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Abstract

This thesis investigates systems of linear equations and inequalities that are
orbit-finite, i.e., finite up to permutations of variables. Such systems naturally
arise in the study of models of computation over infinite data domains, such
as register automata and data Petri nets. The work is organised around four
main contributions. First, we construct an orbit-finite basis for the vector space
of orbit-finite functionals over an orbit-finite set. Second, we establish that the
solvability of orbit-finite systems of linear equations is decidable. Third, we
prove that while determining integer solvability of orbit-finite systems of linear
inequalities is undecidable, the problem becomes decidable when relaxed to
real solutions. This result is further extended to orbit-finite linear programming,
i.e. optimisation of an orbit-finite linear functional with respect to an orbit-finite
system of inequalities. As an intermediate step toward deciding the solvability
of orbit-finite systems of linear inequalities, we introduce polynomially parame-
terised systems of linear inequalities—finite systems in which the coefficients
are univariate polynomials over a non-negative integer parameter—and show
that their solvability is decidable. Finally, we demonstrate that weak duality
for finite linear programs generalises to the orbit-finite setting. And that, while
strong duality does not extend to the general class of orbit-finite linear programs,
it holds for two natural subclasses: row-finite and column-finite orbit-finite
linear programs.

Keywords: Set with atoms, orbit-finite sets, vector spaces, linear algebra,
solvability, system of linear equations, linear programming, linear optimisation,
register automata, Petri nets with data.
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Streszczenie w języku polskim

W niniejszej rozprawie badamy układy równań i nierówności liniowych, które
są orbitowo skończone, tzn. skończone z dokładnością do permutacji zmien-
nych. Takie układy pojawiają się naturalnie w analizie modeli obliczeniowych
operujących na nieskończonych dziedzinach danych, takich jak automaty re-
jestrowe i sieci Petriego z danymi. Na treść pracy składają się cztery główne
rezultaty.

Po pierwsze, podajemy konstrukcję orbitowo skończonej bazy dla przestrzeni
wektorowej, której elementami są orbitowo skończone funkcjonały nad or-
bitowo skończonym zbiorem. Po drugie wykazujemy, że pytanie, czy dany or-
bitowo skończony układ równań liniowych ma orbitowo skończone rozwiązanie,
jest rozstrzygalne. Po trzecie udowadniamy, że pytanie, czy orbitowo skońc-
zony układ nierówności liniowych ma orbitowo skończone rozwiązanie całkow-
itoliczbowe jest nierozstrzygalne, natomiast problem ten staje się rozstrzygalny
po rozszerzeniu dziedziny rozwiązań do rozwiązań rzeczywistych. Wynik
ten następnie rozszerzamy do rozstrzygalności orbitowo skończonego pro-
gramowania liniowego, czyli optymalizacji orbitowo skończonego funkcjonału
liniowego względem ograniczeń wyrażonych za pomocą orbitowo skończonego
układu nierówności. Jako etap pośredni wprowadzamy pojęcie wielomianowo
parametryzowanych układów nierówności liniowych, mianowicie skończonych
układów nierówności liniowych, w których współczynniki są wielomianami jed-
nej zmiennej o wartościach nieujemnych całkowitych, pełniącej rolę parametru.
Jako jeden z głównych rezultatów pokazujemy, że pytanie o istnienie rozwiązań
dla takich układów jest rozstrzygalne.

Na koniec pokazujemy, że słaba dualność dla klasycznych skończonych
programów liniowych uogólnia się do przypadku orbitowo skończonego. Do-
datkowo pokazujemy że silna dualność, pomimo tego, że nie zachodzi w ogólnej
klasie orbitowo skończonych programów liniowych, zachodzi w dwóch natural-
nych podklasach: dla wierszowo-skończonych oraz kolumnowo-skończonych
programów liniowych.
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List of commonly used
symbols

⊆FIN “is a finite subset of”
⊇FIN “is a finite superset of”
⊎ disjoint union
R the set of real numbers
R+ the set of positive real numbers
R⩾0 the set of non-negative real numbers
N the set of natural numbers
Z the set of integers
Z+ the set of positive integers
Sk symmetric group of degree k
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Introduction

Contents
1.1 Orbit-finite systems . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Why study orbit-finite systems? . . . . . . . . . . . . . . . . 4

1.2.1 Applications in automata theory . . . . . . . . . . . . 5

1.2.2 Approximations of large but highly symmetric systems 6

1.3 Contributions of the thesis . . . . . . . . . . . . . . . . . . . 7

1.3.1 Source materials . . . . . . . . . . . . . . . . . . . . . 9

1.4 Document conventions . . . . . . . . . . . . . . . . . . . . . 10

1.1 Orbit-finite systems

Solvability of finite systems of equations and inequalities is one of the oldest
and one of the most fundamental algorithmic questions. In this thesis we study
systems of linear equations and inequalities which are orbit-finite, i.e. possibly
infinite but finite up to (certain) symmetries.

Throughout the thesis, we use the symbol A to denote a fixed countably
infinite set. Elements of A are called atoms. We start with an example of an
orbit-finite system of linear equations. For any n ∈N, let A(n) denote the set of
non-repeating tuples of n atoms

A(n) def
=
{

α1 . . . αn ∈ An : αi ̸= αj for all i ̸= j
}

.

For succinctness of notation, we omit the commas and brackets, and write
α1 . . . αn to represent an n-tuple instead of (α1, . . . , αn). Consider an infinite

3
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set of variables
{

x(αβ) : αβ ∈ A(2)
}

1, and a system of equations indexed by
elements of A (i.e. contains one equation for every α ∈ A):

∑
β ̸=α

x(αβ) = 1 (α ∈ A) .

Note that this is an infinite system of infinite equations (i.e., infinitely many
variables appear in every equation). Every permutation π of A induces the
permutation x(αβ) 7→ x(π(α)π(β)) of the variables. This in turn takes the set
of variables {x(αβ) : β ̸= α}, for any fixed α ∈ A, to the set of variables

{x(π(α)π(β)) : π(β) ̸= π(α)} = {x(π(α)β) : β ̸= π(α)}

and hence induces the permutation

∑
β ̸=α

x(αβ) = 1 7→ ∑
β ̸=π(α)

x(π(α)β) = 1

on the set of equations. Notice that, although the variables and equations
get permuted, the set of variables and the system of equations remain the
same. Moreover, there are finitely many variables and equations up to these
permutations (namely just one). Stated in the language of group theory, the
numbers of orbits of variables and equations in the system are finite. Hence, we
may call this system orbit-finite (in this particular example the system is a single
orbit).

For any function f : A → A such that f (α) ̸= α for all α ∈ A, the vector
x f : A(2) → R defined as

x f (αβ)
def
=

1 , if β = f (α)

0 , otherwise

is a solution of the system of equations. We return to this example in Chapters 2
and 4.

1.2 Why study orbit-finite systems?

We outline some motivations to investigate orbit-finite systems: we recall appli-
cations to automata, and advocate infinite systems as approximations of large
finite ones.

1Note that we slightly deviate from the usual convention of writing the index in the subscript, and
write x(αβ) instead of xαβ.
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1.2.1 Applications in automata theory

A system of linear equations or inequalities, or a set in general, is definable if and
only if it is orbit-finite ([5, Theorem 4.10]) 2. The consequence of this in automata
theory is that the systems of equations and inequalities that we encounter while
studying models of computations over infinite alphabets such as data Petri nets
([22, Definition 2.1]) and register automata ([5, Definition 1.2]), are orbit-finite.
We give an example of this phenomenon in the case of data Petri nets.

Example 1.1. Consider the data Petri net in Figure 1.1, which has a single place
(drawn as a circle) and two transitions (drawn as rectangles), and whose tokens
carry data values from the set B = {⋆, #} ∪A(2). For every αβγ ∈ A(3), the

y α ̸= β ̸= γ

⋆

αβ, βγ

xα ̸= β ̸= γ

αβ, βγ, γα

⋆, #

Figure 1.1

transition x can input three tokens, respectively carrying the values αβ, βγ and
γα, and output two tokens, one carrying the value ⋆ and the other carrying the
value #. Similarly, for every αβγ ∈ A(3), the transition y can input one token
carrying the value ⋆, and output two tokens, one of them carrying the value αβ

and the other carrying the value βγ.
Say we want to check whether the configuration t = 2 · # containing two

tokens, each carrying the value #, is reachable from the configuration s = ⋆

containing one token carrying the value ⋆

⋆ −→∗ 2 · # .

The configuration t is not reachable from s since from s we can only take the
transition y, which does not lead to t but the Petri nets reaches a deadlock, i.e.
no further transitions can be taken.

Now say we want to check the reachability in the relaxed semantics when
the configurations of the Petri net are allowed to have a negative number of
tokens. 3 In this case, t is reachable from s if and only if the following system of
(state) equations has a non-negative integer solution which assigns 0 to all but

2Here, by definable, we mean definable using a set builder expression [5, Definition 4.1].
3This relaxed semantics of Petri nets is often used as an over-approximation of ordinary semantics
and consequently as a negative criterion for reachability.[40, page 316]
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finitely many variables (variables x(αβγ) and y(αβγ), respectively, corresponds
to the number of firings of the corresponding transitions)

∑
αβγ∈A(3)

x(αβγ)− ∑
αβγ∈A(3)

y(αβγ) = −1

∑
αβγ∈A(3)

x(αβγ) = 2

∑
γ ̸=α,β

(y(αβγ) + y(γαβ)− x(αβγ)− x(βγα)− x(γαβ)) = 0 (αβ ∈ A(2)) .

There are three orbits of equations: two singleton orbits and one infinite orbit
indexed by A(2). The first equation ensures that the total number of consumed
tokens carrying the value ⋆ is one more than the total number produced token
with the same value. The second equation ensures that the total number of
produced tokens carrying the value # is 2 (note that these tokens can not be
consumed). The remaining set of equations, which form a single orbit, ensure
that for every αβ ∈ A(2), the number of consumed tokens carrying the value αβ

is equal to the number of produced tokens with the same value.
For any αβγ ∈ A(3) the vector which assigns 1 to the variables y(αβγ),

y(βγα), y(γαβ), x(αβγ), x(βγα), and 0 to the rest, is a solution to this system.
From this solution we can construct the following run of the Petri net from s to
t. Configurations of the Petri net are written as finite formal sums of elements
from A(3) ∪ {⋆, #} with integer coefficients.

s = ⋆ (αβ + βγ) (αβ + 2 · βγ + γα− ⋆)

t = 2 · # (αβ + βγ + γα + #− ⋆) βγ + #

y(αβγ) y(βγα)

x(αβγ)

x(βγα) y(γαβ)

◀

1.2.2 Approximations of large but highly symmetric systems

Inspired by the slogan “The infinite is a good approximation of the very large
finite” 4, we study orbit-finite systems as approximations of systems which are
large but also highly symmetric, i.e., with small number of orbits. Consider an
orbit-finite system of constraints (i.e. equations or inequalities) U . Let Un be
the system that we get from U assuming A has n elements, instead of infinitely
many. Although the number of constraints in Un increases with n, for every

4This was the title of a lecture given by László Lovász at the Jagiellonian University, Krakow in June
2024.
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sufficiently large n the system Un has the same number of orbits of constraints
as U .

Example 1.2. For illustration, consider the system U consisting of the inequali-
ties

∑
α∈A

v(α) ⩽ 2

∑
β∈A\{α}

e(βα) ⩽ v(α) + 3 (α ∈ A)

∑
αβ∈A(2)

e(αβ) ⩾ 16 .

Intuitively, unknowns v(α) and e(αβ) respectively correspond to vertices α

and edges αβ of an infinite directed clique. A solution of this system is an
assignment of weights to vertices and edges of the infinite clique such that:

1. the total weight of vertices is at most 2,

2. for every vertex, the total weight of edges incoming to the vertex is at
most the weight of the vertex plus 3, and

3. the total weight of edges is at least 16.

This system has three orbits of inequalities. If we assume A to have n ⩾ 2
elements instead of being infinite, we get a system Un which has n + 2 inequal-
ities. But, irrespective of n, the system Un has the same number of orbits of
inequalities as U , namely 3. ◀

One might wonder, whether the solvability of U coincides with the solvability of
Un for large enough n. That is, does there exists an N ∈N such that solvability
(existence of a solution) of Un coincides with solvability of U for n ⩾ N? This is
true for the system in the above example, since it is solvable and Un is solvable
for n ⩾ 4, but not for n < 4 (we leave it to the reader to verify these claims). In
Chapter 7, which is the last chapter of this thesis, we show that this is not true
for orbit-finite systems in general, but is true for some interesting subclasses.

1.3 Contributions of the thesis

This thesis is about lifting classical results in linear algebra from finite dimension
to orbit-finite dimension. The main contributions of this thesis are summarised
in the following paragraphs.
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Orbit-finite bases: One of the fundamental results in linear algebra is that
every vector space has a basis, and that any two bases of a vector space are
isomorphic as sets (i.e. they have the same cardinality). In Chapter 3 we investi-
gate to what extent these hold in the orbit-finite setting. In [6] the authors have
also shown that there exists vector spaces with orbit-finite spanning sets but no
orbit-finite basis. We complement their result by giving an example of a vector
space having two non-isomorphic orbit-finite bases (§ 3.4).

Another important result in [6] is to show that the vector space of definable
functions from an orbit-finite set to a field has an orbit-finite spanning set. As
our first main result in Chapter 3 we strengthen their result to show such a
vector space even has an orbit-finite basis (Theorem 3.1). This fundamental
observation is used in later chapters where we study solvability of orbit-finite
systems of equations and inequalities.

Linear Equations: Solvability of finite systems of linear equations over inte-
gers is in PTIME ([42]). In Chapter 4 we show that solvability of orbit-finite
systems of equations is decidable in EXPTIME, and in PTIME for fixed atom-
dimension 5 (Theorem 4.6). Our algorithm is general enough to work within
any commutative ring under mild effectivity assumptions.

Linear Programming: In Chapter 5 we discuss solvability of orbit-finite sys-
tems of linear inequalities. We show that existence of integer solutions is
undecidable (Theorem 5.4), while existence of real solutions is decidable in
EXPTIME, and in PTIME for fixed atom-dimension (Theorem 5.3). In short, in
the orbit-finite setting, linear programming is decidable while integer linear
programming is not. This is in contrast with the classical setting, where linear
programming is in PTIME and integer linear programming is NP-complete. In
Chapter 6 we extend our results to optimisation of an orbit-finite linear func-
tion with respect to an orbit-finite system of linear inequalities as constraints.
Contrary to the finite dimension case, existence of an optimal solution is not
guaranteed in our setting (Example 6.4); however the optimum can be computed
in EXPTIME, and PTIME for fixed atom-dimension (Theorem 6.6).

As an intermediate step for deciding solvability of orbit-finite systems of
linear inequalities, we introduce polynomially parametrised systems of linear
inequalities. These are finite systems of linear inequalities where the coefficients
are univariate polynomials over an integer parameter. For example, the following
system is parametrised over n:

n · (n− 1) · x + y ⩽ 4 · n2 − 15

x− n · y ⩾ 1 .
(1.1)

5To be defined later (Definition 2.18). For instance, the set A(n) has atom dimension 4.
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In § 5.5 we provide a reduction from solvability of orbit-finite systems to the
almost-all-solvability of polynomially parametrised systems (does there exist one
and the same solution for almost all values of the parameter?). For instance
x = 1 and y = 0 is a solution of (1.1) for all n ⩾ 3. We also give a polynomial-
time decision procedure for the almost-all-solvability (Theorem 5.17).

Duality in Linear Programming: In Chapter 7 we investigate to which extent
duality in finite linear programming extends to orbit-finite linear programming.
We show that weak duality holds in the orbit-finite setting (Theorem 7.1) but
strong duality doesn’t (§ 7.3). However, strong duality can be recovered in two
interesting subclasses of orbit-finite linear programming (Theorem 7.17). In this
chapter we also discuss to what extent orbit-finite systems approximate large
but highly symmetric finite systems.

1.3.1 Source materials

The orbit-finite basis theorem (Theorem 3.1) in Chapter 3, and the contents
of Chapter 4 except for the proof of decidability of finitary solvability (Theo-
rem 4.4), are taken from the paper

Arka Ghosh, Piotr Hofman, and Sławomir Lasota: Solvability of
orbit-finite systems of linear equations LICS 2022 [16].

The proof of decidability of finitary solvability given in this thesis differs from
[16] and is simpler. Chapters 5 and 6 are based on the paper

Arka Ghosh, Piotr Hofman, and Sławomir Lasota. Orbit-finite
linear programming. LICS 2023 (distinguished paper) [17]

and its improved journal version

Arka Ghosh, Piotr Hofman, and Sławomir Lasota. Orbit-finite
linear programming. Journal of the ACM [18] .

In particular, the decidability of almost always solvability in PTIME (Theorem 5.17)
appeared only in the journal version. Chapter 7 consists of unpublished work
done in collaboration with Joanna Fijalkow, Piotr Hofman, Sławomir Lasota
and Szymon Toruńczyk.
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1.4 Document conventions

Text formatting

Following the usual convention we italicise a piece of text to emphasise it. An
italicised phrases or a symbol is coloured in red to denote that the surrounding
text defines it. Instances of this can be found in page 3. These are the only
instances in this chapter where this convention is used.

Sometimes, we fix the meaning of a symbol for an entire section or chapter.
In such cases, the relevant sentences are coloured in blue, making them easier
to locate and track. An instance of this can be found in page 21.

End-of-proof/Q.E.D. symbols

We use two symbols to denote end of proofs. For proofs of lemmas and theorems
we use ■. For proofs of claims appearing inside proofs of lemmas and theorems,
we use □. Finally, we use ◀ to denote the ends of examples.

Index

This thesis contains a significant number of definitions. To make it easier to
keep track of them we have an added an index at the end of thesis to indicate
the page numbers where each important term is defined.
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2.1 Sets with atoms

Our definitions rely on basic notions and results of the theory of sets with atoms
[5], also known as nominal sets [36].

Informally speaking, a set with atoms is a set that can have atoms, or other
sets with atoms, as elements. Formally, we define the universe of sets with
atoms by a suitably adapted cumulative hierarchy of sets, by transfinite induction:
the only set of rank 0 is the empty set; and for a cardinal κ, a set of rank κ may
contain, as elements, sets of rank smaller than κ as well as atoms. In particular,
non-empty subsets of A have rank 1. The power set P(A) of A has rank 2.

11
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The group Aut(A) of all permutations of A, called in this thesis automor-
phisms, acts on sets with atoms hereditarily. Formally, by another transfinite

induction, for π ∈ Aut(A) we define π(X)
def
= {π(x) : x ∈ X}.

Example 2.1. Pick three distinct atoms α,β and γ. Let π be the automor-
phism such that π(α) = γ, π(γ) = α and π(δ) = δ for all δ ̸= α, γ. Then
π({A \ {α} , β}) = {A \ {γ} , β}. ◀

Via standard set-theoretic encodings of pairs or finite sequences we obtain, in
particular, the point-wise action on pairs π(x, y) = (π(x), π(y)), and likewise
on finite sequences. Relations and functions from X to Y are considered as
subsets of X×Y.

We restrict to sets with atoms that only depend on finitely many atoms, in
the following sense. For S ⊆ A, let

AutS(A)
def
= {π ∈ Aut(A) : π(α) = α for every α ∈ S}

be the set of automorphisms that fix S. Automorphisms in AutS(A) are called
S-automorphisms. A finite set S ⊆FIN A supports a set x if for all π ∈ AutS(A)

we have π(x) = x. In this case we also say that x is S-supported.

Example 2.2. Any finite set of atoms is supported by itself. Any co-finite
set of atoms is supported by its complement. For any S ⊆FIN A, the set
{T ⊆ A : T ⊇ S} is supported by S. The set A∗ of finite sequences of atoms is
supported by the empty set. ◀

A Function f : B→ C is identified with its graph, i.e., the set {(b, f (b)) : b ∈ B}.
For any π ∈ Aut(A) we have π(b, f (b)) = (π(b), π( f (b)). This implies

Lemma 2.3. For any function f : B→ C, π ∈ Aut(A) and b ∈ B,

π( f )(π(b)) = π( f (b)) .

Lemma 2.4. A function f : B→ C is supported by some S ⊆FIN A if and only if for
all π ∈ AutS(A) and b ∈ B we have π( f (b)) = f (π(b)).

Lemma 2.5. The domain of a function supported by S ⊆FIN A is also supported by S.

We leave the proofs of the above three lemmas as exercises for the reader.
An S-supported set is also S′-supported, as long as S ⊆ S′. A set x is finitely

supported if it has some finite support; in this case x has the least support, denoted
support (x), called the support of x (cf. [5, Sect. 6]). Sets supported by the
empty set ∅ we call equivariant. Finitely supported sets are preserved under
finite union, intersection and cartesian products. Equivariant sets are preserved
under arbitrary union, intersection and cartesian products.
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Example 2.6. Given α, β ∈ A, the support of the set A \ {α, β} is {α, β}. The
set A2 and the projection function (α, β) 7→ α : A2 → A are both equivariant;
and the support of a tuple α1 . . . αn ∈ An, encoded as a set in a standard way, is
the set of atoms {α1, . . . , αn} appearing in it. ◀

Lemma 2.7. support (−) is an equivariant function on the collection of finitely
supported sets. That is, for any finitely supported x and π ∈ Aut(A),

support (π(x)) = π(support (x)) .

Proof. We start by proving the following claim.

Claim 2.7.1. If x is supported by S ⊆FIN A then π(x) is supported by π(S).

Proof. Pick arbitrary σ ∈ Autπ(S)(A). Then π−1 ◦ σ ◦ π ∈ AutS(A). Hence

(π−1 ◦ σ ◦ π)(x) = x .

Applying π to both sides we get

σ(π(x)) = π(x) .

As σ is chosen arbitrarily, we deduce that π(S) supportes π(x). □

Using the above claim we conclude

support (π(x)) ⊆ π(support (x)) . (2.1)

By the same claim, replacing x with π(x) and π with π−1, we get

support (x) ⊆ π−1(support (π(x))) .

which implies
π(support (x)) ⊆ support (π(x)) . (2.2)

By (2.1) and (2.2) we get support (π(x)) = π(support (x)). ■

A set is called atom-less if no atoms appear inside it, or its elements, or the
elements of its elements, and so on. Clearly, atom-less sets are equivariant. The
most common examples of atom-less sets we will see in this thesis are numbers
and finite sets.

A set is called hereditarily finitely supported if it’s finitely supported, its ele-
ments are finitely supported, element of elements are finitely supported, and so
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on. For example, for any S ⊆FIN A, both the sets

{T ⊆FIN A : T ⊇ S} and {T ⊆ A : T ⊇ S}

are finitely supported but only the first one is hereditarily finitely supported.
From now on, we will only consider the finitely supported sets which are also
hereditarily finitely supported.

2.1.1 Orbit-finite sets

For S ⊆FIN A, two atoms or sets with atoms x, y are in the same S-orbit if π(x) = y
for some π ∈ AutS(A). This equivalence relation splits all sets with atoms into
equivalence classes, which we call S-orbits; ∅-orbits we call equivariant orbits.
By the very definition, every S-orbit O is S-supported: support (O) ⊆ S and,
even if the inclusion is strict (which may happen only for singleton orbits), O is
also a (support (O))-orbit. When the set S is irrelevant, we simply speak of an
orbit, meaning an S-orbit for some S ⊆FIN A. Every S-supported set is a union
of (necessarily disjoint) S-orbits; the set is orbit-finite if this union is finite. As the
next lemma says, orbit-finiteness is stable under orbit-refinement and taking
finitely supported subsets:

Lemma 2.8 ([5, Theorem 3.16]). For any S ⊆ T ⊆FIN A, a finite union of S-orbits is
also a finite union of T-orbits (although the number of orbits may increase).

Remark 2.9. Notice that orbit-finite sets are finitely supported by definition.

Example 2.10. Some examples of orbit-finite sets are:

1. A (1 orbit);

2. A \ {α} for some α ∈ A (1 orbit);

3. A2 (2 orbits: diagonal {αα : α ∈ A} and non-diagonal
A(2) = {αβ : α ̸= β ∈ A});

4. A3 (5 orbits, corresponding to the equality types of triples);

5. non-repeating n-tuples of atoms
A(n) =

{
α1 . . . αn ∈ An : αi ̸= αj for all i ̸= j

}
(1 orbit);

6. n-sets of atoms (A
n )

def
= {X ⊆ A : |X| = n} (1 orbit).

7. Any finite set X containing only finitely supported sets or atoms is an
orbit-finite set supported by S = ∪x∈Xsupport (x). The set of its S-orbits
is {{x} : x ∈ X}. Lemma 2.25-vii, stated later in this section, implies that
elements of X need to be finitely supported for X to be finitely supported,
and hence also for being orbit-finite.
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The set Pfin(A) of all finite subsets of atoms is orbit-infinite, since for every
n ∈N, the set {S ⊆ A : |S| = n} ⊆ Pfin(A) is an equivariant orbit. ◀

Example 2.11. For n, m ∈N, equivariant orbits inside A(n)×A(m) are exactly
of the form{

(α1 . . . αn, β1 . . . βm) ∈ A(n)×A(m) : αi = β j ⇐⇒ ι(i) = j
}

where ι : {1, . . . , n} → {1, . . . , m} is a partial injection. We leave it to the reader
to verify the details. ◀

Notation 2.12. For an atom or set with atoms x and S ⊆FIN A, by orbitS(x) we
denote the S-orbit containing x. That is,

orbitS(x) def
= {π(x) : π ∈ AutS(A)} .

For example,
orbitS(αβ) = (A \ S)(2)

for every α, β ∈ A \ S. When S = ∅ we write orbit(x) instead of orbit∅(x).
For an S-supported set X, by OrbitsS(X) we denote the set of S-orbits inside X.
That is,

OrbitsS(X)
def
= {orbitS(x) : x ∈ X} .

When S = ∅ we write Orbits(X) instead of Orbits∅(X).

As an immediate corollary of Lemma 2.8 we get:

Lemma 2.13. Orbit-finite sets are closed under finite unions and intersections.

Proof. Pick two orbit-finite sets X and Y. Let

S def
= support (X) ∪ support (Y) .

Lemma 2.8 implies OrbitsS(X) and OrbitsS(Y) are both finite. The sets X ∪ Y
and X ∩Y are supported by S. Moreover,

OrbitsS(X ∪Y) = OrbitsS(X) ∪OrbitsS(Y) ⊇ OrbitsS(X ∩Y) .

Hence X ∪Y and X ∩Y are also orbit-finite. ■

Recall that a function f : B→ C is identified with its graph

{(b, f (b)) : b ∈ B} .
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If f is finitely supported, we call it orbit-finite if the set {(b, f (b)) : b ∈ B} is
orbit-finite.

Lemma 2.14. A finitely supported function f : B→ C is orbit-finite if and only if B
is orbit-finite.

Proof. Let S be the support of f . Then S also supports B (Lemma 2.5).

Claim 2.14.1. For b, b′ ∈ B, the pairs (b, f (b)) and (b′, f (b′)) are in the same S-orbit
if and only if b and b′ are in the same S-orbit.

The above claim implies that for every subset U of B, U is an S-orbit if and only
if the subset {(b, f (b)) : b ∈ U} of {(b, f (b)) : b ∈ B} is an S-orbit. Since the
function b 7→ (b, f (b)) is a bijection, this implies B and {(b, f (b)) : b ∈ B} have
the same number of S-orbits. This proves the lemma. ■

A set is called hereditarily orbit-finite if it is orbit-finite, its elements are orbit-
finite, the elements of its elements are orbit-finite, and so on. For exam-
ple, the set

{
(A \ T)2 : T ⊆ (A \ S), |T| = 3

}
is hereditarily orbit-finite. The

set {T ⊆ A : both T and A \ T are infinite} is an equivariant orbit but is not
hereditarily orbit-finite. From now on, we will only consider those orbit-finite
sets which are also hereditarily orbit-finite.

Remark 2.15. The reason behind the above assumption is that hereditarily
orbit-finite sets are finitely representable ([5, Thereom 4.10]) and all finitely-
supported transformations between these are effectively computable (for a
detailed presentation we refer to [10] or [5, Sect. 4, 8, 9]). They also enjoy better
closure properties than general orbit-finite sets. For example, orbit-finite sets
are not closed under taking products (Example 2.16) but hereditarily orbit-finite
sets are (Lemma 2.17).

Example 2.16. Let X be the orbit {T ⊆ A : both T and A \ T are infinite}. For
every n ∈N the set

{(T1, T2) : |T1 ∩ T2| = n}

is an equivariant orbit inside X× X. Hence X× X cannot be orbit-finite. ◀

Lemma 2.17. Hereditarily orbit-finite sets are closed under taking finite products.

Proof. Let X and Y be two hereditarily orbit-finite sets. We show X × Y is
also hereditarily orbit-finite. It is clear that elements of X×Y are hereditarily
orbit-finite. Hence, we only need to show that X×Y is orbit-finite. Let

S def
= support (X) ∪ support (Y) .
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Then S supports X×Y. We show that OrbitsS(X×Y) is finite. Firstly,

OrbitsS(X×Y) =
⋃

B∈OrbitsS(X)

 ⋃
C∈OrbitsS(Y)

OrbitsS(B× C)

 ,

and hence it suffices to show that OrbitsS(B× C) is finite for every B ∈ OrbitsS(X)

and C ∈ OrbitsS(Y).
Pick such B and C. Pick b ∈ B. Let Sb

def
= S ∪ support (b). For every

D ∈ OrbitsSb(C) pick cD ∈ D. By Lemma 2.8 the set OrbitsSb(C) is finite. To
finish the proof we show

B× C =
⋃

D∈OrbitsS(C)

orbitS((b, cD)) .

Pick (b′, c′) ∈ B × C. There exists π ∈ AutS(A) such that π(b) = b′. Let
D′ def

= orbitSb(π
−1(c′)). There exists σ ∈ AutSb(A) such that σ(cD′) = π−1(c′).

Since S ⊆ Sb, we have σ ∈ AutS(A). Hence π ◦ σ ∈ AutS(A). This implies,

(π ◦ σ)(b, cD′) = π(b, π−1(c′)) = (b′, c′) .

Since (b′, c′) ∈ B× C was arbitrarily chosen, this finishes the proof. ■

Definition 2.18. Let S ⊆FIN A. We define the S-atom dimension of an S-orbit O,
written S-dim(O), as the size of support (x) for some (every) element x ∈ O,
but not counting elements of S:

S-dim(O)
def
= |support (x) \ S|.

The choice of x is irrelevant due to Lemma 2.7.
S-atom dimension of an orbit-finite set supported by S is the maximum of atom-

dimensions of its S-orbits. When S is clear from the context we omit S and speak
of atom dimension.

Notice that the assumption of herditarily finitely supportedness guarantees
atom-dimension of orbit-finite sets are finite.

Lemma 2.19. For any S ⊆FIN A and orbit-finite sets X and Y supported by S:

(i) The atom-dimension of X×Y is not bigger than the sum of atom-dimensions of
X and Y.

(ii) If X ⊆ Y, then the atom-dimension of X is not bigger than the the atom-dimension
of Y.
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(iii) The atom dimension of any S-supported function f : X → Y is not bigger than
the sum of atom-dimensions of X and Y

Proof. Item (i) and (ii) follows almost from the definition of atom-dimension.
Item (iii) follows from the previous two items and from the fact that a function
f : X → Y is identified with its graph {(x, f (x)) : x ∈ X} ⊆ X×Y. ■

2.1.2 Canonical orbits

For this subsection, fix S to be an arbitrary finite subset of A. For a positive inte-
ger k > 0, denote by Sk the symmetric group on {1, . . . , k}. Given a subgroup G
of Sk, we denote by (A \ S)(k)/G the set of non-repeating k-tuples of atoms from
(A \ S) modulo coordinate permutations from the group G. More formally, we
define an equivalence in (A \ S)(k), where a tuple α = α1 . . . αk ∈ (A \ S)(k) is

equivalent to every tuple α ◦ σ
def
= ασ(1) . . . ασ(k), for σ ∈ G. The equivalence

classes are thus finite.

Notation 2.20. For α = α1 . . . αk ∈ (A \ S)(k), let α/G denotes its equivalence
class. That is,

α/G def
=
{

ασ(1) . . . ασ(k) : σ ∈ G
}

This definition is easily extended to subsets. That is, for X ⊆ (A \ S)(k),

X/G def
= {α/G : α ∈ X} .

Example 2.21. Let k = 3 and let G be the subgroup of S3 generated by the cyclic

shift σ to the right: σ
def
=

(
1 2 3
2 3 1

)
. Then for any αβγ ∈ A(3)

αβγ/G = {αβγ, βγα, γαβ} ,

and
A(3)/G =

{
{αβγ, βγα, γαβ} : αβγ ∈ A(3)

}
.

◀

Definition 2.22. Orbits of the form (A \ S)(k)/G are called canonical S-orbits,
and a finite union of canonical S-orbits is called a canonical S-orbit-finite set.
Canonical S-orbit-finite sets of the form

(A \ S)(k1) ⊎ · · · ⊎ (A \ S)(kn)

are called straight.

The following lemma justifies calling orbits of the form (A \ S)(k)/G to be
canonical.
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Lemma 2.23. Every S-orbit is in S-supported bijection with (A \ S)(k)/G, where k is
the S-atom dimension of the S-orbit and G is some subgroup of Sk.

The proof of this lemma is almost identical to the proof of Theorem 6.3 in [5], so
we skip it.

Remark 2.24. We defined the cumulative hierarchy of sets with atoms starting
from the infinite set A, seen as a structure (A,=) with no additional relations
other than equality (hence called equality atoms). We can also define the cumula-
tive hierarchy starting from an arbitrary fixed logical structure X, in which case
Aut(X) denotes the set of all structure preserving automorphisms of X, and
acts hereditarily on sets in this cumulative hierarchy. For a finite subset S of X

AutS(X)
def
= {π ∈ Aut(X) : π(α) = α for all α ∈ S} ,

and an S-orbit is a set of the form {π(x) : π ∈ AutS(X)} for some set or atom x.
A set will be called orbit-finite if it has finitely many S-orbits for some S ⊆FIN X.

Some common examples of atoms other than equality that appear in the
literature are:

1. (D,<), a countable dense linear order without endpoints, also called
ordered atoms. Aut(D) is the set of all order preserving bijections. This
structure is isomorphic to the set of rational with the usual ordering.

2. (Z,<), integers with the natural order. Aut(Z) ∼= Z is the set of all
translations n 7→ (n + k) for k ∈ Z.

3. An infinite dimensional vector space over a finite field. When the finite
field is F2 it is called bit-vector atoms. Automorphisms are vector space
isomorphisms.

4. The Rado graph 1, also called graph atoms. Automorphisms are graph
isomorphisms.

In this thesis we focus on orbit-finite systems of equations and inequalities with
equality atoms.

2.1.3 Collection of lemmas

We finish this section with a collection of lemmas which are used in later parts
of the thesis. Proofs of most of these lemmas are left to the reader as exercise.

Lemma 2.25. For any arbitrary S ⊆FIN A, S-supported sets X and Y, and S-supported
function f : X → Y:

1https://en.wikipedia.org/wiki/Rado_graph

https://en.wikipedia.org/wiki/Rado_graph
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(i) Every π ∈ AutS(A) induces a permutation x 7→ π(x) on X which maps every
S-orbit included in X into itself.

(ii) For every π, σ ∈ Aut(A), if π(α) = σ(α) for all α ∈ S, then π(X) = σ(X).

(iii) For every T1 ⊇FIN T2 ⊇ S, T1-orbit X1 ⊆ X and T2-orbit X2 ⊆ X, either
X1 ∩ X2 = ∅ or X1 ⊆ X2.

(iv) For every orbit finite subset Z ⊆ X the set f (Z) is also orbit finite.

(v) For every x ∈ X, f (x) is supported by S ∪ support (x). Moreover, if f is
injective then support ( f (x)) ∪ S = support (x) ∪ S.

(vi) The set X contains an element x such that support (x) ⊆ (S ∪ T) if and only if
the size of T is more than the S-atom-dimension of X.

(vii) If X is finite then each of its elements are supported by S.

Notation 2.26. For any T ⊆FIN A we use Aut(T) to denote the set of automor-
phisms π of A such that π(α) = α for all α ∈ A \ T. For any S ⊆FIN A \ T we
define AutS∪{T}(A) to be the set of automorphisms π ∈ AutS(A) such that
π(T) = T. Notice that

Aut(T) ⊆ AutS∪{T}(A) ⊆ Aut(A) .

Lemma 2.27. For any S ⊆FIN A, T ⊆FIN A \ S and S-orbit O:

(i) For every element x′ ∈ O supported by (S ∪ T)

{x ∈ O : support (x) ⊆ (S ∪ T)}

=
{

π(x′) : π ∈ Aut(T)
}

=
{

π(x′) : π ∈ AutS∪{T}(A)
}

.

(ii) The number of elements of O supported by (S ∪ T) is at most |T|!.

(iii) O admits an S-supported surjection from (A \ S)(d) where d is the atom-
dimension of O, such that inverse image of every p ∈ O is finite.

(iv) O is either a singleton set or is infinite.

(v) Let O′ be another S-orbit of S-atom dimension d′. The number of S-orbits in
O×O′ is at most (d + d′)d+d′ .
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Proof. The first two items are left for the reader to verify. We provide proofs for
the remaining.

(iii): This follows from Lemma 2.23.

(iv): Consider some element x ∈ O. If support (x) ⊆ S then for every S-
automorphism π ∈ AutS(A) we have π(x) = x, and hence O = {x}. Other-
wise, choose any α ∈ support (x) \ S. For each β ∈ A \ (support (x) ∪ S) there
exists an S-automorphism πβ that maps α to β and preserves support (x) \ {α}.
By Lemma 2.7, support

(
πβ(x)

)
̸= support (πγ(x)) for β ̸= γ, which implies

πβ(x) ̸= πγ(x) for β ̸= γ. Therefore O is infinite.

(v): Using item (iii), let f : (A \ S)(d) → O and f ′ : (A \ S)(d
′) → O′ be two

S-supported surjections. Then

f× f ′ : ((A \ S)(d)×(A \ S)(d
′))→ (O×O′)

defined as
( f× f ′)(α, α′) = ( f (α), f ′(α′))

is also an S-supported surjection. This implies that for any S-orbit V ⊆ (O×O′)
the inverse image ( f× f ′)−1(V) of V under ( f× f ′) is supported by S and hence
is a union of S-orbits. As a consequence, the number of S-orbits in (O×O′) is at
most the number of S-orbits in ((A \ S)(d)×(A \ S)(d

′)). To finish the proof we
show that the latter is at most (d + d′)d+d′ .

Pick arbitrary R ⊆FIN (A \ S) of size d + d′. Using Lemma 2.25-vi, every
S-orbit of ((A \ S)(d)×(A \ S)(d

′)) contains at least one element supported by
R. Such an element has to come from the set (R(d)×R(d′)). Hence the number of
such elements cannot be larger than (d + d′)d+d′ . As a consequence the number
of S-orbits in ((A \ S)(d)×(A \ S)(d

′)) is at most (d + d′)d+d′ . ■

2.2 Finitely supported vector spaces

For the remainder of this chapter fix R to be an arbitrary commutative ring
with identity. For any orbit-finite set B, the set of all functions from B to R
is closed under point-wise addition and multiplication by scalars, and hence
forms a vector space. 2 We denote this space by B → R. An element of this
space is called an R vector indexed by B or simply a vector when B and R are clear
from the context. We use lowercase boldface letters a, b, . . . to denote vectors.
Let S ⊆FIN A to be the support of B. The vector space B → R is supported by

2Technically, it is a module since R is not a field. However, with a slight abuse of nomenclature, we
call it a vector space.
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S, i.e., it is supported by S as a set and the addition and scalar multiplication
operations commute with S-automorphisms.

Lemma 2.28. For r ∈ R, x, y ∈ B → R and π ∈ AutS(A) we have π(r · x) =

r · π(x) and π(x + y) = π(x) + π(y). 3

We skip the proof since it is straightforward. An orbit-finite vector is a vector
which is orbit-finite as a function (cf. Lemma 2.14). The set of orbit-finite vectors
in B→ R forms a subspace since:

Lemma 2.29. Orbit-finite vectors in B→ R are closed under sum and multiplication
by scalars.

Proof. For any two orbit-finite vectors a, b ∈ B → R and r ∈ R the vectors
a + b and r · a are respectively supported by (support (a) ∪ support (b)) and
support (a). Since the set B is orbit-finite, lemma 2.14 implies a + b is also
orbit-finite. ■

The space of all orbit-finite vectors in B→ R is denoted as LinR(B). For a subset
X ⊆ B, let 1X : B→ R denote the characteristic function on X. If X is orbit-finite,
1X ∈ LinR(B). When X = {b}, we write 1b instead of 1{b}.

Notation 2.30. Consider S ⊆FIN A and a S-supported vector v ∈ LinR(B). Then
v is constant, restricted to every S-orbit O ⊆ B. This allows us to write v(O) ∈ R
in place of v(x) for x ∈ O and represent v as the linear combination

v = ∑
O∈OrbitsS(B)

v(O) · 1O , (2.3)

of characteristic vectors 1O of O ∈ OrbitsS(B).

The domain of a vector v ∈ B→ R, denoted as dom(v) is defined as

dom(v) def
= {b ∈ B : v(b) ̸= 0} .

A finite vector is a vector whose domain is finite. It is easy to see that finite
vectors in B → R form a vector subspace of B → R. We denote this space as
FinLinR(B).

Notation 2.31. FinLinR(B) can also be thought of as the vector space generated
by B. Keeping this is mind we equate B with the set of vector {1b : b ∈ B}.
Any finite vector v ∈ FinLinR(B) can be written as

v = ∑
b∈dom(v)

v(b) · b . (2.4)

3The equality holds even if π does not support S. But then π(x) and π(y) may not be elements of
B→ R.
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Lemma 2.32 which appears next, implies that for a finite vector v ∈ FinLinR(B),
every b ∈ dom(v) is supported by support (v). Hence, (2.4) is a special case of
the notation described by (2.3).

As observed above, the set of vectors {1b : b ∈ B} forms a basis of the space
FinLinR(B). A vector 1b, for b ∈ B, is supported by support (b) ∪ S and hence
is an orbit-finite vector. This implies FinLinR(B) is a subspace of LinR(B).

Lemma 2.32. For every orbit-finite set B, T ⊇FIN support (B) and vector v ∈
LinR(B), v is a finite vector supported by T if and only if dom(v) ⊆ BT where

BT = {b ∈ B : support (b) ⊆ T} .

Proof. First we show that if dom(v) ⊆ BT then v is a finite vector supported by
T. Lemma 2.27-ii implies BT is finite. Hence dom(v) ⊆ BT implies v is finite.
Using Notation 2.31 we write v as

v = ∑
b∈BT

v(b) · b .

For any π ∈ AutT(A) we have

π

(
∑

b∈BT

v(b) · b
)

= ∑
b∈BT

v(b) · π(b) (Lemma 2.28)

= ∑
b∈BT

v(b) · b (by definition of BT)

= v .

Hence v is supported by T.
Now we show that if v is a finite vector supported by T, then dom(v) ⊆ BT .

Towards arriving at a contradiction, say there exists b ∈ B such that v(b) ̸= 0 and
b is not supported by T. Since b is not supported by T, there exists π ∈ AutT(A)

such that π(b) ̸= b. Hence orbitT(b) is not a singleton. Applying Lemma 2.27-iv
we get orbitT(b) is infinite. Since v is supported by T, using Lemma 2.3 we get
that for every π ∈ AutT(A)

v(π(b)) = (π(v))(π(b)) = v(b) ̸= 0 .

This implies that for every b′ ∈ orbitT(b), we have v(b′) ̸= 0, which contradicts
the fact that v is a finite vector. ■

Notation 2.33. When R = R, we write Lin(B) and FinLin(B) instead of LinR(B)
and FinLinR(B).
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2.2.1 Finitely supported subspaces

A subspace of FinLinR(B) or LinR(B) is called finitely supported if it is finitely
supported as a set.

Example 2.34. For any orbit-finite set B, the set V0(B) of all v ∈ FinLinR(B)
such that

∑
b∈B

v(b) = 0

is a subspace of FinLinR(B) supported by S = support (B). ◀

Example 2.35. The set of all vectors v ∈ LinR(A) such that v(α) = v(β) for all
α, β ∈ A is an equivariant subspace of LinR(A). ◀

Example 2.36. The set of all vectors v ∈ FinLinR

(
A(2)

)
such that v(αβ) +

v(βα) = 0 for all αβ ∈ A(2) is an equivariant subspace of FinLinR

(
A(2)

)
. ◀

Since we do not investigate finitely supported vector spaces in this thesis, we
mention some important results of [6, 44] regarding them.

Definition 2.37. For S ⊆FIN A and a vector space V with S = support (V),
define the length of V as the length n of the longest strictly increasing chain

V1 ⊊ V2 ⊊ · · · ⊊ Vn ⊊ V

of S-supported subspaces of V.

Example 2.38. Recall Example 2.34. Assuming R is not trivial, the length of
FinLinR(A) is at least 2 since

{0} ⊊ V0(A) ⊊ FinLinR(A) .

◀

Definition 2.39. For vector spaces V an W, their product V ×W is the vector
space with elements (v, w) for v ∈ V and w ∈ W, with addition and scalar
multiplication defined pointwise.

Lemma 2.40. Any S-supported vector space V of finite length is spanned by an
orbit-finite set.

Proof. Construct a sequence of vectors 0 = v0, v1, v2, . . . in V such that for
n ⩾ 1, vn is not inside the vector space Vn−1 spanned by ∪k<norbitS(vk). Then
V1 ⊊ V2 ⊊ . . . is a strictly increasing chain of S-supported vector subspaces of
V. Which must be finite since the S-length of V is finite. Say the sequence stops
at vN for some N ∈N. Then ∪k⩽NorbitS(vk) must span V. ■
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Lemma 2.41 ([6, Lemma 4.3]). For S ⊆FIN A, S-supported vector spaces V and W:

1. The S-length of V ×W is the sum of S-lengths of V and W.

2. If V ⊊ W, then the S-length of V is smaller than the S-length of W.

The authors of [6] also gave an upper bound on lengths of vector spaces of the
form FinLin

(
(A \ S)(n)

)
for n ∈N and S ⊆FIN A ([6, Corollary 4.9]). This was

improved in [44] where a matching lower and upper bound is given.

Theorem 2.42 ([44, Corollary 4.4]). For n ∈ N and S ⊆FIN A, the length of
FinLin

(
(A \ S)(n)

)
is equal to an where (ak)k∈N is the OEIS sequence A005425(k).

Combining Lemma 2.27-iii, Lemma 2.41 and Theorem 2.42 we conclude:

Corollary 2.43. For any S ⊆FIN A and orbit-finite set B supported by S, the length of
FinLin(B) is finite.

Proof. Using Lemma 2.27-iii, there is an S-supported surjection f : B′ → B
from a straight orbit-finite set B′ supported by S (Definition 2.22) to B such that
f−1(b) is finite for every b ∈ B. Recall Notation 2.31. The function f induces
the linear map FinLin( f ) from FinLin(B) to FinLin(B′) defined as:

FinLin( f )(v) def
= ∑

b∈B
v(b) ·

 ∑
b′∈ f−1(b)

b′

 .

We leave it to the reader to the verify the following:

1. FinLin( f )(v) is a finite vector for every v ∈ FinLin(B),

2. FinLin( f ) is supported by S, and

3. FinLin( f ) is injective. 4

Injectivity of FinLin( f ) implies that every strictly increasing chain

V0 ⊊ · · · ⊊ Vk ⊊ FinLin(B)

of S-supported vector spaces V0, . . . Vk of FinLin(B) gets mapped to a strictly
increasing chain

FinLin( f )(V0) ⊊ · · · ⊊ FinLin( f )(Vk) ⊊ FinLin( f )(FinLin(B)) ⊆ FinLin
(

B′
)

of S-supported vector subspaces of FinLin(B′). Hence if FinLin(B′) has finite
length, so does FinLin(B). We show FinLin(B′) has finite length.

4This can be proven in two steps. First, show that FinLin( f ) is injective if and only if
FinLin( f )−1(0) = {0}. Then show FinLin( f )−1(0) = {0}
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The set B′ can be written as a disjoint finite union of sets of the form (A\S)(k)

for k ∈N. Hence FinLin(B′) can be written as a product of vector spaces of the
form FinLin

(
(A \ S)(k)

)
for k ∈ N. Using Lemma 2.41 and Theorem 2.42 we

conclude FinLin(B′) also has finite length. ■

2.3 Orbit-finite matrices

For orbit-finite sets B and C, an orbit-finite (B×C)-matrix is an orbit-finite func-
tion from B×C to R. When B and C are irrelevant, we speak of an orbit-finite
matrix, meaning orbit-finite (B×C)-matrix for some orbit-finite sets B and C.
For the remainder of this section arbitrarily fix orbit-finite sets B, C and D.
The set of orbit-finite (B×C)-matrices forms a vector space under point-wise
addition and scalar multiplication. We denote this space by LinR(B×C). We
use boldface capital letters A, B, . . . to denote orbit-finite matrices. Following
usual conventions, matrices with one row are called row vectors, matrices with
one column are called column vectors, and vectors are identified with column
vectors. Let A ∈ LinR(B×C). For b ∈ B, let A(b,−) denote the row indexed by
b, i.e. the row vector defined as

A(b,−)(c′) def
= A(b, c′) for c′ ∈ C.

Similarly for c ∈ C, let A(−, c) denote the column indexed by c, i.e. the (column)
vector defined as

A(−, c)(b′) def
= A(b′, c) for b′ ∈ B.

The transpose AT of the matrix A is defined to be the C×B-matrix AT(c, b) def
=

A(b, c) for (b, c) ∈ B×C. Clearly, orbit-finite matrices are closed under taking
transposes. The transpose of a row(column) vector is a column(row) vector.

Definition 2.44. Following the convention that functions are identified with
their graphs, If A ∈ LinR(B×C) is supported by S, then its S-atom-dimension is
the atom-dimension of the orbit-finite finite set of pairs

{((b, c), A(b, c)) : b ∈ B, c ∈ C} .

When S is clear from the context, we speak of simple atom-dimension.

Remark 2.45. Using Lemma 2.19, the S-atom-dimension of an S-supported
matrix A ∈ LinR(B×C) can be bounded by the sum of the S-atom-dimensions
of B and C.
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Example 2.46. Define the (A×A(2))-matrix A as

A(α, αβ)
def
= 1 and A(α, βγ)

def
= 0

for αβ ∈ A(2) and γ ∈ A \ {β}. The matrix A is equivariant. For αβ ∈ A(2) we
have A(−, αβ) = 1α and A(α,−) = 1TXα

where

Xα
def
= {αγ : γ ∈ A \ {α}} .

◀

For x, y : C → R the inner product xT · y is well-defined if there are only finitely
many c ∈ C for which both x(c) and y(c) are non-zero (equivalently, the inter-
section dom(x) ∩ dom(y) is finite). In particular xT · y is always well-defined if
either x or y is finite.

The inner product of orbit-finite vectors extend to product of orbit-finite
matrices in the obvious way. The product A · B of two orbit-finite matrices A ∈
LinR(B×C) and B ∈ LinR(C×D) is well-defined when the A(b,−) · B(−, d) is
well-defined for every (b, d) ∈ B×D.

Remark 2.47. For the special case when R = R, well-definedness of inner
product coincides with unconditional convergence. Since orbit-finite vectors
contain only finitely many different numbers (Notation 2.30), the sum

∑
c∈C

x(c) · y(c)

is unconditionally convergent (i.e., convergent to the same value irrespectively of
the order in which the elements c ∈ C are enumerated) exactly when dom(x) ∩
dom(y) is finite. 5

Example 2.48. Pick arbitrary atoms α ̸= β ∈ A. Define two sets X, Y ⊆ A(2) as

X def
= {αγ : γ ̸= α} and Y def

= {γβ : γ ̸= β} .

Then 1TX · 1Y = 1 and 1T
A(2) · 1Y is not well-defined. ◀

Remark 2.49. When B is finite, the inner product over LinR(B) is always defined
and coincides with the usual definition of inner product of finite dimensional
vectors.

5We are grateful to Szymon Toruńczyk for this remark.
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2.3.1 Collection of lemmas

We end this section with a collection of lemmas which are used in later parts of
the thesis. Proofs of some of these lemmas are left to the reader as an exercise.

Lemma 2.50. For vectors x, y ∈ LinR(C), and S ⊆FIN A supporting x and y, if
xT · y is well-defined then

xT · y = ∑
c∈CS

x(c) · y(c) ,

where CS is the set of elements in C which are supported by S

CS = {c ∈ C : support (c) ⊆ S} .

Proof. Assume xT · y is well defined. We show for all c ∈ C if x(c) · y(c) ̸= 0 then
support (c) ⊆ S. Assume otherwise. Let c ∈ C be such that x(c) · y(c) ̸= 0 and
support (c) ⊈ S. Pick α ∈ support (c) \ S. Following a similar line of argument
as in the proof of Lemma 2.27-iv we can show that orbitS(c) is infinite. Since both
x and y are supported by S, for every c′ ∈ orbitS(c) we have x(c′) · y(c′) ̸= 0.
This contradicts well-defined-ness of xT · y. ■

Lemma 2.51. For any matrix A ∈ LinR(B×C), S ⊆FIN A supporting B and C and
A, π ∈ AutS(A), b ∈ B and c ∈ C:

(i) π(A(b,−)) = A(π(b),−) and π(A(−, c)) = A(−, π(c)).

(ii) support (A(b,−)) ⊆ support (A) ∪ support (b) and
support (A(−, c)) ⊆ support (A) ∪ support (c).

Lemma 2.52. For any matrices A ∈ LinR(B×C) and B ∈ LinR(C×D), and S ⊆FIN

A supporting B, C, D, A and B, if A · B is well-defined then:

(i) for any π ∈ Aut(A), π(A · B) is also well-defined and π(A · B) = π(A) ·
π(B).

(ii) for any (b, d) ∈ B× D,

(A · B)(b, d) = ∑
support(c)⊆S′

A(b, c) · B(c, d) ,

where S′ = S ∪ support (b) ∪ support (d).

Proof. The first item is left to the reader to verify. The second item follows from
the first one and Lemma 2.50 and Lemma 2.51-ii. ■
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2.4 Orbit-finite systems of linear constraints

In this section we formally define orbit-finite systems of linear constraints (i.e.,
equations or inequalities) and give their matrix formulations. We focus on
systems of equations since inequalities can be defined analogously.

For this section fix an orbit-finite set C and let S def
= support (C). A linear

equation over C is an expression of the form aT · x = t where a ∈ LinR(C), t ∈ R
and x is a vector of variables indexed by C. Sometimes we also write equations
as

∑
c∈C

a(c) · x(c) = t

where x(c) denotes the variable indexed by c and a(c) its coefficient. A vector
y : C → R is called a solution of the equation aT · x = t, if the product aT · y is
well-defined and equal to t. A permutation π ∈ AutS(A) induces a permutation
x(c) 7→ x(π(c)) of the variables (Lemma 2.25-i). This in turn induces the
permutation

∑
c∈C

a(c) · x(c) = t 7→ ∑
c∈C

a(c) · x(π(c)) = t (2.5)

of linear equations over C. Lemma 2.3 implies that, for every c ∈ C we have

a(π−1(c)) = (π−1π(a))(π−1(c)) = π−1(π(a)(c)) .

Since π(a)(c) is a number, it is atom-less and hence equivariant. This implies
π−1(π(a)(c)) = π(a)(c). Hence a(π−1(c)) = π(a)(c) for every c ∈ C. Using
this fact, we can rewrite the LHS of the second equation in (2.5) as

∑
c∈C

a(c) · x(π(c)) = ∑
c∈C

a(π−1(c)) · x(c)

= ∑
c∈C

π(a)(c) · x(c)

= π(a)T · x .

Hence, the permutation of equations induced by π can also be written as

aT · x = t 7→ π(a)T · x = t .

The equation aT · x = t is supported by T ⊆FIN A if the vector a is supported by
T.

Example 2.53. For example consider C = A(2). For any atom α ∈ A consider
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the equation
1Tα_ · x = 1 ,

where α_ def
=
{

αβ ∈ A(2) : β ̸= α
}

. This equation is supported by {α}. It can
also be written as

∑
β ̸=α

x(αβ) = 1 . (2.6)

For any atom β ̸= α, the vector 1αβ ∈ FinLin
(

A(2)
)

is an example solution of
this equation. ◀

Let S ⊆FIN A be an arbitrary finite subset of atoms. The S-orbit of an equation
aT · x = t consists of all equations of the form π(a)T · x = t for π ∈ AutS(A). In
this thesis we are interested in orbit-finite systems of linear equations i.e., systems
of linear equations which have finitely many orbits. A solution of such a system
is a vector y which satisfies all the equations in the system.

Example 2.54. The equivariant orbit of the equation presented in Example 2.53
contains for every atom α the equation (2.6). We write:

∑
β ̸=α

x(αβ) = 1 (α ∈ A) .

For any function f : A → A such that f (α) ̸= α for all α ∈ A, the vector
x f : C → R defined as

x f (αβ)
def
=

1 if β = f (α)

0 otherwise

is a solution of this orbit of equations. Notice that the vector x f may be orbit-
finite or not depending on the choice of f . For a positive example, pick arbitrary
α, β ∈ A, and define f as

f (γ) def
=

β if γ = α, and

α otherwise.

Then x f is supported by {α, β} and is orbit-finite. For a negative example,
consider any enumeration α1, α2, . . . of atoms and the function f defined as

f (αn)
def
= αn+1 (n ∈N) .

The vector x f is not finitely supported, and hence not orbit-finite. ◀
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2.4.1 Solvability

An orbit-finite system of equations or inequalities is called solvable if it has an
orbit-finite solution. So the solvability problem asks whether a given orbit-finite
system has an orbit-finite solution. It has the following variants:

Finitary solvability : existence of a finite solution.

Unrestricted solvability : existence of a solution which need not be orbit-
finite.

Support preserving solvability : existence of a solution which is supported
by the support of the system.

In this thesis we focus on decidability of solvability and finitary solvability.
Decidability of unrestricted solvability we leave as an open question. Support
preserving solvability is decidable since:

Lemma 2.55. Support preserving solvability reduces to solvability of finite systems of
equations/inequalities.

Proof. We do the proof for a single orbit of equations

π(a)T · x = t (π ∈ AutS(A)) (2.7)

for some orbit-finite set C, orbit-finite vector a ∈ LinR(C) and S ⊆FIN A. We
leave it to reader to extend the proof to the general case where the system
consists of a finite number of orbits of equations or inequalities. Let C1, . . . , Cn

be the S-orbits inside C. For any S-supported vector y ∈ LinR(C) and π ∈
AutS(A), we have

π(a)T · y

= π(a)T · π(y) (y is supported by S)

= π(aT · y) (Lemma 2.52-i)

= aT · y (aT · y is atom-less (page 13)).

Hence the system (2.7) has an S-supported solution if and only if the equation
aT · x = t has an S-supported solution. Let ai be the restriction of a to Ci. Let
I ⊆ {1, . . . , n} be the set of i’s such that ai is finite. We show that the equation
aT · x = t has an S-supported solution if and only if the equation

∑
i∈I

(
∑

c∈Ci

ai(c)

)
· xi = t , (2.8)
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with variables {xi : i ∈ I}, has a solution.
If (2.8) has a solution (yi)i∈I then

∑
i∈I

yi · 1Ci

is a solution of aT · x = t.
Conversely, any S-supported solution y′ of aT · x = t can be written as

y′ =
n

∑
i=1

y′i · 1Ci .

We show (y′i)i∈I is a solution of (2.8). The product aT · y′ can be written as

n

∑
i=1

y′i · aTi · 1Ci .

This product is well-defined only if y′i = 0 for every i /∈ I. This implies

∑
i∈I

(
∑

c∈Ci

ai(c)

)
· y′i = ∑

i∈I
aTi · 1Ci · y

′
i = aT · y′ = t.

■

We present some examples to show that the solvability questions defined above
can give different answers for the same system of equations. Moreover, the
answer can also change with the underlying ring (for example, for a system of
equations with integer coefficients, the underlying ring can be both integers or
rationals). For these examples assume R = Q.

Example 2.56 ([5, Example 5.30]). Consider the system of equations which
contains, for every {α, β} ∈ (A

2 ) (cf. Example 2.10), the equation

x(αβ) + x(βα) = 1 .

We show that this system

1. has an equivariant rational solution,

2. does not have any orbit-finite integer solution,

3. does not have any finite solution, and

4. has an orbit-infinite integer solution.

The constant vector 1
2 · 1A(2) : αβ 7→ 1

2 is an orbit-finite rational solution of this
system. It has no finite solution since every variable appears only in finitely
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many equations and RHS of infinitely many equations is non-zero. Furthermore,
the system has no orbit-finite integer solution either, as any such solution y
would necessarily satisfy, for every distinct atoms α, β ∈ A \ support (y), the
equality y(αβ) = y(βα), which is in contradiction with y(αβ) + y(βα) = 1. But
this system has orbit-infinite integer solutions. For example, for any total order
< on A the vector y< : A(2) → Z, defined as

y<(αβ)
def
=

1 if α < β ,

0 otherwise,

is a solution. ◀

Example 2.57. We recall the following system which was presented in Exam-
ple 2.54.

∑
β ̸=α

x(αβ) = 1 (α ∈ A) .

We argue that this system

1. has an orbit-finite integer solution but,

2. does not have any finite or equivariant solution.

For α ∈ A define

α_ def
=
{

αβ ∈ A(2) : β ̸= α
}

and _α
def
=
{

βα ∈ A(2) : β ̸= α
}

.

Take any two fixed atoms γ, η ∈ A. The vector

y def
= 1_γ + 1γη .

is an orbit-finite integer solution of this system. Indeed, for α ̸= γ we have
1Tα_ · y = 1αγ · 1αγ = 1 as required. Furthermore, we have 1Tγ_ · y = 1γη · 1γη = 1
as required. The system has no finite solution for the same reason as in the
previous example. It also does not have any equivariant solution, because the
only equivariant vectors over A(2) are constant ones q · 1, and the inner product
1α_ · 1 is ill-defined for every α ∈ A as long as q ̸= 0). ◀

Example 2.58. Consider the following system of equations which contains for
every α ∈ A, the equation

∑
β ̸=α

x({α, β}) = 1 .

We argue that the system
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1. has no orbit-finite rational solution (despite the apparent similarity to the
system in Examples 2.54 and 2.57), but

2. has orbit-infinite integer solutions.

First, towards a contradiction, suppose the system has a solution y, sup-
ported by some T ⊆FIN A. Thus, it is constant on every T-orbit in (A

2 ). An
infinite T-orbit in (A

2 ) is either the set (A\T
2 ) of all 2-sets disjoint from T or, for

some fixed α ∈ T, the set of all 2-sets with one element α and the other element
not in T:

{{α, γ} : γ ∈ A \ T}

For β ∈ A, let

Xβ
def
= {{β, γ} : γ ̸= β} .

Each infinite T-orbit in (A
2 ) intersects infinitely with Xβ for some β ∈ A. In

consequence, y is necessarily 0 when restricted to any infinite T-orbit in (A
2 )

as otherwise ∑γ ̸=β y({β, γ}) = 1TXβ
· y would be ill-defined for some β ∈ A.

Therefore y is forcedly finite, and the argument of the previous examples applies.
Now we construct an orbit-infinite integer solution of this system. Take any

enumeration A = {α0, α1, α2, . . .} of atoms. The vector y : (A
2 )→ R that maps

each set {α2n, α2n+1} to 1, for n = 0, 1, . . ., and all other sets to 0, satisfies all
equations. Note that y is not finitely supported (and hence is not orbit-finite),
i.e., there is no finite T ⊆ A such that π(y) = y for all π ∈ AutT(A). ◀

2.4.2 Matrix formulations

Just like finite systems of linear equations can be represented using finite dimen-
sional matrices and vectors, orbit-finite systems of equations can be represented
using orbit-finite matrices and vectors.

Example 2.59. The system of equations presented in Examples 2.54 and 2.57
can be represented as A · x = b where A is the matrix defined in Example 2.46
and b = 1A. We recall the definition of A:

A(α, αβ) = 1 and A(α, βγ) = 0

for αβ ∈ A(2) and γ ∈ A \ {β}. Notice that A and b are both equivariant.
Following the convention that vectors are considered implicitly as column
vectors, and using Notation 2.31 we can also define A specifying its columns:

A(−, αβ) = α

for αβ ∈ A(2). ◀
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Example 2.60. The system in Example 2.56 can be represented as A · x = b,
where A ∈ Lin

(
(A

2 )×A(2)
)

and b ∈ Lin
(
(A

2 )
)

are defined as

A({α, β} , γδ) =

1 if {α, β} = {γ, δ}

0 otherwise,
b({α, β}) = 1 .

Using the conventions that row vectors are considered as transposes of column
vectors, A can be written more concisely by specifying its rows

A({α, β} ,−) = (αβ + βα)T

for {α, β} ∈ (A
2 ). ◀

Formally, for A ∈ LinR(B×C) and b ∈ LinR(B), the matrix formulation
A · x = b represents the system consisting of the equations

A(b,−) · x = b(b) (b ∈ B) . (2.9)

We say it is a (B×C)-system to denote that A ∈ LinR(B×C) and b ∈ LinR(B).
We claim that the system is orbit-finite. Indeed, let S be a finite set supporting
both A and b. For any b ∈ B and π ∈ AutS(A) the element π(b) ∈ B indexes
the equation

e : A(π(b),−) · x = b(π(b)) .

Using Lemma 2.51-i we get A(π(b),−) = π(A(b,−)), and since b is supported
by S we have b(π(b)) = b(b). Hence, the above equation is equal to

π(e) : π(A(b,−)) · x = b(b) .

This implies that every S-orbit in B indexes an S-orbit of equations. Since B is
considered to be orbit-finite, the system of equations is also orbit-finite.

Conversely, every orbit-finite system of linear equations is representable in
matrix form ((2.9)). Indeed, pick an orbit-finite system of linear equations

orbitS(aT1 · x = t1)

...

orbitS(aTn · x = tn)

(2.10)

where the variables are indexed by an orbit-finite set C. Let S be the support
of this system. Let Bi = orbitS(ai) × {ti}, and B = B1 ∪ · · · ∪ Bn. Define
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A : (B×C)→ R and b : B→ R as

A((a, t), c) = a(c) and b((a, t)) = t

Clearly, A · x = b represents the system (2.10). We just need to show that A
and b are orbit-finite. The set C is orbit-finite by assumption. Each Bi ⊆ B is an
S-orbit and hence B is also orbit-finite. Using lemma 2.14 we just need to prove
that both A and b are finitely supported. For any π ∈ AutS(A)

A(π(a, t), π(c)) = A((π(a), t), π(c))

= π(a)(π(c))

= π(a(c)) (Lemma 2.3)

= a(c) (a(c) is atom-less)

and
b(π(a, t)) = b((π(a), t)) = t .

Using Lemma 2.4 we conclude that they are supported by S.

2.5 State of the art

This thesis belongs to a wider research program that aims at lifting different
aspects of theory of computation from finite to orbit-finite sets [4, 7, 8, 9, 10, 11,
12, 25, 26, 27, 28]. In this section we summarise the recent advancements in this
area regarding solvability of equations and theory of vector spaces. Most of the
prior work concentrated on equality atoms only, and therefore we mention the
choice of atoms only if this is not the case.

2.5.1 Orbit-finite systems of equations and inequalities

Solvability of orbit-finite systems have already been studied in several works,
most often for equality atoms. Prior to this thesis, only partial results were
known, applying to very restricted special cases. In [23] the authors show
that orbit-finite systems of linear equations where rows are indexed by A× F
for some finite set F and the columns are finite, existence of a finite integer
or rational solution is decidable in PTIME, and decidability of existence of a
finite non-negative integer solution NP-complete. These results are extended in
[24] for the case when the rows are indexed by (A

n )× F for some fixed natural
number n and finite set F, and columns are finite as before. In this case, for a
fixed n, existence of a finite integer solution is decidable in PTIME, but existence
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of a finite non-negative integer solution is decidable in EXPTIME.
In [26] the authors prove decidability of solvability of orbit-finite system of

linear equations over finite fields, where every equation contains appearances
of finitely many variables. Additionally they do not require the solutions to be
orbit-finite.

Article [21] extends the results of [23] to ordered atoms and show that
existence of a finite integer/rational solution is decidable in PTIME, but it
becomes equivalent to VAS reachability (and hence is Ackermann-complete
[15, 33, 34]) if we additionally restrict solutions to be non-negative.

2.5.2 Orbit-finitely generated vector spaces

Orbit-finitely generated vector spaces were investigated prior to this thesis
in the context of solvability problems, but also in the context of algorithmic
verification of data enriched models of computation (for example register au-
tomata, an orbit-finite counterpart of NFA [8]). Two first papers which study
orbit-finite dimensional vector spaces explicitly was [6], where the authors
prove that orbit-finitely generated vector spaces have finite length (the length
of an equivariant vector space is the length of the longest strictly increasing
chain of equivariant subspaces inside it), and [24], investigating vector spaces
of the form FinLin

(
(A

n )
)

in the context of solvability of systems of equations.
The finite length property is used in [6] to extend the classical algorithms for
deciding equivalence and minimisation of weighted automata to weighted
register automata. These results have recently been improved in the master’s
thesis of Jingjie Yang [44], which provides an explicit formula for the lengths
of equivariant vector spaces. He has also proven that orbit-finitely generated
vector spaces with graph atoms and bit vectors atoms have finite length [45].

In [6] the authors have also proven that for equality and ordered atoms,
spaces of the form Lin(B) for orbit-finite sets B have orbit-finite spanning sets.
This result has been significantly extended in [37], which shows that these
spaces have orbit-finite bases for atoms which are ω-categorical and ω-stable, and
also for ordered atoms.

In [13] the author has shown finite generation of equivariant polynomial
ideals with equality atoms as variables. This result implies that for equality
atoms, finitely supported subspaces of FinLin(B) for orbit-finite sets B have
orbit-finite spanning sets. The latter result is a weaker version of the finite
length property proved in [6].

In [32] the authors study equivariant cones inside FinLin(A× F) where F is
an arbitrary finite set, and extend accordingly theorems of Carathéodory and
Minkowski-Weyl.
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3.1 Introduction

One of the fundamental results in linear algebra is that any vector space has
a basis, and any two bases of a vector space are isomorphic (as sets). In this
chapter we examine, to which extent the same statements hold in the orbit-finite
setting. For this chapter we fix R to be a commutative ring with identity, denoted
as 1. For any orbit-finite set B we are interested in two vector spaces defined
using B,

1. FinLinR(B), the vector space of finite vectors in B→ R, and

2. LinR(B), the vector space of orbit-finite vectors in B→ R.

The set {1b : b ∈ B} is, by the very definition, an orbit-finite basis of the vector
space FinLinR(B). We prove that this set can be extended to an orbit-finite basis
of the larger space LinR(B).

39
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Theorem 3.1 (Orbit-finite basis theorem). For any orbit-finite set B, the vector space
LinR(B) has an orbit-finite basis.

§ 3.2 is devoted to the proof of this theorem.
Contrary to the classical setting, not all orbit-finitely spanned vector spaces

have an orbit-finite basis. A counterexample was given in [6], which we recall
in § 3.3. Finally, in § 3.4 we show that dimension of an orbit-finitely generated
vector space is not always well-defined, i.e., there exists a vector space with two
orbit-finite bases which are not related by an orbit-finite bijection. This is also
in contrary to the classical setting where any two bases of a vector space are
isomorphic.

3.2 Orbit-finite basis theorem

Throughout this section we fix B to be an orbit-finite set, and let S ⊆FIN A

denote its support. We start with an example proving the theorem in a special
case.

Example 3.2. Let B = A(2). For γ ∈ A, let γ_ def
= {γα : α ∈ A \ {γ}} ⊆ B; and

symmetrically let _γ
def
= {αγ : α ∈ A \ {γ}} ⊆ B. One obtains a basis BASIS(B)

of Lin(B) by extending
{

1αβ : αβ ∈ B
}

with the constant vector 1B that maps
every pair αβ ∈ B to 1, and also, for every γ ∈ A, with the characteristic vector
1γ_that maps all pairs in γ_ to 1 and all others to 0, and the characteristic vector
1_γ that maps all pairs in _γ to 1 and all others to 0:

BASIS(B) =
{

1αβ : αβ ∈ B
}
∪ {1α_ : α ∈ A} ∪

{
1_β : β ∈ A

}
∪ {1B} .

Towards seeing that this is indeed a basis, pick any vector v in Lin
(

A(2)
)

. Let

T def
= support (v). Let

TOT def
= (A \ T)(2) .

For α ∈ T, let

αOT def
= {α} × (A \ T) and TOα

def
= (A \ T)× {α} .

Note that all these are T-orbits. Moreover, note that αOT ̸= α_ and TOα ̸= _α

except for the case when T = {α}.
We observe the following equality which is implied by the inclusion exclu-

sion rule:

v = v(TOT) · 1B + ∑
α∈T

(v(αOT)− v(TOT)) · 1α_ +
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∑
β∈T

(v(TOβ)− v(TOT)) · 1_β +

∑
αβ∈T(2)

(v(αβ)− v(αOT)− v(TOβ) + v(TOT)) · 1αβ.

This yields a representation of v in the base BASIS(B), hence BASIS(B) spans
Lin(B). Moreover, this representation is unique, hence BASIS(B) is a linearly
independent set of vectors. ◀

3.2.1 Reduction to single-orbit

We claim that we can assume, WLOG, that B is a single orbit. Indeed, let

S def
= support (B) and let B = B1 ⊎ · · · ⊎ Bn be the partition into S-orbits. Then

LinR(B) is isomorphic to the Cartesian product LinR(B1)× · · · × LinR(Bn). De-
note by ιi : LinR(Bi) → LinR(B) the natural embedding that extends a vector
v : LinR(Bi) by 0 for all b ∈ B \ Bi:

ιi(v)(b)
def
=

v(b) if b ∈ Bi

0 otherwise.

Supposing we have orbit-finite bases BASIS(B1), . . . , BASIS(Bn) of the vector
spaces LinR(B1), . . . , LinR(Bn), respectively, we get the basis BASIS(B) of LinR(B)
as the union of embeddings of BASIS(B1), . . . , BASIS(Bn):

BASIS(B) def
= ι1(BASIS(B1)) ∪ . . . ∪ ιn(BASIS(Bn)) . (3.1)

From now on we assume that B is a single orbit.

3.2.2 Tight orbits

Definition 3.3. An orbit O is called tight if support (O) ⊆ support (x) for every
x ∈ O.

In particular, every singleton is tight, and so is also every equivariant orbit.

Example 3.4. Recall Example 3.2. In case of B = A(2), the tight orbits O ⊆ B
are the following ones:

B α_ _β {αβ}

where α, β range over atoms and α ̸= β. The set B is an equivariant orbit, α_ is
an {α}-orbit, _β is a {β}-orbit, and {αβ} is an {α, β}-orbit. Contrarily, for two
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fixed and distinct α, β ∈ A, the {α, β}-orbit

{α,β}Oβ = {γβ : γ /∈ {α, β}} ,

is not tight, since for any atom γ /∈ {α, β} we have γβ ∈ {α,β}Oβ, however

support (γβ) = {γ, β} ⊉ {α, β} = support
(
{α,β}Oβ

)
.

◀

Using the following lemma, WLOG we can assume that B is tight, i.e., S ⊆
support (b) for every b ∈ B.

Lemma 3.5. Let T ⊆FIN A. Every T-orbit O is in a T-supported bijection with a tight
T-orbit.

Proof. Let O′ def
= O× {T}. Then O′ and O are related by a T-supported bijection,

and O′ is tight. ■

From now on we assume that B is a tight S-orbit.

Lemma 3.6. The set {O : O ⊆ B, O is a tight orbit} is orbit-finite.

Proof. By the very definition, for any tight T-orbit O ⊆ B, the size of T is at

most the size of the support of elements of B. Let d def
= |support (b) | for some

(every) b ∈ B (d is well-defined since B is assumed to be a single orbit). Define
a function that maps a subset T ⊆ A of size ⩽ d, and an element b ∈ B to the
T-orbit of b:

T, b 7→ orbitT(b) .

This function is supported by S, its domain is orbit-finite and hence its range is
also orbit-finite (Lemma 2.25-iv). All tight orbits O ⊆ B belong to the range, an
hence there are only orbit-finitely many of them. ■

3.2.3 Definition of the basis

We define BASIS(B) as the set of characteristic vectors of all tight orbits O ⊆ B:

BASIS(B) def
= {1O : O ⊆ B a tight orbit} .

Once B is fixed, the set BASIS(B) is orbit-finite due to Lemma 3.6. Since every
singleton is a tight orbit, 1b ∈ BASIS(B) for every b ∈ B, i.e., BASIS(B) extends
the basis {1b : b ∈ B} of FinLinR(B).

Remark 3.7. The definition of BASIS(B) is essentially independent of the ring
R, which is why we omit R from the notation BASIS(B).
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Example 3.8. Continuing Example 3.2, where B = A(2), the basis vectors are
the following ones:

1 1α_ 1_β 1αβ,

for any αβ ∈ A(2). ◀

We argue that BASIS(B) is indeed a basis, i.e., it spans the whole space LinR(B)
and is linearly independent.

3.2.4 Spanning

Fix an arbitrary finite subset T ⊆FIN A such that S ⊆ T. We distinguish the set
of all tight T′-orbits for S ⊆ T′ ⊆ T:

TO(S, T) def
= {O ⊆ B : O is a tight orbit, S ⊆ support (O) ⊆ T} .

The set TO(S, T) is finite since, due to Lemma 2.8, B includes only finitely many
T′-orbits for every fixed T′ ⊆FIN A. Define

BASIS(B)T
def
= {1O : O ∈ TO(S, T)} ⊆ BASIS(B).

Note that the set BASIS(B)T is finite, as TO(S, T) is so. The following lemma
implies that BASIS(B) spans LinR(B).

Lemma 3.9 (Spanning). Each T-supported vector v ∈ LinR(B) is a linear combina-
tion of vectors from BASIS(B)T .

Proof. Recalling Notation 2.30 we define the T-orbit-domain of v as follows:

T-orbit-dom(v) def
= {O : O ⊆ B an T-orbit, v(O) ̸= 0} .

For two T-supported vectors w, w′ ∈ LinR(B), we write w ≺ w′ if the set
T-orbit-dom(w) is obtained from T-orbit-dom(w′) by removing one T-orbit
and replacing it by arbitrarily many T-orbits of strictly smaller T-atom dimen-
sion.

Example 3.10. For illustration, continuing Example 3.2,

T-dim
(

TOT
)
> T-dim

(
TOα

)
= T-dim

(
αOT

)
> T-dim

(
Oαβ

)
for α, β ∈ T .

Hence, (1
αOT + 1TOβ

+ 2 · 1αβ) ≺ (1TOT + 2 · 1αβ). ◀

We define a representation of v in basis BASIS(B) by structural induction
with respect to the transitive closure of ≺. Concerning the induction base,
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if T-orbit-dom(v) is empty then v = 0 and the lemma holds vacuously. Oth-
erwise, suppose the claim holds for all strictly smaller vectors w ≺ v. Take a
T-orbit O ∈ T-orbit-dom(v) of maximal T-atom dimension. Let

T′ def
= support (x) ∩ T (3.2)

for some (every) x ∈ O. Note that S ⊆ T′ as S ⊆ support (x) (since B is tight)
and S ⊆ T. We define the T′-orbit O′ as T′-closure of O:

O′ def
= {π(x) : x ∈ O, π ∈ AutT′(A)}

(note that when O = {x} is a singleton then T′ = support (x) and O′ = O). The
set O′ is supported by T′ and T′ is included in the support of every element
of O′, therefore the orbit O′ is tight, and hence 1O′ ∈ BASIS(B)T . As T′ ⊆ T,
every T-orbit in B is either included in O′ or disjoint from it, and hence O′ is a
finite union of T-orbits (Lemma 2.25-iii). We claim that O has the largest T-atom
dimension among all T-orbits included in O′:

Claim 3.10.1. For every T-orbit M included in O′ but different than O, we have
T-dim(M) < T-dim(O).

Consider the vector

w def
= v − v(O) · 1O′ . (3.3)

Note that w is supported by T as both v and 1O′ are so, and w(O) = 0. By
Claim 3.10.1 we infer w ≺ v, and therefore by the induction assumption w is a
linear combination of vectors from BASIS(B)T . By (3.3) we deduce the same for
v. This completes the proof of Lemma 3.9 modulo the proof of Claim 3.10.1.

Before proving Claim 3.10.1 we give an example instance of it.

Example 3.11. Continuing Examples 3.2 and 3.10, let T = {α, β} for two distinct
atoms α, β ∈ A. Let

v def
= 2 · 1

αOT + 1TOβ
− 1βα .

We have
T-orbit-dom(v) =

{
αOT , TOβ , {βα}

}
.

The orbits αOT and TOβ are of maximal T-atom dimension in T-orbit-dom(v).
Take O = αOT and x = αγ ∈ αOT . Then T′ = {α} and O′ = α_. We have

OrbitsT(O′) = {O, {βα}} .
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Clearly O has the largest atom dimension among all T-orbits inside O′. ◀

Proof of Claim 3.10.1. Recall that T′ ⊆ T ∩ support (x′) for every x′ ∈ O′. Con-
sider the subset N ⊆ O′ containing those elements x′ ∈ O′ for which T′ =
support (x′) ∩ T. The set N is supported by T and hence both N and O′ \ N are
finite union of T-orbits in O′. For all x′ ∈ O′ \ N we have T′ ⊊ support (x′) ∩ T,
which implies that each T-orbit M ⊆ O′ \ N has strictly smaller T-atom dimen-
sion than O. To prove the claim it is enough to prove that N = O.

By the definition of T′ (3.2) we have O ⊆ N. We prove N ⊆ O, by showing
that every element y ∈ N is related by an T-automorphism to some element of
z ∈ O. Indeed, consider any z ∈ O and y = π′(z) ∈ N, where π′ ∈ AutT′(A).
We have

T′ = support (z) ∩ T = support
(
π′(z)

)
∩ T

and hence there is some π ∈ AutT(A), possibly different than π′, that coincides
with π′ on support (z). Using Lemma 2.25-ii we conclude y = π(z), as required.
The two inclusions imply N = O. □

Now that we have proven Claim 3.10.1, the proof of Lemma 3.9 is also complete.
■

Example 3.12. Continuing Example 3.11,

w = v− v(O) · 1O′ = v− 2 · 1α_ = 1TOβ
− 2 · 1αβ − 1βα .

We have

T-orbit-dom(v) =
{

αOT , TOβ, {βα}
}

T-orbit-dom(w) =
{

TOβ, {βα} , {αβ}
}

,

and hence w ≺ v. ◀

3.2.5 Linear independence

We rely on the following property of tight orbits (this property is not true for
arbitrary orbits):

Lemma 3.13. If orbits O, O1, . . . , On are tight and O ⊆ O1 ∪ . . . ∪On then O ⊆ Oi

for some i = 1, . . . , n.

Proof. If O is a singleton then the claim holds vacuously. Using Lemma 2.27-iv
we may thus assume that O is infinite.
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Suppose O ⊆ O1 ∪ . . . ∪On for a tight orbit O and arbitrary tight orbits

O1, . . . , On. Let K def
= support (O). Take any x ∈ O and let K′ def

= support (x) \
K. Consider elements π(x) ∈ O for all π ∈ AutK(A), thus ranging over all
elements of the orbit O. At least one of the orbits O1, . . . , Om, say the orbit O1,
necessarily contains π(x) and π′(x), for some two K-atoms automorphisms

π, π′, such that the sets π(K′) and π′(K′) are disjoint. Let K1
def
= support (O1).

By tightness of O1 (and relying on Lemma 2.7) we get K1 ⊆ support (π(x)) ⊆
K ∪ π(K′) and K1 ⊆ support (π′(x)) ⊆ K ∪ π′(K′), and hence K1 ⊆ K. This
implies

O = orbitK(π(x)) ⊆ orbitK1(π(x)) = O1 ,

which completes the proof. □

We now argue that the set BASIS(B) is linearly independent. Towards
contradiction, suppose that the zero vector is obtainable as a linear combination
of basis vectors

q1 · 1O1 + . . . + qn · 1On = 0, (3.4)

for some tight pairwise-different orbits O1, . . . , On ⊆ B and q1, . . . , qn ∈ R \ {0}.
Take any inclusion-maximal orbit among O1, . . . , On, say O1. We distinguish
two cases.

Case 1 If O1 ⊆ O2 ∪ . . . ∪On then using Lemma 3.13 we arrive at a contradic-
tion with the inclusion-maximality of O1.

Case 2 Otherwise O1 ̸⊆ O2 ∪ . . . ∪On. Taking any x ∈ O1 \ (O2 ∪ . . . ∪On)

we arrive at a contradiction, as the value of the left-hand side of (3.4) on x is
non-zero: (

q1 · 1O1 + . . . + qn · 1On

)
(x) = q1 ̸= 0,

while the value of the right-hand side is 0(x) = 0. ■

Remark 3.14. Theorem 3.1 is effective. Indeed, the transformation from B to
BASIS(B) is equivariant, and the set BASIS(B) as well as the transformation from
v ∈ LinR(B) to its basis representation in FinLinR(BASIS(B)) are supported by
support (B), and therefore is computable (Remark 2.15).

Remark 3.15. The number of S-orbits inside BASIS(B) is linear in the number
of S-orbits inside B and exponential in the S-atom-dimension of B (recall that S
was fixed to be the support of B in the beginning of this section). The linearity
in numnber of S-orbits of B follows from (3.1). We quickly show that when B
is an S-orbit of atom-dimension k, there are at most 2k many S-orbits inside
BASIS(B). Indeed, using Lemmas 3.5 and 2.23, B is isomorphic to a set of
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the form {S} × (A \ S)(k)/G for some k ∈ N and subgroup G of Sk, by an
S-supported bijection. Vectors in BASIS(B) are of the form 1O where O ⊆ B is a
tight orbit. Tight orbits inside {S} × (A \ S)(k)/G are of the form

orbitS∪T((S, α1 . . . αk/G))

for α1, . . . , αk ∈ A\S and T ⊆ {α1, . . . , αk}. Tight orbits orbitS∪T((S, α1 . . . αk/G))

and orbitS∪T′((S, α′1 . . . α′k/G)) are in the same S-orbit when

{i ∈ {1, . . . , k} : αi ∈ T} =
{

i′ ∈ {1, . . . , k} : α′i′ ∈ T′
}

.

This means the number of S-orbits of tight orbits inside {S} × (A \ S)(k)/G is
at most 2k.

Remark 3.16. Theorem 3.1 is an improvement upon [6, Theorem 6.7] which
says that LinR(B) has an orbit-finite spanning set for orbit-finite sets B. In fact,
the basis BASIS(B) of LinR(B) that we construct in this section is a subset of the
spanning set of LinR(B) constructed in the proof of [6, Theorem 6.7].

3.3 Non-existence of bases

Contrary to the classical setting, not all orbit-finitely spanned vector spaces
have an orbit-finite basis. An example was provided in [6] without a complete
proof. We repeat the example and supply the proof as well.

Let V ⊆ FinLin
(

A(2)
)

be the subspace spanned by the set of vectors

X def
=
{

αβ− βα : αβ ∈ A(2)
}

.

We show that V does not have an orbit-finite basis. Towards a contradiction,
suppose B ⊆ V is an orbit-finite basis of V supported by some S ⊆FIN A. For
T ⊆FIN A \ S, let

VS∪T
def
= V ∩

{
v ∈ V : dom(v) ⊆ (S ∩ T)(2)

}
and BS∪T

def
= B ∩VS∪T .

Lemma 3.17. For any T ⊆FIN A \ S, BS∪T is a basis of VS∪T .

Proof. Pick arbitrary T ⊆FIN A \ S. Since BS∪T ⊆ B and B is linearly indepen-
dent, BS∪T is also linearly independent. So we just have to show that BS∪T

spans VS∪T .
Towards a contradiction, suppose that the unique basis representation of

some vector v ∈ VS∪T uses some base vector not belonging to BS∪T . That is, for
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some v ∈ VS∪T , r1, . . . , rn ̸= 0 and u1, . . . , un ∈ B,

v = r1 · u1 + · · ·+ rn · un

and u1 /∈ BS∪T . Pick some atom α ∈ support (u1) \ (S ∪ T) and

β ∈ A \ (S ∪ T ∪ support (u2) ∪ · · · ∪ support (un)) .

Let π ∈ Aut(A) be the automorphism of atoms which swaps α and β and fixes
all other atoms. Then π ∈ AutS∪T(A). Hence π(v) = v and π(ui) ∈ B for all
i ∈ {2, . . . , n}. Moreover:

Claim 3.17.1. u1 ̸= π(ui) for all i = 2, . . . , n.

Proof. For every i we have β /∈ support (ui) and hence α /∈ support (π(ui)). As
α ∈ support (u1), we deduce u1 ̸= π(ui). □

Since v ∈ VS∪T , π(v) = v. Hence,

n

∑
i=1

ri · ui −
n

∑
i=1

ri · π(ui) = v− π(v) = 0 .

Since r1 ̸= 0 and u1 ̸= u2, . . . , un, π(u1), . . . , π(un), this contradicts linear
independence of B. ■

Lemma 3.18. For any T ⊆FIN A \ S, The dimension of VS∪T is (|S∪T|
2 ).

Proof. Pick arbitrary T ⊆FIN A \ S. Let n def
= |S ∪ T|, and let α1, . . . , αn be an

enumeration of the elements of S ∪ T. Then

{
αiαj − αjαi : i ⩽ j

}
is a basis of VS∪T . Hence dimension of VS∪T is (n

2). ■

As an immediate consequence of the above two lemmas we get that for any

T ⊆FIN A \ S the set BS∪T has (|S∪T|
2 ) elements. Let m def

= |S|. Pick αβ ∈
(A \ S)(2). Then we have

|BS| =
(

m
2

)
,

|BS∪{α}| = |BS∪{β}| =
(

m + 1
2

)
, and
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|BS∪{α,β}| =
(

m + 2
2

)
.

Moreover, as BS∪{α} ∩ BS∪{β} = BS, by the exclusion-inclusion principle we
have:

|BS∪{α} ∪ BS∪{β}| = |BS∪{α}|+ |BS∪{β}| − |BS| .

In consequence,

|BS∪{α,β} \ (BS∪{α} ∪ BS∪{β})| =
(

m + 2
2

)
− 2 ·

(
m + 1

2

)
+

(
m
2

)
= 1

We show that this leads to a contradiction. Let v be the unique element in
BS∪{α,β} \ (BS∪{α} ∪ BS∪{β}). It can be written as

v = r · (αβ− βα) + u

for some r ̸= 0 and u ∈ VS∪{α} + VS∪{β}. Let π be the automorphism which
swaps α and β and fixes all other atoms. Since α, β /∈ S we have π ∈ AutS(A).
The set B is supported by S. Hence

π(v) = r · (βα− αβ) + π(u) ∈ B .

Clearly π(v) ̸= v and π(v) ∈ BS∪{α,β} \ (BS∪{α} ∪ BS∪{β}), which contradicts
B{S∪α,β} \ (BS∪{α} ∪ BS∪{β}) being a singleton. ■

3.4 Non-isomorphic bases

In this section we give an example of a vector space with two orbit-finite bases
which are non-isomorphic as orbit-finite sets (i.e. there is no orbit-finite bijection
from one to the other).

Let H, K12 and K23 be the subgroups of S3 (the symmetric group of degree
3) generated respectively by the permutations

(1 7→ 2, 2 7→ 3, 3 7→ 1) , (1 7→ 2, 2 7→ 1) , (2 7→ 3, 3 7→ 2) .

Recall Notation 2.20. For any αβγ ∈ A(3)

αβγ/H = βγα/H = γαβ/H

αβγ/K12 = βαγ/K12 ̸= αγβ/K12

αβγ/K23 = αγβ/K23 ̸= βαγ/K23 .
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Define equivariant orbit-finite sets B and C as

B def
=
(

A(3)/H
)
⊎
(

A(3)/K12

)
⊎
(

A(3)/K23

)
C def

=

(
A

3

)
⊎
(

A

3

)
⊎A(3) .

To distinguish the copies of (A
3 ) inside C we write an arbitrary element of the

first copy as {α, β, γ} and an element of the second copy as [α, β, γ]. An arbitrary
element of A(3) ⊆ C is written as αβγ.

Lemma 3.19. There exists an equivariant linear isomorphism from FinLin(B) to
FinLin(C).

Lemma 3.20. There is no orbit-finite bijection from B to C.

In conseqeunce of the two lemmas, the space FinLin(B) (and FinLin(C)) has
two bases not related by an orbit-finite bijection.

Proof of Lemma 3.19. We define equivariant linear functions

f : FinLin(B)→ FinLin(C) and g : FinLin(C)→ FinLin(B)

such that f ◦ g and g ◦ f are both identities. Note that it is enough to define
the functions on the generators. Recall Notation 2.31. Define f : FinLin(B)→
FinLin(C) as

f (αβγ/H)
def
= αβγ + βγα + γαβ

f (αβγ/K12)
def
= [α, β, γ] + αβγ + βαγ

f (αβγ/K23)
def
= {α, β, γ}+ αβγ + αγβ

for αβγ ∈ A(3). Define g′ : FinLin(C)→ FinLin(B) as

g′({α, β, γ}) def
= αβγ/K23 + βγα/K23 + γαβ/K23 − (αβγ/H + βαγ/H)

g′([α, β, γ])
def
= αβγ/K12 + βγα/K12 + γαβ/K12 − (αβγ/H + βαγ/H)

g′(αβγ)
def
= αβγ/K23 − βγα/K23 + αβγ/K12 − αγβ/K12 + αβγ/H

Define g : FinLin(C)→ FinLin(B) as

g(x) def
=

g′(x)
3

for all x ∈ FinLin(C) .

We leave it to the reader to check that f and g are well-defined and f ◦ g and g ◦ f
are both identities. Notice that it is enough to check it on the generators. ■
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Proof of Lemma 3.20. We prove it by contradiction. Say there exists orbit-finite
functions p : B→ C and q : C → B such that both p ◦ q and q ◦ p are identities.
Let S be the union of supports of p and q

S def
= support (p) ∪ support (q) .

Then S supports both p and q. Pick αβγ ∈ (A \ S)(3). Since q is injective,
applying Lemma 2.25-v we get support (q(αβγ)) ∪ S = {α, β, γ} ∪ S. Hence

q(αβγ) ∈ {αβγ/H, αβγ/K12, αβγ/K23} .

We show q(αβγ) cannot be equal to αβγ/H, and leave it to the reader to check
that it cannot be equal to αβγ/K12 or αβγ/K23 either. Let π be the automor-
phism defined as

π(α) = β

π(β) = γ

π(γ) = α

π(δ) = δ for all δ ̸= α, β, γ .

Since p is inverse of q, it must hold

αβγ = p(αβγ/H) . (3.5)

By definition of H,
αβγ/H = π(αβγ/H) . (3.6)

We have chosen α, β, γ to be outside S, so π ∈ AutS(A). Since p is supported
by S, using Lemma 2.4

p(π(αβγ/H)) = π(p(αβγ/H)) . (3.7)

Combining (3.5), (3.6) and (3.7) we get

αβγ
(3.5)
= p(αβγ/H)

(3.6)
= p(π(αβγ/H))

(3.7)
= π(p(αβγ/H))

(3.5)
= π(αβγ) ,

which is a contradiction. ■

Remark 3.21. The reason why there exists a vector space with two orbit-finite
bases which are not isomorphic as orbit-finite sets is because the uniqueness
of bases fails in the category of G-sets; there exists a finite group G and non-
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isomorphic G-sets X and Y whose associated representations are isomorphic 1.
In fact, if we assume A to be a set of cardinality three instead of being countable
and suitably adapt Lemmas 3.19 and 3.20, our example shows this for G = S3.

1https://math.stackexchange.com/questions/4103510/
injectivity-of-the-functor-from-group-actions-to-permutation-representations

https://math.stackexchange.com/questions/4103510/injectivity-of-the-functor-from-group-actions-to-permutation-representations
https://math.stackexchange.com/questions/4103510/injectivity-of-the-functor-from-group-actions-to-permutation-representations
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4.1 Introduction

In this chapter we are interested in solvability of orbit-finite systems of equations.
For this chapter fix R to be an arbitrary commutative ring with additive identity
0 and multiplicative identity 1 ̸= 0, and satisfying the following effectivity
assumption:

Assumption 4.1. There is an algorithm which decides whether a given finite system of
linear equations with coefficients in R has a solution, and outputs a solution if there is
one.

53
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Remark 4.2. The above assumption in particular implies that the addition and
multiplication operations of R are computable. For a, b ∈ R, (a + b) is the
unique solution to z for the system if equations

x = a y = b z = x + y ,

likewise, a · b is the unique solution to v for the system of equations

u = b v = a · x .

The effectivity assumption is satisfied by commonly used rings such as Q, Z,
the field of algebraic numbers, ring of integers modulo m for m ∈ Z+. We
assume the coefficients of vectors and matrices in this chapter to be from R.

We recall from § 2.4.2 that, for orbit-finite sets B and C, an orbit-finite (B×C)-
system of equations A · x = b is given by a matrix A ∈ LinR(B×C) and
b ∈ LinR(B). We are interested in the decidability of the following problems.

EQ(R)
Input: An orbit-finite system of linear equations A · x = b.
Question: Does it have an orbit-finite solution?

FIN-EQ(R)
Input: An orbit-finite system of linear equations A · x = b.
Question: Does it have a finite solution?

We show EQ(R) reduces to FIN-EQ(R) and FIN-EQ(R) is decidable:

Theorem 4.3. EQ(R) reduces to FIN-EQ(R).

Theorem 4.4. FIN-EQ(R) is decidable.

And as a consequence we get:

Theorem 4.5. EQ(R) is decidable.

For R = Z, Q we get a more precise complexity.

Theorem 4.6. EQ(Z) and EQ(Q) are both in EXPTIME, and in PTIME for fixed
atom-dimension of the input system.

Atom dimension of an orbit-finite system of equations is defined in the following
subsection.
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4.1.1 Representation of input

There are several possible ways of representing an orbit-finite (B×C)-system
of linear equations A · x = b as input to our algorithms. One possibility is to
rely on the equivalence between (hereditarily) orbit-finite sets and definable sets
[5, Sect. 4]. We choose another standard possibility, as specified in items (1)–(3)
below. First, the representation includes:

(1) a common support S ⊆FIN A of A and b.

Second, knowing that B and C are disjoint unions of S-orbits, and relying on
Lemma 2.23, the representation also includes:

(2) a list of all S-orbits included in B and C, each one represented by some
tuple α ∈ (A \ S)(n) and subgroup G of Sn; and a list of S-orbits included
in B×C, each one represented by one of its element.

Finally, relying on Notation 2.30, we assume that the representation contains:

(3) a list of values A(O), b(O) ∈ R, respectively, for all S-orbits O included in
B and B×C.

The atom-dimension of such a representation is the sum of S-atom-dimensions
of B and C. Note that Lemma 2.19 implies that the latter is an upper bound of
atom-dimensions of A and b.

Organisation of the chapter

In § 4.2 we prove Theorem 4.3, i.e. we show that solvability reduces to finitary
solvability. Then in § 4.3 we introduce the order equivariant finitary solvability
problem and give a reduction of finitary solvability to order equivariant finitary
solvability in § 4.4. Finally in § 4.5 we show the latter problem is decidable, thus
proving Theorem 4.4. We end with a rough estimation of complexity in § 4.6 to
justify Theorem 4.6.

4.2 Solvability reduces to finitary solvability

In this section we prove Theorem 4.3, i.e. we show that EQ(R) reduces to
FIN-EQ(R). For this section, fix orbit-finite sets B and C, and an orbit-finite
(B×C)-system of linear equations A · x = b. WLOG, we assume support (A) =

support (b) = support (B) = support (C) = S, for some S ⊆FIN A, and that B
and C are finite unions of tight S-orbits. 1

1This can be achieved by taking S = support (A) ∪ support (b) and replacing B and C with
{(b, S) : b ∈ B} and {(c, S) : c ∈ C}, respectively.
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4.2.1 Spans

For a subset P ⊆ LinR(B), we define FIN-SPANR(P) ⊆ LinR(B) as the set of all
finite linear combinations of vectors from P, forming a subspace of LinR(B):

FIN-SPANR(P) def
=

{
∑

v∈P′
qv · v : qv ∈ R, P′ ⊆FIN P

}
.

Given a vector v ∈ LinR(C) the product A · v can be also seen as the orbit-finite
linear combination

∑
U∈OrbitsT(C)

v(U) · ∑
c∈U

A(−, c) (recall Notation 2.30)

of column vectors A(−, c), where T def
= S ∪ support (v). This sum is well-

defined as a vector in LinR(B) and is equal to A · v when the latter is well-
defined (recall well-definedness of products of matrices from § 2.3). This al-
lows us to define the span of A by seeing it as the orbit-finite set of vectors
{A(−, c) : c ∈ C}:

SPANR(A)
def
= {A · v : v ∈ LinR(C), A · v well-defined} . (4.1)

Deciding existence of an orbit-finite solution of the system A · x = b amounts
to deciding if b ∈ SPANR(A).

For a finite vector u ∈ FinLinR(C) the product A · u is always well-defined,
and we define:

FIN-SPANR(A)
def
= {A · u : u ∈ FinLinR(C)}

= FIN-SPANR({A(−, c) : c ∈ C}),

We prove Theorem 4.3 by effectively constructing a matrix Ã with the same
row-indexing set B as A, such that SPANR(A) = FIN-SPANR(Ã).

4.2.2 Well-definedness and exactness

Let x ∈ LinR(C) a vector. We start by a characterisation of vectors x ∈ LinR(C)
for which the product y = A · x is well-defined. Recall that y(b) is well-defined
if and only if there are only finitely many c ∈ C such that A(b, c) ̸= 0 and
x(c) ̸= 0. Let

T def
= support (A) ∪ support (x) = support ((A, x)) .



4.2. Solvability reduces to finitary solvability 57

We say that the pair (A, x) is exact if for every b ∈ B and c ∈ C such that
A(b, c) ̸= 0 and x(c) ̸= 0, it holds

support (c) ⊆ support (b) ∪ T. (4.2)

Lemma 4.7. A · x is well-defined if and only if (A, x) is exact.

Proof. For b ∈ B, define Tb
def
= support (b) ∪ T.

For the if direction, suppose (A, x) is exact, and consider an arbitrary fixed
b ∈ B. By (4.2) the support of every c satisfying A(b, c) ̸= 0 and x(c) ̸= 0
is included in Tb. By Lemma 2.27-i, every orbit V ⊆ C contains at most |Tb|!
elements c ∈ V such that support (c) ⊆ Tb. Since C has finitely many orbits,
there are only finitely many c ∈ C satisfying A(b, c) ̸= 0 and x(c) ̸= 0. The
product A · x is thus well-defined, as required.

For the opposite direction, suppose (A, x) is not exact, i.e., for some b ∈ B
and c ∈ C we have:

A(b, c) ̸= 0 , x(c) ̸= 0 , and support (c) ̸⊆ Tb .

According to the latter condition, some atom α ∈ A satisfies

α ∈ support (c) and α ̸∈ Tb .

Pick an infinite set of atoms {β1, β2, . . . } ⊆ (A \ Tb). For n ∈ N, define πn ∈
Aut(A) as πn(α)

def
= βn, πn(βn)

def
= α and πn(γ)

def
= γ for γ ∈ A \ {α, βn}. Then

πn ∈ AutTb(A) which implies it preserves A, x and b. Applying Lemma 2.4 we
get that for all n ∈N we have

A(b, πn(c)) = A(πn(b), πn(c)) = πn(A(b, c)) = A(b, c) ̸= 0, and

x(πn(c)) = πn(x(c)) = x(c) ̸= 0 .

Applying Lemma 2.7 we get that βn ∈ support (πm(c)) if and only if n = m.
This implies the set {πn(c) : n ∈N} is an infinite set, and in consequence the
product A · x is not well-defined on b. This completes the proof. ■

4.2.3 Proof of Theorem 4.3

We are going to construct effectively a matrix Ã, with the same row-indexing
set B as A, satisfying SPANR(A) = FIN-SPANR(Ã). We claim that it is enough
to consider the special case when C is a single S-orbit. Indeed, otherwise we can
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split the matrix A into m matrices

A =
[
A1| . . . |Am

]
each corresponding to one S-orbit Ci ⊆ C. Assuming matrices Ãi such that
SPANR(Ai) = FIN-SPANR(Ãi) for i = 1, . . . , m, we construct a matrix Ã as

Ã def
=
[
Ã1| . . . |Ãm

]
.

We have

SPANR(A) = SPANR(A1) + · · ·+ SPANR(Am)

= FIN-SPANR(Ã1) + · · ·+ FIN-SPANR(Ãm)

= FIN-SPANR(Ã)

We thus proceed under the assumption that C is a single S-orbit. WLOG we
also assume C to be a tight S-orbit (Lemma 3.5).

Lemma 4.8. For any v ∈ LinR(C), if A · v is well-defined and u ∈ BASIS(C) appears
in the basis representation of v, then A · u is well-defined too.

Proof. Let v ∈ LinR(C), and let T def
= support (v) ∪ S. We follow the definition

of the basis representation of T-supported vector v by structural induction
with respect to the transitive closure of ≺, as in the proof of Lemma 3.9. If
T-orbit-dom(v) is empty then v is the zero vector and the claim holds vacuously.
Otherwise, suppose the lemma holds for all strictly smaller T-supported vectors
w. As in the proof of Lemma 3.9, take a T-orbit O ∈ T-orbit-dom(v) of maximal
S-dimension. Let

T′ def
= support (c) ∩ T (4.3)

for some (every) c ∈ O. Since S ⊆ T and S ⊆ support (c) (as every S-orbit in C
is tight), we deduce

S ⊆ T′ . (4.4)

We define the T′-orbit O′ as T′-closure of O:

O′ def
= {π(c) : c ∈ O, π ∈ AutT′(A)} .

By definition, T′ is included in the support of every element of O′, therefore
the orbit O′ is tight, and hence 1O′ ∈ BASIS(C). According to the proof of
Lemma 3.9, the vector 1O′ appears in the basis representation of v, together with
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the vectors appearing in the basis representation of the vector

w = v − v(O) · 1O′ . (4.5)

Note that w is supported by T as both v and 1O′ are so. Moreover, w(O) = 0.
By Claim 3.10.1 we infer that w ≺ v and therefore, relying on the induction
assumption, it is sufficient to show that A · 1O′ is well-defined.

According to the assumption and Lemma 4.7 we know that (A, v) is exact.
Using Lemma 4.7 again, it is sufficient to show that (A, 1O′) is exact too.

Choose an arbitrary element c ∈ O′ and b ∈ B such that A(b, c) ̸= 0, and
an arbitrary π ∈ AutT′(A) such that π(c) ∈ O. A is S-supported so it is also
T′-supported ((4.4)). Hence using Lemma 2.4 we get A(π(b), π(c)) ̸= 0. As
(A, v) is exact and v(O) ̸= 0, we have:

support (π(c)) ⊆ support (π(b)) ∪ T. (4.6)

By definition of T′ (Equation (4.3)), as π(c) ∈ O, we have T′ = support (π(c))∩
T, and thus the inclusion (4.6) can be strenghtened to

support (π(c)) ⊆ support (π(b)) ∪ T′.

Applying π−1 and using Lemma 2.7 to both sides yields

support (c) ⊆ support (b) ∪ T′ .

As b and c were chosen arbitrarily, we conclude that (A, 1O′) is exact, as required.
■

As the indexing set of Ã we take those basis vectors v ∈ BASIS(C) for which
A · v is well-defined:

C̃ def
= {v ∈ BASIS(C) : A · v is well-defined} .

The new indexing set C̃ is orbit-finite as BASIS(C) is so, and is S-supported
since both A and BASIS(C) are S-supported. We define the new matrix Ã :
LinR

(
B× C̃

)
as follows

Ã(−, v) def
= A · v.

Note the injection c 7→ 1c of C into C̃, as A · 1c = A(−, c) is always well-defined.
Therefore Ã extends A, as Ã(−, 1c) = A · 1c = A(−, c). It is now sufficient to
prove:

Lemma 4.9. SPANR(A) = FIN-SPANR(Ã).
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Proof. WLOG we assume that A contains non-zero column vectors only (oth-
erwise, since C is a single orbit, all column vectors in A are zero vectors
and the claim holds vacuously). In one direction, consider any vector v ∈
FIN-SPANR(Ã), i.e.,

v = q1 ·A(−, v1) + . . . + qn ·A(−, vn) = q1 · (A · v1) + . . . + qn · (A · vn)

for q1, . . . , qn ∈ Q and v1, . . . , vn ∈ C̃, which immediately yields the required
membership in SPANR(A):

v = A · (q1 · v1 + . . . + qn · vn) ∈ SPANR(A).

In the opposite direction, let v = A · x be well-defined for some x ∈ LinR(C).
We are going to prove that v ∈ FIN-SPANR(Ã). Consider the representation of
x in the basis BASIS(C)

x = q1 · v1 + . . . + qℓ · vℓ.

Due to Lemma 4.8 we know that A · vi is well-defined and hence vi ∈ C̃ for all
i = 1, . . . , ℓ. Therefore

v = A · (q1 · v1 + . . . + qℓ · vℓ) =

q1 · (A · v1) + . . . + qℓ · (A · vℓ) =

q1 · Ã(−, v1) + . . . + qℓ · Ã(−, vℓ) ∈ FIN-SPANR(Ã),

as required. ■

Since C 7→ BASIS(C) is an effective construction (Remark 3.14), the transfor-
mation from A to Ã is effective as well. This completes the proof of Theo-
rem 4.3. ■

Remark 4.10. Assuming A is either integer or rational matrix, the blow-up in the
reduction A 7→ Ã is exponential in the atom dimension of A, and polynomial
in the number of orbits of B and C.

The matrix Ã is indexed by B× C̃, and C̃ ⊆ BASIS(C). Let S be the support
of A and d be its atom-dimension (§ 4.1.1). Then S also supports the system
Ã. Remark 3.15 says that the number of S-orbits of BASIS(C) is linear in the
number of S-orbits of C and exponential in d. Elements of BASIS(C) are of the
form 1O where O is a tight S∪ T-orbit for some T ⊆ A \ S. By definition of tight
orbits, O = orbitS∪T(c) for some c ∈ O ⊆ C and T ⊆ support (c). Which means

support (O) \ S = T ⊆ support (c) \ S = S-dim(O) .
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This implies the atom-dimension of BASIS(C), and hence also of C̃, is at most d.
Since the atom-dimension of B and C̃ is both less than d, using Lemma 2.27-v

we get that the number of S-orbits of B× C̃ is linear in the number of S-orbits
of B×C and exponential in d. To finish the proof, we show that the entries of Ã
only blow up by a multiplicative factor which is exponential in d. The entries of
Ã are of the form A(b,−) · 1O for some b ∈ B and tight orbit O in C such that
A · 1O is well-defined. Let T = (support (O) ∪ support (b)) \ S. Then |T| ⩽ 2d.
Using Lemma 2.51-ii and Lemma 2.50 we get

A(b,−) · 1O = ∑
c∈OS∪T

A(b, c) ,

where OS∪T = {c ∈ O : support (c) ⊆ S ∪ T}. Lemma 2.27-ii implies that
OS∪T contains at most |T|! ⩽ (2d)! many elements. This implies the size of the
entry A(b,−) · 1O of Ã is at most (2d)! ·max {|A(b, c)| : b ∈ B, c ∈ C}.

4.3 Order equivariant finitary solvability

Let < be a dense linear order on A without endpoints. For concreteness, one
can equate A with the set of rationals with the usual ordering. A permutation
π ∈ Aut(A) is called an <-automorphism if it is order preserving:

π(α) < π(β) for all α < β .

The set of all <-automorphisms in Aut(A) forms a subgroup, and is denoted
as Aut<(A):

Aut<(A)
def
= {π ∈ Aut(A) : π is a <-automorphism} .

For x an atom or a set, the <-orbit of x is defined as:

orbit<(x) def
= {π(x) : π ∈ Aut<(A)} .

A set is order equivariant if it is invariant under <-automorphisms. Since
Aut<(A) ⊆ Aut(A), every equivariant set is automatically order equivari-
ant. Every order equivariant set splits into <-orbits. The set of <-orbits inside a
order equivariant set B is denoted as

Orbits<(B) def
= {O ⊆ B : O is a <-orbit} .

B is called <-orbit-finite if Orbits<(B) is finite.



62 Chapter 4. Linear Equations

Remark 4.11. Order equivariant sets, <-orbits and <-orbit-finite sets are respec-
tively equivariant sets, equivariant orbits and equivariant orbit-finite sets with
ordered atoms (cf. Remark 2.24).

Definition 4.12. For n ∈N and g ∈ Sn define the subset (A
n )g of A(n) as

(
A

n

)
g

def
=
{

αg(1) . . . αg(n) : α1 < · · · < αn

}
.

Lemma 4.13. For any n ∈N and g ∈ Sn the set (A
n )g ,

1. is a <-orbit,

2. is isomorphic to (A
n ) by the order equivariant bijection

α1 . . . αn 7→ {α1, . . . , αn} :
(

A

n

)
g
→
(

A

n

)
,

3. is not equivariant or even finitely supported unless n ⩽ 1.

Lemma 4.14. For any n ∈ N, the set A(n) is the union of the n! disjoint <-orbits
(A

n )g , where g ranges over elements of Sn.

We leave it to the reader to prove the above two lemmas. The following lemma
generalises Lemma 4.14 from A(n) to arbitrary equivariant orbit-finite sets.

Lemma 4.15. Every equivariant orbit-finite set is also <-orbit-finite.

Proof. We show that every equivariant orbit splits into finitely many <-orbits.
Consider an orbit X = orbit(x). Using our assumption of hereditary finite

support (page 13) let

support (x) = {α1 < · · · < αn} .

For g ∈ Sn define σg ∈ Aut(A) as

σg(αi)
def
= αg(i) for i ∈ {1, . . . , n}

σg(α)
def
= α for α /∈ {α1, . . . , αn}.

We show that
orbit(x) =

⋃
g∈Sn

orbit<(σg(x)) .

Pick π ∈ Aut(A). We need to find g ∈ Sn and π′ ∈ Aut<(A) such that
π′(σg(x)) = π(x). Let {β1 < · · · < βn} = π({α1, . . . , αn}). We define g to
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be the permutation of {1, . . . , n} satisfying π(αi) = βg(i), for i ∈ {1, . . . , n}.
Let π′ be any order preserving permutation such that π′(αi) = βi. Clearly
(π′ ◦ σg)(αi) = βg(i) for all i ∈ {1, . . . , n}. Applying Lemma 2.25-ii now we get

π′(σg(x)) = π(x)

which finishes the proof. ■

Remark 4.16. Lemma 4.15 is effective. That is, given an equivariant orbit-finite
set X, one can compute a finite subset X′ ⊆FIN X such that for every <-orbit O
of X there exists x ∈ X′ such that O = orbit<(x).

Definition 4.17. A <-orbit-finite set is called canonical if it is a finite disjoint
union of orbits of the form (A

k ) for k ∈ N. The atom-dimension of such a set is
the maximum k such that it has an orbit of the form (A

k ).

Remark 4.18. Note that a canonical orbit-finite set is also equivariant in the
usual sense (i.e. w.r.t. the action of Aut(A)), and its atom-dimension, when
considered as an equivariant set (again w.r.t. the action of Aut(A)), is the same
as its atom-dimension when considered as a canonical <-orbit-finite set.

Let B be a canonical <-orbit-finite set. Relying on § 4.2.1 we define the order
equivariant finitary solvability problem, which is a variant of FIN-EQ(R):

FIN-EQ<(R)
Input: An order equivariant vector v ∈ FinLinR(B) and an

<-orbit-finite set P ⊆ FinLinR(B)
Question: Is v ∈ FIN-SPANR(P)?

Theorem 4.19. FIN-EQ(R) reduces to FIN-EQ<(R).

Theorem 4.20. FIN-EQ<(R) is decidable.

These two theorems together imply Theorem 4.4. Theorems 4.19 and 4.20 are
proven in § 4.4 and § 4.5, respectively .

4.4 Finitary solvability to order equivariant finitary

solvability

This section is devoted to proving that FIN-EQ(R) reduces to FIN-EQ<(R) (The-
orem 4.19). Fix an orbit-finite (B×C)-system of equations A · x = b supported
by some S ⊆ A. We want to decide if it has a finite solution. We start with two
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simplifying assumptions in § 4.4.1, and then reduce FIN-EQ(R) to FIN-EQ<(R)
in § 4.4.2.

4.4.1 Simplifying assumptions

Column-finiteness

A (B′×C′)-system of equations A′ · x′ = b′ is called column-finite if the columns
of the augmented matrix (A′|b′)2 are finite, i.e.

{
A′(−, c′) : c′ ∈ C′

}
∪
{

b′
}
⊆ FinLinR

(
B′
)

.

Lemma 4.21. WLOG we can assume that the system A · x = b is column-finite.

Proof. We define a column-finite system which has a finite solution if and only
if the system A · x = b also has a finite solution. For this proof, let

f : LinR(B)→ FinLinR(BASIS(B))

be the linear isomorphism which given an orbit-finite vector outputs its basis
decomposition, i.e. for all v ∈ LinR(B)

v = ∑
b∈BASIS(B)

( f (v))(b) · b .

Recall Theorem 3.1. Let A f ∈ LinR(BASIS(B)×C) be the matrix whose columns
are defined as

A f (−, c) def
= f (A(−, c))

for c ∈ C. Since the co-domain of f is FinLinR(BASIS(B)), A f is column-finite
and f (b) is a finite vector. We leave it to the reader to verify that the system
A f · x = f (b) has the same finite solutions as the system A · x = b. Note that
we can use the same vector of variables x for both of the systems, since columns
of both A and A′ are indexed by C. ■

Equivariance and Straightness

Recall the definition of straight orbit-finite sets (Definition 2.22).

Lemma 4.22. WLOG we can assume that B and C are equivariant straight orbit-finite
sets, and A and b are equivariant.

2https://en.wikipedia.org/wiki/Augmented_matrix

https://en.wikipedia.org/wiki/Augmented_matrix
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Proof. The proof will be done in two steps. In the first step we show that WLOG
B and C can be assumed to be straight orbit-finite sets. Then in the second step
we show that furthermore WLOG we can assume B,C, A and b to be equivariant.

Step 1: Using Lemma 2.27-iii we know there exists straight orbit-finite sets B′

and C′ and S-supported surjective functions f : B′ → B and g : C′ → C. Define
A′ ∈ LinR(B′×C′) and b′ ∈ LinR(B′) as

A′(b′, c′) def
= A( f (b′), g(c′)) and b′(b′) def

= b( f (b′)) .

It is easy to check that both A′ and b′ are supported by S. We need to show that
the system A · x = b has a finite solution if and only if the system A′ · x′ = b′

has a finite solution.
Recall Notation 2.31. In one direction, suppose A′ · y′ = b′ for some

y′ =
n

∑
i=1

ri · c′i ∈ FinLinR
(
C′
)

,

where ri ∈ R and c′i ∈ C′. We claim that A · y = b, where

y =
n

∑
i=1

ri · g(c′i) .

Indeed, for any b′ ∈ B′ we have

(A · y)( f (b′)) =
n

∑
i=1

A( f (b′), g(c′i)) · y(g(c′i))

=
n

∑
i=1

A( f (b′), g(c′i)) · ri

=
n

∑
i=1

A′(b′, c′i) · y′(c′i)

= (A′ · y′)(b′)

= b′(b′)

= b( f (b))

Since f is surjective, this says A · y = b.

For the opposite direction, suppose A · z = b for some

z =
m

∑
j=1

sj · dj ∈ FinLinR(C)
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Since g is surjective, for every j there exists a d′j ∈ C′ such that g(d′j) = dj. Define
z′ ∈ FinLinR(C′) as

z′ =
m

∑
j=1

sj · d′j .

We show A′ · z′ = b′. For any b′ ∈ B′ we have

(A′ · z′)(b′) =
m

∑
j=1

A′(b′, d′j) · z′(d′j)

=
m

∑
j=1

A( f (b′), g(d′j)) · sj

=
m

∑
j=1

A( f (b′), dj) · z(dj)

= (A · z)( f (b′))

= b( f (b′))

= b′(b′) .

This finishes the first step of the proof.

Step 2: Redefine the set of atoms to be (A \ S) instead of A. We have

AutS(A) = Aut(A \ S) . (4.7)

Both B and C are finite unions of sets of the form (A \ S)(n) for n ∈N. Hence
both of them are equivariant sets with atoms (A \ S). The matrix A and the
vector b are S-supported as sets with atoms A. Hence using (4.7) we can say
they are equivariant sets with atoms A \ S. ■

We illustrate the steps by the following examples.

Example 4.23. Recall Notation 2.20. Let B = (A
2 ) and C = A(3)/H where H is

generated by the cyclic permutation

1 7→ 2, 2 7→ 3, 3 7→ 1 .

Recall Notation 2.31. Define the matrix A ∈ Lin(B×C) with columns

A(−, αβγ/H) = {α, β}+ {β, γ}+ {γ, α}

for αβγ ∈ A(3). We leave it to the reader to verify that A is well-defined and
equivariant. Fix α1, α2 ∈ A, and let

b = {α1, α2} .
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Then the system A · x = b is supported by S = {α1, α2}. As a result of applying
Step 1 to this system we get the A(2)×A(3)-system A′ · x′ = b′, where

A′(−, αβγ) = αβ + βα + βγ + γβ + γα + αγ

for αβγ ∈ A(3), and
b′ = α1α2 + α2α1 .

◀

Example 4.24. Let B = A and C = A(2). Define A ∈ Lin(B×C) and b ∈
FinLin(B) as

A(−, αβ) = 2 · α + β

for αβ ∈ A(2), and
b = 2 · α .

The system of equations A · x = b is supported by {α}. Let Aα = A \ {α}. We
have

Orbits{α}(B) = {Aα, {α}}

and
Orbits{α}(C) =

{
(Aα × {α} , {α} ×Aα, A

(2)
α

}
.

For applying Step 2 we define our set of atoms to be Aα and replace α with an
equivariant symbol a to emphasise that it is not an element of Aα. Then we get
the ({a} ∪Aα)× (Aα ⊎Aα ⊎ (A

(2)
α )-system

Aα Aα A
(2)
α

{a}

Aα


2 · 1TAα

IdAα

∣∣∣∣∣∣∣∣∣∣∣

1TAα

2 · IdAα

∣∣∣∣∣∣∣∣∣∣∣

0T

Aα

 · x =


2

0


(4.8)

Where Aα is simply the restriction of A to A
(2)
α ×Aα. Notice that this system is

equivariant. ◀

Remark 4.25. Proofs of both Lemmas 4.21 and 4.22 are effective. That is, given
an orbit-finite system of equations A · x = b one can compute an equivariant
column-finite orbit-finite system of equations A′ · x′ = b′ such that the former
has a finite solution if and only if the latter also has so.

Remark 4.26. Both Step 1 and 2 preserve column-finiteness of the system. For
Step 1 it follows from the fact that Lemma 2.27-iii gives us f and g such that for
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every b ∈ B and g ∈ C both f−1(b) and g−1(c) are finite. Step 2 only changes
the set of atoms and does not modify the matrix.

Remark 4.27. Step 2 in the above proof does not increase the size or atom-
dimension of a system. We argue that Step 1 does not increase the atom-
dimension of a system and can only increase the size of a system by a mul-
tiplicative factor of 2O(d log(d)) where d is the atom-dimension of the system.
Let n and m, respectively, be the number of orbits of B and C. Lemma 2.27-iii
guarantees that the atoms dimension of B′ and C′ is at most d, and the number
of orbits of B′ and C′ is, respectively, n and m. The number of orbits of B×C is
at least nm. Lemma 2.27-v implies that the number of orbits of B′×C′ is at most
(2d)2d · nm = 2O(d log(d)) · nm, and hence at most 2O(d log(d)) times the number
of orbits in B×C.

4.4.2 The reduction

Due to § 4.4.1, the system A · x = b is assumed to be equivariant, straight and
column-finite. The system A · x = b has a finite solution if and only if the vector
b ∈ FinLinR(B) is in the equivariant subspace spanned by the equivariant
orbit-finite set of vectors

P = {A(−, c) : c ∈ C} ⊆ FinLinR(B) .

Since b and P are equivariant, they are also order equivariant. Moreover, using
Lemma 4.15 the set of vectors P is also <-orbit-finite. Since Lemma 4.15 is
effective (Remark 4.16), we can compute representatives of <-orbits of P from
representatives of equivariant orbits of P. The only thing left to do is to make
B a canonical <-orbit-finite set. This follows from the assumption that B is
equivariant orbit-finite and straight, and from Lemma 4.14).

Example 4.28. Consider the system (4.8) in Example 4.24. Writing A instead of
Aα, we get B = {a} ⊎A, b = 2 · a and

P = orbit(2 · a + β) ∪ orbit(a + 2 · β) ∪ orbit(2 · β + γ)

for some arbitrarily chosen β, γ ∈ A. B is already a canonical <-equivariant
set. WLOG assume β < γ. Applying the construction in Lemma 4.15 we split P
into four <-orbits

P = orbit<(2 · a + β) ∪ orbit<(a + 2 · γ) ∪

orbit<(2 · β + γ) ∪ orbit<(β + 2 · γ) .
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◀

4.5 Deciding order equivariant finitary solvability

For the remainder of this section, fix a canonical <-orbit-finite set B.

Definition 4.29. Define the <-orbit summation function

γ< : FinLinR(B)→ ROrbits<(B)

as follows:
γ<(v) : O ∈ Orbits<(B) 7→ ∑

b∈O
v(b) .

The following lemma follows immediately from the definition:

Lemma 4.30. The <-orbit summation function γ< is order equivariant.

Corollary 4.31. For every vector x, we have γ<(orbit<(x)) = {γ<(x)}.

Proof. Since γ< is order equivariant (Lemma 4.30), for every vector y ∈ orbit<(x)
we have γ<(x) = γ<(y). Hence

γ<(orbit<(x)) = {γ<(x)} .

■

Example 4.32. Consider R = Z and B = {⋆} ⊎ (A
2 ) ⊎ (A

2 ). Then

FinLinZ(B) ∼= Z× FinLinZ

(
A

2

)
× FinLinZ

(
A

2

)
and we may write an element of FinLinZ(B) as a tuple (r, p, q) where r ∈ Z

and p, q ∈ FinLinZ(
A
2 ). For α < β < γ define sαβ, tαβγ ∈ FinLinZ(B) as

sαβ
def
= (1, {α, β} , {α, β}) tαβγ

def
= (0, {α, β}+ {β, γ} , 2 · {α, γ}) .

Let v def
= (1, 0, 0) and

P def
=
{

sαβ : α < β ∈ A
}
∪
{

tαβγ : α < β < γ ∈ A
}

.

For α < β < γ ∈ A we have

γ<(v) = (1, 0, 0)

γ<(sαβ) = (1, 1, 1)
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γ<(tαβγ) = (0, 2, 2) .

◀

Theorem 4.33. For every order equivariant vector b ∈ FinLinR(B) and order equiv-
ariant set of vectors P ⊆ FinLinR(B),

b ∈ FIN-SPANR(P) ⇐⇒ γ<(b) ∈ FIN-SPANR(γ<(P)) .

Note that we do not assume P to be orbit-finite in the statement of theorem.
However, in all the applications of the theorem in this chapter, P is orbit-finite.

The above theorem implies decidability of FIN-EQ<(R). Let b be an arbitrary
order equivariant vector in FinLinR(B), and P = orbit<(p1) ∪ · · · ∪ orbit<(pn)

be an arbitrary orbit-finite set of vectors inside FinLinR(B). Applying Corol-
lary 4.31 we get

FIN-SPANR({γ<(P)}) = FIN-SPANR({γ<(p1), . . . , γ<(pn)}) .

Now Theorem 4.33 implies that, b ∈ FIN-SPANR(P) if and only if

γ<(b) ∈ FIN-SPANR({γ<(p1), . . . , γ<(pn)}) .

The latter is an instance of solvability of a finite system of linear equations over
R, which is decidable by our effectivity assumption (Assumption 4.1).

Example 4.34. Continuing Example 4.32, using Theorem 4.33 we conclude
v /∈ FIN-SPANZ(P). However, taking R = Q instead of Z, we have v ∈
FIN-SPANQ(P). ◀

The remainder of this section is devoted to proving Theorem 4.33.

4.5.1 Proof of Theorem 4.33

Let n be the atom-dimension of B. Then B can be written as

B = B′ ⊎ B̃

where
B′ =

(
A

n1

)
⊎ · · · ⊎

(
A

nm

)
for some m ∈N and 0 ⩽ n1 ⩽ · · · ⩽ nm < n, and

B̃ =

(
A

n

)
⊎ · · · ⊎

(
A

n

)
︸ ︷︷ ︸

ℓ-times
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for some ℓ ∈ Z+. Hence FinLinR(B) can be written as

FinLinR(B) = FinLinR
(

B′
)
× FinLinR

(
B̃
)

.

Noting this, we identify every vector v ∈ FinLinR(B) with the pair (v′, ṽ),
where

v′ ∈ FinLinR
(

B′
) ∼= FinLinR

(
A

n1

)
× . . . × FinLinR

(
A

nm

)
ṽ ∈ FinLinR

(
B̃
)
∼=
(

FinLinR

(
A

n

))ℓ

.

For n ∈N, define a mapping

fn : FinLinR

(
A

n

)
→ FinLinR

(
A

n− 1

)n

as the unique linear extension of the map

{α1 < · · · < αn} 7→ ({α2, . . . , αn} , {α1, α3, . . . , αn} , . . . , {α1, . . . , αn−1}) .

Equivalently,
fn(v) = (v1, . . . , vn)

where

vi({β1 < · · · < βn−1}) = ∑
βi−1<β<βi

v({β1 < · · · < βn−1} ∪ {β})

assuming β0 = −∞ and βn = +∞. The function fn is readily extended to spaces

of the form
(

FinLinR(
A
n )
)ℓ

for ℓ ∈ Z+ as

fn(v1, . . . , vℓ) = ( fn(v1), . . . , fn(vℓ))

and to spaces of the form FinLinR(
A
k1
)× · · · × FinLinR(

A
km
)×

(
FinLinR(

A
n )
)ℓ

for
0 ⩽ k1 ⩽ . . . ⩽ km < n and ℓ ∈ Z+ as

fn(v1, . . . , vm, v) = (v1, . . . , vm, fn(v)) .

Remark 4.35. The definition of the function fn is taken from [6, page 14].

Now we state the main lemma for proving Theorem 4.33.
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Lemma 4.36. Let C be a canonical <-orbit-finite set of atom-dimension n ⩾ 1 (Defini-
tion 4.17). For every order equivariant vector v ∈ FinLinR(C) and order equivariant
set of vectors U in FinLinR(C),

v ∈ FIN-SPANR(U) if and only if fn(v) ∈ FIN-SPANR( fn(U)) .

Note that U is not assumed to be <-orbit-finite in the statement of the lemma.
Before proving the lemma, let’s prove Theorem 4.33 using it.

Proof of Theorem 4.33 using Lemma 4.36

If b ∈ FIN-SPANR(P), then γ<(b) ∈ FIN-SPANR(γ<(P)) by linearity of γ<. We
need to prove the other direction.

Assume γ<(b) ∈ FIN-SPANR(γ<(P)). Let n be the atom-dimension of B.
If n = 0, them γ< = Id on FinLinR(B) and b ∈ FIN-SPANR(P). Otherwise,
applying Lemma 4.36 n-times we get

Corollary 4.37. b ∈ FIN-SPANR(P) if and only if f∗(b) = FIN-SPANR( f∗(P)),

where f∗
def
= f1 ◦ . . . ◦ fn.

Each of the functions fi is equivariant and linear, and hence so is f∗. Let V be
the vector space which is the co-domain of f∗. Then

V =

(
FinLinR

(
A

0

))p
∼= Rp

for some p ∈ Z+, and hence is atomless. By Corollary 4.37, to prove that b is
in FIN-SPANR(P) it is enough to prove that f∗(b) ∈ FIN-SPANR( f∗(P)), which
we do now.

Since f∗ is equivariant and its co-domain V is atomless, for every <-orbit O
of B and b, b′ ∈ O, f∗ maps 1b and 1b′ to the same vector,

f∗(1b) = f∗(1b′) .

Denote this vector as f∗(O). Define the map g : ROrbits<(B) → Rp as

g(x) = ∑
O∈Orbits<(B)

x(O) · f∗(O) .

Clearly g is linear.

Claim 4.37.1. g ◦ γ< = f∗

Proof. We prove it for vectors 1b for b ∈ B. Since {1b : b ∈ B} forms a basis of
the vector space FinLinR(B), the result extends to all elements of FinLinR(B) by
linearity.
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For b ∈ B the vector γ<(1b) ∈ ROrbits<(B) maps orbit<(b) to 1 and every
other <-orbit of B to 0. Hence g(γ<(1b)) = f∗(orbit<(b)) = f∗(1b). □

Using the above claim and our assumption that γ<(b) ∈ FIN-SPANR(γ<(P))
we conclude that

f∗(b) = g(γ<(b))

∈ g(FIN-SPANR(γ<(P)))

= FIN-SPANR((g ◦ γ<)(P))

= FIN-SPANR( f∗(P)) .

This finishes the proof. ■

Now we prove Lemma 4.36. The proof is almost identical to the proof of [6,
Claim 4.7].

4.5.2 Proof of Lemma 4.36

We start with the easy direction. Since fn is linear it is clear that if v is in
FIN-SPANR(U) then

fn(v) ∈ fn(FIN-SPANR(U)) = FIN-SPANR( fn(U)) .

From this point on we prove the other direction. Suppose

fn(v) ∈ FIN-SPANR( fn(U)) .

Write FinLinR(C) as

FinLinR(C) = FinLinR
(
C′
)
× FinLinR

(
C̃
)

where
FinLinR

(
C′
) ∼= FinLinR

(
A

k1

)
× · · · × FinLinR

(
A

km

)
and

FinLinR

(
C̃
)
∼=
(

FinLinR

(
A

n

))ℓ

(4.9)

for some 0 ⩽ k1 ⩽ · · · ⩽ km < n and ℓ ∈ Z+. Recall that we can identify
every vector x ∈ FinLinR(C) with the pair (x′, x̃) where x′ ∈ FinLinR(C′) and
x̃ ∈ FinLinR

(
C̃
)

. Since v is a finite order equivariant vector and n ⩾ 1, we have
ṽ = 0. Hence, to finish the proof we have to argue that (v′, 0) ∈ FIN-SPANR(U).
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For a vector

ỹ = (y1, . . . , yℓ) ∈ FinLinR

(
C̃
)
=

(
FinLinR

(
A

n

))ℓ

,

define d̃om(ỹ) as

d̃om(ỹ) def
=

ℓ⋃
i=1

dom(yi) .

Clearly, for any finite vector ỹ ∈ FinLinR

(
C̃
)

, d̃om(ỹ) is finite and

d̃om(ỹ) ⊆
(

support (ỹ)
n

)
.

Example 4.38. Consider C = A∪ (A
2 ) and z = α+ {β, γ}−{β, δ} ∈ FinLinZ(C)

for some α < β < γ < δ ∈ A. Then

C̃ =

(
A

2

)
,

support (z) = {α, β, γ, δ} ,

z̃ = {β, γ} − {β, δ} ,

dom(z) = {α, {β, γ} , {β, δ}} ,

d̃om(z̃) = {{β, γ} , {β, δ}} .

◀

Due to our assumption that

fn(v) ∈ FIN-SPANR( fn(U)) = fn(FIN-SPANR(U)) ,

there exists a vector w ∈ FIN-SPANR(U) such that fn(w) = fn(v). Applying
the definition of fn we get

(w′, fn(w̃)) = (v′, fn(ṽ)) = (v′, 0) .

Let S = support (w). Then we know that

d̃om(w̃) ⊆
(

S
n

)
.
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Let <S
ℓex denote the lexicographic order on (S

n). That is, for two n-element
subsets {α1 < · · · < αn} , {β1 < · · · < βn} of S, we define

{α1 < · · · < αn} <S
ℓex {β1 < · · · < βn}

if there exists i ∈ {1, . . . , n} such that αj = β j for all j > i and αi < βi. For every

vector x̃ ∈ FinLinR

(
C̃
)

such that d̃om(x̃) is a non-empty subset of (S
n) we write

max(d̃om(x̃)) to denote the maximum element in d̃om(x̃) with respect to <S
ℓex.

Since (S
n) is a finite set:

Claim 4.36.1. <S
ℓex is a well-order.

Let X be the set of all vectors x ∈ FIN-SPANR(U) such that x′ = v′, fn(x̃) = 0
and d̃om(x̃) ⊆ (S

n):

X def
=

{
x ∈ FIN-SPANR(U) : x′ = v′, fn(x̃) = 0 and d̃om(x̃) ⊆

(
S
n

)}
.

The vector w is an element of X, hence X is non-empty. If there exists x ∈ X
such that x̃ = 0 then we get

x = (x′, 0) = (v′, 0) = v .

We show that this is the only possible case.
Suppose otherwise, i.e. suppose that for every x ∈ X we have x̃ ̸= 0. Which

means that for every x ∈ X the set d̃om(x̃) is non-empty and max(d̃om(x̃)) is
well-defined. Since X is non-empty and <S

ℓex is a well order (Claim 4.36.1), there
exists u ∈ X which is minimal in the following sense: for all x ∈ X

max(d̃om(ũ)) ⩽S
ℓex max(d̃om(x̃)) .

By definition of X we have u′ = v′. Let

{β1 < · · · < βn} = max(d̃om(ũ)) . (4.10)

Pick α1, . . . , αn ∈ A \ S such that

α1 < β1 < α2 < · · · < αn < βn

and for every i, there are no elements of S between αi and βi. For every I ⊆
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{1, . . . , n} pick πI ∈ Aut<(A) such that

πI(βi) =

αi if i ∈ I

βi otherwise,

and πI(γ) = γ for all γ ∈ S \ {β1 < · · · < βn}. Define a vector

x ∈ FIN-SPANR(orbit<({u})) ⊆ FIN-SPANR(U)

as
x def
= ∑

I⊆{1,...,n}
(−1)|I| · πI(u) .

Using (4.9), we write ũ and x̃ as

ũ = (u1, . . . , uℓ) x̃ = (x1, . . . , xℓ)

for ui, xi ∈ FinLinR(
A
n ). In the next claim we use Notation 2.31.

Claim 4.36.2. For every i ∈ {1, . . . , ℓ} we have :

xi = ui({β1 < · · · < βn}) · ∑
I⊆{1,...,n}

(−1)|I| · (
{

α′i : i ∈ I
}
∪ {βi : i /∈ I})

 (4.11)

Claim 4.36.3. There exists α′1, . . . , α′n ∈ S such that

α′1 < β1 < α′2 < · · · < α′n < βn .

We finish the proof of Lemma 4.36 using the above two claims. The claims
themselves are proven at the end of this section.

Pick π ∈ Aut<(A) such that π(αi) = α′i and π(βi) = βi for all i ∈ {1, . . . , n}.
Define y def

= u− π(x) ∈ FIN-SPANR(U). The following claim contradicts the
minimality of u and finishes the proof of Lemma 4.36.

Claim 4.36.4. The vector y is an element of X, i.e.

1. y′ = v′,

2. fn(ỹ) = 0, and

3. d̃om(ỹ) ⊆ (S
n).

Moreover, max(d̃om(ỹ)) <S
ℓex {β1 < · · · < βn} = max(d̃om(ũ)).
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Proof. First, we prove that y ∈ X.

Item 1: First we show y′ = v′. We use multiple times the fact that both
the functions z 7→ z′ and z 7→ z̃ are linear and equivariant. We already have
u′ = v′. Hence,

y′ = (u− π(x))′ = u′ − π(x)′ = v′ − π(x)′ = v′ − π(x′) .

Hence, to prove y′ = v′ it is enough to show that x′ = 0. The vector v is
order equivariant by assumption, hence so is the vector u′ = v′. Pick arbitrary
I ⊆ {1, . . . , n}. We have (πI(u))′ = πI(u′). We also have πI(u′) = u′ since u′

is order equivariant. Now applying the definition of x we get

x′ = ∑
I⊆{1,...,n}

(−1)|I| · (πI(u))′ =

 ∑
I⊆{1,...,n}

(−1)|I|

 · u′ .

Since n ⩾ 1, we have ∑I⊆{1,...,n}(−1)|I| = (1− 1)n = 0. Hence x′ = 0. As a
consequence, y′ = v′.

Item 2: Now we show fn(ỹ) = 0. We already know fn(ũ) = 0. Hence,

fn(ỹ) = fn(ũ)− fn(π(x̃)) = −π( fn(x̃))

So we just have to show fn(x̃) = 0. Applying the definition of x and using the
fact that fn(ũ) = 0 we get

fn(x̃) = ∑
I⊆{1,...,n}

(−1)|I|πI( fn(ũ)) = ∑
I⊆{1,...,n}

(−1)|I|πI(0) = 0 .

Item 3: Now we show d̃om(ỹ) ⊆ (S
n). Since d̃om(ũ) ⊆ (S

n), we just need to

show d̃om(π̃(x)) = d̃om(π(x̃)) ⊆ (S
n). Claim 4.36.2 implies d̃om(x) ⊆ (S′

n )

where S′ = {α1, . . . , αn, β1, . . . , βn}. Since π(αi) = α′i and π(βi) = βi for all i,
we have

d̃om(π(x̃)) ⊆
(

S′′

n

)
⊆
(

S
n

)
where S′′ =

{
α′1, . . . , α′n, β1, . . . , βn

}
.

Finally, we show max(d̃om(ỹ)) <S
ℓex max(d̃om(ũ)). Using (4.9), we write ỹ as

ỹ = (y1, . . . , yℓ)

for yi ∈ FinLinR(
A
n ). Clearly yi = ui− xi for all i. Recall that {β1 < · · · < βn} =
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max(d̃om(ũ)) and
α′1 < β1 < · · · < α′n < βn .

Using Claim 4.36.2 we get xi({β1 < · · · < βn}) = ui({β1 < · · · < βn}). Since

{β1 < · · · < βn} ∈ d̃om(x̃) ,

there exists i ∈ {1, . . . , n} such that ui({β1 < · · · < βn}) ̸= 0. Using Claim 4.36.2
again we deduce

d̃om(x̃) =
{
{γ1 < · · · < γn} : γi ∈

{
α′i, βi

}
for i ∈ {1, . . . , n}

}
.

Hence
max(d̃om(x̃)) = {β1 < · · · < βn} .

Moreover, for all i

yi({β1 < · · · < βn}) = ui({β1 < · · · < βn})− xi({β1 < · · · < βn}) = 0 .

Which implies {β1 < · · · < βn} /∈ dom(ỹ). Hence,

d̃om(ỹ) ⊆ (d̃om(ũ) ∪ d̃om(x̃)) \ {{β1 < · · · < βn}} .

As a result
max(d̃om(ỹ)) <S

ℓex {β1 < · · · < βn} .

This finishes the proof of Claim 4.36.4. □

The proof of Lemma 4.36 is thus completed, modulo the proofs of Claims 4.36.2
and 4.36.3, which we do now.

Missing proofs

Proof of Claim 4.36.2. Pick i arbitrarily. Firstly,

∑
I⊆{1,...,n}

(−1)I · πI({β1 < · · · < βn})

= ∑
I⊆{1,...,n}

(−1)|I| · ({αi : i ∈ I} ∪ {βi : i /∈ I}) .
(4.12)

The above equation implies (4.11) if we can prove that for every γ1 < · · · <
γn ∈ S such that {γ1 < · · · < γn} ̸= {β1 < · · · < βn} we have

∑
I⊆{1,...,n}

(−1)|I| · πI({γ1 < · · · < γn}) = 0 , (4.13)
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which we do now. Pick such atoms γ1 < · · · < γn ∈ S. Let j be such that
γj ̸= β j. For every J ⊆ {1, . . . , n} \ {j} we have

πJ({γ1 < · · · < γn}) = πJ∪{j}({γ1 < · · · < γn}) .

Using this we conclude

∑
I⊆{1,...,n}

(−1)|I| · πI({γ1 < · · · < γn})

= ∑
J⊆{1,...,n}\{j}

(
(−1)|J| · πJ({γ1 < · · · < γn}) +

(−1)|J|+1 · πJ∪{j}({γ1 < · · · < γn})
)

= ∑
J⊆{1,...,n}\{j}

(−1)|J| ·
(
πJ({γ1 < · · · < γn})− πJ({γ1 < · · · < γn})

)

= 0 .

□

Proof of Claim 4.36.3. We know fn(ũ) = 0. Using (4.9) write ũ as u = (u1, . . . , uℓ).
Since {β1 < · · · < βn} ∈ d̃om(ũ) there exists i such that

ui({β1 < · · · < βn}) ̸= 0 .

Pick j ∈ {1, . . . , n}. Let Sj = {β1 < · · · < βn} \
{

β j
}

. We know

fn(ui)(j)(Sj) = 0 .

Using the definition of fn, this implies

∑
β j−1<β<β j+1

ui(Sj ∪ {β}) = 0

where β0 = −∞ and βn+1 = +∞. We have ui({β1 < · · · < βn}) ̸= 0 which
implies there exists β such that β j−1 < β < β j+1, ui(Sj ∪ {β}) ̸= 0 and β ̸= β j.
Hence β ∈ S. To finish the proof we show β < β j. Since ui(Sj ∪ {β}) ̸= 0
we have Sj ∪ {β} ∈ d̃om(ũ). By definition, {β1 < · · · < βn} is the largest
element in d̃om(ũ). Hence Sj ∪ {β} <S

ℓex {β1 < · · · < βn}. This is possible
only if β < β j. Applying the above argument for all j ∈ {1, . . . , n} we get the
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claim. □

With all the claims being proven, the proof of Lemma 4.36 is now finished. ■

Remark 4.39. FIN-EQ<(R) is a special case of FIN-EQ(R) in the setting of
ordered atoms (see Remark 2.24) where the system is assumed to be equivariant
and column-finite. In fact, the general problem can be reduced to this specific
version, but we leave that for future work.

Remark 4.40. Reducing FIN-EQ(R) to FIN-EQ<(R) was necessary for solving
the former problem, namely Theorem 4.33 is not true in the setting of equality
atoms, with order equivariance replaced by equivariance: there exists an equiv-
ariant orbit-finite set B, equivariant vector b ∈ FinLinZ(B) and an orbit-finite
set of vectors P such that b /∈ FIN-SPANZ(P) but γ(b) ∈ FIN-SPANZ(γ(P)),
for the orbit-summation function

γ : FinLinR(B)→ ROrbits(B)

defined as expected

γ(x) : O ∈ Orbits(B) 7→ ∑
b∈O

x(b) .

Here is a counterexample. Let B = A(3) ⊎ {⋆} where ⋆ is an equivariant
element, i.e. π(⋆) = ⋆ for all π ∈ Aut(A). Recall Notation 2.31. For αβγ ∈ A(3)

define xαβγ = αβγ− βαγ + ⋆ ∈ FinLinZ(B). Let b = ⋆ ∈ FinLinZ(B) and

P =
{

xαβγ : αβγ ∈ A(3)
}

.

For αβγ ∈ A(3), the orbit-summation function yields

γ(b) = γ(xαβγ) = (0, 1) ,

where the first and second co-ordinate, respectively, correspond to the equiv-
ariant orbits A(3) and {⋆}. Thus γ(b) ∈ FIN-SPANZ(γ(P)). We argue that
b /∈ FIN-SPANZ(P). Towards a contradiction, suppose there exists a finite set S
and integers rαβγ for αβγ ∈ S(3) such that

b = ∑
αβγ∈S(3)

rαβγ · xαβγ . (4.14)
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Putting x = αβγ− βαγ + ⋆ we get

b =

 ∑
αβγ∈S(3)

rαβγ

 · ⋆ + ∑
γ∈S

∑
αβ∈S\{γ}(2)

(rαβγ − rβαγ) · αβγ , (4.15)

which implies

∑
αβγ∈S(3)

rαβγ = 1 , and (4.16)

rαβγ − rβαγ = 0 for all αβγ ∈ S(3). (4.17)

Let < be a total order on S. Using (4.17) we rearrange the LHS of (4.16) to get

∑
αβγ∈S(3)

rαβγ = ∑
γ∈S

∑
{α<β}∈(S\{γ}

2 )

rαβγ + rβαγ

= ∑
γ∈S

∑
{α<β}∈(S\{γ}

2 )

2 · rαβγ .

But this means the LHS of (4.16) is even, which contradicts the equation itself.

4.6 Complexity

For proving Theorem 4.6, we do a rough estimation of complexity of solving
an orbit-finite (B×C)-system of linear equations A · x = b with respect to the
number of orbits in B and C, and the atom-dimension of the system A · x = b
(defined in § 4.1.1). The blow-up of reduction of Theorem 4.3 and Theorem 4.19
is exponential in the atom dimension of the system, but polynomial in the
number of orbits in B and C. Likewise is the number and size of finite systems
of equations that are produced in the procedure of Theorem 4.20. Summing up,
the combined algorithm for EQ(R) produces exponentially many finite systems
of exponential size (polynomially many finite systems of polynomial size, when
atom dimension of input is fixed), and answers positively exactly when all
these systems are solvable. For R = Q or Z, finite systems are solvable in
PTIME. Therefore, the problems EQ(Q) and EQ(Z) are decidable in EXPTIME,
and likewise are FIN-EQ(Q) and FIN-EQ(Z). When atom dimension of input is
fixed, all these problems are decidable in PTIME.
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5.1 Introduction

In this chapter we focus on solvability of orbit-finite systems of linear inequal-
ities. In this and the following chapters, we will only consider vectors and
matrices with coefficients from R (or possibly its subsets like Q or Z), instead
of an arbitrary commutative ring. For orbit-finite sets B and C, an orbit-finite
(B×C)-system of linear inequalities A · x ⩽ b is given by a matrix A ∈ Lin(B×C)
and a vector b ∈ Lin(B). When B and C are irrelevant, we speak of orbit-finite
systems of linear inequalities. For F ⊆ R, an F-solution of the system A · x ⩽ b is a
vector x′ : C → F such that the product A · x′ is well-defined and A · x′ ⩽ b.

Notation 5.1. We write A · x ⩾ b to denote the system (−A) · x ⩽ (−b).

83
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We are interested in the following decision problems regarding solvability of
orbit-finite systems of linear inequalities.

INEQ(F)
Input: An orbit-finite system of linear inequalites A · x ⩽ b.
Question: Does it have an orbit-finite F-solution?

FIN-INEQ(F)
Input: An orbit-finite system of linear inequalities A · x ⩽ b.
Question: Does it have a finite F-solution?

We are also interested in the following decision problems regarding existence
of non-negative solutions of orbit-finite systems of linear equations, which are
closely related to the above problems.

NONNEG-EQ(F)
Input: An orbit-finite system of linear equations A · x = b.
Question: Does it have an orbit-finite non-negative F-solution?

FIN-NONNEG-EQ(F)
Input: An orbit-finite system of linear equations A · x = b.
Question: Does it have a finite non-negative F-solution?

We represent linear inequalities similarly as linear equations (§ 4.1.1). The main
results in this chapter are the following:

Theorem 5.2. For F = R, Z the problems FIN-INEQ(F), NONNEG-EQ(F) and
INEQ(F) are inter-reducible in EXPTIME and in PTIME in fixed atom-dimension.

Theorem 5.3. FIN-INEQ(R), INEQ(R) and NONNEG-EQ(R) are decidable in EXP-
TIME, and in PTIME for fixed atom-dimension.

Theorem 5.4. FIN-INEQ(Z), INEQ(Z) and NONNEG-EQ(Z) are undecidable.

Theorem 5.5. FIN-NONNEG-EQ(R) is decidable in EXPTIME and in PTIME for
fixed atom-dimension.

Theorem 5.6. FIN-NONNEG-EQ(Z) is decidable in 2-EXPTIME.
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Example 5.7. For illustration, consider the (A×A)-system of inequalities


0 1 1
1 0 1 · · ·
1 1 0

...
. . .

 · x ⩾


1
1
1
...

 (5.1)

Equivalently written as,

∑
α∈A\{β}

x(α) ⩾ 1 (β ∈ A). (5.2)

This system is solvable. For example, for a finite set of atoms S = {α1, . . . , αn} ⊆
A where n ⩾ 2, the finite vector 1S is a solution a solution of this system, so is
the finite vector xn : A→ R defined as:

xn(α)
def
=

1
n− 1

if α ∈ S, xn(α)
def
= 0 if α /∈ S .

◀

Example 5.8. Consider the following system of inequalities with variables
indexed by A⊎A(2). Intuitively, unknowns correspond to vertices α and edges
αβ of an infinite directed clique. The system contains an inequality

∑
α∈A

x(α) ⩾ 1 (5.3)

enforcing the sum of values assigned to all vertices to be at least 1, and the
inequalities

∑
β∈A\{α}

x(αβ) − x(α) − ∑
β∈A\{α}

x(βα) ⩾ 0 (α ∈ A) , (5.4)

enforcing that for each vertex α ∈ A, the sum of values assigned to all outgoing
edges to be larger or equal to the sum of values assigned to all incoming edges,
plus the value assigned to the vertex α. In matrix form (0 entries of the matrix
are omitted):

A A(2)

A

{∗}


−1

−1
. . .

1 1 · · ·

∣∣∣∣∣∣∣∣∣∣∣
A

 · x ⩾


0
...
0

1


(5.5)
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where A is the oriented incidence matrix, namely for every distinct atoms
α, β ∈ A,

A(α, αβ) = 1 A(α, βα) = −1,

and all other entries of A are 0. Solutions of the system correspond to directed
graphs, whose vertices and edges are labelled in accordance with constraints
(5.3) and (5.4).

This system has no finite solution. For illustration, we show how this follows
from our results in Example 5.26 inside § 5.4. It can also be proven independently.
Consider an arbitrary finite solution y ∈ FinLin

(
A(2)

)
of the above system of

inequalities. There exists a finite set of atoms T ⊆FIN A such that y(α) or x(αβ)

are non-zero only if α, β ∈ T. But then

0 ⩽ ∑
α∈T

 ∑
β∈A\{α}

y(αβ)− y(α)− ∑
β∈A\{α}

y(βα)


= ∑

αβ∈T(2)

y(αβ)− ∑
α∈T

y(α)− ∑
αβ∈T(2)

y(αβ)

= − ∑
α∈T

y(α)

⩽ −1

The system (5.3)-(5.4) has no orbit-finite solutions either, due to a similar ar-
guments as in Example 2.57, any orbit-finite solution of this system has to be
finite.

On the other hand, this system has orbit-infinite solutions. For example,
consider any enumeration α0, α1, . . . of atoms. The vector

α0 + ∑
n∈N

αnαn+1

is a solution of this system, as evident from the following diagram.

α0

1

α1 α2
. . .

1 1 1

◀

We prove Theorems 5.2, 5.5 and 5.6, postponing the Theorems 5.3 and 5.4 to the
following sections.

Proof of Theorem 5.2. In the sequel, we consider arbitrary A ∈ Lin(B×C) and
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b ∈ Lin(B).

(NONNEG-EQ(F) → INEQ(F)): The system of equations A · x = b has a non-
negative orbit-finite F-solution if and only if the system A

−A
−Id

 · x ⩽

 b
−b
0


has an orbit-finite F-solution. Therefore NONNEG-EQ(F) is reducible to INEQ(F).

(INEQ(F) → NONNEG-EQ(F)): The system of inequalities A · x ⩽ b has an
orbit-finite F-solution if and only if the system[

A −A Id
]
· y = b

has a non-negative orbit-finite F-solution. This shows INEQ(F) is reducible to
NONNEG-EQ(F).

(FIN-INEQ(F) → INEQ(F)): The system of inequalities A · x ⩽ b has a finite
F-solution if and only if the system A

1T

∣∣∣∣∣∣∣∣∣∣
0

1

 · y ⩽

 b

0


has an orbit-finite F-solution, since any orbit-finite solution y of this system has
to be finite for (1T|1) · y to be well-defined. Therefore FIN-INEQ(F) is reducible
to INEQ(F).

(INEQ(F) → FIN-INEQ(F)): Lemma 4.9 implies the system A · x ⩽ b has an
orbit-finite solution if and only if the system Ã · y ⩽ b has a finite solution (Ã is
defined in § 4.2.3). Hence INEQ(F) is reducible to FIN-INEQ(F).

The first three reductions can be easily argued to be computable in EXPTIME

and in PTIME for fixed atom-dimension. The complexity of the reduction
(INEQ(F) → FIN-INEQ(F)) follows from Remark 4.10. ■

Remark 5.9. None of the reductions in the proof of Theorem 5.2 increase the
atom-dimension of the system. The first three reductions blow up the size of
the system only by a constant multiplicative factor. Using Remark 4.10 we can
conclude that the reduction (INEQ(F) → FIN-INEQ(F)) blows up the size of the
system at most by a multiplicative factor exponential in the atom-dimension.
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Proof of Theorem 5.5. Decidability of FIN-NONNEG-EQ(R) follows by a direct
reduction of FIN-NONNEG-EQ(R) to NONNEG-EQ(R) (similar to the reduc-
tion of FIN-INEQ(F) to INEQ(F) in the proof of Theorem 5.2) together with
Theorem 5.3. This reduction does not increase the atom-dimension of the sys-
tem and increases the size of the system at most by a constant multiplicative
factor. Moreover the reduction and the decidability of NONNEG-EQ(R) are
both in EXPTIME and PTIME for fixed atom-dimension. As a consequence we
get FIN-NONNEG-EQ(R) is also decidable in EXPTIME and PTIME for fixed
atom-dimension. ■

Proof of Theorem 5.6. For this proof we extend the notation presented in § 4.2.1.
For an orbit-finite set of vectors X and K ⊆ Z we write FIN-SPANK

Z(X) as

FIN-SPANK
Z(X)

def
=

{
∑

y∈Y
ry · y : Y ⊆FIN X and ry ∈ K

}
.

Let A · x = b be an instance of FIN-NONNEG-EQ(Z), where A ∈ LinZ(B×C)
and b ∈ LinZ(B). Consider the set of column vectors

P def
= {A(−, c) : c ∈ C} ⊆ Lin(B)

of A. The system of equations A · x = b has a finite non-negative integer
solution if and only if

b ∈ FIN-SPANN
Z (P) . (5.6)

We rely on Theorem 3.1 which says that LinZ(B) has an orbit-finite basis. Let
BASIS(B) ⊆ LinZ(B) be such a basis. This implies that there exists a linear iso-
morphism φ : LinZ(B)→ FinLinZ(BASIS(B)). In consequence, (5.6) is equiva-
lent to

φ(b) ∈ FIN-SPANN
Z (φ(P)). (5.7)

By [24, Remark 11.16] we can compute a finite set of vectors
{

b′1, . . . , b′k
}
⊆

FinLin(BASIS(B)) and an orbit-finite subset P′ ⊆ φ(P) such that (5.7) holds if
and only if

b′i ∈ FIN-SPANZ(P′) (5.8)

for some i ∈ {1, . . . , k}. This is an instance of EQ(Z) which we have proven to
be decidable (Theorem 4.6). Since the computation of b′1, . . . , b′k can be done in
NEXPTIME and EQ(Z) is decidable EXPTIME, FIN-NONNEG-EQ(Z) is decidable
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in 2-EXPTIME. ■

Remark 5.10 (Strict inequalities). We consider systems of non-strict inequalities,
for the sake of presentation. The decision procedures of Theorem 5.3 work
equally well if both non-strict and strict inequalities are allowed. Reductions be-
tween FIN-INEQ(F) and INEQ(F) work as well, but not the reductions between
NONNEG-EQ(F) to INEQ(F) as we can not simulate equalities and non-strict
inequalities with strict inequalities.

Organisation of the chapter

The remainder of this chapter is organised as follows, In § 5.2 we prove unde-
cidability of FIN-EQ(Z) (Theorem 5.4). Then, in § 5.3 and we define polynomially
parametrised systems of inequalities. Following this, in § 5.4 we introduce the
concept of setwise support, which is then used in § 5.5 to show that FIN-EQ(R)
is reducible to solvability of polynomially parametrised but finite systems of
inequalities. In § 5.6 we show solvability of the latter systems to be in PTIME,
thus proving decidability of FIN-INEQ(R) (Theorem 5.3).

5.2 Undecidability of integer solvability

We prove Theorem 5.4 by showing undecidability of FIN-INEQ(Z). We proceed
by reduction from the reachability problem of counter machines. We conve-
niently define a d-counter machine M as a finite set of instructions I, where each
instruction is a function

i : {1, . . . , d} → Z∪ {ZERO}

that specifies, for each counter k ∈ {1, . . . , d}, either the additive update of
k (if i(k) ∈ Z) or the zero-test of k (if i(k) = ZERO). Configurations of M
are nonnegative vectors c ∈ Nd, and each instruction induces steps between

configurations: c i−→ c′ if c′(k) = c(k) + i(k) whenever i(k) ∈ Z and c(k) +
i(k) ∈ N, and c′(k) = c(k) = 0 whenever i(k) = ZERO. A run of M is defined
as a finite sequence of steps

c0
i1−→ c1

i2−→ . . . in−→ cn. (5.9)

The reachability problem asks, given a machine M and two of its configurations,
a source c0 and a target c f , if M admits a run from c0 to c f . The problem is un-
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decidable, as counter machines can easily simulate classical Minsky machines.1

For k ∈ {1, . . . , d} we denote by ZERO(k) def
= {i ∈ I : i(k) = ZERO} the set

of instructions that zero-test counter k, and UPD(k) def
= {i ∈ I : i(k) ∈ Z} the

set of instructions that update counter k.
Given a d-counter machine M and two configurations c0, c f , we construct an

orbit-finite system of inequalities S such that M admits a run from c0 to c f if and
only if S has a finite nonnegative integer solution. Nonegativeness is enforced by
adding inequalities x ⩾ 0 for all unknowns x. We describe the construction of S
gradually, on the way giving intuitive explanations and sketching the proof of
the if direction.

The system S has unknowns eαβ indexed by pairs of distinct atoms αβ ∈
A(2), and contains the following inequalities:

eαβ ⩽ 1 (αβ ∈ A(2)). (5.10)

Therefore, in every solution the unknowns eαβ define a directed graph G, where
atoms are vertices, eαβ = 1 encodes an edge from α to β and eαβ = 0 encodes a
non-edge. In case of a finite solution, the graph G is finite (when atoms with no
adjacent edges are dropped). Let us fix two distinct atoms ι, ζ ∈ A. The system
S contains the following further equations and inequalities:

∑
β ̸=α

eβα = ∑
β ̸=α

eαβ ⩽ 1 (α ∈ A \ {ι, ζ}) (5.11)

enforcing that in-degree of every vertex, except for ι and ζ, is the same as its
out-degree, and equal 0 or 1, and also

∑
β ̸=ι

eβι = 0 ∑
β ̸=ι

eιβ = 1 ∑
β ̸=ζ

eβζ = 1 ∑
β ̸=ζ

eζβ = 0 (5.12)

enforcing that in-degree of ι and out-degree of ζ are 0, while out-degree of ι

and in-degree of ζ are 1. Thus atoms split into three categories: inner nodes
(with in- and out-degree equal 1), end nodes (ι and ζ) and non-nodes (with in-
and out-degree equal 0). Therefore, the graph G defined by a finite solution
consists of a directed path from ι to ζ plus a number of vertex disjoint directed
cycles. The path will be used below to encode a run of M: each edge, intuitively
speaking, will be assigned a configuration of M, while each inner node will be
assigned an instruction of M.

The system S has also unknowns tiα indexed by instructions i ∈ I of M and

1A d-counter machine resembles a vector addition system with zero tests. A Minsky machine with n
states and k counters can be simulated by an (n + k)-counter machine, by encoding control states
into additional counters.
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atoms α ∈ A, and the following equations:

∑
i∈I

tiα = ∑
β ̸=α

eαβ (α ∈ A \ {ι, ζ}). (5.13)

Therefore in every finite solution, for each inner node α of the above-defined
graph G, there is exactly one instruction i ∈ I such that tiα equals 1 (intuitively,
this instruction i is assigned to node α), and tiα equals 0 for all other instructions.
(This applies to all inner nodes of G, both those on the path as well as those on
cycles.) For non-nodes α, all tiα are necessarily equal 0. Note that the values of
unknowns tiι and tiζ are unrestricted, as they are irrelevant.

Finally, the system S contains unknowns cαβγk indexed by αβγ ∈ A(3) and
k ∈ {1, . . . , d}. The following inequalities:

cαβγk ⩽ eαβ (αβγ ∈ A(3), k ∈ {1, . . . , d}) (5.14)

enforce that, whatever atom γ is, the value of unknown cαβγk may be 0 or
1 when αβ is an edge (i.e., when eαβ = 1), but cαβγk is forcedly 0 when αβ

is a non-edge (i.e., when eαβ = 0). The underlying intuition is that for each
k ∈ {1, . . . , d}, we represent the kth coordinate of the configuration assigned to
the edge αβ by the (necessarily finite) sum

∑
γ/∈{α,β}

cαβγk. (5.15)

(In particular, configurations assigned to non-edges are necessarily zero on all
coordinates.) In agreement with this intuition, we add to S the requirement that
the configuration assigned to the edge outgoing from ι is the source c0, and the
configuration assigned to the edge incomming to ζ is the target c f :

∑
β,γ ̸=ι

cιβγk = c0(k) ∑
β,γ ̸=ζ

cβζγk = c f (k) (k ∈ {1, . . . , d}).

Furthermore, in order to enforce correctness of encoding of a run of M, we add
to S equations that relate, intuitively speaking, two consecutive configurations.
Recall that, due to (5.11)–(5.12) and (5.14), for every α ∈ A \ {ι, ζ}, unknowns
cβαγk may be positive for at most one β ∈ A; likewise unknowns cαβγk. For
α ∈ A \ {ι, ζ} and k ∈ {1, . . . , d}), we add to S the following equations:

∑
β,γ ̸=α

cβαγk + ∑
i∈UPD(k)

i(k) · tiα = ∑
β,γ ̸=α

cαβγk (5.16)

These equalities say that for every inner node or non-node α (i.e., every atom
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except for the end nodes ι and ζ), on every coordinate k, the configuration
incomming to α differs from the configuration outgoing from α exactly by the
sum

∑
i∈UPD(k)

i(k) · tiα

ranging over those instructions i of M that update counter k. Remembering that
for each α there is at most one instruction i satisfying tiα ̸= 0, we get that the
configurations differ on coordinate k by exactly i(k) (if i updates counter k) or
the configuration are equal on coordinate k (if i zero-tests counter k, or there is
no instruction i such that tiα ̸= 0).

In order to deal with zero tests, we add to S not just the inequalities (5.14),
but the following strengthening thereof:

cαβγk + ∑
i∈ZERO(k)

tiα ⩽ eαβ (αβγ ∈ A(3), k ∈ {1, . . . , d}). (5.17)

In consequence, for every edge αβ, if the instruction i assigned to α updates
counter k, or no instruction is executed at α, (5.17) does not restrict further
the kth coordinate of the configuration assigned to αβ. But if the instruction i
assigned to α zero-tests counter k, the sum

∑
i∈ZERO(k)

tiα

equals 1 and therefore the kth coordinate of the configuration assigned to αβ,
encoded by (5.15), is necessarily 0 (the same applies also to the configuration
incomming to α, due to inequalities (5.16) above). The above considerations
apply to all edges of G, both those on the path as well as those on cycles. As
a further consequence, for a non-edge αβ, the configuration assigned at αβ,
encoded by (5.15), is necessarily the zero configuration.

The construction of S is thus completed, and it remains to argue towards its
correctness:

Lemma 5.11. M admits a run from c0 to c f if and only if S has a finite nonnegative
integer solution.

Proof. For the ’if’ direction, given a finite nonnegative integer solution of S , we
consider the graph G determined by values of unknowns eαβ, as discussed in the
course of construction, consisting of inner nodes and two end nodes, and having
the form of a finite directed path plus (possibly) a number of directed cycles.
By the construction of S , each edge of G has assigned a configuration of M,
and each inner node has assigned an instruction of M, so that the configuration
on the edge outgoing from an inner node is exactly the result of executing its
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instruction on the configuration assigned to the incomming edge. (As above,
this applies to all inner nodes and edges of G, both those on the path as well
as those on cycles.) Ignoring the cycles of G, we conclude that the sequence of
configurations and instructions along the path of G is a run of M from c0 to c f .

For the ’only if’ direction, given a run of M from c0 to cn as in (5.9), one
constructs a solution of S in the form of a sole path involving end nodes
α0 = ι, αn+1 = ζ, n inner nodes α1, . . . , αn, and n + 1 edges αjαj+1. Thus
unknowns eαj ,αj+1 are equal 1. The values of unknowns tiαj are determined
by instructions ij used in the run, and the values of the unknowns cαjαj+1k, for
sufficiently many fresh atoms γ, are determined by configurations cj. All other
unknowns are equal 0. ■

Remark 5.12. The proof does not adapt to FIN-NONNEG-EQ(Z). Indeed, the
standard way of transforming inequalities into equations involves adding an
infinite set of additional unknowns, that might be all non-zero.

Remark 5.13. The atom-dimension of the system defined in this section is 3.
We do not know whether existence of finite integer solutions is decidable for
systems with atom diemension ⩽ 2. We leave it as an open question.

5.3 Polynomially-parametrised inequalities

We now introduce a core problem that will serve as a target of reductions in the
proof of Theorem 5.3 in § 5.5. Consider a finite inequality E of the form:

p1(n) · x1 + . . . + pk(n) · xk ⩽ q(n), (5.18)

where p1, . . . , pn and q are univariate polynomials with integer coefficients, and
x1, . . . , xn are unknowns. The special unknown n plays a role of a nonnegative
integer parameter, and that is why we call such an inequality a polynomially
parametrised inequality. For every fixed value n ∈N, by evaluating all polyno-
mials in n we get an ordinary inequality E(n) with integer coefficients. Also,
if n does not appear in E , i.e., all polynomials are constants, E is an ordinary
inequality. A polynomially parametrised system of inequalities is a system of linear
inequalities parametrised over the same parameter.

Example 5.14. For instance, the system (5.1) in Example 5.7 is transformed to
the following two inequalities with one unknown x, which are polynomially
(actually, linearly) parametrised in a parameter n (further details are exposed in
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forthcoming Example 5.38): [
n− 1

n

]
· x ⩾

[
n
n

]
(5.19)

This system is solvable for every n > 1, an example solution being x = n
n−1 . ◀

In the sequel we study solvability of finite systems P of such inequalities (5.18).
Again, by evaluating all polynomials in n we get an ordinary system P(n). We
use the matrix form P(n) ≡ A(n) · x ⩽ b(n) when convenient. A fundamental
problem is to check if for some value n ∈N, the system P(n) has a real solution:

POLY-INEQ

Input: A finite system of polynomially-parametrised
inequalities P.

Question: Does P(n) have a real solution for some n ∈N?

Theorem 5.15. POLY-INEQ is decidable.

Proof. Consider a fixed system P of polynomially-parametrised inequalities
over unknowns x1, . . . , xk and n where n is the only non-linear variable. Let
σP(n, x1, . . . , xk) be the conjunction of inequalities in P, each of the form (5.18).
It is thus a quantifier-free real arithmetic formula which says that a tuple
x⃗ = (x1, . . . , xk) is a solution of P(n). The existential real arithmetic formula
ψ(n) def

= ∃x⃗ : σP(n, x1, . . . , xk), with one free variable n, says that P(n) has a real
solution. Using quantifier elimination of real arithmetic ([3, Theorem 10.1]) we
can compute a quantifier free formula ψ′(n) equivalent to ∃x⃗ : σP(n, x1, . . . , xk).
ψ′(n) is thus a boolean combination of polynomial inequalities. The satisfiabil-
ity set of each inequality is a finite union of points and intervals such that, the
points, and the endpoints of the intervals are the zeros of the underlying poly-
nomials. Hence the satisfiability set of ψ′(n) is also a finite union of points and
intervals, such that the points, and the endpoints of the intervals are the zeros
of one or more polynomials appearing in ψ′(n). A real root of a polynomial

∑d
k=0 akxk can not be larger than ∑d−1

k=0 |ak |
|ad |

+ 1. 2 Therefore, there exists a com-
putable natural number N such that all real roots of the polynomials appearing
in ψ′(n) are smaller than N. Hence ψ′(N) is true if and only if ψ′(n) is true for
all n ⩾ N. Which means to check whether ψ′(n) has a non-negative integer
solution it is enough to check if any of the sentences ψ′(0), ψ′(1), . . . , ψ′(N) is
true. ■

2We leave it to the reader to verify the details.
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Remark 5.16. Polynomially parametrised systems are also studied in [2], where
the authors show that given a polynomially parametrised system P(r), one can
decide in NP whether there exists r ∈ Q such that P(r) has a rational solution
([2, Corollary 3.3]).

In the sequel we will not use the decision procedure of Theorem 5.15, but rather
the algorithm of Theorem 5.17 stated below, since our later applications only
use monotonic instances of POLY-INEQ, which can be solved in PTIME due to this
theorem.

Monotonic systems

A system P is monotonic if there is some n0 ∈N such that every solution of P(n),
for an integer n ⩾ n0, is also a solution of P(n + 1). Note that monotonicity
trivially holds (with any value of n0) if n does not appear in P, i.e., when P is an
ordinary (non-parametrised) system. Instead of POLY-INEQ we use in the sequel
the following core problem, where we do not assume monotonicity but seek for
a solution of P(n) for almost all (all sufficiently large) values of the parameter
n ∈N:

ALL-POLY-INEQ

Input: A finite polynomially-parametrised system of inequalities P.
Question: Is there n0 ∈N and a vector (x1, . . . , xk) which is a solution

of P(n) for every integer n ⩾ n0 ?

From now on, a vector (x1, . . . , xk) which is a solution of an inequality E(n)
(resp. a system P(n)) for almost all n ∈ N we call an almost-all-solution of E
(resp. P). For monotonic systems, the problems POLY-INEQ and ALL-POLY-INEQ

coincide.

Theorem 5.17. ALL-POLY-INEQ is in PTIME.

This theorem will be proven in § 5.6.

5.4 Finitely setwise-supported sets

For T ⊆FIN A define

Aut{T}(A)
def
= {π ∈ Aut(A) : π(T) = T} .

This is a special case of Notation 2.26 with S = ∅.

Definition 5.18. A {T}-orbit is a set of the form
{

π(x) : π ∈ Aut{T}(A)
}

where x is an atom or set with atoms.
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Remark 5.19. We have AutT(A) ⊆ Aut{T}(A) ⊆ Aut(A). Hence every equiv-
ariant orbit splits into finitely many {T}-orbits, each of which splits in turn into
finitely many T-orbits.

Definition 5.20. A set x is called {T}-supported if for all π ∈ Aut{T}(A) we
have π(x) = x. A set is called finitely setwise-supported if it is {T}-supported for
some T ⊆FIN A.

Each {T}-supported set is T-supported, but the opposite implication is not true.
Notice that a {T}-supported set is not necessarily {T′}-supported for T ⊆ T′.
For any ∅ ⊊ T ⊊ T′ ⊆FIN A the set T itself is an example of a set which is
{T}-supported but not {T′}-supported.

Example 5.21. Let B = A(2). Pick two atoms α, β ∈ A and let T = {α, β}.
Define the function v : B→ R, for η, γ ∈ A \ {α, β}, by

v(αη) = v(ηα) = −1 v(αβ) = v(βα) = 3

v(βη) = v(ηβ) = −2 v(ηγ) = 0 .

is an integer vector over B, supported by T. It is not {T}-supported. Indeed,

π(v)(α, γ) = v(β, γ) ̸= v(α, γ)

for any γ /∈ T and π ∈ Aut{T}(A) that swaps α and β but preserves all other
atoms. However, the vector v + π(v) is {T}-supported. ◀

Clearly, with the size of T increasing towards infinity, the number of T-orbits
included in one equivariant orbit may increase towards infinity as well. The
crucial property of {T}-supported sets is that they do not suffer from this
unbounded growth: the number of {T}-orbits included in a fixed equivariant
orbit is bounded, no matter how large T is. We will need this property for
{T}-orbits U ⊆ A(n), n ∈N, and it follows immediately by the next lemma.

Lemma 5.22. Let T ⊆FIN A of size |T| ⩾ n. Each {T}-orbit U ⊆ A(n) is of the form

U =
{

α1 . . . αn ∈ A(n) : αi ∈ T for i ∈ I and αi ∈ A \ T for i /∈ I
}

(5.20)

for some fixed I ⊆ {1, . . . , n}.

Proof. Consider any tuple α1 . . . αn ∈ A(n). Let

I = {i ∈ {1, . . . , n} : αi ∈ T}

denote the positions in α1 . . . αn filled by atoms from T. By applying all {T}-
automorphisms to α1 . . . αn, we obtain all tuples, where positions from I are
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arbitrarily filled by elements of T, and positions outside of I are arbitrarily filled
by elements of A \ T. ■

Definition 5.23. We define the orbit summation function

γ : FinLin(C) 7→ ROrbits(C)

which takes a vector x ∈ FinLin(C) and outputs the vector

γ(x) def
=

(
O ∈ Orbits(C) 7→ ∑

c∈O
x(c)

)
.

Remark 5.24. The <-orbit summation function (Definition 4.29), which was
used for solving order equivariant finitary solvability in Chapter 4, is a slight
variation of the above definition.

Lemma 5.25. If an equivariant system of inequalities A · x ⩽ b has a finite T-supported
solution x then it also has a finite {T}-supported solution y such that γ(x) = γ(y).

Proof. Let x ∈ FinLin(C) be a solution of the system, namely A · x ⩽ b. Let
T = support (x) and n = |T|. We recall the definition

Aut(T) = AutA\{T}(A)

given in Notation 2.26, i.e. Aut(T) is the set of permutations of Aut(A) which
only permutes elements inside T and fixes everything else. As A and b are both
equivariant, for every ρ ∈ Aut(T) the vector ρ(x) is also a solution: A · ρ(x) ⩽ b.
Knowing that the size of Aut(T) is n!, we have

A ·

 ∑
ρ∈Aut(T)

ρ(x)

 ⩽ n! · b,

and hence the vector y defined by averaging

y =
1
n!
· ∑

ρ∈Aut(T)
ρ(x) (5.21)

is also a solution of the system, namely A · y ⩽ b. We notice that for finite x,
the vector y is also finite. By the very definition, the averaging (5.21) preserves
the orbit-sum: γ(x) = γ(y). Furthermore, we claim that the vector y is {T}-
supported. To prove this, we fix an arbitrary π ∈ Aut{T}(A), aiming at showing
that π(y) = y. It factors through π = σ ◦ ρ for some ρ ∈ Aut(T) and σ ∈
AutT(A). Indeed, ρ acts as π on T but is identity elsewhere, while σ acts as π
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outside of T but is identity on T. A crucial but simple observation is that, by the
very construction of y, we have

ρ(y) = y. (5.22)

Indeed, as y is defined by averaging over all ρ′ ∈ Aut(T),

ρ
(

∑
ρ′∈Aut(T)

ρ′(x)
)

= ∑
ρ′∈Aut(T)

(ρ ◦ ρ′)(x) = ∑
ρ′∈Aut(T)

ρ′(x)

which implies ρ(y) = y. Moreover, as action of automorphisms commutes with
support (Lemma 2.7), we have

support
(
ρ′(x)

)
= ρ′(support (x))

for every ρ′ ∈ Aut(T), and therefore

support
(
ρ′(x)

)
= support (x)

for every ρ′ ∈ Aut(T). Therefore T supports the right-hand side of (5.21), which
means that support (y) ⊆ T and implies

σ(y) = y. (5.23)

Combining (5.22) and (5.23) we obtain π(y) = y, as required. ■

Example 5.26. Recall the system of inequalities from Example 5.8. Its finite
solutions correspond to finite directed graphs, whose vertices and edges are
labelled by real numbers satisfying constraints (5.3) and (5.4). According to
Lemma 5.25, if such a finite directed graph existed, there would also exist a
finite directed clique, where labels of all vertices are pairwise equal, and labels
of all edges are pairwise equal as well, while satisfying constraints (5.3) and
(5.4). In particular, all edges incoming to a vertex would carry the same value
as all outgoing edges. This requirement is clearly contradictory with constraints
(5.3) and (5.4), and hence the system has no finite solutions. ◀

In the next section we rely on the fact that existence of a {T}-supported solution
implies existence of such a {T′}-supported solution for any T′ ⊇FIN T. The
fact follows immediately from Lemma 5.25, as every {T}-supported vector is
trivially T′-supported, for every superset T′ of T:

Corollary 5.27. If an equivariant system of inequalities A · x ⩽ b has a finite {T}-
supported solution y for some T ⊆FIN A, then for every T′ ⊇FIN T, the system has a
finite {T′}-supported solution y′ such that γ(y) = γ(y′).
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Remark 5.28. Our technique discussed in Example 5.8, and developed formally
in this section, seems to be reminiscent of (but independent from) the techniques
in the recent work [1].

5.5 Orbit-finite to polynomially parametrised

In this section we prove Theorem 5.3 by a reduction of FIN-INEQ(R) to ALL-
POLY-INEQ introduced in § 5.3. We start with some simpliflying assumptions
in § 5.5.1 and an intuitive explanation of the reduction in § 5.5.2. In § 5.5.3 we
describe the reduction and prove its correctness. Finally in § 5.5.4 we briefly
discuss the complexity of this reduction.

5.5.1 Simplifying assumptions

Consider an orbit-finite system of inequalities A · x ⩽ b given by a matrix
A ∈ Lin(B× C) and integer vector b ∈ Lin(B). The proof of Lemma 4.22 can
be suitably adapted to prove that:

Lemma 5.29. WLOG we can assume that B and C are disjoint unions of equivariant
orbits A(k), k ∈N:

B = A(n1) ⊎ . . . ⊎A(ns) C = A(m1) ⊎ . . . ⊎A(mr) (5.24)

(see the figure below), and that A and b are equivariant.

A(m1) A(m2) · · · A(mr)

A =

A(n1)

A(n2)

· · ·
A(ns)


∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

 b =




As mentioned in Remark 4.27, the size blow-up is exponential in atom dimen-
sion, but polynomial when atom dimension is fixed.

5.5.2 Idea of the reduction

Suppose only finite T-supported solutions are sought, for a fixed T ⊆FIN A.
FIN-INEQ(R) then reduces to a finite system of inequalities A′ · x′ ⩽ b′ obtained
from A · x ⩽ b as follows:

(1) Keep only columns indexed by T-tuples (= elements of finite T-orbits)
c ∈ C, discarding all other columns.
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(2) Pick arbitrary representatives of all T-orbits included in B, and keep only
rows of A and entries of b indexed by the representatives, discarding all
others.

The system A′ · x′ ⩽ b′ is solvable if and only if the original one A · x ⩽ b
has a finite T-supported solution. Indeed, discarding unknowns as in (1) is
justified as a finite T-supported solution of A · x ⩽ b assigns 0 to each non-T-
tuple (Lemma 2.32). Discarding inequalities as in (2) is also justified. Indeed,
each inequality in the original system is obtained by applying some atom T-
automorphism to an inequality in A′ · x′ ⩽ b′, while atom T-automorphisms
preserve T-supported solutions of A′ · x′ ⩽ b′, which implies that every T-
supported solutions of A′ · x′ ⩽ b′ is also a solution of all inequalities in the
original system. The above reduction yields no algorithm yet, as we do not know
a priori any bound on size of T, while the size of A′ · x′ ⩽ b′ depends on the
number of T-orbits and grows unboundedly when T grows. We overcome this
difficulty by using {T}-orbits instead of T-orbits, and relying on Lemmas 5.22
and 5.25. The former guarantees that the number of {T}-orbits is constant -
independent of T. Once we additionally merge (sum up) all columns indexed
by elements of the same {T}-orbit, we get A′ of size independent of T. This
still does not yield an algorithm, as entries of A′ change when T grows. We
however crucially discover that the growth of the entries of A′ is polynomial
in n = |T|, for sufficiently large n. Therefore, A′ is a matrix of polynomials
in one unknown n, and solvability of A · x ⩽ b is equivalent to solvability of
A′ · x′ ⩽ b′ for some value n ∈N. The latter is decidable due to Theorem 5.15.

5.5.3 The reduction

Fix an equivariant system A · x ⩽ b. We construct a finite monotonic system
P2 of polynomially-parametrised inequalities such that A · x ⩽ b has a finite
solution if and only if P2(n) has a solution for almost all n ∈N.

Let us denote by d def
= max {n1, . . . , ns, m1, . . . , mr} the maximal atom dimen-

sion of orbits included in B and C. Let T ⊆FIN A be an arbitrary finite subset of
atoms. Both B and C split into {T}-orbits, refining (5.24):

B = B1 ⊎ . . . ⊎ BN C = C1 ⊎ . . . ⊎ CM′ . (5.25)

Let C1, . . . , CM be the finite {T}-orbits among C1, . . . , CM′ . Importantly, by
Lemma 5.22, M and N do not depend on T as long as |T| ⩾ d. In fact M is same
as the number of equivariant orbits included in C, as by Lemma 5.22 we deduce:
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Lemma 5.30. Assuming |T| ⩾ ℓ, the equivariant orbit A(ℓ) includes exactly one finite
{T}-orbit, namely T(ℓ).

Our reduction proceeds in two steps. In the first step we derive a finite
polynomially-parametrised system P1 which is yet not necessarily monotonic.
In the second step, we transform it further to a monotonic system P2.

Step 1 (finite polynomially-parametrised system) Our construction is para-
metric in T. Let b1 ∈ B1, . . . , bN ∈ BN be arbitrarily chosen representatives of
{T}-orbits included in B. Given A and b, we define an N×M matrix A1(T) and
a vector b1(T) ∈ ZN as follows:

(1) Pick columns of A(T) indexed by elements of all finite {T}-orbits included
in C, and discard other columns; this yields a matrix A′(T) with finitely
many columns (number thereof depending on T).

(2) Merge (sum up) columns of A′(T) indexed by elements of the same {T}-
orbit Ci; this yields a matrix A′′(T) with M columns (M independent of
T).

(3) Pick N rows of A′′, indexed by b1, . . . , bN , and discard other rows; this
yields an N ×M matrix A1(T).

(4) Likewise pick the corresponding entries of b and discard others, thus
yielding a finite vector b1(T) ∈ ZN .

For b ∈ B and Cj ⊆ C, j ∈ {1, . . . , M}, we write AΣ(b, Cj) for the finite sum
ranging over elements of Cj:

AΣ(b, Cj)
def
= ∑

c∈Cj

A(b, c),

which allows us to formally define the B×M matrix A′′(T), the N×M matrix
A1(T) and the vector b1(T) ∈ ZN :

A′′(T)(b, j) def
= AΣ(b, Cj) (5.26)

A1(T)(i, j) def
= A′′(T)(bi, j) = AΣ(bi, Cj) (5.27)

b1(T)(i)
def
= b(bi). (5.28)
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Example 5.31. We apply the above construction to the system (5.1) presented in
Example 5.7. Fix a non-empty T ⊆FIN A. The set A includes just one finite {T}-
orbit, namely T. Therefore the matrix A′(T) has |T| columns, A′′(T) has just one
column, and the system (A1(T), b1(T)) has just one unknown. Furthermore,
the set A includes two {T}-orbits, the finite one T plus the infinite one A \ T,
and therefore the system (A1(T), b1(T)) has two inequalities. Pick arbitrary
representatives of the {T}-orbits, b1 ∈ T and b2 ∈ (A \ T). We have

A1(T)(1, 1) = ∑
c∈T

A(b1, c) = |T| − 1

A1(T)(2, 1) = ∑
c∈T

A(b2, c) = |T|.

Replacing |T| with n yields the system (A1(T), b1(T)):[
n− 1

n

]
· x ⩾

[
1
1

]
(5.29)

which happens to be monotonic. In general, the system obtained so far needs
not be monotonic, but we will ensure monotonicity in the subsequent steps. ◀

The choice of representatives bi is irrelevant, and hence A1(T) and b1(T) are
well defined, since rows of A′′ indexed by any two elements of B belonging the
same {T}-orbit are equal, and likewise the corresponding entries of b:

Lemma 5.32. If b, b′ ∈ B are in the same {T}-orbit, then b(b) = b(b′) and
AΣ(b, Cj) = AΣ(b′, Cj) for every j ∈ {1, . . . , M}.

Proof. Let π ∈ Aut{T}(A) be such that π(b) = b′. As b is equivariant, it is
necessarily constant on the whole equivariant orbit to which b and b′ belong,
and hence b(b′) = b(b). For the second point fix j ∈ {1, . . . , M}. As A is
equivariant, it is constant over the orbit included in B×C to which (b, c) belongs,
for every c ∈ C, and hence A(b, c) = A(π(b), π(c)). This implies

∑
c∈Cj

A(b, c) = ∑
c∈Cj

A(π(b), π(c)) = ∑
c∈Cj

A(b′, π(c)).

Since π ∈ Aut{T}(A), when restricted to the {T}-orbit Cj it is a bijection
Cj → Cj, and hence the two sums below differ only by the order of summation
and are thus equal:

∑
c∈Cj

A(b′, π(c)) = ∑
c∈Cj

A(b′, c).
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The two above equalities imply the claim, namely

∑
c∈Cj

A(b, c) = ∑
c∈Cj

A(b′, c) .

■

Notation 5.33. Let T ⊆FIN A. Due to Lemma 5.30, the set of finite {T}-
orbits {C1, . . . , CM} included in C is in bijection with the set Orbits(C) =

{U1, . . . , UM} of equivariant orbits included in C (Lemma 5.30). WLOG assume
Cj ⊆ Uj for j = 1 . . . M. Take any finite {T}-supported vector x ∈ FinLin(C). It
is non-zero only inside finite {T}-orbits Cj, which implies

∑
c∈Cj

x(c) = ∑
c∈Uj

x(c) = γ(x)(Uj)

for j = 1, . . . , M. Furthermore, x is constant inside each Cj. We denote this
constant by ẋ(j). Finally, we note the (obvious) relation between ẋ and γ(x):

γ(x)(Cj) = |Cj| · ẋ(j). (5.30)

The following lemma, being a cornerstone of correctness of the whole reduction,
is now not difficult to prove:

Lemma 5.34. Let |T| ⩾ d and x : FinLin(C) a finite {T}-supported vector. The
following conditions are equivalent:

• x is solution of A · x ⩽ b;

• ẋ is a solution of P1(T) = (A1(T), b1(T)).

Proof. Take any {T}-supported vector x : FinLin(C), and let x′ be the restriction
of x to U = C1 ⊎ . . . ⊎ CM. We argue that the following four conditions are
equivalent, which implies the claim:

1. x is solution of A · x ⩽ b;

2. x′ is solution of (A′(T), b);

3. ẋ is solution of (A′′(T), b);

4. ẋ is a solution of (A1(T), b1(T)).

First, as x is finite, we have x(c) = 0 for all c /∈ U, and hence A′(T) · x′ = A · x.
This implies equivalence of (1) and (2). Second, as A′′ is obtained from A′ by
summing columns over a {T}-orbit where the vector x, being {T}-supported,
is constant, we have A′′(T) · ẋ = A′(T) · x′. This implies equivalence of (2)
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and (3). Finally, (3) implies (4) as (A1(T), b1(T) is obtained from (A′′(T), b) by
removing inequalities. For the reverse implication, we recall that Lemma 5.32
shows that A′′(b, j) = A′′(bi, j) and b(b) = b(bi) for every i ∈ {1, . . . , N}
and b ∈ Bi, and therefore A′′(T) contains the same inequalities as A1(T). In
consequence, (4) implies (3). ■

The function T 7→ P1(T) is equivariant, i.e., invariant under action automor-
phisms. In consequence, the entries of A1(T) and b1(T) do not depend on the
set T itself, but only on its size |T|. Indeed, if |T| = |T′| then π(T) = T′ for some
automorphism π, and hence π(P1(T)) = P1(T′). Since the system P1(T) is atom-
less we have also π(P1(T)) = P1(T), which implies P1(T) = P1(T′). We can
thus meaningfully write P1(|T|) = (A(|T|), b(|T|)), i.e. P1(n) = (A1(n), b1(n))
for n ∈N (cf. Example 5.31).

We argue that the dependence on |T| is polynomial, as long as |T| ⩾ 2d:

Lemma 5.35. There are univariate polynomials pij(n) ∈ Z[n] such that, for n ⩾ 2d
we have A1(n)(i, j) = pij(n).

Proof. Let n = |T|. Fix a {T}-orbits Bi ⊆ B and a finite {T}-orbit Cj ⊆ C. Each
of them is included in a unique equivariant orbit, say:

Bi ⊆ B′ = A(p) Cj ⊆ C′ = A(ℓ)

(cf. the partitions (5.24)). Recall Lemma 5.22: Bi is determined by the subset
I ⊆ {1, . . . , p} of positions where atoms of T appear in tuples belonging to
Bi. Let m = |I|. On the other hand Cj = T(ℓ) (cf. Lemma 5.30). Note that
m = |T ∩ support (bi) |.

We are going to demonstrate that the value A1(n)(i, j) = AΣ(bi, Cj) is poly-
nomially depending on n = |T|. We will use the polynomials n(w) of degree w,
for w ⩽ d, defined by

n(w) def
= n · (n− 1) · . . . · (n− w + 1). (5.31)

In the special case of w = 0, we put n(w) = 1. The value n(w) can be interpreted
as follows:

Claim 5.35.1. For n ⩾ w, n(w) is equal to the number of arrangements of w items
chosen from n objects into a sequence.

Denote by D the set of equivariant orbits U ⊆ B′ × C′. For U ∈ D, we

put U(bi, Cj)
def
=
{

c ∈ Cj : (bi, c) ∈ U
}

. As A is equivariant, the value A(bi, c)
depends only on the orbit to which (bi, c) belongs. We write A(U), for U ∈ D,
and get:
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Claim 5.35.2. AΣ(bi, Cj) = ∑U∈D A(U) · |U(bi, Cj)|.

Recall Example 2.11. Orbits inside B′ × C′ are in one-to-one correspondence
with partial injections ι : {1, . . . , p} → {1, . . . , ℓ}. We write Uι for the orbit
corresponding to ι. Let dom(ι) = {x : ι(x) is defined} denote the domain of ι.

Claim 5.35.3. Uι(bi, Cj) ̸= ∅ if and only if dom(ι) ⊆ I.

Indeed, recall again Example 2.11 which yields

Uι(bi, Cj) =
{

c ∈ Cj : ∀x ∀y bi(x) = c(y) ⇐⇒ ι(x) = y
}

.

If dom(ι) ⊆ I, the set Uι(bi, Cj) contains tuples c ∈ Cj with fixed values on
positions J = {ι(x) : x ∈ dom(ι)}, namely

bi(x) = c(ι(x)), (5.32)

and arbitrary other atoms from T elsewhere, and therefore is nonempty. If
there is x ∈ dom(ι) \ I then bi(x) /∈ T and therefore no c ∈ Cj satisfies (5.32).
Claim 5.35.3 is thus proved.

Claim 5.35.4. Let k = |dom(ι)| be the number of pairs related by ι. If Uι ̸= ∅ then
|Uι(bi, Cj)| = (n−m)(ℓ−k).

According to (5.32), tuples c ∈ Uι(bi) have fixed values on k positions in J. The
remaining ℓ − k positions in tuples c ∈ Uι(bi, Cj) are filled arbitrarily using
n−m atoms from T \ support (bi). Due to the assumption that n ⩾ 2d, we have
n−m ⩾ d ⩾ ℓ− k, and therefore using Claim 5.35.1 (for w = ℓ− k) we deduce
|Uι(bi, Cj)| = (n−m)(ℓ−k). thus proving Claim 5.35.4.

Once bi ∈ Bi and U ∈ D are fixed, the values k, ℓ and m are fixed too, and
the formula of Claim 5.35.4 is an univariate polynomial of degree ℓ− k. The
formula of Claim 5.35.2 yields the required polynomial3 A(n)(i, j) = pij(n) and
hence the proof of Lemma 5.35 is completed. ■

Relying on Lemma 5.35 we get a polynomially-parametrised system P1(n)
def
=

(A1(n), b1(n)).

Step 2 (monotonicity) The system P1 constructed so far, does not have to be
monotonic in general. As an immediate corollary of Lemma 5.34 and Corol-
lary 5.27, we only know that If P1(n) has a solution for n ⩾ d, then P1(n + 1)
has a (potentially different) solution. We slightly modify the system P1 in order
to achieve monotonicity.

3This confirms, in particular, that A(T)(i, j) is independent from the actual set T, and only depend
on its size n = |T|.
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Before formally defining the new system P2(n) = (A2(n), b2(n)), we point
to our objective: we want to replace ẋ in Lemma 5.34 by the orbit-sum vector
γ(x), as in Lemma 5.37 below. Noting that Orbits(C) = M we consider γ(x) to
be an M-dimensional vector where the j-th coefficient is equal to γ(x)(Cj). In
other terms, we want the solutions y1 and y2 of P1(n) and P2(n), respectively,
differ on position j by the multiplicative factor of |Cj|, namely

y2(j) = |Cj| · y1(j) (5.33)

for j = 1, . . . , M (cf. (5.30)). The size |Cj| of the {T}-orbit Cj, where |T| = n, is
equal to

|Cj| = n(ej), (5.34)

where Cj ⊆ A(ej), i.e., ej is the atom dimension of the equivariant orbit including
Cj, assuming |T| ⩾ ej. These considerations lead to the following formal
definition of P2:

A2(n)(i, j) def
= A1(n)(i, j) · n(d)

n(ej)
b2(i)

def
= b1(i) · n(d) (5.35)

where A1(n)(i, j) = pij(n) We rely on the following fact:

Claim 5.35.5. n(w) · (n− w)(u) = n(w+u).

By the claim, all coefficients in (5.35) are polynomials, namely: A2(n)(i, j) =

pij(n) · (n− ej)
(d−ej), since ej ⩽ d. It remains to conclude that the systems P1(n)

and P2(n) have the same solutions modulo (5.33):

Lemma 5.36. Let n ⩾ d and let y1, y2 ∈ RM satisfy y2(j) = n(ej) · y1(j) for
j = 1, . . . , M. Then y1 is a solution of P1(n) if and only if y2 is a solution of P2(n).

Combination of equations (5.30) and (5.34), and Lemmas 5.34 to 5.36 yields:

Lemma 5.37. Let |T| = n ⩾ 2d and x ∈ FinLin(C) a finite {T}-supported vector.
The following conditions are equivalent:

• x is solution of A · x ⩽ b;

• γ(x) is a solution of P2(n).

Example 5.38. The system (5.19) in Example 5.14 is obtained from (5.29) in
Example 5.31 by applying the equation (5.35). Indeed, M = d = e1 = 1 and
hence A stays unchanged, while the right-hand side vector b gets multiplied by
n(1) = n. ◀
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Lemma 5.39 (Monotonicity). Let n ⩾ d. Every solution of P2(n) is also a solution of
P2(n + 1).

Proof. Suppose y is a solution of P2(n), for n ⩾ d. Let T ⊆FIN A be any subset
of atoms of size |T| = n. Let x be the finite {T}-supported vector uniquely
determined by

γ(x) = y. (5.36)

By Lemma 5.37, x is a solution of A · x ⩽ b. We apply Corollary 5.27 to obtain
another finite solution x′ of A · x ⩽ b, {T′}-supported by some T′ of size
|T|′ = n + 1, and having the same orbit-summation mapping:

γ(x) = γ(x′). (5.37)

Equalities (5.36) and (5.37) imply γ(x′) = y. By Lemma 5.37 again, γ(x′) = y is
a solution of P2(n + 1), as required. ■

Combining Lemmas 5.25, 5.35, 5.37 and 5.39 we derive correctness of the re-
duction (the constraint n ⩾ 2d is inherited from the assumption in Lemma 5.35):

Corollary 5.40. The following conditions are equivalent:

• A · x ⩽ b has a finite solution,

• P2(n) has a solution for some integer n ⩾ 2d,

• P2(n) has a solution for almost all n ∈N.

To finish the reduction of FIN-INEQ(R) to ALL-POLY-INEQ it remains to
argue that P2 is computable from A · x ⩽ b. Computability of P2 follows
immediately from computability of P1, which we focus now on:

Lemma 5.41. The system P1 is computable from A · x ⩽ b.

Proof. It is enough to range over representations of {T}-orbits Bi and Cj of B
and C, respectively (such representations are given by Lemma 5.22), and for
each pair of such orbits proceed with computations outlined in the proof of
Lemma 5.35, applied to an arbitrarily chosen representative bi ∈ Bi. ■

By Corollary 5.40 and Lemma 5.41, FIN-INEQ(R) reduces to ALL-POLY-
INEQ.
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5.5.4 Complexity

Concerning computational complexity, the number of {T}-orbits included in
an equivariant orbit A(ℓ) is exponential in ℓ (cf. Lemma 5.22). That is why
the size of P2 may be exponential in atom dimension d of A · x ⩽ b. On the
other hand, the size of P2 is only polynomial (actually, linear) in the number of
orbits included in B× C. In consequence, for fixed atom dimension we get a
polynomial-time reduction and hence, relying on Theorem 5.17, the decision
procedure for FIN-INEQ(R) is in PTIME. Without fixing atom dimension, we get
an exponential-time reduction and hence the decision procedure is in EXPTIME.

The complexity of INEQ(R) and NONNEG-EQ(R) follows from the complex-
ity of FIN-INEQ(R), Theorem 5.2 and Remark 5.9.

The same complexity bounds apply to the algorithm for the optimisation
problem presented in Chapter 6.

5.6 Almost always solvability in PTIME

In this section we prove Theorem 5.17. Consider a polynomially-parametrised
inequality E of the form:

p1(n) · x1 + . . . + pk(n) · xk ⩾ q(n). (5.38)

Let d be the maximal degree of polynomials p1, . . . , pk, q appearing in E . We call
d the degree of E , and denote it also as deg(E). Let a1, . . . , ak, b be the (integer)
coefficients of the monomial nd in p1, . . . , pk, q, respectively. Therefore

p1(n) = a1 · nd + p′1(n)

...

pk(n) = ak · nd + p′k(n)

q(n) = b · nd + q′(n)

(5.39)

for some polynomials p′1, . . . , p′k, q of degree strictly smaller than d. The ordinary
inequality with integer coefficients

a1 · x1 + . . . + ak · xk ⩾ b, (5.40)

we call the head inequality of E , and denote by HEAD(E). Furthermore, the
polynomially-parametrised inequality

p′1(n) · x1 + . . . + p′k(n) · xk ⩾ q′(n), (5.41)
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obtained by removing all appearances of the monomial nd, we call the tail
inequality of E , and denote it by TAIL(E). We also consider below the strict
strengthening of the head inequality (5.40), denoted as HEAD>(E), and the
equality, denoted as HEAD=(E):

a1 · x1 + . . . + ak · xk > b , a1 · x1 + . . . + ak · xk = b. (5.42)

As E is equal to the sum of its head HEAD(E) multiplied by nd, and its tail
TAIL(E), we immediately deduce:

Claim 5.41.1. For every n ∈N, every solution of HEAD=(E) is either a solution of
both E(n) and TAIL(E)(n), or of none of them.

We now provide under- and over-approximations of the solution set of E (in
Claims 5.41.2 and 5.41.3).

Claim 5.41.2. Every almost-all-solution of E is also a solution of HEAD(E).

Proof. Consider an inequality E (5.38) and any its almost-all-solution x =

(x1, . . . , xk). Let d = deg(E). We thus have

p1(n)
nd · x1 + . . . +

pk(n)
nd · xk ⩾

q(n)
nd

for all sufficiently large n ∈N. Using the decomposition (5.39), we rewrite the
above inequality to

(
a1 +

p′1(n)
nd

)
· x1 + . . . +

(
ak +

p′k(n)
nd

)
· xk ⩾ b +

q′(n)
nd .

As the degrees of all polynomials p′1, . . . , p′k, q′ are smaller than d, all the fractions
tend to 0 when n tends to ∞, and we may deduce

a1 · x1 + . . . + ak · xk ⩾ b,

i.e., x is a solution of HEAD(E), as required. □

Claim 5.41.3. Every solution of HEAD>(E) is also an almost-all-solution of E .

Proof. Let d = deg(E). Consider any vector x = (x1, . . . , xk) satisfying the
strict inequality HEAD>(E) (in (5.42) on the left). Therefore for any polynomials
p′1, . . . , p′k, q′ of degree strictly smaller than d, the inequality

(
a1 +

p′1(n)
nd

)
· x1 + . . . +

(
ak +

p′k(n)
nd

)
· xk > b +

q′(n)
nd
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is satisfied for all sufficiently large n ∈ N. Applying the above inequality to
polynomials appearing in (5.39), we obtain:

p1(n)
nd · x1 + . . . +

pk(n)
nd · xk >

q(n)
nd

for all sufficiently large n ∈N. We multiply both sides by nd in order to derive
that x is a solution of E(n) for all sufficiently large n ∈N, as required. □

Consider an instance P of POLY-INEQ, i.e., a finite system of polynomially-
parametrised inequalities of the form (5.38). Let

HEAD(P) def
= {HEAD(E) : E ∈ P}

be the system of head inequalities (note that degrees of different inequalities in

P may differ), and let HEAD>(P) def
= {HEAD>(E) : E ∈ P}. Using Claims 5.41.2

and 5.41.3 we derive:

Claim 5.41.4. Every almost-all-solution of P is also a solution of HEAD(P).

Claim 5.41.5. Every solution of HEAD>(P) is also an almost-all-solution of P.

For time estimation, as the size measure |E | of an inequality E we take the total
number of monomials appearing in E . In particular, |E | > |TAIL(E)|. The size
of a system P is the sum of sizes of all its inequalities. For two systems P′,
P′′ of inequalities, we denote their union by P′ ∪ P′′ (clearly, union of systems
corresponds to conjunction of constraints). We write P ∪ E instead of P ∪ {E}.
By P \ E we denote the system obtained from P by removing an inequality E .

The algorithm. A decision procedure for ALL-POLY-INEQ iteratively trans-
forms an instance of the form P ∪ Γ, where P is a system of polynomially-
parametrised inequalities, and Γ is a system of ordinary (non-parametrised)
equalities over the same unknowns (each equality can be represented as two
opposite inequalities). Initially, Γ is empty. We define a transformation step
that given such an instance P ∪ Γ, either confirms its solvability (existence of
an almost-all-solution), or confirms its non-solvability (non-existence of an
almost-all-solution), or outputs an instance P′ ∪ Γ′ which has the same almost-
all-solutions as P ∪ Γ, and such that |P′| < |P|. ALL-POLY-INEQ is solved
by iterating the transformation step until it confirms either solvability or non-
solvability. Termination after a polynomial number of iterations is guaranteed,
as |P|, while being nonnegative, strictly decreases in each iteration. The trans-
formation step invokes a PTIME procedure for ordinary linear programming (as
detailed in (5.43) and (5.44) below). Here is a pseudo-code of the algorithm:
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Algorithm 1 (ALL-POLY-INEQ)

1: Input: A monotonic polynomially-parametrised system P.

2: Γ← ∅
3: repeat

4: if HEAD(P) ∪ Γ (5.43) is non-solvable then ▷ see Claim 5.41.4
5: report non-solvability of P
6: else
7: if HEAD>(E)∪ HEAD(P \ E)∪ Γ (5.44) is solvable for all E ∈ P then

▷ see Claims 5.41.5 and 5.41.6
8: report solvability of P
9: else

10: choose any E ∈ P such that HEAD>(E)∪HEAD(P \ E)∪ Γ (5.44)
is non-solvable ▷ see Claim 5.41.7

11: P ← (P \ E) ∪ TAIL(E)
12: Γ ← Γ ∪ HEAD=(E)
13: until solvability or non-solvability of P is reported

Transformation step. The step, defined by the body of the repeat loop, pro-
ceeds as follows. If the ordinary system

HEAD(P) ∪ Γ (5.43)

is non-solvable, non-solvability of P ∪ Γ is reported. This is correct due to
Claim 5.41.4. Otherwise, knowing that (5.43) is solvable, the algorithm checks,
for every E ∈ P, whether the strengthened system

HEAD>(E) ∪ HEAD(P \ E) ∪ Γ, (5.44)

obtained from (5.43) by replacing the inequality HEAD(E) with HEAD>(E), is
also solvable. If this is the case for every E ∈ P, solvability of P ∪ Γ is reported.
This is correct due to Claim 5.41.5 combined with the following one:

Claim 5.41.6. Solvability of (5.44) for every inequality E in P, implies solvability of

HEAD>(P) ∪ Γ. (5.45)

Proof. Suppose that for every inequality E in P, the system (5.44) has a solu-
tion, xE . The average of all these solutions 1

m · ∑E∈P xE is then a solution of
HEAD>(P) ∪ Γ, where m is the number of inequalities in P. □
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Otherwise, we know that some inequality E in P is degenerate, namely (5.44) is
non-solvable. In other words, the equality HEAD=(E) is implied by (5.43). The
algorithm chooses a degenerate inequality E ∈ P and creates a new instance
P′ ∪ Γ′, where

P′ = (P \ E) ∪ TAIL(E) Γ′ = Γ ∪ HEAD=(E).

In words, P′ is obtained from P by replacing E with TAIL(E), and Γ′ is obtained
from Γ by adding HEAD=(E). As |TAIL(E)| < |E |, we have |P′| < |P|, as
required. This completes description of the transformation step.

Correctness. By Claim 5.41.1 we derive:

Claim 5.41.7. Systems P ∪ Γ and P′ ∪ Γ′ have the same almost-all-solutions.

Proof. In one direction, consider an almost-all-solution x of P′ ∪ Γ′. It is trivially
a solution of Γ. Furthermore, being a solution of HEAD=(E) and of TAIL(E)(n)
for almost all n ∈N, by Claim 5.41.1 it is a solution of E(n) for almost all n, and
hence an almost-all-solution of P.

Conversely, consider an almost-all-solution x of P ∪ Γ. By Claim 5.41.4, it
is a solution of HEAD(P) ∪ Γ and hence, as E is degenerate, also a solution of
HEAD=(E). Therefore x is a solution of Γ′. Furthermore, being a solution of
HEAD=(E) and of E(n) for all sufficiently large n ∈ N, by Claim 5.41.1 it is
also a solution of TAIL(E)(n) for all sufficiently large n ∈ N, and hence an
almost-all-solution of P′. □

Complexity. We note that the main loop of the algorithm always terminates,
at latest when P = ∅, as in this case the system (5.44) is vacuously solvable for
all E ∈ P. Solvability of (5.43) in line 4 is checked by one solvability test of an
ordinary system of inequalities. Solvability of (5.44) in line 7 is also checkable
in polynomial time due to the following claim applied to Q = HEAD(P) ∪ Γ:

Claim 5.41.8. Given an ordinary system Q of linear inequalities and E ∈ Q, one can
check, in PTIME, solvability of E> ∪ (Q \ E), where E> is the strict strengthening of
E .

Proof. We invoke ordinary linear programming twice (in PTIME, see e.g. [35,
Section 8.7]). Let E be of the form a1 · x1 + . . . + ak · xk ⩾ b. If Q is non-solvable,
the algorithm reports non-solvability of E> ∪ (Q \ E). Otherwise, the algorithm
computes the supremum M ∈ Q∪ {∞} of the objective function

S(x1, . . . , xk) = a1 · x1 + . . . + ak · xk,
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constraint by Q \ E , by invoking ordinary linear programming. By solvability of
Q we know that M ⩾ b. If M > b, the algorithm reports solvability, otherwise it
reports non-solvability. □

Number of iterations of transformation step is polynomial (as |P| decreases in
each iteration) and hence so is the number of inequalities in Γ. In consequence,
the number of invocations of ordinary linear programming is polynomial in
each transformation step, and hence polynomial in total, and each its instance
of ordinary linear programming is also polynomial. Summing up, our decision
procedure for ALL-POLY-INEQ works in PTIME.

The proof of Theorem 5.17 is thus completed. ■

Example 5.42. Recall the system (5.19) presented in Example 5.14. It contains
two polynomially-parametrised inequalities. They have the same head inequal-
ity x ⩾ 1, which is trivially solvable, and hence the algorithm reports solvability
after the first iteration. Both the tail inequalities, −y ⩾ 1 and 0 ⩾ 1, are ordinary
(non-parametrised).

The following instance P0 admits three iterations of the main loop of the
algorithm:

n2 · x − n2 · y + n · z ⩾ 0

−n · x + (n + 3) · y ⩾ 0

The head inequalities of these two inequalities are x− y ⩾ 0 and −x + y ⩾ 0,
respectively. Therefore the system HEAD(P0) is equivalent to x = y and hence
solvable, while HEAD>(P0) is not, and both inequalities in P0 are degenerate.
Supposing the first one is chosen by the algorithm, after the first iteration we
get the following systems P1 (left) and Γ1 (right):

n · z ⩾ 0

−n · x + (n + 3) · y ⩾ 0

x − y = 0

In the second iteration, the system HEAD(P1) ∪ Γ1 (left) is solvable but the
system HEAD>(P1) ∪ Γ1 (right) is not:

z ⩾ 0

−x + y ⩾ 0

x − y = 0

z > 0

−x + y > 0

x − y = 0
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The algorithm picks up the second inequality in P1, the only degenerate one,
and sets P2 (left) and Γ2 (right):

n · z ⩾ 0

3 · y ⩾ 0

x − y = 0

−x + y = 0

In the last third iteration, the system HEAD>(P2) ∪ Γ2 (obtained by replacing
the inequality n · z ⩾ 0 by z > 0) is solvable, and hence solvability of P0 is
reported. ◀
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6.1 Introduction

Let B and C be two arbitrary orbit-finite sets. Let A be an arbitrary matrix in
Lin(B×C), b be an arbitrary vector in Lin(B) and c be an arbitrary vector in
Lin(C). Using A, b and c we can define an optimisation problem

maximise cT · x
subject to A · x ⩽ b

x ∈ Lin(C)

(6.1)

which asks to maximise cT · x for vectors x ∈ Lin(C), for which the products
cT · x and A · x are well-defined and A · x ⩽ b. A problem such as this is an
instance of an orbit-finite linear maximisation problem. The orbit-finite partial
linear functional x 7→ cT · x is called its objective function. A vector x ∈ Lin(C)
is called a solution of this problem if the objective function is well-defined at x
and it satisfies the orbit-finite system of inequalities A · x ⩽ b. The value of a
solution x is the number (cT · x). The supremum of the maximisation problem is
the supremum of values of its solutions.

The support of the linear maximisation problem is

support (A) ∪ support (b) ∪ support (c) .

115
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The atom-dimension of the maximisation problem is the sum of S-atom-dimensions
of B and C. Note that Lemma 2.19 implies that the latter is an upper bound of
atom-dimensions of A, b and c.

Symmetrically, a problem such as the following is an instance of an orbit-finite
linear minimisation problem

minimise cT · x
subject to A · x ⩾ b

x ∈ Lin(C)

(6.2)

which asks to compute the infimum of values cT · x for vectors x ∈ Lin(C), for
which the products cT · x and A · x are well-defined and A · x ⩾ b. The objective
function, solutions, value of a solution, infimum, support, and atom-dimension
of an orbit-finite minimisation problem are defined accordingly. Instances of
orbit-finite maximisation or minimisation problems are known as orbit-finite
linear programs. The optimum of such a problem is its supremum or infimum
depending on whether it is an instance of a maximisation or minimisation
problem. A solution x is called optimal if its value is equal to the optimum of the
linear program. Sometimes we restrict the solutions of the linear program to be
finite instead of orbit-finite.

maximise cT · x
subject to A · x ⩽ b

x ∈ FinLin(C)

minimise cT · x
subject to A · x ⩾ b

x ∈ FinLin(C)

Orbit-finite linear programs of this form are said to be finitary.

Remark 6.1. An orbit-finite linear minimisation problem

minimise cT · x
subject to A · x ⩾ b

x ∈ Lin(C)

(6.3)

is equivalent to the orbit-finite linear maximisation problem

maximise (−c)T · x
subject to (−A) · x ⩽ (−b)

x ∈ Lin(C)

(6.4)

in the sense that, x is a solution of (6.3) with value cT · x = r (say), if and only if
x is a solution of (6.4) with value −r = (−c)T · x. This in particular implies that
if the optimum of (6.3) is R, then the optimum of (6.4) is −R. And if (6.3) has an
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optimal solution, then (6.4) also has an optimal solution.

Remark 6.2. Sometimes we add an explicit non-negativity constraint to our
linear programs which leads to linear programs of the form:

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

Linear programs of the above form are as general as the linear programs of the
form (6.1), since the linear program (6.1) is equivalent to the linear program

maximise
[

cT −cT
]
· x′

subject to

 A −A

 · x′ ⩽ b

x′ ⩾ 0
x′ ∈ Lin(C ⊎ C) .

Remark 6.3. An instance

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ FinLin(C)

of an orbit-finite maximisation problem of the finitary variant can be considered
as the instance

maximise cT · x

subject to

 A

−1T

 · x ⩽

b

0


x ⩾ 0
x ∈ Lin(C)
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of an orbit-finite maximisation problem, because the added constraint

(−1T) · x ⩽ 0

enforces the solution to be finite and is satisfied for any non-negative finite
vector.

Orbit-finite linear programming faces phenomena not present in the classical
setting. For instance, in classical linear programming whenever the optimum
is finite, there exists an optimal solution (i.e. a solution with value equal to the
optimum). This does not always happen in orbit-finite linear programming, as
the following example illustrates.

Example 6.4. Suppose that we aim at minimising the objective function

2 · ∑
α∈A

x(α). (6.5)

with respect to the constraints (5.2). The function is equivariant, and its value is
always greater than 2. Indeed, for every solution x : A→ R there is necessarily
some β ∈ A such that x(β) > 0, and hence

2 · ∑
α∈A

x(α) >

2 · ∑
α∈A\{β}

x(α)

 ⩾ 2. (6.6)

What is the minimal value of the objective function? For solutions xn defined in
Example 5.7, the value 2 ·∑α∈A xn(α) =

2n
n−1 may be arbitrarily close to 2 but,

according to (6.6), never achieves 2. ◀

We are interested in the following computational problems.

LIN-PROG

Input: An orbit-finite linear program.
Output: Optimum of the linear program.

FINLIN-PROG

Input: An finitary orbit-finite linear program.
Output: Optimum of the linear program.

The main results in this chapter are the following.

Theorem 6.5. LIN-PROG is reducible to FLIN-PROG in EXPTIME and in PTIME for
fixed atom-dimension.
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Theorem 6.6. LIN-PROG and FINLIN-PROG are computable in EXPTIME and in
PTIME for fixed atom-dimension.

Proof of Theorem 6.5. We do the proof only for maximising variants. Consider
an orbit-finite linear program

maximise cT · x
subject to A · x ⩽ b

x ∈ Lin(C)

(6.7)

Let M be the augmented matrix

M def
=

 A

c


Then M̃ (defined in § 4.2.3) can also be written as an augmented matrix

M̃ =

 A′

c′


Lemma 4.9 says that

SPANR(M) = FIN-SPANR(M̃). (6.8)

Using A′ and c′ we define the orbit-finite linear program

maximise c′T · x′

subject to A′ · x′ ⩽ b
x′ ∈ FinLin(C′)

(6.9)

By the equality (6.8), for every r ∈ R we have the following: there exists an
orbit-finite vector x such that A · x ⩽ b and c · x = r if and only if there exists a
finite vector x′ such that A′ · x′ ⩽ b and c′ · x′ = r. In consequence, the systems
(6.7) and (6.9) have the same supremum. Theorem 6.5 is thus proved. ■

Remark 6.7. The reduction in the proof of Theorem 6.5 does not increase the
atom-dimension of the system. Using Remark 4.10 we can conclude that the
reduction blows up the size of the system at most by a multiplicative factor
exponential in the atom-dimension.
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Remark 6.8. Since the existence of integer solutions of orbit-finite systems
of inequalities is undecidable we do not consider orbit-finite integer linear
programming. However, existence of finite non-negative integer solutions of
orbit-finite systems of equations is still decidable, hence solvability of linear
programs of the form

maximise cT · x
subject to A · x = b

x ∈ LinN(C)

is a valid question, which we leave as open. Here, LinN(C) denotes the set of
orbit-finite functions from C to N.

Organisation of the chapter

The remainder of this chapter is organised as follows, In § 6.2 we define polyno-
mially parametrised linear programs and show they are solvable in PTIME. Then
in § 6.3 we show FINLIN-PROG is reducible to solvability of polynomially
parametrised systems of linear programming, proving linear programming is
also computable (Theorem 6.6).

6.2 Polynomially-parametrised linear programs

A polynomially parametrised maximisation problem

maximise S(x1, . . . , xk)

subject to P(n, x1, . . . , xn)

asks to maximise an ordinary (non-parametrised) objective function S given by
a linear map

S(x1, . . . , xk) = a1 · x1 + . . . + ak · xk.

with respect to a polynomially parametrised system of constraints P(n, x1, . . . , xn)

with n being the only non-linear variable. As in § 5.3, by an almost-all-solution
of a system P we mean in this section a solution of P(n) for almost all n ∈ N.
The supremum of such an instance, denoted as sup(P, S) is defined to be the
supremum of the objective function over almost-all-solutions,

sup(P, S) def
= sup {S(x) : x is an almost-all-solution of P} ,
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Referring to the standard terminology, we can say that the system is infeasible if
the supremum is −∞, and it is unbounded if it is ∞.

Symmetrically we define polynomially parametrised minimisation problems and
their infimums (denoted as inf(P, S)). Instances of polynomially parametrised
maximisation or minimisation problems are called polynomially parametrised
linear programs. The optimum of such a problem is its supremum or infimum
depending on whether it is a maximising or minimising instance. Interestingly,
the optimum cannot be irrational (see Corollary 6.10 below). In this section we
study the following problem:

ALL-POLY-OPT

Input: A polynomially parametrised optimisation problem.
Output: Its optimum.

The problem generalises ordinary (non-parametrised) linear programming, and
can be solved similarly to POLY-INEQ (of which it is a strengthening):

Theorem 6.9. ALL-POLY-OPT is in PTIME.

Proof. Let (P0, S) be an instance. The algorithm is essentially the same as Algo-
rithm 1 for POLY-INEQ in the proof of Theorem 5.17, and proceeds by iterating
the transformation step until either unsolvability or solvability is reported. Re-
call that solution set is preserved by the transformation step (Claim 5.41.7). If
unsolvability is reported, the algorithm returns −∞. If solvability is reported —
let P ∪ Γ be the system examined in the last iteration — the decision procedure
computes and returns sup(HEAD(P) ∪ Γ, S), the supremum of S constrained by
the ordinary system of inequalities HEAD(P) ∪ Γ, by invoking any PTIME proce-
dure for ordinary linear programming. Correctness follows by the two claims
formulated below. First, since solution set is preserved by the transformation
step, we have:

Claim 6.9.1. sup(P0, S) = sup(P ∪ Γ, S).

Second, the supremum does not change if the polynomially parametrised con-
straints P are replaced by the over-approximation HEAD(P):

Claim 6.9.2. sup(P ∪ Γ, S) = sup(HEAD(P) ∪ Γ, S).

For the claim it is enough to prove the inequality

sup(HEAD>(P) ∪ Γ, S) ⩾ sup(HEAD(P) ∪ Γ, S)

as, according to Claims 5.41.4 and 5.41.5, we have sup(HEAD>(P) ∪ Γ, S) ⩽

sup(P∪ Γ, S) ⩽ sup(HEAD(P)∪ Γ, S). Take any solution y of HEAD(P)∪ Γ, and
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any solution x of HEAD>(P)∪ Γ. We rely here on solvability of the latter system,
which is implied by the condition for reporting solvability in Algorithm 1 and
Claim 5.41.6. For every k ∈N, the vector xk =

x+ky
k+1 is a solution of HEAD>(P)∪

Γ, and S(xk) tends to S(y) when k tends to ∞. Hence sup(HEAD>(P) ∪ Γ, S) ⩾
sup(HEAD(P) ∪ Γ, S), as required. ■

By Claims 6.9.1 and 6.9.2 in the proof of Theorem 6.9, the optimum of a polyno-
mially parametrised instance, if not −∞ nor ∞, is equal to the optimum of an
ordinary linear program and hence is rational:

Corollary 6.10. The optimum of a polynomially parametrised instance belongs to
Q∪ {−∞,+∞}.

Remark 6.11. The next example illustrates that like orbit-finite linear programs,
polynomially parametrised linear programs also may not admit optimal solu-
tions even when its optimum is finite. However, once the optimum s ∈ Q is
computed, one can easily check if S achieves its supremum, by adding to the
system an equation S(x1, . . . , xk) = s and checking if the system is still solvable.

Example 6.12. Consider the polynomially parametrised linear program

minimise 2x

subject to

[
n− 1

n

]
· x ⩾

[
n
n

]

The value of any solution is always greater than 2. Indeed, for every solution
y ∈ R there exits n ∈N such that 2 · y ⩾ 2·n

n−1 > 2. The infimum of this program
is 2. Since yn = n

n−1 is an almost-all-solution for any n ⩾ 2 with S(yn) =
2·n
n−1 ,

which may be arbitrarily close to 2. ◀

6.3 Orbit-finite to polynomially parametrised

In this section we prove Theorem 6.6 by a reduction of FINLIN-PROG to ALL-
POLY-OPT. We only sketch the reduction as it amounts to a slight adaptation of
the reduction of § 5.5.3. Following a similar calculation of complexity as § 5.5.4,
one can show that this reduction is computable EXPTIME and in PTIME for fixed
atom-dimension. The computability and complexity of LIN-PROG follows from
Theorem 6.5 and Remark 6.7.

Remark 6.1 says it is enough to start with a maximisation variant. Consider
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an orbit-finite maximisation problem

maximise cT · x
subject to A · x ⩽ b

x ∈ FinLin(C)

(6.10)

Lemmas 4.22 and 5.29 can easily be extended to linear programming as well.

Lemma 6.13. WLOG we may assume that A, b and c to be equivariant and B and C
to be straight.

Proof. In the proof of Lemma 4.22 take c′ = c ◦ g in step 1. ■

We compute an instance

maximise S′(x1, . . . , xk)

subject to P2(n, x1, . . . , xk)

of a polynomially parametrised linear program, where the finite system P2(n) =
(A2(n), t2(n)) of polynomially-parametrised inequalities is exactly as in § 5.5.3,
and the objective function is

S′(x1, . . . , xk) = a1 · x1 + . . . + aM · xM, (6.11)

where aj = c(Cj) for j = 1 . . . M. More concisely, the vector a = (a1, . . . , aM)

is defined as a = ċ (recall Notation 5.33). We apply Lemmas 5.25 and 5.37 to
obtain:

Lemma 6.14. Supremum of (6.10) is equal to sup(P2, S′).

Proof. Let x ∈ Lin(C). By equivariance of c and the definition of S′ we have the
equality cT · x = S′(γ(x)), that is, the value of the objective function cT · x de-
pends only on the image of x under the orbit-sum function γ(x) : Orbits(C)→
R. As Lemmas 5.25 and 5.37 preserve orbit-sum, we deduce that for every
T ⊆FIN A of size |T| = n ⩾ 2d, the values cT · x′ for finite T-supported solu-
tions x′ of A · x ⩽ b are the same as the values of S′ on solutions of P2(n). By
Lemma 5.39, the solutions of P2(n) for some n ⩾ 2d are exactly the same as the
almost-all-solutions of P2. In consequence, the two suprema are equal. ■

We illustrate the reduction with the following two examples.

Example 6.15. The system in Example 6.4 is transformed to the system in
Example 6.12. ◀



124 Chapter 6. Linear Programming

Example 6.16. Consider the modification of the system in Example 5.8:

∑
α∈A

α ⩾ 1 (6.12)

∑
β∈A

αβ − α − 2 · ∑
β∈A

βα ⩾ 0 (α ∈ A). (6.13)

It enforces, for each vertex α ∈ A, the sum of values assigned to all outgoing
edges to be larger than double the sum of values assigned to all ingoing edges,
plus the value assigned to the vertex α. The indexing sets B = A ∪ {∗} and
C = A ∪A(2) and the shape of the matrix (5.5) are the same. We identify the
singletons {∗} = A(0). We consider maximisation of triple the sum of values
assigned to edges: sT · x, where s = 3 · 1

A(2) . According to Lemma 5.30, the
set C includes exactly 2 finite {T}-orbits, namely T ⊆ A and T(2) ⊆ A(2), and
therefore the system computed by the reduction has 2 unknowns, x1 and x2. By
Lemma 5.22, for any nonempty T ⊆FIN A, the set B includes three {T}-orbits,
namely T, A \ T and {∗}, and therefore the system P1 computed in the first step
has 3 inequalities:

−x1 − (n− 1) · x2 ⩾ 0 (T)

0 ⩾ 0 (A \ T)

n · x1 ⩾ 1 ({∗})

(6.14)

For instance, the coefficient −(n− 1) in the first inequality arises as:

A(Uout) · |Uout(α, T(2))| + A(Uin) · |Uin(α, T(2))|

= 1 · (n− 1)− 2 · (n− 1) = −(n− 1)

(cf. Claim 5.35.2), for some arbitrary α ∈ T and the following two orbits included
in A×A(2):

Uout = {(α, αβ) : β ̸= α} , Uin = {(α, βα) : β ̸= α} .

Likewise, the coefficient n in the last inequality arises as A(U) · |O(∗, T)| =
1 · n = n, for the orbit U = {∗} ×A. According to (5.35), the system P2 is
obtained from (6.14) by multiplying all occurrences of x1 by (n− 1)(1) = n− 1,
and by multiplying all right-hand sides by n(2) = n(n− 1) 1 (the trivial second

1Recall in Chapter 5 we defined n(w) = n · (n− 1) · . . . · (n− w + 1) for w ⩽ n ∈N.
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inequality is omitted):

−(n− 1) · x1 − (n− 1) · x2 ⩾ 0

n(n− 1) · x1 ⩾ n(n− 1)
(6.15)

Finally, the objective function produced by the reduction, as in (6.11), is S′(x1, x2) =

s(A(2)) · x2 = 3 · x2. It achieves −3 as its supremum, as the system (6.15) is
equivalent to the ordinary system (its head):

x1 ⩾ 1 x2 ⩽ −x1.

For every n ⩾ 2, the optimal solution x1 = 1, x2 = −1 corresponds, via the
constructions of § 5.5.3, to a clique of n vertices where each vertex is assigned 1

n ,
and each edge is assigned − 1

n(n−1) . ◀
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7.1 Introduction

For orbit-finite sets B and C, matrix A ∈ Lin(B×C), vectors b ∈ Lin(B) and
c ∈ Lin(C), and an orbit-finite linear program
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maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

(7.1)

called the primal, its dual is defined to be the orbit-finite linear program

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y ∈ Lin(B)

(7.2)

Every such pair ((7.1),(7.2)) of linear programs is known as a primal-dual pair.
Duals of finite linear programs are clearly finite themselves. The weak duality
theorem states that the optimum of every finite linear program is dominated
by the optimum of its dual. The strong duality theorem states that for every
primal-dual pair of finite linear programs, if the optimum of one of the linear
programs is finite, then the optimum of the other linear program is also finite
and the two optima are equal. In this chapter we investigate whether these
duality theorems can be extended to orbit-finite linear programs. We show that,
weak duality holds for orbit-finite linear programs and strong duality does not.
However, both weak and strong duality hold between two natural subclasses of
orbit-finite linear programs, called column-finite and row-finite linear programs,
respectively.

Organisation of the chapter

In § 7.2 we prove weak duality holds for orbit-finite linear programs. In § 7.3
we show strong duality does not hold for orbit-finite linear programs by con-
structing a counterexample. In § 7.4 we briefly discuss duality for infinite linear
programs, which are not necessarily orbit-finite. In § 7.5 we restrict our attention
to orbit-finite linear programs which are column-finite or row-finite. We show
that strong duality holds between them (Theorem 7.17), and that these linear
program are more robust than the general class of orbit-finite linear programs
(Theorems 7.22 and 7.23). In § 7.6 we give the proofs of these theorems using
several facts which are demonstrated in §§ 7.7 to 7.11. Finally, in § 7.12 we
answer the question raised in § 1.2.2: whether orbit-finite linear programs ap-
proximate large linear programs. In particular we show that orbit-finite linear
programs in general do not, however both column-finite and row-finite linear
programs do.
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7.2 Weak duality

Theorem 7.1 (Weak Orbit-finite Duality). The optimum of any orbit-finite linear
program is dominated by the optimum of its dual.

7.2.1 Proof of Theorem 7.1

Let B and C be two arbitrary orbit-finite sets. Consider a primal-dual pair of
orbit-finite linear programs (U ,UT)

U :

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

UT :

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y ∈ Lin(B)

where A ∈ Lin(B× C), b ∈ Lin(B) and c ∈ Lin(C). Let S be the support of the
above systems. We need to show that the optimum of U is dominated by the
optimum of UT. We fix some notations and prove a few lemmas for future use.

Notation 7.2. Consider K ⊆FIN A and orbit-finite set P supported by K. For
u ∈ Lin(P) also supported by K, by uK we denote the restriction of u to PK,
where

PK = {p ∈ P : support (p) ⊆ K} .

Let Q be another K-supported orbit-finite set, and B ∈ Lin(P×Q) a K-supported
matrix. By BK we denote the restriction of B to PK×QK where

QK = {q ∈ Q : support (q) ⊆ K} .

Lemma 7.3. For K ⊆FIN A, K-supported orbit-finite sets P, Q and R, and K-supported
matrices B ∈ Lin(P×Q) and C ∈ Lin(Q×R) we have

BK · CK = (B · C)K

Proof. Pick (p, r) ∈ PK×RK. Lemma 2.51-ii implies the row B(p,−) and the
column C(−, r) are both supported by K. We have

(B · C)K(p, r) = B(p,−) · C(−, r)
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= ∑
q∈QK

B(p, q) · C(q, r) (Lemma 2.50)

= BK(p,−) · CK(−, r)

= (BK · CK)(p, r)

Since (p, r) ∈ PK×RK was chosen arbitrarily, this finishes the proof. ■

Consider T ⊆FIN A \ S. Let

BS∪T
def
= {b ∈ B : support (b) ⊆ S ∪ T}

CS∪T
def
= {c ∈ C : support (C) ⊆ S ∪ T} .

From the orbit-finite linear program U , we get a finite linear program US∪T by
restricting to constraints and variables whose indices are supported by S ∪ T:

US∪T :

maximise cTS∪T · u
subject to AS∪T · u ⩽ bS∪T

u ⩾ 0
u ∈ Lin(CS∪T)

Lemma 7.4. Let x be a solution of U supported by S ∪ T, for some T ⊆FIN A \ S.
Then xS∪T is a solution of US∪T with cT · x = cTS∪T · xS∪T .

Proof. Clearly xS∪T ⩾ 0. Using Lemma 7.3 we get

cT · x = cTS∪T · xS∪T

and
AS∪T · xS∪T = (A · x)S∪T ⩽ bS∪T .

■

For every T ⊆FIN A \ S, applying the transformation U 7→ US∪T to the orbit-
finite linear program UT we get the finite linear program UT

S∪T :

UT
S∪T :

minimise bT
S∪T · v

subject to AT
S∪T · v ⩾ cS∪T

v ⩾ 0
v ∈ Lin(BS∪T)
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Remark 7.5. The linear program UT
S∪T is the dual of the linear program US∪T .

In other words, the linear programs (US∪T)
T and (UT)S∪T are exactly the same.

Hence we can write UT
S∪T without any confusion.

The following lemma can be proven similarly to Lemma 7.4.

Lemma 7.6. Let y be a solution of UT supported by S ∪ T for some T ⊆FIN A \ S.
Then yS∪T is a solution of UT

S∪T with bT · y = bT
S∪T · yS∪T .

We now finish the proof of Theorem 7.1 using the above lemmas.
To prove that the optimum of U is dominated by the optimum of UT, it is

sufficient to show that for any pair of vectors (x, y) ∈ Lin(C)× Lin(B) such
that x and y are solutions of U and UT, respectively, we have cT · x ⩽ bT · y.
Fix such a pair of vectors (x, y) ∈ Lin(C)× Lin(B). Let

T = (support (x) ∪ support (y)) \ S .

Then using Lemmas 7.4 and 7.6 we get that xS∪T and yS∪T are solutions of US∪T

and UT
S∪T , respectively, and that cT · x = cTS∪T · xS∪T and bT · y = bT

S∪T · yS∪T .
But (US∪T ,UT

S∪T) is a pair of finite linear programs. Hence using weak duality
for finite linear programs ([43, page 435]) we get

cT · x = cTS∪T · xS∪T ⩽ bT
S∪T · yS∪T = bT · y

which finishes the proof. ■

7.3 Counterexample to strong duality

In this section we show strong duality does not hold for orbit-finite linear
programs by giving a counterexample. We construct a primal-dual pair of orbit-
finite linear programs such that the optimum of the primal system is finite but
the optimum of the dual system is not. Let B = C = A ⊎ {⋆}. Consider the
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linear program

A ⋆

maximise
[

1 1 · · · 0
]
· x

subject to A

⋆


1

1
. . .

0 0 . . .

1
1
...

−1

 · x ⩽


0
0
...

1


x ⩾ 0
x ∈ Lin(C)

(7.3)

Written explicitly, this is the linear program

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

where A ∈ Lin(B×C), b ∈ Lin(B) and c ∈ Lin(C) are defined as

A(α, α) = 1, for α ∈ A

A(α, β) = 0, for α ̸= β ∈ A b = 1{⋆} ∈ Lin(B)
A(⋆, α) = 0, for α ∈ A

A(α, ⋆) = 1, for α ∈ A c = 1A ∈ Lin(C)
A(⋆, ⋆) = −1
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It is clear from the definitions that A, b and c are all equivariant. The dual linear
program of (7.3) is the linear program

A ⋆

minimise
[

0 0 · · · 1
]
· y

subject to A

⋆


1

1
. . .

1 1 . . .

0
0
...

−1

 · y ⩾


1
1
...

0


y ⩾ 0
y ∈ Lin(B)

(7.4)

The following lemma imply that the pair ((7.3),(7.4)) does not satisfy strong
duality:

Lemma 7.7. The optimum of the linear program (7.3) is 0.

Lemma 7.8. The optimum of the linear program (7.4) is +∞, i.e. it is infeasible.

Proof of Lemma 7.7. The vector 0 ∈ Lin(C) satisfies the system of constraints in
(7.3) since

A · 0 = 0 ⩽ b .

Moreover, cT · 0 = 0. Hence, the optimum of (7.3) is at least 0. We claim that
0 is the only solution of the system of constraints in (7.3). Consider arbitrary
x ∈ Lin(C) which satisfies

A · x ⩽ b and x ⩾ 0 .

Then, for any α ∈ A

x(α) + x(⋆) ⩽ 0 .

Since x ⩾ 0, this can only be true if x(α) = 0 for all α ∈ A and x(⋆) = 0,
equivalently, when x = 0. ■

Proof of Lemma 7.8. We argue that the system of constraints AT · y ⩾ c is not
satisfiable. Towards arriving at a contradiction, consider an arbitrary vector
y ∈ Lin(B) such that AT · y is well-defined and AT · y ⩾ c. From the definition
of A we get (AT · y)(α) = y(α) for α ∈ A, and

(AT · y)(⋆) =
(

∑
α∈A

y(α)

)
− y(⋆) .
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The condition AT · y ⩾ c implies y(α) ⩾ 1 for every α ∈ A. But then, the sum

∑α∈A y(α) is not well-defined. This implies that AT · y is not well defined, and
we arrive at a contradiction. ■

Remark 7.9. The above counterexample also works even if we relax the con-
straints by dropping the conditions x ∈ Lin(C) and y ∈ Lin(B) in the primal
and the dual system (stated differently, we allow their solutions to be orbit-
infinite), respectively.

Remark 7.10. For a primal-dual pair of linear program, their duality gap is the
difference between the optimums of the primal and the dual. The duality gap
between the primal-dual pairs of linear programs defined in this section is
infinite. We do not know whether there exists a primal-dual pair of orbit-finite
linear programs where the duality gap is finite and non-zero.

Remark 7.11. Weak-duality does not hold for infinite linear programs in general.
For a counterexample, see [38, Section 3].

7.4 Duality for orbit-infinite linear programs

In this section, exceptionally, we do not assume the linear programs and their
solutions to be orbit-finite.

Definition 7.12. A matrix is called column-finite if its column vectors are finite
(i.e. non-zero only on finitely many co-ordinates). Symmetrically it is called
row-finite if its row vectors are finite.

Definition 7.13. A (not necessarily orbit-finite) linear program

maximise/minimise cT · x
subject to A · x ⩽ b

x ⩾ 0.

is called column-finite if the matrix A is column-finite and b is a finite vector.
Symmetrically, it is called row-finite if the matrix A is row-finite and c is a finite
vector.

One can try to remedy the fact that weak duality does not hold for infinite
linear programs (Remark 7.11) by adding extra assumptions. As we saw in § 5.4,
orbit-finiteness is such an assumption. Another possibility is to assume that the
primal linear program is column-finite and restrict the solutions to be finite (i.e.
non-zero only on finitely many variables) as well. 1 This means that the primal

1Note that column-finiteness of the system does not enforce finiteness of the solutions.
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is of the form
maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x is finite.

(7.5)

where A is column-finite, b is a finite vector (as mentioned before, we do not
assume A, b and c to be orbit-finite). Then the dual becomes row-finite

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y : B→ R

(7.6)

Multiplication with column-finite matrices is always well-defined, and the
product of two column-finite matrices is also column-finite.

Lemma 7.14. For matrices X : (B×C) → R and Y : (C×D) → R, if Y is column-
finite then the product X · Y is well-defined, and if X is also column-finite then X · Y is
also column-finite.

Proof. First we prove X · Y is well-defined when Y is column-finite. Pick arbi-
trary (b, d) ∈ (B×D). Then (X · Y)(b, d) = X(b,−) · Y(−, d). Since Y is column-
finite, Y(−, d) is a finite vector. Hence X(b,−) · Y(−, d) is well-defined.

Now we show X · Y is column-finite assuming both X and Y are column-
finite. Pick arbitrary d ∈ D. We show (X · Y)(−, d) is finite. Let C′ ⊆ C be the
(necessarily finite) subset of elements of c ∈ C such that Y(c, d) ̸= 0.

C′ = {c ∈ C : Y(c, d) ̸= 0}

For every c ∈ C′ let Bc be the subset of elements of b ∈ B such that X(b, c) ̸= 0.
Since X is column-finite, Bc is finite for every c ∈ C′. Let B′ = ∪c∈C′Bc. Since
C′ is finite and Bc is finite for every c ∈ B′, the set B′ is also finite. We claim
(X · Y)(b, d) ̸= 0 only if b ∈ B′. Pick arbitrary b ∈ (B \ B′). Since Y(c, d) ̸= 0
only if c ∈ C′, we have

(X · Y)(b, d) = ∑
c∈C

X(b, c) · Y(c, d) = ∑
c∈C′

X(b, c) · Y(c, d) .

And for c ∈ C′ we have X(b, c) ̸= 0 only if b ∈ B′. Hence,

∑
c∈C′

X(b, c) · Y(c, d) = 0 .
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Combining the above equations we get

(X · Y)(b, d) = 0 .

Thus (X · Y)(b, d) ̸= 0 only if b ∈ B′, which implies finiteness of (X · Y)(−, d).
■

Remark 7.15. We emphasize that Lemma 7.14 does not assume the matrices to
be orbit-finite. For a detailed discussion on column-finite matrices outside the
orbit-finite setting see [14]. We acknowledge Lorenzo Clemente for pointing
out that Lemma 7.14 holds without the orbit-finiteness assumption, and also for
making us aware of the reference.

As a consequence of the above lemma, the proof of weak-duality for finite linear
programs also extends to this setting: for every solutions x of (7.5) and y of (7.6),
we have

cT · x ⩽ (yT ·A) · x = yT · (A · x) ⩽ yT · b ,

since the terms and subterms appearing in this sequence of equations and
inequalities are all well-defined. This implies that the optimum of the primal
system (7.5) cannot be bigger that the optimum of the dual system (7.6).

However, like orbit-finiteness, restricting the primal system to be column-
finite and its solutions to be finite does not guarantee strong duality, as described
by the following example.

Example 7.16. Let < be a dense linear order on A. Let ⋆ be an element not in
A. Let B = {⋆} ⊎A and C = (A

2 ). Consider the linear program

maximise ∑
{α,β}∈C

x({α, β})

subject to ∑
{α,β}∈C

x({α, β}) ⩽ 1 (⋆)

∑
β>α

x({α, β})− ∑
β<α

x({α, β}) ⩽ 0 (α ∈ A)

x ⩾ 0
x ∈ FinLin(C).

(7.7)

Considering this to be the primal system, the dual system becomes

minimise y(⋆)
subject to y(⋆) + y(α)− y(β) ⩾ 1 ({α < β} ∈ C)

y ⩾ 0
y : B→ R .

(7.8)
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The dual is row-finite, therefore, the primal is column-finite. The following two
claims says that the pair ((7.7),(7.8)) violates strong duality.

Claim 7.16.1. The optimum of the the primal system is 0.

Claim 7.16.2. The optimum of the dual system is 1.

We now prove the claims.

Proof of Claim 7.16.1. The vector 0 is a solution to the primal system, hence the
optimum is at least 0. The optimum is equal to 0 since it is the only solution to
the primal system. To see this, pick any non-negative finite vector v : C → R.
Let S be the union of all sets {α, β} such that v({α, β}) is non-zero. Since v is
finite and not equal to 0 the set S is finite and non-empty. Let α0 be the smallest
element in S. Then

∑
β>α0

v({α, β})− ∑
β<α0

v({α, β}) = ∑
β>α0

v({α, β}) > 0

which means v cannot be a solution of the primal system. □

Proof of Claim 7.16.2. The vector 1⋆ : B → R is a solution to the dual system.
Hence the optimum is at most 1. It is equal to 1 since for any solution z : B→ R

of the dual system, we have z(⋆) ⩾ 1. To see this, pick any solution z : B→ R

of the dual system. Pick α < β ∈ A. Since we assumed A is dense linear order
for any n there exists n atoms α < α1 < · · · < αn < β between α and β. Putting
α0 = α and αn+1 = β we get

z(α)− z(β) =
n

∑
i=0

z(αi)− z(αi+1) ⩾ n · (1− z(⋆)) .

This cannot be true for all n ∈N unless z(⋆) ⩾ 1. □

◀

Interestingly, assuming both orbit-finiteness and column-finiteness gives us
strong duality (Theorem 7.17). §§ 7.5 to 7.11 are devoted to proving this theo-
rem.
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7.5 Column-finite and row-finite linear programs

In this and the following sections, we study orbit-finite linear programs that are
either column-finite or row-finite. That is, they are of the form

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y ∈ Lin(B)

where B and C are orbit-finite sets, the matrix A ∈ Lin(B×C) is column-finite,
and the vector b ∈ FinLin(B). Note that we wrote the column-finite linear
program in primal form and the row-finite linear program in the dual form. We
follow this convention for the rest of the chapter.

These linear programs are better behaved than orbit-finite linear programs.
Firstly, they satisfy strong duality.

Theorem 7.17 (Strong Duality). For any primal-dual pair of orbit-finite linear pro-
grams, if the primal or the dual is column-finite and the optimum of any of linear
programs is finite, then it is equal to the optimum of the other.

Secondly, column-finite and row-finite linear programs are more robust com-
pared to orbit-finite linear programs in general, and they admit optimal solu-
tions with small support when their optimum is finite (Theorems 7.22 and 7.23
below). We need a few definitions to state these theorems.

Definition 7.18. Let P be an orbit-finite set. For a vector x : P→ R, by ∥x∥1 we
denote its ℓ1-norm, i.e.

∥x∥1
def
= ∑

p∈P
|x(p)| ,

where |x(p)| denotes the absolute value of x(p). We write ∥x∥1 < ∞ to denote
that the sum is finite, i.e., converges to a real number. Otherwise we write
∥x∥1 = ∞.

Vectors x : P→ R such that ∥x∥1 < ∞ forms a vector space (we leave it to
the reader to verify the details), which we denote by ℓ1(P).

Remark 7.19. For every v ∈ Lin(P), the set {v(p) : p ∈ P} of its coefficients is
finite, and hence ∥v∥1 < ∞ if and only if v ∈ FinLin(P).

Example 7.20. For any enumeration α1, α2, . . . of the atoms, the vector y :
A(2) → R defined as

y(αβ) =

 1
2n if α = αn and β = αn+1 for some n ∈N, and

0 otherwise
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is a vector in ℓ1(A(2)) which is not in FinLin
(

A(2)
)

. ◀

Lemma 7.21. For every orbit-finite set P and vectors x ∈ ℓ1(P), y ∈ Lin(P) the
vector

p 7→ x(p) · y(p) : P→ R

is also in ℓ1(P).

Proof. Let R = max({|y(p)| : p ∈ P}). Since y ∈ Lin(P), R is finite. Then

∑
p∈P
|x(p) · y(p)| ⩽ R · ∑

p∈P
|x(p)| < ∞ .

■

Theorem 7.22. Consider an S-supported column-finite linear program of atom dimen-
sion d. For any T ⊆FIN (A \ S) of size at least d:

1. The optimum of the linear program does not change if we restrict the solutions to
be finite and supported by S ∪ T, or allow them to be orbit-infinite but of finite
ℓ1-norm.

2. If the optimum is finite then it has an optimal solution which is finite and
supported by S ∪ T.

Theorem 7.23. For any S-supported row-finite linear program:

1. Its optimum does not change if we restrict the solutions to be supported by S, or
allow them to be orbit-infinite.

2. If its optimum is finite then it has an optimal solution supported by S.

Compare the above theorems with Example 2.58, which shows that even solv-
ability of orbit-finite linear programs can change if we allow orbit-infinite solu-
tions, and with Example 6.4 which shows orbit-finite linear programs may not
have optimal solutions when their optimum is finite.

Example 7.24. We give an example of a column-finite system with a non-trivial
orbit-infinite solution with bounded ℓ1-norm.

Pick α ∈ A, Consider the system

maximise 1TA · x
subject to A · x ⩽ 1α

x ⩾ 0

x ∈ Lin
(

A(2)
) (7.9)
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where columns of the matrices are defined (using Notation 2.31) as

A(−, αβ) = α− 1
2
· β (αβ ∈ A(2)) .

The vector y defined in Example 7.20 is a solution of the above system assuming
the enumeration α1, α2, . . . defining y starts from α1 = α. For any two atoms
β, γ ̸= α, the vector z = αβ + αγ + 1

2 · (βγ + γβ) is a finite solution of (7.9) with
the same value as y

1TA · y = 1TA · z = 2 .

◀

Remark 7.25. Column-finite linear programs are slightly less robust than row-
finite linear programs. The optimum of a row-finite linear program does not
change if we allow its solutions to be orbit-infinite. The optimum of a column-
finite linear program does not change if we allow its solutions to be orbit-
infinite of bounded ℓ1-norm. However, even solvability of a column-finite linear
program may change if we allow orbit-infinite solutions without the bounded
ℓ1-norm restriction.

Recall the system defined in Example 5.8. We leave it to the reader to check
that this system is column-finite. We have shown that this system has no finite
solutions. Theorem 7.22 implies it has neither any orbit-finite solution nor any
orbit-infinite solution of bounded ℓ1-norm. However, as shown already, it has
an orbit-infinite solution. Note that the ℓ1-norm of the solution of this system
given in Example 5.8 is ∞.

7.6 Proof of strong duality

In this section we prove Theorems 7.17, 7.22 and 7.23. We start by defining
five functions and state one main lemma for each of them. The proofs of above
theorems follow almost immediately from these lemmas. The proofs of the
lemmas appear in later sections.

For the remainder of the chapter, arbitrarily fix S ⊆FIN A, orbit-finite sets B
and C supported by S and a column-finite maximisation problem U :

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

(7.10)

where A ∈ Lin(B×C), b ∈ FinLin(B) and c ∈ Lin(C), and all of them are
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supported by S. Fix d ∈ N to be the atom-dimension of U . Fix an arbitrary
T ⊆ (A \ S) of size at least d.

Definition 7.26. For an S-supported orbit-finite set P and finite K ⊇ S, define
the orbit restriction function ζK : Lin(P)→ FinLin(P) as

(ζK(x))(p) =

x(p), if support (p) ⊆ K,

0, otherwise.

We write ζ(x) to denote ζS∪support(x)(x).

For finite K ⊇ S, the co-domain of ζK is indeed FinLin(P) since Lemma 2.27-ii
implies that for every vector x ∈ Lin(P), the vector ζK(x) is finite.

Lemma 7.27. For every orbit-finite solution x of U , ζ(x) is a finite solution of U and
cT · ζ(x) = cT · x.

The above lemma is proven in § 7.7.

Definition 7.28. For an orbit-finite set P supported by S, define the orbit summa-
tion function

γS : ℓ1(P)→ ROrbitsS(P)

as
γS(v) : (K ∈ OrbitsS(P)) 7→ ∑

b∈K
v(b)

Remark 7.29. Theorem 3.55 in [39] implies that γS(x) is well-defined for vectors
x in ℓ1(P): for any enumeration p1, p2, . . . of elements of P, the sequence of
partial sums

n

∑
i=1

x(pi)

converges to a real number, which is independent of the enumeration.

Remark 7.30. The function γ (Definition 5.23) which was useful in solving
systems of inequalities is a special case of γS with S = ∅. A similar definition
(Definition 4.29) was also used in solving linear equations.

The orbit summation function γS is used to convert column-finite and row-finite
linear programs into finite linear programs. To do this, we extend it to matrices.

Definition 7.31. For orbit-finite sets P and Q and column-finite matrix B in
Lin(P×Q), all of them supported by S, define ΓS(B) to be the
OrbitsS(P)×OrbitsS(Q)-matrix with columns

(ΓS(B))(−, K) def
= γS(B(−, q)), for some (every) q ∈ K ,
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for K ∈ OrbitsS(Q).

In § 7.8 we prove ΓS is well defined for S-supported matrices (Lemma 7.50), and
it commutes with matrix multiplication (Lemma 7.52). Using ΓS we get from U
the linear program ΓS(U ):

maximise ΓS(cT) · x
subject to ΓS(A) · x ⩽ ΓS(b)

x ⩾ 0 .

(7.11)

Note that ΓS(b) is well-defined since b is supported by S. Since b is a column-
vector (i.e. a matrix with only one column)

ΓS(b) = γS(b) .

Lemma 7.32. For any solution x ∈ ℓ1(C) of U , γS(x) is a solution of ΓS(U ) and
ΓS(cT) · γS(x) = cT · x.

Example 7.33. Let S = ∅. Let ⋆ be an equivariant element, i.e. π(⋆) = ⋆

for every π ∈ Aut(A). Let B = {⋆} ⊎A and C = A2. The set B has two
equivariant orbits, namely {⋆} and A, and C also has two equivariant orbits,
namely A(2) = {αβ ∈ C : α ̸= β} and I = {αα : α ∈ A}. Using Notation 2.31,
for every (α, β) ∈ C define vαβ ∈ FinLin(B) as

vαβ
def
=

α + β + ⋆ if α ̸= β

⋆− α otherwise.

For every (α, β) ∈ C we have γS(vαβ) ∈ ROrbitsS(B) = R2 and

γS(vαβ) =

(2, 1) if α ̸= β

(−1, 1) otherwise.

(assuming that the first and the second coordinate, respectively, correspond
to the orbits A and {⋆}). Define A to be the (B×C) matrix with columns
A(−, αβ) = vαβ for c ∈ C. Then A is a column-finite matrix. We have

A(2) I

ΓS(A) =

[
2 − 1
1 1

]
A

{⋆}
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Define b ∈ FinLin(B) and c ∈ Lin(C) as

b = ⋆ and c = 2 · 1
A(2) + 1I .

Using A, b and c we form U to be the column-finite linear program

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

(7.12)

The vector b is an equivariant finite vector. Hence ΓS(b) = γS(b) = (0, 1).
Since c is not a finite vector γS(c) is not well-defined. However, following usual
convention we consider cT to be a row vector (i.e. matrix with only one row),
and hence it is automatically column-finite. Moreover cT is equivariant. Hence
ΓS(cT) is well-defined and is equal to

A(2) I

ΓS(cT) =
[

2 1
]

.

Using ΓS we get the finite linear program

ΓS(U ) :
maximise 2 · x1 + x2

subject to 2 · x1 − x2 ⩽ 0
x1 + x2 ⩽ 1

◀

Recall the definition of d and T fixed in the beginning of this section. Also recall
Notation 2.31.

Definition 7.34. For an S-supported orbit-finite set P of atom dimension at most
d, define the semi-orbit distribution function

δS
T : ROrbitsS(P) → FinLin(P)

as

δS
T(x)

def
= ∑

K∈OrbitsS(P)

(
x(K)
|KS∪T |

· ∑
p∈KS∪T

p

)

where for K ∈ OrbitsS(P)

KS∪T = {p ∈ P : support (p) ⊆ S ∪ T}
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Lemma 7.35. For any solution x of ΓS(U ), δS
T(x) is an (S ∪ T)-supported finite

solution of U and cT · δS
T(x) = ΓS(cT) · x.

Definition 7.36. Two orbit-finite linear programs are called equivalent if:

1. they have the same optimum, and

2. in case one of them has an optimal solution then so does the other.

An immediate corollary of Lemmas 7.32 and 7.35 is:

Corollary 7.37. The linear programs U and ΓS(U ) are equivalent.

Now we are ready to prove Theorem 7.22 using Lemmas 7.32 and 7.35. The
proof of these lemmas will appear in respectively § 7.8 and § 7.9.

Proof of Theorem 7.22

The optimum of U can only decrease if we restrict to finite solutions supported
by S ∪ T. Lemmas 7.27, 7.32 and 7.35 together imply that for any orbit-finite
solution x of U , (δS

T ◦ γS)(ζ(x)) is a finite (S ∪ T)-supported solution of U with

cT · (δS
T ◦ γS)(ζ(x)) = cT · x

Hence the optimum of U does not change if we restrict to finite (S ∪ T)-
supported solutions.

Lemmas 7.32 and 7.35 together imply that for any solution x of U in ℓ1(C),
(δS

T ◦ γS)(x) is a finite (S ∪ T)-supported solution of U with

cT · (δS
T ◦ γS)(x) = cT · x

Hence the optimum of U does not change if we allow orbit-infinite solutions in
ℓ1(C).

Now assume the optimum of U is finite (say r ∈ R). Corollary 7.37 implies
the optimum of ΓS(U ) is also r. Finite linear programs admit optimal solutions
when their optimums are finite ([35, Theorem 2.6]). Let z be an optimal solution
of ΓS(U ). Then δS

T(z) is a (S ∪ T)-supported finite solution of U with

cT · δS
T(z) = r

Since r is the optimum of U , δS
T(z) is also an optimal solution. ■

Lemmas 7.32 and 7.35, and the proof of Theorem 7.22 using them can be
summarised by the following diagram of functions between solution sets of
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different linear programs. All of the functions preserve the value of a solution.

orbit-finite
solutions of U

finite solutions
of U

possibly orbit-infinite
solutions of U of bounded
ℓ1-norm

solutions of ΓS(U )

(S ∪ T)-supported
finite solutions of U

ζ

⊆

γSδS
T

⊆

The dual of the column-finite linear program U is the row-finite linear program
UT:

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y ∈ Lin(B)

(7.13)

The dual of the finite linear program ΓS(U ) is the linear program ΓS(U )T:

minimise ΓS(b)T · y
subject to ΓS(A)T · y ⩽ ΓS(cT)T

y ⩾ 0

(7.14)

Definition 7.38. For an S-supported orbit-finite set P, define the orbit distribution
function

δS : ROrbitsS(P) → Lin(P)

as
δS(x) : p 7→ x(orbitS(p)) .

Lemma 7.39. If y is a solution of ΓS(U )T then, δS(y) is a solution of UT and

bT · δS(y) = ΓS(b)T · y

Recall the definition of d and T fixed in the beginning of this section.
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Definition 7.40. For an S-supported orbit-finite set P of atom-dimension at least
d, define the semi-orbit summation function

γS
T : (P→ R)→ (ROrbitsS(P))

as

γS
T(v) : (K ∈ OrbitsS(D)) 7→

(
1

|KS∪T |
· ∑

p∈KS∪T

v(p)

)

where for K ∈ OrbitsS(D)

KS∪T = {p ∈ X : p is supported by S ∪ T} .

Lemma 7.41. If y is a solution of UT then, γS
T(y) is a solution of ΓS(U )T with

bT · y = ΓS(b)T · γS
T(y)

As an immediate corollary of Lemmas 7.39 and 7.41 we get:

Corollary 7.42. The linear programs UT and ΓS(U )T are equivalent.

Now we are ready to prove Theorem 7.23 using Lemmas 7.39 and 7.41. The
proof of these lemmas will appear in respectively in § 7.10 and § 7.11.

Proof of Theorem 7.23

The optimum of UT can only decrease if we allow the solutions to be orbit-
infinite and can only increase if we restrict the solutions to be supported by
S. Lemmas 7.39 and 7.41 together imply that for any solution y of UT (be it
orbit-infinite or orbit-finite), (δS ◦ γS

T)(y) is an S-supported solution of UT with

bT · (δS ◦ γS
T)(y) = bT · y

Hence the optimum of UT does not change if either we allow the solutions to
be orbit-infinite or we restrict the solutions to be S-supported.

Now assume the optimum of UT is finite (say r ∈ R). Corollary 7.42 implies
the optimum of ΓS(U )T is also r. Finite linear programs admit optimal solutions
when their optimums are finite. Let z be an optimal solution of ΓS(U ). Then
δS(z) is an S-supported finite solution of UT with

bT · δS(z) = r

Since r is the optimum of UT, δS(z) is also an optimal solution. ■
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Lemmas 7.39 and 7.41, and the proof of Theorem 7.23 using them can be
summarised by the following diagram of functions between solution sets of
different linear programs. All of the functions preserve the value of a solution.

(possibly) orbit-infinite
solutions of UT

solutions of ΓS(U )T

S-supported
solutions of UT

γS
T

δS

⊆

Finally, we are ready to prove Theorem 7.17.

Proof of Theorem 7.17

Consider the primal-dual pair (U , UT). Corollary 7.37 says that U and ΓS(U )
have the same optimum. Similarly, Corollary 7.42 says that UT and ΓS(U )T

have the same optimum. The pair (ΓS(U ), ΓS(U )T) is a primal-dual pair of finite
linear programs. Hence if the optimum of any of the linear programs U or UT

is finite then using the classical duality theorem we can conclude that the it is
equal to the optimum of the other. ■

Example 7.43. Continuing Example 7.33, fix some α1β1τ1 ∈ A(3). Define
x ∈ FinLin(B) as

x =
1
9
· (2 · α1β1 + β1τ1 + 2 · α1α1 + 3 · β1β1 + τ1τ1) .

Then x is a non-negative finite solution with value 4
3 , since

A · x = ⋆ = b, and cT · x =
4
3

.

We have γS(x) =
(

1
3 , 2

3

)
. Since

ΓS(A) · γS(x) = (1, 0) = ΓS(b), and ΓS(cT) · γS(x) =
4
3

the vector γS(x) is a non-negative solution of ΓS(U ) with value 4
3 . Coinciden-

tally it is also an optimal solution, and in this case the unique one. The atom
dimension of U is 2. Let T = {α1, β1}. Then

δS
T(γS(x)) =

1
6
· (α1β1 + β1α1) +

1
3
· (α1α1 + β1β1)

The vector δS
T(γS(x)) is non-negative. Furthermore, A · δS

T(γS(x)) = ⋆ = b,
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and cT · δS
T(γS(x)) = 4

3 . Hence δS
T(γS(x)) is a solution of U and in this case an

optimal one. Notice that δS
T(γS(x)) uses fewer atoms that x.

Pick an infinite subset W ⊆ A. Define yW = 3 · ⋆+ 1W + 2 · 1(A\W). The
vector yW is an orbit-infinite solution of UT with value 3. The result γS

T(yW) of
applying γS

T to yW depends on the intersection {α, β} ∩W. We focus on the case
where {α, β} ∩W = {α}, the remaining cases can be dealt with similarly. In
this case, γS

T(yW) = ( 3
2 , 3) (assuming that the first and the second co-ordinate,

respectively, corresponds to the orbits A and {⋆}). Dualising ΓS(U ) we get

ΓS(U )T :
minimise y2

subject to 2 · y1 + y2 ⩾ 2
−y1 + y2 ⩾ 1

The vector γS
T(yW) is a solution with of ΓS(U )T with value 3. Applying δS to

γS
T(yW) we get

δS(γ
S
T(yW)) = 3 · ⋆+ 3

2
· 1A

which is an equivariant solution of UT with value 3. Note that although yW is
orbit-infinite, but δS(γ

S
T(yW)) is equivariant irrespective of W. ◀

It now remains to demonstrate Lemmas 7.27, 7.32, 7.35, 7.39 and 7.41. Which
we do in the following §§ 7.7 to 7.11.

7.7 The orbit restriction function

Lemma 7.44. For any finite K ⊇ S, ζK is a monotonic linear function.

Proof. Easy. ■

Lemma 7.45. For every finite K ⊇ S and vector x, the vector ζK(x) is a finite vector
supported by K.

Proof. Follows from the definition of ζ (Definition 7.26) and Lemma 2.32. ■

Lemma 7.46. For every finite vector x, we have ζ(x) = x.

Proof. Follows from the definition of ζ (Definition 7.26) and Lemma 2.32. ■

Lemma 7.47. For every K ⊇FIN S, and every x ∈ Lin(C) supported by K such that
both cT · x and A · x are well-defined, we have

cT · x = cT · ζK(x) and ζK(A · x) = A · ζK(x) .
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Proof. First we show cT · x = cT · ζK(x). Since S ⊆ K, c is supported by K. Now
using Lemma 2.50 we get

cT · x = ∑
c∈CK

c(c) · x(c) , (7.15)

where CK = {c ∈ C : support (c) ⊆ K}. By definition of ζK (Definition 7.26),
we have ζK(x)(c) = x(c) whenever c ∈ CK and ζK(x)(c) = 0 otherwise. Hence

∑
c∈CK

c(c) · x(c) = ∑
c∈C

c(c) · ζK(x)(c) = cT · ζ(x) . (7.16)

Combining (7.15) and (7.16) we get

cT · x = cT · ζK(x) .

Now we show ζK(A · x) = A · ζK(x). Let BK = {c ∈ C : support (c) ⊆ K}.

Claim 7.47.1. Both ζK(A · x) and A · ζK(x) are finite vectors supported by K.

Proof. By Lemma 7.45, ζK(A · x) is a finite vector supported by K. The same
lemma also implies ζK(x) is a finite vector supported by K. Since A is supported
by S ⊆ K, A · ζK(x) is also supported by K. Since A is column-finite, Lemma 7.14
implies A · ζ(x) is also a finite vector. □

Let BK = {c ∈ C : support (c) ⊆ K}. Claim 7.47.1 and Lemma 2.32 together
imply that

dom(ζK(A · x)), dom(A · ζK(x)) ⊆ BK .

Hence to show ζK(A · x) and A · ζK(x) are equal it is enough to show that they
agree on BK.

Pick b ∈ BK. By definition of ζK, we get

ζK(A · x)(b) = (A · x)(b) = A(b,−) · x . (7.17)

Both A and x are supported by K. Hence, using Lemma 2.51-ii we get that the
row A(b,−) is also supported by K. Recall that in the beginning of the proof
we defined CK ⊆ C as

CK = {c ∈ C : support (c) ⊆ K} .

Applying Lemma 2.50 we get

A(b,−) · x = ∑
c∈CK

A(b, c) · x(c) . (7.18)
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By definition of ζK, the vector ζK(x) is 0 outside CK. Hence,

∑
c∈CK

A(b, c) · x(c) = ∑
c∈C

A(b, c) · ζK(x)(c) = (A · ζK(x))(b) . (7.19)

Combining (7.17)-(7.19) we get

ζK(A · x)(b) = (A · ζK(x))(b) ,

which finishes the proof. ■

Finally we are ready to prove Lemma 7.27.

Proof of Lemma 7.27. Pick an orbit-finite solution x of U . Let K = S∪ support (x).
By definition, ζ(x) = ζK(x). Clearly ζK(x) ⩾ 0. Using Lemma 7.47 we get
cT · x = cT · ζK(x). We also have

A · ζK(x) = ζK(A · x) Lemma 7.47

⩽ ζK(b) Lemma 7.44

= b Lemma 7.46,

which finishes the proof. ■

7.8 The orbit summation function

In this section we present some lemmas regarding the orbit summation function
γS and prove Lemma 7.32 using them.

Lemma 7.48. For any orbit-finite set P supported by S, every element in ROrbitsS(P)

is supported by S.

Proof. Pick arbitrary v ∈ ROrbitsS(P), π ∈ AutS(A) and K ∈ orbitS(P). Using
Lemma 2.25-i we get π−1(K) = K. Applying Lemma 2.3 we conclude

π(v)(K) = v(π−1(K)) = v(K) .

■

Recall the definition of γS (Definition 7.28).

Lemma 7.49. The function γS is an S-supported monotonic linear map.
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Proof. Linearity and monotonicity of γS follows easily from its definition. We
focus on proving that it is supported by S.

Let P be an arbitrary orbit-finite set supported by S. Pick arbitrary v ∈ ℓ1(P)
and π ∈ AutS(A). For any K ∈ OrbitsS(P)

γS(π(v))(K) = ∑
p∈K

π(v)(p)

= ∑
p∈K

v(π−1(p)) (Lemma 2.3)

= ∑
p∈K

v(p) (Lemma 2.25-i)

= γS(v)(K) .

Hence γS(π(v)) = γS(v). Now using Lemma 7.48 we get γS(v) = π(γS(v)).
Hence γS(π(v)) = π(γS(v)). Since π ∈ AutS(A) was chosen arbitrarily,
Lemma 2.4 now implies γS is supported by S. ■

Lemma 7.50. The function ΓS is well-defined for S-supported column-finite matrices.

Proof. Pick orbit-finite sets P and Q and column-finite matrix B ∈ Lin(P×Q),
all of them supported by S. We show for any two elements q and q′ in the same
S-orbit of Q.

γS(B(−, q)) = γS(B(−, q′)) .

Pick such q, q′ ∈ Q arbitrarily. Since they are in the same S-orbit, there exists
π ∈ AutS(A) such that π(q) = q′. Using Lemma 7.48 we get

γS(B(−, q)) = π(γS(B(−, q))) .

Since γS is supported by S (Lemma 7.49), from Lemma 2.4 it follows that

π(γS(B(−, q))) = γS(π(B(−, q))) .

The matrix B is assumed to be supported by S. Using Lemma 2.51-i we conclude

γS(π(B(−, q))) = γS(B(−, π(q))) = γS(B(−, q′)) .

As a consequence of the above equalities we get

γS(B(−, q)) = γS(B(−, q′)) .

■
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Lemma 7.51. For any vector x ∈ ℓ1(C) we have γS(A · x) = ΓS(A) · γS(x) and
cT · x = ΓS(cT) · γS(x).

Proof. Pick x ∈ ℓ1(C). We prove γS(A · x) = ΓS(A) · γS(x). The proof of
cT · x = ΓS(cT) · γS(x) is similar.

Pick arbitrary K ∈ OrbitsS(B). We show

γS(A · x)(K) = (ΓS(A) · γS(x))(K) .

The following sequence of equations finish the proof

γS(A · x)(K) = ∑
b∈K

(A · x)(b) (Definition 7.28)

= ∑
b∈K

∑
c∈C

A(b, c) · x(c)

= ∑
b∈K

∑
M∈OrbitsS(C)

∑
c∈M

A(b, c) · x(c)

= ∑
M∈OrbitsS(C)

∑
c∈M

x(c) ·
(

∑
b∈K

A(b, c)

)
(rearrangement)

= ∑
M∈OrbitsS(C)

∑
c∈M

x(c) · ΓS(A)(K, M) (Definition 7.31)

= ∑
M∈OrbitsS(C)

ΓS(A)(K, M) · ∑
c∈M

x(c) (rearrangement)

= ∑
M∈OrbitsS(C)

ΓS(A)(K, M) · γS(x)(M) (Definition 7.28)

= (ΓS(A) · γS(x))(K) .

Note that we can rearrange the sums freely due to Lemma 7.21 and Remark 7.29.
■

The following lemma is not used in our current context. But we believe it is a
fundamental result and therefore worth stating.

Lemma 7.52. The function ΓS commutes with matrix multiplication.

Proof. Pick arbitrary orbit-finite sets P, Q and R, and column-finite matrices
B ∈ Lin(P×Q) and C ∈ Lin(Q×R), all supported by S. We prove that ΓS(B ·
C) = ΓS(B) · ΓS(C).

Let L be an arbitrary S-orbit of R. We show

(ΓS(B · C))(−, L) = (ΓS(B) · ΓS(C))(−, L)
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Let r be an arbitrary element of L.

(ΓS(B · C))(−, L)

= γS((B · C)(−, r)) (Definition 7.31)

= γS(B · C(−, r))

= ΓS(B) · γS(C(−, r)) (Lemma 7.51)

= ΓS(B) · (ΓS(C))(−, L) (Definition 7.31)

= (ΓS(B) · ΓS(C))(−, L) .

■

Proof of Lemma 7.32

Consider an arbitrary solution x ∈ ℓ1(C) of U . By monotonicity of γS (Lemma 7.49),
γS(x) is non-negative. Applying Lemma 7.51 we get

ΓS(A) · γS(x) = γS(A · x) . (7.20)

Since A · x ⩽ b, again using monotonicity of γS (Lemma 7.49) we get

γS(A · x) ⩽ γS(b) . (7.21)

Combining equation (7.20) with inequality (7.21) we get

ΓS(A) · γS(x) ⩽ γS(b) = ΓS(b) .

Hence, γS(x) is a solution of ΓS(U ). Finally another use of Lemma 7.51 gives us
ΓS(cT) · γS(x) = cT · x. ■

7.9 The semi-orbit distribution function

In this section we present some lemmas regarding the semi-orbit distribution
function δS

T , and prove Lemma 7.35 using them. Recall the definition of δS
T

(Definition 7.34). Immediately from the definition we get:

Lemma 7.53. The function δS
T is a monotonic linear map.

Recall the definition of AutS∪{T}(A) given in Notation 2.26.

Definition 7.54. A set x is said to be supported by S ∪ {T} if π(x) = x for any
π ∈ AutS∪{T}(A).
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Remark 7.55. Definition 5.20, which was useful in solving orbit-finite linear
programs is a special case of the above definition.

Lemma 7.56. If a set x is supported by S then it is also supported by (S ∪ {T}).

Proof. Follows from the fact that AutS∪{T}(A) ⊆ AutS(A). ■

Lemma 7.57. For any orbit-finite set P supported by S and x ∈ ROrbitsS(P), the vector
δS

T(x) is finite and is supported by S ∪ {T}.

Proof. First we show δS
T(x) is supported by S ∪ T. For K ∈ OrbitsS(P) define

KS∪T = {p ∈ P : support (p) ⊆ (S ∪ T)} .

The vector (δS
T(x))(p) ̸= 0 only if p ∈ KS∪T for some K ∈ OrbitsS(P). Applying

Lemma 2.32 we conclude δS
T(x) is supported by S ∪ T.

Pick arbitrary τ ∈ AutS∪{T}(A). We prove τ(δS
T(x)) = δS

T(x). There exists
σ ∈ AutS∪T(A) and π ∈ Aut(T) (recall Notation 2.26) such that τ = π ◦ σ. We
have proved that δS

T(x) is supported by S ∪ T. Hence σ(δS
T(x)) = δS

T(x). To
finish the proof we show π(δS

T(x)) = δS
T(x). Recall Notation 2.31. Since addition

of vectors commutes with the action of automorphims (Lemma 2.28), we get

π(δS
T(x)) =

 ∑
K∈OrbitsS(P)

x(K)
|KS∪T |

· ∑
p∈KS∪T

π(p)

 (7.22)

Lemma 2.27-i implies that π(KS∪T) = KS∪T . Then π induces a permutation of
KS∪T (with π−1 inducing the inverse permutation). Hence

∑
p∈KS∪T

π(p) = ∑
p∈KS∪T

p (7.23)

Using equations (7.22) and (7.23) we conclude

π(δS
T(x)) =

 ∑
K∈OrbitsS(P)

x(K)
|KS∪T |

· ∑
p∈KS∪T

p

 = δS
T(x)

■

Lemma 7.58. γS ◦ δS
T = Id.

Proof. The proof is an easy application of the definitions of γS and δS
T and is left

to the reader. ■

Lemma 7.59. For any S-supported orbit-finite set P and (S ∪ {T})-supported finite
vector x ∈ FinLin(P)

(δS
T ◦ ΓS)(x) = x .
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Proof. Pick arbitrary p ∈ P. We show

((δS
T ◦ γS)(x))(p) = x(p)

We split the proof into two cases.

(Case 1: p is not supported by S ∪ T) The vector x is a finite vector supported
by S ∪ T. Lemma 7.57 implies (δS

T ◦ γS)(x) is also a finite vector supported by
S ∪ T. Applying Lemma 2.32

((δS
T ◦ γS)(x))(p) = 0 = x(p)

(Case 2: p is supported by S ∪ T) For K ∈ orbitS(P) define KS∪T as done in
Definition 7.34. Expanding the expression (δS

T ◦ γS)(x) using the definition of
γS and δS

T (Definitions 7.28 and 7.34)

(δS
T ◦ γS)(x) = ∑

K∈OrbitsS(P)

(γS(x))(K)
|KS∪T |

·

 ∑
p′∈KS∪T

p′


Let L = orbitS(p). Since p is supported by S ∪ T, we have p ∈ LS∪T . Hence

((δS
T ◦ γS)(x))(p) =

(γS(x))(L)
|LS∪T |

To finish the proof we need to show

x(p) =
(γS(x))(L)
|LS∪T |

Claim 7.59.1. For any p′ ∈ LS∪T we have x(p) = x(p′).

Proof. Pick arbitrary p′ ∈ LS∪T . Using Lemma 2.27-i we can find π ∈ Aut(T)
such that π(p) = p′. Since x is assumed to be supported by (S ∪ {T}), we have

π−1(x) = x

Using Lemma 2.3 we get

x(p′) = x(π(p)) = π(π−1(x))(π(p)) = (π−1(x))(p) = x(p)

This finishes the proof of the claim. □
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Lemma 7.56 implies x is supported by S∪ T. Hence, if x(p′) ̸= 0 for some p′ ∈ L
then p′ ∈ LS∪T . This implies

∑
p′∈LS∪T

x(p′) = ∑
p′∈L

x(p′) = (γS(x))(L)

Now Claim 7.59.1 implies

x(p) =
(γS(x))(L)
|LS∪T |

which finishes the proof for this case and also of the lemma. ■

Lemma 7.60. For every vector x ∈ ROrbitsS(C)

A · δS
T(x) = δS

T(ΓS(A) · x) and cT · δS
T(x) = ΓS(cT) · x .

Proof. We prove A · δS
T(x) = δS

T(ΓS(A) · x), and leave it to the reader to verify
that cT · δS

T(x) = ΓS(cT) · x.

Claim 7.60.1. The vector A · δS
T(x) is supported by S ∪ {T}.

Proof. Pick arbitrary τ ∈ AutS∪{T}(A). We show τ(A · δS
T(x)) = A · δS

T(x).
There exists σ ∈ AutS∪T(A) and π ∈ Aut(T) such that

τ = π ◦ σ .

First we show σ(A · δS
T(x)) = A · δS

T(x). The matrix A is supported by S and
hence also by S ∪ T. Lemma 7.57 implies that the vector δS

T(x) is supported by
S ∪ T. Using the fact that automorphisms commute with matrix multiplication
(Lemma 2.52-i) we get

σ(A · δS
T(x)) = σ(A) · σ(δS

T(x)) = A · δS
T(x) .

Now we show that

π(A · δS
T(x)) = A · δS

T(x) .

Since Aut(T) ⊆ AutS(A) and A is supported by S we have π(A) = A. The
vector δS

T(x) is supported by S ∪ {T} (Lemma 7.57). Hence

π(δS
T(x)) = δS

T(x) .
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Applying Lemma 2.52-i again we get

π(A · δS
T(x)) = π(A) · π(δS

T(x)) = A · δS
T(x) .

□

Since δS
T ◦ γS acts as identity on S ∪ {T}-supported vectors (Lemma 7.59), the

above claim gives us

A · δS
T(x) = (δS

T ◦ γS)(A · δS
T(x)) . (7.24)

Applying Lemma 7.51 we get

(δS
T ◦ γS)(A · δS

T(x)) = δS
T(ΓS(A) · (γS ◦ δS

T)(x)) . (7.25)

Since γS ◦ δS
T = Id (Lemma 7.58), we have (γS ◦ δS

T)(x) = x. Hence

δS
T(ΓS(A) · (γS ◦ δS

T)(x)) = δS
T(ΓS(A) · x) . (7.26)

Combining equations (7.24), (7.25) and (7.26) we get

A · δS
T(x) = δS

T(ΓS(A) · x) ,

which finishes the proof of lemma. ■

Proof of Lemma 7.35

Pick a solution x of ΓS(U ). We have to show δS
T(x) is a (S ∪ T)-supported

solution of U such that
cT · δS

T(x) = ΓS(cT) · x .

Lemma 7.60 gives us cT · δS
T(x) = ΓS(cT) · x. Lemma 7.57 implies δS

T(x) is a
finite vector supported by S ∪ T. It remains to show δS

T(x) is a solution of U .
Because x is a solution of ΓS(U ) it is non-negative and

ΓS(A) · x ⩽ ΓS(b) .

Using Lemma 7.60 we conclude δS
T(x) is non-negative as well. Now Lem-

mas 7.53 and 7.60 gives us

A · δS
T(x) = δS

T(ΓS(A) · x) ⩽ δS
T(ΓS(b)) . (7.27)

The vector b is supported by S and hence also by S ∪ {T}. Using Lemma 7.59
we conclude δS

T(ΓS(b)) = b. Along with (7.27), this implies A · δS
T(x) ⩽ b and
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finishes the proof. ■

7.10 The orbit distribution function

In this section we present some lemmas regarding the orbit distribution function
δS, and prove Lemma 7.39 using them. Immediately from the definition of the
orbit distribution function δS we get:

Lemma 7.61. The function δS is a monotonic linear function.

Lemma 7.62. For any vector y ∈ ROrbitsS(B)

AT · δS(y) = δS(ΓS(A)T · y) and bT · δS(y) = ΓS(b)T · y .

Proof. We prove the first equality, the proof of the second is left as an exercise.
Pick arbitrary c ∈ C. Let L = orbitS(c). We have the following sequence of

equations proving (AT · δS(y))(c) = (δS(ΓS(A) · y))(c).

(AT · (δS(y)))(c)

= ∑
b∈B

AT(c, b) · (δS(y))(b)

= ∑
b∈B

A(b, c) · (δS(y))(b)

= ∑
K∈OrbitsS(B)

∑
b∈K

A(b, c) · y(K) (Definition 7.38)

= ∑
K∈OrbitsS(B)

y(K) · ∑
b∈K

A(b, c) (rearrangement)

= ∑
K∈OrbitsS(B)

y(K) · ΓS(A)(K, L) (Definition 7.31)

= ∑
K∈OrbitsS(B)

ΓS(A)T(L, K) · y(K)

= (ΓS(A) · y)(L)

= (δS(ΓS(A) · y))(c) .

■

Proof of Lemma 7.39

Observing that δS(ΓS(cT)T) = c, this lemma can be proven using Lemmas 7.61
and 7.62 in the same way that Lemma 7.32 is proven using Lemmas 7.49 and 7.51.

■
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7.11 The semi-orbit summation function

In this section we present some lemmas regarding the semi-orbit summation
function γS

T , and prove Lemma 7.41 using them.

Lemma 7.63. The function γS
T is a (S ∪ {T})-supported monotonic linear map.

Proof. Left to the reader. ■

Lemma 7.64. For any S-supported vector y we have (δS ◦ γS
T)(y) = y.

Proof. Follows from the definitions of δS and γS
T and left to the reader. ■

Lemma 7.65. For any orbit-finite set P and vector y ∈ Lin(P), both supported by S

(γS
T(y))

T = ΓS(yT) .

Proof. Using the same notation as Definition 7.40 let

KS∪T = {p ∈ K : support (p) ⊆ S ∪ T}

We have

(γS
T(y))(K)

=
1

|KS∪T |
·
(

∑
p∈KS∪T

y(p)

)

=
1

|KS∪T |
·
(

∑
p∈KS∪T

y(K)

)
(recall Notation 2.30)

= y(K)

= (ΓS(yT))T(K)

This finishes the proof of the lemma. ■

Lemma 7.66. For every S-supported orbit-finite set P, vector y : P → R, K ∈
OrbitsS(P) and (S ∪ T)-supported element p ∈ K,

(γS
T(y))(K) =

 1
|Aut(T)| · ∑

π∈Aut(T)
π(y)

 (p) .

Proof. Define KS∪T as done inside the definition of γS
T (Definition 7.40). We have

(γS
T(y))(K) =

1
|KS∪T |

· ∑
p∈KS∪T

y(p)
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Let
z =

1
|Aut(T)| · ∑

π∈Aut(T)
π(y)

Then

z(p) =

 1
|Aut(T)| · ∑

π∈Aut(T)
π(y)

 (p)

=
1

|Aut(T)| · ∑
π∈Aut(T)

(π(y))(p)

=
1

|Aut(T)| · ∑
π∈Aut(T)

y(π−1(p)) . (Lemma 2.3)

Using Lemma 2.27-i we get

1
|Aut(T)| · ∑

π∈Aut(T)
y(π−1(p))

=
1

|Aut(T)| ·

 ∑
p′∈KS∪T

∣∣∣{π ∈ Aut(T) : π−1(p) = p′
}∣∣∣ · y(p′)


=

1
|Aut(T)| ·

 ∑
p′∈KS∪T

∣∣{π ∈ Aut(T) : π(p′) = p
}∣∣ · y(p′)



Hence

z(p) =
1

|Aut(T)| ·

 ∑
p′∈KS∪T

∣∣{π ∈ Aut(T) : π(p′) = p
}∣∣ · y(p′)


To finish the proof we show that for every b′ ∈ KS∪T

∣∣{π ∈ Aut(T) : π(p′) = p
}∣∣ = |Aut(T)|

|KS∪T |

For p′ ∈ KS∪T let Wp′ = {π ∈ Aut(T) : π(p′) = p}. Then Aut(T) is the dis-
joint union of the sets Wp′ for p′. Hence

|Aut(T)| = ∑
p′∈KS∪T

|Wp′ | (7.28)

Pick any p′ ∈ KS∪T . Lemma 2.27-i implies that there exists σ ∈ Aut(T) be
such that σ(p′) = p. Then π 7→ (σ ◦ π) is a bijection from Wp′ to Wp with
π 7→ (σ−1 ◦ π) being its inverse. Since p′ is an arbitrary element of KS∪T ,
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this implies for every p′ ∈ KS∪T we have |Wp′ | = |Wp|. Which together with
equation (7.28) imply that for every p′ ∈ KS∪T

|Wp′ | =
|Aut(T)|
|KS∪T |

This finishes the proof of the lemma. ■

Lemma 7.67. For every vector y : B→ R

ΓS(A)T · γS
T(y) = γS

T(A
T · y) and ΓS(b)T · γS

T(y) = bT · y .

Proof of Lemma 7.67. We prove ΓS(A)T ·γS
T(y) = γS

T(A
T ·y), the proof of ΓS(b)T ·

γS
T(y) = bT · y is left as an exercise.

Pick arbitrary L ∈ OrbitsS(C). Using Lemma 2.25-vi pick c ∈ L supported
by S ∪ T.

(γS
T(A

T · y))(L)

=
1

|Aut(T)| ·

 ∑
π∈Aut(T)

π(AT · y)

 (c) (Lemma 7.66)

=
1

|Aut(T)| ·

 ∑
π∈Aut(T)

π(AT) · π(y)

 (c) (Lemma 2.52-i)

=
1

|Aut(T)| ·

 ∑
π∈Aut(T)

AT · π(y)

 (c) (A is S-supported)

=

AT · 1
|Aut(T)| ·

 ∑
π∈Aut(T)

π(y)

 (c)

= ∑
b∈B

AT(c, b) ·

 1
|Aut(T)| ·

 ∑
π∈Aut(T)

π(y)

 (b)

= ∑
b∈B

AT(c, b) · (γS
T(y))(orbitS(b)) (Lemma 7.66)

= ∑
K∈OrbitsS(B)

(γS
T(y))(K) · ∑

b∈K
A(b, c) (rearrangement)

= ∑
K∈OrbitsS(B)

(γS
T(y))(K) · ΓS(A)(K, L) (Definition 7.31)

= (ΓS(A)T · γS
T(y))(L) .

This finishes the proof. ■
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Proof of Lemma 7.41

This lemma follows from Lemmas 7.63, 7.65 and 7.67 in the same way that
Lemma 7.35 follows from Lemmas 7.53, 7.57, 7.59 and 7.60. Note that we do
not need a counterpart of Lemma 7.57 since unlike in the proof Lemma 7.35,
where we had to show that δS

T(x) is supported by S ∪ T, in Lemma 7.41 we do
not have to prove any similar assertion regarding γS

T(y). ■

7.12 Do orbit-finite linear programs approximate large

finite linear programs?

In this section we try to address the question raised in § 1.2.2. Consider S ⊆FIN A

and orbit-finite sets B and C supported by S. Let U be an orbit-finite linear
program

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

where A ∈ Lin(B× C), b ∈ Lin(B) and c ∈ Lin(C). For any finite set T ⊆FIN

A \ S let BS∪T and CS∪T be the subsets of elements respectively of B and C,
which are supported by S ∪ T. Removing all variables indexed by elements
outside CS∪T and considering only the equalities indexed by BS∪T we get a finite
linear program. Call this US∪T . Note that the function T 7→ US∪T is S-supported.
For n ∈N, we say U is a good approximation, if there exists n ∈N such that for
all T ⊆FIN A \ S of size at least n, the linear programs US∪T and U are equivalent
(Definition 7.36). The approximation degree of U is the smallest such n.

Orbit-finite systems are not always good approximations even if we ignore
the objective function and focus on just the solvability of the constraints. We
illustrate this with the following example.

Example 7.68. Let ⋆ be an equivariant element, i.e. π(⋆) = ⋆ for all π in Aut(A).
Let U be the following system of inequalities with variables {x(α) : α ∈ A}:

∑
α∈A\{β}

x(α) ⩽ 1 (β ∈ A)

∑
α∈A

x(α) > 1 .
(7.29)

We prove that US∪T is solvable for every T ⊆FIN A of size at least 2, but U is
unsolvable, even of we allow orbit-infinite solutions.
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Pick T ⊆FIN A of size at least 2. The system US∪T contains the following
inequalities:

∑
α∈T\{β}

x(α) ⩽ 1 (β ∈ T)

∑
α∈T

x(α) > 1 .

The vector solution xT which assigns the value 1
|T|−1 to all the variables is a

solution of US∪T .
Now we show unsolvability of U . Assume otherwise. Let y : A→ R be a

solution of U . The sum ∑α∈A y(α) is well defined. 2 Hence for any n ⩾ 1 there
exists βn ∈ A such that y(βn) ⩽ 1

n . This implies for every n ⩾ 1

∑
α∈A

y(α) =

 ∑
α∈A\{βn}

y(α)

+ y(βn) ⩽ 1 +
1
n

.

Since the above is true for all n, we conclude

∑
α∈A

y(α) ⩽ 1 .

This contradicts the fact the y is a solution of U . ◀

The situation improves if we restrict our attention to orbit-finite linear programs
which are either column-finite or row-finite.

Theorem 7.69. Column-finite and row-finite linear programs are good approximations.
The approximation degree of a column(row)-finite linear program is not bigger than its
atom-dimension.

The remainder of this section is devoted to proving the above theorem.

Proof of Theorem 7.69

Pick an arbitrary orbit-finite column-finite linear program U . WLOG assume
it is a maximisation problem. Its dual UT is an arbitrary orbit-finite row-finite
linear program. Let S ⊆FIN A be the support of U and d be its atom-dimension.
Then S and d are also respectively the support and atom-dimension of UT. We

2Here, by well-defined we mean that the series ∑n∈N y(αn) converges absolutely for some (every)
enumeration α1, α2, . . . of atoms [39, Page 71]. This ensures that the sum ∑n∈N y(αn) converges to a
unique real number independent of the enumeration α1, α2, . . . of atoms (cf. [39, Theorems 3.54 and
3.55]).



164 Chapter 7. Duality in Linear Programming

can write U and UT as

maximise cT · x
subject to A · x ⩽ b

x ⩾ 0
x ∈ Lin(C)

minimise bT · y
subject to AT · y ⩾ c

y ⩾ 0
y ∈ Lin(B)

for some orbit-finite sets B and C, column-finite matrix A ∈ Lin(B×C), vectors
b ∈ FinLin(B) and c ∈ Lin(C), all of them supported by S.

Pick T ⊆FIN A \ S of size at least d. Define BS∪T and CS∪T to be the subsets
of respectively B and C containing elements which are supported by S ∪ T:

BS∪T = {b ∈ B : support (b) ⊆ S ∪ T}

CS∪T = {c ∈ C : support (c) ⊆ S ∪ T} .

Note that both BS∪T and CS∪T are finite due to Lemma 2.27-ii. The linear
programs US∪T and UT

S∪T can be written as

maximise cTS∪T · u
subject to AS∪T · u ⩽ bS∪T

u ⩾ 0
u ∈ Lin(CS∪T)

minimise bT
S∪T · v

subject to AT
S∪T · v ⩾ cS∪T

v ⩾ 0
v ∈ Lin(BS∪T)

where, AS∪T , bS∪T and cS∪T respectively be the restrictions of A, b and c
to BS∪T×CS∪T , BS∪T and CS∪T . Note that (AS∪T)

T = (AT)S∪T , (bS∪T)
T =

(bT)S∪T , and (cS∪T)
T = (cT)S∪T . Hence we can write AT

S∪T , bT
S∪T , cTS∪T with-

out any confusion. As a consequence, (US∪T)
T = (UT)S∪T . So we can write

UT
S∪T without any ambiguity.

To prove Theorem 7.69 we show that the linear programs U and US∪T are
equivalent, and so are the linear programs UT and UT

S∪T .
Observe that the current premise allows us to reuse Lemmas 7.4 and 7.6

proven inside the proof of Theorem 7.1 in § 7.2.1. From Lemma 7.4 and Theo-
rem 7.22 we get:

Lemma 7.70. The optimum of U is smaller than or equal to the optimum of US∪T .

Similarly, Lemma 7.6 and Theorem 7.23 gives us:

Lemma 7.71. The optimum of UT is bigger than or equal to the optimum of UT
S∪T .

We will prove the following two lemmas:

Lemma 7.72. The optimum of U is larger than or equal to the optimum of US∪T .

Lemma 7.73. The optimum of UT is smaller than or equal to the optimum of UT
S∪T .
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Before proving the above two lemmas, we finish the proof of Theorem 7.69
using them. We argue that the equivalence between U and US∪T follows from
Lemmas 7.70 and 7.72 and Theorem 7.22. Lemmas 7.70 and 7.72 imply U and
US∪T have the same optimum. Hence we just need to show that if one of them
have an optimal solution, so does the other. Since US∪T is a finite linear program,
it has an optimal solution whenever its optimum is finite. The same is true for
U due to Theorem 7.22. Since the optimums of U and US∪T are the same, this
shows U and US∪T are equivalent.

The equivalence between UT and UT
S∪T follows from Lemmas 7.71 and 7.73

and Theorem 7.23 in a similar manner.
Now we prove Lemmas 7.72 and 7.73

Proof of Lemma 7.72. Pick a solution u of US∪T . Define x ∈ FinLin(C) as

x(c) def
=

u(c) when c ∈ CS∪T

0 when c ∈ C \ CS∪T .

Then cT · x = cTS∪T · u. We finish the proof by showing x is a solution of U . Since
u is a solution of US∪T , we have u ⩾ 0. Hence we also have x ⩾ 0. We just have
to show A · x ⩽ b.

We have dom(x) ⊆ CS∪T . Lemma 2.32 implies x is a finite vector supported
by S ∪ T. The matrix A is supported by S and is column-finite. Hence A · x is
supported by S ∪ T, and using Lemma 7.14 we get that it is also a finite vector.
The vector b is a finite vector supported by S. Hence, another application of
Lemma 2.32 gives us

dom(A · x), dom(b) ⊆ BS∪T .

Therefore, we just have to prove that (A · x)(b) ⩽ b(b) for all b ∈ BS∪T . For
every b ∈ BS∪T we have

(A · x)(b) = (A · x)S∪T(b)

= (AS∪T · xS∪T)(b) (Lemma 7.3)

= (AS∪T · u)(b) (by definition of x)

⩽ bS∪T(b)

= b(b) .

This finishes the proof. ■

Proof of Lemma 7.73. Recall Corollary 7.42 which says that UT and ΓS(U )T are
equivalent. Hence to show that the optimum of UT is smaller than or equal
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to the optimum of UT
S∪T , it is enough to prove that the optimum of ΓS(U )T is

smaller than the latter.
Pick an arbitrary solution v of UT

S∪T . We will construct a solution z of ΓS(U )T

such that
ΓS(b)T · z = bT

S∪T · v .

Extend v to a y : B→ R by assigning 0 outside BS∪T :

y(b) def
=

v(b) if b ∈ BS∪T

0 otherwise.

We show z = γS
T(y) satisfies our requirement. Since A is a column-finite matrix,

AT · y is well-defined (Lemma 7.14). Define c′ : C → R as

c′(c) =

c(c) if c ∈ CS∪T

(AT · y)(c) otherwise.

Claim 7.73.1. AT · y ⩾ c′

Claim 7.73.2. γS
T(c
′)T = ΓS(cT).

Before proving the above claims we show that they imply γS
T(y) is a solution of

ΓS(U )T such that
ΓS(b)T · γS

T(y) = bT
S∪T · v .

The vector v is non-negative and hence y is also so. Using the definition of γS
T

we conclude γS
T(y) is non-negative as well. Now

ΓS(A)T · γS
T(y)

= γS
T(A

T · y) Lemma 7.67

⩾ γS
T(c
′) Lemma 7.63 and Claim 7.73.1

= ΓS(cT)T Claim 7.73.2.

Again using Lemma 7.67 we get

ΓS(b)T · γS
T(y) = bT · y .

Since y is 0 outside BS∪T and agrees with v inside BS∪T we have

bT · y = ∑
b∈B

b(b) · y(b) = ∑
b∈BS∪T

bS∪T(b) · v(b) = bT
S∪T · v .
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As a consequence we get

ΓS(b)T · γS
T(y) = bT

S∪T · v .

This finishes the proof of Lemma 7.73 modulo the proofs of Claims 7.73.1
and 7.73.2, which we do now.

Proof of Claim 7.73.1. We have to show that for c ∈ C, we have c′(c) ⩽ (A · y)(c).
For c ∈ C \ CS∪T , it follows from the definition of the c′. We now show it for
c ∈ CS∪T .

Pick c ∈ CS∪T . Using Lemma 2.32 we conclude y is a finite vector supported
by S ∪ T. The matrix A and is also supported by S. We have,

(A · y)(c) = (A · y)S∪T(c)

= (AS∪T · yS∪T)(c) (Lemma 7.3)

= (AS∪T · v)(c) (by definition of y)

⩾ cS∪T(c) (v is a solution of UT
S∪T)

= c(c) .

This finishes the proof. □

Proof of Claim 7.73.2. The vectors c and c′ agree on CS∪T . Since the function γS
T

only looks at values inside CS∪T , we have

γS
T(c
′) = γS

T(c) .

The vector c is supported by S. Hence Lemma 7.65 implies

γS
T(c)

T = ΓS(cT) .

Combining the above two equalities we get γS
T(c
′)T = ΓS(cT). □

With the proofs of Claims 7.73.1 and 7.73.2, the proof of Lemma 7.73 is also
complete. ■

Now that we have proven Lemmas 7.72 and 7.73, the proof of Theorem 7.69
is also finished. ■
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Chapter 8

Final Remarks

In this thesis, we have studied solvability of orbit-finite systems of linear equa-
tions and inequalities. Other than the results, there are a few takeaways which
we present in this final chapter of the thesis.

As pointed out in Remark 2.24, we focused on equality atoms. The final goal
of this line of research would be to answer the following:

Question 8.1. For which structures of atoms, solvability of orbit-finite systems of
lienar equations and inequalities is decidable?

While this is a hard question, this thesis gives a roadmap for proving decidability
of systems of linear equations. The first step would be to extend the orbit-finite
basis theorem (Theorem 3.1) and use it to reduce solvability to finitary solvability
(extension of Theorem 4.3), and the second would be to solve finitary solvability.

The first step also raises another fundamental classification question:

Question 8.2. For which structures of atoms X, the vector spaces of orbit-finite
functions from orbit-finite sets to some field F have orbit-finite bases?

The recent work [37] provides a positive answer to the above question for
X a stable structure or a dense linear order. A natural next step is to extend
Theorem 4.3 to these structures. In [37] it has also been conjectured that the
class of structures for which the answer to Question 8.2 is positive is exactly the
class of NIP structures ([41, Definition 2.10]). Example 6.9 in [6] shows that the
answer to the above question is negative when X is the structure of Rado graph.

The second step, i.e. finitary solvability of orbit-finite systems of equations
has also been solved for several cases. In Chapter 4 we proved its decidability
for equality atoms, by reducing it to order equivariant finitary solvability and
showing the latter is decidable. As mentioned in Remark 4.39, finitary solvability
with ordered atoms can also be reduced to order equivariant finitary solvability.
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For this decidability result we recycled the proof of [6, Theorem 4.8] which
implies that both equality and ordered atoms satisfy the Noetherian property
for orbit-finitely generated vector spaces: for an equivariant orbit-finite set B, any
increasing sequence of equivariant subspaces of FinLin(B) stabilises. We believe
this strategy can work in general. That is, given a proof for the Noetherian
property for orbit-finitely generated vector spaces for some structure for atoms
X, we can convert it to an algorithm for deciding finitary solvability for orbit-
finite systems of linear equations with atoms X. In this context we recall the
following conjecture presented in [6].

Conjecture 8.3. A structures of atoms X satisfies the Noetherian property for orbit-
finitely generated vector spaces if and only if it is oligomorphic.

Another interesting thing to notice regarding finitary solvability is the reappear-
ance of the orbit summation function in different avatars, (Definitions 4.29 and
7.28) and how these functions reduce finitary solvability to solvability of a finite
system (Theorem 4.33 and Corollary 7.37). It is possible that this result can be
extended to the general oligomorphic case.

We also mention [19, Theorem 12] 1 which says that structure of atoms
satisfying a natural well-quasi-ordering property ([19, Definition 6] satisfies
Noetherian property for equivariant polynomial ideals ([19, Property 4]). The well-
quasi-ordering property implies oligomorphicity, and the Noetherian property
for equivariant polynomial ideals implies the Noetherian property for orbit-
finitely generated vector spaces. Hence this result partially confirms Conjec-
ture 8.3. In our ongoing work with Aliaume Lopez we have proven decidability
of the equivariant ideal membership problem for the subclass of atoms satisfying
the above mentioned well-quasi ordering property, which implies decidability
of finitary solvability for orbit-finite systems of linear equations. This reinforces
the belief that for any structure of atoms, Noetherian property of orbit-finitely
generated vector spaces implies decidability of orbit-finite systems of linear
equations.

Our technique in § 5.5 for solving systems of inequalities is more difficult (if
at all possible) to extend to other atoms. This is simply because for most struc-
tures of atoms X, the number of {T}-orbits of X increases with T. We encourage
the reader to verify this for ordered atoms and graph atoms (Remark 2.24). Hav-
ing said that, we believe that this technique can be helpful in solving questions
regarding data Petri nets. A similar technique has already been used to decide
continuous reachability for data Petri nets ([20]). For attacking the problem of
solving orbit-finite systems of linear inequalities with a wide class of atoms, we

1This work was done during the doctoral studies of the author but is not part of this thesis.
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probably need to gain more intuition by working on specific structures of atoms.
Solving the problem for ordered atoms would be a natural next step.

There are still a few important topics related to orbit-finite systems of equa-
tions and inequalities which we have not covered.

Firstly, we did not discuss unrestricted solvability (§ 2.4.1), i.e. solvabil-
ity without the assumption of orbit-finiteness of solutions. This leads to the
following open question:

Question 8.4. Is unrestricted solvability of orbit-finite systems of equations and
inequalities decidable?

Secondly, we have not discussed equivariant/finitely supported subspaces
(§ 2.2.1) in detail. These are studied in [6] and [44]. In [6] the authors have
proven that they are spanned by an orbit-finite set, and in [44] the author has
given a formula to compute the length of orbit-finitely generated vector spaces.2

However, none of these results can be applied to compute a spanning set of the
kernel of an orbit-finite matrix or, equivalently, a spanning set of the subspace of
solutions for an orbit-finite system of homogeneous linear equations. We state
this as an open question.

Question 8.5. How to compute orbit-finite spanning sets of kernels of an orbit-finite
matrix?

Finally, we also have not discussed orbit-finitely generated cones and solution
sets of orbit-finite sets of linear inequalities. For atom-dimension 1 these objects
are studied in [32].

Except for FIN-NONNEG-EQ(Z), all other problems that are shown to decid-
able/computable in this thesis, are shown to decidable/computable in EXPTIME,
and in PTIME for fixed atom-dimension. The corresponding finite dimensional
solvability problems, i.e. solvability of finite systems of linear equations and
linear programming are decidable/computable in PTIME. According to [11],
PTIME computability for fixed atom-dimension is an appropriate extension of
PTIME computability to the orbit-finite setting (note that PTIME computability
in fixed atom-dimension does not automatically imply EXPTIME computability).
Motivated by this, we state the following question:

Question 8.6. Is every orbit-finite decision problem, for which the corresponding finite
decision problem is decidable in PTIME, decidable in PTIME for fixed atom-dimension?
Is the problem decidable in EXPTIME?

The only problem we show to be undecidable is INEQ(Z). The finite dimensional
solvability problem corresponding to INEQ(Z) is integer linear programming,
which is NP-complete. This brings forth the following questions:

2We have described this result in § 2.2.1
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Question 8.7. Is every orbit-finite decision problem, for which the corresponding finite
decision problem is NP-hard, undecidable?

These are clearly difficult questions since positive answers to both of them will
prove P ̸=NP (however a negative answer to any of them does not imply P=NP).
For more details on computation with orbit-finite sets, we point the reader to
[5, 10, 11, 27, 29, 30, 31].
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[3] Mikołaj Bojańczyk. An Automata Toolbox. Available at https://www.mimuw.
edu.pl/~bojan/papers/toolbox.pdf.
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and Szymon Toruńczyk. Definable isomorphism problem. Log. Methods
Comput. Sci., 15(4), 2019.
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Index of Terminology

As promised in the introduction, this thesis includes an index that indicates
where the definitions of key terms can be found. The index begins with math-
ematical notations arranged roughly in alphabetical order, followed by an
alphabetical list of phrases.

P(A), 11

A, 3

A(n), 3

(A
n ), 14

(A
n )g, 62

Aut(A), 12

AutS(A), 12

Aut(T), 20

AutS∪{T}(A), 20

Aut{T}(A), 95

Aut<(A), 61

α/G, 18

B→ R, 21

BASIS(B), 42

δS, 145

δS
T , 143

S-dim(O), 17

dom(v), 22

FinLinR(B), 22

FIN-SPANR(A), 56

FIN-SPANR(P), 56

ΓS, 141

γ, 97

γS, 141

γS
T , 146

HEAD(E), 108

HEAD(P), 110

HEAD>(P), 110

ℓ1-norm, 138

ℓ1(P), 138

<S
ℓex, 75

LinR(B), 22

LinR(B×C), 26

orbit(x), 15

orbit<(x), 61

orbitS(x), 15

Orbits(X), 15

OrbitsS(X), 15

Orbits<(B), 61

Pfin(A), 15

SPANR(A), 56

support (x), 12

Sk, 18

TAIL(E), 109

ζK , 141

almost-all-solution, 95

approximation degree, 162

atom-dimension

of a matrix, 26

atom-dimension of

a canonical <-orbit-finite set, 63

a linear program, 116

a system of equations, 55

179



180 INDEX OF TERMINOLOGY

an orbit, 17
an orbit-finite set, 17

atom-less set, 13
atoms, 3
atoms,

bit-vector, 19
equality, 19
graph, 19
ordered, 19

autmorphism, 12
<-automorphism, 61
S- automorphisms, 12

canonical
<-orbit-finite set, 63

canonical S-orbit-finite set, 18
canonical S-orbits, 18
column vectors, 26
column-finite

matrix, 134
system of equations, 64

column-finite linear program, 134
counter machine, 89
cumulative hierarchy, 11

domain of a vector, 22
dual linear program, 128
duality gap, 134

equivalence of linear programs, 144
equivariant, 12
exact, 57

finitary orbit-finite linear programs, 116
finitary solvability, 31
finite vector, 22
finitely setwise-supported, 96
finitely supported, 12

good approximation, 162

head inequality, 108
hereditarily

finitely supported set, 13
orbit-finite set, 16

infeasible, 121
infimum of a polynomially

parametrised minimisation
problem, 121

inner product of vectors, 27

length of a finitely supported vector
space, 24

linear equation, 29

monotonic system of polynomially
parametrised inequalities, 95

objective function, 115
optimal solution of an orbit-finite linear

program, 116
optimum of

a polynomially-parametrised
linear program, 121

an orbit-finite linear program, 116
orbit, 14
<-orbit, 61
S-orbit, 14

{T}-orbit, 95
orbit distribution function, 145
orbit of an equation, 30
orbit restriction function, 141
orbit summation function, 97, 141
<-orbit summation function, 69
orbit-domain, 43
orbit-finite

linear maximisation problem, 115
linear minimisation problem, 116
linear program, 116
matrix, 26
set, 14
systems of linear equations, 30
vector, 22

<-orbit-finite, 61
order equivariant, 61
order equivariant finitary solvability

problem, 63

polynomially parametrised
inequality, 93
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linear program, 121
maximisation problem, 120
minimisation problem, 121
system of inequalities, 93

primal linear program, 128
primal-dual pair, 128
product of matrices, 27
product of vector spaces, 24

row vectors, 26
row-finite linear program, 134

semi-orbit distribution function, 143
semi-orbit summation function, 146
solution of

a linear program, 115
a system of equations, 29
a system of inequalities, 83

solvability problem, 31
solvable, 31
straight orbit-finite set, 18
support of

a linear program, 115

a set, 12
support preserving solvability, 31
S-supported, 12
supported by {T}, 96
supported by S ∪ {T}, 153
supporting

a set, 12
an equation, 29

supremum of
a polynomially parametrised

maximisation problem, 120
an orbit-finite maximisation

problem, 115

tail inequality, 109
tight orbit, 41
transpose of a matrix, 26

unbounded, 121
unrestrcited solvability, 31

value of a solution, 115
vector, 21
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