.6 x 1073 (1.8) 1.0 (1.0)
1.2x 1073 (1.3) 1.0 (1.0) | 5.6 x 1073 (1.4) 1.0 (1.0)
16 | 85x107*  (1.4) | 9.8 x 107t (1.0) | 41x 1073  (1.4) 1.0 (1.0)
32 160x107%  (1.4) |96 x 1071 (1.0) | 29 x 1073 (1.4) 1.1 (1.0)
64 | 40x 107 (1.5) | 93 x 1071 (1.0) | 21 x 1073 (1.4) 1.1 (0.9)
128 | 2.6 x 107 (1.5) | 8.7 x 1071 (1.1) | 1.5 x 107*  (1.4) 1.3 (0.9)
256 | 1.5 x 107*  (1.7) | 7.6 x 107*  (1.1) | 1.0 x 1073 (1.4) 1.7 (0.8)
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Table 3.18: Relative error of the carrier concentrations n and p. Simulation were performed for the
p-n diode under 1 V bias.

CSIPG CWOPSIP
K L(Q) | HY(Q) Ly(Q) | H'(Q)

Function: n

2 [20x107! 8.3 x 1071 2.0 x 1071 8.3 x 1071
1.5x107Y (1.3) | 79x 107t (1.1) | 1.5x 107t  (1.8) | 79 x 107t (1.1
816.7x1072 (2.3) | 5.7x107Y  (1.4) | 6.7x1072 (2.3) | 5.7x 107t  (1.4)
16 | 20x1072  (84) | 3.1x107t  (1.9) | 20x1072 (84)|3.1x10"t (1.9)
32 |50x107%  (3.9) | 1.5x107t  (2.1) | 5.0x107* (8.9) | 1.5x 107t (2.1)
64 | 1.3x 1072  (3.9) | 7.3x1072  (2.0) | 1.3x 1073 (3.9) | 7.3x 1072  (2.0)
128 | 32x107*  (4.0) | 3.7x 1072 (2.0) | 32x107* (4.0) | 3.7x 1072  (2.0)
256 | 7.6 x 107°  (4.2) | 1.8x 1072 (2.0) | 7.6 x107°  (4.2) | 1.8 x 1072 (2.0

Function: p

2| 9.7x1072 7.4 x 107! 9.8 x 1072 7.5 x 107!
4.9x1072  (2.0) | 5.8x 107t  (1.8) | 49x 1072 (2.0) | 5.8 x 107t (1.3)
8118x1072 (2.7) | 32x107t (1.8) | 1.8x 1072 (2.7) | 3.2x 107t (1.8)
16 | 5.2x 1073  (8.5) | 1.5x 107t  (2.2) | 52x107% (8.5) | 1.5x 107t (2.2)
32| 1.4x107%  (3.7)|68x1072 (2.2) | 14x1073 (3.7)|68x1072 (2.2)
64 | 3.6 x107*  (3.9) | 33x1072 (2.1)|36x107* (39)|33x1072 (2.1)
128 [ 8.9 x107°  (4.0) | 1.6 x 1072 (2.0) | 8.9 x 107> (4.0) | 1.6 x 1072  (2.0)
256 | 2.1 x107°  (4.2) | 7.9x 1073  (2.1) | 21 x 107  (4.2) | 7.9 x 1073 (2.1

convergence is much slower. For CWOPSIP, we observe Lo(Q2) convergence only. Having in mind
that we do not have exact solution, it is hard to determine whether there is any H!({) convergence
at all in any case. This behavior is analogous to slower convergence of v, w approximations reported
in section Therefore we also present convergence results for derived functions n, p. For these
functions we observe that the convergence is linear in || - || 1) and quadratic in || - ||, (q). Errors are
similar for all the methods taken into account. This observation also explains, how could convergence
of ¥ be as good as in equilibrium case while F,,, F}, convergence rates is much worse, as generally the
drift-diffusion equations’ coefficients and right hand sides are directly dependent on n, p, not on F,,
F,. This effect is consistent with analogous behavior for formulation u, v, w presented in section

In second approach we proceed to more complex device - blue InGaN laser. The structure used
in this simulation (table B.I5]) is simplified a little in comparison with the real laser structure, but
it resembles its essential features: a GaN base, AlGaN claddings, an InGaN quantum well and an
electron blocking layer.

The results are presented in table B9l Generally they agree with the conclusions drawn before,
i.e. quadratic Ly() convergence and linear H'(Q) convergence of ¢, n, p, but the methods start
slower (from K above 64). Errors of both discretizations are similar for a given K.

Therefore we conclude that it is possible to achieve Ls-convergence of the electrostatic potential
and carrier concentrations is quadratic and H'-convergence linear. We also observed sublinear Lo-
convergence for the quasi-Fermi levels, while the H!-convergence is very slow and hard to estimate
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Table 3.19: Relative error of the potential 1, n and p. Simulation were performed for the laser under
2 V bias.

CSIPG CWOPSIP
K Ly(9) | HY(Q) Ly(Q) | HY(Q)
Function:
16 | 1.2 x 1073 1.1 x 107! 1.4 x 1073 1.1 x 107!

32 |45x107%  (2.7) | 58x 1072 (1.9) | 45x 107  (3.1) | 5.8 x 1072  (1.9)
64 | 1.4x 107  (3.2) | 29x 1072 (2.0) | 1.4x 107  (3.2) | 29x 1072  (2.0)
128 | 3.9 x107°  (3.6) | 1.4x 1072 (2.0) | 39x107° (3.6) | 1.4x 1072 (2.0
256 | 9.6 x 1076 (4.1) | 7.0x 1073  (2.1) | 9.6 x 1076  (4.1) | 7.0 x 1073 (2.1
Function: n

16 | 6.8 x 1072 6.1 x 1071 6.6 x 1072 6.0 x 1071

32 29%x1072  (2.8) | 44x 1071 (1.4) | 29x 1072  (2.2) | 44x 107 (1.4)

64 | 1.0x 1072 (2.9) | 27 x 1071 (1.6) | 1.0x 1072 (2.9) | 2.7 x 107! (1.6)
128 | 28 x 1072 (3.5) | 1.4x 107t (1.9) [ 28 x 1072  (3.5) | 1.4x 107t  (1.9)
256 | 7.3 x107*  (3.9) | 7.2x 1072  (2.0) | 7.3x107* (3.9) | 7.2x1072  (2.0)

Function: p

16 | 1.1 x 1073 1.8 x 107! 1.2x 1073 1.8 x 107!

32 31x107%  (3.7) | 88x1072 (2.0) |3.0x107* (3.9) |88 x 1072 (2.0)

64 | 7.8 x 1075 (4.0) | 44x 1072 (2.0) | 7.7 x 1075  (4.0) | 44x 1072  (2.0)
128 | 1.9x 107°  (4.0) | 22x 1072 (2.0) | 1.9x 107> (4.0) | 22x 1072  (2.0)
256 | 4.7x 1076 (4.1) | 1.1 x 1072 (2.0) | 46 x1076 (4.1) | 1.1x10"2 (2.0)

without a closed-form solution.
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3.2.4 Formulation v, F},, F},: two dimensions

Simulations presented in sections and shown that the methods CSIPG and CWOPSIP are
capable of performing simulations with van Roosbroeck equations. In this section, we would like to
conclude convergence testing with two-dimensional simulations of realistic semiconductor devices.

We start with a simulation of a p-n diode (figure B.13]). We use uniform mesh inside layers of the
device, which is nonmatching on the interface of the layers. It is formed by division of the layers to
K parts in the horizontal direction and then by dividing the first layer into 3K parts and dividing
the second part into 2K parts in the perpendicular direction. We start with initial grid for K = 2,
presented in figure B.I4l Since the exact solution is not known, as a reference we use the result of
one-dimensional simulation for K = 1024.

Figure 3.13: Schema of the n-p diode used in numerical simulations.

Figure 3.14: Initial grid used in numerical simulations of p-n diode.

Table 3.20: Relative errors of the potential 1. Simulation were performed for the p-n diode in the
equilibrium state, in two dimensions.

CSIPG CWOPSIP
Ly(92) H'(Q) Ly () H'(Q)

1.8 x 107! 6.9 x 107! 2.3 x 107! 9.8 x 107!
45x107%2  (4.0) | 42x107Y  (1.6) | 1.2x107t (1.9) | 59x107t (1.7)
23x1072  (1.9) | 3.0x107Y  (1.4)| 38x107% (8.1)| 3.2x107t (1.9)

16 | 9.7x1073  (24)| 21 x107Y  (1.4)| 7.7x1073 (4.9)| 21 x107' (1.5)

32| 28x107%  (3.4)| 12x107Y  (1.8) | 1.5x107% (5.1) | 1.2x107t (1.8)

64 | 6.1x107* (4.6) | 57x1072 (2.0)| 48 x107* (3.1)] 57x1072 (2.0)
128 | 1.5x107%  (4.2) | 29x1072 (2.0)| 1.3x107* (3.8)| 29x1072 (2.0)
256 | 3.5x107° (4.2) | 1.4x1072 (2.0)| 33x107% (3.9)| 1.4x1072 (2.0)

0 B | N
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Figure 3.15: Schema of the quantum well structure used in numerical simulations.

Figure 3.16: Initial grid used in numerical simulations of the quantum well. To improve the conver-
gence, p-GaN and n-GaN were splitted into two layers to thicken the grid near the quantum well.

Table 3.21: Relative errors of the potential ). Simulation were performed for the single quantum well
in the equilibrium state, in two dimensions.

CSIPG CWOPSIP
Ly(92) HY(Q) Ly () HY(Q)
5.2 x 1072 3.8x 107! 7.5 x 1072 4.6 x 1071
20x 1072 (2.6) | 23x107Y  (1.7) | 24x10"%2 (3.1)| 26x107t (1.8
52x 1073 (3.8) | 1.1x107Y  (2.0)| 7.3x1073 (8.3)| 1.2x107t (2.2
16 | 1.3x107%  (3.9)| 58x1072 (1.9)| 1.8x1073 (4.0) | 59x1072 (2.0)
32| 34x107%  (4.0)| 29x1072  (2.0) | 45x107*  (4.0) | 3.0x107%2 (2.0
64 | 85x107° (4.0)| 1.5x1072 (2.0)| 1.1x107* (4.0) | 1.5x1072 (2.0)

0 A& |

Results of these simulations are presented in table Both methods start slowly, for K < 32
error rate is smaller than 2. From K = 64 we observe convergence rate of approximately 2. The error
norms for CSIPG and CWOPSIP are similar.

Then we repeated our simulations for a single quantum well structure (figure B.15]). It is similar to
the p-n diode, but it has a narrow layer between n-type region and p-type region, the quantum well
(see section 2.4]). In this case, we introduce five layers in our mesh, while two additional layers are
used to improve the grid in the n-type region and p-type region near the quantum well (figure 3.10)).

Results of this simulation is presented in table B.21] and they generally agree with our previous
simulations. Note that the slow start is absent in this case. This is due to additional layers introduced
near the quantum well, where the function changes are crucial.
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3.3 Discontinuities on interfaces

In this section we would like to generalize discretizations presented in section [L3] to account for
discontinuities of unknown functions on interfaces. This generalization is necessary to introduce in-
terfacial charges. These charges emerge for example due to polarization effect, present in GaN-based
heterostructures.

Since we discuss the Discontinuous Galerkin Method, the discrete space accounts for discontinuous
functions, and we can introduce discontinuities in a natural way using techniques already established
for imposing continuity.

In this section, we derive one-dimensional discrete problems and we present numerical experiments
of one-dimensional model. However, these problems can be extended to two dimensional domains in
a natural way.

3.3.1 Differential problem
3.3.1.1 Classic formulation

We would like to focus on the one-dimensional problem. Let €2 denote an open interval. We define
nodes {di}ﬁ\io such that dy < d; <...<dy and Q = (dy,dy), and subsets ; := (d;—1,d;). Note that
Q=0,U...UQyu.

Consider the following differential problem

( d d
— @<pl(x)@ul(x)> = f(z) Vo € Q,,
u1(do) = 1o,
uN(dN) = Uun, (3.3.1)
uipr(di) —ui(ds) =w; i€ {l,...,N—1},
dqu dul .
1 (d; ) — pi(d) 28 () = 7 1,...,N—1
pz—l—l(dz) dx (dl) pz(dz) dx (dz) Ty (S { ’ ) }7

where f € C(Q), p; € CH(Q;) and u € C*(Q). We may interpret u = (ug,...,uy) as a piecewise
continuous function with undefined values at nodes. Then u; for ¢ € {0, N} can be identified with
boundary values and for i € {1,..., N — 1} with jumps of the function at the nodal points.

3.3.1.2 Derivation of weak formulation

We define spaces

B= {(vl,...,vn):vi e CLy),ie {1,...,N}},
(3.3.2)
By = {v € B:vi(dg) =0= UN(dN)}.

Let v € B. We then identify v with a function v : Q\{do,...,dn} — R defined as

i Qi,
o(z) = 4 1) ve (3.3.3)
undefined =z € {dy,...,dn}.

Note that values v(d;) are not defined, but the right and left limit is well-posed

o(d;) = lim v(z) = v(d;), v(df) = lim v(z) = vi11(d;). (3.3.4)

r—d; a:—)d;F
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Now we would like to derive a weak formulation of the problem (B3.3.]). For every €2; we have

d d
- <pl(x)aul(x)> = f(x) Vr € ;. (3.3.5)
We multiply the above equation by v € B and integrate it on §2;
d d
— /QZ %<pl(m)%ul(ﬂv))v(m)da¢ = /QZ f(z)v(z)d. (3.3.6)

Then using the integration by parts

/Q | pi) T () S () — i) o (e o)+ i) o (1 o 1) = /Q @i (337)

If we add left hand sides of the equations (8.3.7]) we obtain

du al du; du;
i ~( —(ﬂf)dl”r = pidi)——(d;)vi(d;) + pi(di—1) ——(di—1)vi(di-1)
Z/ pil ;( P dz P Y ! ! ) (33.8)

After reordering of the components we obtain a new equation

Z/ pi(z dul ( )derPl(do)Cz;l (do)vi(do) — PN(dN)dd—xN(dN)UN(dN)

+ Z <p2+1 duz+1 (di)viy1(d;) — pi(d;) dx' (dl)vz(d@)> (3.3.9)

/f

We would like to use the internal boundary values to modify the components

pi+1(di) dz;i;l (di)vis1(di) — pi(ds) ﬁi (di)vi(dy). (3.3.10)

From now on, to improve readability, we would extract the argument out of expressions if it is the
same for all functions. Thus the internal boundary condition from the problem (B.3.1]) reads

duH_l dui o .
<'0”1W i )(dl) =r, ie{l,...,N—1} (3.3.11)
Therefore
du; du;yq
L A N 3.3.12
( "z >(d )=-rit (”’“ dz >(dl) (3:3.12)

We may then use these identities and rewrite the equation ([B.3.10) as

du; du; 1 du; duy;
<Pi+1 Z;lvi-i—l - Pz‘_di Ui)(di) 5 ([2Pz+1 Z—H]W-H 20 du ] z) (di) =
1 du; du; du; duy;
2([Pz+1 d+1 it P “vig1 — [pi— Iy i trin d+1]vi>(di) (3.3.13)

- 5(Pi+1d—;”2+11+7"z”z+13+md Uikl = Pily Uz2+7°wz3 Ldl;vil)(di).
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Therefore we obtain

duH_l dui - 1 dui+1 duz
(Pz+1 W%H - pz%%) (di) = 3 (Pz+1w(%+1 vi) + pi—— dr (Vig1 —vi) +7i(vigr + 'Uz)) (ds)

- ;([p“rl d721+1 T lcs;l} (Vit1 — vi) +7i(vig1 + Ui)) (dy).

(3.3.14)

Then we may reformulate equation ([3.3.9]) to obtain

du; , . dv du du
S | o G e+ (paGites o) (oo )
1 Ry duz‘+1 duz
t3 Z <['O”1W + Pi%} (vig1 — Uz‘)) (d;) (3.3.16)
i=1
| N1
— /Qf(m)v(x)dx — 5 ZZ:; i (Ui-i-l + Ui) (dl)
We define
N ‘ y
A(u,v) ::ZAi(u,v), A;i(u,v) ::/Q’ pl(x)%(x)j—x(x)dx, (3.3.17)
2;1
B(v) ::ZBi(v), B;(v) ::/ f(z)v;(z)dz, (3.3.18)
i=1
N (14201 ) (do) i=0,
C(u,v) := Z Ci(u,v), Ci(u,v):= %([plﬂ 121;1 + p; L b } (Vig1 — vl)) (di), 0<i<N, (3.3.19)
=0 (Png—éVUN) (dn), i=N,
N-1 1
D)= Di(v).  Div) = 5ri (ml + vi>(di). (3.3.20)

3.3.1.3 Weak formulation

The derivation from the section B:3.1.2 suggests the following weak formulation of the problem (B.3.1]).
Let us define spaces D, Dy as

D= H'(),

Do = {v €D va(do) =0 = v (dn)}. (3.3.21)
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Then the weak problem is to find u € D such that

A(u,v) + C(u,v) = B(v) + D(v) Vv € Dy,
u1(do) = 1o,
qu(di) —ul(dl) = U, 1€ {1,...,N—1},

uN(dN) = UN.

(3.3.22)

Thus in this formulation the discontinuities of the flux are imposed weakly, while the discontinuities
of the unknown function are still imposed strongly. Proceeding to discrete problems, we must take
care of the latter.

3.3.2 Discrete problems

We would derive discrete problems gradually. We start with the Composite Incomplete Interior Penalty
Galerkin method (CIIPG), based on Incomplete Interior Penalty Galerkin method [94], which is derived
from the weak problem (3.3.22)) by adding the penalty terms. Then we proceed to the CSIPG method
by symmetrizing CIIPG, and then to CWOPSIP.

3.3.2.1 CIIPG

We would like to transform the weak problem into most straightforward Discontinuous Galerkin for-
mulation. In the weak form ([3.3.:22]) the flux conditions are already present in the operators C and D,
but still we must impose the internal and external Dirichlet boundary conditions. To do so, we will
introduce the penalty term. Let o; > 0 be a parameter, called the penalty parameter for Dirichlet
boundary conditions. We define operators G; : (X,(2))? = R, H; : X,(2) = R as

o1 289000y (d)r (do), i=0,
Gilu,v) = § o (2592 4 250 (s (di) = wi(dy) ) (via(d) = vildy)), i=1,....N =1, (3.3.23)
o 25O (dy Yo (dy), i=N,
Jl%cfo)ﬂo’vl(do), i =0,
Hi(v) = a(% n ”,;lifj”)a <v,~+1(di) - vi(di)>, i=1,...,N—1, (3.3.24)
UN%]?V)@NUN(dN), 1= N.

for any u,v € Xp,.
Then we define the operators G : (X;)? = R, H: X}, — R as

N N
G(u,v) =Y Gi(u,v),  H(v):=» Hv). (3.3.25)
=0 =0

Then the plain formulation would be posed as follows. Find u € X}, such that

Yo e Xp,  benpg(u,v) = ferpa(v), (3.3.26)

where

berpa (u,v) == A(u,v) + C(u,v) + G(u,v), (3.3.27)
ferpa (v) := B(v) + D(v) + H(v). (3.3.28)
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3.3.2.2 CSIPG

In this section we would like to use the approach similar to [37]. As a starting point we take the
operator bcrpg, which we want to symmetrize. According to the definition (3.3.27])

berpa (u, v) = A(u,v) + C(u,v) + G(u,v). (3.3.29)

Note that A and G are already symmetric, so to get a symmetric operator, we add C(v,u). By the
definition ([B.3.19) we have

L(u,v) := C(v,u) = (pl%ul) (do) — <,0NCZ;—;VUN) (dn)

N-1 sy do. N (3.3.30)
+ §<[ﬂz+1 -4+ ﬂzd—ﬂ (wit1 — Uz’)) (di) = ZLZ‘(U,U),
=1 =0
where
<P1‘§§U1>(d0), i =0,
Li(u,v) = Cy(v,u) = { 3 <[pl+1d3;1 N p@-%] (i1 — ui)>(di), ie{l,...,N—1},  (3.3.31)
—(PN%UN)(C[N), i =N,
for i € {0,...,N}. Then we have to introduce an additional expression to fcrpg. Referring to the
internal Dirichlet conditions (8.3.J]) we define
N-1
dvi1q dvZ
Z = [p,_,_l L (@), (3.3.32)
=1
Finally, we can write the symmetric problem as
besipa (u,v) == fesipa(v), (3.3.33)
where
besipa (u,v) = A(u,v) + C(u,v) + G(u,v) + L(u,v), (3.3.34)
fesipa(v) := B(v) + D(v) + H(v) + M (v). (3.3.35)

3.3.2.3 CWOPSIP

For the CWOPSIP problem, we need over-penalized operators. We call them O, P and they are defined
as

O(u,v) = i Oi(u, v), (3.3.36)
zj:vo
P(v) := Zpi(v), (3.3.37)
where B
5p1(d°)u1(d0)vl(do) i=0,

O4(u,v) = 5(pz<d ) 4 2ig(d) >) <ui+1(di) - ui(di)> (viﬂ(di) - vi(di)), i=1,...,N—1, (3339
z+
5%%1%N(dN)UN(dN), i =N,
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5—[)1]5%10)17,01)1(6[0), 7= 0,
PZ(U) = 5(% + pl;%*ff”)’al (Ui+1(di) — Uz(dz)), = 1, e ,N — 1, (3339)
5%%1\7)11N1)N(d1\[), i = N.

As before we start with CIIPG problem: find v € X}, (€2) such that

Vv € Xh(Q) bCHp(}(u,v) = fcnp(}(v). (3.3.40)

We have thus
A(u,v) + C(u,v) + G(u,v) = B(v) + D(v) + H(v). (3.3.41)

First we ignore operator C, as in CWOPSIP method introduced in section [[.3.2.2] and we replace the
penalty operators GG, H with over-penalized operators O, P. We have

A(u,v) + O(u,v) = B(v) + D(v) + P(v). (3.3.42)

At the first glance it seems natural to remove also the operator D from the above equation, as it is
a right-hand-side counterpart of operator C. However, this is the only element imposing boundary
conditions on the flux. Also, while lack of the operator C' is balanced by increased penalty, this is not
the case for the operator D.

Therefore we define CWOPSIP problem: find u € X}, such that

Vv € X bewopsip(u,v) = fowopstp (v), (3.3.43)

where
bcwoPsIP (u, v) = A(u, U) + O(u, U), fCWOPSIP(U) = B(U) + D(U) + P(U) (3.3.44)

3.3.3 Simulations
3.3.3.1 Examples

To test the formulations presented in the section [B.3.2] we have performed several simulations.

We used arbitrarily chosen set of five examples, where plq,, flo, € C*(£;), but in general
p, [ #C°(Q).

Example 1 is a reference, as the unknown function and fluxes are continuous at interfaces. In
example 3, fluxes are continuous, while the unknown function is not. In other examples, both unknown
functions as well as fluxes are discontinuous at interfaces. Examples 3, 4, 5 are chosen such that the
differential problem is nonlinear, with nonlinearities both in the coefficient p as well as in the right
hand side f. For comparison, we use these examples also for linear simulations with nonlinearities in
p, f substituted by known solutions.

3.3.3.2 Linear equations

The results of the computations for the linear case for the respective discrete formulations are presented
in tables B.22] B.231B.24] for CIIPG, CSIPG and CWOPSIP, respectively. Except of the isolated cases,
error values are of similar order. We generally observe linear convergence of H'-error and quadratic
convergence in Lo-error. Examples 2 and 4 exhibit quadratic convergence also for H'-error, but this
is due to Lo-norm dominating H'-seminorm.
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1
K Ly () H'(Q) Ly () q'(Q)
315.0x1072 2.7 x 107! 3.1x 107! 3.1x 107!
61.0x1072 (4.9)|12x107t (2.2) | 79x107%2 (3.9)|80x10"2 (3.9
12 23x107%  (4.5) | 6.1x1072  (2.0) | 20x 1072 (3.9) | 20x10"2 (3.9)
24 | 53x107%  (4.3) | 3.0x 1072  (2.0) | 5.1 x107%  (4.0) | 51 x 1073  (4.0)
48 | 1.3 x107*  (4.1) | 1.5 x 1072 (2.0) | 1.3 x 1073 (4.0) | 1.3 x 1073  (4.0)
96 | 3.1 x 1075 (4.1) | 7.6 x 1073 (2.0) | 32x107*  (4.0) | 32 x107*  (4.0)

192 | 7.7x107%  (4.0) | 3.8 x 1072 (2.0) | 8.0x 107>  (4.0) | 8.0x 107>  (4.0)

384 | 1.9x 107  (4.0) | 1.9x1073  (2.0) | 20 x107°  (4.0) | 2.0 x 1075  (4.0)

3
K Ly () H'(Q) Ly () q'(Q)
3129x107! 1.9 7.0 x 104 7.2 x 10%
6|68x1072 (4.8)94x107t (2.1) | 1.9x10* (3.8) | 1.9x10* (3.8)
12 | 1.7x1072  (4.0) | 46 x 107t (2.0) | 4.7x 10> (3.9) | 48 x 10>  (3.9)
24 | 4.2 x 1073 (4.0) | 23 x 1071 (2.0) | 1.2 x10®  (4.0) | 1.2 x 103  (4.0)
48 | 1.1 x 1072 (4.0) | 1.2x 107t (2.0) | 3.0 x 10*  (4.0) | 3.1 x 10>  (4.0)
96 | 2.7 x107*  (4.0) | 5.8 x 1072 (2.0) | T4 x 10"  (4.0) | 7.8 x 10!  (38.9)
192 | 6.6 x 1075 (4.0) | 29x 1072 (2.0) | 1.9x 10  (4.0) | 2.1 x 101 (3.7)
384 | 1.7x 1075  (4.0) | 1.4x 1072  (2.0) 4.8  (3.9) 6.6 (5.2
5
K Ly(Q) HY(Q)
3136x107t 1.5
61.0x107Y (86)|47x107t  (3.1)
12 26x1072  (39) | 1.5x107Y  (3.1)
24 | 6.6 x 1072 (4.0) | 5.5 x 1072 (2.7)
48 [ 1.6 x 1072 (4.0) | 24 x 1072 (2.3)
96 | 4.1x107*  (4.0) | 1.2x1072 (2.1
192 | 1.0x 107%  (4.0) | 5.8 x 1073 (2.0)
384 | 2.6 x107°  (4.0) | 29 x 1073 (2.0)
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Table 3.22: Absolute errors, approximated orders of the method and computation times for linear
equations solved using CIIPG.
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Table 3.23: Absolute errors, approximated orders of the method and computation times for linear

equations solved using CSIPG.

1
K Ly () H'(Q) Ly () H'(Q)
3]5.4x1072 3.5 x 107! 3.3 x 107! 3.3x 107!
610x1072 (52) | 15x107Y  (24)[82x1072 (4.0) | 83x1072 (4.0)
12 [ 23x107%  (4.5) | 68x1072  (2.2) |20x 1072  (4.0) | 21 x 1072  (4.0)
24 | 54 x107%  (4.2) | 32x1072  (2.1) | 51 x107*  (4.0) | 5.2x 1072  (4.0)
48 | 1.3 x107%  (4.0) | 1.6 x 1072 (2.1) | 1.3 x 1073 (4.0) | 1.3 x 1073 (4.0)
96 | 3.4x107%  (4.0) | 7.7x 1073 (2.0) | 32 x107*  (4.0) | 32 x107*  (4.0)

192 | 84x107%  (4.0) | 38 x 1072 (2.0) | 80x 107>  (4.0) | 81x 107>  (4.0)

384 | 21 x107%  (4.0) | 1.9x1073  (2.0) | 20 x107°  (4.0) | 2.0 x 1075  (4.0)

3
K Ly () H'(Q) Ly () H'(Q)
3] 74x107t 2.6 7.0 x 10% 7.2 x 104
6| 1.7x107Y  (4.4) L1 (25)| 1.9x10* (38) | 1.9x10* (3.8)
12 [ 41x1072  (4.2) | 49x 107t (2.2) | 47x 10> (3.9) | 48 x 103 (3.9)
24 | 1.0x 1072 (4.1) | 24x 107t (2.1) | 1.2x 10>  (4.0) | 1.2 x 10>  (4.0)
48 [ 25 x 1072 (4.0) | 1.2 x 107t (2.0) | 3.0 x 10>  (4.0) | 3.1 x 10> (4.0
96 | 6.1 x107*  (4.0) | 58 x 1072 (2.0) | 74 x 10*  (4.0) | 7.8 x 10} (5.9)
192 | 1.5x107%  (4.0) | 29x 1072 (2.0) | 1.9 x10'  (4.0) | 2.1 x 101 (3.7)
384 | 38x107°  (4.0) | 1.4x1072  (2.0) 4.6 (4.1) 6.4 (3.3)
5
K Ly(Q) HY(Q)
3134x107! 1.4
6]98x1072 (85)|45x1071  (3.1)
12 25%x1072  (3.8) | 1.5x 107t (3.1)
24 | 6.4 x 1073 (4.0) | 5.5 x1072 (2.7
48 [ 1.6 x 1073 (4.0) | 24 x 1072 (2.2)
96 | 40x107%  (4.0) | 1.2x 1072 (2.1)
192 | 1.0x107%  (4.0) | 5.8 x 1073 (2.0)
384 | 25x107°  (4.0) | 29x 1073  (2.0)
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1
K Ly () H'(Q) Ly () q'(Q)
3]59x1072 3.1x 107! 1.1 x 10! 1.1 x 10!
6|15x1072 (4.1) | 1.3x107t (2.3 2.9  (4.0) 2.9 (4.0
12 [3.6x1073  (4.0) | 6.2x1072 (2.1) | 7.2x10°Y (4.0) | 7.2x 107t  (4.0)
24 1 9.0x107*  (4.0) | 3.0 x 1072 (2.0) | 1.8x107Y  (4.0) | 1.8 x107Y  (4.0)
48 | 23 x107*  (4.0) | 1.5 x 1072 (2.0) | 45x 1072 (4.0) | 45x 1072 (4.0)
96 | 5.6 x 1075 (4.0) | 7.6 x 1073 (2.0) | 1.1 x 1072 (4.0) | 1.1 x 1072 (4.0)
192 | 1.4x107°  (4.0) | 3.8 x 1072 (2.0) | 28 x 1073  (4.0) | 28 x 1073 (4.0)
384 | 35 x 1076 (4.0) | 1.9x 1072 (2.0) | T.0x107* (4.0) | 7.0 x107*  (4.0)
3
K Ly () H'(Q) Ly () q'(Q)
3 1.8 2.9 7.0 x 104 7.2 x 10%
6| 46 x10°Y  (4.0) 1.1 (27) | 1.9x10*  (3.8) | 1.9x10* (3.8)
12 | 1.1x107Y  (4.0) | 48x107Y  (2.2) | 47x 10> (3.9) | 48 x 10>  (3.9)
24 1 29x 1072  (4.0) | 23x 107t (2.1) | 1.2x 10>  (4.0) | 1.2 x 10>  (4.0)
48 | 71 x 1072 (4.0) | 1.2 x 107t (2.0) | 3.0 x 10>  (4.0) | 3.1 x 10> (4.0
96 | 1.8 x 1073 (4.0) | 5.8 x 1072 (2.0) | 7.4 x 10  (4.0) | 7.7 x 10" (3.9)
192 | 45x107%  (4.0) | 29x 1072 (2.0) | 20 x 10 (3.7) | 2.2 x 10! (3.5)
384 | 1.1x 1074 (4.0) | 1.4x1072  (2.0) | 1.5x 10! (1.8) | 1.6 x 101 (1.4)
5
K Lo(9) HY(Q)
3136x107! 1.4
61.0x107Y (85) | 46x10"t  (38.1)
12 26x1072 (38 | 1.5x107t  (38.1)
24 | 6.6 x 1072 (4.0) | 5.5 x 1072 (2.7)
48 | 1.7x 1072 (4.0) | 24 x 1072 (2.2
96 | 4.2 x107*  (4.0) | 1.2 x1072 (2.1
192 | 1.0x 107%  (4.0) | 5.8 x 1073 (2.0)
384 | 2.6 x107°  (4.0) | 29 x 1073 (2.0)
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Table 3.24: Absolute errors, approximated orders of the method and computation times for linear
equations solved using CWOPSIP.
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3.3.3.3 Nonlinear equations

We specify three nonlinear tests. Results of simulations are presented in tables 3.25], and
Generally conclusions are similar as in the linear case, i.e. linear convergence of H'-error and quadratic
convergence in Lo-error. There are some anomalies, probably due to the nonlinear solver. Also we note
that error values in example 4 are generally better in nonlinear setting, which is probably due to good
initial approximation. Since these numerical experiments were conducted to check the convergence
rate instead of to verify the nonlinear solver, we used initial approximations close to (known) solutions
to prevent divergence problems.

Ly(9) HY(Q) Ly (%) HY()

3.1x 1071 1.9 3.2 x 10? 3.4 x 10°
6]66x10"2 (4.7) | 94x10"t (2.1) | 1.1x10% (2.8 |12x103  (2.7)
12| 1.7x1072  (4.0) | 46 x107Y  (2.0)| 3.1x10®> (3.7 |38x10®> (3.3
24 | 43x1072  (3.9) | 23x 107t (2.0) | 5.4 x 10! (5.7) | 1.9 x 102 (2.0)
48 [ 1.1 x1072  (8.9) | 1.2x 107t  (2.0) | 9.6 x 10! (0.6) | 2.2 x 10? (0.8)

w | >

96 | 2.7 x107*  (4.0) | 5.8 x 1072 (2.0) 4.6 (20.9) | 1.9 x 108 (12.0)
192 | 6.9x107°  (4.0) | 29x 1072 (2.0) 1.2 (38.8) 88 (2.1
384 | 1.7x107°  (4.0) | 1.4x 1072  (2.0) | 3.1 x 107} (3.9) 4.3  (2.0)

5
K Ly () H'(Q)
3125x107! 1.1
6| 77x107%2 (3.8)|39x107t (2.8)

1221x1072 (88)|13x107t (2.9)
24 | 52x 1073 (8.9) | 53 x1072 (2.5
48 [ 1.3 x 1073 (4.0) | 24x 1072 (2.2
96 | 3.3x107*  (4.0) | 1.2x10"2 (2.1)
192 | 82x107%  (4.0) | 5.8 x 1073 (2.0)
384 | 20x107°  (4.0) | 29x 1073  (2.0)

Table 3.25: Absolute errors, approximated orders of the method and computation times for nonlinear
equations solved using CIIPG.
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K Ly () H'(2) Ly () H'(Q)
3 1.2 2.9 3.2 x 10? 3.4 x 103
6 27x107Y  (4.5) L1 (27)| 11x10% (2.8)|1.2x10® (2.7)
12 [ 6.4x1072  (4.2) | 49x 107t (2.2)| 3.1x10® (8.7)|38x10> (3.9
24 | 1.6 x 1072 (4.1) | 24 x 107t (2.1) | 47x10'  (6.6) | 1.4x 10> (2.8)
48 [ 3.9x 1072 (4.1) | 1.2x 107t  (2.0)| 16x10' (2.9)|42x10' (3.2)
96 | 9.6 x 107*  (4.0) | 5.8 x 1072 (2.0) 46  (3.5) | 1.9x 101 (2.9)
192 | 24 x107%  (4.0) | 29 x 1072 (2.0) 1.2 (3.8) 88 (2.1)
384 | 59x107°  (4.0) | 1.4x1072 (2.0)|31x10"' (3.9) 4.3  (2.0)
K Ly () q'(Q)
3]24x107t 1.0
6| 74x1072 (8.2)|38x1071 (2.7
12 20x1072  (3.7) | 1.3x 107t (2.9)
24 | 51 x107%  (8.9) | 53x1072 (2.5
48 [ 1.3 x 1072 (4.0) | 24x 1072 (2.2
96 | 3.2x107*  (4.0) | 1.2x1072 (2.1
192 | 8.0x107°  (4.0) | 5.8 x 1073 (2.0)
384 | 20x107°  (4.0) | 29 x 1073 (2.0)
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Table 3.26: Absolute errors, approximated orders of the method and computation times for nonlinear
equations solved using CSIPG.
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Table 3.27: Absolute errors, approximated orders of the method and computation times for nonlinear

equations solved using CWOPSIP.

K Ly () H'(Q) Ly () q'(Q)
3 4.0 5.1 3.2 x 103 3.4 x 10°
6191x107Y  (4.4) 1.4 (36)] 11x10% (2.8)|1.2x10> (2.7)
12| 22x107Y  (4.1) | 53x107Y  (2.7)| 3.1x10®> (37)|38x10® (3.8)
24 | 55 x 1072 (4.0) | 24x 1071 (2.2)| 1.0x10> (3.1)| 1.7x10* (2.2)
48 | 1.4x 1072 (4.0) | 1.2x 107t (2.1) | 2.2x10Y  (4.5) | 1.3 x 10> (1.9)
96 | 3.5 x 1073 (4.0) | 5.8 x 1072 (2.0) 46  (4.9) | 1.9x 101 (6.8)
192 | 8.6 x107%  (4.0) | 29 x 1072 (2.0) 1.2 (3.8) 88 (2.1)
384 | 22 x 107 (4.0) | 1.4x 1072 (2.0) | 3.1 x 1071 (5.9) 4.3 (2.0)
K Lo () H'(Q)
3124x107! 1.1
6|76x1072 (3.2)|38x107t (2.7)
12 [20x1072  (3.7) | 1.3x 107t (2.9)
24 | 52 x 1073 (8.9) | 53 x1072 (2.5
48 [ 1.3 x 1073 (4.0) | 24x 1072  (2.2)
96 | 3.2x107%  (4.0) | 1.2x 1072 (2.1)
192 | 81 x107%  (4.0) | 5.8 x 1073 (2.0)
384 | 20x107°  (4.0) | 29x 1073  (2.0)
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4.A Theorems

Theorem 4.A.1. (Schauder fixed point theorem) Let X be a topological vector space and let K be a
convex and compact subset of X. Let T : K — K be a continuous function. Then there exists at least
one z € K, so that T'(x) = z.

Theorem 4.A.2. (Green’s formula) Let 2 be an open subset of R™ with a Lipschitz-continuous bound-
ary L. Let u € HY(Q) and v € H'(Q)). Then

0 0
L v da :/uvyi ds — / U~ dz. (4.A.1)
o 0z r o Oz
Proof. See [84], special case of theorem 1.1, section 3.1.2. O

Theorem 4.A.3. (Green’s formula) Let Q be an open subset of R™ with a Lipschitz-continuous bound-
ary U. Let u € H*(Q), v € HYQ) and a;; : @ — R such that aijg—; € HY(Q) (for example,
ajj € Cl(ﬁ)) Then

- ou Ov "9 ou - ou
i,7=1 J 2,7=1 J

1,j=1

Forn =1, Q =[xy, z1], it has a simple form

/961 a(z)u (x) (z) do = — /961 (a(m)u'(m))/v(az) dr + a(z)u' (z1)v(z1) — a(zo)u (zo)v(zg). (4.A.3)

o o
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Proof. For statement, see [28], section 1.2, page 22. O

Theorem 4.A.4. Let ) be an open subset of R™ with a Lipschitz-continuous boundary. Then if
& < m, then W™P(Q) C CO(Q).

Proof. For statement, see [28], section 3.1, page 114, equation (3.1.4). O

Theorem 4.A.5. (a variant of the Brouwer theorem) Let P : R — R" be a continuous function,
such that for suitable p > 0 we have

(P@)l) >0 allh = p, (1.A.4)

where .
(wly) =Y wiyj,  llzl2 = v/ {ala). (4.A.5)

1=0

Then there exists x € R", ||z|| < p such that
P(z)=0. (4.A.6)
Proof. See [69], lemma 4.3. O

Theorem 1.4.4. Let P : X — X* be a continuous function on a finite-dimensional normed real
vector space X, such that for suitable p > 0 we have

P(z)x >0 V|z| > p. (1.4.6)

Then there exists x € X such that
P(x)=0. (1.4.7)

Proof. Let {z;}}'_ | be a base of X. We define ) : R® — R" as

Q)] = P(i Oéixi) ;. (4.A.7)
i=1

Then @ is continuous as a composition of continuous operators. Note that || - || : R” — R defined as
n
o : H ;m e (4.A.8)
is also a norm in R™. Therefore there is some C' > 0 such that
C7 ol < flaflz < Cllal. (4.A.9)
Take r := Cp and let ||a||2 = r. Then
n
H > i = llall = C7alz = €7 = p. (4.A.10)
i=1

So || X2 izl x > p and by assumptions of this theorem, we have that

1=1 i=1
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for any a € R™ such that ||a||2 = r. Thus we have

(Q(a)|a) = Zn:aj Q(o)]; = Zn: ajP<Zn: aimi>xj. = P<Zn:a,~xi) Zn:ajxj >0, (4.A.12)
Jj=1 j=1 i=1 i=1 j=1

for any ||af|2 = 7.
Using theorem [4.A 5] for @ we deduce that there is some o*, ||a*||2 < r, such that Q(a*) = 0. Note

n

that it implies for z* := > | ajx; that
P*)z; =0 Vi=1,...,n. (4.A.13)

Thus P(z*) = 0. Note also that

n
lo*llx = || o
=1

o =l < Clla”lla = C%p. (4.A.14)

4.B Lemmas

Lemma 4.B.1. Let f: R — R be a monotone increasing function and c,d € R, ¢ € im f. Then for
any y € R we have

(&) =) (y—d) > (@) —c) (£ 1) ). (4B.1)

Proof. A complete proof of this lemma may be found in article [60]. We will, however, present a
proof based on a different approach. First we prove the following: let a,b € R. Then the following
inequalities are satisfied:

(F) = F@)b—y) < (FO) - F(@)(b—a), (4.B.2)
< (f(b) - £(a)) (b — a). (4.B.3)

First we note that RHS > 0 as f is monotone. Then without loss of generality we assume that a <b
(otherwise we interchange a and b). Due to monotonicity

sign LHS; = sign (f(y) - f(a)> (b—y) =sign(y —a)(b—y),
sign LHS; = sign <f(y) - f(b)) (a —y) = sign(y — b)(a — y) = sign(b — y)(y — a).

Thus if y & [a,b] then LHS; » < 0 and then

(4.B.4)

LHSLQ <0< RHS. (4.B.5)

On the other hand, if y € [a, b], then LHS;, LHSy and RHS are nonnegative, and it is easy to observe
that they represent areas of rectangles (see figure [4.1]) parallel to the Cartesian axes spanned by
vertices (a,f(y)), (y,f(b)) (right-hatched rectangle), (y,f(a)), (b,f(y)) (left-hatched rectangle) and
respectively (a, f(a)), (b, f(b)) (gray rectangle). Since a <y < b, then first two rectangles are subsets
of the last rectangle and thus

LHS; 2 < RHS. (4.B.6)

Returning to our original inequality (£B.1]), we take:
a:=f"c), bi=d, y:=y. (4.B.7)
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<Y -
[Py
IS S

Figure 4.1: Geometric intuition for lemma [£B.Jl The blue line represents an example of a monotone
increasing real function. Description of rectangles is in the proof of the lemma.

Then by inequality (£.B.2]) we have

(Fw)=c)ta—y < (1@ —c) (a-r7). (4B.8)

Multiplying this inequality by —1 we obtain inequality (£B.1])
(1&) —c)w—d) = (£(d) =) (171(0) - d). (4.B.9)
]

Lemma 4.B.2. Let Q C R™ be an open set and let f,g € La(). Let k € {1,2,...}. Then the
following conditions are equivalent:

1. [ofode = [qgpdx Yo € La(S),
2. [qfode = [,g¢dx Vo € H*(Q),

8. [qfodr = [ogddx Vo e CF Q).

Proof. Implications 1 = 2 = 3 are trivial, as C§°(Q) € H¥(Q) C La(9).
We will show 3 = 1. Assume 3 is true. Let us fix ¢ € Lo(2). C§°(Q) is dense in Ly(€2), so let us

take {¢;}; such that ¢; Li(ﬂ ¢. Then we have
[ =gode| <| [ (7= 9oae] +| [ (7 =00~ 00)da
@ @ @ (4.B.10)
= ‘/Q(f —g)(¢ — ¢i)d90‘ <N f = glla@llé = bill Lo —=0

as ||¢ — il L, (@) — 0. Thus
/f‘bdx:/gqjdx- (4.B.11)
Q Q

This is true for any ¢ € Lo(£2), so 1 is proven. O
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Lemma 4.B.3. Let Q C R” be an open set and let u € H'(Q), f € La(Q), € € Loo(2), 0 < e < ey
Let 0Q2p C 9N be a subset of positive boundary measure. Then the following conditions are equivalent:

1. [oeVu-Vode = [, fodx Vo € C%a,, (),
2. [qeVu-Vode = [, fodz Yo e Hol,aQD(Q)-

Proof. Implication 1 = 2 is trivial. To prove implication 2 = 1, take any H&’ o, (§2) and let {¢;}; C
0 (Q), ¢; — ¢ in H'(). Then using condition 1 for ; we obtain
) D

/6Vu-V¢dx:/6VU-V(¢—¢¢)dx+/6Vu-V¢¢dx
Q Q Q
:/EVu-V(qﬁ—qﬁi)dx—i—/f(ﬁidx (4.B.12)
Q Q

=/Q»sVu-V(QS—@-)der/Qf(@-—¢)dfv+/ﬂf¢dx-

Then passing to the limit with ¢ we get

/ eVu-Vodr = / fode, (4.B.13)
Q Q
as
' /QEVU V(6 = ¢i) dz| < emllull @l = dill o) ———= 0, (4.B.14)
and
‘/Qf(% —¢)dz| < || fllroollo — dill .0 -0 (4.B.15)
O

Lemma 4.B.4. Let U be a rectangle in R? or an interval in R. Let Ty C OU be some edge of that
rectangle (vertex in R). Let g € C3°(I'1)(g € R in one dimension). Then there exists a family of
functions {¢¢}e,0 < € < €g, such that

* dcle =9,
e supp(¢.) C UUTY,
e Vo.-v =0 on U,
. u(supp(qﬁg)) < ce.
Proof. First let U = (0,1) and I'y = {0}. In one dimension, Take

1, if ¢ € [0, g],

F) = { exp <S)2(;2> if 7 € (

0, ifxe[

%) (4.B.16)

,1}.

Wl

wino
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Then define for 0 < e <1
if x <
be(z) == {gf(w/e) BE=6 (4.B.17)

0 otherwise.

These functions satisfy conditions of the lemma.

It is clear by appropriately translating and scaling x in above definition we can get ¢. functions
for any U = (ug,u1). Also we can take —x to deal with the right vertex of the interval.

For U being a rectangle, let us initially assume that U = (0,1) x (a,b) for some a < b and that I'y
is the edge corresponding to x = 0. Then we take

5u(a) = {g<y>f<m/e,y>, ifr<e (4B18)

0, otherwise.
Since supp(g) € (a,b), then supp(g) C [e, f] C (a,b) and
supp(ve) € [0,€] x [e, f] C [0,1) x (a,b) =U UT}. (4.B.19)

Therefore ,u(supp(wg)) < (a—b)e. Also Vo, -v =0 on 9U, as ¢, is constant in = near I'; and it is
zero near OU\I';. Thus {¢.}. satisfy conditions of the lemma.

Again it is clear that by appropriate scaling and rotation we can generalize this procedure to any
rectangle. O

Lemma 1.4.5. Let Q C R? be bounded. Let f € CL(R), g € Loo(Q). Let P : Xp(Q) — X;(Q) be
defined as

P(up)opp = /Qg(x)f(uh(x))(bh(x) dx. (1.4.8)
Then P is continuous.

Proof. For fixed up € Xp,(2) the value P(up)¢p, is well-defined, as g, up, ¢n € Loo(€2). Thus P(uy,) is
linear.
Take any up, v, € Xp(€2). Then by equivalence of norms in finite-dimensional spaces

1P (un) = P(vn)|

x;@ = sup [P(up)dn — P(vp)dn| = sup /Qg(l“)(f(uh) — f(vn))ép da

llpnlln=1 llonlin=1
< ”qul”lIl1 190 Lo ) L (ur) = f(0n) o) | Dnll o)
< (Mg pe @ If (un) = f(on)lLa()-
(4.B.20)
Then by the mean value theorem
I Gu) = oy = [ (Fn@)) = Fon@)) o < [ (7€) (wnlo) = (o) " da
L2 7 Jg ~ Ja (4.B.21)
< ||f/‘|%oo(1(uh,vh))||uh - UhH%Q(Q),
where
& € (up(z),vp(2)) U (v (), un(2)), (4.B.22)
and

I(up,vp) == [=M (up,vp), M (up,vn)], M (up,vn) := max{|luallr ), lvall @) }- (4.B.23)
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Thus

1P(un) = Pon)llxz @) < G Low@1FIF o (2 o) 120 = V8117000 (4.B.24)

Assume that a sequence u(,) — u in L(2) as n — oo. This sequence converges also in Loo(2), as
Xp(€2) is finite-dimensional. Thus possibly ignoring some initial elements of {u,)},, for some € > 0

we have
I (un, up (ny)  I(up) := [— (lunll o) +€)s (lunll e @) + 6)} (4.B.25)
So we obtain
1P (un) = Plon)llx; @) < gl Lo @117 oo (rumyy ltn = vl T 0 (4.B.26)
Therefore uy, — P(uyp) is continuous. O

4.C Existence of discrete solutions in one dimension

In this section, we would like to discuss existence of one-dimensional CWOPSIP discretization of all
equations of problem [[.2.71

Problem 1.2.1. Let Q C R%, d € {1,2} be an interval or polygon. Let @,d,% € H () N Loo() be
3

some given functions. We say that (u*,v*,w*) € (i,0,w) + (Hé(Q)) is a weak solution of (IL.21) if

Vo € Hy(9)

/Qa(x)Vu*(x)V(b(x) de = /Q (k:l(x) — V@@ ew*(x)fu*(:”)) ¢(z) dz,
[ i@ OV 0oty de = [ Q@ @ @) e O - Doty de, (12:2)
/Mp VOO (1) V() de = _/ Qu* (z),v* (), w* (@))(e”" D7) — 1)g(x) da.
Q Q

In this section we use the following broken norm

lunlis, = Z / Vuns) do+ 3 e [l ds (1.0.1)

ecl'pr

In sections [L.C2 M.C3 M.C4l we present discretization of the operator T (A.C.H)), whose fixed

points coincide with solutions of the van Roosbroeck equations. In [54], the existence of weak solutions
is shown by the Schauder theorem. The idea behind the operator T is to decouple the drift-diffusion
equations and to look for the solution in a Banach iteration manner, starting from some initial approx-
imation. Then it is possible to decouple the equations by replacing unknown functions with solutions
obtained from a previous iteration.

This kind of Banach iterations may be used not only in theoretical analysis, but also in numerical
simulations. In the semiconductor nomenclature they are known as Gummel method [47, [T01], [76], and
the operator T is referred to as the Gummel’s map. Theoretical results for convergence of Gummel’s
method are available for the drift-diffusion system when no recombination is assumed [62}, [63], [30]. For
certain devices, like transistors, such approximation is reasonable and simulations agree with physical
experiments. However, this assumption is poor for light-emitting diodes and lasers, as the recom-
bination in those devices is the effect leading to emission of the light. Unfortunately, the Gummel’s
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method convergence rate may considerably drop due to large recombination term [97], as then coupling
between drift-diffusion equations increases.

Afterwards we pass to maximum principles for the discrete solutions which will be required for the
Schauder theorem. As opposed to the existence, the proof for the continuous case cannot be adopted
here. In general finite dimensional test space is too scarce to rule out extremes inside €2 such as for
the weak solutions. We will then proceed differently.

For Poisson equation, we take an approach such as in [60]. We therefore define a generalized weak
problem with severe assumptions, which are satisfied by the discretized Poisson equation. Then the
boundedness proof is based on the bound of H!(€)-seminorm of a solution. It is a consequence of
the ellipticity of the equation, lower bounds on the right hand side and nonnegativity of the discrete
part for certain choice of the test function. Then the bounds of the discrete solution is shown by
combination of explicit expressions for its derivatives with the | - | mi(¢) bounds. Finally we obtain a
maximum principle for the discrete solution of the Poisson equation, which is however dependent not
only on the boundary conditions, but also on the L. (£2)-bounds on the solutions of the remaining
two equations.

Therefore it is crucial to get maximum principles for the continuity equations, which are indepen-
dent of the solution of the Poisson equation, as it is the case for the weak problem [54]. To do so, we
assume the recombination to be zero. It is a severe restraint, however it is frequently used in analysis
of the van Roosbroeck system [56, [76], 30]. This assumption is satisfied for a semiconductor device in
the equilibrium state, when there is no current. When the recombination is zero, the continuity equa-
tions (in the sense of operator T') become linear elliptic equations with zero right hand side. Therefore
we have to deal with the linear elliptic part and the CDGM part only. Then we show that linear
systems corresponding to these problems have such a property that their solutions must be monotone:
increasing or decreasing. Therefore we obtain maximum principles for the continuity equations with
the bounding values dependent only on the boundary conditions.

Unfortunately this approach is not feasible for the CSIPG discretization or for CWOPSIP dis-
cretization in two dimensions. In these cases, we cannot prove the maximum principles analogous
to the instances discussed above. For this reason, this analysis is presented only for one-dimensional
CWOPSIP discretization.

Last step of this part is to show uniqueness of the decoupled equations. For the continuity equa-
tions, it follows from the diagonally-dominant form of the mentioned matrices. For the Poisson
equation, we get the uniqueness by standard argument, as we demonstrate that a difference of any
two hypothetical solutions must be zero. This may be achieved by subtraction of respective equations
with these solutions and appropriate choice of the test function.

Results discussed so far allows us to conclude that 7" is a well-defined L., (£2)-bounded operator.
Using these bounds we may establish a closed convex bounded set, which is T-invariant. Due to finite-
dimensionality of the discrete space, this set is automatically compact. To use the Schauder theorem,
we still need T' to be continuous. The continuity of 7" is derived from the decoupled equations, by
taking appropriate test functions and by Schwarz inequality. The proof is technical, it also make use
of Lo (2)-estimates and equivalence of norms in discrete spaces. Finally, by the Schauder theorem, we
obtain a fixed point of operator T', which is also a solution of the CWOPSIP discrete var Roosbroeck
system.

4.C.1 Operator T

To prove the existence of a solution of problem [[LZ1] one can use the operator T' defined as in [54].

Definition 4.C.1. Let 9, € H'(Q) N L (). We will define the operator T : (H'(2) N LOO(Q))2 —
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(HI(Q))2 in the following manner. First we define @ € H*(Q) as a solution of the problem

Vo € HY(Q) /Q e(2)Vi(z)Vé(x) dz + / <eﬂ<$>—ﬁ<$> — @)@ _ g (m)) é(x)dr = 0. (4.C.2)

Q

Then we define v,w € H'(Q) as solutions of problems

Vo € HY(Q) / fin ()X DTV @ Gy (2)V () da — : Q(u(x), v(z), w(x))(e?® @) _1)p(z)dz =0, (4.C.3)

Q

Yo € H(Q) /Q,up(m)e@(x)fa(z)Vw(x)qu(x) dx+ Q(ﬂ( ), (2), w(@)) (@@ _1)g(z) dr = 0. (4.C.4)

The operator T is defined as
T(v,w) := (v,w). (4.C.5)

It is shown in [54] that in fact 7' : (H'(Q) N LOO(Q))2 — (HY(Q) ﬂLOO(Q))2 and it has a fixed

point. We will follow this way using discretized equations instead.

4.C.2 Discrete operator 1y (0p, wy)

To obtain a discretization of equation (£.C.2)), we use discrete problem [[.3.3]

Problem 4.C.2. Let & € HY(Q) N Loo() and 9y, 0, € Xp(2) be some given functions. Find
tp € Xp(Q) such that

Ay (Uh, Opy Wiy O1) + bu(Gny Ohy Wy @) = fun(Uns Ony Why Oh), (4.C.6)
where

A, (Uhs U Why Pp) = Z/ ei(@)Viipi(x) - Vopi(z)de + Y 772e/uh [Pn]d

e€l'pr

bu(Un, On, W,y Pr) = /Q <eﬂh(x)’6h(x) — ePn(@)=tn(2) )gbh( ) dx (4.C.7)

fu,h(ﬂh,ﬁh,@m(ﬁh):/kl( )on(z) dx + Z 772e/ [én] d

ecl'p

Our aim is to show the existence of discrete solution of the drift-diffusion system. First we would
like to establish an existence theorem and maximum principles for solutions of problem [£.C.2l

Theorem 4.C.3. Let 0y, Wy € Xp(2) be given functions. Assume that there exist oy, B, € R, such
that
ap <Op < B, ap < Wp < P (4.C.8)

Then uy, of problem [{.C 3 is well-defined, i.e. it exists and it is unique. Moreover y, is bounded
independently of Uy, Wy,.

Existence and uniqueness of 4y, is shown in section [[L4] if we perform the following substitutions
u,’; = Up, UV:I= @h, W = ?I}h. (4.0.9)

Thus we would like to show boundedness.
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4.C.2.1 Bounds

In this section we would like to show that @y, (0, Wy, ) is bounded independently of ¥y, wy. To do so, we
will prove slightly more general lemma, as in [60], for the discrete problem defined in section [.3.2.2]
Therefore we consider the following generalized problem.

4.C.2.1.1 Generalized problem

Problem 4.C.4. Let us consider the equation

A(up, ¢n) + J(un, on) + Bup, én) = 1(én), (4.C.10)
for all ¢p € Xp(2), where

N
Alup, ¢n) == /Q e(x)Vuy(z) - Vop(z) dr,
i=1 i

Blundn) = [ (fan@) = 9(0))on o) do.

(4.C.11)
Tunon) = Y e [lunlion]ds
ec€lpr €
(o) == ) me / (] [pn] ds.
eel'p €

Moreover, we make the following assumptions related to problem [£.C.4]
Assumption AS8.
o f:OXxR—R.

o g€ Lo().

Let f,(y) :== f(x,y) for fived x € Q. Then fz is a monotone increasing function for almost all
x €Q (thus f ! exists for a.e. x € Q and it is monotone increasing).

rg(g) C dom f;l and f;l(rg(g)) is uniformly bounded set for almost all x € .

Let B be a bounded subset of R. Then fx(B) s uniformly bounded set for almost all x € €.
i€ HY(Q) N X3 ().

e P=0.

Note that in this case, since we consider one-dimensional domain €2, function @ is related to
boundary conditions on two extreme points. So the last assumption of [Ag] is not too restrictive, as
one can take linear function for example.

Theorem 4.C.5. Under assumptions[A1 to[A8, if up, € Xp(Q) is any solution of problem[{.C.4, then
it is bounded:

Yh < up < O, (4.C.12)
where
Yh := min{y;, — cVh, inf a(x)}, 8, := max{0, + cvh, sup a(z)}, (4.C.13)
€62 x4
vy, = inf fx_l( inf g(i)), 8}, := sup fgg_l(sup g(i)), (4.C.14)
e zeq €N zeQ

and the constant ¢ > 0 depends on U, em,nr, fr9-
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For simplicity of notation, we will assume, relying on the above conditions, that there exist a

constant ¢, > 0, so that

—cg < <0< 0, ey (a e,

ey < Fulit(a)) <¢q (a. e.),

¢y < 9(a) <e (a. e,

ey < FM(g(@)) <y (o ©),

0< 051 <em <e(x) <em <¢q (a. e.),
4] 1) <cgs
Q] <c

4.C.2.1.2 Lemmas

Lemma 4.C.6. If u, € X,(R) is any solution of problem [{.C.4, then
[un|me) < ca,
where ¢ > 0 depends on a, f, g, m,Enr-

Proof. Let uy, be a solution of problem [4.C.4l Then we can define the test function to be
On = up, — U.
S0
A(uh,uh) = I(uh — ﬁ) — J(uh,uh — ﬁ) + A(uh,zl) — B(uh,uh — ﬁ)
We have that A(up,up) > Em]uhlzl(g). Thus the lemma will be proven if we show that
I(up, — @) — J(up, up — @) + A(up, @) — B(up, up — @) < clup| g (g)-
First, using the Schwarz inequality
A(up, ) < / |e(x)Vup () - Vi(z)| da
Q

< emlunl )l m ) < cglunlm el m @)

Then we have

I(uh—ﬁ) —J(uh,uh—ﬁ) = Z UQ,e/[ﬁ][uh—ﬁ] ds — Z ng,e/[uh][uh—ﬁ] ds

ecl'p e€l'pr

= D e / [@)fup, — @) ds — > 2 / [up] [un — 1] ds
ecl'pr € eclp; e

- Z T12,e /[a — up|[up, — @] ds <0,
e€l'pr €

as [4] = 0 for e € Ty since @4 € H*(Q). It is therefore clear that

Alup,up) = I(up —a) — J(up, up — @) + Aup, @) — Bup, up, — @)

< cqlunl g e)t| g1 ) — Bun, up — ).

(4.C.15)

(4.C.16)

(4.C.17)

(4.C.18)

(4.C.19)

(4.C.20)

(4.C.21)

(4.C.22)
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Then B(up,u, — @) may be negative or not. Assume first it is nonnegative. Then

emlunfg) < Alun,un) < cqlun e il g o) — Blup, up — ) (4.C.23)

< cglun|m )1t g )

80 |up|g1 gy < ez with ca = ¢t 1) /em-
Otherwise using lemma LBl we can estimate almost everywhere in

B(up,up — 1) = /Q <f(x,uh(ac)) - g(m)) (uh(x) - ﬁ(m)) dx
= [ (Flmi@) = 96@) (wn(o) - (a) d (4.C.24)
> [ (Felate)) = o)) (5" (o) = ita)) da

The integrand of the latter expression is nonpositive, because f, is monotone increasing, and then for
almost all z € ) we have

(F:(a(@) = 9@)) (f* (9(2)) — ()

= —(fm (@($)) - f:v (]Ex_l(g(x)))) <ﬂ($) _ fx—l(g(x))) <0. (4.0.25)

By assumptions [A8] functions @, g are bounded by ¢4, and fz and fm_ I are also bounded uniformly by
cg for all x € ), if their arguments are bounded. Then there exists ¢; > 0, such that

(Fo(a(@) = @) (7 (960) = (o) = = (|eit@)] + @) ) (1" @) | + @) o
> —4c) =1 —cy.
Then we may conclude
Blup,up — 1) > —c. (4.C.27)
So we may estimate
emlunlin gy < Alun, un) < colunlme)lilm ) + c1- (4.C.28)

Then again there are two possibilities: either |uy|g1(g) < c1 and then the lemma is proven with e = 1,
or c1 < |up|g(e)- In the latter case

emlunlte) < colunlme)|ilmo) + a1 < cglunlge)dlm @) + lunl e, (4.C.29)
so we obtain
Em|un|mie) < cglm (o) + 1. (4.C.30)
In this case ¢ := &,,' (¢g|di| 1 () + 1) Summarizing all possibilities, the lemma is proven with
co := max{e,,! (gl (o) + 1),403}. (4.C.31)

O
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4.C.2.1.3 Theorem
Proof. Outline of the proof:
1. For any adjacent grid nodes zj, zj41 we have (up(2j41) — uh(xj))2 < c3h.
2. Upper bound:
(a) If up, € Xp(2) has a maximum in node zy, then Zfil fﬂz (f (z,un(x)) —g(x)) i) (z)dr <
0.
(b) For some 2 € Q we have f(x,sup,cqun(y) — coVh) — supyeq 9(y) < 0.
(c) supyeq un(y) < ), + c2vVh < 6.
3. Lower bound:

(a) Tf uy, € X, () has a maximum in node zy, then SN | fﬂz (f (z, up(x)) — g(m)) ) (T) dr >
0.

(b) For some x € Q we have f(z,infycqun(y) + c2V'h) — infyeq g(y) > 0.

(c) infyequn(y) =7}, — c2Vh 2 .
First note that using piecewise linearity of uy, for any 7 € T, 7 =: (2, x;4+1) we may express Vuy|,
with the explicit formula
un() = un(y), (4.C.32)

Tj+1 — L

vuh”r =
Using lemma [4.C.6] we obtain
N 2
\uhﬁ{l(g) = Z Z /(Vuh(w)) dz < c3. (4.C.33)
T

Note that all elements of the above sum are nonnegative, so for a fixed 7 € 7 we may estimate

2 (un(wjg1) — uh(xj))Q 2 2
/ <Vuh) dx = < |unlpg) < (4.C.34)
T Lj+1 — Lj
Therefore we finally obtain )
(uh(xj_H) — uh(xj)) < C%h. (4.0.35)
We may rewrite the equation (£.C.I0)
A(un, on) + J(un, On) + Blun, ¢n) = L(¢n), (4.C.36)

as

N

Z/Q (£ (@ un(@)) - g(@) ) én (@) dr =
_—Z/ )Vup(z) - Vo () de — Z nze/uh (o] ds + Z 7726/ (0] d @Can

eclpy ecl'p

:—Z/Q VUh V¢h dzfz772e/euh]¢h ds—ane/uhfu ¢h]

ecly ecl'p
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Since up € Xp(Q2) is a piecewise linear function, its extremes lie in the nodal points. Assume
x), € N is such a point that up(zx) = sup,cq up(x). Then
Vesen,  un(zr) —un(zj) > 0. (4.C.38)

Let us take @) as a test function in (4.C.37). Therefore we obtain
N
S [ (7l @) - o)) () o =
=17
:72/ 2)Vun(z) - Vo () dr — 2772e/uh][90(k) Jds— > 7726/ up — l[per)] ds.

ecl'y € eel'p

(4.C.39)

We will show that the right hand side of this equation is negative, and therefore so is the left hand
side.

Note that the support of ¢ is contained within triangulation elements adjacent to the node xy.
Also ¢(;) has a maximum in zg, as up has. Therefore signs of Vi) and Vuy, agree in supp o)
unless one of them is zero. Thus Vuy - V) > 0 in supp ¢ a.e., and it is zero in  \ supp ¢).
Then we may estimate

Z/ z)Vup(z) - Vg (z) dz > 6m/ Vup(z) - Vo) (z) dz > 0. (4.C.40)
SUPP P (k)
Then we deal with the expression Zeer‘[ M2,e fe [up] [@(k)]ds. For e € I'y, e € 0Q; N 9Q;_1 we have
[unlle)] = 0, (4.C.41)

because either [¢(;)] = 0 when the maximum is not in e or it is there and we have

[unllor)] = <Uh,z‘(€) - Uh,iq(e)) : (tp(k),i(e) - cp(k)7,~_1(e)> >0, (4.C.42)

as both functions have maxima in the same node x;. Then since 72 . > 0 for any e € I'py, we obtain
> e / Pyl ds > 0. (4.C.43)
ecl'y

Finally sum Y cp 2. [ [un — @][p@] ds is non-zero only if 2, € Tp. Note that only [uy — 4] =
up(zy) — u(xg) may be negative. Therefore we have two possibilities:

L up(xg) > a(wg). Then 3o cp o m2e [ [un — @]lp@] ds > 0.
2. up(xp) < a(xg). Then up(xy) = supq up < 4(zg) < supgo U = dp.
So in the latter case the theorem is proven. We then follow the first possibility, where we have
Z 72, / up, — U)o ] ds > 0. (4.C.44)
ecl'p

On the other hand, since ¢, is positive, we have

Z/ (z,un(z)) — gz ))‘P(k)

(4.C.45)

Y

uMz i Mz

:I: sup up (y) — 03\/f_b) — sup 9(9))@(1@ (x) d,
ye yeN

/ (3 u)) = 519 9(3)) 0 ()
> [,
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where the latter inequality is explained as follows. Using inequality (4.C.38) for up(zx), we obtain

(un (1) — un(zps1))’ < 3h, (4.C.46)

where we restrict to k+1 € {1,...,J}. Taking square root of the both sides and using the fact that
up (k) is maximal, we obtain

un (k) — up(zper) < caVh. (4.C.47)

Then by assumption [A§ we have that f(z,-) is monotonically increasing, and the integration may be
restricted to supp ), i.e. to the neighboring nodes. Since uy, is piecewise linear,

Uh|supp o) = up(zx) — covVh = sgg up(y) — csVh. (4.C.48)
y

Then using the monotonicity of f(x,-) we obtain inequality (£.C.45]).
Finally using inequalities (4.C.40), (4.C.43)), (4.C.44)), (4.C.45)) we may estimate

N
;/Q <f(m,sup up(y) — ch/ﬁ) — supg(y))ﬂp(k)(ﬂc) dr < 0. (4.C.49)

yeQR yeQ

Since ¢ is nonnegative, there exists = € 2, such that

f(z,supup(y) — czx/ﬁ) —supg(y) <0. (4.C.50)
yeN yeQ

Rearranging the elements and using the notation f,(y) = f(x,y) we obtain

fo(supup(y) — caV'h) < sup g(y). (4.C.51)
yeN yeQ

By assumption function f; I exists and it is also monotone increasing, so we may apply it to the
inequality to get

supup(y) — coVh < fr (supg( )) (4.C.52)

yeR yeQ

Therefore we finally obtain

sup up(y) < 0y + caVh < 0. (4.C.53)
yeQ

For the lower bound the analysis is similar, but we describe it for the completeness. Assume that
up(7r) = infrequn(x). Let us take ¢ as a test function. Then ¢, attains a maximum in z;, and
up, attains a minimum. Therefore signs of V(i) and Vuy do not agree in supp () unless one of
them is zero. Thus Vuy - Vo) < 0 in supp ¢, a.e., and it is zero in (2 \ supp ®(k)- Then we may
estimate

Z/ z)Vup(z) - Vo) (z) do < €m/ Vup(z) - V) (z) de < 0. (4.C.54)

SUpp ()
Then we deal with the expression ZeepI M2,e fe[uh] [go(k)] ds. For e € I'y, e = 0Q; N 0Q;_1 we have
[un]lom] <0, (4.C.55)

because either [¢)] =0 when z # e or

[un]lom] = (uh,i(e) - Uh,z‘fl(e)) : <<P(k),z‘(€) - <P(k),i—1(€)) <0, (4.C.56)
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as both functions have extremes in the same node x;, but one is a minimum and the other is maximum.
Then since 73, > 0 for e € I'py, we obtain

Z 2 e/ Pyl ds <0. (4.C.57)

ecl'y

The last element Y cp 2. [ [un — @[] ds is not zero only if z, = e € T'p. Thus we have two
possibilities:

1. uh(ﬂzk) < @(xk) Then ZeEFD 12,e fe[uh - @] [gp(k)] ds <0.
2. up(zg) > u(xg). Then up(xg) = infqup > a(z) > infso o = .

So in the latter case the theorem is proven. Otherwise we have

Z 7726/ up, — U)o ] ds < 0. (4.C.58)

ecl'p

On the other hand, since ¢y is positive, we have

Z/ (z,un(x)) — g(x )‘P(k) )dx < Z/ (2, up(x *yilelgg(y))w(k)(z) dx

< Z/ CE lnf up(y) + 02\/5) - ;Ielgg(y))@(k) (x) d,

(4.C.59)

where the latter inequality is explained as follows. We again use the inequality (£.C.35]) for uy(zy)

(uh(mk) - uh(xkil))2 < C%h, (4.0.60)

where we consider £ +£1 € {1,...,J}. Taking square root of the both sides and using the fact that
up (k) is minimal, we obtain

— up (k) + up(wpe1) < c2Vh, (4.C.61)
— uh(ack) - CQ\/E < —uh(mkil), (4.0.62)
uh(mk) + CQ\/ﬁ > uh(xkil). (4.C.63)

Then it is assumed that f(x,-) is monotonically increasing, and the integration may be restricted to
SUpp ¢(x), so to the neighboring nodes. Since uj, is piecewise linear,

unlsupp oy < un(@r) + cavVh = inf un(y) + c2Vh. (4.C.64)

Then using the monotonicity of f(z,-) we obtain inequality (4.C.59)).
Finally using inequalities (£.C.54)), (£.C57), (£.C5Y8)), (A.C.59) we may estimate

Z/ (z, 1nf uh( )+ coVh) — ;239(9))@(k)(m) dx > 0. (4.C.65)

Since ¢ is nonnegative, there exists z € 2, such that

f(z, ;relf up(y) + cg/ﬁ) — ;relgg(y) > 0. (4.C.66)
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Rearranging the elements and using the notation f,(y) = f(z,y) we obtain

fo(1nf unly) + caVh) > inf g(y). (4.C.67)

By assumptions f; 1 exists. Since fx is monotonically increasing, then f; 1 is also monotonically
increasing and we may apply it to the inequality to get

inf un(y) + coVh > f! (;ggg(y)> : (4.C.68)

Therefore we finally obtain

ingf) up(y) >~y — caVh > . (4.C.69)
ye
U
Thus summarizing ({.C.53) and (4.C.69) we obtain
Y < — 3c3Vh < inf up(E),
z€Q
(4.C.70)

supup(z) < 6, + 303\/E < Op.
zeQ

4.C.2.1.4 Conclusions We want to apply theorem [£.C.5l to the problem ({.C.6)) to obtain bounds
on 4y, independent of ¥y, wy,. Therefore we do the following substitutions in (£.C.10)):

o f(z,y) = V= (@) _ Bn(*)=y,
® g ki,

o Up — Up,

o U< .

We have to check the assumptions on f and f,. Let « € €. Since assumptions on f, may be satisfied
almost everywhere, we assume that x ¢ ['7, as at these points there are two candidates for values of
Up, Wy. We may then compute

fy) = eV 0n(@) 4 oWn(@)=y - . (4.C.71)

Therefore fgc is a differentiable function for a.e. = € {2 and moreover it is monotone increasing.
Note that f.(y) is defined for every y € R. By assumptions of the problem (4.C.Gl), we have that
ap < Up, W, < Bp. Therefore we may estimate

fx(y) — ¥ n(x) _ gun(z)—y > Y =Bn _ oPr—y —. A1),

_ . 4.C.72
faly) = ev70(@) _ OR@)=Y < Y= _ c0n=Y —: £y (y). ( )

So function f, is bounded a.e. by 3

where f1, fo are independent of x.
Let B C R be a bounded set. Let us fix . Then

inf f,(B) > inf f1(B) > —o0, sup fu(B) < sup fo(B) < oo, (4.C.74)
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as f1, f € C(R), so they preserve boundedness. Thus f,(B) is bounded uniformly for almost all .
Still we have to prove similar result for f~!. First goes the existence. Note that

ygrfloo faly) = yli)r_noo e¥=9(@) _ eBn(®)=y — [0 — 00] = —o0,
Jim foly) = lim V() _ () — [og — (] = oo, (4.C.75)
so rg fr = R. Analogously 1g fi = rg fo = R. We may therefore conclude that
PR (4.C.76)

Moreover rg fx = R = dom f; 1 sorg g C dom fgj L. Then analogously as for fgc(B)7 we obtain that
for almost all z, f, !(rg g) is bounded uniformly, as rg g is a bounded set (because g € L>(Q2)).
Then ~;,9;, are finite, as k1 € Loo(Q2), so are vy, 05,. Therefore we apply theorem [4.C.5l and we get

bounds on 1y, independent of vy, wy,, where
e = max{| max b, muin k|, mace, max e, 909, L (00 i GR)L L2, L2 (51,
o (4.C.77)
fi " (min ki (2))], 1/ (max ka (2))1, 1f 7 (min kx (2))], 1 fz ' (max ks (2 I, [vals 1841, (120) 23

Note that functions fi, fo depend on ay, 8. However none of the above values depend on 7y, &y, so
the definitions of vy, 0, (A.C.I3]) are well-posed and ¢(@, em, enr, f,9) = c(cq) -

4.C.3 Discrete operator vy, (ty, Oy, W)

To obtain a discretization of the second equation (£.C.3), we also use the general discrete problem

L33l

Problem 4.C.7. Let o € HY(Q)NLoo(Q) and iy, O, Wy, € X, (L) be given functions. Find vy, € Xp, ()
such that

ay (U, Up, Op, W, Pn) + by (Vp, Up, Op, W, Op) = Jon(Vn, Uh, Op s Wp, G1), (4.C.78)
where
o h (VR Uy U, Why Ph) Z/ i OO Ty () V () da
+ Y e / Unle[énle
ecl'or (4.C.79)

by (Vh, T, Oy Wy, GR) = /Q (i1 (), va (), p (2)) (€™ 70 — 1)y, () dar
fon(on,én) = 7726/ e[Pnle
ecl'p

We would like to show the existence and uniqueness of the solution of problem[4d.C.7l We are going
to prove the following theorem.

Theorem 4.C.8. Under assumptions [A1l to [A8, let ty,, 0p,wn € Xp(Q) be functions as in theorem
[4.C.3 Then the solution vy, of the problem [4.C.7 exists and it is unique. Moreover vy, is bounded:

ap < vp < B, (4.C.80)

where constants ay, By, € R do not depend on vy, wy,.
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We would like to show the existence of the function v, by Brouwer theorem [L44l In this part we
do not need to assume that P = 0, thus we will prove the existence in the general case. We define

P:X,(Q) = X;(Q) as
P(vp)on = ayn(Vh, Un, Op, Why Oh) + by (Vs Uy Ony Wiy O1) + fo,n(Pn)-
Then
P(vp)vp := aypn(Vh, G, Oh, Why V1) + by (Vn, Uy O, Why vR) 4 fo,n(vn)-
First we note that
o, 1 (Vn, Upyy Oy, Wiy V) > CthHi,zg,

where the constant ¢ depends on ap,, By, Y, O0p. By Schwarz inequality we have

Foa(wn)| < 1ol lonlln.s.

Then

by (n T, On, W, Up) = —/QQ(ﬂh(w),vh(w),wh(fﬂ))(ewh(“_”h(” — Do (x) da

- /Q QUan(), vn (), Bn () )on (x)dz

—|—/QQ(ﬂh(ac),vh(ac),ﬁ)h(x))emh(x) (e_vh($)(— m(m)))dm.

We recall that 0 < @ < Qps. Thus
| [ QUinta). (o), an@)on(e)ds] < Quillonllaiey < Clonlz

On the other hand, note that Vx € R xe® > —e, so

/ Qi (), on (), @p (x))eP @ (e*vh@)( . vh(x))>dx > _Quef ol > —e.
Q

Therefore we have that
P(op)vn = clvnlli s, — llvnllas, — 1),

for some ¢ > 0.
Then we show that P is continuous by element by element approach. Let

P(vp) = Po(vn) + Py(vn) + Pr(vn),
where
Py (vn)pn = apn(vn, @, Ons Why Gn),
Py(vn)pn := by(vn, ny O, Dhy Bh),
Py(vn)dn = fon(on)-
By Schwarz inequality

| Pa(vn) | := |ay n(vn, ¢n)l

(4.C.81)

(4.C.82)

(4.C.83)

(4.C.84)

(4.C.85)

(4.C.86)

(4.C.87)

(4.C.88)

(4.C.89)

(4.C.90)

N
— ‘ Z/Q Iun(x)eﬂh,i(x)—f)h,i(x)vvh,i(x)v¢h,i($) dr + Z 12,e /[Uh]e[¢h]e ds‘ (4.C.91)
=1 i e

e€l'pr

< Cllvalln,zsllonlln,s,
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Thus
[Pa(op)ll = sup  |Pa(vn)on| < C  sup  |lvpllns,l9nllns, = Cllvallns,, (4.C.92)

lnlln,2,=1 lnlln,2,=1

so P, is bounded. It is linear, so then it is continuous. For P; we have
Pr(vn)on = fon(dn), (4.C.93)

so it does not depend on vy, so trivially it is continuous. Finally we have
Py(vp)dp = — / Qi (z), vp (x), wp () (e @701 _ 1)y, (z) da. (4.C.94)
Q

Take any vy, () — vy, in Xp(Q2). We will show that P(vy, () — P(vp). Since X3(€2) is a finite space,
{Vh,(n) }n also converges in || - [|1,() and || - |1 (o). Therefore ||vj ()llL.. () are bounded uniformly.

Due to assumption [AT], function P(u,v,w) = Q(u,v,w)(e* " — 1) is locally Lipschitz-continuous.
Thus since up, W, Vp, v () are all bounded, we may use Lipschitz-continuity to estimate

[P(on ) = Punlon] = [ Qantz). (o), on (@) ) ~ 100 (2) do
- tp(x),v ), W () (ePr @) ~0h e (2) _ x)dx
Q)o@ @O gy ya]

< [ Clonta) = v ollon(a)] da
< Cllon(w) = vp ) 1o @) |68 ()| Lo (02)-
Therefore
[P (vn,my) — P(vn)|| = sup ‘[P(Uh,(n)) — P(on)]on| < Cllon(x) = vp,mlla@) = 0 (4.C.96)

lénl1n,2,=1

Thus P, is also continuous.
Therefore by theorem [[L4.4] there is some vy, such that P(vy) = 0. Existence is now proven.

4.C.3.2 Bounds and uniqueness

We begin with two abstract lemmas.

Lemma 4.C.9. Let n € N, §o,Jn+1 € R and a = [a1,...,a,],b = [b1,...,b,] be given, so that
a; > 0,b; >0 for everyi € {1,...,n}. Lety=[y1,...,yn] € R™ be a solution of equation

(a1 + by —b 0 0 0 .. 0 Y1 a19o
—as as + by —by 0 0 . 0 Yo 0
0 —a3 az3+bs —bs 0 e 0 Y3 0
: ’ . . .. : : = : . (4.C.97)
0 . 0 —Qp_2 Ap_2+bp_o —b,_o 0 Yn—2 0
0 . 0 0 —Qp—1 Gpn—1+bn_1 —bp_1 Yn—1 0
| 0 . 0 0 0 —an Gn +bn] | yn | L DnUnt1 |
Then either
@0 <y <y <...<Yp-1<yYp, < yn—f—h (4-C-98)

or
Yo>Y1 2922 o 2 Yn-1 = Yn = Ynt1- (4.C.99)
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Proof. To simplify the syntax, let us define

~

Yo =905  Ynt1 = Unt1- (4.C.100)

For any i € {1,...,n} we will show that if y;—1 < y; (resp. yi—1 > v;), then y; < yiv1 (yi > yit1). By
i-th line of the equation ({.C.97), we have

—a;yi—1 + (a; + bi)yi — biyit1 = 0. (4.C.101)
Rearranging elements, we obtain

ai(Yi — Yi-1) + biyi = biyis1. (4.C.102)

Dividing both sides by b; > 0 we obtain
a
yirt = Yi+ - (05 = yim1)- (4.C.103)
7

Note that Z—; > 0. If y;—1 <w;, then y; —y;—1 > 0, so y;41 is not less than y;. Similarly when y;_1 > vy;,
then y; —y;—1 <0, so y;+1 is not greater than y;.

We will proceed by induction. First let yg < y;. Then, as we have shown already, y; < y;11 for
any i € {1,...,n}, so we obtain

Yo<y1<y2 < ... <Yn—1 < Yn < Yni (4.C.104)

On the other hand, if yo > y1, then y; > y;+1 for any i € {1,...,n} and we have

YY1 =>Y2 = oo 2 Yne1 = Yn = Yn+1- (40105)
Substituting yo < 9o, Yn+1 < Unr1 proves the lemma. O

Lemma 4.C.10. Let n € N, a = [ag,...,a,],0 = [b1,...,bp—1],¢ = [c1,...,¢u] be given, so that
a; # 0,b; #0 for everyi € {2,...,n—1} and

leil > |ag| + |bi] Vie{2,...,n—1}, (4.C.106)
lei] > bl leal > anl, (4.C.107)
and
le1] > (b1l or [en| > |an|. (4.C.108)
Then the matriz A
[¢v —b 0 0 0 0 ]
—az ¢ —bo 0 0
0 —as3 c3 —bs 0 0
A=+ 0 S I (4.C.109)
0 —Aan—2 Cn—2 _bn—Z 0
0 e 0 0 —Qp—1 Cn—1 _bn—l
0 0 0 —an Cn

s non-singular.
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[2.2x10% —9.2x10%° 0 0 0 0 0 0
—9.2x10%% 1.2x10%° —3.2x102%° 0 0 0 0 0

0 —3.2x10%° 32x10% —1.2x10%0 0 0 0 0

0 0 —-1.2x 1020 1.2 x 1020 —1.2x 1079 0 0 0

0 0 0 —1.2x 1079 1.2 x 109 —1.6 x 10718 0 0

0 0 0 0 —1.6x1071®  16x10"1® —4.1x10"23 0

0 0 0 0 0 —41x1072%  49x1072% —79x10"%4

0 0 0 0 0 0 —79%x1072%  9.7x 10717 |

Figure 4.2: Example of a matrix A constructed for a numerical solution of v; in a simulation of a
simple p-n GaN diode.

Proof. See [36], lemma 10.10. O

Theorem 4.C.11. Let us consider the general CWOPSIP discretization (see problem [1.3.3) in one
dimension, with f = 0:

an(up, ¢n) = frn(dn), Voén € Xn(Q), (4.C.110)

where

N
a(un, ¢n) :Z/Q aVup; - Vop;de,
i=1 7/

an (un, ¢n) =a(un, én) + Y 77e/ on) ds, (4.C.111)
ecl'pr
Ju(on) Ne - [¢n]

Then it has an unique solution u; € Xp,(Q2) such that
min{d(ep), u(e1)} < uj < max{u(eg),u(er)}, (4.C.112)

forTp ={eg,e1}, Q = (ep,e€1).

Proof. Since the general discrete problem [[L3.3] is linear, then it can be written in a matrix form. We

will then use lemmas [£.C. 10l 1.C.91 We make the following substitutions:
o n<+—J,
* go < u(eo),
® Yni1 < tfer),
oy < up.

Then we will show that the matrix has the form required by the lemmas. Since f = 0, we solve the
following problem: find u;, € X} that for every ¢ € X

an(un, én) = a(un, dp) + Z 772e/uh [n]e ds = Z ?72@/ elonle ds, (4.C.113)

e€l'pr e€l'p
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where

N
alup, op) = Z/ﬂ aVup,; - Vép,; dz. (4.C.114)
=1 i

Thus the matrix for this problem reads
A= {ah ((p(j), (p(k))}j,ke{l,...,J} . (40115)

By definition, a<cp(j),<p(k)) may be non-zero only for k € {j — 1,5, + 1} n {1,...,J}. Also

Y eerp; MelP(i)lelPr)le 1s non-zero only for basis functions corresponding to the same interface, so

|7 — k| < 1. Thus A is tridiagonal. We will check it has the required form by row-by-row verification.
For j7 > 1 we define

a; == —ah(go(j),cp(j_l)), (4.C.116)
and
a1 = ap(@a), 1)) — aleay, ©a))- (4.C.117)
For j7 < J we define
bj = —an(p(), P(+1)), (4.C.118)
and
by :=ap(vs,01) —alps,or). (4.C.119)
Take any j € {2,...,J}. Then
an($(-1), () = an(®), P-1) = alegy e-n) + D Me / p(plleg-n)ds. (4.C.120)
e€lps
We have that
a(e(), ¢ Z/ P67 dm G1)- (4.C.121)
T€T

Any element of this sum is zero unless 7 = supp((;)) Nsupp(¢(j—1)) and then

d d d d d d
~ | 0P e = | Ge P60 = | Ggun e (4.C.122)
Note that this case may only happen if z;_; and z; are nodes for some €);, and a(go(j),gp(j_k)) =

a(@(j—k)» (j)) = 0 for any k > 1. On the other hand n2c [,[¢(j)][¢(j—1)] ds is nonzero only if ¢(;) and
¢(j—1) correspond to interface between some €2; and €2;11. In this case

— M2 /[@(j)”ﬂﬂ(j—l)]ds =12 /[<P(j)”<P(j)] ds = 772,e/[<P(j—1)][<P(j—1)] ds. (4.C.123)

Note also that 72 [,[¢(j)][¢(;)] ds is nonzero only if z; lies on the boundary of some ; € £.
It is therefore clear that a; + b; = an(p(;), ¢(;))- Also note that for e =z € I'p

ay = N2, /[80(1)][80(1)] ds = 772,e/90(1)(~’61)80(1)(~’61) ds =1m2e. (4.C.124)
Thus

M2, /[@] [py] ds = ma,e /ﬂ(e) ds = ayife). (4.C.125)

e
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Analogously for e =zy € I'p

M2, / [a][ps]ds = byie). (4.C.126)

e

Thus indeed we see that the matrix A has a desired form. Then by lemma [4.C. 10l we have that A is
non-singular, as we substitute ¢; := a;+b; and a;, b; > 0, so the inequality ¢; > by is obvious. Therefore
the solution is unique. Then by lemma [4.C.9 we have that u;, is monotone and it is bounded by values
of 4 on 0f), as stated in this theorem. O

In section [£.C.3 we have defined the discrete problem on vy, as a special case of the general discrete
problem (L3.20). Thus we can use theorem [£.C.11] to obtain bounds as in theorem 4.C.8
4.C.4 Discrete operator wy, (i, Uy, W)

In this case we proceed analogously to section E.C.3l The discrete problem corresponding to equation

H.C.4) is as follows.

Problem 4.C.12. Let b € HY(Q) N Loo(Q) and iy, Op, 0 € Xp(Q) be given functions. Find wy, €
Xn(92) such that

o 1o (Wh, Ty, Oy Wiy P1) + b (Wh, Upy Thy Why @1) = froh(Whs U, Oy Why Oh)s (4.C.127)

where

N
~ o~ wp, i () —up, (T d d
@, b (Wh Uhs Ony Why G1) = Z/ﬂ ()€ ()= n il )@wh,i(x)@gbm(x) dz
i=1 /%

T Z M2,e /[wh][¢h] ds,

ecl'pr (4C128)
bw (W, Up, On, W, On) = /QQ(ﬁh(x),f)h(w)’wh(x))(ewh(m)_ﬁh(w) — 1) (z) dz,
Juw,h(Wh, Tp, Tp, W, Pp) = Z 772,6/[“3][%] ds.
ecl'p €

Theorem 4.C.13. Under assumptions [A1] to [A8, let ay,, 0, wp € Xp(Q) be functions as in theorem
[£.C°3. Then the solution wy, of problem exists and it is unique. Moreover wy, is bounded by

ap <wp < Bh- (4.0.129)
where constants ayp, B, are the same as in theorem [{.C.§

Proof of this theorem is completely analogous to the proof of theorem K.C.8|

4.C.5 Discretization of the van Roosbroeck system

For the discretization of the coupled van Roosbroeck system (problem [[L21]), we will use operators
introduced in sections [£.C.2, 1.C.3] and E.C.4l Therefore the discrete problem is as follows.

3
Find (uj, vy, wy) € (Xh(Q)> , such that for every ¢, € X;(Q2) we have

au,h(u;kpv;;’w;;, Qbh) + bu(uz’vz’wz’ Qbh) = fu,h(v;;,u;kpv;;awz’ ¢h)a
o (V0 05 U8 0, 81) + B (Ut 0 0 B0) = Fo (1, 0 01 07, 1) (4.C.130)
e (Whys Wh, Vhs Whs @)+ bu (W, W Vs Wy D) = fuo n(Whs U, Vhy Wh s O1).-
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We would like to prove existence of solutions of this system by arguing that operator T : X ,%(Q) —
X?() defined as

T (0p, wp,) = (vh(ﬂh(ﬁh,@h),ﬁh,ﬂ)h),wh(ﬂh(ﬁh,@h),ﬁh,wh)>, (4.C.131)

has a fixed point.

4.C.6 Analysis

So far we have proven the following results. Assume there is no recombination (P = 0). Then there
exist constants ap, By, Yh, Op such that if ap < Uy, W, < By, then ap < vp,wp < By, and v, <y < O,
for (vp,wp) = T(0p,wp) and Gy = Up(Vp, wp). Thus if we define K := {(up,vn) € Xp(Q) : ap <
up,vp < Br}, then we may state that T : K — K.

K is a bounded closed subset of X3 (2), so it is compact as Xp(£2) is a finite dimensional space.
Also it is convex. Therefore we would like to use the Schauder fixed point theorem (theorem [ AT
to show that T has a fixed point. To do so, we must prove that T is a continuous function.

4.C.6.1 Continuity of u,

First want to show that 4, = @y (0p,Wy,) is a continuous operator.

Idea: let @y := ap(0p, wy) and uyp, := Up(vp, wp). We will show that [|a, — up| < c(”@h — |l +

||0n, — whH>, where || - || will be an appropriate norm (not necessarily the same for all the elements).

Equivalence of norms in X3 (Q2) would be very helpful in these analysis.
Thus let ayp, := (0, W) and up, := 4y (v, wy). By definition for every ¢y € X, (Q2) we have

/ e(z)Vap(z) - Vor(z) +
Q

< )—On(z) _ w (z) uh(x)(ﬁh d.%'—f- Z 7726/uh ¢h S

eel'pr
/k:1 w)yde+ nze/ nl ds,
Q

ecto (4.C.132)
/E(&U)Vuh( ) - Von(z) + < up (z)—vn(z) _ jwn () uh(x))¢h )dx + Z Uge/uh (] ds
@ e€l'pr
:/ 1(x)ép () dx + Z nze/ n] ds.
ecl'p
Subtracting these equations we obtain
/QE(.%’) (Vﬁh(x) - Vuh(x)) -Vop(x)de
+ / (eah( ) ~tn(2) _ i (@)—iin () _ gun(z)—on () +ewh<x>—uh<x>)¢h(x) e (4.0.133)
+ > 772e/ up — up)[¢n] ds = 0.
ecl'pr

If we then take ¢, := U — up, and we substitute it into (L.C.I133])

lin — unll}s, = / ( — et @)=t (@) 4 i) =an (@) 4 gun(@)—vn(@) _ ewm)—uh(x)) (ah(x) _ uh(m)>dm, (4.C.134)
Q
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Note that for any a, b, c,d € R by monotonicity of the exponential function we have
<exp(c —d) —exp(a — b)) (a—rc)= <exp(c —d) —exp(a — b)) <(a —b)—(c— d))
+ <eXp( —d) — exp(a — b)) (b — d) (4.C.135)
<

<exp(c —d) —exp(a — b)) (b—d),

and
<exp(c —d) — exp(a — b)) (d—b) = <exp(c —d) — expla — b)) <(a b — (e d))
+ <exp(c — d) — exp(a — b)) (c—a) (4.C.136)
< <exp(c —d) — expla — b)) (c—a).
Thus

— e (@)=n(2) | oBn(@)=an(@) 4 pun(z)—va(z) _ ewh(x)_uh(x)) (ﬁh(x) _ uh(m))daﬂ

/N

J

(@)@ @@= (i () — up () ) da

Y—an(z) _ ewh(r)*uh(x)) (ﬂh(x) — uh(x))dx

AC
AG
/<uh(x —on(a) eﬂh(m)fﬁh(x)> (6h(x)—vh(x)>dm (4.C.137)
A

W () —iip (@) _ ewh(w)—uhm) (@h(x) _ wh(x))dx

<etn—on — elh— vhHL2(Q)H@h — vhHL2(Q) + Heﬂ}h—ﬂh — ewh_uh||L2(Q)||’lI}h — wh||L2(Q)

<2max {1 |1, @, 1™ |y } (190 = vl Loy + 100 — wnllyge)-
Therefore together with (£.C.134]) we obtain

[an — unlz, < C(H@h = WnllLo(e) + llwn — whHLz(Q))a (4.C.138)

where ¢ depends on Q, ay,, Br, O, yn. Therefore due to equivalence of norms in X, (), we have that if
(v, wp) — (O, Wy), then up — ayp,. Therefore uy, : K — X3, (Q2) is a continuous operator.
4.C.6.2 Continuity of v, and wy,
To prove continuity of the operators vy, (uy, 0p) and wp,(4p, Wy) we will use some estimates derived for
the discrete operator of problem [[L3.3] with f = 0.
4.C.6.2.1 Generalized case We would like to prove the following lemma.
Lemma 4.C.14. Let a,b € LOO(Q) N La(92). Let up, vy, € Xp(Q2) be the solutions of

/ a(z )—uh ¢h+ Z 772e/uh [n)ds = Z 7726/ [fn] ds, (4.C.139)

eEFD1 eEFD

/Q b(x )—vh —ont > nze/vh [pnlds = 772@/ [Pn] ds, (4.C.140)

eEFD1 eEFD
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for every ¢p € Xp(Q). If 0 < ay < a,b < apr and H%’U}—LHLOO(Q) < ¢, where c is independent of b, and
b— a in La(QY), then vy, — up, in Xp().

Remark 4.C.15. In the above theorem in both cases U is a function used as a Dirichlet boundary
condition.

Proof. Subtracting (4.C.140) from ([4.C.139) gives

/Q <a(x)diuh(x) - b(g;)%vh(x))%%(x) dr+ Y me / [up, — vp][dn] ds = 0 (4.C.141)

Xz
e€l'pr

We may rewrite first element of the left hand side as
d d d d d
/Q (a(w)@uh(aﬂ) - b(x)@vh(x» @@L(aﬁ)dx = /Qa(x)@ (uh(x) - vh(ac)> @(ﬁh(.%') dz
d

g (4.C.142)
_/Q(b(x)—a(fﬂ))@vh(ﬂ?)@%(ﬂf)dx

For the purposes of this proof, if we substitute ¢ := a in the definition of the broken norm (L31T]),
then using above result in equation (£.C.141]) and taking ¢y, := uj, — v, we obtain

d d
lun = vallf s, = / (b(z) — a(x)) —vn (@) (un(z) = va(x)) da. (4.C.143)
' Q x dx
Then we can estimate the right hand side using the Schwarz inequality

d d d

d d
/Q (b(z) — a(m))avh(x)a(uh(x) —vp(x)) de < ||b— aHLQ(Q)HEU}IHLOO(Q)HEU}I — 7 h ) (4.C.144)
Therefore we have
lun — vpl? s, <||b—all d v d U d v
-l < 0= sl [ o
dr L@ lldx dr “lLy(Q) (4.C.145)
< an b all ooy een], lun — vl
- 2Dl dz "l e 2
where we used inequality
N
d 2 d 2
2 2
= — > — . .C.
lwnl?.s, /Q a@) () + ;1: Moe / [wn)? ds > ap|| o (4.C.146)
Assuming uy, # vy, and dividing by |lup, — vp/n,5, We obtain
lun — onllns, < azY2||b — all L HivhH . (4.C.147)
o 2z Ml L@

Then if we fix a and thus also uj, € X, (2) and if b — a in Ly(Q2) and if ”%Uh”LDO(Q) is bounded, then
Huh — vhHh722 — 0, SO Vp — Up, in Xh(Q) O



220 CHAPTER 4. APPENDIX

4.C.6.2.2 Operator v, We would like to use lemma [£.C.14] to show the continuity of vy, (0p, wp).
Assume then that we have two functions (5,ws) € K and a sequence (y, (), Wh,(n)) € K so that
Uh(n) = Dhy Wh,(n) — W in Xp(2). Therefore we will do the following substitutions

o a < punexp (@y — Op),
o b pinexp (n,(n) — n (),

® Up < Vp = Uh(@h,?f}h),

® U < Vp (n) = Vn(Tp,(n) Wh,(n))
o Uy = Up(Op, wp),

® Uy (n) = Un(Dh,(n)> Wh,(n));

® am < pmexp(yh — B);

® ayr < puar exp(Op — o).

Then by definition of K and assumption [Adl relative to p,, (LZI]), we have that a,, < a < ap and
am < b<ay.
Let hy, := min{diam 7 : 7 € T}. Then we have that

d d —1 -1
H@vh‘ @) H@vh,(n)HLg(m < 2hy |lvn, )l Lo () < 2Ry, max{|an, |Bal}, (4.C.148)

thus the derivative of vy, is bounded by a constant independent of b.
Also note that since the exponential function is Lipschitz-continuous on any finite interval, we have

2
_plI2 — 2 Gp (2)=0p () _ Tn,(n) (2)=0p,(n) ()
o= b0 = [ o) ‘ ) dz

< [ KEEE (@) = 90(2) = @) + () (4.0.149)

< L2 lin — Bn — @ () + On,n) |2 (0)

< L2y (Nan — @n, )l o) + 100 = Ono) o))
where L. is a Lipschitz constant for exp on [y, — S, dp —ap]. Then by the equivalence of norms in X3 (2)
and continuity of operator iy, (section B.C.6.1]) we have the following result. If o, () — On, W (n) — W
in X5(Q2), then 4y, () — Uy in X3 (2), an therefore also in Lo(£2). Thus b — a in Lz(Q2).

Then all of the assumptions of lemma[.C.T4lare satisfied and therefore vy, (,,y — vy, so the operator
Vp (0p, Wy) is continuous in K.

4.C.6.2.3 Operator wy, We will proceed similarly to section [£.C.6.2.21 Therefore we will do the
following substitutions

® a < [ipexp (ﬁ)h—ﬂh),

b < pup exp (W, () — Un,(n))

up, < wp, = wy,(Vp, W),

o Uy W (n) = Wi(Tp,(n), Wh,(n))
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o Up = Up(Tp, Wp),
® Uy (n) = Un(Tn,(n)> Wh,(n))s
® ay, < [y exp(ap, — ),

o apr < pnsexp(Br — Yn)-

Then by definition of K and assumption [AT] relative to u,, we have that a,, < a < ap and
am < b<ay.
Then

< 2h Jwp, )| Lo () < 203! max{| ), [Bal}, (4.C.150)

P e Pt
dr e~ lde ™

and analogously to section 4.C.6.2.2]

Lo ()

2
2 2 W (x)—up (x Wh () (T)—=Up (n) (T
lla —b]13, ) = /glﬂp(ﬂf)(e n(@)=n(x) _ W, () (2)=Tn,(n) )) dr

< /Quf;Li (Bn () = @n(@) = Bp, () (%) + Gip () (@) dov (4.C.151)

< L2yl don — @ — W () + @)l 1o ()

< L2u3r (18n — @n, )l 2a@) + 100 — By |22 (0))-

Thus if Oy, (n) — O, Wh,(m) — Wp in Xp(Q), then iy, ) — @y in X (), an therefore also in La(£2).
Thus b — a in La(Q).

Then all of the assumptions of lemma [L.C.14] are satisfied and therefore wy, (,y — wp, so the
operator wp (Op, wy) is continuous in K.

4.C.6.3 Conclusions

In the previous subsections of these section we have proven that the operator T', defined as
T(f)h, ?I}h) = <Uh (ﬁh(f)h, ﬁ)h), ?N)h) , Wh, (ﬁh(f)h, ?I}h), ?I}h)) = (Uh o ﬂh, Wp, © ﬁh) (@h, ?I}h), (4.C.152)
is a continuous mapping of convex compact K C X;(Q)? into itself, as it is a composition of the

continuous functions. Therefore using the Schauder fixed point theorem (theorem H.A.]) we obtain
existence of such functions vy, wy, that

T'(vn, wp) = (v, wh). (4.C.153)

Therefore functions wup, = ap(vp, wp) € Xp(Q), vy, € Xp(2) and wy, € X,(R2) are a possibly
non-unique solution of the system

Ay b (Uh, Vps Why On) = fun(Un, Vb, Wh, @1), (4.C.154)
Ao, b (Vhs Uhy Uh, Why @) = fo,n(Vns Un, Uy why G ), (4.C.155)
Qo o (Why Uk, Vs Wy @) = fro,n(Wh, Uny Uk, Wh, @) (4.C.156)

for every ¢ € X3, (92).
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4.D List of assumptions

Assumption Al.
1. Q C R? for d € {1,2}, and it is an interval (d = 1) or a polygon (d = 2).
2. 0 < Q(u,v,w) < Qpr for any u,v,w € R.
3. P(u,v,w) is monotone decreasing in v for u,v,w € R.
. P(u,v,w) is monotone increasing in w for u,v,w € R.

. P is locally Lipschitz.

4
5
6. 0 <ep <e(x) <ep for some epm,ep € R.
7. k1 € Loo(Q).

8. pn, pp are Lipschitz continuous functions.

9. 0 < pimn < pn(), pp(x) < par for some constants pim, piar € R.

Assumption A2. {7;,()}n, is a quasi-uniform family of meshes (see definition [1.1.6]).

Assumption A3. The coarse mesh &€ is chosen in such a manner so that I' is a sum of disjoint sets
I'p, 'y and T'y, where

I'p:={eel:eCip},
'y := {6 el':eC 89]\/}, (1.3.6)
I'r:={eel:eCint(Q)}.

Assumption A4.
o I'p #0.
o Th is a shape reqular mesh (see definition [L1.7).
Assumption A5. @€ H(Q) N Ly ().
Assumption A6.
e QCR? de{1,2}, is an interval (d=1) or a polygon (d =2).
e 00 =00p UIQy.
o JQp has nonzero measure.
Assumption AT.

o There is some 0 < hpyr < 1 such that for any 0 < h < hps and for any e € I'py we have

Ner > le|™1 and ne, > 1 (cf. (1.312)).
o Constant hyy is sufficiently small, so that for any 0 < h < hyr lemma[1.3.7 holds.
e (CSIPG only) Constant oy, > 0 is sufficiently large such that lemma L33 holds with o = 1/2.

o clo, € CL(Q) for every Q; € £ (this assumption could be weakened, but in semiconductor
simulations this function is normally constant or linear on €2;).
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e u* € HY(Q)N H?(E), where u* is a solution of problem [L.Z.2.

o 0,0 € Lo(2) N Loo(R2), where v,w are defined in problem [L.2.2.
Assumption AS.

o [: QxR R,

o g€ Lo().

Let fm(y) = f(z,y) for fized x € Q. Then fu is a monotone increasing function for almost all
x € Q (thus f; ! exists for a.e. x € Q and it is monotone increasing).

rg(g) C dom f;l and f;l(rg(g)) s uniformly bounded set for almost all x € ).

Let B be a bounded subset of R. Then fm(B) 1s uniformly bounded set for almost all x € €.

€ HY Q)N X,(Q).

e P=0.

4.E Physical constants

Symbol Value Name

mo 9.10938215 x 1031 kg electron rest mass

h 1.05457180 x 1073*J/s  reduced Planck constant
kp 1.38064852 x 1072 J/K  Boltzmann constant

q 1.60217662 x 10~ C elementary charge
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