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Abstract

This dissertation advances the efficiency and scalability of Large Language Models (LLMs)
through systematic exploration and innovation in Mixture of Experts (MoE) architectures.
Across five chapters, the work establishes new theoretical frameworks, introduces practical
methods, and proposes novel architectures that together contribute to the development
of compute- and memory-efficient models at scale.

Chapter 1 investigates the scaling properties of fine-grained MoE models. A new
hyperparameter, granularity, is introduced to control the size of individual experts.
Incorporating this dimension into scaling laws shows that expert granularity provides
substantial efficiency improvements across a wide range of computational budgets. The
analysis demonstrates that MoE models not only outperform dense Transformers but
also that their relative advantage grows with scale.

Chapter 2 extends this line of research by jointly analyzing compute and memory
constraints. Scaling laws are derived and validated that unify dense and MoE models in
a single framework, with active parameters, dataset size, and the number of experts as
key variables. Contrary to conventional wisdom, the results show that MoE architectures
can be more memory-efficient than dense models, providing actionable insights for model
design under real-world hardware limitations.

While the first two chapters focus on architectural scaling, Chapter 3 addresses the
optimization of large-scale training dynamics. Relative Learning Rate Schedules (RLRS)
are introduced, assigning distinct learning rates across different model components. This
method yields training speedups of up to 23% and scales robustly: hyperparameters
tuned on smaller models can be effectively reused on models up to 27 times larger. RLRS
thus offers a simple, transferable, and computationally efficient solution for accelerating
the training of both dense and expert-based models.

Chapter 4 explores alternative formulations of MoE by proposing the Mixture of
Tokens (MoT) architecture. Unlike traditional sparse or discontinuous MoE models,
MoT provides a continuous mechanism for assigning token mixtures to experts. The
design maintains compatibility with autoregressive generation while achieving training
speedups over dense Transformers and matching the performance of state-of-the-art MoE
approaches.

Finally, Chapter 5 extends the principles of MoE to non-Transformer architectures.
Focusing on State Space Models (SSMs), and in particular the Mamba architecture, the
MoE-Mamba hybrid model is developed. This architecture combines the advantages of
SSMs with the efficiency of MoE, reaching the same performance as Mamba in 2.35×
fewer training steps while retaining the favorable inference characteristics of SSMs. The
results demonstrate that the benefits of MoE extend beyond Transformer-based systems.

Taken together, the contributions of this dissertation outline a path for the next
generation of large-scale models. By developing new scaling laws, optimization strategies,
and hybrid architectures, the work shows that MoE-based designs are not only practical
but increasingly central to building efficient and powerful LLMs.

Keywords

Deep Learning, Neural Networks, Large Language Models, Transformer, Mixture of
Experts, Scaling Laws
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Tytuł pracy w języku polskim

Usprawnianie dużych modeli językowych używających mieszaniny ex-
pertów

Streszczenie w języku polskim
Ta rozprawa doktorska skupia się na zwiększaniu efektywności i skalowalności dużych
modeli językowych (LLM) poprzez usprawnianie architektur typu Mixture of Experts
(MoE). W pięciu rozdziałach przedstawiono nowe prawa teoretyczne, metody praktyczne
oraz opracowano nowe architektury, które łącznie przyczyniają się do rozwoju modeli
obliczeniowo i pamięciowo bardziej wydajnych w dużej skali.

Rozdział 1 analizuje właściwości skalowania modeli MoE. Wprowadzony zostaje
nowy hiperparametr – ziarnistość (granularity), który pozwala kontrolować rozmiar
poszczególnych ekspertów. Uwzględnienie tego wymiaru w prawach skalowania pokazuje,
że odpowiednia ziarnistość ekspertów zapewnia znaczną poprawę efektywności w szerokim
zakresie budżetów obliczeniowych. Analiza wskazuje, że modele MoE przewyższają nie
tylko gęste Transformery, lecz także że ich przewaga rośnie wraz ze skalą.

Rozdział 2 rozwija podobną linię badań, analizując jednocześnie ograniczenia obliczeniowe
i pamięciowe. Zawiera wyprowadzone i zweryfikowane prawa skalowania, które łączą mod-
ele gęste i MoE we wspólnych ramach, z uwzględnieniem liczby aktywnych parametrów,
rozmiaru zbioru danych oraz liczby ekspertów. Wbrew powszechnym opiniom, wyniki
pokazują, że architektury MoE mogą być bardziej pamięciooszczędne niż modele gęste,
co dostarcza praktycznych wskazówek przy projektowaniu modeli w realnych warunkach
sprzętowych.

Podczas gdy pierwsze dwa rozdziały koncentrują się na skalowaniu architektury,
Rozdział 3 zajmuje się optymalizacją dynamiki uczenia na dużą skalę. Wprowadzono tu
względne harmonogramy uczenia (Relative Learning Rate Schedules, RLRS), które przyp-
isują różne tempo uczenia poszczególnym komponentom modelu. Metoda ta przyspiesza
trening nawet o 23% i wykazuje dużą skalowalność: hiperparametry dostrojone na
mniejszych modelach mogą być skutecznie przenoszone na modele do 27 razy większe.
RLRS stanowi więc prostą, przenośną i efektywną obliczeniowo metodę przyspieszania
treningu zarówno modeli gęstych, jak i eksperckich.

Rozdział 4 bada alternatywne podejścia do MoE, proponując architekturę Mixture of
Tokens (MoT). W odróżnieniu od tradycyjnych rzadkich czy nieciągłych modeli MoE, MoT
zapewnia ciągły mechanizm przypisywania mieszanin tokenów do ekspertów. Architektura
ta pozostaje zgodna z autoregresyjnym uczeniem i generowaniem, jednocześnie oferując
przyspieszenie treningu względem gęstych Transformerów i osiągając wyniki porównywalne
z najlepszymi współczesnymi modelami MoE.

Finalnie, Rozdział 5 rozszerza zasady MoE na architektury inne niż Transformer. Sku-
piając się na modelach typu State Space Models (SSM), a w szczególności na architekturze
Mamba, opracowanany zostaje hybrydowy model MoE-Mamba. Architektura ta łączy
zalety SSM z efektywnością MoE, osiągając wydajność porównywalną z Mamba w 2,35
razy mniejszej liczbie kroków treningowych, przy jednoczesnym zachowaniu korzystnych
właściwości inferencyjnych SSM. Wyniki te pokazują, że zalety MoE wykraczają poza
systemy oparte na Transformerach.

Podsumowując, wkład tej rozprawy doktorskiej wyznacza kierunek rozwoju kolejnej
generacji dużych modeli językowych. Dzięki opracowaniu nowych praw skalowania,
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strategii optymalizacji oraz architektur hybrydowych, praca ta wskazuje, że rozwiązania
oparte na MoE są nie tylko praktyczne, lecz także stają się kluczowym elementem w
budowie wydajnych modeli językowych.

Słowa kluczowe

głębokie uczenie, sieci neuronowe, duże modele językowe, transformer, mieszanina ex-
pertów, prawa skalowania
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Chapter 1

Introduction

1.1 Large Language Models

Large Language Models (LLMs) have recently emerged as general-purpose models capable
of solving a wide range of tasks (Brown et al., 2020; Chowdhery et al., 2022; Touvron et al.,
2023a; OpenAI et al., 2023; Anil et al., 2023a). Since its introduction, the Transformer
architecture has become the de facto standard for large-scale sequence modeling (Vaswani
et al., 2023). The dominant trend in recent years has been to increase model size and
dataset scale, with the observation that performance improves consistently as we scale.
This has been validated empirically across various domains, including language, code,
and multi-modal tasks (Kaplan et al., 2020; Chowdhery et al., 2022; Hoffmann et al.,
2022). Models like GPT-series and PaLM were one of the first to demonstrate that scaling
up continues to unlock new capabilities (Brown et al., 2020; Chowdhery et al., 2022).
However, increasing scale comes with a price of never-ending need for more compute and
increasing costs (Hoffmann et al., 2022). While the skeleton of the transformer stays the
same, with time and scale, optimal hyperparameters change and various parts of it are
getting improved and exchanged for more compute-efficient counterparts (Clark et al.,
2022; Zhai et al., 2022). In this work, we focus on improving methods that scale, and on
ensuring that all choices remain optimal on the way up.

1.2 Scaling Laws

Figure 1.1: (Figure from Kaplan et al. (2020))

A key insight that enabled recent progress in LLMs is the discovery of empirical
scaling laws. Introduced by (Hestness et al., 2017), (Kaplan et al., 2020) proposed the

13



14 CHAPTER 1. INTRODUCTION

first such formulation for dense Transformers, and (Hoffmann et al., 2022) later refined
it into what is now known as Chinchilla scaling laws, which define the optimal balance
between model and data size for a given compute budget. These laws were originally
meant to allow researchers to design training runs that maximize performance under
computational constraints, solving important trade-offs between model size and training
length. Scaling formulas related the loss achieved by a model to its number of parameters
and the number of training tokens, showing a predictable, power-law decay in loss as we
increase compute.

The most popular formula called Chinchilla scaling law, is described in (Hoffmann
et al., 2022) as a relationship between model size N and dataset D:

L(N,D) = c+
a

Nα
+

b

Dβ
. (1.1)

The power-law formula is composed of three distinct terms that characterize the
intrinsic entropy of data, constraints of the model, and limitations in the training data.
The term c represents the minimum possible error intrinsic to the data. The remaining two
terms are suboptimality terms, which address the limitations in function representation
owing to the size of the model and in data signified by the number of tokens. In the limit,
with infinite data and model size, the loss is reduced to c.

After constraining this equation by a formula describing utilized compute, we can
find an optimal token-to-param ratio, but also see a simple and predictable power law
trend between cost and final performance. This last property of predictability of gains
quickly became as important, providing a foundation and incentive for the scaling race.

1.3 Need For Efficiency

Figure 1.2: (Figure from ?)

As models continue to grow, so do their computational and environmental costs.
Training dense LLMs requires millions of GPU-hours and leads to high energy consumption
(Strubell et al., 2019; Faiz et al., 2024). These factors make it necessary to consider
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not only how to scale but also how to do so efficiently. There is a growing need for
architectures and training strategies that provide better performance per unit of compute.

One other consequence of predictable scaling of a given model class is that in pre-
training, work on capabilities can be perceived as equivalent to optimizing efficiency. If
we improve any method to always achieve the same performance as our baseline using
only half of its compute, we can upscale to get a model that is two times more capable
(Hoffmann et al., 2022; Sardana et al., 2024a). This is not only a practical proxy goal,
but an important paradigm, influencing the spirit in which this work was written.

This also connects with meta text “The Bitter Lesson” (Sutton, 2019b), which in our
view was not only visionary for its time but summarizes the core assumptions under the
recent LLM surge. The aforementioned work analyzes how different machine learning
methods passed the test of time, arguing that historically specialized approaches relying
on expert knowledge and inductive biases have often been forgotten and replaced by
more generic algorithms utilizing much higher compute, allowing machines to learn by
themselves. This however does not mean that there is no place for novelty—on the
contrary, for us this forms a new research paradigm, centered around using available
compute efficiently and focusing on methods that scale, which is far from being properly
understood.is far from beeing properly understood.

1.4 Mixture of Experts

Mixture of Experts (MoE) models are one such alternative. In MoEs, only a small subset of
the total parameters is activated for each token, allowing the model to have a much larger
total parameter count while keeping the computational cost mostly unchanged. Prior
works such as GShard, Switch Transformer, and Mixtral have demonstrated that MoEs
can achieve performance comparable to dense models at greatly reduced computational
cost (Lepikhin et al., 2020; Fedus et al., 2022; Jiang et al., 2024). These models replace
Feed Forward layers in Transformers with conditionally activated approximations of a
much bigger one, relying on a routing mechanism to select which subset of neurons should
be used for each token (Shazeer et al., 2017; Fedus et al., 2022).

Figure 1.3: (Left). Diagram of a standard Feed-Forward layer featured in the
Transformer architecture: each token is processed with the same MLP indepen-
dently of other tokens. (Right). Diagram of a Mixture of Experts layer, where
each token decides which expert to choose. In this way, different experts process a
different number of tokens.

As a result, we only pay FLOPs for parameters we activate. This relies on an
observation that normally only a small part of all neurons in Feed Forward are activated,
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so if the router would be able to roughly guess which ones do, we can save on computing
them (Shazeer, 2020b; Puigcerver et al., 2024). The promise of MoEs lies in the idea that
we can build models with much higher capacity without paying the full computational
price, aligning with aforementioned paradigms.

1.4.1 Challenges and Skepticism

Despite this promise, the scaling behavior of MoEs remains poorly understood. The
only work existing before our analyses, (Clark et al., 2022), suggests that MoEs only
outperform dense models up to a certain scale, after which dense models become more
efficient. This conclusion is based on the concept of effective parameter count and assumes
fixed training data size. However, this perspective contradicts the success of large MoE
models deployed in practice. It raises the question of whether the observed limitations
are fundamental or rather a result of insufficient understanding of how to scale sparse
models.

1.5 Towards Generalized Scaling

While scaling laws have been validated extensively for dense models, it remains unclear
whether and how they apply to other architectures. In particular, sparse models like MoEs
activate only a subset of parameters per token, potentially breaking the assumptions
behind standard scaling laws. Moreover, MoEs introduce new scaling dimensions such
as the number of experts, the number of active experts per token, and the internal
size of each expert. These factors, including granularity and expansion rate, can affect
performance in non-trivial ways (Kaplan et al., 2020; Clark et al., 2022; Zhai et al., 2022;
Puigcerver et al., 2024). The compute optimal token-to-parameter ratio, for example, may
have different optimal values for MoEs than for dense models and it is not even defined
if we should use active or total parameters in this ratio. These dimensions are specific
to sparse models and are absent in standard dense architectures, requiring separate
treatment and defining new optimality frontiers. Despite MoEs being a core component
of many recent large-scale LLMs, the literature lacks comprehensive scaling laws that
capture these unique properties.

Additionally, these laws apply not only to model shape but also to optimization
hyperparameters. For example, it is widely accepted that with increasing model size,
learning rate has to be lowered proportionally (Hoffmann et al., 2022; Kaplan et al.,
2020). Other works suggest that because of the instability of MoEs, they also require
lower learning rates, however, these interactions remain underexplored in the existing
literature (Fedus et al., 2022; Zoph et al., 2022a).

This thesis investigates what is the most efficient Transformer variant, and how to
scale it under various constraints, introducing new theoretical frameworks and validating
them with large-scale experiments. We aim to provide practical guidelines for designing
MoE-based LLMs that maintain efficiency at scale.

1.6 Content

Each chapter describes a different approach to improving the Mixture-of-Experts archi-
tecture. P1–P3 introduce new methods for analyzing model hyperparameters: P1–P2
utilize scaling laws to predict model performance and guide architecture design, while P3
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focuses on tuning decoupled per-module optimization hyperparameters. P1 introduces
new dimension in Mixture of experts scaling called granularity, that greatly increases
efficiency of these models, while P2 is the first scaling law to extend Chinchilla to Mixture
of Experts models, enabling analysis of how Transformer scaling properties change with
sparsity. Chapters P4–P5 propose architectural modifications to enhance performance
and stability: P4 achieves this by mixing token representations to ensure the continuity
of gradients for routed experts, and in P5 by combining state-space models with sparse
computation.

In each chapter we introduce new definitions, which we then assume as known in
subsequent sections.

1.7 Context and Timing

As this work unfolded over several years, the surrounding landscape changed significantly.
At times, a chapter might assert that certain practices are rare or unexplored, such as
routing granularity or MoE scaling heuristics, which by now have become core parts of
mainstream models. These shifts are a natural outcome of a fast-moving field, and ideally,
they signal that some of the questions raised here were timely and pointed in the right
direction.
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Chapter 2

Scaling Laws for Fine-Grained
Mixture of Experts

2.1 Introduction

In the context of the current trend of increasing budgets for training models, a question
arises: will MoE models continue to be attractive in the future? This is an important
issue, as results from other studies Clark et al. (2022) suggest that the traditional dense
models may outperform MoE as the size of models increases.

In this chapter, we argue that previous claims lose their validity when we relax certain
implicit assumptions regarding the training process present in previous research Clark
et al. (2022). In particular, we refer to the fixed training duration and the constant size
of experts in MoE models.

Our results suggest that a compute-optimal MoE model trained with a budget of 1020

FLOPs will achieve the same quality as a dense Transformer trained with a 20× greater
computing budget, with the compute savings rising steadily, exceeding 40× when budget
of 1025 FLOPs is surpassed (see Figure 2.1).

Our main contributions are:

1. Introducing a new hyperparameter - granularity. Adjusting this parameter allows
us to determine the optimal size of experts in MoE models, which translates into
increased efficiency (see Figure 2.1b and Figure 2.5).

2. Deriving new scaling laws for MoE models that incorporate variable training
duration, the number of parameters, and granularity. Such scaling laws allow us to
calculate optimal training hyperparameters for MoE models.

3. Demonstrating that, with optimal settings, MoE models can always outperform
traditional Transformers at any computing budget. This is a conclusion contrary
to the results from Clark et al. (2022), see Section 2.6.3.

2.2 Related Work

Mixture of Experts. In the context of language modeling, MoE was first introduced
by Shazeer et al. (2017) as a sparsely gated layer between stacked blocks of LSTM
Hochreiter & Schmidhuber (1997). A similar technique was proposed in the context of

19
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Figure 2.1: Mixture-of-Experts can be always considered more efficient than dense
Transformers, regardless of the model size. (a) Compute Optimal scaling curves
for granular models and standard Transformers. The dashed line represents a
dense Transformer. Colors denote optimal granularity for the given FLOPs train-
ing budget. (b) Relative number of FLOPs needed to train Transformer and
Vanilla MoE (MoE with G = 1) to achieve the performance of MoE with compute
optimal G.

Transformers by Shazeer et al. (2018) and Lepikhin et al. (2020). Fedus et al. (2022)
proposed to route each input to only a single expert and designed a modified initialization
scheme to reduce training instability.

Numerous studies have proposed to modify the original routing method. Lewis
et al. (2021) used a linear assignment algorithm to postprocess token-expert mappings
and ensure even expert selections. Roller et al. (2021) suggested another approach
involving deterministic hash functions. Zhou et al. (2022) proposed expert choice routing,
eliminating the need for additional load balancing losses. Puigcerver et al. (2023a)
designed a fully-differentiable Soft MoE architecture. Concurrently to our work, Dai et al.
(2024) proposed to modify the MoE layer by segmenting experts into smaller ones and
adding shared experts to the architecture. Independently, Liu et al. (2023) suggested a
unified view of sparse feed-forward layers, considering, in particular, varying the size of
memory blocks. Both approaches can be interpreted as modifying granularity. However,
we offer a comprehensive comparison of the relationship between training hyperparameters
and derive principled selection criteria.

Scaling Laws. Scaling laws are empirically derived equations relating the loss of a model
with variables such as the number of parameters, training samples, or the computational
budget. In the case of dense Transformers, scaling laws were first studied by Kaplan
et al. (2020), who observed power law relationships between the final model perplexity
and model and dataset size. This work was extended by Hoffmann et al. (2022), by
considering variable cosine cycle lengths, and formulating a modified functional form of
the scaling equation.

Scaling laws have also been proposed for other architectures and training scenarios.
Henighan et al. (2020) studied autoregressive modeling across various modalities, while
Ghorbani et al. (2021) considered machine translation. Frantar et al. (2023) explored the
impact of pruning on vision and language Transformers, deriving optimal sparsity for a
given compute budget. Clark et al. (2022) studied the scaling of MoE when changing
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Figure 2.2: (a) Standard MoE layer with G = 1 (b) Corresponding MoE layer
with G = 2. Each of the original experts is split into two granular ones. The
split occurs in the hidden dimension of an expert. Increasing G allows for a more
precise mapping between experts and tokens. Since for granularity G, the token is
routed to G granular experts, the number of parameters activated per token is the
same in both cases.

model size and number of experts on a fixed dataset, concluding that routed models are
more efficient only until a certain model size. In this work, we challenge that claim by
considering a variable, optimal dataset size for both model families (see Section 2.6.3).

2.3 Background

2.3.1 Model Architecture

Transformer. A standard decoder-only Transformer Radford et al. (2018a,b); Kaplan
et al. (2020); Brown et al. (2020) consists of an embedding layer, a stack of alternating
attention and feed-forward layers, and an unembedding layer. In the model, each input
token is converted by the embedding layer into a vector of size dmodel, the dimension
maintained across all the layers in the residual stream.

The feed-forward component consists of two linear transformations and a nonlinearity
ϕ in between. It can be described as FFN(x) = ϕ(xW1 + b1)W2 + b2, with W1 mapping
from dmodel to dff, and W2 back to the original dmodel. It is standard Radford et al.
(2018a); Rae et al. (2022); Touvron et al. (2023a); Jiang et al. (2023) to set the hidden
dimension as dff = 4 · dmodel.

Feed-forward layers contain the majority of Transformer parameters and require the
biggest computational budget counted in terms of FLOPs. Subsequently, they are the
main focus of the Mixture of Experts models considered in this work.

Mixture of Experts. The core idea behind MoE in Transformers is to replace the
feed-forward layer with a set of experts. The size of each expert is typically Fedus et al.
(2022); Zhou et al. (2022, 2023); Jiang et al. (2024) set to mirror the original dimensions
of the layer, with the hidden expert dimension dexpert equal to dff. Therefore, the total
number of parameters in MoE scales linearly with the number of experts. However, the
computational cost remains approximately constant as each input is routed and then
processed by a subset of experts.
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Figure 2.3: (a) The difference in the loss between training for 16B and 65B to-
kens for all model sizes and granularity values. The model size is reported as the
expansion rate and the number of active parameters. (b) The impact of varying
the number of parameters N on the loss for fixed granularity G.

2.3.2 Scaling Law for Mixture of Experts

Large Transformer-based models are known to approximately obey the power-law rela-
tionship between final loss L, model size N, and number of training tokens D. For MoE
Transformer-based models, Clark et al. (2022) formulated the final loss for a constant
dataset size D of 130B tokens, allowing for variations in the number of experts E, as:

L(N,E) =

(
10d/a

N

)a(
1

E

)b+c lnN

. (2.1)

However, this result has a notable limitation as it can be applied only to the original
dataset size. The scalability and effectiveness are constrained in this scenario because it is
crucial to align the number of training samples with the available computational resources
for optimal use. As per Kaplan et al. (2020) and Hoffmann et al. (2022), maintaining
a constant dataset size while scaling up the neural network size leads to undertraining,
resulting in a model that does not perform to its full potential.

2.4 Granularity

As described in Section 2.3, in the standard setting, the inner dimension of each expert
network dexpert = dff, the same size as the feed-forward layer of the base model.

In this work, we suggest an alternative approach where the hidden dimension of the
expert is not necessarily set to mirror that of the standard feed-forward layer. Instead,
it can be adjusted to a value that is the most effective. This approach allows the
configuration of MoE to be articulated in terms of two key hyperparameters: granularity
(G) and expansion rate (R). In the following parts of this work, we will also use the term
active parameters to refer to the non-embedding parameters used to produce output for
a single token, except routing. The number of active parameters is denoted as Nact.

Let dexpert be the hidden dimension of a single expert. Granularity is defined as

G =
dff

dexpert
.
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In other words, granularity denotes the multiplier factor for the change in the size of an
expert from the original standard model, defined as G = 1. In this work, we investigate
G > 1 where experts are smaller than in the standard layer.

Note that increasing granularity does not affect the number of active parameters
since, as G increases, the number of experts that process the token grows proportionally
to G. That is, for granularity G, a token is routed to G fine-grained experts, keeping the
number of active parameters constant. See Fig. 2.2 for visualization.

We then define the expansion rate, which describes the increase in the number of
parameters from a standard transformer layer to an MoE layer. Given that, NMoE and
Nff denote the total number of parameters in an MoE layer excluding routing and the
standard feed-forward layer, respectively. The expansion rate R is then defined as

R =
NMoE

Nff
.

Expansion rate can also be seen as the total number of parameters in an MoE layer
compared to active parameters. The relationship between the number of experts (Nexpert),
the expansion rate, and the granularity is described by the following equation:

Nexpert = G ·R. (2.2)

For non-granular models, i.e., G = 1, the expansion rate is equal to the number of
experts.

Intuitively, increasing granularity for a given expansion rate gives the model more
flexibility in mapping datapoints to experts, potentially improving performance. We
incorporate the notion of granularity into our scaling laws in Section 2.5. The discussion
about practical tradeoffs in changing this parameter is given in Section 2.6.

2.5 Scaling Laws

Granularity determines changes in the architecture of MoE. In this section, we answer a
central question of this work: whether the granular MoE models follow scaling laws and,
if so, how granularity affects them. Thus, we aim to derive a parametric scaling law for
predicting the final loss value L based on granularity G, total number of non-embedding
parameters N , and number of training tokens D.

We run over 100 experiments on the decoder-only Transformer architecture, with each
feed-forward component replaced by a Mixture of Experts layer. Those experiments
involve training models with sizes ranging from 129M to 3.7B parameters across different
training durations, from 16B to 130B tokens. We consider logarithmically spaced values of
granularity between 1 and 16. To constrain the search space, R = 64 is fixed, following the
recommendations of Clark et al. (2022). In addition, we also run experiments with dense
Transformers to compare their performance with MoE. The details of all architectures,
the training procedure, and hyperparameter choices are described in detail in section 2.7.

In the subsequent part of this work, we will use the notation R×Nact to describe a
MoE model with Nact active parameters and expansion rate R.

2.5.1 Power Law With Respect to Granularity

We first answer the question of whether granular models follow the scaling laws. In
Figure 2.4, we can notice that increasing granularity results in a lower loss. The returns
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Figure 2.4: We plot the effect of G on LN,D(G) for constant N and D. Both axes
are in the log-scale. The results suggest the linear relationship between ln(G) and
ln(L − c). The given values are N = 64× 25M , D = 16B, const = 3.12 . The plots
for additional values of N and D can be found in Figure 2.7.

follow approximately an exponential pattern, converging to a positive constant. The
empirical relationship given by Figure 2.4 suggests, for given N and D, the following
power-law dependence of loss LD,G on a varying granularity G, parametrized by gN,D,
γN,D, and hN,D,

LN,D(G) =
gN,D

GγN,D
+ hN,D. (2.3)

2.5.2 Scaling the Model and Dataset Size

As outlined in Section 2.3.2, the power-law given by Eq. (1.1) consists of three terms
that describe inherent data entropy and limitations in function representation and data.
This derivation is independent of the architecture. In particular, the Eq. (1.1) also holds
for constant granularity. Empirically, we observe a power law relationship in N and D
analogous to that in dense models (see also Figure 1 in Kaplan et al. (2020)), as depicted
in Figure 2.3 for a fixed value of granularity. Furthermore, the validity of this functional
form is verified by fit in Section 2.5.4.

Since we know that separate scaling laws are valid for given granularities, in the
general form, the parameters in Eq. (1.1) can be dependent on the model’s granularity:

LG(N,D) = cG +
aG
NαG

+
bG
DβG

. (2.4)

2.5.3 The Form of the Joint Scaling Law

Following the above observation that models with constant granularity obey Chinchilla
scaling laws given by Eq. (1.1), the key question arises as to how the general notion of
granularity G can be incorporated into the joint scaling law. Moreover, the scaling law
formula from Eq. (2.4) for constant N and D has to be representable by Eq. (2.3). This
is because the former is a more general equation, encompassing shared hyper-parameters
across all N , D, and G. It is anticipated to align with the latter, consisting of distinct
power laws, each with specific parameters for different N and D values. Consequently,
the objective is to identify a function that fulfills these criteria.
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L(N,D,G) = LN,D(G) = LG(N,D) (2.5)

=
gN,D

GγN,D
+ hN,D = cG +

aG
NαG

+
bG
DβG

In the subsequent sections, we aim to determine which of these parameters remain
independent of G and identify their functional form. Additionally, we present some
rationale for the structure of our formula.

Lower Bound. Consider the limit of Eq. (2.4) for N and D growing to infinity:

lim
N→∞
D→∞

L(N,D,G) = cG. (2.6)

with the constant term cG dependent on granularity.
This dependence is contradictory to the fact that the term captures the inherent

entropy of the dataset, as also defined in Hoffmann et al. (2022) appendix D.2 ‘the
minimal loss achievable for next-token prediction on the full distribution P , a.k.a the
“entropy of natural text.” ’.

The lower bound of the achievable loss for training bigger models on more samples
should not depend on the architecture since it is a function of a dataset, not of a model.
Therefore, the parameter cG = c is constant for all granularities.

Granularity and Number of Tokens D. As seen in Figure 2.3(a), the benefit of
training a model on a larger dataset is almost the same for each granularity value. This
suggests that there is no interaction between D and G. Therefore, we can assume that

bG
DβG

=
b

Dβ
. (2.7)
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Figure 2.5: We present the fit of the scaling law compared to experimental results.

Granularity and Model Size N . We consider α to be a constant that describes
how the function scales with N . In this work, we assume polynomial functional forms
that rule out the potential dependency of α on G given the form of Eq. 2.3. Therefore,
the only element dependent on G is aG:

L(N,D,G) = c+
( g

Gγ
+ a
) 1

Nα
+

b

Dβ
. (2.8)

Finally, one could consider omitting the constant a in the equation above, and it would
still reduce to (2.3) for constant N and D. However, this would mean that a model
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with infinite granularity and a small number of active parameters can achieve the perfect
perplexity of the lower bound. We think that MoE sparse model should not exceed the
performance of its dense counterpart matched by a total number of parameters and with
all of them activated. This means that constant a can act as a marginal improvement
from granularity.

2.5.4 Fitting the Parametric Scaling Law

Subsequently, we fit parameters in (2.8) to describe the scaling of MoE. For comparison,
we also perform fitting for dense transformer given by (1.1). Similarly to Hoffmann et al.
(2022), we use Huber loss Huber (1964), with δ = 0.1. The optimization is performed
using the BFGS algorithm. We include a weight decay of 5e−4 to enhance generalization.
We start with fitting parameters in (2.8) and then find architecture-dependent coefficients
α, β, a and b in (1.1). The values are presented in Table 2.1. We depict the fit of the
equation in Figure 2.5. We generally observe a good fit, with RMSE = 0.015.

Model a α b β g γ c

MoE 18.1 0.115 30.8 0.147 2.1 0.58 0.47
Dense 16.3 0.126 26.7 0.127 - - 0.47

Table 2.1: Values of the fitted coefficients.

We validate the stability of the fit by excluding the top 20% of models with the
lowest perplexity and finding the coefficients based on the remaining experiments. We
observe that the formula remains almost unchanged in this scenario (see Table 2.6). The
validation RMSE is 0.019. Results are depicted in Figure 2.6.
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Figure 2.6: Validation of the fit.

2.5.5 MoE Scaling Properties

Comparing the part of the formula that approximates underfitting (that is, dependent
on training tokens) in MoE (30.8D−0.147) and Transformer (26.7D−0.127), we can infer
that MoE models need longer training to perform competitively but scale better after
reaching that point. Nonetheless, this moment may still precede the compute-optimal
for both models. On the other hand, we can see that the exponent on dense models
α = −0.126 scales better with a total number of parameters than the MoE counterpart
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α = −0.115. This should not be surprising since dense models use all parameters on
each token contrary to MoE, which gains a computational advantage by activating only
a subset of them. Therefore, the fair comparison of the performance has to take into
account FLOPs used by each model type. In the next section, we find compute-optimal
granularity for a given FLOP budget.

2.6 Optimal Allocation of Computational Budget

The goal of this section is to find optimal N,D,G for a given computational budget F .
This can be done by solving the following optimization problem,

minimize
N,D,G

L(N,D,G)

subject to FLOPs(N,D,G) = F.

2.6.1 Computational Cost of Granularity

It is important to acknowledge that increasing granularity can lead to some challenges in
training the model, namely higher computational and communication costs and a larger
memory footprint.

The main component responsible for higher costs is the increase in routing operations
due to a larger pool of granular experts. This increase is proportional to the value of
G. For standard, non-granular MoE models (G = 1), the routing overhead still exists,
although it has been considered negligible.

Taking into account the routing operation overhead, the number of used FLOPs F is
described by the following formula:

F = (12dmodel
2cf + dmodelRGcr) ·D · nblocks, (2.9)

given expansion rate R, granularity G, and constants that denote FLOPs per active
parameter ratio, respectively, within routing (cr) and within the rest of the network (cf ).
The term 12dmodel

2 is the number of active parameters within a transformer block, while
dmodelRGcr is the number of active parameters within a routing network. We exclude
embedding and unembedding from the FLOPs calculations, following Hoffmann et al.
(2022).

Observe that, in contrast to scenarios where routing operations are omitted, the
FLOPs calculation that incorporates routing overhead relies on both dmodel and nblocks.
Consequently, an additional condition is required to determine the scaling of dmodel and
nblocks in relation to an increase in N , the number of parameters. It is noted that minor
variations in the depth-to-width ratio are not significant Kaplan et al. (2020). Following
this analysis, we opt to adopt the assumption that dmodel = 64nblocks.

The total number of parameters in the feed-forward layer, excluding the routing
matrix, is 2Rdffdmodel = 8Rdmodel

2, and 4dmodel
2 in attention (key, query, value, and

output projection). This results in the following formula for N = dmodel
2 ·(8R+4) ·nblocks.

2.6.2 Compute Optimal Formula

Putting all together we need to solve the following optimization problem, given F ,
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minimize
N,D,G

L(N,D,G)

subject to F = (12dmodel
2cf + dmodelRGcr) ·D · nblocks

N = d2model · (8R+ 4) · nlayers,

dmodel = 64 · nlayers.

All these constraints are reducible to a one-dimensional optimization problem, which
is, however, hard to solve analytically. Therefore we approximate the solution using
Brent’s method Brent (1971). The results of this optimization for varying FLOPs budgets
are plotted in Figure 2.1 while the optimal configurations of parameters for selected
model sizes are presented in Table 2.2. To validate the uncertainty of these predictions,
we follow Hoffmann et al. (2022) and calculate the 10th and 90th percentiles estimated
via bootstrapping data (see Section 2.12 for the detailed results).

N D G FLOPs Loss

64 x 100M 4.37B 8 2.95e+18 3.133
64 x 1B 28.94B 16 1.93e+20 2.491
64 x 3B 72.90B 16 1.41e+21 2.245
64 x 7B 137.60B 32 6.46e+21 2.076
64 x 70B 941.07B 32 4.16e+23 1.694
64 x 300B 2.96T 64 5.69e+24 1.503
64 x 1T 7.94T 64 4.97e+25 1.367

Table 2.2: Compute optimal training hyper-parameters for MoE models. Optimal
N and D follow approximately similar relation to these of Hoffmann et al. (2022)
for active parameters around the range of 1B to 10B parameters, requiring com-
parably longer training for smaller models and shorter for bigger ones. Note that,
this also considers optimal granularity and its FLOPs cost.

2.6.3 MoE is Always More Efficient

Contrary to the results from Clark et al. (2022), in Figure 2.1 we can see, that Mixture-
of-Experts can be always considered more efficient than dense Transformers, regardless of
the model size. According to our previous observations from Section 2.5.5, MoE models
scale better with optimal training. However, for short training schedules, they may
under-perform dense models. This means that for constant training time and increasing
model size, there exists a point where both models will become very under-trained, in
which scenario dense models surpass MoE. This shows why in Clark et al. (2022), where
varying the number of training tokens has not been considered, MoE was predicted
to be under-performing for models bigger than 1T . However, when all training hyper-
parameters N,D,G are properly selected to be compute-optimal for each model, the gap
between dense and sparse models only increases as we scale.
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2.7 Architecture and Training Setup

All of the models considered in this work are decoder-only Transformers trained on the
C4 dataset Raffel et al. (2023). We use GPT2 tokenizer Radford et al. (2018a). Each
batch consists of 0.5M tokens packed into 2048 sequences. Our optimizer is AdamW
Loshchilov & Hutter (2019), with a weight decay of 0.1. In each training run, we use the
maximum learning rate of 2e−4, with linear warmup for 1% steps and cosine decay to
2e−5. To improve stability, we initialize weights using the truncated normal distribution
with reduced scale, as advised in Fedus et al. (2022). The models are trained using mixed
precision; we always keep the attention mechanism and router in high precision. We
assume the infinite data regime, as the number of training tokens for any of the runs
in less than the number of tokens in the corpus. We follow Hoffmann et al. (2022) and
perform our analysis on the smoothed training loss.

In MoE, we use the Expert Choice routing algorithm, as it guarantees a balanced
expert load without tuning additional hyperparameters. To maintain compatibility with
autoregressive language modeling, we apply the recipe described in Zhou et al. (2022):
tokens are grouped by position across different sequences. The group size is always set to
256. We match the number of FLOPs for MoE and dense models with the same dmodel
(meaning we activate an average of 8d2model parameters per token in each MoE layer). In
the router, softmax is performed over the expert dimension, while we choose tokens over
the token dimension, as this leads to the best performance (as opposed to performing
softmax over the token dimension). We put an additional layer normalization before the
output of MoE layer. This gives a small improvement for standard MoE, but is crucial
for the performance of models with G > 1.

Table 2.3 and Table 2.4 list the considered architecture and training variants for dense
and MoE models, respectively.

#parameters (nonemb) dmodel nblocks nheads D (in #tokens) G

64x3M 256 4 4 16B, 33B, 66B 1, 2, 4, 8, 16
64x7M 384 4 6 16B, 33B, 66B 1, 2, 4, 8, 16
64x13M 512 4 8 16B, 33B, 66B 1, 2, 4, 8, 16
64x13M 512 4 8 130B 1, 2, 4
64x25M 512 8 8 16B, 33B, 1, 2, 4, 8, 16
64x25M 512 8 8 66B 1, 2, 4, 8
64x49M 640 10 10 16B, 33B 1, 2, 4, 8, 16
64x49M 640 10 10 66B 1, 2, 4
64x85M 768 12 12 33B 1, 2, 4

Table 2.3: Architecture and training variants (MoE models).

2.8 Discussion

Extreme Granularity. In Section 2.5, we argue that model performance improves
with increasing granularity. This postulate largely aligns with the empirical findings of
our study. Nonetheless, at exceedingly high granularity levels, such as G = 64 in models
characterized by dmodel = 256 and R = 64, there is an observable decline in performance.



30CHAPTER 2. SCALING LAWS FOR FINE-GRAINED MIXTURE OF EXPERTS

#parameters (nonemb) dmodel nblocks nheads D (in #tokens)

3M 256 4 4 16B, 24B, 33B, 66B
6M 256 8 4 16B, 24B, 33B, 66B
13M 512 4 8 16B, 24B, 33B, 66B
25M 512 8 8 16B, 24B, 33B, 66B
49M 640 10 10 16B, 24B, 33B, 66B
85M 768 12 12 16B, 33B

Table 2.4: Architecture and training variants (dense models).

This phenomenon is particularly evident in scenarios where the number of parameters
in the routing mechanism exceeds active parameters in actual experts. Additionally, as
described in Section 2.6, the utility of such high granularity is predominantly restricted
to models of substantial size. In alignment with the principles outlined in Hoffmann
et al. (2022), this research focuses more on findings that can be broadly applied rather
than delving into the specific details of these corner-case situations. However, it is
hypothesized that the efficiency of models with significantly high granularity could be
potentially enhanced through careful expert initialization or modifications to the routing
algorithm. These ideas are set aside to be investigated in future studies.

Varying Expansion Rate. In this study, due to computational resources constraint,
we focus on R = 64, as recommended by Clark et al. (2022). This value of R was also
used for the largest models in other works Du et al. (2022); Zhou et al. (2022) and the
best-performing configuration in Fedus et al. (2022). Nonetheless, we acknowledge the
importance of considering different expansion rates, as different levels of R may be chosen
based on factors like the target size of the model in memory. Therefore, in Section 2.13,
we present the results of the study for R = 16 and show that the main findings of this
work are still valid in such cases.

Including R in the Formula. Another possible advancement would be to unify all
of the factors N,D,G and R in one formula. While this would open the possibility of
studying the relationships between coefficients in more detail, it would also be hard to
practically recommend the optimal configuration in such a scenario using only FLOPs.
This is because larger values of R typically lead to better performance but also incur
additional memory requirements. Therefore, the choice of expansion rate may be heavily
dependent on the available hardware configuration. We leave a detailed study of these
factors for future work.

Modeling the Cost of Granularity. It is important to note that the exact estimation
of the training cost of MoE models is dependent on the training setup, hardware, and
implementation. Specifically, increasing G can lead to higher transfer costs, depending
on the adopted model of distributed training. Therefore, the precise selection of hyperpa-
rameters should be made considering these factors. In this work, we model the cost of
operations using FLOPs, which is common in the Scaling Laws literature Kaplan et al.
(2020); Hoffmann et al. (2022); Frantar et al. (2023). Additionally, we would like to note
that in our setup, we observe significant gains of granular models measured as wall-clock
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time needed to achieve given perplexity (see Section 2.15 for an example).

2.9 Conclusions

This study introduces a novel hyperparameter, granularity (G), and underscores the
significance of adjusting it for optimizing the efficiency of experts within MoE models. A
central finding of this research is that a standard granularity of G = 1 is suboptimal across
a broad range of FLOPs, leading to the recommendation of using higher granularity values
to enhance MoE model performance and efficiency. Simultaneously, this work emphasizes
the importance of varying training duration for compute-optimal settings. Consequently,
both granularity and variable training length are incorporated into new scaling laws.
These laws confidently demonstrate that MoE models consistently outperform dense
transformers in terms of efficiency and scaling. This work not only sheds new light
on the scaling laws applicable to MoE models but also provides practical guidance for
improving computational efficiency in large language models. The insights are critical for
the development and optimization of large-scale language models, marking a significant
advancement in the field.

2.10 Comparison to Clark et al. (2022) with Effective Pa-
rameter Count Curve

One of the main conclusions of our work, that MoE is always more efficient, is contradictory
to the thesis from Clark et al. (2022). Their work focuses on a fixed dataset length
D = 130B, and they define the effective parameter count of any MoE model as the size of
a dense model that achieves the same perplexity as a given MoE with a certain number of
active parameters. Subsequently, they claim that as the number of parameters grows, this
effective parameter count curve crosses with the active parameter curve, which means that
using MoE will lead to worse performance in the future. Despite this incompatibility, we
do not claim that their experiments and extrapolations are not valid. If we use our fitted
scaling laws with a fixed number of training tokens D, the resulting effective parameter
count curve (which can be properly defined only for a fixed D) would indeed cross at
some parameter count in the same way as it did in Clark et al. (2022).

This crossing point of effective parameter count curve, that is, a number of parameters
where dense Transformers surpass MoE models for a given number of training tokens D,
can be calculated by determining where our scaling laws for MoE and for dense models
cross, solving the following equation for N , given D: 0.47 + ( 2.1

G0.58 + 18.1)N−0.115 +
30.8D−0.147 = 0.47 + 16.3N−0.126 + 26.7D−0.127 This solves for:

D 10B 130B 1T
(N) MoE/dense Crossing Point 251B 1.9T 10T

Table 2.5: Crossing point for MoE Effective Parameter Count Curve with Dense

This crossing point will be placed further away for each increase in D.
Importantly, the lines will never cross if we train each of these models in a compute-

optimal manner using the same computational budget (Figure 2.1). Our results show that
regular dense models perform better than MoE only when both are severely undertrained,



32CHAPTER 2. SCALING LAWS FOR FINE-GRAINED MIXTURE OF EXPERTS

as in the extrapolation from Clark et al. (2022), where a comparison is made between 1T
parameter models trained on 130B steps. Moreover, in industry settings, it is common
to overtrain LLMs and extremely rare to undertrain them, and our scaling laws indicate
even better performance of MoE models in an overtrained regime.

2.11 Validation of the Scaling Law

In this section, we provide coefficients of the scaling law fitted with 20% of datapoints
with the lowest perplexity excluded for the purpose of validation.

Model a α b β g γ c
MoE 17.6 0.114 26.7 0.140 2.07 0.570 0.472

Table 2.6: Values of the fitted coefficients.

2.12 Reliability of Compute Optimal Formula

In this section, we assess the stability of our predictions presented in Section 2.6.1.
Similarly to Hoffmann et al. (2022) we calculate the 10th and 90th percentiles estimated
via bootstrapping data (80% of the data is sampled 100 times). See Table 2.7 for the
details.

N D G

64 x 100M (2.97B, 5.98B) (8, 8)
64 x 1B (21.17B, 40.73B) (16, 16)
64 x 3B (50.20B, 105.88B) (16, 32)
64 x 7B (101.06B, 205.40B) (32, 32)
64 x 70B (638.49B, 1.59T) (32, 64)
64 x 300B (1.99T, 5.62T) (64, 64)
64 x 1T (5.29T, 16.87T) (64, 64)

Table 2.7: 10th and 90th percentiles estimated via bootstraping data.

2.13 Varying Expansion Rate

In this section, we provide results for R = 16. The training procedure is the same as
described in 2.7. The models considered in this part are listed in Table 2.8.

We fit Eq. 2.8 using the same procedure as described in Section 2.5.4. The results are
detailed in Table 2.9.

Using the coefficients and FLOPs calculation formulas, we can derive the compute
optimal training parameters. The results are presented in Table 2.10.

We can observe that similarly to the case when R = 64, larger compute budgets
imply larger optimal values of G. Note that the values for 10th and 90th percentiles form
larger intervals in this case, as in this part we run a smaller number of experiments and



2.13. VARYING EXPANSION RATE 33

#parameters (nonemb) dmodel nblocks nheads D (in #tokens) G

64x3M 256 4 4 8B, 16B, 33B 1, 2, 4, 8, 16
64x7M 256 8 4 8B, 16B, 33B 1, 2, 4, 8, 16
64x13M 512 4 8 8B, 16B, 33B 1, 2, 4, 8, 16
64x13M 512 4 8 66B 1, 2, 4
64x25M 512 8 8 8B, 16B, 33B 1, 2, 4, 8, 16
64x49M 640 10 10 8B 1, 2, 4, 8, 16

Table 2.8: Architecture and training variants (MoE models).

Model a α b β g γ c

MoE (R = 16) 19.64 0.124 57.07 0.169 1.18 0.986 0.472

Table 2.9: Values of the fitted coefficients.

N D G

16 x 100M (10.29B, 17.73B) (8 , 16)
16 x 1B (53.74B, 103.54B) (16, 32)
16 x 3B (106.22B, 261.04B) (16, 32)
16 x 7B (177.65B, 511.43B) (16, 32)
16 x 70B (721.60B, 3.22T) (32, 64)
16 x 300B (1.73T, 10.69T) (32, 64)
16 x 1T (3.60T, 28.22T) (32, 128)

Table 2.10: 10th and 90th percentiles estimated via bootstrapping data for R =
16.

keep shorter training durations. However, we believe that this preliminary study forms a
valuable addition to the results in the main part.
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Figure 2.7: Illustration of scaling granularity when N,D are fixed for: (a) N =
64× 25M , D = 16B, const = 3.12 (b) N = 64× 49M , D = 16B, const = 3.02 (c)
N = 64×25M , D = 32B, const = 3.03 (d) N = 64×49M , D = 32B, const = 2.88
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2.14 Choosing Granularity
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Figure 2.8: Illustration of scaling N and D for constant granularity value of: (a)
G = 1 (b) G = 2 (c) G = 8 (d) G = 16.

Table 2.7 (for expansion rate 64) and Table 2.9 (for expansion rate 16) list the optimal
granularity values for various compute budgets. Fig. 1 (a) presents an alternative presen-
tation for R = 64. We observe that the optimal granularity values are generally similar
between different expansion rates. We can generally provide the following guidelines:

• The standard value of G = 1 is almost never optimal.

• For a reasonable default value of G refer to Table 2.7 and Table 2.9 . For constant
N or D, one can calculate optimal G and the trade-off between predicted loss and
training FLOPs directly from our scaling laws using the coefficients from Table 2.6.

• The exact optimal value of granularity may differ slightly from our setup, but based
on other works on scaling laws, we expect only slight differences.

2.15 Measuring Wall-clock Time

In this section, we provide an example of training curves for models with different levels
of granularity, measured in terms of wall-clock training time on NVIDIA A100 GPU. We
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can see that the model with G = 8 achieves the best performance in this case.

0 20 40 60 80 100
gpu-hours

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

4.0

Lo
ss

Granularity
1
2
4
8
16

Figure 2.9: Training loss curves for model with N = 64× 7M , D = 66B tokens.



Chapter 3

Joint MoE Scaling Laws: Mixture of
Experts Can Be Memory Efficient

3.1 Introduction

Consider a motivating question: Is an MoE model the optimal choice when constrained
by a fixed memory budget, such as a single H100 node? While computational efficiency is
important, it does not directly determine the optimal number of experts. Increasing the
number of experts has minimal impact on computation but can drastically raise memory
requirements, often to a prohibitive level.

To address this question, we derive a joint scaling law for both dense and MoE
models, accounting for key factors such as the number of active parameters, dataset
size, and number of experts. This framework provides a rigorous analysis of model
performance under strict memory constraints. Our findings reveal that, contrary to
common assumptions, MoE models can be more memory-efficient than dense models.

Our work is the first to provide detailed guidance on selecting the optimal number of
experts for MoE models, balancing both computational and memory constraints. Our
conclusions are based on extensive, large-scale experiments comprising 270 models, scaled
up to 5B parameters.2

In summary, the key contributions of this work are:
• We derive a joint scaling law for Mixture of Experts and dense models,

L(Nact, D, Ê) = aÊδN
α+γln(Ê)
act

+ bÊωDβ+ζln(Ê) + c, (3.1)

where L is the final training loss, Nact is the number of active parameters, D is the
dataset size, Ê is the monotonic transformation of the number of experts, and c is
the irreducible entropy of the dataset.

• Based on the proposed scaling law, we show that the choice of the optimal number
of experts (including dense models with E = 1) depends on specific computational
and memory constraints, see Figure 3.1. Furthermore, we demonstrate how the
optimal token-to-parameter ratio depends on E.

• We show that MoE can often be the preferred alternative to dense models, even if
GPU memory is the constraining factor. We validate our theoretical findings by

2Checkpoints and inference code are available on Hugging Face.

37

https://huggingface.co/maciek-pioro/joint-moe-scaling-laws
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Figure 3.1: (a) The loss of memory-constrained models predicted using our scal-
ing law under a fixed training budget of 1022 FLOPs. Each curve represents a
different number of experts. The lines are truncated at compute-optimal points,
as undertrained models are both bigger and worse in terms of loss, thus pointless
in a memory-constrained scenario. Shaded areas present memory optimal number
of experts for the corresponding parameter budgets. (b) Experimental valida-
tion of the thesis that MoE can be memory optimal. The marked area shows an
interval in which a training compute-matched MoE achieves better loss than an
overtrained dense model with the same number of total parameters (1.1B). The
resulting MoE was trained for longer and had less active parameters, making it
more practical.

training a set of 1.1B-parameter models under identical compute and total memory
budgets. The MoE models achieve a lower final loss, confirming their superior
efficiency in practice. Furthermore, we observe that MoE models only have lower
loss, but deliver higher performance during inference.

3.2 Joint MoE Scaling Laws

We now derive the functional form of our joint scaling laws for both dense Transformers
and MoE, relating the number of active model parameters Nact, training tokens D, and
MoE experts E.

Fixed Number of Experts. Following Hoffmann et al. (2022) and established
practice in the literature (Frantar et al., 2023; Kumar et al., 2024a), we postulate the
following form of the equation:

L(Nact, D,E) = m(E)N
µ(E)
act + n(E)Dν(E)+ c(E), (3.2)

assuming that if we fix the number of experts the model performance can be described
using Equation 1.1. In the subsequent part, we will postulate how m,µ, n, ν, c depend on
E, deriving the joint equation.

Constant Factor. c(E) represents irreducible loss caused by the inherent entropy of
the dataset. Thus, it does not depend on the architecture (E in our case):

c(E) := c.
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Figure 3.2: (a) IsoFLOP profiles for selected training budgets. Compute optimal
points are marked for each curve. (b) Savings from switching from a compute-
optimal dense model to MoE. The advantage of using MoE increases with larger
models and expert counts.

Interaction of E with Model and Dataset Size. To quantify the interaction
between the number of experts and other training parameters, we gather observations
from related work:

1. Scaling in E can be described as a power law (Clark et al., 2022).

2. For a fixed dataset size, as model size increases, the benefit of using an MoE
diminishes (Clark et al., 2022).

3. For a fixed model size, as the number of training tokens increases, the benefit of an
MoE grows (Chapter 2).

Motivated by Observation 1, we set

m(E) = aEδ, n(E) = bEω,

reflecting the power-law relation between E and the loss.
Additionally, to ensure flexibility in modeling Observations 2 and 3, we introduce an

interaction with the exponents over Nact and D:
µ(E) = α+ γ ln(E),

ν(E) = β + ζ ln(E).

Note that if we ignore the second and third terms in Equation 3.2, this yields a functional
form identical to Equation 2.1.

Empirically, we observe a good fit for our formula, as described in Section 3.4. This
shows that our proposed interactions between E, Nact, and D can accurately model the
performance of MoE models.

Modeling of E. When the number of experts is small, a certain overhead, caused, for
example, by interference from auxiliary losses, can overshadow the benefits of conditional
computation. Additionally, using very large numbers of experts brings diminishing returns.
To account for these phenomena, we follow Clark et al. (2022) and their transformation
of the number of experts Ê.

Joint MoE Scaling Law. By combining these observations, we establish the final
form of our scaling law:

L(Nact, D, Ê) = aÊδN
α+γln(Ê)
act + bÊωDβ+ζln(Ê) + c. (3.3)



40 CHAPTER 3. JOINT MOE SCALING LAWS

We fit the coefficients in Equation 3.3 based on the results of our experiments; see
Table 3.3. In Section 3.3, we present the outcomes and findings derived from the scaling
laws. The details of the training runs, as well as the fitting procedure, are described in
Section 3.4.

3.3 Compute and Memory Optimality

In this section, we employ our scaling laws to derive recommendations on optimal settings
in various training and inference scenarios. See Section 3.7 for details on counting FLOPs,
the relations between active and total parameters, and other technical details.

3.3.1 Compute Optimality

A model is considered compute-optimal if, among models trained with the same compute
budget F , it achieves the lowest loss. To find such an optimal configuration, we optimize
the following:

argmin
Nact,D,E

L(Nact, D,E) (3.4)

s.t. 6NactD = F (3.5)

Optimal N and D Depend on the Number of Experts. Assuming a given
number of experts E, the compute-optimal training configuration can be achieved by
selecting the appropriate trade-off between training tokens and model size. IsoFLOP
slices comparing the predicted loss with dataset size for selected compute budgets are
plotted in Figure 3.2 (a).

For any fixed E our scaling law has the Chinchilla functional form of Equation 1.1.
Thus, from Hoffmann et al. (2022), the compute-optimal number of tokens and active
parameters for the budget F and the number of experts E are given by

Nopt
act (F ) = G

(
F

6

)a

, Dopt(F ) = G−1

(
F

6

)b

, (3.6)

where

G =

(
µ(E)m(E)

ν(E)n(E)

) 1
µ(E)+ν(E)

,

and

a =
ν(E)

µ(E) + ν(E)
, b =

µ(E)

µ(E) + ν(E)
.

The full derivation of Nopt
act , Dopt can be found in App.3.9. We compare the optimal

configurations for several compute budgets in Table 3.1.
Both from comparing the IsoFLOP slices (Figure 3.2) and the values listed in the

table, we can see that the compute-optimal configuration for a given compute budget
clearly depends on E, with MoE models requiring comparatively larger datasets and
correspondingly smaller numbers of active parameters.
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Training Budget Experts Nopt
act Dopt

1× 1020 1 1.7B 9.7B
2 1.5B 11.4B
4 1.2B 13.9B
8 990M 17B
16 810M 20.7B

5× 1020 1 4B 21B
2 3.5B 24B
4 3B 28B
8 2.5B 33.2B
16 2.1B 39B

1× 1021 1 5.7B 29.3B
2 5B 33B
4 4.4B 38B
8 3.8B 44.3B
16 3.3B 51.2B

Table 3.1: Example compute-optimal training configurations for MoE models. For
every training budget as the number of experts increases, the optimal Dopt also
goes up while Nopt

act decreases.

Finding 1.
More experts → higher tokens-to-param ratio.
Assume a fixed compute budget. In this scenario, when increasing the number of
experts, it is optimal to decrease the number of active parameters and increase the
number of training tokens accordingly (Table 3.1).

Mixture of Experts is Compute Optimal. Now, we compare the performance
across various numbers of experts, with respective values of tokens and active parameters
optimized. As illustrated in Figure 3.2, we observe significant compute savings for MoE
models compared to dense models, with a larger number of experts providing more
pronounced benefits.

Finding 2. More experts → better performance. For a given compute budget,
increasing the number of experts always improves performance, provided the size of
the model and the number of training tokens are adjusted (Figure 3.2 (a)).

The higher efficiency of MoE in terms of training compute comes at a price of increased
memory requirements. However, somewhat surprisingly, we find that MoE models can
outperform dense models of the same size trained with the same amount of training
compute—a result we describe in more detail in the next subsection.

3.3.2 Model Memory Optimality

Often, it is insufficient to consider models solely from the perspective of compute opti-
mality, as a compute-optimal model can be impractically large, preventing its deployment
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Figure 3.3: Loss predicted for various expansion rates at a FLOPs budget F =
5e22. The x-axis denotes the size of the corresponding dense model, possibly with
KV cache. (a) The model size is simply the number of parameters. (b) The model
size includes the KV cache (assuming 8192 tokens). (c) Additionally to KV cache,
the training budget is reduced by the inference cost on 100B tokens.

on available hardware. Additionally, a model can be inefficient when run on a GPU with
a small batch size (He, 2022). It is thus natural to consider a straightforward extension
to the notion of compute optimality, specifically model memory optimality. We say a
model is memory optimal if, among models trained with the same compute budget F
and having at most M parameters, it achieves the lowest loss:

argmin
Nact,D,E

L(Nact, D,E)

s.t. 6NactD = F, Ntotal ≤M

Note that model memory-matched dense and MoE models differ in the number of
active parameters—MoE uses just a fraction of them. Intuitively, it should thus have worse
performance. At the same time, given some budget, it can be trained on more tokens,
lowering the loss. Our scaling laws suggest that MoE models can be model memory efficient.
We validate this claim by training a 1.1B dense model and a model size and FLOP matched
E = {2, 4} counterparts (Figure 3.1). Significantly, the MoE models attains lower loss
even if the dense model is overtrained (i.e., after passing its compute-optimal token count).

Finding 3. MoE can also be memory-efficient.
A total-parameter-matched MoE model can outperform a dense model trained with
the same compute budget (Figure 3.1). Moreover, such an MoE model is more
compute- and memory-efficient at inference.

3.3.3 Total Memory Optimality

During autoregressive generation, a decoder-only model processes a single token while
storing activations (keys and values) for previous tokens in the KV cache. In the case
of multi-head attention, its size equals 2T ×Nblocks × dmodel, where T is the number of
tokens in the cache (possibly within multiple sequences in the batch). Including the cache
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Figure 3.4: Investigation of the optimal number of experts for three different
model sizes, 2B, 5B, and 10B; and in three different scenarios, from left to right:
simply measuring the size of the model, including the size of a KV-cache with 32k
tokens, and including the inference cost of processing 100B tokens.

size yields the optimization criterion:

argmin
Nact,D,E

L(Nact, D,E)

s.t. 6NactD = F, Ntotal + 2TNblocksdmodel ≤M

For practical values of T , a fair comparison of memory requirements should include the
size of KV cache in addition to the model size. Figure 3.3 (b) presents the optimal models
for a given compute and varying memory constraints when the size of the KV cache is
included. Importantly, MoE models compare more favorably to dense models in this
graph, and as T increases, they outperform dense models at ever smaller model sizes.
In Figure 3.1 (b), the E = {2, 4} models employ a smaller KV cache. It means that if
memory is constrained, the MoE model can store longer contexts or work with a larger
batch size than the dense model.

3.3.4 Inference Optimality

Large models, while capable, might also be too costly to run due to their high compu-
tational demand. To account for this drawback, we can further assume that a model
will process some number of tokens, Dinf, throughout its lifetime and find the best model
whose demands do not exceed some predefined joint training and inference budget:

argmin
Nact,D,E

L(Nact, D,E)

s.t. 6NactD + 2NactDinf = F.

Figure 3.3 (c) presents the optimal models for a given compute and varying memory
constraints if a joint budget needs to accommodate both training and inference demands.
We find that in this scenario, MoE models outperform dense at smaller scales than in
simple compute-optimality due to decreased inference FLOPs. The E = 2 and E = 4
models shown in the Figure 3.1 use respectively 36% and 61% less FLOPs per token than
their dense counterpart.
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Figure 3.5: (a) Quality of the fit. The maximum absolute error on the held-out
extrapolation is 0.018. (b) Predicted loss compared with an observed loss for
E = 1. (c) Predicted loss (dashed line) compared with an observed loss for E = 4.
We can see that on the training dataset, the error increases in an undertrained
setting (D/N < 1 — more parameters than tokens). However, this scenario is
never practical from our perspective.

3.3.5 Summary

The notions of inference optimality and total memory optimality can naturally be com-
bined. Figure 3.3 (c) presents a comparison between different numbers of experts, where
the KV cache is included in the model’s memory requirements and the compute budget is
shared between training and inference. Finally, Figure 3.4 investigates the optimal E for
a sample of model sizes while including the KV cache and considering the inference cost.

For practitioners, as a simplification of our analysis, we propose a general rule of thumb:

Rule of Thumb. An MoE model with E ≤ 8 experts, trained on E-times more
tokens than a compute-optimal dense model, outperforms it while maintaining the
same total parameter count.

Note that, in this scenario FLOPs matched MoE will generally have less than E-times
larger dataset, but we wanted to keep this rule simple and conservative. Detailed com-
parisons and differences between memory and FLOPs matched models can be found on
Figures 3.1 & 3.4.

It is important to remember that such scaling might not always be possible in practice
due to limited dataset sizes. This points towards a possible drawback while using MoE
and underscores the need for growth in dataset sizes.

3.4 Fitting the Scaling Law

In this section, we present details of experiments and the procedure of fitting the scaling
law parameters, see Table 3.3. Those results are based on extensive, large-scale empirical
evidence, including 270 models with up to 5B parameters, trained on a variety of compute
budgets. For a full list of experiments, see Section 3.14.
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Memory Constraint

Training Compute 24GB 80GB 640GB

1× 1021 16 ≥ 32 ≥ 32
1× 1022 4 16 ≥ 32
1× 1023 1 8 ≥ 32
1× 1024 1 1 16

Table 3.2: Optimal E for different training budgets and three typical memory con-
straints, corresponding to an RTX4090 GPU, an H100 GPU, and an 8xH100 GPU node.
We assume 16k tokens in the KV cache and bfloat16 for storing model weights and acti-
vations.

3.4.1 Model Hyperparameters

The selection of hyperparameters and training details is crucial for ensuring the robustness
of scaling laws (Porian et al., 2024; Pearce & Song, 2024b). In our work, we employ a
set of best practices and modern design choices, aiming to provide accurate predictions
applicable to real-life practice.

All models used in this study are decoder-only Transformers trained on the highly
filtered FineWeb-Edu (Penedo et al., 2024a). It is a subset of FineWeb, whose curation
process was guided using popular benchmarks. FineWeb-Edu is selected using a filter for
highly educational content. We use a Transformer model with Switch (Fedus et al., 2022)
layers, using standard values of router z-loss 0.001 and load balancing loss 0.01. The GPT-
2 tokenizer (Radford et al., 2018a) is employed. For better stability, weight initialization
follows a truncated normal distribution with a reduced scale of 0.1, as suggested by Fedus
et al. (2022). Mixed precision training is used, with the attention mechanism, position
embeddings RoPE Su et al. (2024) and router always maintained at high precision. The
models use the SwiGLU activation (Shazeer, 2020b) with hidden size equal to 3dmodel
and activate one expert per token (unless the token is dropped due to limited capacity).
For evaluation, we increase the capacity factor to ensure dropless processing of the tokens.

Batch Size Ramp-up

Performance of a deep learning optimization procedure can suffer as a result of using an
exceedingly large batch size (McCandlish et al., 2018). To mitigate this potential issue,
especially early in the training, we employ batch-size ramp-up. Similar strategies are used
in contemporary LLM training runs (Rae et al., 2022; Dubey et al., 2024b). We increase
the batch size from 64K to 128K after 0.5B training tokens and further to 256K after 1B
training tokens. Instead of using noise scale as a critical batch size predictor (McCandlish
et al., 2018) we opted for a straightforward grid to directly predict a transition point
after which increased batch size does not impair performance.

Learning Rate Scaling

Kaplan et al. (2020) have shown that scaling laws for hyperparameters can be used to
adjust them according to the size of the model in the case of dense Transformers. For
MoE models, we find the literature inconclusive–while some (Dai et al., 2024) pretrain
MoEs with lower LR than corresponding dense models, others (Zoph et al., 2022a) report



46 CHAPTER 3. JOINT MOE SCALING LAWS

better performance when finetuning MoEs with higher learning rates. To fill this gap,
we derive a scaling law for the peak learning rate for MoE based on the number of active
non-embedding parameters Nact\e and the number of experts E:

LR(Nact\e, E) = exp(8.39− 0.81 ln(Nact\e)− 0.25 ln(E)), (3.7)

and use this equation to set the learning rate in our main scaling laws experiments.
We fit the coefficients of this equation using the least squares method, minimizing the
error between the prediction and the optimal learning rate from the experiment grid.
Contrary to Kaplan et al. (2020), we use a linear transformation of the parameter count to
predict the logarithm of the learning rate, instead of directly predicting the learning rate.
This approach allows us to avoid the breakdown of the formula above 1010 parameters
mentioned in their work, where the predicted learning rate becomes negative. This
phenomenon is independent of the actual fit and is simply a property of the formula
used. Besides being well-defined in the extrapolation, we argue that optimal learning
rates visibly follow this logarithmic trend, as seen in Figure 3.8.

Finding 4. More experts → lower learning rate.
Increasing the number of experts in MoE model should be accompanied by lowering
the learning rate accordingly (Figure 3.8).

The second difference between our formula and the one by Kaplan et al. (2020) is
incorporating the number of experts, allowing us to model the optimal behavior of this
hyperparameter across dense models and different MoEs. This is an important detail that
allows unbiased comparison among different models, ensuring that each one is optimally
tuned. Furthermore, it allows us to answer the question of whether MoE should be
trained with a lower or higher LR. While our formula accommodates both scenarios, we
can clearly see in Figure 3.8 that increasing E requires lower learning rates, resulting
in a negative value for the coefficient. Moreover, we verify this thesis by tuning the fit on
E = 1 and E = 8, and validating it on interpolation E = 4 and extrapolation E = 32. In
both cases, the validation predicts the optimal learning rate for the model configuration
or a value with practically the same performance.

In Figure 3.9, we perform an ablation of this additional power law on E by repeating
our entire fitting procedure without the E component. This shows, especially with the
extrapolation on E = 32, that dependence on E is crucial, and its omission can impair
the performance of MoEs.

Further details about our scaling rule for learning rates can be found in the plots in
Section 3.13.

Learning Rate Schedule

Hägele et al. (2024) suggest that a constant learning rate schedule can yield similar
performance to other established methods, such as the cosine schedule. At the same
time, it offers a valuable advantage when varying training duration, as intermediate
checkpoints can be reused when training models for a longer time. With a cosine schedule,
intermediate checkpoints can introduce bias into the fit, according to the analysis of
Kaplan et al. (2020) by Hoffmann et al. (2022). We employ a constant learning rate
schedule with a linear warmup over the initial 130M tokens and with a linear decay from
the peak learning rate to 0 over the final 20% of tokens. For each model size, longer runs
reuse intermediate checkpoints from the shorter ones.
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3.4.2 Optimization of Formula Coefficients

Following Hoffmann et al. (2022), we use the LBFGS algorithm to optimize the coefficients
of formula 3.3. See Section 3.8 for details. We observe a good fit with RMSEv = 0.0039
on a held-out set of our 30 runs with the lowest loss, and RMSEt = 0.0062 on the training
dataset. To further verify the validity of our formula, we train separate Chinchilla scaling
laws 1.1 for different E using the same hyperparameters and the corresponding subset
of the initializations grid. This approach serves as a lower bound for loss of our joint
formula on the training dataset, as it can emulate its coefficients; however, it is more
prone to overfitting because effectively more parameters are utilized. Using this approach,
we obtain lower error on the training dataset of RMSEsep

t = 0.0059 and marginally higher
on the validation RMSEsep

v = 0.0041. We believe this is strong confirmation that our joint
formula is actually describing how variable E influences training.

In Figure 3.5, we visually verify the extrapolation of the joint fit. Prediction errors
are categorized by different numbers of experts, highlighting that our joint formula is
not biased for any specific E.

3.5 Limitations and Future Work

In our work, we focus on the standard MoE variant, where the size of the expert is the
same as the size of the feed-forward layer of a corresponding dense model. Some recent
findings (chapter 2 and Dai et al. (2024); Muennighoff et al. (2024); Team (2024b)) indi-
cate that fine-grained MoE models are more efficient and, most probably, would enhance
our reported benefits of using MoE. Similarly, adopting a dropless MoE (Gale et al., 2023)
approach instead of relying on a capacity factor could lead to further improvements. We
leave the integration of those MoE improvements for future work.

Moreover, our Chinchilla-based optimality analysis uses FLOPs, that may not reflect
wall-clock training time of models with different architectures. While analyzing total
parameter, instead of active parameter matched models partly alleviates this issue be-
cause of the same memory-bottleneck, various implementations and distributed training
algorithms are not considered in this work.

We assumed, the Chinchilla scaling law (1.1) as the basis of our formulas. While
this is well-grounded in literature, this formula is known to have limitations, especially
for a wide range of token-to-parameter ratios. We observed this also in some of our
experiments, as outliers often are highly under or over-trained.

3.6 Conclusions

In this work, we derived the joint scaling laws for Mixture of Experts, relating the loss of
the model to the number of parameters, the number of training tokens, and the number
of experts. By considering both compute and memory constraints, as well as the expected
inference workload, we demonstrated that MoE models can outperform dense models even
when constrained by memory usage or total parameters, contrary to common assumptions
and intuitions that MoE models are more memory-intensive than dense models.

Our analysis reveals how the optimal training strategies shift as the number of experts
varies. This provides a principled framework for selecting MoE hyperparameters under
given constraints, highlighting the trade-offs between memory and compute performance.
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a α δ γ b β ω ζ Estart Emax c

35.91 -0.1889 -0.2285 0.0098 35.98 -0.1775 0.5529 -0.0259 2.0732 290.4521 1.3637

Table 3.3: Fitted coefficients of our joined formula.

3.7 Technical Details

3.7.1 Counting Parameters

There are many ways the size of a model can be measured. The two most important
distinctions are whether total or active parameters are counted and whether the param-
eters in the embedding and unembedding layers are counted. Various papers assume
different notations, notably Kaplan et al. (2020) use nonembedding parameters while
Hoffmann et al. (2022) opt for the parameter count including embedding and unembed-
ding. Throughout our work, we try to make it clear which way of counting we are using in
each particular instance. When no additional information is given, Nact and Ntotal denote
respectively active and total parameters, including the embedding and unembedding.

If we let dmodel be the hidden dimension of a model, and dvocab be the vocabulary
size (50,257 in our case), then the following relations hold:

Ntotal = 2dmodeldvocab + (4 + 9E)Nblocksd
2
model (3.8)

Nact = 2dmodeldvocab + 13Nblocksd
2
model (3.9)

3.7.2 Counting FLOPs

Basing on Sardana et al. (2024b), we assume the cost of training to be Ftraining =
6NactDtraining, and the cost of inference to be Finference = 2NactDinference. Due to the rela-
tively small number (≤ 32) of experts used with implicit expert granularity of 1, we can con-
sider the memory and FLOPs cost of routing to be negligible, following Clark et al. (2022).

3.7.3 Model Configs

The vast majority of our experiments use a simple rule for scaling the config, i.e.
Nblocks = Nheads = dmodel/64 and assume these relations hold in all calculations. We
base this rule on findings by Kaplan et al. (2020).

3.8 Fit Details

Following Hoffmann et al. (2022), we use the LBFGS algorithm with a learning rate
of 1e−4 and weight decay of 1e−5 to fit the coefficients of Equation 3.3, optimizing
the Huber loss with δ = 0.01 over the set of our training runs described in table in
Section 3.14. Instead of removing outliers and underperforming models from the training
set, we underweight them proportionally to the loss. Optimization hyperparameters
were manually tuned to minimize error over the training dataset. The final fitted coef-
ficients of Equation 3.3 are within the boundaries of the grid of initializations given by:
α ∈ {0.05, 0.25, 0.5}, β ∈ {0.05, 0.25, 0.5}, A ∈ {30, 100, 300}, B ∈ {30, 100, 300}, C ∈
{0.5, 1, 2}, δ ∈ {−0.5, 0, 0.5}, γ ∈ {−0.5, 0, 0.5}, ω ∈ {−0.5, 0, 0.5}, ζ ∈ {−0.5, 0, 0.5}.
The selected coefficients were those with the lowest score, defined as the sum of RMSE on
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E m µ n ν c

1 30.3640 −0.1817 53.9838 −0.1965 1.3637
2 27.7982 −0.1780 66.8401 −0.2065 1.3637
4 24.8462 −0.1731 87.7022 −0.2192 1.3637
8 21.8330 −0.1676 119.9126 −0.2338 1.3637

16 19.0159 −0.1617 167.5073 −0.2494 1.3637
32 16.5424 −0.1557 234.6726 −0.2652 1.3637

Table 3.4: The fitted coefficients of our joint formula, Equation (3.3), reduced to
the Chinchilla scaling law, Equation (1.1), for a given number of experts, E. We
observe that the dataset exponent, ν, increases significantly. This is one of the
reasons why compute-optimal parameter-to-token ratios change with E.

the training and a held-out extrapolation validation set. The formula in Equation 3.3 was
calculated in logarithm, without any exponentials, using only linear transformations and
the logsumexp operation. It was optimized to predict the logarithm of L, and parameters
a, b, and c were optimized in logarithm. All these steps were taken to increase numerical
stability and were essential for proper convergence.

3.9 Derivation of Nopt
act and Dopt

To derive the optimal Nact, D given some compute budget F and E, one needs to solve:

arg min
Nact,D

LÊ(Nact, D) s.t. F = 6NactD.

To solve for Nact, substitute:

D =
F

6Nact
,

and set the derivative to 0:

d

dNact
LÊ(Nact, D) =

d

dNact

[
m(Ê)N

µ(Ê)
act + n(Ê)

(
F
6

)ν(Ê)
N

−ν(Ê)
act

]
= 0.

After rearranging:

Nopt
act =

(m(Ê)µ(Ê)

n(Ê) ν(Ê)

)− 1
µ(Ê)+ν(Ê)

(F
6

) ν(Ê)

µ(Ê)+ν(Ê) .

The derivation of Dopt is analogous.

3.10 Token Dropping Analysis

In general, we observe that the load balancing loss quickly induces balance between
experts. Overall, the percentage of dropped tokens is low and doesn’t exceed 10%,
therefore doesn’t significantly affect the training efficiency. Below we present a plot of
per-layer average amount of dropped tokens (excluding the first 10% of training), for 2
selected active parameter counts and number of experts varying from 2 to 32. We observe
relatively the largest ratios of dropped tokens in the initial and last layers.
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Figure 3.6: Dropped tokens for selected models.

3.11 Downstream Performance

In addition to measuring pretraining loss, we evaluate downstream performance using
LM Evaluation Harness Gao et al. (2023). Unlike in training, we employ dropless MoE.
We observe a strong correlation between the pretraining perplexity and downstream
performance across all E’s. The results can be seen in Figure 3.7. On some tasks
(HellaSwag, Winogrande, SciQ), dense models seem to outperform MoE models given
the same pretraining perplexity. They also seem to be more robust to domain shift in
language modeling, as exemplified by the results on the LAMBADA benchmark. On
some other tasks (e.g. OpenBookQA), MoE models seem to fare similarly or slightly
better than dense models if they have been trained to the same pretraining perplexity.

3.12 Bootstrap Results

To quantify the uncertainty of our derived results, we calculate bootstrapped results for
the optimal number of active parameters and training tokens, following (Hoffmann et al.,
2022). The results are shown in Table 3.5. We sample 80% of data 100 times and report
the 10th and 90th percentiles.
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Figure 3.7: Downstream performance of the models.
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Training Budget Experts Nopt
act (90% interval) Dopt (90% interval)

1× 1020 1 1.5B–2.1B 7.9B–11.1B
2 1.4B–1.8B 9.1B–12.1B
4 1.2B–1.6B 10.3B–14.1B
8 940.0M–1.5B 11.4B–17.7B
16 732.7M–1.3B 12.6B–22.8B
32 559.5M–1.2B 13.7B–29.8B

1× 1021 1 4.5B–7.8B 21.4B–37.3B
2 4.1B–7.3B 22.7B–40.9B
4 3.5B–7.0B 23.7B–47.6B
8 2.8B–6.8B 24.7B–60.1B
16 2.0B–6.6B 25.4B–81.8B
32 1.6B–6.5B 25.7B–104.1B

1× 1022 1 13.3B–30.0B 55.5B–125.3B
2 12.1B–30.0B 55.6B–137.3B
4 10.3B–30.6B 54.5B–161.4B
8 8.0B–31.5B 52.9B–207.2B
16 5.9B–32.9B 50.6B–284.4B
32 4.4B–34.5B 48.4B–380.6B

Table 3.5: Bootstrap intervals for the optimal Nopt
act and Dopt across training bud-

gets and expert counts.
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3.13 Learning Rate Scaling Fit

Figure 3.8: Visualization of the fit (E ∈ {1, 8}) of our LR scaling rule, interpola-
tion (E = 4) and extrapolation (E = 32).

Figure 3.9: Ablation for the LR scaling rule fit without considering the number of
experts E. While performance on the training set (E ∈ {1, 8}) looks acceptable,
the extrapolation on E = 32 is clearly suboptimal, validating the need for consid-
ering E.
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3.14 Experiments Listing

Ntotal Nattn_heads Nblocks dmodel Nact E D

5.0B 16 16 1024 321M 32 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
3.8B 28 28 1792 1.3B 4 11.1B, 5.6B, 2.8B, 2.0B
3.3B 11 21 1408 683M 8 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
3.0B 26 26 1664 1.1B 4 80.0B, 64.0B, 48.0B, 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B
2.7B 36 36 2304 2.7B 1 9.2B, 5.5B, 2.8B, 2.0B, 1.4B, 980M
2.6B 30 30 1920 1.6B 2 5.4B, 2.7B
2.6B 16 16 1024 321M 16 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
2.2B 28 28 1792 1.3B 2 18.6B, 11.1B, 5.6B, 4.0B, 2.8B, 2.0B
2.1B 12 12 768 169M 32 8.0B, 4.0B, 2.0B, 1.0B, 500M
2.1B 10 16 1280 469M 8 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B
1.9B 22 22 1408 709M 4 35.3B, 12.2B, 10.6B, 7.7B, 5.3B, 3.8B
1.8B 11 21 1408 683M 4 8.0B, 16.0B, 4.0B, 2.0B, 1.0B, 500M
1.8B 26 26 1664 1.1B 2 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
1.6B 30 30 1920 1.6B 1 5.4B, 2.7B
1.4B 16 16 1024 321M 8 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
1.3B 28 28 1792 1.3B 1 6.5B, 3.3B, 18.6B, 11.1B, 5.6B, 4.0B, 2.8B, 2.0B
1.3B 10 10 640 118M 32 4.0B, 2.0B, 1.0B, 500M
1.2B 10 16 1280 469M 4 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
1.1B 12 12 768 169M 16 8.0B, 4.0B, 2.0B, 1.0B, 500M
1.1B 26 26 1664 1.1B 1 14.0B, 12.0B, 10.0B, 80.0B, 64.0B, 48.0B, 32.0B
1.1B 26 26 1664 1.1B 1 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
1.1B 22 22 1408 709M 2 3.8B, 49.8B, 24.9B, 12.5B, 6.2B, 3.1B, 1.6B, 778M
1.1B 22 22 1408 709M 2 21.8B, 18.7B, 15.6B, 35.3B, 12.2B, 10.6B, 7.7B, 5.3B
1.1B 18 18 1152 426M 4 31.0B, 25.9B, 20.7B, 10.4B, 5.2B, 2.6B, 1.3B
1.1B 11 21 1408 683M 2 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
890M 24 24 1536 890M 1 9.9B, 5.0B
850M 20 20 1280 555M 2 16.0B, 8.0B
774M 16 16 1024 321M 4 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
709M 22 22 1408 709M 1 35.3B, 12.2B, 10.6B, 7.7B, 5.3B, 3.8B, 12.5B, 6.2B
705M 10 16 1280 469M 2 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
683M 11 21 1408 683M 1 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
671M 10 10 640 118M 16 4.0B, 2.0B, 1.0B, 500M
664M 8 8 512 79M 32 2.0B, 1.0B, 500M
615M 12 12 768 169M 8 8.0B, 4.0B, 2.0B, 1.0B, 500M
555M 20 20 1280 555M 1 16.0B, 8.0B
472M 16 16 1024 321M 2 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
469M 10 16 1280 469M 1 32.0B, 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
376M 10 10 640 118M 8 4.0B, 2.0B, 1.0B, 500M
362M 8 8 512 79M 16 2.0B, 1.0B, 500M
360M 12 12 768 169M 4 8.0B, 4.0B, 2.0B, 1.0B, 500M
321M 16 16 1024 321M 1 16.0B, 8.0B, 4.0B, 2.0B, 1.0B, 500M
289M 11 11 704 142M 4 4.5B, 2.3B, 1.1B
285M 9 9 576 97M 8 3.3B, 1.7B
282M 13 13 832 201M 2 6.4B, 3.2B, 1.6B, 800M
233M 12 12 768 169M 2 8.0B, 4.0B, 2.0B, 1.0B, 500M
228M 10 10 640 118M 4 4.0B, 2.0B, 1.0B, 500M
211M 8 8 512 79M 8 2.0B, 1.0B, 500M
169M 12 12 768 169M 1 8.0B, 4.0B, 2.0B, 1.0B, 500M
154M 10 10 640 118M 2 4.0B, 2.0B, 1.0B, 500M
135M 8 8 512 79M 4 2.0B, 1.0B, 500M
118M 10 10 640 118M 1 4.0B, 2.0B, 1.0B, 500M
98M 8 8 512 79M 2 2.0B, 1.0B, 500M
79M 8 8 512 79M 1 2.0B, 1.0B, 500M



Chapter 4

Different Rates for Different Weights:
Decoupled Relative Learning Rate
Schedules

4.1 Introduction

The learning rate is a crucial hyperparameter in Deep Learning, determining the size of the
steps that the optimization algorithm takes when updating model parameters during train-
ing. In the context of Transformers, widely used for tasks in Natural Language Processing
(NLP) and other areas, the learning rate significantly impacts the model’s convergence and
overall performance. While higher learning rates, with larger updates to the model, may
generally converge faster, they can also introduce instabilities. Therefore, the learning
rate must be carefully chosen to balance the speed and stability of the training process.

At the same time, modern Deep Learning architectures are not homogeneous, with
different parts having distinct structures, serving varied purposes, and exhibiting unique
behaviors. Importantly, they also have individual training dynamics. As seen in Fig-
ure 4.1, weight updates for different model parts follow different patterns during training.
This variability can result in components behaving differently depending on the training
phase, which may be problematic in some cases. For example, in Mixture of Experts
(MoE) models, the Router often stabilizes early in training, leading to deterministic
routing to the Experts (Xue et al., 2024).
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Figure 4.1: Magnitudes of weight updates for different components of the Trans-
former with MoE (trained without RLRS), right before applying learning rate.

Given the diversity of layers within a model, it is reasonable to expect that their require-
ments would vary, particularly when balancing training speed and stability. Despite this, a

55
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uniform learning rate is often applied across all modules. A common practice, for example,
is to reduce the learning rate for the whole model after the introduction of an MoE layer
due to instabilities (Rajbhandari et al., 2022). As a result, hyperparameters are typically
tuned for the entire network, even if the instabilities may originate from a single layer. In
this work, we challenge the implicit assumption of a global learning rate. Motivated by
the heterogeneity of Transformer’s modules, we ask ourselves: can we improve the training
procedure by tailoring the learning rate schedules to different model’s components?

To answer this question, we decouple learning rates in Transformers and tune them
individually for various model components—including Embedding, Unembedding, At-
tention, Feed-Forward, and, in the case of Mixture of Experts architecture, Router and
Experts—we enhance the model’s overall performance and stability by tailoring the
learning rate to meet the specific needs of each component.

Commonly used adaptive optimizers, like AdamW (Loshchilov & Hutter, 2019), show
the importance of well-adjusted learning rates during training. However, adaptive op-
timizers generally treat all layers in the same way and do not differentiate between them.
Our proposed RLRS is used on top of an adaptive optimizer (AdamW in this work,
but RLRS is independent of the optimizer), and we show that adjusting learning rate
schedules for individual model components brings improvements.

Furthermore, we propose a straightforward scheme to adjust relative learning rate
values that can be effectively scaled to models larger by orders of magnitude. This approach
eliminates the need for extensive hyperparameter searches for larger models, resulting in
significant computational savings and enhancing its practical applicability. (This could
also be combined with Tensor Programs (Yang et al., 2022), see discussion in Section 4.6.1.)

In essence, we propose the following approach: first, relative learning rates, RLRS,
should be tuned on a small model; later, the same RLRS can be reused when training
the model’s significantly larger counterpart. Our method is easy to implement, with
no additional overhead required, apart from the relatively inexpensive hyperparameter
search on the small model. While tailored to our specific training setup, the relative LR
values configuration shared in this work have proven robust across a range of models
sizes and training durations, making them an excellent starting point. Additionally, we
provide an analysis showing how these values, obtained using automated methods, align
with our intuitive understanding of Transformer training. In summary,

• We propose distinct, relative learning rate schedules (RLRS) tailored for different
components of a Transformer model, optimizing each part individually for better
overall performance.

• We demonstrate performance improvements of the introduced method in standard
Transformers, and achieving even larger speedup in the case of Mixture of Experts
(MoE) based models, highlighting the importance of relative learning rates for more
complex models.

• We demonstrate that the hyperparameters tuned on small models extrapolate to
larger models, showing that our approach generalizes effectively across different
architecture sizes.

4.2 Decoupled Relative Learning Rate Schedules

We define a decoupled learning rate as a separate learning rate schedule for different layer
types (also called parts, modules, or components). Decoupled learning rate schedules
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Figure 4.2: Visualization of distinct cosine learning rate schedules for each model
component, compared against the base model’s learning rate.

enable the learning procedure to focus on different components during various phases
of a model’s pretraining, facilitating a more targeted and efficient optimization process.

We specify decoupled learning rates following the structure of the cosine learning rate
scheduler (Loshchilov & Hutter, 2016), widely used for training Large Language Models
(LLMs) (Touvron et al., 2023a; Hoffmann et al., 2022). The cosine scheduler adjusts the
learning rate over time according to a cosine function, starting with a high learning rate
that gradually decays to a minimum value in a smooth, nonlinear manner.

We define the base learning rates, shared across modules, using parameters:

• Base LR (ηbase) — the reference learning rate for the entire model. In a typical
cosine schedule, it is the peak learning rate.

• Base LR Final Fraction (αend) — the reference fraction of the base learning rate
at the end of the training. In a typical cosine schedule, the final learning rate
ηend = ηbase × αend.

The cosine scheduler adjusts the learning rate following a cosine curve over a specified
number of iterations. The learning rate ηt at step t is computed using the cosine function:
ηt = ηend +

1
2(ηstart − ηend)

(
1 + cos

(
t
T π
))

, where t is the current step, and T is the total
number of steps.

For each component m of the model, we further define a learning rate scaling factors
relative to the base learning rates defined above:

• Relative Start LR (λm
start) — the scaling factor of the base learning rate at the

beginning of training.

• Relative End LR (λm
end) — the scaling factor of the final learning rate at the end

of training.

Thus, the decoupled learning rates ηmstart and ηmend for a component m are defined as:
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ηmstart = ηbase × λm
start (4.1)

ηmend = ηbase × αend × λm
end (4.2)

These values are adjusted for each Transformer component. In this work, we dis-
tinguish the following layer modules m: Embedding, Attention, Unembedding, and
additionally, for dense models, the Feed-Forward layer, and for Mixture of Experts mod-
els, the Expert and Router layers.

Thus, for a given model, one needs to obtain the baseline learning rate ηbase and the
relative learning rates, λm

start, λm
end. In Section 4.5, we show how we find them in practice.

However, in the next section, we demonstrate that we do not need to tune the relative
learning rates for every model separately, as the same set of values remains robust across
a range of model sizes.

4.2.1 Preserving Relative Values

Directly tuning relative learning rate values on large models may be impractical due to
significant computational costs. To address this, we propose a method that fine-tunes
these values on a smaller proxy model and then transfers them to a larger model. This
approach significantly reduces the need for costly tuning on large models, offering sub-
stantial computational savings.

Our method, described in Algorithm 1, involves conducting a search for optimal values
on smaller models under the assumption that these relative values extrapolate effectively
to larger models. This search consumes only a fraction of the training time required for
large models.

Algorithm 1 Relative Learning Rate Adjustment Procedure
1: Determine ηbase for a small model.
2: For each module m, find relative values λm

start and λm
end on a small model.

3: Determine base learning rate ηbase for the large model.
4: Apply relative learning rates λm

start and λm
end from the small model to the large

model.

While we do not claim that λm
start and λm

end values are optimal for larger models, they
are straightforward to use and yield substantial improvements, as shown in the next
section. We leave the investigation of optimal extrapolation as future work.

Algorithm 1 presents a simple way to introduce relative learning rates independently
of the base learning rate and to apply them to both small and large models. Moreover, as
we see in Table 4.3, the base learning rate ηbase tuned with relative rates rarely differs from
the optimal learning rate for the baseline non-RLRS model with the same configuration.
Therefore, if an already tuned learning rate for a large model is available, we can reuse
it as our base learning rate ηbase with relative schedules. Then further applying relative
rates would yield substantial improvement without additional tuning on a large scale,
which can be useful in practice.

We provide the details of our implementation of the hyperparameter search in Sec-
tion 4.5 and Algorithm 2. Moreover, additional methods for adjusting the ηbase on
extrapolation are considered in Section 4.6.1.
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4.3 Results

We first provide a detailed setup of our experiments. Then, we present details on how
to find relative learning rates, and showcase the improvements obtained via the proposed
decoupled relative learning rate schedules. Subsequently, we provide some interpretation
of the presented relative rates. For reproducibility purposes, we will provide the complete
code and configuration files used in our experiments in a public repository soon.

4.3.1 Experimental Setup

All models in this study are decoder-only Transformers trained on the C4 dataset (Raffel
et al., 2023). We use the GPT-2 tokenizer (Radford et al., 2018a) and optimize with
AdamW (Loshchilov & Hutter, 2019). Training follows a cosine decay schedule with
linear warmup for the first 1% of steps. For stability, weights are initialized with a
truncated normal distribution at a reduced scale, as suggested by Fedus et al. (2022).
Mixed precision training is applied, with Attention and Router components computed at
high precision. The models employ SwiGLU activation and Token Choice routing with 8
Experts, 1 of which is activated per token. Two auxiliary losses are used for the Router:
a z-loss weighted at 0.001 (Zoph et al., 2022a) and load balancing weighted at 0.01 (Fedus
et al., 2022). Compute-optimal training durations align with Hoffmann et al. (2022),
calculated for MoE as 20 times the number of active parameters, excluding Embedding and
Unembedding, as in chapter 2. We also report results on an overtrained MoE8×113M model
with a token-to-active-parameter ratio nearing 130. For extrapolations, we fine-tune base
learning rates for both relative learning rates, RLRS, and the baseline on a grid of 1e−n,
2e−n, 5e−n. By tuning learning rates separately, we ensure that performance differences
arise from the effects of relative values rather than from base learning rates. For both
dense and MoE models, the weight decay value has been optimized to 0.1, the initialization
scale to 0.15, and Base LR Final Fraction (λbase) to 0.04 for MoE and 0.06 for dense.

Type Active Params Total Params dmodel nlayers nexperts BS SL

Dense34M 33.6M 33.6M 512 8 256 512
MoE8×34M 33.6M 210M 512 8 8 256 512

Dense113M 113M 113M 768 12 256 512
MoE8×113M 113M 708M 768 12 8 256 512

Dense906M 906M 906M 1536 24 384 1024
MoE8×906M 906M 5.67B 1536 24 8 384 1024

Table 4.1: Models used in this chapter. BS indicates batch size, and SL indicates
sequence length. Active parameters exclude Embedding and Unembedding param-
eters.

Speed-up metric. In Tables 4.2 and 4.3, we present a speedup metric that measures
how much faster a training process becomes when relative rates are applied. It is calculated
using ( Tbase

Trelative
− 1)× 100%, where Tbase is the number of steps performed in the standard

training with a base learning rate, and Trelative is the number of steps incurred until the
loss of the training with the relative learning rate schedule exceeds the baseline loss. It
is important to note that using this metric likely underestimates the improvement of our
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method since for relative learning rate training steps, when we compute the speedup, the
cosine schedule has not yet reached its end. We perform three runs for each configuration,
and for each of them, we measure the loss per 1% of all training steps . The speedup
is then calculated over the means of 3 runs. To reduce variance from random data seeds,
we use 3 specified data seeds for each model type comparison.

Local search. Our approach involves optimizing a set of relative learning rates (RLRS)
using a straightforward and scalable local search algorithm. While grid search could be
employed for hyperparameter optimization, it demands precise boundary definitions and
entails an exponential number of training runs, making it computationally expensive.
Instead, we intentionally adopt a simple local search method to demonstrate that our
approach delivers significant improvements even with basic hyperparameter tuning. This
approach highlights the robustness of our method and leaves room for future exploration
of more sophisticated optimization techniques.

This algorithm iteratively adjusts each hyperparameter by scaling its value with factors
from a predefined set. If the adjustment improves performance, the change is retained, and
the process repeats until no further improvements are observed. In our experiments, we
optimized weight decay and initialization scale along with all RLRS values, ensuring a fair
comparison. For the baseline, the same method was used to optimize the learning rate at
the start and end of the cosine schedule, in addition to weight decay and initialization scale.

4.3.2 Tuning Small Models
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We begin by presenting results obtained with relative learning rates on a small model.
The compact size enables a broader search of hyperparameters; therefore, we propose
performing the local search on a small model of choice. The details are given in Sec. 4.5.
The relative learning rate values optimized on this smaller model then serve as reference
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points for extrapolation to larger models.

Adjusting relative rates according to the proposed schedule results in significantly
higher sample efficiency, which reduces the training time by up to 23% for MoE and
by up to 17% for a dense Transformer (see Table 4.2). The exact relative learning rate
values can be found in Section 4.4.

Type LR Type Base LR Train Tokens Total Params Speedup

Dense34M baseline 2× 10−3 1.3B 34M -
relative 2× 10−3 1.3B 34M 17.2%

MoE8×34M baseline 3× 10−3 1.3B 210M -
relative 3× 10−3 1.3B 210M 22.8%

Table 4.2: Using RLRS results in faster model convergence.

4.3.3 Extrapolation

In this section, we show the performance of large models trained with relative learning
rate values tuned on small models. We demonstrate that, remarkably, this method
improves the training speed of the large models as well.

We use models with 113M and 906M active parameters (in the case of MoE, 708M and
5.67B total parameters, respectively). The models are trained both in a compute-optimal
and overtrained setting. As shown in Table 4.3, extrapolating the relative rates results in
up to 19% faster training both in the case of MoE and dense model. Furthermore, the im-
provement is also noticeable in an overtrained MoE model with a token-to-active-parameter
ratio that is almost 130. The most far-reaching extrapolations are performed on training
runs more than 200× costly in terms of FLOPs as well as on models 27× bigger in terms of
parameters than the training runs employed in the small-scale relative learning rates tun-
ing. Even in these scaled-up scenarios, RLRS retains noticeably higher sample efficiency.

In Figure 4.5, we demonstrate that without fine-tuning on a large model, the trans-
ferred relative learning rates are still noticeably better than the baseline and generally
close to the optimal value.



62 CHAPTER 4. DECOUPLED RELATIVE LEARNING RATE SCHEDULES

Type LR Type Base LR Train Tokens Total Parameters Speedup

Dense113M baseline 1× 10−3 2.5B 113M -
relative 1× 10−3 2.5B 113M 19.0%

MoE8×113M baseline 2× 10−3 2.5B 708M -
relative 1× 10−3 2.5B 708M 19.0%

MoE8×113M baseline 1× 10−3 14B 708M -
(overtrained) relative 1× 10−3 14B 708M 14.6%

Dense906M baseline 5× 10−4 20B 906M -
relative 5× 10−4 20B 906M 8.7%

MoE8×906M baseline 2× 10−4 20B 5.67B -
relative 2× 10−4 20B 5.67B 13.6%

Table 4.3: Speedup achieved when extrapolating relative learning rates, RLRS, to
larger models.

4.4 Analysis

4.4.1 Interpreting Relative Learning Rates

In this section, we present the numerical results and trends for relative learning rates
(RLRS) and analyze them with respect to each layer module. We prioritize MoE models,
as RLRS yields more pronounced improvement in this setting. Interpretations provided
below are an attempt to convey intuitions related to why RLRS works well that may be
practical to other researchers and are not backed by experimental evidence. Although
the values have been determined experimentally, they are often interpretable and aligned
to counteract the existing issues of each component. While some of these ideas were also
the motivation for this work and could be potentially used to guide the search of the
optimal relative learning rates, we suspect that utilizing an exhaustive search will be a
more reliable method in the long term.

Embedding. The relative learning rate λstart starts high at 5 and decays to 0.6. This
aggressive early training helps the Embedding stabilize quickly, as it influences the entire
network. Later in the training process, the learning rate is reduced to prevent drastic
changes in the Embeddings, ensuring the rest of the model can adjust accordingly. As
seen in Section 6.4.5, this is the only layer that prefers adjustment of relative learning rate
when increasing model size; that is, while other relative learning rates transfer without
change, the Embedding’s rate should be increased, but only at the start.

Unembedding. Unembedding handles the conversion of the model output into a
probability distribution over the tokens in its vocabulary. We observe that, similarly to the
Embedding, the relative learning rate gradually decreases toward the end of training. This
behavior also aligns with observations in the literature that weights in the Unembedding
may diverge, potentially causing instabilities later in the training process (Chowdhery
et al., 2022; Zoph et al., 2022a), which would require reducing gradient values.
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Router + Experts. Router (or gating network) plays a crucial role in determining
which Expert networks are trained during the learning process. Xue et al. (2024) observed
that the model often learns its routing decisions early in the pre-training phase, and
these decisions remain largely fixed throughout training. Once a token is assigned to an
Expert, it is rarely reassigned, making it difficult for the model to adapt to new or unseen
data during later stages of training. Moreover, there have been conflicting guidelines in
literature about suiting the learning rate for MoE models in comparison to their dense
counterparts i.e. (Zoph et al., 2022a) argues that MoE benefit from higher learning rates.
On the other hand, multiple studies analyze the instability of MoEs (Fedus et al., 2022),
and the most straightforward approach to alleviate instabilities is to lower the learning rate
for the whole model (Wortsman et al., 2023). We suppose that all of these aforementioned
analysis are plausible and introduce many contradictory trade-offs that are hard to resolve
under the assumption of a fixed learning rate for all modules. The gain from RLRS might
come from alleviating these issues. Lowering the learning rate only at the beginning of the
training (0.6) for the Router may mitigate instabilities and loss spikes caused by MoE,
simultaneously delaying the early router stabilization. Increasing the relative learning
rate at the end to 1, allow the model to benefit from the higher value while those issues
are no longer present. Similarly, the relative learning rate of an Experts layer starts
from the smallest value of 0.3 to aid stability when the Router is essentially random and
prevent early expert specialization, which causes the router to freeze prematurely. It
then increases to the highest relative value at the end (1.125), allowing the Experts to
fine-tune and benefit from a high learning rate while the Router remains largely fixed.

Attention. In the Attention layers of the MoE model, the relative learning rate remains
unchanged, making it unique in not benefiting from relative rates.

We summarize the Decoupled Learning Rate for both dense and MoE models in
Table 4.4.

Embedding Unembedding Router Experts Attention

start 5 0.6 0.6 0.3 1

end 0.6 0.4 1 1.125 1

Table 4.4: Relative learning rate values (λ) for MoE.

Embedding Unembedding Feed-Forward Attention

start 5 1 1 1

end 0.6 0.4 0.6 0.2

Table 4.5: Relative learning rate values (λ) for dense models.

4.4.2 Stability

As seen in Figure ??, the baseline exhibits loss spikes that were absent with the relative
schedules. This is also intuitive, as MoE models are considered unstable, thus requiring
lower learning rates for optimal learning, which, however, affects the speed of training.
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In our method, the learning rates for both the Router and the Experts start off relatively
lower, while they are higher for other parts of the model, resulting in both better stability
and convergence.

Large Transformer-based models frequently encounter instabilities, even when using
hyperparameters that worked well for smaller models. Wortsman et al. (2023) demonstrate
that instabilities in small models with a higher than optimal learning rate can be a good
proxy measure for instabilities on a larger scale. Following that, we provide Figure ??
comparing the learning rate sensitivity of RLRS and the baseline. We can see that training
with relative learning rates outperforms the baseline across various learning rates.

4.5 Finding Decoupled Relative Learning Rates

Our method involves determining a set of relative learning rates. While these hyper-
parameters could be optimized using a straightforward grid search, such a procedure
requires carefully setting the search boundaries and involves an exponential number of
training runs. In our experiments, we opt for a more scalable local search algorithm,
which is described below.

Algorithm 2 Local Search
1: Iterate over the set of hyperparameters.
2: For a given hyperparameter, multiply its value by a factor from {15 ,

2
3 ,

3
2 ,

5
1}

3: Run experiments, and if there is an improvement, adjust the hyperparameter
value.

4: If any change has been made among all hyperparameters, return to Step 1.

We note that Algorithm 2 is a relatively simple optimization method, and we expect
that a more complex alternative could either converge faster or find an even better set
of hyperparameters. To ensure proper configuration, we optimized the weight decay and
initialization scale along with all RLRS values. For the baseline, the same algorithm was
used to find the learning rate at the start and at the end of the cosine schedule, along
with weight decay and initialization scale.
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4.5.1 Ablations
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Figure 4.5: The performance of relative learning rates, λsmall extrapolated to
larger models. We vary relative values for a given component while keeping all
others fixed at their optimal values. The top row explores varying starting learn-
ing rates, bottom corresponds to end rates. The optimal λsmall (green) is com-
pared to larger and smaller relative rates (white) and the baseline learning rate
(red) at λ = 1. The plot shows standard boxplots with 1.5 interquartile range.
Each boxplot is based on 10 experiments on MoE8×113M.

We have shown that relative values tuned on a small model improve the training efficiency
of their scaled-up counterparts. However, the question remains: how effective is this
transfer, and can we obtain better results by further tuning relative values on the large
model of choice? In Figure 4.5, we ablate each relative learning rate, λm

start and λm
end and

show the importance of tuning the relative learning rates for individual modules. We
conduct tests by evaluating the relative learning rate, transferred from the small model
MoE8×34M to MoE8×113M, with comparisons to its neighboring values. If the relative
rate is not 1, we also include it as a baseline, accounting for cases where the value is not
modified by any relative factor. It is important to note that the improvement brought
by the method seems to largely come from the interactions between the relative rates
for all the components rather than any specific module.

While in most cases the transferred rates λm
start and λm

end perform consistently well
compared to the surrounding values, an interesting exception is the Embedding layer,
which shows a clear preference to increase its relative learning rate when increasing the
model size. This aligns with Yang et al. (2022), which studies models with increasing
width and finds that Embedding is the only layer type whose learning rate should not
be scaled down when increasing the model size. This only applies to the relative learning
rate at the start, consistent with the Tensor Programs theory, which analyses the stability
of the first iteration of the training process.
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4.6 Related and Future Work

The literature on learning rates in Machine Learning, particularly for Transformers, high-
lights the importance of adaptive learning rate schedules. Stochastic Weight Averaging
(SWA) (Izmailov et al., 2018) utilizes a modified learning rate schedule that applies a
decaying learning rate during the initial training phase, followed by a constant rate for
the remainder. In Sun et al. (2019), the authors introduce the layer-wise decay of the
learning rate, which applies higher learning rates to the top layers and lower rates to
bottom layers. A related concept, discriminative fine-tuning, is discussed in Howard &
Ruder (2018). Furthermore, Everett et al. (2024) explores how various parameterizations
and optimizers impact learning rate transfer in large-scale models and proposes a learning
rate strategy per layer (depthwise).

4.6.1 Relation to Tensor Programs

Our method explores the transfer of relative learning rates; however, the base learning rate
must still be independently tuned for the extrapolated model. Approaches such as Tensor
Programs (Yang, 2020; Yang et al., 2022; Everett et al., 2024) propose parameterizations
that facilitate the transfer of the base learning rate. By combining these two approaches,
it may be possible to achieve a zero-shot transfer of RLRS.

While our methods share similarities with Tensor Programs and draw inspiration from
them, our project has a distinct goal. We aim to identify implicit assumptions in the
tuning process and decouple parameters to devise a scheme that enables Large Language
Models (LLMs) to converge faster. Our extrapolations demonstrate that our optimization
scheme depends on the architecture rather than the model size. This scheme is defined
relative to the base learning rate, which must be tuned individually for each model size.
Our method does not aim to facilitate learning rate transfer between different model
sizes and is supported by experimental evidence. We do not mathematically examine
the limits of parameter updates in a gradient descent step. A key difference is that our
relative values change dynamically during training, and our goal is to enable the model
to focus on different modules during pretraining.

4.6.2 Fine-Tuning

Fine-tuning allows users to adapt pre-trained Large Language Models (LLMs) to more
specialized tasks. In traditional fine-tuning, certain model components are often “frozen”
(effectively setting their relative learning rates to zero) to preserve learned knowledge
while adapting other parts. Our proposed method introduces a more flexible approach,
serving as a continuous alternative to freezing parameters. This enables fine-grained
control over information transfer within specific components of the model. Consequently,
our method could be particularly applicable to fine-tuning scenarios and complement
existing methods that involve freezing parameters. Parameter-Efficient Fine-Tuning
(PEFT) techniques, such as LoRA (Hu et al., 2021), address this by updating only
a subset of parameters while freezing the rest. Our work aligns with more advanced
methods like LoRA+ (Hayou et al., 2024), which select different learning rates for the
adapter matrices, and AdaLoRA (Zhang et al., 2023), which adapts the rank of the LoRA
matrices, providing enhanced flexibility in the fine-tuning process.
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4.7 Conclusion

We have presented a method for decoupling learning rate schedules across different neural
network components, removing the implicit assumption of homogeneity among them. We
achieve a higher training speed through increased sample efficiency along with greater
stability when using RLRS. Our method applies to any Transformer-based model and
significantly enhances performance in Mixture of Experts (MoE) models. By tuning
relative learning rates on smaller models, this approach can be used to economically
achieve significant improvements in the training of order-of-magnitude larger models.
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Chapter 5

Mixture of Tokens: Continuous MoE
through Cross-Example Aggregation

5.1 Introduction

Currently, state-of-the-art models based on MoE leverage sparsity by activating only
a fraction of the parameters for each token (Sanseviero et al., 2023a). This allows the
networks to increase the number of parameters by an order of magnitude while keeping
the FLOPs per token roughly constant.

The aforementioned sparsity is made possible with a router, a small network that
selects the best experts for each token. This makes the output of an MoE layer dis-
continuous with respect to its parameters, as only a subset of the experts is chosen for
each token (this is typically done with a discrete top-k operation). The discontinuity
and the resulting fluctuations of the router’s decisions have been shown to hurt training
efficiency (Dai et al., 2022; Chi et al., 2022) and are hypothesized to be a source of
training instability in large MoE models (Mustafa et al., 2022; Puigcerver et al., 2023b).
Conversely, existing continuous MoE architectures involve trade-offs, including the in-
ability to scale (Muqeeth et al., 2023; Hazimeh et al., 2021), or incompatibility with
autoregressive decoding (Puigcerver et al., 2023b).

This chapter introduces Mixture of Tokens, a novel, continuous Transformer architec-
ture closely related to sparse Mixture of Experts. Similar to MoE, it can support large pa-
rameter counts without significant costs in FLOPs. The core idea behind our design is for
each expert to process not individual tokens separately, but their combined representation.

This technique results in a continuous model that avoids the top-k operation. It
requires no additional techniques commonly required in existing MoE designs (both sparse
and continuous), such as load balancing losses, calculating solutions to optimization
problems, or non-homogeneous training schedules (Hazimeh et al., 2021; Jaszczur et al.,
2021; Dai et al., 2022). It is capable of scaling the parameter counts akin to sparse MoEs
and is compatible with autoregressive language modeling and generation. Our analysis
demonstrates a 3× speedup over a dense baseline and improved stability over MoE.

In summary, our contributions are the following:

• Introducing the novel Mixture of Tokens (MoT), a continuous Mixture of Experts
architecture that mixes tokens from different examples for joint processing.

• An analysis of scaling properties of Mixture of Experts models on multiple scales.

69
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Figure 5.1: Mixture of Tokens: Each expert receives a unique mixture of tokens
in the group. Mixing weights are determined by the controller, which is a fully
connected layer (omitted for clarity). For a given token, its update is a linear
combination of expert outputs, with the coefficients equal to the token’s original
mixing weights for each expert.

• Introducing transition tuning, allowing a pretrained MoT model to be tuned for
sparse MoE inference if desired.

5.2 Related Work

5.2.1 Continuous Mixture of Experts

Continuous architectures serve an important role within the field due to their flexible
and efficient nature. Hazimeh et al. (2021) were pioneers in introducing them in MoE
by presenting continuous techniques for calculating encodings of the choice of an expert.
In another approach, (Muqeeth et al., 2023) proposed a method in which they merge
experts based on the weights of the router network. In a recent advancement, (Puigcerver
et al., 2023b) proposed a continuous variant of MoE for the Vision Transformer, where
patches are mixed only within each image.

5.2.2 From Hard to Soft Methods

From the very beginning of the Deep Learning field, there has been a shift from discrete
functions toward continuous ones. The first perceptron McCulloch & Pitts (1943) used
"all-or-none" activation, supposedly to align with propositional logic. This was later
improved with soft activation functions, enabling gradient descent and multi-layer neural
networks. Similarly, soft attention, introduced in Bahdanau et al. (2016), enabled RNNs
to look at arbitrary input from the past while maintaining the ability to learn the selection



5.3. MIXTURE OF TOKENS 71

with standard gradient descent. This is in contrast to hard attention, which requires, e.g.,
reinforcement learning techniques. While hard attention could perform on par with soft
attention Xu et al. (2015); Zohourianshahzadi & Kalita (2021), soft attention, with its
simplicity of training, offered better trade-offs and was later used as the basic building
block of the Transformer (Vaswani et al., 2017).

Mixture of Experts, introduced into Deep Learning by (Jacobs et al., 1991b,a; Shazeer
et al., 2017), appears to be inherently a discrete function, since after all, the expert either
processes a given token or it does not. However, similar to the transition from hard to soft
attention, an expert in MoE can "attend" to a combination of tokens, taken as a weighted
average. This results in a smooth, continuous model and facilitates more stable training.

5.3 Mixture of Tokens

The goal of this work is to develop an efficient, continuous architecture that retains
the scalability of Mixture of Experts, while simultaneously omitting the top-k opera-
tion, which limits a token’s exposure to different experts. An intuitive approach to
achieving this is to route all tokens to all experts, but this is computationally infeasible
for large-scale pretraining. To overcome this constraint, the method explored in this
work considers what happens not to an individual token but to a whole group of tokens
instead. The main contribution of this work is the observation that allowing an expert
to dynamically produce a continuous representation of the entire group of tokens, which
is more lightweight to process than each token individually, yields positive results.

Algorithm 3 Mixture of Tokens layer
1: for each expert E do
2: weightsE ← Softmax

(
Linear(tokens)

)
3: mix←

∑
i tokeni · weightsi,E

4: outputE ← E(mix)
5: end for
6: for each token i do
7: updatei ←

∑
E outputE · weightsi,E

8: end for

More specifically, in our design, an input batch is divided into groups of tokens and
each group is processed independently. Given a group and a single expert, a scalar weight
is produced for each token. The weights are then normalized and used to compute a linear
combination of the tokens, which is used as the expert’s input. The experts’ outputs are
used for token updates as follows: for each input token, its update is a linear combination
of expert outputs, with the token’s mixing weights for each expert as coefficients1. A
diagram of our method is presented in Figure 5.1.

To see why this method is scalable, it is helpful to examine the relationship between
the number of tokens in a group and the number of experts. Essentially, if these two
quantities are equal, the total computation performed by the experts is the same as in
the case of top-1 routing. This allows MoT to benefit from the same parameter scaling
as seen in MoE, which we confirm empirically in Section 5.4.2.

1The authors note that an MoT layer admits an efficient vectorized implementation, where all
meaningful computations are done with batched matrix multiplications.
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5.3.1 Intuition Behind Our Method

As we mix tokens from multiple unrelated sequences, we do not expect the model to
meaningfully use the information from one sequence to improve prediction in a differ-
ent sequence. However, we hypothesize that this mixing (1) provides richer feedback
(gradients) to train the model, especially the router, and (2) results in a smoother loss
landscape, which is resistant to small perturbations in inputs and weights.

Intuitively, for a given expert, from the perspective of each token, the token receives
a certain amount of update to its representation (in the residual stream) based on:

• Itself, producing a proper signal is expected to improve the token representation.

• Tokens other than itself, which are essentially random tokens from unrelated se-
quences. As these sequences are randomly sampled from the dataset, the impact of
these tokens will point in random directions and, essentially, just add some amount
of noise to the token update.

We generally expect neural networks to be resistant to a certain amount of noise added
to them. Moreover, while the signal-to-noise ratio worsens for tokens with low expert
weight, the expert weight also modulates the magnitude of the update. Therefore, the
amount of noise added to the representation is limited.

We stipulate that MoT experts will learn to focus on a single token or a small num-
ber of tokens, thereby minimizing noise and approximating sparse MoE when optimal.
However, other tokens will be assigned non-zero weight, allowing some information to
flow to the router for each and every token-expert pair, unlike sparse MoE. Additionally,
the output of MoT is more continuous, with small perturbations of input/weights corre-
sponding to small changes in the output rather than large discrete jumps, as may occur
in the case of sparse MoE.

5.3.2 More Mixtures per Expert

Building on the design described above, we experiment with feeding more than one
mixture to each expert. Without further modifications, this approach would result in
a linear increase in computational costs for each additional mixture processed. To avoid
this added cost, MoT uses more experts, but each expert has a proportionally reduced
hidden dimension. This way, each mixture is processed by a smaller expert, and the
layer’s total number of parameters, as well as the number of FLOPs used by all experts,
remains approximately the same. We find that this design consistently improves MoT
as the number of processed mixtures increases, just as it does in sparse MoE (Chapter 2)
Likewise, the optimal granularity aligns roughly with the number of mixtures in this work.

5.3.3 Token Groups in Mixture of Tokens

The question of how token groups are decided within a batch is crucial for compatibility
with autoregressive training and inference. The main insight here is that tokens from the
same sequence cannot be placed in a single group, as the mixing operation would result in
an information leak. Due to this restriction, MoT groups tokens from different examples
according to their position in the sequence. Thus, all tokens within a group share the same
position in their respective sequences. As mentioned above, to maintain a constant number
of FLOPs per token, an increase in the number of experts means an equal increase in group
size. An illustration of how grouping is done within a batch of tokens is shown in Figure 5.2.
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Figure 5.2: Each group consists of tokens with the same position in a sequence.
In this example, the group size is 2. Note that the maximum possible group size
equals the size of the batch.

5.3.4 Comparison with Other Mixture of Experts Architectures

Scaling The technique featured in Hazimeh et al. (2021) is based on a continuously
differentiable sparse top-k router, which is a major advantage compared to the common
top-k gating. However, this approach requires that all experts be utilized in a portion
of training, rendering it computationally prohibitive for models with a large number of
experts. The architecture based on merging experts proposed in Muqeeth et al. (2023)
also offers an attractive, continuous alternative to top-k gating, yet the cost of merging all
experts again scales linearly with the number of experts. To address this, the technique
is applied once per sequence, which limits the expressive power of the final model.

Training stability Lepikhin et al. (2020) reported instabilities during the training
of large MoE models, stemming from the inaccuracies when calculating router weights in
low precision. To stabilize the training, they resorted to using full precision. Fedus et al.
(2022) made progress in using mixed precision when training MoE by using selective high
precision for gating. When comparing Lepikhin et al. (2020); Fedus et al. (2022) to MoT,
an advantage of our technique emerges - it is more robust to training in lower precision
than other methods. We conjecture, that this is due to the merging mechanism being
less susceptible to rounding errors than gating in sparse MoEs.

Token dropping Token dropping is a phenomenon where tokens do not receive an
update from any expert. This can happen when the expert was selected by too many
tokens in a batch Fedus et al. (2022); Lepikhin et al. (2020); Zoph et al. (2022b) or, in
the case of routing experts to tokens, when a token is not selected by any expert (Zhou
et al., 2022). Existing techniques to combat this phenomenon offer a partial solution,
yet the problem persists. In contrast, tokens in MoT are part of every mixture produced
within their group; hence, they always receive an update.

Auto-regressive decoding Mixture of Tokens is based on the concept of merging
tokens before they are processed by an expert. In the concurrent work, an encoder-only
design of a similar nature is featured Puigcerver et al. (2023b). The technique is based
on merging patches within an image for vision models, i.e., within a single sample. This
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should be contrasted with MoT, which merges tokens from different sequences within a
batch. This crucial difference allows MoT to be compatible with autoregressive training
and inference.

Time complexity The time complexity of our approach is identical to that of the
Token Choice and Expert Choice methods. In all cases, the cost of computing routing
logits is of order O(dmodel ·Nexperts ·Ntokens).

5.4 Experiments

The focus of this work is to investigate the efficiency of Tokens on autoregressive language
modeling. To measure model quality, we pretrain models for a fixed number of tokens
and compare final perplexity in accordance with existing MoE literature Du et al. (2022);
Fedus et al. (2022). In all experiments, the models are trained on the C4 dataset2 (Raffel
et al., 2023) and use the GPT-2 tokenizer. Unless specified otherwise, we use mixed
precision, where all heavy computation is done in bfloat16, whereas the optimizer state
and weights are kept in full precision. To study the stability of our model, we experiment
with training fully in reduced precision.

Our main result is a substantial speed-up of MoT models compared to dense Trans-
formers (Figure 5.6) and results comparable to sparse MoEs (Figure 5.5). What follows is
the analysis of the scaling properties of the MoT architecture with respect to the number
of parameters (Figure 5.3) and the number of mixtures sent to each expert (Figure 5.4).
We investigate the model’s performance in low precision in order to simulate training
instability and find that MoT is less susceptible to instabilities arising from low-precision
training. Lastly, we show the connection between MoT and MoE, by spending an addi-
tional fraction of pretraining compute to effectively transform a MoT model into a Token
Choice model (Section 5.4.4).

5.4.1 Model Architecture

The base of our experiments is a decoder-only Transformer based on GPT-2 Radford et al.
(2019b). We conduct experiments on two model scales: a 77M Medium model and a 162M
Base model (refer to Section 5.5 for hyperparameters and training details). To obtain
a Mixture of Tokens model, we replace the second half of the Feed-Forward layers in the
Transformer with MoT layers. Because, similar to MoE models, the FLOPs and parameter
counts in MoT are decoupled, we indicate the model architecture by its dense counterpart
in terms of the number of FLOPs and, separately, the number of experts (or equivalently,
group size). To this end, a MoT-Medium/32E model is one that uses the same number
of FLOPs as a Medium (77M) Transformer model but uses 32 experts in MoT layers.

As outlined in Section 5.3.2, Medium/32E/4 signifies a model employing MoT layers
with 32 · 4 small experts, which add up to the same number of parameters as 32 normal
experts.

In addition to using the Transformer as a baseline, we also compare against Token
Choice (Fedus et al., 2022) and Expert Choice (Zhou et al., 2022) as sparse MoE base-
lines. Given that Expert Choice is sensitive to the size of the batch, in order to avoid
discrepancy between training and inference, we group tokens prior to routing in training
Expert Choice models.

2https://huggingface.co/datasets/c4, dataset licensed under ODC-By.

https://huggingface.co/datasets/c4
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5.4.2 Scaling Results

Mixture of Tokens models demonstrate strong scaling properties with respect to the
number of parameters. As seen in Figure 5.3, increasing the number of experts in MoT
layers while using the same compute budget yields consistent improvements. All MoT
models are a strict improvement over the Transformer. The figure also includes an
ablation experiment, where the mixing weights are fixed to 1/n, where n is the group size.
This corresponds to a uniform mixing strategy; the performance of that model clearly
suffers, confirming that MoT layers learn non-trivial mixing strategies.

Figure 5.3: Scaling with respect to the number of parameters. Also featured are
the Transformer baseline and an MoT model with a non-learnable, uniform rout-
ing strategy.

The increased number of token mixtures described in Section 5.3.2 represents another
axis of scaling for MoT models, once again exhibiting consistent improvements. We
hypothesize that this phenomenon is due to two mechanisms: First, the model becomes
more expressive with a larger number of smaller experts. Second, the model can allocate
its focus (the mixing weights) more flexibly to more important tokens while reducing the
updates for trivial ones.

Figure 5.4: Scaling with respect to the number of token mixtures.
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5.4.3 Comparison with the Transformer and Sparse MoEs

Crucially, the performance of Mixture of Tokens is comparable to that of the strong
Mixture of Experts baselines (Figure 5.5). An increased number of mixtures allows it to
compete with both Expert Choice and Token Choice architectures. As the sparse routing
is hypothesized to contribute to training instabilities in large sparse models, Mixture
of Tokens, being continuous, presents a promising alternative. To investigate training
instabilities at the scale we experiment on, we trained models entirely in bfloat16, as
opposed to the mixed precision used in all other experiments. The results confirm that
MoT is more resistant to lower precision training: as the precision of training decreases,
the performance of Expert Choice drops below that of Mixture of Tokens, despite the
former attaining better perplexity using mixed precision. We find this to be evidence of the
architecture’s potential for stable training at higher model scales. See Table 5.1 for details.

Figure 5.5: Comparison of MoT and sMoE architectures. An increased number
of smaller experts allows MoT to match the performance of the best sMoE model.
Due to computational constraints, the models were trained for 100K steps.

Finally, we combine our findings on MoT scaling properties to train our most efficient
MoT model and compare it to the Transformer baseline (Figure 5.6). The result is a
model that achieves the final loss of the baseline in one-third of the training steps. This
represents a 3× improvement in terms of the compute budget.

MoT-Medium/32E Expert Choice-Medium/32E
Mixed Precision 3.442 (± 0.002) 3.420 (± 0.002)
bf16 only 3.661 (± 0.007) 3.728 (± 0.044)

Table 5.1: Comparison of training result loss comparison. MoT performs better in
the bfloat16-only setting. Learning rates were separately tuned in lower precision
for both EC and MoT. Results are averaged over 3 random seeds.

5.4.4 Transition Tuning

Mixture of Tokens suffers from a drawback common to MoEs, namely, it does not support
unbatched inference. This is a direct consequence of its design - in the forward pass, it
groups several tokens from different examples in the batch. With the growing adoption



5.5. TRAINING HYPERPARAMETERS 77

Figure 5.6: Our best MoT model reaches the final loss of the baseline in just 33%
of the compute budget.

of Large Language Models on consumer hardware (Touvron et al., 2023a; Cerisara, 2023),
this lack of support could hinder the architecture’s wider adoption. While a Mixture of
Tokens with a group size of one is technically possible, in order to keep FLOPs constant,
the layer would need to trivially reduce to a standard Transformer MLP.

To address this issue, we demonstrate that the weights learned by the Mixture of
Tokens can be used to directly initialize a Token Choice model of the same specifications
(number of experts and expert size). The layer responsible for producing mixing weights is
utilized to initialize the sparse router. In order to mitigate the difference in performance
that is caused by this change in architecture, we train the entire new model (no weights
are frozen) for 10% of the total pretraining steps of the original model in order to recover
the original model’s performance (measured in eval loss). We call this technique transition
tuning. This way, it is possible to train with Mixture of Tokens and enjoy unbatched
generation at inference time. We hypothesize that this pipeline would be especially
attractive in setups where having parts of the model train in higher precision is impossible,
e.g., on specialized, low-precision hardware. The results are presented in Figure 5.7.

5.5 Training Hyperparameters

All models were trained using mixed precision unless explicitly stated otherwise. We
conducted all experiments with a batch size of 256 and a context length of 256 for 150K
training steps (unless explicitly stated), resulting in a total of 10B training tokens. We
used the AdamW optimizer with default hyperparameters. When necessary, we adopted a
Fully Sharded Data Parallel approach from PyTorch to parallelize training across multiple
machines. Learning rates were tuned separately based on model size and architecture.
The optimal learning rate for Transformers was 1e-3 for Medium models and 4e-4 for
Base models, while for both MoT and MoE, they were 7e-4 for Medium models and 2e-4
for Base models.
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Figure 5.7: Transition tuning: The first 150K steps of the model are completed
using the Mixture of Tokens architecture. Then, a new Token Choice model is
initialized with weights from the MoT model, and the model trains for an addi-
tional 15K steps to recover performance. The spike in loss results from the sudden
change of architecture.

Model Experts Expert Group Total Blocks dmodel dff #att.
size size params heads

Transformer-Medium - - - 77M 8 512 2048 8
MoT-Medium/32E 32 2048 32 336M 8 512 - 8

MoT-Medium/32E/8 256 256 32 337M 8 512 - 8
Transformer-Base - - - 162M 12 768 3072 12
MoT-Base/32E 32 3072 32 520M 12 768 - 12

MoT-Base/64E/16 1024 192 64 977M 12 768 - 12

Table 5.2: Training hyperparameters. The table provides example models featured
in our experiments. All remaining models can be derived from this table.

5.6 Downstream Evaluation

When trying to predict how specific changes to the model architecture will impact
large-scale models, comparing perplexity can provide a reliable indication of model
improvements. However, for completeness, we also measured performance on several
downstream tasks relevant at this model scale, comparing MoT-Medium to Transformer-
Medium, without fine-tuning, in a zero-shot setting. In these evaluations, for MoT, a
single evaluation query is included in a batch of 32, with the remainder of the batch com-
prised of random sequences from the C4 training dataset, ensuring it remains zero-shot.
We observe predictable improvements with the Mixture of Tokens on tasks PIQA Bisk
et al. (2019), HellaSwag Zellers et al. (2019), and ARC-e Clark et al. (2018), see Table 5.3.
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Transformer-Medium MoT-Medium/32E/1 MoT-Medium/32E/16

PIQA 60.2 62.4 65.8
HellaSwag 27.3 31.1 33.3
ARC-e 35.5 37.3 39.6

Table 5.3: Performance of a medium-sized model on downstream benchmarks.

5.7 Compute Resources

Model GPU RAM Time GPUs

Transformer-Base 40GB 32h 20m 1
MoT-Base/64E/16 40GB 33h 12m 2
MoT-Medium/128E 40GB 26h 36m 1
MoT-Medium/32E 40GB 23h 9m 1
MoT-Medium/8E 40GB 22h 31m 1
MoT-Medium/32E 40GB 20h 17m 1

Transformer-Medium 40GB 18h 48m 1
MoT->Switch Medium/32 40GB 35h 11m 1

MoT->Switch Base/32 40GB 17h 20m 4
MoT-Medium/32E/1 40GB 23h 9m 1
MoT-Medium/32E/8 40GB 24h 13m 1
MoT-Medium/32E/16 40GB 25h 36m 1
MoT-Medium/32E/32 40GB 28h 20m 1

Expert Choice-Base/32E 80GB 21h 12m 2
MoT-Base/32E 80GB 19h 38m 2

MoT-Base/32E/8 40GB 22h 10m 2
Token Choice-Base/32E 80GB 20h 19m 8

Table 5.4: Compute resources used for each experiment. All models were trained
on NVIDIA A100 GPUs, with either 40 or 80 GB of RAM.

5.8 Limitations and Future Work

With the strong performance of MoT on medium-sized models, an obvious next step is to
train larger models. This would present an opportunity to validate the stability results
on larger models, where training instabilities are more common.

As with most Mixture of Experts models, the memory footprint of MoT layers is
substantial. Scaled models require large amounts of RAM on specialized hardware for
training, making their adoption expensive. To this end, an attractive future direction
would be to investigate model distillation with Mixture of Tokens models.

In this work, we experimented only with text modality in an autoregressive manner.
Other modalities, such as vision, heavily overlap with the approach presented in work
concurrent to ours (Puigcerver et al., 2023b).

Lastly, both training and inference with MoT involve mixing different examples within
a single batch. This mixing of tokens from different sequences and the requirement of
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performing batched inference may be undesirable in some use cases. While performing
unbatched inference is always inefficient with LLMs, as the memory throughput to access
model weights becomes the bottleneck, unbatched inference still finds its uses. Even
though transition tuning solves this problem, exploring different inference strategies might
bring new insights.

5.9 Conclusions

In this work, we presented the Mixture of Tokens, a novel continuous Mixture of Experts
architecture compatible with autoregressive decoding. This architecture scales to model
sizes similar to sparse Mixture of Experts models, matches their performance, and is more
resistant to training instabilities due to lower precision training. Moreover, we introduced
transition tuning, a technique for initializing an MoE model with another pretrained
MoE model of a different architecture, and showed that the new model achieves the
performance of the original one using a fraction of the compute budget.
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MoE-Mamba:
Efficient Selective State Space
Models with Mixture of Experts

Figure 6.1: Log perplexity throughout the training. From top to bottom:
Mamba100M; Transformer-MoE100M; MoE-Mamba100M.

6.1 Introduction

The remarkable effectiveness of Large Language Models is primarily attributed to the
Transformer architecture (Vaswani et al., 2017) and training on an internet-wide scale,
e.g., (TogetherComputer, 2023). Yet, questions remain: Should Transformers be the only
architecture used for LLMs? Can we scale language models even further, and if so, how
can this be achieved?

Regarding the first question, State Space Models (SSMs), e.g., Gu et al. (2022b, 2021,
2022a); Gupta et al. (2022); Li et al. (2022); Ma et al. (2022); Orvieto et al. (2023); Smith
et al. (2023), have been increasingly gaining attention. This recognition is due to their
capability for linear-time inference, highly parallelized training, and strong performance in
tasks requiring long-context processing, such as those illustrated by the Long Range Arena

81
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(Tay et al., 2020). Notably, a recent addition to this category, Mamba Gu & Dao (2023),
has shown impressive results through its selective mechanism and hardware-aware design,
positioning it as a promising contender to the attention-based Transformer architecture.

Scaling is believed to be a critical factor in developing powerful AI systems (Sutton,
2019a). The Mixture of Experts (MoE) approach Jacobs et al. (1991b), a set of techniques
that enables an increase in model parameters with minimal impact on computational
demands, plays a significant role. Due to their sparse activation, MoEs can be efficiently
scaled up to trillions of parameters, as demonstrated by Shazeer et al. (2017); Fedus et al.
(2022). MoE variants Fedus et al. (2022); Du et al. (2022) are now routinely used in
LLMs, as exemplified in the recent Mixtral model Jiang et al. (2024).

In this chapter, we advocate that to unlock the potential of SSMs for scaling up, they
should be combined with Mixture of Experts (MoE). To this end, we introduce MoE-
Mamba, a model that combines Mamba Gu & Dao (2023) with a Switch layer Fedus
et al. (2022). MoE-Mamba enables efficiency gains of both SSMs and MoE, outperforming
Mamba and Transformer-MoE, see Figure 6.1. Through comprehensive studies, we
confirm that the effect is robust to the design choices and the number of experts. Our
results indicate a very promising research direction that may allow scaling SSMs beyond
tens of billions of parameters and compete with the largest SoTA language models.

In summary, our contributions are as follows:

• We introduce MoE-Mamba, a model that combines Mamba with a Mixture of
Experts layer. MoE-Mamba enables efficiency gains of both SSMs and MoE while
reaching the same performance as Mamba in 2.35× fewer training steps.

• Via comprehensive studies, we confirm that the improvement achieved by MoE-
Mamba is robust to varying model sizes, design choices, and the number of experts.

• We explore and compare multiple alternative methods of integrating Mixture of
Experts within the Mamba block.

6.2 Related Work

State Space Models and Related Attention-Free Architectures State Space
Models (SSMs) Gu et al. (2022b, 2021, 2022a); Gupta et al. (2022); Li et al. (2022); Ma
et al. (2022); Orvieto et al. (2023); Smith et al. (2023) form a family of architectures
used for sequence modeling. Stemming from signal processing, these models can be seen
as a combination of RNNs and CNNs Gu & Dao (2023). Although they potentially
offer considerable benefits, a number of issues have been identified with SSMs Gu et al.
(2022b), preventing SSMs from becoming the leading architecture in the task of language
modeling. However, recent breakthroughs Gu et al. (2022b); Fu et al. (2023); Smith
et al. (2023); Gu & Dao (2023), have allowed deep SSMs to be increasingly competitive
against Transformers (Vaswani et al., 2017). In particular, Mamba Gu & Dao (2023),
has shown impressive results through its selective mechanism and hardware-aware design,
which allows scaling to billions of parameters while retaining computational efficiency
and strong performance. Besides SSMs, numerous other architectures have been proposed
that do not rely on the quadratic attention mechanism Zhai et al. (2021); Poli et al.
(2023); Sun et al. (2023); Peng et al. (2023).
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6.3 MoE-Mamba

In this section, we present the architecture details of our model, MoE-Mamba, see Figure
6.2. We start with a brief overview of the Mamba architecture, followed by a description
of the MoE layer. Our main architecture is presented in Section 6.3.2, while sections
6.3.3 and 6.3.4 explore its variants and related approaches.

6.3.1 Preliminaries

Mamba Mamba (Gu & Dao, 2023) is a recently proposed SSM-based model that
achieves remarkable, Transformer-like performance. By employing a work-efficient par-
allel scan, Mamba mitigates the impact of the sequential nature of recurrence, whereas
fusing GPU operations removes the requirement to materialize the expanded state. In-
termediate states necessary for backpropagation are not saved but recomputed during
the backward pass, thus reducing memory requirements. The advantages of Mamba over
the attention mechanism are especially prominent during inference, as not only is the
computational complexity lowered, but also the memory usage is not dependent on the
context length. Figure 6.3 shows the inner structure of a Mamba layer.

MoE Layer In our work, we follow the well-established Zhao et al. (2023a); Sanseviero
et al. (2023b) and easy-to-implement Switch Transformer MoE design Fedus et al. (2022)
and leave consideration of other MoE designs for future work.

We assume Nexperts experts {Ei}
Nexperts
i=1 , each being a trainable feed-forward network

with the same number of parameters. For each token embedding x, we calculate scores
h(x) = Wx ∈ RNexperts , where W is a trainable linear projection. These are normalized
using softmax:

pi(x) =
exp (h(x)i)∑Nexperts

i=1 exp (h(x)i)
.

Prior to Switch, top-k routing selecting k > 1 most suitable experts for each token was
deemed necessary. However, Switch successfully simplifies previous MoE approaches by
setting k = 1. Namely, the output of the MoE layer for x is given by:

y = pIEI(x),

where I = argmaxi pi(x).
During batched execution, e.g., in training, each batch contains N tokens. Following

the standard procedure, in a case where the assignment of tokens to the experts is not
perfect, i.e., some expert Ef is selected by more than N/Nexperts tokens in the current
batch, the excess tokens are dropped and not updated (capacity factor = 1). To further
encourage an even distribution of tokens to experts, load balancing loss as described by
Fedus et al. (2022) with weight α = 0.01 is added to the training objective.

6.3.2 MoE-Mamba Architecture

The vanilla Mamba architecture consists of multiple Mamba blocks stacked one after
another, with each layer’s output being added to the residual stream; see Figure 6.2. In
MoE-Mamba, we interleave Mamba layers with MoE layers (see Figure 6.2). Note that
the vanilla Mamba does not use feed-forward layers.

In this way, MoE-Mamba separates unconditional processing of every token by the
Mamba layer - which can efficiently integrate the whole sequence context into an internal
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Figure 6.2: Diagrams of the architectures. From the left: vanilla Transformer,
Transformer-MoE, Mamba, MoE-Mamba.

representation - and conditional processing by an MoE layer that can apply the most
relevant expert (and thus the subset of parameters) for each token. The idea of interleaving
conditional and unconditional processing is used in some MoE-based models, typically by
alternating vanilla and MoE feed-forward layers Lepikhin et al. (2020); Fedus et al. (2022).

6.3.3 Parallel MoE-Mamba

Apart from interleaving MoE layers with Mamba layers, we explore another design, inspired
by Wang (2021) and Chowdhery et al. (2023) in which MoE layer is executed in parallel
with Mamba (see Figure 6.3). It achieves positive results, albeit worse than MoE-Mamba.

6.3.4 Modifying Mamba Block

In addition to attaching a separate MoE layer to Mamba, we also conducted other exper-
iments, modifying the original block design by Gu & Dao (2023) to feature conditional
MoE computation. Some of the designs show improvements over the baseline architecture
and suggest promising future research directions.

6.4 Experiments

In this section we provide empirical validation of our hypothesis that interleaving Mamba
with MoE can improve the performance of Mamba. Our main result, see Figure 6.1,
shows that MoE-Mamba needs 2.35× fewer training steps to reach the same performance
as Mamba. We also provide a detailed analysis of our design choices.

6.4.1 Training Setup

We compare MoE-Mamba to three baselines: Mamba, Transformer, and Transformer-
MoE. All models in our experiments are decoder-only.

In the standard Transformer architecture, a single attention layer contains 4d2model
parameters, whereas a feed-forward layer contains 8d2model parameters. A single Mamba
layer contains slightly over 6d2model Gu & Dao (2023) parameters. To be able to compare
MoE-Mamba to Transformer-based and Mamba baselines, we scale down the size of each
expert in our model (we set dexpert = 3dmodel). This way, we can keep both the number
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Figure 6.3: Diagram of Parallel MoE-Mamba architecture (left) and Mamba Block
(right). The outputs of the Gate and Conv Projections are E (expansion factor)
times bigger than the input, i.e., Conv and SSM operate on vectors ∈ RE·dmodel .
Vanilla Mamba assumes E = 2 Gu & Dao (2023). Expansion factor E determines
how much the input vector is scaled up by Gate and Conv Projection and then
scaled down by Output Projection, and because of that, it is also proportional to
the number of FLOPs and parameters in the Mamba layer.

of blocks and the number of active parameters per token roughly the same in all models
of similar size. Active parameters denote those used to calculate the output for a given
token (e.g., typically, only one expert in each MoE layer is active). For a discussion of
the relation of active parameters and FLOPs, see Section 6.8.

Due to computational constraints, we perform most of our experiments on smaller,
Transformer-MoE25M models and validate our findings on Transformer-MoE100M models.

We train the models on C4 dataset Raffel et al. (2020) on the next token prediction
task using cross entropy as the loss function. We use EMA-smoothed (α = 0.001) training
log perplexity as the comparison metric for both final loss and speedup measurements as it
is a more fine-grained comparison metric than test log perplexity. The test log perplexity
comparison for Transformer-MoE100M models can be found in Section 6.13. All models
use the GPT2 tokenizer Radford et al. (2019a). We tune the learning rate separately for
all Transformer-MoE25M models and reuse it when training their Transformer-MoE100M
counterparts. When training Transformer-MoE100M, we divide the learning rate by
two due to repeated instabilities. See Section 6.7 for further details and hyperparam-
eters. The main experiments, described in section 6.4.2, use around 10B tokens for
Transformer-MoE25M models and around 30B tokens for Transformer-MoE100M models.
The experiments described in further sections use 1B tokens.

6.4.2 Main Results

Table 6.1 presents the comparison between training results of MoE-Mamba and baselines;
see also Figure 6.1 for log perplexity curves. MoE-Mamba shows a remarkable improve-
ment over the vanilla Mamba model across both model sizes. Notably, MoE-Mamba100M
was able to perform on par with vanilla Mamba100M with 2.35× speedup in terms of
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Model Parameters
Active

Parameters
per Token

Final Log
Perplexity

Speedup
Over

Vanilla
Mamba

(Training
Steps)

Mamba25M 27M 27M 3.34 1
MoE-Mamba25M (ours) 542M 26M 3.19 1.76
Transformer-MoE25M 545M 25M 3.23 1.56

Transformer25M 25M 25M 3.43 >1

Mamba100M 121M 121M 2.99 1
MoE-Mamba100M (ours) 2439M 117M 2.81 2.35
Transformer-MoE100M 2454M 114M 2.88 1.79

Table 6.1: Comparison between different architectures. The Transformer-MoE25M
models were trained on ca. 10B tokens and the Transformer-MoE100M models
were trained on ca. 30B tokens. Note that the parameter counts exclude embed-
ding and output (unembedding) layers (for further discussion of reporting either
non-embedding or all parameters, see Section 6.11). The numbers of total and
active parameters are not matched exactly between similarly sized models due
to, among other reasons, the MoE models including routers and Mamba layer not
containing precisely 6d2model parameters - a design choice we did not want to mod-
ify. We consider those differences to be too small to be significant for our results.

processed tokens. For Transformer-MoE25M model size, those performance gains are lower,
probably due to a lower number of training tokens. More generally, we observe that the
gains increase over the training, oscillating around 1.6×− 1.9× for Transformer-MoE25M
models after the initial training period. Further discussion of the speedup can be found
in Section 6.10. We observe that MoE-Mamba performs better than the corresponding
Transformer-MoE, which strengthens the findings by Gu & Dao (2023) that Mamba is
a competitive alternative to the Transformer.

6.4.3 Optimal Ratio of Active Parameters in Mamba and MoE

In this section, we investigate the optimal ratio of active parameters in the Mamba layer
to active parameters in the MoE layer while keeping the total number of parameters
fixed. Under these constraints, a given ratio determines the so-called expansion factor
E of the Mamba layer, the number of experts, and their size as detailed in Table 6.2 (see
also Figure 6.3 for Mamba design).

The results are presented in Figure 6.5. We observe that increasing the number
of active Mamba parameters improves the performance. However, the gains become
marginal after reaching the 3 : 3 ratio, and higher ratios are impractical due to inefficient
hardware utilization and high routing costs caused by a large number of experts. We
default to this choice in all other experiments.
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Figure 6.4: Smoothed training loss (log perplexity) for a differing number of ex-
perts for MoE-Mamba with ca. 26M active non-embedding parameters. The final
log perplexity improves monotonically as the number of experts increases.

Ratio
Nact. params

Mamba : Nact. params
MoE

Expansion
Factor

E (Mamba)

Expert
Size

Number
of

Experts

1 : 5 2
3 2560 19

2 : 4 1 2
3 2048 24

3 : 3 2 1536 32
4 : 2 2 2

3 1024 48
5 : 1 3 1

3 512 96

Table 6.2: Comparison of different ratios of parameters between Mamba and MoE.
The E = 2 corresponds to MoE-Mamba25M. The total number of parameters in
all models is 542M and the number of active parameters per token is 26M.

6.4.4 Alternative Designs

Parallel MoE-Mamba Inspired by Wang (2021) and Chowdhery et al. (2023), we exper-
iment with an alternative block design in which the MoE feed-forward layer and the Mamba
layer are placed in parallel instead of sequentially (see Figure 6.3). We compare this design
to MoE-Mamba for various numbers of experts; see Figure 6.6. MoE-Mamba outperforms
this variant in all tested settings. The parallel MoE-Mamba matches vanilla Mamba when
Nexperts ≥ 8 while requiring between 2 and 4 times as many experts and total parameters
to match the performance of the sequential variant. It may be an attractive alternative at
larger scales due to potentially enabling more efficient use of hardware due to different com-
munication Wang (2021) or fused input matrix multiplications Chowdhery et al. (2023).

Inner MoE Pursuing a uniform layer design, we experimented with replacing each of
the three linear projections within the Mamba block with an MoE layer; see Figure 6.3.
Enumerating all the possible placements results in 23− 1 = 7 possible designs (we discard
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Figure 6.5: Final log perplexity at different ratios of active Mamba-to-MoE active
parameters. Note that MoE contains the majority of the total parameters in each
model. For further discussion of the ratios explored, see Section 6.12.

Model Name /
Modified Projection

MoE in Mamba
All

Layers
Every Other

Layer

Vanilla Mamba 3.72
MoE-Mamba (16 experts) 3.67

Conv Projection 3.79 3.71
Gate Projection 3.89 3.70

Output Projection 4.05 3.70
Conv + Gate Projection 3.95 3.72

Conv + Output Projection 4.17 3.76
Gate + Output Projection 4.16 3.88

Conv + Gate + Output Projection 4.39 3.88

Table 6.3: Comparison of different variants of MoE in Mamba - final log perplex-
ity (1B tokens).

one combination that would feature no MoE inside the block). We maintain a similar
number of total parameters and FLOPs in all models by assuring the total number of
expert feed-forward layers in a block sums up to 24 regardless of the placement, i.e., the
24 experts are split evenly between one, two or three MoE’s inside the block. Inspired
by Fedus et al. (2022), we also performed experiments in which only half of the Mamba
blocks were modified to include MoE, but the number of experts was increased to 48 to
maintain the total number of parameters.

Three of the designs (Table 6.3) achieved results marginally better than vanilla Mamba,
with none outperforming MoE-Mamba. These results suggest the most promising research
directions in future work.

6.4.5 Number of Experts

Figure 6.4 shows the training runs for different numbers of experts. The results show that
our approach scales favorably with the number of experts. MoE-Mamba outperforms
vanilla Mamba, when Nexperts ≥ 4. We obtain the best result with 32 experts and expect
further gains with even more experts.

Interestingly, models with a small number of experts perform worse than vanilla
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Figure 6.6: Final log perplexity comparison for varying number of experts in se-
quential and parallel MoE-Mamba

Number of Experts Params
Active

Parameters
per Token

Log Perplexity
After

1B Tokens

Speedup Over
Vanilla Mamba
(Training Steps)

N/A
Vanilla Mamba 27M 27M 3.72 1

1 26M 26M 3.75 <1
4 experts 64M 26M 3.72 1.03
8 experts 114M 26M 3.70 1.10
16 experts 215M 26M 3.67 1.21
32 experts 416M 26M 3.67 1.23

Table 6.4: Log perplexity after 1B tokens for various numbers of experts. Note
that the parameter counts exclude the embedding and output (unembedding)
layers.

Mamba. This is consistent with Gu & Dao (2023) reporting that Mamba interleaved
with feed-forward layers (which corresponds to a single-expert MoE layer) is worse than
vanilla Mamba.

6.4.6 Accuracy and Perplexity

We observed that throughout the training of a variant of one of our smaller models,
MoE-Mamba25M with 32 instead of 42 experts as presented in section 6.4.2, it maintains
a lower perplexity than our strongest baseline (Transformer-MoE). However, at the same
time, Transformer-MoE consistently achieves higher accuracy than MoE-Mamba. We
conjecture that this might be due to the fact that attention-based models are able to copy
tokens verbatim, unlike SSM-based models, whose similar abilities might be hindered
by the compression of the history into a finite hidden state. We present accuracy and
loss (log perplexity) plots alongside further discussion of those results in Section 6.9.

6.5 Future Work and Limitations

Scaling In this work, we perform experiments on models with the number of active
parameters per token smaller than 1B, with total parameters up to 2.4B. Since MoE has
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enabled Transformers to be scaled to unprecedented sizes Fedus et al. (2022), we will be
excited to see the impact of scaling on the approaches proposed in our work. Developing
scaling laws would be instrumental in this endeavor.

Integrating MoE Into the Mamba Layer Our experiments show that interleaving
the Mamba layer with a performant sparse MoE feed-forward layer results in a promising
model. However, in the dense setting, Mamba performs slightly better without the feed-
forward layer. This suggests that integrating sparse computation within the Mamba layer
itself could yield even better results while conserving a simple, homogeneous architecture.
Our experiments, detailed in section 6.4.4, warrant some optimism, and we expect this
line of research to remain relevant.

Exploration of Different Types of MoE in MoE-Mamba While we base our
design on the commonly used Switch Fedus et al. (2022), numerous other MoE architec-
tures have been proposed. Not only may those designs perform better overall, but it is
possible that a different type of MoE will be optimal when combined with SSMs. Among
possible changes in this regard there are Expert-Choice routers Zhou et al. (2022), fully
differentiable architectures, varying number of experts and their granularity, (Puigcerver
et al. (2023a); Clark et al. (2022), chapters 2 and 5), and other modifications.

Distillation Some works, e.g., Fedus et al. (2022), have shown that MoE layers
can be distilled back to feed-forward layers. We expect similar results for MoE-Mamba.
Interestingly, the findings by Gu & Dao (2023) indicate that a Mamba module can
emulate feed-forward layers well. This raises the question of whether MoE can be distilled
into a vanilla Mamba module and how that would be achieved.

Synergies We leave for future work more in-depth studies of synergies of Mamba and
MoE. We suspect that there might be efficiency gains growing with the context length
due to better hardware utilization; as for inference, Mamba alleviates computation and
memory throughput issues stemming from larger context sizes, while MoE alleviates those
same issues stemming from increasing number of parameters and knowledge stored in
the model. This synergy may allow for unprecedented scaling of language models both
in the number of parameters and length of the input/output.

Mamba and Attention Mechanism Mamba and Transformers make different trade-
offs during data processing. This results in a different set of strengths and weaknesses,
e.g., Mamba can process very long inputs but might struggle with tasks requiring detailed
knowledge of the past input (e.g., some instances of copying). It would be interesting
to explore combining those two architectures to achieve the best of both worlds.

Long Context Utilization Mamba and other SSMs are praised for their ability
to process long context. However, the extent to which they can utilize it effectively and
techniques for improving the utilization have not yet been studied in depth. To that end,
some methods developed for Transformers Shi et al. (2023); Tworkowski et al. (2023);
Staniszewski et al. (2024) might be applicable.

Other Modalities This work explores one direction in which Mamba can be extended.
Mamba is a general architecture, and it is not limited to language modeling. We expect
that it will be possible to apply MoE-Mamba to other tasks, like non-textual sequence
modeling presented by Gu & Dao (2023), and different modalities, such as vision, with
initial work presented by Zhu et al. (2024).
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6.6 Conclusions

In this work, we presented the first integration of Mixture of Experts with Mamba archi-
tecture, MoE-Mamba. This novel method shares the inference benefits of Mamba while
requiring 2.35× fewer training steps to reach the same performance. We showed possible
ways of combining those techniques and positively verified performance improvements
achieved with their combination. We confirmed with experiments on models up to 2.4B
parameters and training lengths up to 30B tokens that those improvements over Mamba
are robust to model sizes, length of training, and the number of experts.

In addition to the above, we explored and evaluated numerous alternative designs
integrating Mixture of Experts within the Mamba block. While none of those variants
outperformed MoE-Mamba, we think that those investigations can help prune ineffective
research directions and point to promising ones.

Our work opens a new research direction of combining Mixture of Experts with State
Space Models. We believe that this path will enable more efficient scaling to even larger
language models.

6.7 Hyperparameters and Training Setup

Basic model hyperameters (dmodel, dff, the number of attention heads, the number
of layers) used in this work were inspired by BERT Devlin et al. (2019); Turc et al.
(2019), with the Transformer-MoE25M models being equivalent to BERTMedium and
Transformer-MoE100M models copying BERTBase configuration while increasing the num-
ber of blocks from 12 to 16. The learning rate schedule, as well as weight decay and
gradient clipping values were set per community’s standard practices. We used the
AdamW optimizer Loshchilov & Hutter (2019). We tune the maximum learning rate
value for each of the Transformer-MoE25M models separately and divide it by 2 when
training Transformer-MoE100M counterparts. We train the models using PyTorch Paszke
et al. (2019) and utilize FSDP Zhao et al. (2023b) for facilitating multi-GPU setup.

6.8 Active Parameters vs FLOPs

In this work, we report the number of active parameters (excluding embedding and
unembedding layers) and not the number of floating-point operations (FLOPs), following
Zhou et al. (2022). Both numbers will be roughly proportional Kaplan et al. (2020), but
the number of FLOPs is both harder to calculate and less relevant for hardware-aware
architecture like Mamba with its optimizations, especially during inference.
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Hyperparameter Transformer25M Mamba25M
Transformer-

MoE25M
MoE-Mamba25M

Model

Total Blocks 8 16 8 8
dmodel 512 512 512 512

# Parameters 25M 27M 545M 542M
# Active Parameters

per Token 25M 27M 25M 26M

Feed-Forward dff 2048 - - -

Mixture of Experts dexpert - - 2048 1536
Nexperts - - 32 42

Position Embedding RoPE - RoPE -

Attention Nheads 8 - 8 -

Training

Training Steps 150K 150K 150K 150K
Context Length 1024 1024 1024 1024

Batch Size 64 64 64 64
Max Learning Rate 5e-4 1e-3 5e-4 5e-4

LR Warmup 1% 1% 1% 1%
LR Schedule Cosine Cosine Cosine Cosine

Final LR Ratio 0.1 0.1 0.1 0.1
Weight Decay 0.1 0.1 0.1 0.1

Gradient Clipping 0.5 0.5 0.5 0.5

Table 6.5: Hyperparameters (Transformer-MoE25M Models). In Transformer mod-
els we use Rotary Position Embedding Su et al. (2023a).

Hyperparameters Mamba100M Transformer-MoE100M MoE-Mamba100M

Model

Total Blocks 32 16 16
dmodel 768 768 768

# Parameters 121M 2454M 2439M

# Active Parameters
per Token 121M 114M 117M

Mixture of Experts dexpert - 3072 2304
Nexperts - 32 42

Position Embedding - RoPE -

Attention Nheads - 12 -

Training

Training Steps 30K 30K 30K
Context Length 1024 1024 1024

Batch Size 1024 1024 1024
Max Learning Rate 1e-3 2.5e-4 5e-4

LR Warmup 1% 1% 1%
LR Schedule Cosine Cosine Cosine

Final LR Ratio 0.1 0.1 0.1
Weight Decay 0.1 0.1 0.1

Gradient Clipping 0.5 0.5 0.5

Table 6.6: Hyperparameters (Transformer-MoE100M Models). In
Transformer-MoE100M we use Rotary Position Embedding Su et al. (2023a).

6.9 Accuracy and Perplexity

Figure 6.7: Discrepancy between accuracy and log perplexity: MoE-Mamba25M
with 32 experts and Transformer25M. Note that MoE-Mamba with 32 experts has
fewer total parameters than the Transformer.
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# of Experts MoE-Mamba
Sequential Parallel

1 3.76 3.79
2 3.74 3.77
4 3.71 3.74
8 3.69 3.72
16 3.67 3.70
32 3.66 3.69

Table 6.7: Comparison of sequential and parallel MoE-Mamba - final log perplex-
ity (1B tokens).

As mentioned in section 6.4.6, we have observed a curious case of metric inconsistency
between two models that achieved similar performance but were based on different ar-
chitectures. We hypothesize that this discrepancy hints at a potential failure mode of
Mamba and other SSMs. Due to the compression of the history into a finite hidden
state, their ability for verbatim token-copying is limited. The related ability to predict
the token [B] given a prefix ...[A][B]...[A] (where [A], [B] can be any tokens) has been
mechanistically studied by Elhage et al. (2021) and has been conjectured to be responsible
for Transformer’s remarkable in-context learning capabilities Olsson et al. (2022).

Peng et al. (2023) mention that their attention-free model, RWKV, may have limited
performance on tasks that require recalling precise information over long contexts due
to a fixed-sized hidden state, a property that Mamba and other SSMs share. However,
since the perplexity of Mamba can match the perplexity of a similarly-sized Transformer,
we can suspect that Mamba compensates for that failure mode in other ways and might
show a relative advantage on other tasks when compared to Transformer. In particular,
it might outperform Transformers in 0-shot tasks in contrast to tasks allowing few-shot
demonstrations or requiring in-context learning.

6.10 Relation between Speedup and Training Time

In our experiments, we notice that generally, as the training continues, the speedup of
MoE-Mamba compared to vanilla Mamba increases (see Fig. 6.8). That is, the ratio

speedup(l) =
# processed tokens vanilla Mamba took to reach loss l

# processed tokens MoE-Mamba took to reach loss l

increases as l decreases. Speedup in Transformer-MoE25M models oscillates between 1.6
and 1.9, while the speedup in Transformer-MoE100M models rises steadily.

6.11 Counting Model Parameters

For all models and their variants, we report the number of trainable, non-embedding
parameters, i.e., we exclude the parameters in the input (embedding) and output (unem-
bedding) layers. This convention is proposed by Kaplan et al. (2020), who note that using
just non-embedding parameters gives their scaling laws a clearer form. The relatively
low importance of the number of embedding parameters for the final performance has
been noted by Lan et al. (2020).
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Figure 6.8: Speedup of different sizes of MoE-Mamba compared to their vanilla
Mamba counterparts as training progresses.

6.12 Exploring the Optimal Mamba to MoE Active Param-
eters Ratio

The assignment of FLOPs and parameters to different components is an important design
choice in heterogeneous architectures. For example, in Transformer, the shape of the
model has been studied extensively by Kaplan et al. (2020). In our work, we investigate
the optimal ratio of active parameters in the Mamba layer to the number of active param-
eters in the MoE layer; see Section 6.4.3. Figure 6.5 may suggest that increasing the ratio
strengthens the performance and maybe assigning all active parameters to Mamba would
result in the best performance (ratio “6:0”). It should, however, be noted, that all the
investigated models contain the same number of both total parameters and active param-
eters per token. A hypothetical model described above could not achieve this property.
If we loosen the requirement and place all the parameters in Mamba, the resulting model
is the same as Mamba25M with the expansion factor E = 4 and 8 instead of 16 Mamba
layers. This model achieves marginally worse final log perplexity than Mamba25M (3.73).

6.13 Train and Test Set Performance

In the main text, we report the loss values obtained on the train set. Our training
procedure samples from the dataset, so even without processing more tokens than there
are in the C4 dataset, the same documents may be encountered multiple times. However,
as we process less than 20% of the tokens, the difference in performance on the train
set and on the test set should be negligible. For transparency, we provide the results on
the test set as well (Figure 6.9). Their variance may be high due to a limited number
of sequences in each evaluation step.
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Figure 6.9: Test set loss.
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Chapter 7

Conclusion

When this doctoral project began in 2020, large language models capable of holding a
reasonable conversation did not yet exist. The idea that they could solve difficult problems
for humans or assist with programming was closer to science fiction than to reality. With
the release of ChatGPT (OpenAI, 2022), the landscape changed dramatically, and my
focus shifted entirely towards improving the pretraining of large language models. In
hindsight, it was exceptionally good timing to begin this research.

Our first experiments with Mixture-of-Experts (MoE) models took place when they
were regarded mostly as a curiosity, and the only published scaling laws predicted that
they would not scale effectively (Clark et al., 2022). Apart from introducing granularity
into the MoE framework, our work was the first to demonstrate that these architectures
can scale efficiently and outperform dense models. Today, the majority of recent LLMs
with a disclosed architecture are known to be MoEs, and most of them explicitly adopt
granular experts as standard practice. This trajectory illustrates how quickly a once-
marginal idea can become central to the design of frontier models.

The broader context is no less striking. Expert forecasts now place a non-negligible
probability on Artificial General Intelligence (AGI) arriving within the next decade.
Surveys compiled by 80,000 Hours report (80,000 Hours, 2025a) that many researchers
give a 25% chance of “high-level machine intelligence” by the early 2030s. At the same
time, large language models have reached billions of users (Warren, 2024), becoming
tools for education, work, and creativity. As programming itself becomes increasingly
automated, the possibility emerges that models will accelerate their own development,
creating a feedback loop of rapid capability gains.

This brings both opportunity and responsibility. In his essay "Machines of Loving
Grace" (Amodei, 2024) Anthropic’s CEO argued that advanced models could dramat-
ically accelerate discovery in fields such as drug development, materials science, and
mathematics. Yet, the risks of economic disruption, misuse, and concentration of power
are equally significant.

In sum, this dissertation luckily captures a pivotal moment in the evolution of artificial
intelligence. While the technical contributions focus on scaling and efficiency, the progress
in AI is inseparable from its social context. The models shape not only research, but also
the daily lives of billions. As we move closer to systems with general capabilities, pairing
advances in efficiency with equal advances in safety and governance will be essential.
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Editorial Note

This thesis was edited and corrected for grammatical and stylistic errors using LLM-based
systems. These systems also helped ensure the consistency and clarity of the text. We
verified the suggested changes before incorporating them to ensure the meaning remained
unchanged.
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