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Abstract

This dissertation consists of two parts, both studying geometric properties of measures occur-
ing in finite-dimensional dynamical systems, mainly from the point of view of the dimension
theory.

The first part concerns probabilistic aspects of the Takens embedding theorem, dealing
with the problem of reconstructing a dynamical system from a sequence of measurements
performed via a one-dimensional observable. Classical results of that type state that for a
typical observable, every initial state of the system is uniquely determined by a sequence of
measurements as long as the number of measurements is greater than twice the dimension of
the phase space. The main result of this part of the dissertation states that in the probabilistic
setting the number of measurements can be reduced by half, i.e. almost every initial state of
the system can be uniquely determined provided that the number of measurements is greater
than the Hausdorff dimension of the phase space. This result partially proves a conjecture
of Shroer, Sauer, Ott and Yorke from 1998. We provide also a non-dynamical probabilistic
embedding theorem and several examples.

In the second part of the dissertation we consider a family of stationary probability mea-
sures for certain random dynamical systems on the unit interval and study their geometric
properties. The measures we are interested in can be seen as stationary measures for Markov
processes on the unit interval, which arise from random iterations of two piecewise-affine
homeomorphisms of the interval. We call such random systems Alseda—Misiurewicz systems
(or AM-systems), as they were introduced and studied by Alseda and Misiurewicz, who con-
jectured in 2014 that typically measures of that type should be singular with respect to the
Lebesgue measure. We work towards characterization of parameters exhibiting this prop-
erty. Our main result is establishing singularity of the corresponding stationary measures for
certain sets of parameters, hence confirming the conjecture on these sets. We present two dif-
ferent approaches to proving singularity - one based on constructing invariant minimal Cantor
sets and one based on estimating the expected return time to a suitably chosen interval. In
the first case we calculate the Hausdorff dimension of the measure for certain parameters.
We present also several auxiliary results concerning AM-systems.

Keywords: Takens delay embedding theorem, probabilistic embedding, Hausdorff dimension,
box-counting dimension, random system, stationary measure, semigroup of interval homeo-

morphisms, minimal set
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Streszczenie

Ponizsza rozprawa sktada sie z dwéch czeéci. Obie z nich badaja geometryczne wlasnosci
miar wystepujacych w skonczenie wymiarowych uktadach dynamicznych, gléwnie z punktu
widzenia teorii wymiaru.

Czesc¢ pierwsza dotyczy probabilistycznych aspektow twierdzenia Takensa o zanurzaniu,
zajmujacego sie zagadnieniem rekonstrukeji uktadu dynamicznego z ciagu pomiaréw wyko-
nanych za pomoca jednowymiarowej obserwabli. Klasycznego wyniki z tej dziedziny orzekaja,
ze dla typowej obserwabli, dowolny stan poczatkowy uktadu jest jednoznacznie wyznaczony
przez cigg pomiardw, o ile ich ilos¢ przekracza dwukrotnie wymiar przestrzeni fazowej. Gtéwny
wynik tej czesci rozprawy stwierdza, ze w kontekscie probabilistycznym liczba pomiaréw moze
byé dwukrotnie zmniejszona, tzn. prawie kaidy stan poczatkowy ukladu jest wyznaczony
jednoznacznie, o ile ilo$¢ pomiaréw jest wieksza od wymiaru Hausdorffa przestrzeni fazowej.
Powyzszy wynik dowodzi czesciowo hipotezy Shroera, Sauera, Otta oraz Yorka z 1998 roku.
Przedstawiamy takze niedynamiczng wersje probabilistycznego twierdzenia o zanurzaniu oraz
szereg przyktadéw.

W drugiej czesci rozprawy rozwazamy rodzing stacjonarnych miar probabilistycznych dla
pewnych losowych uktadéw dynamicznych na odcinku jednostkowym oraz badamy ich wtasno-
Sci geometryczne. Rozwazane miary moga by¢ traktowane jako miary stacjonarne dla procesu
Markowa na odcinku, otrzymanego przez losowe iterowanie dwoch kawalkami afinicznych ho-
meomorfizméw odcinka. Uklady tej postaci nazywamy ukladami Alsedy—Misiurewicza (albo
AM-uktadami), gdyz badania nad nimi rozpoczeli Alseda oraz Misiurewicz, ktérzy postawili
w 2014 roku hipoteze, ze typowe miary stacjonarne dla takich ukladow sa singularne wzgle-
dem miary Lebesgue’a. Gléwnym celem naszej pracy jest scharakteryzowanie parametrow
posiadajacych te wlasno$é. Naszym gltéwnym wynikiem jest znalezienie pewnych zbioréw pa-
rametréw dla ktorych odpowiednie miary sa singularne, co dowodzi powyzsza hipoteze dla
tych zbioréw. Przedstawiamy dwa rézne podejécia do dowodzenia singularnosci - jedno oparte
na znajdowaniu minimalnych niezmienniczych zbioréw Cantora oraz drugie, wykorzystujace
szacowanie oczekiwanego czasu powrotu do odpowiednio dobranego przedzialu. W pierw-
szym przypadku wyliczamy wymiar Hausdorffa miary stacjonarnej dla pewnych parametrow.
Przedstawiamy réwniez kilka dodatkowych wynikéw dotyczacych AM-ukltadéw.

Stowa kluczowe: twierdzenie Takensa o zanurzaniu, zanurzenie probabilistyczne, wymiar
Hausdorffa, wymiar pudetkowy, uktad losowy, miara stacjonarna, potgrupa homeomorfizméow

odcinka, zbiér minimalny
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Chapter 1

Introduction

This dissertation consists of two parts, both studying geometric properties of measures in
occuring in finite-dimensional dynamical systems, mainly from the point of view of the di-
mension theory. Let us begin by describing briefly the main topics of both parts, with more
detailed description of problems and results given in subsequent sections.

The first part, contained in Chapter [3] concerns probabilistic aspects of the Takens em-
bedding theorem, dealing with the problem of reconstructing a dynamical system from a
sequence of measurements performed via a one-dimensional observable. More precisely, let
T : X — X be a transformation on a phase space X. Fix £k € N and consider an observ-
able h : X — R together with the corresponding delay-coordinate map X > = +— ¢;‘f(x) =
(h(z),...,h(T*12)) € R¥. Takens-type theorems, which originate from the original work of
Takens [94] and were obtained in several categories (see Section[L.1]for more on their history),
state that ¢£ is an embedding (i.e. it is injective) for a typical (in a suitable sense) observable
h provided k € N is large enough. Such theorems serve as a justification of the validity of
procedures actually used by experimentalists and have been proved in several categories. A
striking common feature of these results is that the number k& of measurements sufficient for
the lossless reconstruction of the system is k ~ 2 dim X, where dim X is the dimension of the
set X. Moreover, this threshold is known to be optimal and goes in line with results on non-
dynamical embeddings (e.g. Whitney and Menger-Nobeling theorems). The main result of
this part of the dissertation is a probabilistic version of the Takens theorem. It corresponds
to a scenario in which the accessible initial states of the system are coming from a given
probability distribution u on X and one is interested in reconstructing the system almost
surely subject to pu, i.e. we want the map qbg to be injective on a set of full measure p. The
key conclusion is that in such a setting, it suffices to take k ~ dimy (u) measurements, hence
their number can be reduced by half compared to the non-probabilistic case (here dimy is the
Hausdorff dimension). The possibility of reducing by half the number of required measure-
ments in the probabilistic setting was conjectured in a physical literature by Shroer, Sauer,
Ott and Yorke [85]. As a corollary of our results, we prove their [85, Conjecture 1] for ergodic
measures. As a by-product of our work, we prove also a non-dynamical probabilistic embed-
ding theorem for linear embeddings in terms of the Hausdorff dimension, which strengthens
previously obtained results in this direction. We also present several examples. All the results
are based on a joint work with Krzysztof Baranski and Yonatan Gutman. The contents of
Chapter [3| except for the Theorem and Section can be found in a joint preprint [§].
Theorem and Section dealing with the conjectures of Shroer, Sauer, Ott and Yorke
[85], are part of a work in progress with K. Baranski and Y. Gutman.

The second part of the dissertation, contained in Chapter [4] is of a different flavour. We
consider a specific family of probability measures on the unit interval and study their geomet-
ric properties. The measures we are interested in are stationary measures for Markov processes
on the unit interval, which arise from random iterations of two piecewise-affine homeomor-
phisms of the unit interval. We call such random systems Alseda—Misiurewicz systems (or



AM-systems), as they were introduced and studied by Alseda and Misiurewicz in [2]. In the
symmetric case, this gives a family of systems (and corresponding measures) parametrized
by two real parameters. It is well known that such stationary measures are always either
singular or absolutely continuous with respect to the Lebesgue measure. Alseda and Misi-
urewicz conjectured in [2] that typically measures of that type should be singular. We work
towards characterization of parameters exhibiting this property. Let us emphasize that this
kind of questions are being asked for various types of random dynamical systems (iterated
function systems) and even the case of contractive similarities on the unit interval (so called
Bernoulli convolutions) is an active area of research, with full characterization of singular
parameters still being unknown (see Section for more details). Our main result is finding
sets of parameters for which the corresponding measure is singular. We take two different
approaches to obtain that goal. The first one enables us to give a detailed description of the
stationary measure for parameters satisfying certain algebraic hypotheses, while the second
one (based on bounding the Lyapunov exponent of the corresponding measure) allows us to
find an open set of parameters, for which the corresponding measure is singular. Moreover,
in certain cases we are able to calculate, or at least bound, the Hausdorff dimension of the
stationary measure. All the results of Chapter {4 except for Section [£.8] can be found in a
publication [9], joint with Krzysztof Baranski. Section [4.8|is a part of a work in progress with
K. Baranski.

1.1 A probabilistic Takens theorem

Consider an experimentalist observing a physical system modeled by a discrete time dynamical
system (X,T), where T : X — X is the evolution rule during time unit and the phase space X
is a subset of the Euclidean space RY. It often happens that, for a given point € X, instead
of an actual sequence of k states x,Tx,...,TF 1z, the observer’s access is limited to the
values of k measurements h(zx), h(Tx),..., h(T* 1), for a real-valued observable h : X — R.
Therefore, it is natural to ask, to what extent the original system can be reconstructed from
such sequences of measurements and what is the minimal number k, referred to as the number
of delay-coordinates, required for a reliable reconstruction. These questions have emerged in
the physical literature (see e.g. [74},[85]) and inspired a number of mathematical results, known
as Takens-type delay embedding theorems, stating that the reconstruction of (X, T') is possible
for certain observables h, as long as the measurements h(z), h(Tx), ..., h(T* 'z) are known
for all x € X and large enough k. Mathematically, this means that the delay-coordinate map
X 32 (h(z),h(Tx),..., (T 'z)) € R* is injective.

Takens-type theorems are considered as theoretical results which justify the validity of
actual procedures used by experimentalists (see e.g. [46], 57, [79, ©91]). Note that one cannot
expect a reliable reconstruction of the system based on the measurements of an a priori given
observable h, as it may fail to distinguish the states of the system (e.g. if h is a constant
function). It is therefore necessary (and rather realistic) to assume that the experimentalists
are able to perturb the given observable. The first result obtained in this area is the celebrated
Takens delay embedding theorem for smooth systems on manifolds [93, Theorem 1]. It states
that for given finite-dimensional C? manifold M and a generic pair of C?-diffeomorphism
T : M — M and C?*function h : M — R, the corresponding delay-coordinate map ¢ :
M — R¥ ¢(z) = (h(z), h(Tx),...,h(T* 12)) is a C?-embedding (an injective immersion) as
long as k > 2dim M. Due to its strong connections with actually performed reconstruction
procedures, Takens theorem has been met with interest among mathematical physicists (see
e.g. [42), 184, 85, 96]). Let us recall its extension due to Sauer, Yorke and Casdagli [84]. In this
setting, the number k of the delay-coordinates should be two times larger than the upper
box-counting dimension of the phase space X (denoted by dimpg X; see Section for the
definition), and the perturbation is a polynomial of degree 2k. The formulation of the result
follows [81].



Theorem 1.1 ([81, Theorem 14.5]). Let X C RY be a compact set and let T : X — X
be Lipschitz, injective and aperiodic (i.e. without periodic points). Let k € N be such that
k> 2dimp X. Let h : RN — R be a Lipschitz function and hi,...,hy : RY — R a basis of
the space of real polynomials of N -variables of degree at most 2k. For o = (a1, ..., Q) € R™
denote by hg : RY — R the map

ho(z) = h(x) + i ajhj(x).
j=1

Then for Lebesgue almost every a = (aq,...,an) € R™, the transformation

#L X — RF, oL (x) = (ha(2), ha(Tx), ..., ha(TF 12))

«
is injective on X.

Note that Theorem applies to any compact set X C RY, not necessarily a manifold.
This is a useful feature, as it allows to consider sets with a complicated geometrical structure,
such as fractal sets arising as attractors in chaotic dynamical systems, see e.g. [24]. Moreover,
the upper box-counting dimension of X can be smaller than the dimension of any smooth
manifold containing X, so Theorem may require fewer delay-coordinates than its smooth
counterpart in [93]. These results were extended later by Robinson to finite-dimensional
subsets of infinite-dimensional Banach spaces [80] (see also [81, Section 14.3]). Refer to [68]
for a version of Takens’ theorem with a fixed observable and perturbation performed on the
dynamics. Takens’ theorem involving Lebesgue covering dimension on compact metric spaces
and a continuous observable was given in [40] (see [41] for a detailed proof). See also [17], 90]
for Takens theorem for deterministically driven smooth systems and [88], [89] for stochastically
driven smooth systems.

Usually, an experimentalist may perform only a finite number of observations
h(xj), ..., h(Tk_lzcj) for some points x; € X, j = 1,...,1. We believe it is realistic to assume
that there is an (explicit or implicit) random process determining which initial states x; are
accessible to the experimentalist. In this work we are interested in the question of reconstruc-
tion of the system in a presence of such process, subject to it. Mathematically speaking, this
corresponds to fixing a probability measure p on X and asking whether the delay-coordinate
map ¢ is injective almost surely with respect to p (i.e. whether there exists a subset of X
with full measure p, such that ¢L is injective after restricting to this subset). Since in this
setting we are allowed to neglect sets of probability zero, it is reasonable to ask whether the
minimal number of delay-coordinates sufficient for the reconstruction of the system can be
smaller than 2dim X. Our main result states that this is indeed the case, and the number of
delay-coordinates can be reduced by half for any (Borel) probability measure. The following
theorem is a simplified version of our main result. See Section for the definition of the
Hausdorff dimension of a measure. See Theorem for the full version and Section for
its proof.

Theorem 1.2 (Probabilistic Takens delay embedding theorem). Let X C RY be a
Borel set, ;v a Borel probability measure on X and T : X — X an injective, Lipschitz and
aperiodic map. Take k € N such that k > dimg(u). Let h : RY — R be a locally Lipschitz
function and hy, ..., hym : RN — R a basis of the space of real polynomials of N variables of
degree at most 2k — 1. For a = (ayq,...,am) € R™ denote by hy : RY — R the map

ha(x) = h(x) + Z ajhj(x).
j=1

Then for Lebesgue almost every a = (aq,...,qn) € R™, there exists a Borel set X, C X of
full measure u, such that the delay-coordinate map

oL X — RF, L (z) = (ha(z), ha(Tx),. .. ha(TF 1z))



is injective on Xq. If p is additionally T-invariant, then the sets X, can be taken to be
T-invariant, i.e. satisfy T(Xqa) C Xq.

Recall that for any Borel set X and a Borel probability measure p on X one has
dimp (p) < dimpg X < dimp X < dimp X (1.1)

(see and the definition of dimg(p)). Since the inequalities in may be strict, using
the Hausdorff dimension instead of the box-counting one(s) may reduce further the required
number of delay-coordinates. In particular there are compact sets X C RY with dimy X =
0 and dimp X = N, hence Theorem can reduce significantly the number of required
delay-coordinates compared to Theorem (in a probabilistic setting), as the box-counting
dimension cannot be replaced by Hausdorff dimension in Theorem (see Remark for
a detailed discussion).

Let us comment on consequences of T-invariance of X, in the case when p is T-invariant.
Having injectivity of ¢ in Theorem [1.2 it is natural to consider a model of the dynamical
system (X,T) embedded in R¥, i.e. the dynamical system with phase space ¢L(X,) and
dynamics ¢L o T'o (¢L)~! on it. However, to have ¢ o T o (¢1)~! well-defined, the set X,
should be T-invariant. This does not have to be the case in general, yet it holds if the measure
w is T-invariant.

An extended version of Theorem is presented and proved in Section as Theo-
rem It shows that the assumption k& > dim(yu) can be slightly weakened to pu L H* (here
H* denotes the k-dimensional Hausdorff measure), and in addition to Lipschitz observables
h, one can consider functions which are G-Holder on bounded sets for suitable 5 € (0,1].
Moreover, the theorem holds for any Borel o-finite measure o on X. The assumption of ape-
riodicity of 7" is not essential in Theorems [I.T] and [I.2] - it is enough to assume that sets of
periodic points have dimension small enough. For details, see Theorem

The problem of determining the minimal number of delay-coordinates required for re-
construction has been considered in the physical literature. In [74], the authors analyzed an
algorithm which may by interpreted as an attempt to determine this number in a probabilistic
setting. Our work provides rigorous results in this direction. Furthermore, the possibility of
reducing twice the number of required measurements in the probabilistic scenario was conjec-
tured by Shroer, Sauer, Ott and Yorke in [85] (together with a conjecture on the decay rate
of the error probability). These conjectures are being invoked as justifications for reducing
the number of measurements required for a reliable reconstruction of the system (see e.g.
[58, [66) [71]), including applications (see e.g. [79] studying neural activity for epileptic pa-
tients). However in the same spirit, our main result (Theorem and its extension Theorem
@ formally does not settle these conjectures, as [85] considers a different setting. In Section
3.4 we use our results, together with the theory of topological conditional measures (see [87]),
to prove [85 Conjecture 1] for ergodic invariant measures. Let us postpone formulating pre-
cisely conjectures of [85] to Section (see Conjectures and . Instead, we present
here a strengthening of Theorem which asserts additional properties of the almost surely
defined inverse (¢1)~! and allows us to prove [85, Conjecture 1] for ergodic measures. See
Theorem [3.24] for the full version and Section [3.4] for the proof.

Theorem 1.3. Assume that X, pu, T: X — X, h: X — R and k € N satisfy assumptions
of Theorem [1.3 Assume additionally that X is compact. Then for Lebesgue almost every
o € R™ there exists a set Xo C X of full measure i such that ¢ = @2 is injective on X, and
for every x € X, the sequence of conditional measures

1
(o1 (B(o(z),¢)))

(on sets p~H(B(¢(x),e) = {y € X : [|¢p(z) — p(y)| < e}) converges to &, in the weak* topology
as e \, 0. As a consequence, [85, Conjecture 1] holds for ergodic invariant measures.

pl ¢ (B(g(x),¢e))




Takens-type delay embedding theorems can be seen as dynamical versions of embedding
theorems, which specify when a finite-dimensional set can be embedded (i.e. mapped injec-
tively) into a Euclidean space. Indeed, under the assumptions of Theorem the delay-
coordinate map ¢L is an embedding of X into R* for typical a. Embedding theorems in
various categories have been extensively studied in a number of papers (see Section for
a more detailed discussion). Recently, Alberti, Bolcskei, De Lellis, Koliander and Riegler [I]
proved a probabilistic embedding theorem involving the modified lower box-counting dimen-
sion of the measure (see Theorem [3.8). We are able to improve this result by considering
the Hausdorff dimension. Below we present a simplified version of our theorem, which can be
seen as a non-dynamical counterpart of Theorem and a probabilistic version of Mané’s
linear embedding theorem [59]. Its extended version is formulated and proved in Section
as Theorem [3.5

Theorem 1.4 (Probabilistic embedding theorem). Let X C RY be a Borel set and let p
be a Borel probability measure on X. Take k € N such that k > dimg () and let ¢ : RN — RF
be a Lipschitz function. Then for Lebesque almost every linear transformation L : RN — RF
there exists a Borel set X C X of full measure u, such that ¢f = ¢ + L is injective on Xp,.

We obtain also the following geometric corollary (see Section for details).

Corollary 1.5 (Probabilistic injective projection theorem). Let X C RY be a Borel
set and let p be a Borel probability measure on X. Then for every k > dimg(u) and almost
every k-dimensional linear subspace S C RN, the orthogonal projection of X into S is injective
on a p-full measure subset of X .

This accompanies the classical Marstrand—Mattila projection theorem (see [61], 62]), stat-
ing that if X C RY is Borel and k > dimpy X, then for almost all k-dimensional linear
subspaces S C R, the Hausdorff dimension of the image of X under the orthogonal projec-
tion into .S has Hausdorff dimension equal to dimg X.

We also provide several examples. Section provides a probability measure with
dimy p < dim 5/ i, showing that Theorem strengthens a previous result from [I]. Exam-
ple shows that in general the condition k& > dimg(x) in Theorem cannot be replaced
by k > dimpg(p). Example shows that linear perturbations of the observable are not
sufficient for Takens theorem. Kan’s example from the Appendix to [84], shows that condi-
tion k > 2dimpy X is not sufficient for existence of a linear transformation into R¥ which is
injective on X, hence the Hausdorff dimension is not well suited for the deterministic em-
bedding theorem. As in the probabilistic setting one can work with the Hausdorff dimension,
we consider a set X C R? similar to the one provided by Kan, which cannot be embedded
linearly into R, but when endowed with a natural probability measure, almost every linear
transformation L : R? — R is injective on a set of full measure. We find these transformations
and sets of injectivity explicitly.

1.2 Singular stationary measures for random piecewise affine
interval homeomorphisms

In the second part of the disseration, we study a family of random dynamical systems consist-
ing of pairs of piecewise affine interval homeomorphisms, which we call Alseda—Misiurewicz
systems, or AM-systems, as systems of this type were introduced and studied in [2] by Alseda
and Misiurewicz. An AM-system is the system {f_, f+} of increasing homeomorphisms of
the interval [0, 1] of the form

)

_Ja-z for x € [0, 2_] 2 = byx for z € [0, z4]
J-(@) = {1 —b_(1—2z) forze (x_,1]’ f+(@) = {1 —ay(l—2z) forx e (xy,1]



where 0 <a_ <1<b_,0<ay <1<by and

b —1 1-— a4
To=— Ty =-—.
b_—a_ ’ + bJr — a4
See Figure [I.1] below.

a4

f+

by b_
f-
a—
.7;‘.;,_ .Z‘,

Figure 1.1: An example of an AM-system.

We consider {f_, f1} as a random system with given probabilities p_, ps, where p1 > 0
and p_ + p4 = 1. Formally, it means that {f_, f;} defines a step skew product

Fronf x[0,1] =25 x [0,1],  F(i,z) = (i), fi, (2)),

where i = (i, )nen and o is shift on the space E; of infinite one-sided sequences of two symbols
{—,+}, with the Bernoulli probability distribution given by (p_,p) (see Section [4.2). How-
ever, we are mainly interested in the behaviour of the system in the phase space [0, 1], studying
distribution of trajectories of points x € [0,1] under {f_, f+}, i.e. {fi, o--- 0o fi,(z)}5%, for
11,%92,... € {*, +}

Note that on the intervals (0, min(x_,zy)) and (max(x_,x),1) the system {f_, f+} is
equivalent (after a logarithmic change of coordinates), respectively, to two (typically different
and non-symmetric) one-dimensional random walks, which are glued in a continuous way. This
makes such systems interesting from a probabilistic point of view and we believe that they
can serve as models for many stochastic phenomena which appear in random one-dimensional
dynamics.

The behaviour of an AM-system depends on the values of the endpoint Lyapunov expo-
nents, i.e.

A(0)=p_Inf (0) +pyln f_/F(O), AD)=p_-Inf (1) +psIn fjr(l).

For instance, if A(0), A(1) are negative, then the endpoints of the interval are attracting
in average, so a typical trajectory converges to one of them, which can give rise to two
intermingled basins for the step skew product F*+ (see e.g. [15, 135, 52]). In this work we
assume that the Lyapunov exponents A(0), A(1) are positive. Then for almost all paths i =
(in)n € B3, any two trajectories defined by i converge to each other, i.e. |f;, o---ofi, (z)— fi, 0
-0 fi,(y)] = 0 as n — oo for z,y € (0,1). This phenomenon is called synchronization (see



e.g. [3L 11, 56, [78]). The main object of our study are stationary measures for such systems,
i.e. Borel probability measures 9 on [0, 1] satisfying

I(A) = p-9(f=1(A)) + pr9(f 1 (A)) for every Borel set A C [0,1]

(see also Definition and Section . In probabilistic language, these are stationary dis-
tributions for the Markov process on the unit interval, arising from iterating f_ and fy
randomly according to a probability vector (p_,p4) in an i.i.d fahsion. Clearly, atomic mea-
sures dg and d; at the common fixed points 0 and 1 are stationary measures. It turns out, that
if A(0) and A(1) are both strictly positive, then there exists a unique stationary measure p
on [0,1] such that u({0,1}) = 0 (see Theorem [4.22)). In the remainder of this section, as well
as in Chapter [4 p will always denote this unique stationary measure without atoms at the
endpoints (note that we suppress in the notation the dependence of p on the parameters). In
this work we study the properties of the measure p, which we call the stationary measure for
the AM -system. Measure 1 has to be either singular or absolutely continuous with respect to
the Lebesgue measure (Proposition and our main goal is to understand which possibility
occurs depending on the parameters a_,ay,b_, by, p_, py.

In [2], Alseda and Misiurewicz were using properties of the measure p to study the corre-
sponding step skew product. In the course of their work, they showed that for some parame-
ters, the stationary measure p of an AM-system is equal to the Lebesgue measure and conjec-
tured that p should be singular for typical parameters. We provide a precise condition under
which the stationary measure is equal to the Lebesgue measure (Theorem . Our main re-
sult is verifying the conjecture on singularity for some sets of parameters. We focus on the sym-
metric case, i.e. a_ = ay and b_ = b,. We use two different approaches to prove singularity.
First one, which is the main content of the article [9] joint with Krzysztof Baranski, concen-
trates on systems exhibiting a resonance, i.e. with In f, (0)/1In ' (0) =1In £, (1)/1In f' (1) € Q.
We prove that for some resonant parameters, the measure y is indeed singular and supported
on an exceptional minimal set, which is a Cantor set of dimension smaller than 1. More
precisely, we prove the following result.

Theorem 1.6. Let {f_, f+} be an AM -system. Assume that
1. A(0) > 0 and A(1) >0,
2. {f-, f+} is symmetric, i.e. a_ =ay =a € (0,1) and b_ =by =b € (1,00),
3. {f=, f+} exhibits a (k : l)-resonance for some relatively prime k,l € N, k > 1, i.e.

k

In f3(0)/In f2(0) = In f.(1)/ In f2(1) = =7,

4. Inequality p < n holds, where
p= (L)Y = (FLO) T = (ALY = (FL ()~
and n € (1/2,1) is the unique solution of the equation n*+' — 2nF+1 £ 2n — 1 =0.
Then the unique stationary measure p (without atoms at 0,1) is singular with

logn

<1,
log p

dimpg (supp p) =

where supp p denotes the topological support of . Moreover, supp i is a nowhere dense perfect
set.



We give also a dynamical characterization of the set supp(u) and describe its geometrical
structure as a countable union of disjoint self-similar sets (see Theorem for more detailed
version of Theorem . It turns out that there are two cases to be considered separately,
depending of the resonance parameter In f, (0)/In f’ (0). In the case In f (0)/In f’(0) € Z
(ie.l=1in Theorem, the self-similar sets forming supp(u) are attractors of finite iterated
function systems, while in the case In f} (0)/In f’ (0) ¢ Z (i.e. I > 1), these self-similar sets
are attractors of infinite iterated function systems and the dynamics on supp(u) is much more
complicated. In both cases, the proof is based on constructing explicitly minimal sets for the
dynamics and studying their combinatorics. In the case In f! (0)/In f’ (0) € Z we are able
to determine the value of the Hausdorff dimension of y (see Theorem [4.12). Furthermore,
we present an interesting example of an AM-system exhibiting a resonance, with a singular
stationary measure of full support [0, 1] (Theorem . Finally, we show that the considered
systems with the same resonance are topologically conjugate (Theorem . See Section
for a detailed discussion of these results and Sections - [£7] for proofs.

The second approach allows us to consider also non-resonant parameters. The result
presented below is a part of a work in progress with Krzysztof Baranski. See Theorem
for more detailed version and Section [4.§| for the proof.

Theorem 1.7. There exists a non-empty and open set of parameters (a,b) € (0,1) x (1, 00)
such that the stationary measure p for the symmetric AM -system with a— = a4 = a and
b = by = b with probability vector (p_,p1) = (5, 3) is singular with dimp (p) < 1.

The proof is based on inequality (see [51, Theorem 1])

H((p-,p+))

dimar ) < == )

where
H((p-,p+)) = —p-logp_ —pilogp;
is the entropy of the probability vector (p_,p+) and

x(p) == / (p—log f"(x) + py log [ (x))dp(z)
[0,1]

is the Lyapunov exponent of the stationary measure u. In order to prove —% <1, we
bound the Lyapunov exponent x(u) by estimating the expected return time to the interval
[x_,zy] and applying Kac’s Lemma (see e.g. [77, Theorem 4.6]). Let us emphasize that the
approach used to prove Theorem [I.6] cannot be used to produce singular stationary measure
in the non-resonant case, as in such case supp(u) = [0, 1] (see Corollary [4.33).

In order to put our research in a wider perspective, let us give now a brief historical
account on the study of stationary measures for random dynamical systems. For the last
forty years there has been an intensive interest in the study of non-autonomous real one-
dimensional dynamical systems, especially in the context of the theory of groups of smooth
diffeomorphisms acting on the unit circle (see e.g. [36] [69] and the references therein). In a
probabilistic approach, such a system equipped with an appropriate probability distribution
generates in a natural way a Markov process on the circle (see e.g. [5, 22] 26, [54] as general
references on random dynamical systems and iterated function systems). Recently, a contin-
uously growing interest in random dynamics has led to an intensive study of random systems
given by groups or semigroups of one-dimensional non-smooth maps, for instance interval or
circle homeomorphisms (see e.g. [2] [18], B3] [34], B35, [60] 92]).

Let f1,..., fm, m > 2, be homeomorphisms of a 1-dimensional compact manifold X (the
closed interval or the unit circle). Such a system of maps generates a semigroup consisting
of iterates f;, o---o f; for iy,...,i, € {1,...,m}, n € {0,1,2,...}. Let (p1,...,pm) be



a probability vector. The Krylov-Bogolyubov Theorem shows that a stationary probability
measure (according to Definition always exists (but is non-necessarily unique). However,
in most cases little is known about its properties. Assuming some regularity of the system
(e.g. forward and backward non-singularity of the transformations) and the uniqueness of the
stationary measure, which occur for a wide class of systems (see e.g. [19]), we know that the
stationary measure is either absolutely continuous or singular with respect to the Lebesgue
measure - this is the case also for AM-systems with positive endpoint Lyapunov exponents
(if we consider only measures without atoms at the endpoints - see Proposition [4.32)). Deter-
mining which of the two possibilities occur is a well-known problem, especially in the context
of groups of smooth diffeomorphisms acting on the circle (see e.g. [70, Question 18]). Up
to now, an answer has been given only in some particular cases. For instance, a conjecture
by Y. Guivarc’h, V. Kaimanovich and F. Ledrappier (see [20, Conjecture 1.21] states that
for a finitely generated subgroup of PSL(2,R) acting smoothly on the circle, the stationary
measure is singular. The conjecture was proved by Y. Guivarc’h and Y. Le Jan in [39] for
non-cocompact subgroups and by B. Deroin, V. Kleptsyn and A. Navas in [20] for some min-
imal actions of the Thompson group and subgroups of PSL(2, R) by C2-diffeomorphisms. On
the other hand, the absolute continuity of the stationary measure was proved to hold for a
number of random systems of non-homeomorphic maps of the interval (usually expanding at
least at average), see e.g. [4] 16} [75].

Let us note that the question of determining singularity or absolute continuity of the
stationary measure is non-trivial even in the apparently simple case of two contracting simi-
larities fi, f2 of the unit interval [0, 1], given by fi(z) = Az, fa(z) = Az +1—Xfor A € (0,1).
Then the unique stationary measure vy for the probability vector (1/2,1/2) is called the
symmetric Bernoulli convolution and is always either singular or absolutely continuous. It is
known (see [80]) that the set of parameters A > 1/2 for which v, is singular has Hausdorff
dimension zero, and the only known values of “singular” parameters are the reciprocals of
the Pisot numbers, as proved in [2§]. It is a long-standing open question whether these are
the only examples of singular Bernoulli convolutions. Despite many results in this direction,
a complete answer is still unknown and stimulates an active research. See e.g. [76l 95] for
comprehensive surveys on the subject.

Another approach to proving typical singularity of stationary measures for systems on the
interval with positive endpoint Lyapunov exponents was taken recently in [I8]. The authors
consider much more general family of systems, namely all the systems {f1,..., fin} (together
with probability vectors (p1, ..., pn)) consisting of orientation preserving homeomorphisms of
the unit interval which are C! in the neighbourhoods of the endpoints, satisfying A(0), A(1) >
0 and such that for every € (0,1) there exist 4,5 € {1,...,m} such that fi(z) < z <
fj(z). They prove that for a topologically generic system in such a family, the corresponding
stationary measure is singular. This however does not imply generic singularity of the stationy
measure for AM-systems, as they form a meager subset of this family.

To our knowledge, Theorems [I.6] and are the first explicit examples of non-atomic
singular stationary measures for non-expanding random systems generated by semigroups of
piecewise affine homeomorphisms of the circle of that type (note that an AM-system can be
considered as a pair of homeomorphisms of the circle with a unique common fixed point).
The fact that the maps are piecewise affine is especially interesting, since such systems are
studied intensively and often serve as models for smooth systems (see e.g. [70, Questions 12
and 16)).

Notice that in the resonant case mentioned above, the stationary measure is supported on
an exceptional minimal set (i.e. invariant Cantor sets where the systems is minimal), while in
the non-resonant one, its support is equal to the entire interval [0, 1] (see Proposition . It
should be noted that the properties of exceptional minimal sets are a well-known subject of
interest, especially in the context of the groups of diffeomorphisms. For instance, a conjecture
of Ghys and Sullivan says that exceptional minimal sets for groups of C?-diffeomorphisms have



Lebesgue measure zero. The hypothesis has been recently verified by B. Deroin, V. Kleptsyn
and A. Navas [21] for real-analytic diffeomorphisms, while the question remains open in the
smooth case. Our work contributes to the study of such sets for piecewise affine systems.

1.3 Organization of the dissertation

The dissertation is organized as follows.

Chapter [2| contains preliminary material on the dimension theory of sets and measures
together with basic facts on invariant and stationary measures.

Chapter [3| contains results on probabilistic embedding theorems (Section , probabilis-
tic Takens theorem (Section and conjectures of Schroer, Sauer, Ott and Yorke (Section
[3.4). It also contains several examples (Sections and [3.6)).

Chapter [ contains results on singular stationary measures for AM-systems. The proof of
Theorem is divided into two parts: Section (case [ = 1) and Section (case [ > 1).
Proof of Theorem [L.7] can be found in Section [4.8l
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Chapter 2

Preliminaries

In this chapter we present basic notions which will be used throughout the dissertation. We
focus on the dimension theory of sets and measures, as well as the notions of invariant and
stationary measures. It will be sufficient for us to consider only subsets of the Euclidean
space RY, however some parts of the presented theory extend to the more general setting of
metric spaces. We fill concentrate on notions and properties which will be used throughout
this dissertation. For more information on dimension theory in Euclidean spaces see e.g.
[30, [63] [81].

Let us begin by fixing some notation. Consider the Euclidean space RY for N € N, with
the standard inner product (-,-) and the corresponding norm || - ||. The open é-ball around
a point z € RY is denoted by By(z,d). We will often denote it by B(z,d), if the dimension
is clear from the context. By |X| we denote the diameter of a set X C RV. By X we will
denote the closure of a set X and by Int(X) its interior. A measurable space is a pair (X, .A)
consisting of a set X and a o-algebra A of subsets of X. Elements of A are called measurable
sets. By a measure on a measurable space (X,.4) we will understand a o-additive function
w: A — [0, 00] satisfying u(f)) = 0. We say that a measurable set Y C X is of full measure pu, if
(X \Y)=0. A measure p on a measurable space (X, A) is called probabilistic if u(X) =1,
finite if p(X) < oo, and o-finite if there exists a countable collection of measurable sets
Ay, n € N such that p(A4,) < oo for each n € N and OLj A, = X. For a measurable set

n=1

A, we denote by p|ls or p | A the restriction of p to the set A. Measures p and v on a
measurable space (X, .A) are called (mutually) singular if there exists a measurable set A
such that u(A) = v(X \ A) = 0. We denote this fact by u L v. The Euclidean space RY
will be by default considered with the Borel o-algebra (i.e. the o-algebra generated by open
sets). A Borel measure is a measure p defined on the o-algebra of Borel sets. The support of
a Borel measure p on RY is the closed set supp(u) = {z € RV : 5¥0 pu(B(z,d)) > 0}. For a

measure p on a measurable space (X,.A) and a measurable function f : X — R, the essential
supremum and essential infimum of f with respect to p are defined as

ess sup f(x) :=inf {sup f(z) : A € A and pu(X \ A) =0}
T z€A

and

ess inf f(z) := sup { 12£f(a:) :AeAand p(X \ A) =0}

Trop
respectively. By Leb we will denote the Lebesgue measure. We take all the logarithms in the

base 2. Note however that most of the considered notions (in particular: dimensions) do not
depend on the choice of the base of the logarithms.

11



2.1 Dimensions of sets

For a bounded set X C RY and § > 0, let N(X,d) denote the minimal number of balls
of diameter at most ¢ required to cover X. The lower and upper box-counting (Minkowski)
dimensions of X are defined as

log N (X S log N(X
@B X = liminf M and dln’lB X = lim sup M
-0 —logo 5§—0 —logé

If dimp X = dimp X, then we denote their common value as dimp X and call it the boz-
counting (Minowski) dimension of X. The lower (resp. upper) box-counting dimension of an
unbounded set is defined as the supremum of the lower (resp. upper) box-counting dimensions
of its bounded subsets. The lower and upper modified box-counting (Minkowski) dimensions
of X C RY are defined as

dimyp X = mf{sup dimp K;: X C U K;, K; compact}
€N i=1

dimyp X = 1nf{sup dimp K; : X C U K;, K; compact}
1€N i=1

If dim,;5 X = dimyp X, then we denote their common value by dimj;z X and call it the
modified bozx-counting (Minowski) dimension of X. For s > 0, the s-dimensional (outer)
Hausdorff measure of a set X C R is defined as

H*(X) = lim inf { 3" (U1 X ¢ J U, |U3] < 5}
=1 =1

The outer measure H® becomes a measure after restricting to Borel sets. The Hausdorff
dimension of X is given as

dimpg X =inf{s > 0: H*(X) = 0}

or, equivalently, as
dimg X =sup{s > 0: H*(X) = oo}.
See [30, Chapter 3] for more details. With this notation, the following inequalities hold for

X c RV:
dimg X

< dim dimyp X < dimp X < N,
dimg X < dim;p X

<
- (2.1)
<dimp X < dimp X < N.

The following proposition states basic properties of dimensions, which will be used
throughout this work.

Proposition 2.1. For any sets X, X1, Xo,... C RY the following holds

(1) if X1 C Xo, then dim Xy < dim Xy for any notion of the dimension defined above,
(2) dimg X = dimp X and dimp X = dimp X,

(3) dimp (X1 U X5) = max{dimp X1,dimp X>},

(4) ﬁB (X1 X X2) < ﬁB (Xl) JrﬁB (XQ)

o0
(5) dim( U X;) = sup{dim X; : j = 1,2,...}, where dim can denote any of dimpg,dimp
j=1

and dimMB )

12



(6) let f : X — R¥ be a Lipschitz map. Then dim(f(X)) < dim(X) for any notion of the
dimension defined above.

For the proof see [30, Chapters 2 and 3].
In some cases, it will be convenient for us to consider covers by dyadic cubes rather than
Euclidean balls. It turns out, that it gives rise to equivalent notions of dimension. Let us

confine ourselves to subsets of [0,1]V. For n € N and z1,...,2, € {0,1}, let [z1,..., ]
denote the dyadic interval of length 27" corresponding to the sequence (x1,...,xzy,), i.e.
PEEEESY lfz i k<1
. 277 27 T 2m 2n
w1, wa] = 4 L2 TS
[1—5,1] otherw1se.

A dyadic cube of sidelength 27" in [0,1]" is an N-fold product of dyadic intervals of length
27" For n € N and x € [0,1] let D, (z) be the unique dyadic cube of sidelength 27"
containing z. Let N'(X,2™™) be the number of dyadic cubes of sidelength 27" intersecting
X. Then (see e.g. [30, Section 2.1])

log N'(X, 27" R logc N'(X.2—"
@BX = lim inf M and dlmBX = ]imsup M

2.2
n—00 nlog 2 n—00 nlog 2 (2:2)

2.2 Dimensions of measures

We define the Hausdorff dimension of a o-finite Borel measure p on RY as
dimg () = inf{dimy X : X ¢ R is a Borel set of full measure 1}
and the upper and lower modified box-counting dimensions of u as
dim 5 (1) = inf{dim ;5 X : X € RY is a Borel set of full measure y},

dim g (1) = inf{dimpp X : X € RY is a Borel set of full measure y}.

Note that a similar definition for the box-counting dimensions would give simply the di-
mension of the topological support supp(u) of the measure u, as box counting dimensions
are stable under taking closure (Prop. ) We will consider also the lower Hausdorff
dimension of a o-finite Borel measure y on RV defined as

dimp () = inf{dimg X : X C RY is a Borel set of positive measure p}.
The inequalities give
dimp (p) < dimpr(p) < dimggp (@) < dimpgg (@) (2.3)
For a Borel probability measure p on RY with compact support define lower and upper

information dimensions of y as

r—0 log r r—0 logr
supp(p) supp(p)

If ID(p) = ID(), then we denote their common value as ID(u) and call it the information
dimension of p.

Remark 2.2 Information dimensions are often defined as

ID(u) = hrgrg(r)lf 10 Z p(C)log u(C) and ID(p) = llr?jélp C; w(C)log u(C) (2.4)

where C. is the partition of RY into cubes with side length € and vertices on the lattice (¢Z)"
These definitions are equivalent with the previous ones (see e.g. [98, Appendix I]).
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Definition 2.3 Let ; be a finite Borel measure on RY. The lower and upper local dimensions
of a point z € RN are defined as

d(p, z) = liminf w and d(p, z) = lim sup w
r—0 log r r—0 logr

(we set d(p,z) = d(u,x) for x ¢ supp(p)). We say ‘that p is lower (resp. upper) exact-
dimensional if d(p,x) = const p-almost surely (resp. d(u,x) = const u-almost surely). We
say that u is exact-dimensional if d(u,x) = d(u, ) = const u-almost surely.

Proposition 2.4. Let u be a Borel probability measure on RN with compact support. Then

(1) dimp () = ess sup d(u, ),

T

(2) dimy (1) = ess inf d(p, z),

(3) dimpp (1) = ess sup d(u, x)

T

(4) dimp () < ID(p),
(5) if p is lower exact-dimensional, then dimy(u) = dimg(u) < ID(u),

(6) if p is exact-dimensional, then dimy(p) = dimpy (1) = ID(u) = dim 5 (1) = dim g (@),

Proof. For (1)) - (3) see [29, Propositions 10.2 and 10.3] together with [30] Proposition 3.9].
For see [31, Thm 1.3] (see also [0, Thm. 2.1]). The statement (5) follows from .
and (| ., while @ follows from the previous points and [31, Thm 1.3].

It turns out that the Hausdorfl dimension and the information dimension behave differ-
ently under taking convex combinations of measures.

Proposition 2.5. (1) Let y1, p2, ... be Borel probability measures on RN and let (p1,pa,...)
be a probability vector with positive entries. Then

dimH(ij,uj) = sup{dimgy(y;) : j =1,2,...}.
j=1

(2) Let u and v be Borel probability measures with compact support on RN and let p € (0,1).
Then

ID(pp+ (1 = p)v) < pID(p) + (1 — p)ID(v)
and

ID(pp + (1 = p)v) > pID(p) + (1 — p)ID(v).

Consequently
ID(pp+ (1 = p)v) = pID(u) + (1 — p)ID(v),
provided that ID(u) and ID(v) exist.

Proof. For (1)) see [44], Cor. 3.18], while (2)) follows by applying [38, Lemma 3.4] to (2.4). O
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Similarly as for sets, one can equivalently define Hausdorff dimensions of measures in
terms of local dimensions corresponding to dyadic cubes. More precisely, for a finite Borel
measure y on RY and 2 € RY define the lower and upper dyadic local dimension of p at = as

—1 D, — —1 D,
s 2) = i int =AU ) — i sup ERDA()

It turns out that switching from Euclidean balls to dyadic cubes can alter the local dimensions
only on a set of measure zero:

Proposition 2.6 ([44, Proposition 3.20]). Let u be a finite Borel measure on RN . Then
d(p,z) = d(u,x) and E/(,u, z) =d(pu,z) for p-a.e. € RV,
Consequently, we can replace d(u, x) with d'(p, z) and d(p, z) with E,(u, x) in Proposition .

Note that the above result is proved in [44] only for the lower local dimensions. The upper
case is analogous.

In this dissertation we will focus mainly on dimg, as our embedding theorems of Chapter
will be formulated in its terms. The stationary measures from Chapter [4] will turn out to
be exact dimensional, hence all the above notions of dimension will coincide for them. The
modified box-counting dimensions of a measure will appear only in Sections and where
we will compare probabilistic embedding theorem for dimy with results obtained previously
in [I] and give an explicit example of a measure p with dimg(p) < dim g (). Information
dimension will play a role in Section [3.4] as the conjectures of Shroer, Sauer, Ott and Yorke
[85] are stated in its terms. We will however observe that neither the information dimension
nor the lower Hausdorff dimension are well suited for almost sure embedding problems for
arbitrary finite measures (see Example .

2.3 Invariant and stationary measures

Let us now introduce the notions of an invariant measure (for a deterministic dynamical
system) and a stationary measure (for a random dynamical system).

Definition 2.7 Let (X,.A) be a measurable space and let T': X — X be a measurable map.
For a measure p on (X, .A), we denote by T, u the transport of p by T, i.e. the measure defined
as

Tou(A) = (T 1A) for A € A.

Measure p is called T-invariant if Typ = p. Measure p is called ergodic if any T-invariant
set is either of full or zero measure, i.e. for any A € A, the condition A = T~1(A) implies
u(A)=0or u(X\ A)=0.

Ergodic measures for Lipschitz transformations are always lower (and upper) exact di-
mensional:

Proposition 2.8 ([29, Prop 10.6]). Let X C RY be closed, let T : X — X be a Lipschitz
map and let p be a T-invariant and ergodic Borel probability measure. Then u is lower (and
upper) exact-dimensional and consequently dimpg(p) = dimg(p) < ID(u).

Let us now consider the case of random dynamics arising from iterated function systems.

Definition 2.9 Let f1, fa,..., fin : X — X be a collection of measurable maps on a mea-
surable space (X,.A) and let (p1,...,pm) be a probabilistic vector. A measure p on (X,.A) is
called stationary if

p="> pi(fi)sp-
j=1
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Let M denote the set of probability measures on (X, .A). The Markov operator T : M — M
is defined as

Tu=> pi(fj)en.

Jj=1

Note that the set of stationary probability measures coincide with the set of fixed points
of the Markov operator 7.

Consider now X = [0,1] equipped with the Borel o-algebra and assume that all
fi, fo, ..., fm are piecewise differentiable homeomorphisms with f]’ > 0 (this will be the
case in Chapter |4)).

Definition 2.10 The Perron-Frobenius (or transfer) operator T: L'([0,1],Leb) —
LY([0, 1], Leb) is defined as

Tg=Y pj(f;") gof "
j=1

Note that the Perron-Frobenius operator transforms a density (Radon-Nikodym deriva-

tive) of a probability measure to the density of its image under the Markov operator (i.e.
s = ()
dLeb dLeb//*

Similarly as for the Markov operator, the stationary densities (densities of stationary
measures with respect to the Lebesgue measure) are the fixed points of the Perron-Frobenius
operator T'.

One of the basic cases of calculation of the dimension of sets and stationary measures
are the self-similar sets and measures. Let us begin by the classical result guaranteeing the

existence of these objects.

Proposition 2.11 ([30, Thm 9.1] and [26 Prop. 3.3.15]). Let f; : R = R,j =1,...,m be
strictly contracting, i.e. there exists X € (0,1) such that |fj(x) — fij(y)| < Aa — y| for every
z,y € R and j € {1,...,m}. Then, there exists a unique non-empty compact set X C R,
called the attractor of the system {f1,..., fm}, satisfying

m
X = £(X).
j=1
Moreover, for any non-empty compact set A C R, the following equality holds
[o¢] m
n=141,...,in=1
Similarly, let (p1,...,pm) be a probability vector. There exists a unique stationary Borel

probability measure p on R for the system {f1,..., fm} with probabilities (p1,...,pm).

Definition 2.12 Let f; : R — R,j = 1,...,m be as in Proposition The system
{f1,..., fm} satisfies the Strong Separation Condition if f;(X) N f;(X) = 0 for i # j, where
X is the attractor of the system.

The attractor of a contracting iterated function system, as well as its stationary measure,
can be described in terms of the natural projection from the symbolic space. We will make
use of this description in Chapter [

Proposition 2.13. Let fj : R —R,j =1,...,m be as in Proposition[2.11 Fizx € R. Then
the natural projection 7 : {1,...,m}N — R given by

w(i1,ig,...) = nh_}rgole o fiy0...0 fi ()
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is well defined and does not depend on x. Moreover, the attractor X of the system {f1,..., fm}
satisfies X = w({1,...,m}). Similarly, for a fized probability vector (p1,...,pm), the cor-
responding stationary probability measure p satisfies equality p = . ((p1, . . . ,pm)®N), where
(p1,... ,pm)®N is the Bernoulli measure corresponding to the probability vector (pi,...,pm).
If the system { f1,..., fm} satisfies the Strong Separation Condition, then 7 is injective (hence
it is a homeomorphism between {1,...,m}N and X).

See [49] for details.

Definition 2.14 Let f; : R — R,j = 1,...,m be contracting similarities, i.e. maps of the
form fj(x) = A\jz +t; for some \;,t; € R satisfying 0 < |Aj| < 1. Then the attractor of the
system {f1,..., fm} is called a self-similar set and any stationary measure for this system is
called a self-similar measure.

It turns out that it is easy to calculate dimension of self-similar sets and measures for
systems satisfying the Strong Separation Condition. We will apply this formulas in Chap-
ter [ where the stationary measures for AM-systems will turn out to be infinite convex
combinations of self-similar measures.

Theorem 2.15 ([30, Thm 9.3] and [26, Thm 5.2.5]). Let f; : R — R,j = 1,...,m be
of the form f;(xz) = X\jxz + t;, where X\j,t; € R and 0 < |\j| < 1 for each j = 1,...,m.
Assume additionally that f;(X)N fj(X) = 0 for i # j, where X is the attractor of the system
{fi,..-, fm}. Then the boz-counting dimension of X exists and dimyg X = dimp X = d,
where d is the unique number d € [0,1] satisfying

doylt=1
j=1

Let (p1,...,pm) be a probability vector. Then the corresponding self-similar measure is exact
dimensional and

m
2 Pjlogp;

J
=
> pjlog [Nl
=1

dimpg p =

Moreover, if all p; are strictly positive, then supp(p) = X.

Remark 2.16 It is enough to assume weaker separation condition than f;(X) N f;(X) = 0

for ¢ # j. Namely, it is enough to assume the Open Set Condition, i.e. the existence of an
m

open bounded non-empty set U C R such that |J f;(U) C U with the sum being disjoint.
j=1

However, the natural projection m does not have to be injective in that case.

The formula for the dimension of a self-similar measure is given in terms of the entropy H(p)
of the probability vector p = (p1,...,pm), defined as

m
H(p) = —> pjlogp;,
j=1

and the Lyapunov exponent x(p) of the system, defined as

x(p) =Y _ pjlog|Xl.

j=1
In this notation, the above formula yields dimg pu = f;((pp)) . In the overlapping case the equality
might no longer be valid, yet the inequality dimpy pu < g((([g) still holds. Actually, this type of

inequality holds in much greater generality (see [51]) and we will use it in Section
In Chapter [ we will also make use of an extension of Theorem to infinite collections
of similarities on the interval (following [64]; see the proof of Proposition for the details).
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Chapter 3

A probabilistic Takens theorem

In this chapter we prove probabilistic Takens theorem and several accompanying results. The
main results of this chapter are: Probabilistic embedding theorem Probabilistic Takens
theorem and its extension The latter allows us to prove [85, Conjecture 1] for
ergodic measures (see Theorem . These are full versions of results formulated in Section
We also give an example of a measure with Hausdorff dimension strictly smaller than
lower modified box dimension (see Theorem and several further examples. All the results
of this chapter, except for Section (including Theorems and , are taken from [§].

The chapter is organized as follows. In Section [3.1] we introduce notation, definitions and
preliminary results used in the proofs of main theorems. Section [3.2] contains the formulation
and proof of the extended version of the probabilistic embedding theorem (Theorem ,
while Section [3.3]is devoted to the proof of the extended version of the probabilistic Takens
delay embedding theorem (Theorem . Both of these sections contain also historical re-
marks. In Section we prove conjecture of Sauer, Shroer, Ott and Yorke [85] for ergodic
invariant measures. Section [3.5] contains an example of a measure with Hausdorff dimension
smaller than lower modified box dimension. In Section we present several further exam-
ples. Apart from results and their proofs, Sections and contain historical remarks on
embedding and Takens theorems.

3.1 Preliminaries

We say that function ¢ : X — R*, X c RV is locally 3-Hélder for § > 0 if for every x € X
there exists an open set U C RY containing « such that ¢ is f-Hélder on U N X, i.e.

3o x,erJﬁX l¢(x) = W)l < Cllw — yII”. (3.1)

Similarly, we say the ¢ is B-Hélder on bounded sets if for every bounded set U ¢ RY, ¢ is
B-Holder on U N X (i.e. holds). We say that ¢ is Lipschitz (locally/on bounded sets)
if it is 1-Holder (locally/on bounded sets). Note that if ¢ : X — R* is 3-Hélder on bounded
sets then it is also locally -Holder. The converse holds if X is closed (but not for arbitrary
X c RYN). For k < N we write Gr(k, N) for the (k, N)-Grassmannian, i.e. the space of all
k-dimensional linear subspaces of R, equipped with the standard rotation-invariant (Haar)
measure (see [63, Section 3.9]) . By nx we denote the normalized Lebesgue measure on the

unit ball By(0,1), i.e.
1
nN = ELeb By (0,1)5

where Leb is the Lebesgue measure on RY and xy = Leb(Bx(0,1)).
For N,k € N let Lin(RY;R¥) be the space of all linear transformations L : RV — Rk,
Such transformations are given by

Lz = ((li,z), ..., (g, ), (3.2)
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where Iy,...,1l; € RY. Thus, the space Lin(RY;R¥) can be identified with (R™V)*, and the

k
Lebesgue measure on Lin(RY;R¥) is understood as ® Leb, where Leb is the Lebesgue mea-
j=1
sure in RY. Within the space Lin(RY;R*) we consider the space E,]CV consisting of all linear
transformations L : RN — R¥ of the form (3.2)), for which Iy, ...,lx € Bx(0,1). Note that by
the Cauchy-Schwarz inequality,

ILa|l < VN ] (3.3)

for every L € E,ZCV and z € RV,
By nn, we denote the normalized Lebesgue measure on E,ng , i.e. the probability measure
on E/,]CV given by
k

1
nne = &) — Leb [y 0.1);
j=1 "N

where ky = Leb(By(0,1)). The following geometrical inequality is the key ingredient of the
proof of Theorem

Lemma 3.1 ([81, Lemma 4.1]). Let L : RV — R* be a linear transformation. Then for
every x € RV \ {0}, 2 € R¥ and ¢ > 0,

k
9
sl € Bl :||La + 2] <)) < ONM2 o,

where C' > 0 is an absolute constant.

For L € Lin(R™;R¥), where m,k € N, denote by o,(L), p € {1,...,k}, the p-th largest
singular value of the matrix L, i.e. the p-th largest square root of an eigenvalue of the matrix
L*L. In the proof of Theorem instead of Lemma [3.1] we will use the following lemma.

Lemma 3.2 (|81, Lemma 14.3]). Let L : R™ — R* be a linear transformation. Assume that
op(L) > 0 for some p € {1,...,k}. Then for every z € R¥ and p,e > 0,

Leb({a € By (0,p) : |[La+ 2| < €}) o k( 5 )p
Leb(B (0, p)) ST ey (L) p/)

where Cy, . > 0 is a constant depending only on m,k and Leb is the Lebesgue measure on
R™.

To verify the measurability of the sets occurring in subsequent proofs, we will use the two
following elementary lemmas. Recall that a o-compact set is a countable union of compact
sets.

Lemma 3.3. Let X C RN be a Borel set and let ju be a Borel o-finite measure on X. Then
there exists a o-compact set K C X of full measure p.

Proof. The proof follows from the fact that a finite Borel measure in a Euclidean space is
regular (see e.g. [I14, Theorem 1.1]). More precisely, as p is o-finite, there exists a sequence

[e.e]
K,, n € N of Borel sets such that X = |J K, and u(K,) < oo. By regularity of a finite
n=1

Borel measure on RY, there exist compact sets F, 1, n,k € N such that F,,;, C K, and
((Kp \ Fop) < £ for all n,k € N. The desired o-compact subset of X of full measure is

K= U Fu 0
n,keN

Lemma 3.4. Let X, Z be metric spaces. Then the following hold.
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(a) If K C X x Z is o-compact, then so is mx(K), where my : X x Z — X is the projection
given by mx(x,z) = x. In particular, 7x(K) is Borel.

(b) If X, Z are o-compact, F : X x Z — R¥ k € N, is continuous and K C X is o-compact,
then the set

{(z,2) € X x Z: F(x,2) = F(y, 2) for somey € K\ {z}}

is o-compact and hence Borel.

Proof. The statement (a) follows from the fact that mx is continuous, and a continuous
image of a compact set is also compact. To check (b), let Tyxz : X X K x Z — X X Z be
the projection myxz(x,y,2) = (z,z). Then

{(z,2) € X x Z: F(z,2) = F(y,z) for some y € K\ {z}}
=7xxz({(®,y,2) € X X K x Z: F(x,2) = F(y, 2), d(z,y) # 0})

— fj maxz({(z,y,2) E X x K X Z: F(z,z) = F(y, 2), d(z,y) > %})’
n=1

where d is the metric in X. Since d and F are continuous, the set ({(z,y,2) € X x K x Z :
F(z,z) = Fl(y,z), d(z,y) > %}) is closed and consequently o-compact, since X' is o-compact.
Applying (a) ends the proof. O

3.2 Probabilistic embedding theorem

In this section we prove an extended version of the Probabilistic embedding theorem, formu-
lated below. Recall that H® denotes the s-dimensional Hausdorfl measure.

Theorem 3.5 (Probabilistic embedding theorem — extended version). Let X C RY
be a Borel set and p be a Borel o-finite measure on X. Fiz k € N and 8 € (0,1] such that
w L H* and let ¢ : X — R be B-Hoélder on bounded sets. Then for Lebesque almost every
linear transformation L : RN — RF¥ there exists a Borel set X1, C X of full measure p, such
that the map ¢, = ¢ + L is injective on Xp,.

Remark 3.6 Note that the assumption p 1 H5* is fulfilled if dimy (u) < Bk, so Theorem [3.5
is indeed an embedding theorem for the Hausdorff dimension. Moreover, it may happen that
p L HP* and dimy X = Bk, hence the assumption p L HA* is weaker than dimg(u) < fk.
Note also that ¢ : X — R¥ is 8-Holder on bounded sets provided that ¢ extends to a locally
B-Hoélder map on the closure X. In particular, this assumption is fulfilled if ¢ is defined on
RN and locally 3-Holder. Consequently, Theorem follows from Theorem It is also
straightforward to notice that if dimg X = 0, then ¢ can be taken to be an arbitrary Holder
map.

Proof of Theorem [3.5l Note first that it sufficient to prove that the set X, exists for NN k-
almost every L € E,]CV . Indeed, if this is shown, then for a given S-Holder map ¢ : RN — RF
we can take sets £; C EY, j € N, such that nyx(£;) = 1 and for every L € L; the map

(0/4); = o/5 + L is injective on a Borel set Xg) C X of full measure pu. Then the set
L= UjeN{j[: :Le L;} C Lin(RY; R*) has full Lebesgue measure and for every L € £ there
exists j such that L/j € Lj, so (¢/5)r/; = (¢ + L)/j is injective on X1, = ey Xg/)j (and
hence so is ¢r,), which has full measure p.
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By the assumption p L HP*, there exists a Borel subset X of X of full measure w and zero
measure H?k. By Lemma we can assume that X is o-compact. Take k € N, g € (0,1]
with H*(X) = 0 and a S-Holder map ¢ : RN — R*. Set

A={(z,L) e X x EY : ¢1(x) = ¢1(y) for some y € X \ {z}}.

By Lemma A is Borel. For z € X and L € E,iv , denote by A, and AL, respectively, the
sections

Ay ={LeEY:(x,L)c A}, Al={crecX:(z,L)c A}

The sets A, and AL are Borel as sections of a Borel set. Observe first, that in order to prove
the theorem it is enough to show 7y ;(A;) = 0 for every z € X, since then by Fubini’s
theorem ([83, Thm. 8.8]), (nyx ® u)(A) = 0 and, consequently, u(AL) = 0 for ny x-almost
every L € E,iv . Since ¢, is injective on X \ A%, the assertion of the theorem is true.

Take a point z € X. To show nnk(Az) = 0, it suffices to prove ny 1 (Azrn) = 0 for every
n € N, where

Apn ={L € B : ¢r(x) = ¢1(y) for some y € K,}

and

Kn:{yeX: <Ha:—y||<n}.

1
n
Take n € N and fix a small € > 0. Since H%(K,,) < H?*(X) = 0, there exists a collection of
balls By (yi,€:), ¢ € N, for some y; € K, €; > 0, such that
K, C U Bn(yi,ei) and Zelﬁk <e. (3.4)
€N 1€EN

Take L € A, and y € K, such that ¢r(z) = ¢r(y). Then y € By (y;,¢;) for some i € N and

IL(yi — ) + ¢(yi) — o(@)[| = llor(vi) — dr(z)||
= lloL(yi) — oL (W)l

< llé(wi) = oWl + 1 L(yi — )
< Mollys = ylI° + V' N|ly: — o
< Mnsp

)

for some M, M, > 0, by (3-3) and the fact that y,y; € Bn(z,n+¢) and ¢ is S-Holder on
bounded sets. This shows that

Aen © ULL € BY | L(yi — 2) + ¢(y:) — ¢(@)]| < Mael'}.
ieEN

By Lemma and (3.4) we have

Nk (Azn) <D nnk({L € BY ¢ [IL(ys — @) + o) — d(@)]| < Mpe)'})

ieN
CN*20y Bk k/2q 1k, k
€N
Since € > 0 was arbitrary, we obtain 1y x(Az») = 0, which ends the proof. O

As a simple consequence of Theorem [3.5] we obtain the following corollary, formulated in
a slightly simplified version in Chapter [I] as Corollary [I.5]
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Corollary 3.7 (Probabilistic injective projection theorem — extended version).
Let X C RY be a Borel set and let  be a Borel o-finite measure on X. Then for every
keN, k<N such that p L. H* and almost every k-dimensional linear subspace S C RV,
the orthogonal projection of X into S is injective on a u-full measure subset of X (depending
on S).

Proof of Corollary Apply Theorem for the map ¢ = 0. Then we know that a
linear map L € Lin(RY;R¥) of the form is injective on a set X C X of full measure
p for Lebesgue almost every (Iy,...,1lx) € (RY)*. We can assume that Iy, ...,[; are linearly
independent for all such L, which also implies that the same holds for Lly, ..., Lli. Setting

S, = Span(ly, ..., 1)
and taking V7, € Lin(R¥;RY) defined by V,(Ll;) =; for j = 1,...,k, we have
VL (@] L = HSL,

where Ilg, is the orthogonal projection from RY onto Sz, and V7, is injective. It follows that
IIs, is injective on Xy, for almost every (l1,...,l;), so Ilg is injective on a p-full measure
subset of X for almost every k-dimensional linear subspace S C RYV. O

Let us note that in general, the requirement y L H5* in Theorem cannot be replaced
by a weaker condition dimp (1) < 8k - see Example [3.32]

Theorem [3.5] strengthens the following embedding theorem, proved recently by Alberti,
Boleskei, De Lellis, Koliander and Riegler in [1J.

Theorem 3.8 ([I, Theorem II.1]). Let u be a Borel probability measure in RY and let
k € N be such that k > dimyppu. Then for Lebesgue almost every linear transformation
L : RN — RF there exists a Borel set X; C RY such that u(Xp) = 1 and L is injective on
Xr.

In fact, in [I] the authors introduced the notion of dim ;g 1, denoting it by K () and call-
ing it the description complexity of the measure. In particular, Theorem [3.8| holds for measures
 supported on a Borel set X ¢ RY with dimg X < k. By , we have dimy p < dim /5 i,
and in Section we present an example (Theorem showing that the inequality may
be strict. Therefore, Theorem actually strengthens Theorem

Non-probabilistic embedding theorems were first obtained in topological and smooth cat-
egories. The well-known Menger—N&beling embedding theorem (see e.g. [48, Theorem V.2])
states that for a compact metric space X with Lebesgue covering dimension at most k, a
generic continuous transformation ¢ : X — R+ is injective (and hence defines a homeo-
morphism between X and ¢(X)). Genericity means here that the set of injective transfor-
mations ¢ : X — R%*! is a dense G subset of C'(X;R?**1) endowed with the supremum
metric. The dimension 2k 4 1 is known to be optimal. The corresponding result in the cat-
egory of smooth manifolds is the Whitney embedding theorem (see [97]). It states that for
a given k-dimensional C"-manifold M, a generic C"-transformation from M to R?**! is a
C"-embedding (i.e. an injective immersion of class C").

Let us now compare Theorem [3.5] to non-probabilistic embedding theorems involving box-
counting dimension. One of the first results in this area was a theorem by Mané [59, Lemma
1.1]. We present its formulation following [84, Theorem 4.6] and [81, Theorem 6.2] (originally,
Mané proved that topologically generic linear transformation is injective on X).

Theorem 3.9. Let X C RN be a compact set. Let k € N be such that k > 2dimp X or
k > dimyg(X — X). Then Lebesgue almost every linear transformation L : RN — R¥ js
injective on X.
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Remark 3.10 As noticed by Mané and communicated in [24, p. 627], his original statement
in [59] is incorrect. Namely, he assumed k > 2dimpy X + 1 instead of & > dimpy(X — X).
However, this is known to be insufficient for the existence of a linear embedding of X into R”.
In fact, in [84, Appendix A], Kan presented an example of a set X C R™ with dimyg X = 0,
such that any linear transformation L : R™ — R™™! fails to be injective on X. This proves
that the assumption k£ > 2dimg X is insufficient, while & > 2dimp X is sufficient. This stems
from the fact that the proof of Theorem [3.9|actually requires the property & > dimy (X — X),

and applying (2.1)), Proposition [2.1]|6| and Proposition we obtain
dimH(X —X) < dimH(X X X) < ﬁB (X X X) < QRBX,

hence k > 2dimp X implies k > dimy (X — X). On the other hand, (??) does not hold for the
Hausdorff dimension (nor for the lower box-counting dimension), so dimyg X does not control
dimg (X — X). The fact that in Theorem we can work with the Hausdorff dimension
comes from the application of Fubini’s theorem, which enables us to consider covers of the
set X itself, instead of X — X. In Section we analyze Kan’s example from the point of
view of Theorem

Theorem [3.9] is also true for subsets of an arbitrary Banach space 9B for a prevalent set of
linear transformations L : B — R* (see [8I, Chapter 6] for details).

Note that the linear embedding from Theorem [3.5 need not preserve the dimension of X.
Indeed, the Hausdorff and box-counting dimensions are invariants for bi-Lipschitz transfor-
mations, yet inverse of a linear map on a compact set does not have to be Lipschitz. Therefore,
we only know that dim ¢r(X) < dim X (see [81, Proposition 2.8.iv and Lemma 3.3.iv]) and
the inequality can be strict. For example, let ¢ = 0 and X = {(z, f(z)) : © € [0,1]} be a
graph of a (Holder continuous) function f : [0,1] — R with dimyg X > 1, e.g. the Weierstrass
non-differentiable function. Then the linear projection L : R? — R given by L(x,y) = x
satisfies 1 = dim L(X) < dimy X. The following theorem shows that in the non-probabilistic
setting, one can obtain S-Holder continuity of the inverse map for small enough 8 € (0,1)
(see [12] 25 [47] and [81], Chapter 4]).

Theorem 3.11. Let X C RY be a compact set. Let k € N be such that k > 2dimp X and
let 8 be such that 0 < 8 < 1—2dimp X/k. Then Lebesque almost every linear transformation
L :RY — RF is injective on X with $-Hélder continuous inverse.

However, this is not true in the case of Theorem

Remark 3.12 In general, we cannot claim that the injective map ¢r|x, from Theorem
has a Holder continuous inverse. Indeed, it is well-known that for n € N there are examples
of compact sets X C RV of Hausdorff and topological dimension equal to n, which do not
embed topologically into R¥ for k < 2n (showing the optimality of the bounds in the Menger—
Nébeling embedding theorem, see [48, Example V.3]). Consider a probability measure p on
X with suppp = X. Such measure exists for any compact set. If the map ¢r|x, from
Theorem for K = n+1 had a Holder continuous inverse f = gbzl, then we could extend f
from ¢ (X1) to R**! preserving the Hélder continuity ([7, Theorem IV.7.5], see also [67]).
Then Y = {z € X : fo¢r(x) = x} would be a closed subset of X with u(Y) = 1, hence
Y = X, so ¢, would be a homeomorphism between X and ¢ (X) C R**!, which would give
a contradiction.

3.3 Probabilistic Takens delay embedding theorem

In this section we present the proof of the extended probabilistic Takens delay embedding
theorem. It turns out that linear perturbations are insufficient for Takens-type theorems,
see Example As observed in [84], it is enough to take perturbations from the space of
polynomials of degree 2k. This can be easily extended to more general families of functions.
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Definition 3.13 Let X be a subset of RY. A family of transformations hq, ..., hm : X — Ris
called a k-interpolating family on set X, if for every collection of distinct points z1,...,xp € X

m
and every & = (&,...,&) € R¥ there exists (aq,...,qn) € R™ such that 3. ajhj(z;) = &
j=1

for each i = 1,..., k. In other words, the matrix
hl(a:l) Ce hm(xl)
hi(xg) ... hp(xg)

has full row rank as a transformation from R™ to R¥. Note that the same is true for any
collection of [ distinct points with [ < k.

Example 3.14 It is known that any linear basis h1, ..., h,, of the space of real polynomials
of N variables of degree at most k — 1 is a k-interpolating family (see e.g. [32, Sec. 1.2, eq.

(1.9)])-

For a transformation 7" : X — X and p € N denote by Per,(7") the set of periodic points
of minimal period p, i.e.

Perp(T):{:UEX:Tpa:::candex;émforjzl,...,p—l}.

Theorem 3.15 (Probabilistic Takens delay embedding theorem — extended ver-
sion). Let X C RN be a Borel set, u be a Borel o-finite measure on X and T : X — X an
injective map, which is Lipschitz on bounded sets. Fix k € N and 3 € (0,1] such that pu L HPE
and assume u|pcrp(T) L HOP for everyp=1,...,k—1. Let h : X — R be B-Hélder on bounded
sets and hi,...,hy : X — R a 2k-interpolating family on X consisting of transformations
which are B-Hélder on bounded sets. For a = (aq,...,am,) € R™ denote by hy : X — R the
transformation

ho(z) = h(x) + i ajhj(x).

Then for Lebesgue almost every a = (aq,...,qn) € R™, there exists a Borel set X, C X of
full measure u, such that the delay-coordinate map

¢£ : X _>Rk7 ¢£(JJ) = (h&($)7ha(Tx>7"'7h0£(Tk_lm))

is injective on Xo. If p is additionally T-invariant, then the sets X, can be taken to be
T-invariant, i.e. satisfy T(Xq) C Xq.

Remark 3.16 By Example and observations of Remark Theorem [1.2] follows from
Theorem [3.15)

Under the notation of Theorem [3.15] we first show a preliminary lemma. For x € X define
its full orbit Orb(x) as

Orb(z) ={T"z:n>0}U{y € X : T"y = z for some n € N} = U T"({z}).
nez

Note that since T is injective, all full orbits are at most countable, and any two full orbits
Orb(z) and Orb(y) are either equal or disjoint. For x,y € X let D, , be the k X m matrix
defined by

M@ =) e (@) = k()
hi(Tz) — h1(Ty) e hio(T'z) — hypn(Ty)
Doy = : . :
hi(TF 'z) - hi(TFYy) ... hp(TF'2) — by (TF1y)
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Lemma 3.17. For x,y € X, the following statements hold.
(i) Ify # z, then rank Dy, > 1.

(ii) If y ¢ Orb(z) and y € Pery(T) for some p € {1,...,k — 1}, then rank D, ,, > p.

k—1
(ili) Ify ¢ Orb(z) and y ¢ U Pery(T), then rank D, , = k.
p=1

Proof. For (i), it suffices to observe that the first row of D, , is non-zero as long as z # y and
therefore rank(D,,) > 1. Indeed, otherwise we would have hj(x) = h;(y) for j =1,...,m
which contradicts the fact that hy,..., h,, is an interpolating family.

Assume now y ¢ Orb(z), which implies Orb(y) NOrb(z) = 0. Let ¢ (resp. ) be a maximal
number from {1,...,k} such that the points z,Tx,...,T9 2 (resp. y,Ty,...,T""'y) are
distinct. Notice that if y € Per,(T) for some p € {1,...,k — 1}, then r = p, and if y ¢

k—1
U Per,(T), then r = k. Thus, the assertions (ii)—(iii) of the lemma can be written simply as
p=1

one condition

rank Dy, > 7. (3.5)

To show that (3.5) holds, denote the points =, Tz, ..., T9 'z, y, Ty, ..., T" 'y, preserving the
order, by z1,..., 2, for | = g+ r. By the definition of ¢, r, we have 1 <[ < 2k and the points

21,...,% are distinct. Thus, the matrix D, , can be written as the product
D$7y = Jxvvavy’
where
hl(zl) hm(zl)
Viy = ; :
hi(z)) ... hm(z)

and Jg, is a k x [ matrix with entries in {—1,0,1} and block structure of the form

x| — Idyqr
Try = [#71

where Id, «, is the r x r identity matrix. It follows that rank J, , > r. Moreover, since z1,. .., 2
are distinct and hq,..., hy,, is a 2k-interpolating family, the matrix V. , is of full rank, hence
rank D, , = rank J, , > r, which ends the proof. O

Proof of Theorem B.I5 We proceed similarly as in the proof of Theorem [3.5 using
Lemma [3.2] instead of Lemma together with the suitable rank estimates coming from
Lemma [3.17] In the same way as in the proof of Theorem [3.5] we show that it is enough to
check that the suitable set X, exists for n,,-almost every a € By, (0, 1).

Applying Lemma to the sets Pery(T'), p =1,...,k — 1 and (possibly zero) measures
,u\perp(T), we find (possibly empty) disjoint o-compact sets Xi,..., X1 C X such that

X, C Pery(T), p(Xp) = u(Pery(T)), HP(X,)=0 forp=1,....k—L

k—1
Similarly, there exists a o-compact set X, C X \ U Per,(T) such that
p=1

k—1
w(Xy) = ,u(X\ U Perp(T)) and  H*(X}) = 0.
p=1
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Note that X} contains both aperiodic and periodic points (with period at least k). Let

Then X C X is a o-compact set of full measure . Define
A={(z,a) € X x B(0,1) : ¢L(z) = ¢L(y) for some y € X \ {z}}.

The set A is Borel by Lemma For z € X and a € B, (0,1), denote, respectively, by A,
and A%, the Borel sections

Ay ={a € Bn(0,1): (z,0) € A}, A*={zec X :(x,a)c A}.

Observe that it is enough to prove 7n,,(A;) = 0 for every = € X, since then by Fubini’s
theorem ([83, Thm. 8.8]), (7, ® 1)(A) = 0 and, consequently, u(A*) = 0 for 7,,-almost every
o € B, (0,1). As ¢! is injective on X \ A and X has full measure p, the proof of the theorem
is finished.

Fix 2 € X. To show 7,,(A,) = 0, note that for y € X,

¢£($> - d)g(y) = Dy ya + wyy (3.6)
for
h(z) — h(y)
h(Tx) — h(Ty)
Wyy = :
h(TF ) — h(TF 1y)
Write A, as
k
Ay = AP U 42,
p=1

where

A% = {o € B,,(0,1) : ¢L ()
AP = {a € B;,(0,1) : ¢ (z)

«

<Z>Z:(y) for some y € XN Orb(x) \ {z}},
¢ (y) for some y € X,\ {}}, p=1,...,k.

The set A% is Borel as a countable union of closed sets of the form
{a € Bn(0,1): 65 (2) = ¢a ()}, y € XNOrb(x)\ {z}, (3.7)
while each set AP is Borel as a section of the set
{(z,0) € X x Bin(0,1) : ¢ (x) = ¢q (y) for some y € X, \ {a}},

which is Borel by Lemma To end the proof, it is enough to show that the sets A%™ and
AP p=1,...,k, have n,, measure zero.

To prove 1, (A%™) = 0 it suffices to check that the sets of the form have 7, measure
zero. By , we have

{Oé S Bm(07 1) : ¢£(x) = ¢£(y)} = {a € Bm(()? 1) : Dx,ya = _wx,y}

and Lemma gives rank D, , > 1 whenever y # x, so each set of the form (3.7)) is contained
in an affine subspace of R™ of codimension at least 1. Consequently, it has 7,, measure zero.
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To prove N, (A2) =0 for p=1,...,k, fix n € N and define

1
Xbn = {y € Xp:0p(Dyy) > o and [ly — zf| < n}?
AR = {a € Bu(0,1) : ¢ (x) = 64 (y) for some y € X"\ {a}},

where 0,,(D; ) is the p-th largest singular value. Note that singular values of given order
depend continuously on the coefficients of the matrix, see e.g. [37, Corollary 8.6.2]. Hence,
the set X2 is o-compact as a closed subset of X, and by Lemma the set AP™ is Borel.

By Lemma for every y € X, \ Orb(xz) we have rank D,, > p, which implies
0p(Dg,y) > 0 (see e.g. [81, Lemma 14.2]). Hence,

AP\ AZP = ) A g,
n=1

Consequently, it is enough to prove n,,(AP™ \ A%™) = 0 for every n € N.
Fix € > 0. Since H?P(XP" \ Orb(z)) < H(X,) = 0, there exists a collection of balls
Bn(yi,€i), for y; € XP™\ Orb(z) and 0 < ¢; < ¢, i € N, such that

X2™\ Orb(z) C U Bn(yi,e;) and Zsfp <e. (3.8)
i€N ieN

Take a € AP™\ A% and let y € X2\ Orb(z) be such that ¢ (z) = ¢ (y). Then for y; with
y € B(yi,ei) we have

| Dy @ + Wy, || = H@bg(w) - Qg(%)H = "¢£(y) - fbg(yz)”

k—1 m 2

< 22 (In(Toy) = @yl + D e (Toy) = by (Tog)ll) - (3.9)
s=0 j=1

<Mnsf}

for some M,, > 0 (depending also on m, k), since ||y —y;|| < &, ||laj|| <1, y,y; € Bn(z,n+¢)
and T, h and h; are $-Hélder on bounded sets on X. By (3.9)),

A\ AT J{a € Bun(0,1) 1 || Dy 4wy || < Myel.
1€N
Since for every i € N we have 0,(Dy4,) > 1/n, we can apply Lemma and (3.8) to obtain

Mﬁsiﬁp
1/np

N (AR™\ A;rb) < Z Cnk
€N

< C’mkal’nps.

Since £ > 0 was arbitrary, we conclude that n,,(A%" \ A%P) =0, so in fact 7,,(AP") = 0.
Let us end the proof by showing that if y is T-invariant, then X, can be taken to be
T-invariant. This follows from the fact that every Borel set ¥ C X of full measure has a

oo
T-invariant subset of full measure. Indeed, let B = |J T-"(X \Y). Then u(B) = 0 and it is

n=0

easy to see that Y \ B is T-invariant. O

3.4 Conjectures of Shroer, Sauer, Ott and Yorke

The sufficiency of taking k& > dim(X) measurements (instead of £ > 2dim(X)) for almost
surely lossless reconstruction of the system via k measurements was conjectured in a physical
literature by Shroer, Sauer, Ott and Yorke [85, Conjectures 1 and 2]. They provided heurestic
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arguments supporting this conjecture and numerical verification for certain systems, but no
rigorous proofs. In this section we present these conjectures and explain their connections to
the results from previous sections. We prove Conjecture 1 for general measures with Hausdorff
dimension replacing the information dimension. As a corollary, we prove Conjecture 1 for
ergodic measures. Let us introduce notions required to state the conjectures.

Definition 3.18 Let X ¢ RY be a Borel set and let 7 : X — X be a Borel transformation.
Let pu be a Borel probability measure on X. Fix k£ € N, let h: X — R be an observable and
let ¢(x) = (h(z),..., h(T* 1x)) be the corresponding delay-coordinate map. For yy € R¥ and
e > 0 such that ¢.p(B(yo,€)) > 0 define

1
Xe(¥o) = m ) / o(T(z))dp(x)
#~1(B(yo.¢))

and

[ 16@@) - xelw) Pdu@)
¢~ (B(yo,2))

o:(y0) = (qﬁ*u(B(yo,e))

In other words, xc(yo) is the conditional expectation of ¢ o T' with respect to p given ¢ €
B(yo,e) and o.(yp) is the corresponding conditional variance. For yy in the support of ¢.u
define the prediction error at yg as

o(yo) = ;1_{% o:(%0)-

A point yp is said to be predictable if the above limit exists and o(yg) = 0.

Note that the prediction error depends on the observable h. We simplify the notation by
suppressing this dependence.

Definition 3.19 Let X be a compact Riemannian manifold and 7" : X — X a smooth
diffeomorphism. Let A C X be a compact T-invariant set (an attractor) and let B C M
be the basin of attraction of A, i.e. a neighbourhood of X characterized by B = {z € X :
nanéo dist(T™z, A) = 0}. A T-invariant probability measure p on A is called a natural measure

for T if for almost every x € B (with respect to the volume measure on X)

1 n—1
i 2 Oree = 1

where the limit is taken in the weak* topology.

Note that some authors use the name physical measure or SRB (Sinai- Ruelle- Bowen) measure
for this or similar concepts (see e.g. [99]). The above notion of natural measure occurs is used
in mathematical physics literature (see e.g. [72,[73]). We are ready now to state the conjectures
of Shroer, Sauer, Ott and Yorke, following the formulations from [85]. Note that in [85] not
all the details are precisely specified (e.g. the notion of genericity).

Conjecture 3.20 ([85, Conjecture 1]). If p is a natural measure for a smooth diffeomorphism
T of a compact Riemannian manifold X, then ¢.u({x € R* : x is predictable}) = 1 holds for
a generic observable if k > ID(u).

Conjecture 3.21 ([85, Conjecture 2|). Assume that p is a natural measure for a smooth
diffeomorphism T of a compact Riemannian manifold X. Let 6 > 0. Then the measure
G0 > 0) of points with finite prediction error o. > § scales for a generic observable
in the following way (as e\, 0):
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(i) When ID(pu) > k, then p(oz. > 0) ~ O(1).

(ii) When % < ID(p) < k, then p(o. > 8) ~ e*=PW) if self-intersections occur (the delay
coordinate map is not injective). If self-intersections are absent, u(oe > 6) = 0.

(iii) If ID(p) < & then p(o. > 6) = 0.

If we understand the notion of generic observable as in Theorem [3.15] we can prove the
following:

Theorem 3.22. Conjecture holds with dimpg (p) replacing ID(u). Consequently, Con-
jecture [3.20 holds for ergodic measures.

Actually, we are able to prove a more general result - see Theorem below. Indeed, the
first assertion of Theorem follows from Theorem (see Lemma . The second
assertion follows from the first one by Proposition Before proceeding further, let us
introduce additional notation.

Definition 3.23 Let X € RY be a compact set, T : X — X be a continuous map and u a
Borel probability measure p on X. For z € supp(p) and € > 0, let p, . be the conditional
distribution of p on ¢~1(B(¢(x),¢)) (i.e. we condition on the event ¢ € B(¢(z),¢)):

Theorem 3.24. Let X C RY be a compact set, i be a Borel probability measure on X
and T : X — X an injective Lipschitz map. Fiz k € N and § € (0,1] such that p L H5*
and assume u|perp(T) 1L HPP for every p =1,....,k—1. Let h : X — R be B-Hélder and
hi,...,hpm : X — R a 2k-interpolating family on X consisting of B-Holder transformations.
For a = (a1,...,0p,) € R™ denote by hy : X — R the transformation

ho(z) = h(x) + i ajh;(z).

Then for Lebesgue almost every a = (o, ..., ap) € R™, there exists a set X, C X of full
measure , such that the delay-coordinate map

oL X — RF, L (2) = (ho(z), ha(Tx), ... ho(TF 12))

is injective on X. Moreover, lin% fae = 0g in the weak™ topology for every x € X, and oL ()
E—>

is predictable for every x € Xq. If p is additionally T-invariant, then the sets X, can be
taken to be T-invariant, i.e. satisfy T(X,) C Xq.

Note that assumptions of the above theorem are the same as assumptions of Theorem [3.15]
hence this is its strengthening, which asserts additional properties of ¢X (lin% Ha,e = 0 almost
e—

surely). As the next lemma shows, in order to establish almost sure predictability, it is enough
to prove the convergence lin% fge = 0y for almost every z € X.
E—>

Lemma 3.25. Let X C RN be a compact set, T : X — X be a continuous map and

a Borel probability measure y on X. Let ¢ be the delay-coordinate map corresponding to a

continuous observable h : X — R. Fix xg € X and assume that lin% Hao.e = Ogzy, where the
E—>

limit is in the weak* topology. Then ¢(x) is predictable
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Proof. Observe first that if ¢ =9 0z, then

Xe(d(z0)) = /¢ o T'dpiz, e = ¢ o T(xo), (3.10)
X

as ¢ o T is continuous. Moreover

o2(6w0)) = [ 160 = xe(6(20)) b < [ 10T = 60 Tw0) Pdtan.c +
X X

+/er(¢(fco)) *¢OT(ZE0)H2dﬂxO,5+2/IIXs(cb(fvo))*¢OT($0)HII¢OT*¢OT(xo)||deo,s <
X X

< / I 0 T — ¢ o T'(wo) [P dpta.c + IIx=(6(20)) — ¢ 0 T(wo)|* + 2M ||xe(¢(x0)) — ¢ o T'(wo),
X

where M = sup ||[¢ o T'(x) — ¢ o T'(xo)||. The latter integral converges to 0 as ¢ — 0, since
zeX

JTE- =9 8zy and ||¢p o T — ¢ o T()||? is continuous. Applying 1} finishes the proof. [

Remark 3.26 Note that in the proof of the above lemma, we did not use any special prop-
erties of the delay-coordinate map. In fact, Lemma holds for any continuous function
6: X — R~

In order to deduce Theorem [3.24] from Theorem [3.15] we will need the following version
of the Rokhlin Disintegration Theorem in compact metric spaces. We will use it to deduce
ii_f% fee = 0y for p-a.e. x € X from almost sure injectivity of the delay coordinate map.
The existence and uniqueness of a system of conditional measures is a classical result, known
as the Rokhlin disintegration theorem (see e.g. [82]). The crucial fact for us is that in the
topological setting, the conditional measures can be defined as limits of conditional measures
on preimages of shrinking balls and the convergence is ensured almost surely, which was
proved by D. Simmons in [87].

Theorem 3.27 (|87, Theorems 2.1 and 2.2]). Let X be a compact metric space and let
u be a Borel probability measure on X. Let Y be a separable Riemannian manifold and
let m: X — Y be a measurable map. Then for mw.u-almost every y € Y, the sequence of
probability measures mu I 77 Y(B(y,€)) converges weakly* to a probability measure
oy as € N\, 0. Moreover, the collection of measures {jiy : y € Y} (we set here py, = 0 if the
convergence does not hold) is a system of conditional measures of y with respect to , i.e.

1. for eachy €Y, py, is a measure on 7 ({y}),
2. Wy 15 a probability measure for m.p-almost every y € Y,

3. for every Borel set B C X, the transformation Y > y — p,(B) € R is measurable (with
respect to the completion of the Borel o-algebra according to the measure mep on'Y ) and

w(B) = [ p(B)dm.nly).

Y

Moreover, the system of conditional measures is unique, i.e. if {vy :y € Y} is a collection
of measures satisfying |Z| - @., then vy = py for mep almost every y € Y.
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The idea of the proof of Theorem is the following. Theorem [3.15] guarantees that for
almost every oo € R™, the corresponding delay-coordinate map ¢ : X — RF is injective on a
Borel set X, of full measure. On the other hand, Theorem [3.27] guarantees that the measures
iz are almost surely convergent as € \, 0, and the limits form a system of conditional mea-
sures of y with respect to ¢L. Almost sure injectivity implies that the conditional measures
are almost surely Dirac’s deltas, hence indeed ;13(1) Hz.e = 0z. Below we present a formal proof,

were we check the details.

Proof of Theorem [3.24. By Theorem for almost every o € R™ there exists a Borel

set X, of full measure y, such that the corresponding delay-coordinate map ¢ := ¢~ : X — R¥

is injective on X,. Let us fix such a. We shall prove hII(l) Hae = 0 for p-almost every z € X.
e—

By applying Theorem [3.27| with 7 = ¢ and Y = R*, we obtain that lir% P = He(z) €Xists
£—

for z in a set A of full measure p. Moreover, the system of measures {ju, : y € Y}, where
My = Mooy i y = ¢(x) for some z € A (note that the measure p, does not depend on the
choice of the preimage = of y) and p, = 0 otherwise, is a system of conditional measures
of pu with respect to ¢. It remains to show that pg,) = 0, for p-almost every z € X. We
claim that this follows from injectivity of ¢ on X,,. For y € ¢(X,,), denote by ¥ (y) the unique
element = € X, such that ¢(x) = y. By the uniqueness in Theorem it is enough to show
that the collection of measures {v, : y € Y} defined as v, = dy(, if y € ¢(Xo) and vy =0
otherwise, is also a system of conditional measures of p with respect to ¢. Let us check first
that for every Borel B C X, the map f:Y — R defined as f(y) = v,(B) is measurable with
respect to the completion of the Borel o-algebra on Y according to the measure ¢, pu. It is
enough to show that f is equal ¢, pu-almost surely to a Borel map. Note that ¢(X,) is of full
¢« measure and for y € ¢p(X,) we have

f(y) =y (B) = 1p(¥(y)) = Lganx,) (Y)- (3.11)

Therefore f = 14pnx,) holds ¢.u-almost surely, hence it is enough to show that ¢(B N X,)
is Borel. This follows from [53, Theorem 15.1], as ¢ is continuous and injective on a Borel set

BN X,. Moreover, by (3.11))

/Vy(B)dmu(y) = /11¢<ana)(y)7r*u(y) = (o (#(BNXa))NXa) = pu(BNXy) = pu(B),
Y Y

hence point |3| of the definition of a system of conditional measures is fulfilled. As each v,
is clearly a measure on ¢~ ({y}), we conclude that {1, : y € Y} is indeed a system of
conditional measures of p with respect to ¢. The invariance of X, in the case of T-invariant
measure follows by the same lines as in the proof of Theorem [3.15] O

Note that the above proof does not use any specific properties of gbg other than its

continuity. Therefore, we can similarly use Theorem [3.27] to prove analogous extension of
Theorem [3.5

Theorem 3.28. Let X C RN be a compact set and pu a Borel probability measure on X. Fix
k€N and B € (0,1] such that ywHP* and let ¢ - X — RF be B-Hélder on bounded sets. Then
for Lebesque almost every linear transformation L : RN — RF there exists a set X1, C X of
full measure 1, such that the map ¢, = ¢ + L is injective on X, and for every x € X, the
sequence of measures

_ -1 T
Hxe = ﬂ(¢71(3(¢($),€))) % [qu (B(¢L( )75))

converges weakly® to d, as €\, 0.
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3.5 Measure with Hausdorff dimension smaller than lower
modified box dimension

To show that Theorem [3.5]is an actual strengthening of Theorem [3.8] we present an example
of a measure pu, for which dimgy p < dim ;g p. As we were unable to find an explicit example
in the literature, we give a suitable construction. More precisely, we show the following.

Theorem 3.29. There exists a Borel probability measure y on [0,1]2, such that dimy p = 1
and dim ypp = 2.

Informally speaking, the idea is to construct a measure of exact lower local dimension 1
and exact upper dimension 2, but such that the lower local dimensions are attained along an
uncountable collection of sequences of scales. In other words, there is no countable collection

of positive numbers {rfl}flf’i:l such that for every i € N, the sequence r?, decreases to 0 as

n — oo and for p-a.e. x there exists ¢ € N such that d(u,z) = lir%bg‘ﬁ:#m) = 1. If such
n—" n

countable collection would exist, then indeed we would have dimg(p) = dimyp (1) = 1. In
the construction, we consider a collection of measures {yu, : y € [0,1]} on [0, 1], each with
exact lower local dimension 0 and exact upper local dimension 1, but with the sequence of
scales 7, (y), along which dimy(y,) is attained, depending on the binary expansion of y. The
desired measure is then p on [0, 1]? having 4, as conditional measures on fibers [0, 1] x {y}.
For technical reasons, it is easier to work with the dyadic local dimension. Let us proceed
now with the formal proof.
For z € [0, 1] we will write
z=0.z129...,

where 0.x12 ... is the binary expansion of x, i.e.
J
x = 22—1, x1,T9,... €{0,1}.
J=1

For a dyadic rational we agree to choose its eventually terminating expansion, i.e. the one
with z; = 0 for j large enough, with an exception of the number 1, for which we choose the
expansion 0.111. ... Let 7 : {0, 1} — [0, 1] be the coding map

(o]
T
m(xy,T2,...) = Z 2—;
i=1

To begin the construction of p, fix an increasing sequence of positive integers N, k € N, such

k
that N oo with %ﬁl < ﬁ, where S, = >~ Nj. Consider the probability distributions
=1
Py, Py on {0,1} given by

po({0) =0, po((1}) =1, py({0}) = pi({1}) = 5.

For y = 0.y1y2 - .. € [0, 1], define the probability measure v, on {0, 1}" as the infinite product

oo Nj
v =Q P,
j=11i=1
Further, let 1, be the Borel probability measure on [0, 1] given by

My = Txly.
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Finally, let 1 be the Borel probability measure on [0, 1]? defined as

u(A) = / py(A?Y)dLeb(y) for a Borel set A C [0, 1]2,
[0,1]

where AY = {zx € [0,1] : (z,y) € A}. It is easy to see that p is well-defined, as the function
y — py(AY) is measurable for every Borel set A C [0, 1]2.

The proof of Theorem is based on the analysis of the local dimension of u, defined
in terms of dyadic squares (rather then balls). The following lemma gives estimates on the
measure of dyadic squares at suitable scales (recall Chapter [2f for notation on dyadic cubes
and local dimensions).

Lemma 3.30. Letz = 0.x122...,€ [0,1], y =0.4192... € [0,1], n € N and D = D, (z,y) =
[®1,.. ] X [Y1,...,yn]. Let k € N be such that Sy < n < Sky1. Then the following hold.

(a) If yp = yop1 = 1, then u(D) < 2-@=)n,

(b) If n = Sg+1 and yg+1 = 0, then either u(D) =0 or u(D) > 9= (tzr)n,

Proof. Note that for y' = 0.y}v5 ... € [0,1] such that (v1,...,9,) = (¥1,...,Yn) we have

(DY) = iy (21, a]) = By ({21}) -~ Py (s, )Py, (fesy1}) -+ by ({5, )

(3.12)
by (esen )by, ().

Moreover, as k < n, the value of ,uy/(Dy/) depends only on (y1,...,y,) and (z1,...,x,). Using
(3.12), we can prove both assertions of the lemma, as follows.

Ad (a)

If yp = ygy1 =1, then for j € {Sk_1+1,...,n} we have p,, (z;) = %, where | € {k,k+ 1}
is such that S;_1 < j < S;. Therefore, in the product (3.12]) there is at least n — Si_1 terms
equal to % Consequently,

Sp_
iy (DY) < 2~ (0=Sk-1) — 9=(=T)m < 9= A=T5Hn < p-(—pn

hence

wD) = / p1y (DY )d Leb(y') < Leb([yn, - . ., yn])2 "1 7%) = 277(%).

(Y1, 5Yn]

Ad (b).
Assume that pu(D) # 0. Then all the terms in (3.12) have to be non-zero, so every term
is equal to either % or 1. Moreover, as yx+1 = 0 and n = Si11, we have

Py ({Zs41}) - Py, ({zn}) =1
and, consequently,
(D) = 27"py, ({z1}) - - - py, {25, )Py, {250 11}) - - - Py, ({5, })

—TL—Sk _(1+ Sk
Py ({25, 11}) - Py, ({5, }) > 2 =2

Sk41 n

Now we are ready to give the proof of Theorem [3.29]
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Proof of Theorem [3.29) We begin by proving dimg ¢ = 1. Note that dimg p > 1, as p
projects under [0,1]2 > (x,y) — y € [0,1] to the Lebesgue measure, so it is sufficient to
show dimgy p < 1. By Propositions and it is enough to prove that d'(u, (z,y)) < 1
for p-almost every (z,y) € [0,1]. Note that for Lebesgue almost every y = 0.y1ys2... €
[0, 1], the sequence (y1,¥a,...) contains infinitely many zeros. Hence, it is sufficient to show
d'(u, (z,y)) < 1 for py-almost every = € [0, 1], assuming that y = 0.y1y2 ... € [0,1] contains
infinitely many zeros. Moreover, for ji,-almost every z € [0, 1], we have pu(D,(z,y)) > 0 for
all n € N (see (3.12)). For such z, by Lemma [3.30b), we have

—logp(Ds, (w.9) _ (L4 5)Sw

B lim ———%—— =

', (,y)) < lim inf

Therefore, dimg p < 1, so in fact dimg p = 1.

Let us prove now dim,zu = 2. Since p is supported on [0,1]2, it suffices to show
dimyppu < 2. Let A C [0,1]? be a Borel set with u(A) > 0. We show dimp A > 2. Note
that there exists ¢ > 0 such that the set

B={ye€0,1] : puy(AY) > ¢} (3.13)

satisfies Leb(B) > 0. Fix ¢ € (0, 1). By the Lebesgue density theorem (see e.g. [44, Corollary
3.16]), there exists a dyadic interval I C [0, 1] such that

Leb(BN1)
1|

where |I| = 27V is the length of I. Fix k > N +2 and n € {S, + 1,...,Sk1}. Consider the
collection C,, of dyadic intervals of length 27" defined as

Co =A{[y1s--sUn) Yk = ykr1 =l and [y1,...,yn] N BNIT # 0}.
By (3.14), we have

>1-—¢, (3.14)

Leb (BN JCh) > (i —e)2N. (3.15)

Let

A, =AN ([(), 1] x (B N Ucn>)
Then A, C A and (3.13) together with (3.15) imply
1 _
(A = / py(AV)dLeb(y) > ¢ — )27, (3.16)
BnlJCn

Note that the above lower bound does not depend on k and n. Let N'(A,,27") be the
number of dyadic squares of sidelength 27" intersecting A,. If D = I x I5 is a dyadic square
of sidelength 27" intersecting A,, then I € C,, hence by Lemma M(a) we have

u(D) < 27w,
As any two dyadic squares of the same sidelength are either equal or disjoint, (3.16) gives
1
N'(A,27™) > N'(A,,27™) > C(Z _ g)szw(%é)n_

Since k and m can be taken arbitrary large, invoking (2.2)) gives dimp A > 2. Hence,
dim ;¢ > 2, so in fact dimy,ppu = 2. O

Remark 3.31 Note that as (see Proposition

ess sup d(i, ) = dimpy p < dim 5 4 < dimpp p = ess sup d(p, ),
Tl Tl

the equality dimpg p = dim ;5 i holds for all exact dimensional measures.
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3.6 Examples

In this section we present several examples which illustrate the usage of Theorem [3.5] Let us
begin with an example showing that the requirement p L H5*(X) in Theorem [3.5| cannot be
replaced by weaker condition dimpy(u) < fk.

Example 3.32 Let k = =1, X = S' € R? be the unit circle and let i be the normalized
Lebesgue measure on S'. Then dimy(u) = 1 but g and H! are not mutually singular. We
shall prove that there is no Lipschitz transformation ¢ : S! — R which is injective on a set
of full measure p. Let ¢ be such a transformation. Then ¢(S!) = [a,b] for some compact
interval. As ¢ is injective on a set of full measure, interval [a, b] is non-degenerate, i.e. a < b.
Fix points z,y € S' with ¢(z) = a,¢(y) = b. As x # y, there are exactly two open arcs
I,J C S! of positive measure joining 2 and y such that TNJ = {z,y} and TUJ = S!
(these are clockwise and counter-clockwise arcs from x to y). Clearly ¢(I) = ¢(J) = [a, b].
Let A C S! be a Borel set such that ¢ is injective on A and p(A)=1. As Lipschitz maps
transform sets of zero Lebesgue measure to sets of zero Lebesgue measure, we conclude that
#(INA)and ¢(JNA) are disjoint Lebesgue measurable subsets of [a, b], both with Lebesgue
measure equal to b — a. This contradiction finishes the proof.

By using the above example, we can show that the information dimension is not well
suited for embedding theorems, i.e. assumption k& > ID(u) is not sufficient for an existence of
Lipschitz almost surely injective map into R¥. As dim; (1) < ID(u) (see Proposition ),
the same is the case for the lower Hausdorff dimension. The latter observation is not very
surprising, as dimy gives control of the dimension only over a set of positive measure, hence
one cannot expect to conclude injectivity on a set of full measure from a bound on dimy;.

Example 3.33 Let S! ¢ R? be the unit circle and let & be the normalized Lebesgue measure
on S'. Choose p € (0,1), fix point € R?\ S! and let v = pd, + (1 — p)p. Then ID(v) =
(1—p) < 1 (see Proposition[2.5](2)), yet there does not exist a Lipschitz map ¢ : SU{z} — R
which is injective on a set of full measure v, a such map would be injective also on a set
full measure p. This is however impossible, as Example [3.32] shows. Note that by considering
T :{x} US' — {2} US! given as the identity, we see that ID(u) is not well suited for the
Probabilistic Takens Theorem as well.

The next example shows that linear perturbations are not sufficient for Theorems [1.1
and [3.15)

Example 3.34 We will show that it may happen that ¢; = (¢(x) + La,...,¢(TF 1a) +
LT*12) is not (almost surely) injective for a generic linear map L : RN — R. As an example,
let X = B(0,1) C R?, fix a € (0,1) and define T : X — X as

T(z) = ax.

Then T is a Lipschitz injective transformation on the unit disc X C R? with zero being the
unique periodic point. Fix ¢ = 0. We claim that there is no linear observable L : R> — R
which makes the delay map injective, i.e. for every k € N and every v € R? the transformation
r— ¢l (x) = ((x,v), (Tx,v),...,(T* 1z,v)) € R¥ is not injective on X. This follows from
the fact that for each 1-dimensional linear subspace W C R? the set W N X is T-invariant,
hence ¢! = 0 on an infinite set Ker({-,v)) N X. We have seen that ¢! is not injective for
any v € R?. No we will see that it also not almost surely injecitve for ;1 being the Lebesgue
measure on X. Note that for v € R? and ¢ € R, the segment W, = {z € X : (z,v) =
c} satisfies T(W,) C Wy, hence all points on W, will have the same observation vector
((z,v), (Tz,v),... (TF 'z, v)) = (¢,ac,d?c,...,a""1¢). Therefore, a set X,, C X on which
¢! is injective can only have one point on each of the parallel segments W, contained in X.
However, such a set X, cannot be of full Lebesgue measure. Note that the above example
can be easily modified to make T" a homeomorphism.
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3.6.1 A modified Kan’s example

In the Appendix to [84], Kan presented an example of a compact set K C RV with dimy K =
0 and such that every linear transformation L : RY — RN=! fails to be injective on K (see
also Remark . It follows from Theorem that whenever we are given a o-finite Borel
measure p on such a set, then almost every linear transformation L : RY — R is injective
on a set of full measure . To illustrate this, we construct a o-compact set X C R? with
dimg X = 0, which is a slight modification of Kan’s example, equipped with a natural o-
finite Borel measure i, such that no linear transformation L : R? — R is injective on X,
while for almost every L we explicitly show a set X; C X of full measure pu, such that L is
injective on X7y.

Following [84, Appendix]|, we begin with constructing compact sets A, B C [0, 1] such that

dimg A =dimp A =dimyg B=dimgB =0 (3.17)

and
dimg A =dimg B =1, dimg(AUB)=dimg(AUB)=1. (3.18)

Similarly as in the previous section, for z € [0,2) we write
T = T0.-L1L2 ...,

where xg.x1xs ... is the binary expansion of x, i.e.

o0

s
9”22)2*;, xo, T1,T2,... € {0,1}.
]:

For a dyadic rational we agree to choose its eventually terminating expansion, i.e. the one
with z; = 0 for j large enough (here, unlike in Section it is convenient for us to choose
1.000. .. as the expansion of 1). Recall that 7 : {0, 1} — [0, 1] is the coding map

[e.o]

oy
_ J
(21, x9,...) = Z BYR
7j=1
Let My, k > 0, be an increasing sequence of positive integers such that My =1 and My " oo
with klim ’“Zl = oo. Define
— 00

A= {(x1,22,...) €{0,1}V: for every even k, x; = 0 for all j € [My, M)

or zj =1 for all j € [My, My41)},
B = {(z1,29,...) € {0, 1. for every odd F, xj =0 for all j € [My, Mi41)
or z; =1 for all j € [My, My41)},

and set

A=mn(A), B=mn(B).

It is a straightforward calculation to check that A and B satisfy (3.17)) and (3.18) (see [84]
Appendix], [30, Example 7.8] or [81], Section 6.1]). Define X C R? as

X = ({0} x J+nm)u ({1} x JB+n).
nez nel

By (3.17)) and Proposition we have dimpg X = 0. The following two propositions describe
the embedding properties of the set X.

Proposition 3.35. No linear transformation L : R? — R is injective on X.
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Proof. The map L has the form L(x,y) = ax + Sy for «, 5 € R. Obviously, we can assume
B # 0. Note that the points

u=(0,a+n), v=(1,b+m), forace A, be B, nnm€eZ

are in X and

L(u)=L(v) ifandonlyif b—a=z, (3.19)
where
z = _— +n—m
6

For given a and 3, choose n,m € Z such that z € [0,1). Consider the binary expansion
z =0.2122 ... and define

a=0.a1ay...€ A, b=0bby...€B

setting
a; =0, bj = z; for j € [My, My11), if k is even,

a; =1—zj, bj=1 for j € [My, My4+1), if kis odd

(if all b; are equal to 1, we set b = 1). Then z = b—a and (3.19) implies that L is not injective
on X. 0

(3.20)

Let us now define a natural Borel o-finite measure p on X, starting from a pair of
probability measures vq, 5 on A and B, respectively. Let

oo 0o
V1:®pk7 V2:®qk:7
k=0 k=0

where p,, and q,, are probability measures on {0, 1}Ms+1=Mr given as

P = {55(0,. ot aa.y  ifkiseven {(550 + 500) 2 Men =M f & s even
E= k=

(160 + 160)2 M=) if kisodd T ¢ | 20,0 + 30011 if & is odd

and the symbol §, denotes the Dirac measure at a. Then suppr; = A, suppre = B , hence
defining

1 = me(v1),  p2 = m(12),

we obtain probability measures on A, B, respectively, with supp u1 = A, supp puz = B. Finally,
let

=60 (To)epn + Y, 01 @ (Tn)wpto,

neL nez

where 7, : R — R, 7,(x) = x +n, n € Z. Clearly, u is a Borel o-finite measure with
supppu = X, hence dimpg(pu) = 0. It follows from Theorem that almost every linear
transformation L : R? — R is injective on a set of full measure p (compare with Proposition
. We will find now such transformations and sets of injectivity explicitly.

Fora € A, b€ B let

Ay, ={x € A\{1}: 24 a = zp.z122... such that the sequence (2, 21, ...)
is constant on [My, My11) NN for every odd k},

By, ={x € B\ {1} :2+b=z.2122... such that the sequence (zo, 21, ...)
is constant on [Mjy, Mj41) NN for every even k}.

Lemma 3.36. For everya € A, b € B, we have pui(Aq) = p2(By) = 0.
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Proof. Fix b = by.biby... € B. We will show pa(By) = 0 (the fact pui1(A4,) = 0 can
be proved analogously). The proof proceeds by showing that for each even k, the vector
(xmy, - ,aszH_l), where x = xg.x179... € By, can assume at most four values. This will
imply pp(By) < 4 -2~ Met1=My) for each even k and, consequently, 2(B;) = 0. To show the
assertion, fix an even k and let

o0
. Z; + bj
€= 2
J=Mp 11

Note that & < 2~ (Mk+1-2) (as £ < 2 and we exclude expansions with digits eventually equal to
1). Hence, £ = &p.£1&2 ... with & = 0 for j < Mj41—2. Note that, since b is fixed, the values of
ka_H_l € {0,1} and (ka +buys - s T Mjoyq—1 +ka+1_1) € {(0,...,0),(1,...,1)} determine
uniquely the value of (zas,,...,%n,,,—1). Therefore, (zar,, ..., 2n,,—1) can assume at most
four values. O

Now for Lebesgue almost every linear transformation L : R> — R we will construct a set
X1 C X of full measure p, such that L is injective on Xy. As previously, write L(z,y) =
ax + By for a, B € R. Neglecting a set of zero Lebesgue measure, we can assume (§ # 0. Let
l € Z be such that o

z = 3 + [ belongs to [0,1). (3.21)

Similarly as in (3.20)), we can write
z=ad -V, z—1=d" =V forsomed,d" €A v,V eB. (3.22)

Let
Xy = ({0} x UA+m) U ({1} x U (B\(By 0By U{1}) +n)).

neL nez

Then X; C X and Lemma [3.36| implies that X has full measure p.
Proposition 3.37. For every a € R, 3 € R\ {0}, the linear transformation L : R? — R,
L(z,y) = ax + By, is injective on X, .

For the proof of the proposition we will need the following simple lemma. Its proof is left
to the reader.
Lemma 3.38. Let v = xg.x122... € [0,1], y = yo.v1y2 ... € [0,1], M\,N e N, M < N —1,
be such that x +y < 2 and sequences (zpr,...,xN) and (Yar,-..,yn) are constant. Then
T4y = 29.2122 . . ., where the sequence (ZM, RN zN_l) 1 constant.

Proof of Proposition Assume, on the contrary, that there exist points u,v € Xp,
such that L(u) = L(v). As 8 # 0, we cannot have u,v € {0} x R or u,v € {1} x R. Hence,
we can assume u € {0} x R, v € {1} x R. Then, following the previous notation, we have
u= (0,a+n),v=(1,b+m)foraec A be B\ (By UBy U{1l}), n,m € Z. Note that

b—ae€[-1,1), so by (3.19), we have

b—a=z o b—a=2z-1,

for z from (3.21)), and ({3.22]) implies

b—a=d -V or b—a=d -1
Hence,

at+ad =b+b or a+d =b+1".

This is a contradiction, as Lemma implies that the binary expansion sequences of a + a’
and a + a” are constant on [My, My11 — 1) NN for every even k, while by the condition
b € B\ (By UBy U{1}), the binary expansion sequences of b+ b and b+ b" are not constant
on [My, My.1) NN for some even k. O
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Chapter 4

Singular stationary measures for
random piecewise affine interval
homeomorphisms

In this chapter we study stationary measures for Alseda—Misiurewicz systems and provide sets
of parameters for which these measures are singular with respect to the Lebesgue measure.
The main results of this chapter are Theorems and (which deal the resonant case
and are extensions of Theorem [L.6), as well as Theorem (which gives an open set of
parameters with singular stationary measure and extends Theorem [1.7)).

The plan of this chapter is as follows. In Section [£.1I] we describe the AM-systems and state
the results in a precise way. Section [£.2] contains preliminaries, while Section [4.3]is devoted to
the proofs of the auxiliary results and Theorem (characterization of AM-systems with the
stationary measure equal to the Lebesgue measure). The proofs of Theorems and
are split into Section (case I = 1) and Section (case | > 1). Sections and
contain, respectively, the proofs of Theorems (establishing topological conjugacy between
some AM-systems with the same resonance type) and (an example of AM-system with
resonance, stationary measure of full topological support, yet Hausdorff dimension smaller
than one). Section is devoted to the proof of Theorem [4.64]

4.1 Main results

We begin with a precise description of an Alseda—Misiurewicz system.

Definition 4.1 An AM-system is the system {f_, f1} of increasing homeomorphisms of the
interval [0, 1] of the form

Y

Jax for x € [0, 2_] by for x € [0, 2]
J-(@) = {1 ~b_(1—x) forze(z_,1]’ fe(@) = {1 —ay(l1—x) foraz e (xq,1]

where 0 <a_ <1 <b_,0<ay <1<by and

b —1 1-—
RS S S
b+—a+

See Figure

We consider an AM-system as a random system with probabilities p_, p+, where p_, p4 >
07 pP— + P+ = 1.
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a4

b

T4 (L'_
Figure 4.1: An example of an AM-system.

Definition 4.2 The endpoint Lyapunov exponents of an AM-system {f_, f1} with proba-
bilities p_, p+ are defined as

A(0) =p-In fL(0) +pyIn f1(0),  A(1) =p-_InfL(1)+pylnfi(1).

It is known (see [2, 34} [35]) that if the Lyapunov exponents are positive, then there exists
a unique stationary measure without atoms at the endpoints of [0, 1], i.e. a Borel probability
measure £ on [0, 1], such that

p=p— (f=)ept + P+ (f4)shs

with £({0,1}) = 0 (recall Definition [2.9). For details, see Theorem Throughout the
chapter, by a stationary measure for an AM-system with positive Lyapunov exponents we
will mean the measure p. It is known that the measure p is non-atomic and is either absolutely
continuous or singular with respect to the Lebesgue measure (see Propositions and .

Definition 4.3 We say that an AM-system {f_, f1} is of:
— disjoint type, if the intervals [0, f_(x_)], [f+(z+), 1] are disjoint, i.e. f_(z_) < fi(zy),

— border type, if the intervals [0, f_(x_)], [f+(z4+), 1] touch each other, i.e. f_(x_) =
S+ (@),

— overlapping type, if the intervals [0, f_(z_)], [f+(x4),1] overlap, i.e. f_(z_) > fi(zy).

See Figure [4.2]

Note that in the case x4 < x_ (which will be assumed throughout most of the chapter,
see Lemma [4.29)), the system is of

— disjoint type, if f_([z4,2z_]), f+([z+,z_]) are disjoint,
~ border type, if f([zy,z-]) N fr([z,2-]) ={f-(z)} = {fr(z)},

— overlapping type, if f_([z4+,2-]), f+([z4,2-]) overlap.
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f(2y) f-(z-)

Figure 4.2: Three types of AM-systems: disjoint, border and overlapping.

In [2, Theorem 6.1] Alseda and Misiurewicz showed that if a_ = ay = a, b_ = by = b,
1/a+1/b =2, p_ = p_ = 1/2, then the measure u is the Lebesgue measure on [0,1]. The
first result of our work, presented below, gives an exact condition for an AM-system to have
a stationary Lebesgue measure.

Theorem 4.4. Let {f_, f+} be an AM-system with probabilities p_,p, such that the Lya-
punov exponents A(0), A(1) are positive. Then the unique stationary measure i (without atoms
at 0,1) is the Lebesque measure on [0, 1] if and only if the system is of border type and

p;+&:1.
a_ b+

In this case we also have T 5** =1.
- +

In [2] the authors conjectured that the stationary measure p for an AM-system with
positive Lyapunov exponents is typically singular. The main result of this chapter verifies
this conjecture for some set of the system parameters. First, we split the AM-systems into
two kinds: resonant and non-resonant, which have different kinds of behaviour.

Definition 4.5 We say that that an AM-system {f_, f+} with probabilities p_, p; exhibits
a resonance at the point 0, if

In f4,(0)
mr ) &

More precisely, a (k : [)-resonance at 0 occurs for k,1 € N if

(FL(0)5(f1(0)) = a by, =1,

which is equivalent to a— = f/.(0) = p', by = f,(0) = p~* for some p € (0,1) and also to
In f/ (0) k

Inf () — I
Analogously, a (k : I)-resonance at 1 occurs if

(FLO) () = akol = 1.
Without loss of generality, we always assume that k,[ are relatively prime.

We will show that in the resonant case the (topological) support of the stationary measure
w for some parameters is a Cantor set in [0, 1] of Hausdorff dimension smaller than 1 (see
Theorems and . A different situation occurs in the non-resonant case, as shown
in the following proposition (for the definition of minimality see Definition and for the

proof refer to Proposition and Corollary [4.33)).

Proposition 4.6. If an AM-system with positive Lyapunov exponents has no resonance at
one of the endpoints 0,1, then it is minimal in (0,1) and the support of p is equal to [0, 1].
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Before stating the main results of this chapter, we need to present some definitions. Let
7:[0,1] —[0,1], Z(z)=T '(x)=1-=x
be the symmetry of [0, 1] with respect to its center.
Definition 4.7 An AM-system {f_, f1} is called symmetric,if Zo f_ = fi oZ.

Obviously, a system {f_, f+} is symmetric if and only if a— = a4 and b_ = by. It is
straightforward that for symmetric systems we have x4y = Z(x_) and fi(z4) = Z(f-(z-)).
Moreover, for symmetric systems the existence of (k : [)-resonance at 0 is equivalent to the
existence of (k : [)-resonance at 1. Note also that if a symmetric systems exhibits (k : [)-
resonance, then the condition k > [ is equivalent to the positivity of the exponents A(0), A(1)

for p_ = py = 1/2 (see the proof of Lemma |4.29)).

Definition 4.8 For an AM-system of disjoint type, we call the interval (f_(z_), f+(z+)) the
central interval of the system {f_, fi}.

Definition 4.9 Let € (0,1) and i;,42,... € {—,+}. We say that a trajectory {f;, o---o
fiy (2)}22 jumps over the central interval at the time s, for s > 0, if f; o --- o f;, (z) and

fisir © -0 fi;(x) are in different components of the complement of the central interval in
[0,1].

The main results of this chapter shows the singularity of the stationary measure p for
some symmetric AM-systems of disjoint type, which exhibit a resonance.

Theorem 4.10. Let {f_, f+} be a symmetric AM-system of disjoint type with positive
Lyapunov exponents. If the system exhibits (k : l)-resonance for some relatively prime k,l € N,
k > 1, and satisfies p < n, where

p=(fLO)Y! = (fLO) = (fLaptt = (L)

and 1 € (1/2,1) is the unique solution of the equation n*+\ — 2n**+1 1 2y — 1 = 0, then the
unique stationary measure p (without atoms at 0,1) is singular with

log 7
log p

dimpg (supp p) = <1,

where supp p denotes the topological support of . Moreover, supp i is a nowhere dense perfect
set consisting of all limit points of trajectories of any point x € (0,1) under {f_, f+}, which
Jump over the central interval infinitely many times.

Remark 4.11 The condition p < 7 is equivalent to pxr_ < % and implies that the system is
of disjoint type. In the case [ = 1 it holds for all systems of disjoint type. See Sections [4.4
and L5 for details.

In the case [ = 1 we give a more precise description of the measure p.

Theorem 4.12. Let {f_, f+} be a symmetric AM -system of disjoint type with probabilities
D—, P+, such that the Lyapunov exponents are positive. If the system exhibits (k : 1)-resonance
for some k € {2,3,...}, then

k
> r(Z=n” logn- + L=rf; logny )

r=1

dimg p = )
k
> 7Bt + By ) log p

r=1
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where p is defined as above and n—,ns € (0,1) are, respectively, the unique solutions of the

equations

k+1 k+1

P+~ —n-+p-=0, -1y =+ +py =0
In particular, if p— = py = 1/2, then
1
dimg g = dimg (supp u) = 98T 4
log p

Remark 4.13 Under the assumptions of Theorem ifl=1lorl>1p_=py=1/2,
then the stationary measure p is a countable sum of (geometrically) similar copies, with
disjoint supports, of a self-similar measure of an iterated function system with the Strong
Separation Condition (recall Definition . In the case | =1 this iterated function system
consists of k maps, while in the case [ > 1, p_ = p; = 1/2 it is infinite. See Propositions
and [4.63l

Remark 4.14 For every k € {2,3,...} and p € (0,n) and probability vector (p_,py+) with
p—,p+ € (1/(k+1),k/(k+ 1)), the assumptions of Theorem are fulfilled for some AM-
system with p = f/(0) = f|(1) and probabilities p_, p;. In particular, the theorem gives
examples of AM-systems with dimg p = d for arbitrary d € (0,1).

The next result shows that the considered resonant systems are uniquely determined (up
to topological conjugacy) by their resonance data.

Theorem 4.15. Let {f—, f+}, {9—,9+} be symmetric AM -systems of disjoint type. If both
system exhibit (k : 1)-resonance for some relatively prime k,l € N, k > [, and satisfy p < n,
with p,n defined as in Theorem [{.10, then they are topologically conjugated, i.e. there exists
an increasing homeomorphism h: [0,1] — [0, 1] such that

g-oh=hof_,  gyoh=hofi.

The next result shows that there exist symmetric resonant AM-systems with singular
stationary measure of full support.

Theorem 4.16. If a symmetric AM -system with probabilities p— = p4+ = 1/2 and positive
Lyapunov exponents exhibits (5 : 2)-resonance and satisfies p = n, with p,n defined as in
Theorem then p is singular with

dimg p < 1, supp ¢ = [0, 1].
Note that in this case the condition p = 7 is equivalent to
p =200 +2p—1=0,
which gives p ~ 0.513649.

Remark 4.17 The resonance (5 : 2) was chosen because the proof is relatively short in this
case. Similar arguments work also for some other values of the resonance (k : 1) with [ > 1.

Our last result gives and open set of parameters for which the corresponding station-
ary measures is singular. In particular, there exist non-resonant AM-systems with singular
stationary measure. See Theorem for a more detailed formulation.

Theorem 4.18. There exists a non-empty and open set of parameters (a,b) € (0,1) x (1, 00)
such that the stationary measure p for the symmetric AM system with a_— = ay = a, b_ =
by = b and probability vector (p—,p+) = (%, %) is singular with dimg(pu) < 1.
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4.2 Preliminaries

Notation We write Z* = Z \ {0}. For j € Z* we set

— forj<O
+ forj>0

sgn(j) = {

For x € R, A C R we use the notation
A= {xy:y € A}.

The convex hull of a set A is denoted by conv A. We write |I| for the length of an interval I.
The symbol Leb denotes the Lebesgue measure.

The existence and uniqueness of stationary measures with atoms at the endpoints holds
for much more general family of systems than AM-systems. For the sake of the completeness,
let us state the corresponding result in the general case. Throughout this section we assume
that fi1,..., fm, m > 2, are piecewise C! increasing homeomorphisms of the interval [0, 1],
such that f;(0) =0, fi(1) =1 and fi(z) #x for z € (0,1),i=1,...,m.

For a set A C [0,1] we define

fA) = AA) U U fu(4),  [THA) =AU UL (A)

and, inductively,

A =4,  MA)=FU"Y4A), A =FA)
for n € N.

Definition 4.19 Suppose f(X) C X for some X C [0, 1]. We say that the system { f1,..., fin}
is (forward) minimal in X, if the union of forward trajectories under {fi,..., fm} of every
point in X is dense in X, i.e. for every x € X and every non-empty open subset U of X there
exist i1,...,i, € {1,...,m}, n > 0, such that f; o---o f; (x) € U.

Let (p1,...,pm) be a probability vector, i.e. pi,...,pym € (0,1) and p1 +---+pm, = 1. We
consider the symbolic space
yh={1,...,m}"

m

equipped with the Bernoulli measure
Ber;_l77pm = ®]P>p17"'7pm’
N

where Py, .,
1=1,...,m.
We study {f1,..., fmm} as the random systems of maps, given by the step skew product

is the probability distribution on {1,...,m} given by P,, ., ({i}) = p;,

m

Frooh x[0,1] — o5 x[0,1],  FE,z) = (o(d), fi, (2)),

where i = (ip)nen and o: X — 3F s the left-side shift, i.e. o((in)nen) = (n+1)nen-
By 7 and T be will denote the corresponding Markov operator on measures (Definition
and the Perron-Frobenius transfer operator on densities (Definition , respectively.
Recall that the stationary measures of the system {fi,...,fn} with probabilities
P1,...,Ppm coincide with the fixed points of the transfer operator 7, while the stationary
densities (densities of stationary measures with respect to the Lebesgue measure) are the
fixed points of the transfer operator T
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Proposition 4.20. Suppose that f(X) C X for some X C [0,1] and the system {f1,..., fm}
is manimal in X. If 9 is a stationary measure for the system and supp v C X, then supp v =
X.

The proof of this proposition is standard and can found e.g. in [I9, Lemme 5.1] or [33, Lemma
2].

Note that since the maps f; fix the endpoints of the interval, the Dirac measures at 0
and 1 are stationary for any probabilities p;. If we assume that the endpoints are repelling
in average, then there exists a stationary measure with no atoms at 0,1. More precisely, we
have the following.

Definition 4.21 Assuming f/(0), f/(1) > 0, i = 1,...,m, the Lyapunov exponents of the
system {f1,..., fm} with probabilities p1, ..., py, are defined as

AO) =p1In f{(0) 4+ -+ pmIn f,(0), A1) =prInfi(1)+ -+ pplnf,(1).

Theorem 4.22 ([34, Proposition 4.1], [35, Lemmas 3.2-3.4]). If A(0),A(1) > 0, then there
exists a unique probability stationary measure u for the system {f1,..., fm} with probabilities
Dly- -« DPm, Such that u({0,1}) = 0. Moreover, there exist positive constants c, g, 0y such that
for every a € (0, ), 6 € (0,80) and for

Deas ={veM:v(0,z]),v([1 —z,1]) < ca® for every x € (0,9)},

we have T (Dea5) C Deas and po € Deg 5.

Remark 4.23 Actually, in [34, B5] the theorem was proved for systems of C'!-diffeo-
morphisms, but the proof goes through if we only assume that the maps are smooth in
some neighbourhoods of 0, 1.

Remark 4.24 The uniqueness of the stationary measure pu € D, s implies

N-1
1
N Z T"v —p as N — oo in weak-* topology for every v € D4 5.
n=0

Remark 4.25 The measure Ber;;h__,p
over, there is a Borel probability measure on %,, x [0, 1], where ¥,, = {1,...,m}%, invariant

with respect to the (extended) step skew product, which is associated to p in a unique way
(see [5, 35]).

X is an Ft-invariant measure on X}, x [0, 1]. More-

It is well-known (see e.g. [23, Theorem 2.5]) that whenever the operator 7 preserves
absolute continuity and singularity of measures (with respect to the Lebesgue measure) and
the stationary measure is unique, then it is of pure type (i.e. is either absolutely continuous
or singular with respect to the Lebesgue measure). It is easy to see that the same holds for
the measure u from Theorem as fi,..., fm are piecewise C!' homeomorphisms. Hence,
if A(0), A(1) > 0, then the following two propositions hold.

Proposition 4.26. The stationary measure i is either absolutely continuous or singular
with respect to the Lebesgue measure.

Proposition 4.27. The stationary measure i is non-atomic.
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Proof. The proof follows [33], proof of Lemma 2] (see also [19, Lemme 5.1]). By Theorem
u has no atoms at 0,1. Suppose there exists an atom in (0,1) and take x € (0,1) such
that p({z}) = max{u({y}) : v € (0,1)}. Then, by the definition of stationary measure,

p({f7 1 (@)}) = p({z}) for every i = 1,...,m and, consequently, u({f; " (z)}) = p({x}) >0
for every n > 0. Since f; has no fixed points in (0, 1), the trajectory {f; " (z)}s is strictly
monotonic and thus infinite, which contradicts the finiteness of u. O

The following lemma is useful in determining singularity of the measure pu.

Lemma 4.28. If X C (0,1) is non-empty, closed as a subset of (0,1), and f(X) C X, then
supppu C X U{0,1} and u(X) = 1. Consequently, if there exists such a set X of Lebesgue
measure 0, then p is singular.

Proof. Take z € X. Since z € (0,1), the Dirac measure ¢, at z is in D44 for sufficiently
small § > 0, so by Remark [£.24] we have

1 N-1
— Z 7", —p as N — oo in weak-* topology.
n=0

Since

"0, = Z Piy - ‘pin(;fino"'ofn(x)’
i1yeesin€{1,....m}

the measures N Z 7", have topological support in U f™({x}), which is contained in X,
n=0

as f(X) C X. Since X = X U{0,1} and u({0,1}) = 0 we have supppu C X U {0,1} and
w(X)=1. O

4.3 Preliminary results and proof of Theorem

From now on, we restrict our attention to AM-systems. In this section we prove Theorem [4.4]
together with other preliminary results on the AM-systems. We begin with the following
observation.

Lemma 4.29. Let {f_, f+} be an AM-system. If the Lyapunov exponents A(0), A(1) are
positive for the probabilities p— = py = 1/2, then x4y < x_. In particular, x4+ < x_ holds if
the system is symmetric and exhibits a (k : 1)-resonance for k,l € N, k > [.

Proof. The inequality x4 < x_ can be written as

1-— b —1
ay <
b+—a+ b_ —a_

9

which is equivalent to
(I—a_)(1—ay) < (b-—=1)(by —1). (4.1)

By the positivity of the Lyapunov exponents for p_ = p; = 1/2,

1 1
bo>——, by>—,
ar a_

SO

(b —1) by —1) > (1 - 1) (1 - 1> _Ume)lzad) gy sy,

a_ay
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which gives (4.1). As already noted, if the system is symmetric and exhibits a (k : [)-resonance
for k > [, then the assumption on the positivity of the Lyapunov exponents for p_ = py = 1/2
is satisfied. Indeed, in this case we have a_ = a; = a € (0,1) and b_ = by = a~¥/!, so

%lnf’_(:c) + %mf;(x)) 1 _2]“/1 Ina > 0.

for x =0, 1. O
The following lemma is used in the proof of Theorem [£.4]

Lemma 4.30. If an AM-system {f_, f+} with probabilities p_,ps is of border type and
5—: + % =1, then Zb’—: + Z—i = 1. Conversely, if

P— P+ _P- P+ _
a— b+ b_ a4

then the AM -system {f_, f+} with probabilities p_, p+ is of border type.

Proof. An elementary calculation shows that the system is of border type if and only if

a,+a+—1_b,+b+—1

a_ay b_ b+ ’

which is equivalent to

1-1/by  1-1/a
1/a_ - 1/+b+ b -1 /+a+' (4.2)

Suppose that the system is of border type and

p; + ]i =1
a_ b+
Then
o 1-1/by
== e — 16y
so by (4.2),
. 1-— 1/a+
P== 9 —1jay
which gives
P Py
b, a4
Conversely, suppose
I

a_ b+ b_ a4

Then
o ].—]./b+ _ 1—1/CL+
b= = e — 16y T 1/b — 1/ay’

which gives (4.2)). O
The following proposition, which gives the first part of Proposition [£.6] is essentially

proved in [50, Lemma 3] and [35 Proposition 2.1] (formally, in the case of diffeomorphisms).
For completeness, we present the proof suited to our setup.

Proposition 4.31. If an AM-system {f_, f+} has no resonance at one of the endpoints
0,1, then it is minimal in (0,1).
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Proof. To fix notation, assume that the system has no resonance at 0 (in the other case the
proof is analogous). Choose xg € (0,1). Since both families of intervals [f"(z0), f™(x0)),
n € Z, and [f(zo), f1(x0)), n € Z, cover (0,1), it is sufficient to prove that for every
x,y € K, where

K = [f{°(zo), £ (20))
with some chosen ny € Z and every € > 0 there exist n € N and i1,...,i, € {—,+} such that
fiyo-rofi(x) e K and |fi, 0 o fi,(z) —y| <e. (4.3)

To show (4.3)), we choose ng so that K C (0,z) and let

Ina_

CInb,’

Since we assume that {f_, f+} has no resonance at 0, we have a € R™ \ Q. Hence, for any
y € K and 6 > 0 we can find k,! € N such that

In(y/z)
—al — —= . 4.4
0<k—al Inb, <0 (4.4)

As

_ k—al—1 Inb
bial_:p — ok al)lnby+lnz _ yb+ al—In(y/z)/In +’

(4.4) implies
y < bial,x < ybd :y+y(bi -1)< y—i—bfr — 1< y+ min(e,sup K — y),
if ¢ is chosen sufficiently small. In particular,

oz e K and bk alx —y| <e. (4.5)

Since z € K C (0,24), we have f.(z) = a' z. Moreover, (L.F) implies ¥’,a' z € (0,z4) for
j=0,...,k, which gives f¥(fL(x)) = b%al z. This together with (4.5 shows (3] and ends
the proof. 0

Assume now that an AM-system {f_, f+} with probabilities p_, p4 has positive Lyapunov
exponents, which is equivalent to

[ Voaht > 1

Then, by Theorem there exists a unique probability stationary measure p for the system,
such that ©({0,1}) = 0. By Propositions and we have the following.

Proposition 4.32. The stationary measure u is non-atomic. Moreover, it is either absolutely
continuous or singular with respect to the Lebesgue measure.

Propositions [£.20] and imply the following corollary, which completes the proof of
Proposition

Corollary 4.33. If the system has no resonance at one of the endpoints 0,1, then supp u =
[0, 1].

We end the section by proving Theorem [£.4]

50



Proof of Theorem [£.4l Recall that he transfer operator T on L'(]0,1], Leb) has the form
(see Definition [2.10))

Tg=p_(fZ" gof=' +ps (fi") go i,

The measure p is the Lebesgue measure if and only if
T1 =1 (4.6)

for the constant unity function 1. If the system is of border type, then

p— | P+
=4t forx < fo(ao
Ti(x) =49 D I ),
bi_—i_a for:l:>f_(3;‘_)
so (4.6|) is equivalent to
p- | P+ p— | P+
=0 _ P T 4.7
a_ + b+ b_ + a4 ( )
Conversely, if (4.6 holds, then applying it to points x € [0, 1] close to the endpoints of [0, 1]
we get (4.7)). To end the proof, it is enough to use Lemma m O
Remark 4.34 As noted in the introduction, for the case a— = ay = a, b = by = b,

1/a+1/b=2, p_ = p_ =1/2, Theorem [4.4 was proved in [2, Theorem 6.1].

4.4 Proofs of Theorems (case [ =1) and 4.12]

In Theorems and we consider a symmetric AM-system of disjoint type {f_, f1} with
probabilities p_, p, positive Lyapunov exponents and a (k : [)-resonance for some relatively
prime k,l € N, k > [. In this section we prove the results in the case [ = 1. The proof is
divided into several parts concerning consecutive assertions of the theorems.

Preliminaries
By assumption, a_ = a4 = p, b_ = by = p~*, so the maps have the form
px forx € [0,z_ p Fa for x € [0, x
fo@)y={" Ol - Ol
I(p~"Z(x)) forx e (x_,1] I(pZ(x)) forz € (v4,1]

where p € (0,1) and

1— k k _ k41
eo=——P_ zy=TI(x_) = —

T 1 gD 1— phHi

_k+1 —
fo(zo)= f_izkﬂ, Filzs) = I(f-(x-)) = 11_/)kp+1-

Note that x4 < z_ (see Lemma [4.29) and x4 < f_(z_). The assumption that the system is
of disjoint type, i.e. the condition f_(z_) < fi(z4), is equivalent to

PPt —204+1>0 (4.8)

and also to pz_ < i. For the function h(p) = p*™1 —2p+1, p > 0 we have h(1/2) > 0,
h(1) =0, W' (p) < 0 for p < pg and h'(p) > 0 for p > py, where pg = (2/(k +1))'/* € (1/2,1).
This implies that 4 on (0,1) has a unique zero n € (1/2,1), i.e.

2 4+1=0
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and the condition p < 7 is equivalent to (4.8) (this shows Remark in the case | = 1).
Since the system is symmetric, in fact we have

1
oy < fo(2-) < 5 < filze) <as (4.9)
A simple computation shows that the condition of the positivity of the Lyapunov expo-
nents is equivalent to
1 k
Py E(—,— ). 4.10
b= (k+l k+1> (4.10)
Note that the above considerations prove Remark

Construction of the set A

Now we construct a set A C (0,1) which will be shown later to be the support of the
measure p restricted to (0,1). Our strategy is the following. First, we construct a family of
disjoint closed intervals I;, j € Z*, with the union I = {J;¢z- I; being forward-invariant under
{f=, f+}. The disjointness of I; follows from the assumption that the system is of disjoint
type. We check that the intervals I_g, ..., I_; are mapped by f; into I; with separation gaps,
ie. fr(I_k),..., f+(I-1) are disjoint subsets of I; (see Lemma [4.35] and Figure [4.3)). Further
iterates of these images and their similar copies generate an infinite collection of disjoint
Cantor sets, whose union A is fully invariant and minimal under the action of {f_, f1} (see
Proposition . As we wish to calculate the dimension of A, it is convenient to describe A
as the union of the attractor A_; of a self-similar iterated function system {¢,}*_, on I_;
and its similar copies. Moreover, as the successive levels of the Cantor set A_; are produced
during jumps over the central interval (zy,x_), we obtain a characterization of A in terms
of limit points of trajectories jumping over the central interval infinitely many times (see
Proposition .
Let

2 A |
L= [pfe(es) pe] = pfo(es), I ()] = IO, ] = | T

and for j € Z* define
7 - p I for j <0
T\ Z(p L) forj>0

The following lemma is elementary and describes the combinatorics of the intervals I;, j € Z*.
Lemma 4.35. The following statements hold.
(a) I_; =Z(I;) for j € Z*.

(b) The sets I;, j € Z* are pairwise disjoint and situated in (0,1) in the increasing order
with respect to j.

(¢) infl p=ay,suply=2x_,supl_1 = f_(z_), inf I} = fi(zy). In particular,

|z for x € U?:ﬂo I; B pkx forx € Uj:;o I;
Je) = {I<pkz<x>> foree Ut T {I<pz<x>> forze US oI

(d) f,(I]) =151 for 3 <=1, f-(conv(l; U---UIy)) =1_1, f,(lj) =1ljk forj > k+1.
() f+(Lj) = Ljjk for j < =k —1, fi(conv(I_pU---UIq)) =11, f+(I;) = Ij+1 for j > 1.

See Figure [£.3]
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Figure 4.3: A schematic view of the action of {f_, f1} on the intervals I;.

Proof. The assertion (a) follows directly from the definition of I;. To show (b), we first check
sup I_o < inf I_;. This is equivalent to

p—phtl _ p— p
pl_pk—f—l 1_pk+1’

which boils down to . By , sup I_; < inf I1. The rest of the assertion (b) follows
directly from the above facts and the definition of I;.

The assertions (c)—(e) are easy consequences of the definition of I;, the symmetry of the
system and the fact

= z) = pta, fil(z) = ok for x € U I1;,
7<0

which follows from the definition of fi.

Let
=L, 1=y I1r=yi
JEL j<0 7>0
Note that Lemma implies f(I) C I. More precisely, for every ¢ € {—,+} and j € Z* we
have
fil;) C Iy for some j' = j'(i,j) € Z*.

Lemma 4.36. For every x € (0,1) there exists i1,...,i, € {—,+}, n > 0, such that
finorofi(z) €1

Proof. Enumerate the components of (0,1)\ I by U;, j € Z, such that Uj is the gap between

Ij_y and I; for j < 0, Up is the gap between I_1 and I, and U; is the gap between I;

and Ij; for j > 0. Take € (0,1) \ I. Since the system is symmetric, we can assume

x € Uj, j <0. Then to prove the lemma it is enough to notice that by Lemma .35, we have
I 41

foo fF M @y e, 0

Consider the maps
Op: I 1 — 1 4, o) =p—pz, r=1,... k.

Note that
6 () = pZ(p"\2) = f-(Z(p""2)) = Z(f+ (0" 'a) (4.11)



for x € I_1. Obviously, the maps ¢, are contracting similarities with ||¢]|| = p".
Let

00 k
A71 = m U ¢r1o"'o¢rn(lfl)

n=1 ri,....,rn=1

be the attractor of the iterated function system generated by {#,}*_; on I_;. By Theorem
[2.17] it is the unique non-empty compact set in I_; satisfying

k
A= U ¢T(A—l)
r=1

For j € Z* define

—IIA L for j <0
Aj:{P . 1 OI'j'< ’ A= UAJ'~
Z(p?~"A-q) forj>0 jenr

Obviously, A; are pairwise disjoint compact sets and A; C I;. Furthermore, for n > 0,
T,y €{1,...,k} let

1. _ p_j_lfbm O"‘O¢rn(l—1) fOI‘j <0

B ALy, 00 b, (1) for >0

where for n = 0 we set Ij,, . = Ij, ¢, 0+ 0¢, =id. Since |¢,| = p", for every j € Z*
and an infinite sequence r1,72,... € {1,...,k} the segments [, .., n > 0, form a nested
sequence of sets, such that

‘Ijﬂ"lp..,m’ = p|J|—1+r1+~--+rn < pn S 0asn — 0,

SO
oo
m Lisrsorn = {$j;T1,T2,---}
n=1

for a point ., r,,... € A and

[e's) k
A= U ﬂ U Ij;TL---J’n = {xj;m,m,--- : j € Z*,Tl,TQ, ... € {1, R ,k}}

JEZ* n=1r1,...,rn=1

Description of trajectories

Lemma and (4.11) imply immediately the following.

Lemma 4.37. Forj€Z* ri,re,...€{1,...,k}, n>0,

Ij—l;rl,.l.,'rn forj <0
f*(Ijﬂ”lvmﬂ"n) = Ifl;j,m,...,rn fOT’ 1 g] < k )
Ij—k;rl,...,rn fOT’j >k
Ij-i—k;rl,...,rn fO’f’j < —k
f—i—(Ij;Th--.,?“n) = Il;fj,rl,...,rn for —-k< Jj< -1
Tiviirrn  for j >0

and
Tj—1;r1,79,... Jor j <0

f*(xj;'r’l,'r’g,...) — x—l;j,rl,rg,‘.. fO’f' 1 <] < k )
xj_k;rl 7T27"' for j > k

xj+k;7‘1,7‘2,... fOT’j < _k
f+(1’j;r1,r2,.‘.) = N T1;—5,r1,r2,... fO’f’ —k <] <-1.
Tj+1;r1,70,... Jorj >0
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The following lemmas characterize trajectories jumping over the central interval. The first
one follows directly from Lemma [4.35

Lemma 4.38. The following statements hold.

(a) If a trajectory {fi, o---o fi,(x)}5q, for x € (0,1), jumps over the central interval at
the time s, for s >0, then f; ,, o---o fy(x) € .1 UI.

(b) A trajectory {fi,o---o fi,(z)}5y, for x € I, jumps over the central interval at the time
s, for s > 0, if and only if

fiiorofu@e U Ly =+ finoooful@) el

j=—k

or
k

fiporofu@)ye L ist1=—,  figa 0o fi,(x) € I1.
7=1

In particular, for given j € Z* and iy,12,... € {—,+}, for all x € I; the trajectories {f;, o
<o fi (2)}02y jump over the central interval at the same times.

For j,j' € Z* such that sgn(j) = sgn(j’), define

7 for j < 0, 5/ < j
[ =9) /K] _ pi—3"+k[(G"—35)/k] for i o s
. < 0, >
F]]/I]—>I]/ Fj]’: f—’.—/_~ Of_ |IJ OI']. ] J
’ onto ’ f_J’_ ]‘I]- fOT]>O, ]l>]

LU=V o =D o 0, g <

Note that Fj; = f;, o---o fi|r; for some iy,... i, € {—,+}, n >0, and, by Lemma@
pj_jlzr for 5 <0
Fjj(x) = iy . (4.12)
Z(p™9*I(x)) forj>0
for x € I;. In particular, this implies
Fyj=idly,  FyjnoFjj=Fjjn
for j,j',j" € Z* such that sgn(j) = sgn(j’) = sgn(j”). By Lemma [4.37]
Fyjr i) = Lty Fit (@girim,) = Titiri, (4.13)
for rq,rg,... € {1,...,k}, n > 0.

Lemma 4.39. A trajectory {fi, o---o fi,(2)}22y of a point x € I;, j € Z*, does not jump
over the central interval at any time 0 < s < n, for some n > 0, if and only if

fin0---ofilr, = Fjy
for j' € Z* such that fi, oo fi,(z) € Iy and sgn(j) = sgn(j’).
Proof. If a trajectory {f;, o---o f; (x)}52, of € I; does not jump over the central interval
at any time 0 < s < n, then by Lemmas and

ﬂ*jlx for 7 <0

fi, 00 fi (-73) = {I(p—j‘f‘jlz(l’)) for j >0

for j' € Z* such that f;, o---o fi,(x) € Ij;. Therefore, f;, o---o fi,|1, = Fj; by (4.12)). The
other implication follows directly from Lemmas [£.35] and [4.38] O
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Define
G, : 1 =14, G;FZI_1—>11, TE{l,...,k}

setting
G, = [f-oF,, Gl =froF 4.

We have Gif = fi, 0+ 0 fy |1, for some i1,... in € {—,+}, n > 0. Moreover, by ({.11)) and
(#.12),

G, = ¢, 01|, G =To¢,, (4.14)
while Lemma and (4.13)) imply
G;(Il;’rl,.,.,rn) = I—l;r,m,...mnu G; (xl;Tl,Tz,...) = T—1;r71,72,...9 (4 15)
GVJ"F(I—lﬂ’ly---ﬂ"n) = Iiirrgperns G;r(x—l;rlm,---) = Tlirre,ra,...

for ri,re,... € {1,...,k}, n> 0.

Lemma 4.40. A trajectory {fi, o---o fi,(2)}>2 of a point x € I jumps over the central
interval at the time s, for some s > 0, if and only if

fiso"'ofil(x) el fi5+1’]77‘ :G:_OF—T,—l
or

figo-ofiy(z) €I, fis+1‘]r:Gr_oFr,1

for some r € {1,...,k}.

Proof. Follows directly from Lemmas and the definitions of the maps F} ;, G¥. O

Lemma 4.41. A trajectory {fi, o---o fi,(2)}32g of a point x € I;, j € Z*, jumps over the
central interval (exactly) at the times si,. .., Sy, for some(0 < sp < -+ < 8§y <n,0<m< n,
if and only if

F .. - to... N

1,5/ © GT1 o GT2 o o GTm*
. + T 0. +

FLJ’ o Grl o G—'r2 o] o] Gr,

m—2

1 © Grtn oFj 1 for j <0, m even

oG, oGl oF;_ forj<0,m odd
fin oo fil, =

FijjoGf oG o---0Gt oG, oFj for j >0, m even
F 100G oGl o---0G, oGt oG, oF;j forj>0,m odd
for some j' € Z* and r1,...,rm € {1,...,k}, where sgn(j) = sgn(j’) when m is even and

sgn(j) # sgn(j’) when m is odd. Moreover, in this case we have

fin ©--+0 fi1 (I]) - Ij’;rl,...,rm
and

pI g 00 gy, (pPP) for j <0, m even
Z(p" "y 00 br, (PP H)) for j <0, m odd
P ey 00, (p T I(2))  for j >0, m even”
I(leilqbn 0 0¢y, (p It I(x)) forj>0,m odd

Proof. Follows directly from Lemmas [4.39) and 4.40, and (4.12]), (4.13]), (4.14), (4.15). O

Definition 4.42 For z € (0,1) let ws(z) be the set of limit points of all trajectories of
under {f_, f+}, which jump over the central interval infinitely many times, i.e.

wool@) = { im fi,, 00 fi,(2) tin,in,... € {—,+}, ns — 00 a5 5 — 00

and {f;, oo fi,(x)}o2, jumps over the central interval infinitely many times}.
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Proposition 4.43. For every z € (0,1),
woo(z) = AUA{0, 1}.

Proof. First, we prove we(z) C AU{0, 1} for € (0,1). By Lemma[4.38|(a), we can assume
z € I. Take y € woo(w). Then y = lims o0 fi,, 0+ -0 fi, (), where ny — oo and the trajectory
{fin 0o fi,(2)}32, jumps over the central interval infinitely many times. By Lemma [£.41]
we have

Jing © 20 [ () € Lj(s)irs(),emirino) (9)

for some j(s) € Z*, m(s) > 0, r1(5), ..., Tm(s)(s) € {1,...,k}, where m(s) — oo as s — 0.
SinCS |Ij(8);7‘1(8),‘..,7‘m(s)(S)| pm(S) '1rnz(s)(s) N A # 0’ we haVe
y€ A=AU{0,1}. In this way we have showed w(z) C AU {0, 1}.

Now we prove A U{0,1} C ws(z) for x € (0,1). By Lemma we can assume z € [j,
J € Z*. Since the system is symmetric, we can assume j < 0. Take y € A. Then y = 2/, 1, ...

for some j' € Z*, ri,r9,... € {1,...,k}. Let

70 _ Fj ji if /<0
Fl?j/OGii_OFj’_l lf]l >0

>
< — 0as s = 00 Tie)n(s)..

and note that F(©)(z) € I;.. Define

— o G;; 9] Fj’,—l if j/ <0

gy _ [Py 0GroGlo oGy
FijioGlL oG o---0Gf oG, oFy, if />0

1

for even n > 0. Then F(" is well-defined on I . Using (4.13) and (4.15)) inductively, we see
FMWo. ..o FA o FO(g) e Lt

for every even n > 0. Since [, .| < p" — 0 as n — oo and N, even Lj*ir1,....rn = 1y}, the
trajectory defined by ---0 F(" ...0 F(?) o FO)(z) has y as a limit point and, by Lemma
jumps over the central interval infinitely many times. This shows A C weo ().

Take now y € {0,1} and define

F(O) _ .Fjj7_1 lf Yy = 0
GTOFj,—l lfy:1
and
) _ JF-1-n-10Gr o Gio-- oGy oGfoF 11 ify=0
FL,,H_loGToGl_ou-oGi"oGl_an_Ll ify=1
for even n > 0. Then, arguing as previously, we see that
I,n,1 if Yy = 0

Iniq ify=1

for even n > 0, the trajectory defined by - - -0 F(" ...0 F(2) o F(0) () has y as its limit point and
jumps over the central interval infinitely many times. This implies AU {0,1} C woo(z). O

Proposition 4.44. We have
A= F-(A) = f2(A).

Moreover, the system {f_, f+} is minimal in A.

Proof. The first assertion follows directly from Lemma while Proposition implies
minimality. O
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Singularity of p

Proposition 4.45. We have

suppp = AU{0,1}, p(A) =1.

Proof. By Proposition we have f(A) = A. Moreover, A is closed in (0,1). Hence,
Lemma implies suppp € AU {0,1} and u(A) = 1. On the other hand, the system is
minimal in A by Proposition M so Proposition gives supppu = A = AU {0, 1}. O

Proposition 4.46.

logn
log p

dimg A = dimg A =

where 1 € (1/2,1) is the unique solution of the equation n*+1 —2n+1 = 0.

Proof. By definition, the maps ¢,.: I_1 — I_1, 7 =1,...,k, are contractions and

k+1 2

p—p p—p
I 1) = e - r 7 F
¢r(I-1) = |p—0p e el g

Using , we check that sup ¢, (I_1) < inf ¢p11([-1) for r = 1,...,k — 1. Consequently,
{¢,}E_, is an iterated function system of contracting similarities with scales p, ..., p¥, re-
spectively, satisfying the Strong Separation Condition (i.e. ¢.(I_1) = ¢ (I_1), r = 1,...,k,
are pairwise disjoint). Therefore, its limit set A_; is a Cantor set with Hausdorff (and box)

dimension equal to the unique positive number d satisfying
pd+...+pkd:1
(see Proposition [2.15). This equation is equivalent to n*+1 — 2n + 1 = 0 for n = p?. Hence,

logn
log p’

dimH A_1 = dimB A_1 =d=

Since Aj, j € Z*, are disjoint similar copies of A_1, we have dimy A = dimyg A_; by Propo-
sition To see dimp A = dimp A_; note that A = (A x A1) UZ(¢(A x A_1)), where
A={p’:j>0}and¢: AxA_; — [0,1] is given as ¥(p’, x) = p’x. Since 1 is Lipschitz and
dimpg A = 0, applying points and [6], of Proposition [2.4 we obtain

dimp A_1 < diimB BA < diimB BA < dimp A+ dimgpA_1 =dimg A_q,

hence dimp A exists and equals dimp(A_1) = d. The condition (4.8)), equivalent to p < 7,
implies dimyg A_1 < 1. O

Propositions and imply the following.

Corollary 4.47. The measure p is singular with dimp(supp p) = dimg (supp p) < 1.
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Dimension of u

To determine the exact form of y, consider the natural projection for the IFS {¢,}*_, on I_4
given by

T—1: E; — A, 7-[-*1(7"177‘23 .- ) = nlggo $ry 0 Pry0-c-0 ¢7"n(x) = T—1ir1,72,000

where &) = {1,..., EWN and 2 is any point from I_;. By Proposition m_1 is well defined,
does not depend on the choice of x and it is a w_1, since the IFS satisfies the Strong Separation
Condition. It follows that A is homeomorphic to Z* x Z; with the topology defined as the
product of the discrete topology on Z* and the standard (product) topology on ZZ. The
homeomorphism is given by

p 7w 1 (ry, 7, ) for 7 <0
(P tm_1(r,79,...)) forj>0"

Let f_, fi: Z* x Y5 — Z* x I be the lifts by m of f_|a, fi|a, respectively, i.e.

L % + y — =
w4 X N — X, w(j,r1,72,...) = Ljir1,ra,... = {

mo fi=fiom,  ie{-+} (4.16)
Lemma implies
(j—1,r,7r9,...) forj<o0
f*(jarlar27"'): ( 1],T1,T2,...) fOrlg]gk
(j —k,r1,79,...) forj>k
(4.17)
(]+k 7“1,7‘2,...) for j < —k
felir,re, o) =S (A, —j,r1,7ro,...) for —k<j<-—1.
(]+1T1,7‘2,...) fOI’]>O

Due to , there is a one-to-one correspondence between stationary probability measures
for the system {f—, f+} on A with probabilities p_,py and for the system {f_, fi} with
probabilities p_, p1, both considered on o-algebras of Borel sets. Since there is a unique sta-
tionary probability measure u for {f_, f+} on A, there is also a unique stationary probability
measure ji for {f_, f4}. Moreover, j = m,i.

Now we determine the structure of the measure ji.

Proposition 4.48. There exist numbers c_ c+ > 0 and pmbabilistz’c vectors - =
(By....,0,), BT = (ﬂf‘,...,,@,‘;), such that c_ Z 77 + ey Z 77+ 1, where n—,n+ € (0,1)

]_
are the unique solutions of the equations

pen Tt —n_+p_ =0,  p_ngfTt -y +pp =0,

(L= Z 77j5j®’/j7

JEL*

respectively, and

where ,
o c.n? forj<0
g c.,.ni forj >0’
v; 1s a probability measure on E;‘ given by
U= P57®P5+®PI@7®PI@+®"‘ forj <0 jEZ*
T\ Pt @Ps- @Pgs @Pg- @+ forj >0

and d; is the Dirac measure at j.
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Proof. Let

h(z) =ppa"t —z+p.,  ht(z)=p_a" —z+p,.
Since h* are convex, h*(0) > 0, h*(1) = 0 and, by (£.10), (2*)’(1) > 0, the function h* has a
unique zero in (0, 1), which determines the values of 77—, 1. Suppose that c., Bli, e ,ﬂki >0
satisfy
oo oo k k
ey nttery mi=1 Y Br=1 D B =L (4.18)
j=1 j=1 r=1 r=1

Then the measure

v=Y_ n;0;®@v;
jezr

for n;,v; as in the statement of the proposition is a probability measure on Z* x EZ. Let
[j?rla"wrn] = {(j/7rllaré,. . ) e Z* x Z—k’— 2j/ :j7’r/1 =7,... 771;1 — Tn}

forje€Z*,n>0andry,...,r, € {1,...,k} be the cylinders in Z* x E:. By definition,

c_n:jﬁfl ;;"'67;71 fn for j < 0, n even

(ot ra]) = C*???ﬁﬂﬁi%"'ﬁﬁ,yﬁirtﬂﬁ% for]: <0, n odd ' (4.19)
e B B - B B for j > 0, n even
ey B By - B LB BE for j >0, nodd

Now we prove that for some choice of the constants c, ﬁf[, o ,ﬁki > 0 satisfying (4.18]) the
measure v is stationary for {f_, f+} with probabilities p_, p;. Note that to show that v is
stationary, it is enough to check

V([jvrlv s >Tn]) =Pp- V(f—_l([jﬂal: s ,Tn])) + D+ V(.]F-Il([jarla s ,T‘n])) (4'20)

for j € Z*, even n € N and ry,...7, € {1,...,k}, because the corresponding cylinders
[4,71,...,75] generate the o-algebra of Borel sets in Z* x ¥} By (17),

5 [j—i_lvrl’"-arn] fOI'j<—1
f:l([jvrlw"arn]) = [T’l,’f’g,...,?"n] fOI‘j: —17
[/ +Fk,ri,...,r] forj>0

[j—k,r,...,mp] forj<o0

Ft sy ooml) = { [=rra, o] forj=1.
I—1,r,...,my] forj>1

Using this together with (4.19)), we check that (4.20]) for even n € N (split into four cases:
j<-—-1,7>1,j=—1,j=1,respectively) is equivalent to the following system of equations:

n- = p_ +pynt

k
Ny =py +ponit
c_n-pB; =p_cynly +ppen*tigs forr=1,...k

cyns B =pieon” +p_cpnTBE forr=1,... .k

(4.21)

(where we write r instead of ry).

Now we solve the system (4.21]) together with (4.18)). The first two equations of (4.21])
agree with the definitions of n_, 4. Substituting them, respectively, into the third and fourth
ones, we obtain

By =ceny, B =conl (4.22)
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Summing this over r € {1,...,k} and using the second and third equation of (4.18)), we have

o k+1 _ k1
N e A S i
].—77+ 1—77,

and substituting the second and first equation of (4.21]) respectively, we arrive at a single
equation

C—P— = C4 P+,
which together with the first equation of (4.18|) gives

_ b+ L = b—
pan-/(L=n-)+p-ni/(L=n) " pin /A —n-)+p_ny /A —ny)

Using (4.22]), we finally obtain

C_

- _ P- P+
ﬁr :ZZ”TH /87_*'_:;777;7 ’I”:l,...,k’.
The numbers c4, Bf[, el ff satisfy (4.21)) and (4.18). In this way we showed that the system
of equations (4.21)) and (4.18]) has a unique solution for which the measure v is stationary.
By the uniqueness of such a measure, we have v = [i. O

Finally, we determine the Hausdorff dimension of the measure . Since by Proposition [£.48]
plr; = me(n;d; ® v;) for j € Z*, applying Proposition gives

dimpy p = sup dimy plr; = sup dimpg m.(n;0; ® v5).
JEL* JEL*
Note that the measure m,(n;0;®v;), supported on the Cantor set A, is bi-Lipschitz isomorphic
(after normalization) to the measure 7, (n-10_1 ®v_1), which (after normalization) is the self-

similar measure for the iterated function system {¢, ogbs}ﬁ <—1 with probabilities (3, ﬁj)ff s=1-
Therefore, Theorem [2.15] gives

k k
X BB log B BT YD (B log By + B log B7)
. r,s=1 r=1
dimp m.(1;0; ® vj) = = ==
> br B log prts 2 (B + i) log pr

+

k
er(f%ni logn_ + L=1f} logny )
r=
k p p .
Tglr(p—fnﬁ + ﬁni) log p

4.5 Proof of Theorem 4.10. Case [ > 1

Preliminaries

In Theorem we consider a symmetric AM-system {f_, f+} of disjoint type with proba-
bilities p_, p4, positive Lyapunov exponents and a (k : [)-resonance for some relatively prime
k,l € N, k > [. In this section we deal with the case [ > 1. Our approach is similar to the case
I = 1, however the combinatorics of the obtained system of intervals is more complicated and
produces Cantor sets which are attractors for infinite iterated function systems.

We have

)

2 = pla for x € [0,2_] o) = pFx for z € [0, x4]
J-(@) {I(p_kf(x)) for z € (z_,1]’ f+(@) {I(plf(x)) for z € (24, 1]
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where p € (0,1), k,l € N, 1 <l < k and
1— ko ket

x+:I(x,):p —r

Tr_ = 71 — pk-‘rl ,

Ikl 1—p
fa) = E—hm e = TU-@) = T

In particular, we have
vy < f_(z_).

A direct computation gives
I T(ple ) =x_. (4.23)

We assume that the system is of disjoint type, which is equivalent to
PPt =25t +1>0
and also (by symmetry) to .
fo(zo) < 3

Hence, since the system is symmetric, we have

zy < fo(z-) < % < fy(zy) <z-.

Consider the function h(p) = p** — 2pF*1 +2p — 1, p > 0. We have h(0),h(1/2) < 0,
h(1) =0, (1) < 0 and A" has exactly one zero in (0, +00). This implies that h on (0, 1) has
a unique zero n € (1/2,1), i.e.

nk+l _ 27’k+1 +277 _ 1 _ O

and the assumption p < 7 is equivalent to

PPt — 2 1 2p -1 <0 (4.24)
and also to 1
pz— < 3. (4.25)

In particular, this shows that the condition p < n implies that the system is of disjoint type,
which proves Remark [4.11]
Finally, notice that the positivity of the Lyapunov exponents of the system is equivalent

l k
pre € (sl

to

Construction of the set A

Let us define the basic intervals I; € Z* in the same manner as in the case [ = 1, i.e.

_ 1+l _ k41
Iy = [pfi(zy),pr-] = [pfi(xs), p' (2] = [pT(p'z-), pr-] = “_ /p)k-i-l’ ? _Zm]

and note that by (4.25)),

1
supl_; < 3 (4.26)

For j € Z* let

7 p I for j <0
Tz L) forj>0°
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Let us now explain briefly the differences compared to the case [ = 1. Unlike previously, the
union J;jez+ I is no longer forward-invariant under {f=, f+}. More precisely, fi(I_pU...U
I;)C I, but fr(I_jp1U...UI_q) is situated between I; and I; 1, inside a larger interval J;
(see Lemma and Figure . Therefore, our first step is extending the family {I;},cz-
to a larger family {/j}jcs consisting of similar copies of intervals fi (/_j41),..., f+(/-1) and
their further iterates which are not contained in the intervals obtained in previous steps of
the construction (see Figures and . As a result, we obtain a forward-invariant family
of intervals, which has infinitely many elements inside each of the (disjoint) intervals J;. As
before, we iterate the intervals from this family to produce a fully invariant and minimal
union of disjoint Cantor sets. The corresponding iterated function system {®y}yrer on I is
generated by the action of fi on the interval [z, f—(2z_)], which maps some of the intervals
I; into I;. This infinite IF'S has a Cantor set attractor A_; C I_;, which is copied inside each
of the intervals Ij to form a suitable invariant minimal set A C (0, 1).
Let

Jo1 = [pZ(pz_), pr_]
and note that
I, CJ, supl_| =supJ_j.

As previously, consider the maps

Op(x) =pL(p"'a)=p—p'z, r=1,... .k

for # € J_1. Recall that ¢, are orientation-reversing contracting similarities with |¢).| = p"
and ¢1 < --- < ¢p.

Lemma 4.49. We have

Ja\I-1 forr=1,...,1—1

, I)CcI_,.
I, forr=1,... k-1 Or(l-1) € I

Qbr(t]—l) C {

Moreover, ¢p(J_1), r =1,...,k, are pairwise disjoint.

Proof. By definition,

¢r(J-1) = [pZ(p"x-), pZ(0"L(pz-))]  br(I-1) = [pT(p ), pZ(p"T(p'w-))].

It is obvious that inf ¢, (J_1) > inf J_; for r = 1,...,k and inf ¢.(J_1) > inf I for r =
l,..., k. The inequality sup ¢,(J_1) <infI_4 for r =1,...,0 — 1 boils down to (4.24), while
sup ¢.(J_1) <supl_qforr =1,...,k—1is equivalent to pF 4 o7+ p—pht1—pk+Hi=r1 1 < 0.
For | < r < k — 1 it is enough to have p**! 4 2p — pF*1 — p¥ — 1 < 0 (as p*" < p and
P > pF). By this can be reduced to p**1 — p¥ < 0 which is obviously true, since
p € (0,1). This proves the first assertion. To show ¢ (/_1) C I_1, it is enough to notice that
sup ¢x(I-1) = supI_; holds due to (4.23). To check the disjointness of ¢,(.J_1), we notice
that the inequality sup ¢,(J_1) < inf ¢, 41(J_1), 7 =1,...,k — 1, is equivalent to . O

For j € Z* let

=< (0oya...i-um). 7= 3
n=1

JEL*

We will denote the elements of J by j = (j,71,-..,Jn), Wwhere j € Z*, n > 0, j1,...,Jn €
{1,...,1 — 1}, with the convention that ji,...,j, for n = 0 is the empty sequence.
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FOI'j = (j7j1>"-7jn) S j define

I. _ N ' _ pfjflqulo.--oqun(lfl) fOI‘j<0 I: U I.
ST T L g0 0y, (L) forg>0l ]

Note that this notation is compatible with our previous definition of I; for j € Z*. Further-
more, for j € Z* let

i1 .
Ji= {Q&i{}_ﬂ) Zj i 8 J=UJ
Jez
The following lemmas describe the combinatorics of the intervals I5,j € J.
Lemma 4.50. The following statements hold.
I jgiin =ZLjjr, gn), J—j =Z(J;) forj € Z*, n >0, ji,...,jn €{1,...,1 —1}.
The segments J;j, j € Z*, are pairwise disjoint.
For j € Z*, the segments I, j € J;, are pairwise disjoint subsets of J;.

For j € Z*, we have inf J; = inf I;1, supJ; = supl; for j < 0 and inf J; = inf I},
sup J; = sup l;1 for j > 0. In particular,

Jj = conv U 1.
J€T;

e) Let j € Z*. Then for j < 0 (resp. 7 > 0), the segments I;;,, j1 = 1,...,1 — 1, are
g
situated in J; in the increasing (resp. decreasing) order with respect to ji, to the left
(resp. right) of I;.

(f) Let j € Z*, j1,...,gn € {1,...,1 =1} form > 1. Then for j < 0 and even n or j >0
and odd n (resp. 7 < 0 and odd n or j > 0 and even n), the segments I, i ..,
Jnt1 = 1,...,1 =1 are situated in J; in the increasing (resp. decreasing) order with
respect to jny1, between I, 5 and I . 5 .41 4f o <1—1, and between I ;, . .
and Ij7j1,~~-7jn—1 Zf]n ={-1.

n

(9) infl p=xy,supl_;=f_(x_),infl; = fi(xy), suply =x_.
See Figures [A.4) and [£.5]

Iq i1 L Liiv L1 Ijg—1a I;

Figure 4.4: A schematic view of the location of the intervals I;;, ;. within J; for j < 0.

n

Proof. The assertion (a) is straightforward. To show (b), it is enough to use and check
sup J;j—1 < inf J; for j < 0 (and use the symmetry of the system). By a direct computation,
the latter inequality is equivalent to . By symmetry and the definition of I; and Jj,
showing (c)—(f) we can assume j = —1. First, we prove (c). Since I_y C J_;, Lemma [4.49]
implies I; C J_1 for j € J_1. To show the disjointness of Ij, suppose that I_q; . ;. N
I—Lj{,m,j;, # 0 for some distinct (—1,71,...,4n),(—1,41,.--,40) € J-1. We can assume
n’ > n. Applying suitable sequence of inverses of maps ¢, to both segments, we can suppose
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J1 # jj or Ifl»jiz-~~vj,'1/ = I_;. In the first case we have a contradiction with the last assertion
of Lemma [£.49] while the second case contradicts with the first assertion of it. This proves
(c). The first part of (d) is straightforward. Together with (c), it shows the second part. The
assertion (e) follows from (c) and the fact ¢; < --- < ¢;_1. The first part of (f) holds by a
direct checking. In turn, together with the fact that the maps ¢, reverse the orientation and
¢1 < -+ < ¢_1, it proves the second part by induction. The assertion (g) is straightforward.

O

The following lemma is a direct consequence of the definition of the maps fi and
Lemma [£.50] See Figure
Lemma 4.51. We have
) = {plx forx e I U U]_7OO i
I(p~*Z(x)) forxc Uj_k Ji\ Iy,

p Fx for z e UF Z i\ g
f-l—(x) = { 1 7 :
I(0T(@)) fors e LyUUE i1l

)

Moreover, for (j,ji,...,jn) € J, we have:

f—&-(Ile,---,jn) I JHkgisdn for j < —k,

f"l‘(‘[ﬁka]ly:]’n) I]l .727 7]’rL for n > 07
-l

f+(conv (I_kU U Jj)

j=—k+1
f+(I]7]177]n) Il 7]1 :]n for - l + 1 < '] < _1’
f+igadn) = Littgr,ga  Jor j>0.

Il7

Analogously,

F~igyrgn) = ity gn fOT’j<0
f- (IJJL i) =1 1jjrge for1<j<Il—1,

ja (conv (Iku U J))

/- (Ik’jlv"ﬂjn) =1_j jo.ju Jorn>0,
f=Ljj,jn) = Ii_kj,..jn forj>k.

In particular, Lemma implies f(I) C I. More precisely, for every i € {—,+} and
ied,

fi(f3) C Iy for some j' = j'(i,j) € J.
Let -
R={l,....kbuJ{l... .k =1} x{1,...,1 - 1}".
n=1

We will denote the elements of R by r = (r,71,...,7), n > 0, where r € {l,...,k} in the
casen =0,r € {l,...,k — 1} in the case n > 0 and ry,...,r, € {1,...,1 — 1}, with the
convention that rq,...,r, for n = 0 is the empty sequence. Note that

RCJ.

Forr = (r,r1,...,75) € R define the maps

o — Or forn=20
T ¢GrOp 0---0¢,, forn>0
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f+ f+
................ Sk = e == S =
U)o s} T e sl o) I
90‘+ ff(@)
[+ f+ f+
.................. T, Jl—l L
L {1_131:} Iy {Il_—ljl,jn} I, {Tlh :}
f+@+)
f+ I+
............... Tn | T
In {0 Tk o)

Figure 4.5: A schematic view of the action of f, on the intervals I;.

on the interval I_;. By Lemma [£.49]
P.: [ 1 — T 4, r € R,

so the family {®,}rer is a countable infinite iterated function system of contractions in I_;
satisfying lim |¢p,(/—1)| = O for any sequence (r5)2; of mutually distinct elements of R.
§—00

Moreover, the definition of ®, implies

{@r(I-1)}rer = {&r () s € {l,. sk =1} j € Toa} U{dk(I-1)}-

This together with Lemma implies that ®,(/_;), r € R, are pairwise disjoint. Similarly
as before, we are interested in the limit set of this system. As the family {®, },cr is infinite,
there are two limit sets one can consider:

L:ﬁ U ®ro-0d, (1) (4.27)

m=1ry,..rm€ER

and its closure

A =1L
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It is easy to see that they satisfy

RS o0

L= &(L), A= o01)=) By 0---0By, (1)

reR reR m=1ry,...rm€R

(see e.g. [64, Section 2]). As our goal is to find the minimal attractor of the system {f_, fi}

(which equals also the support of 1), we will focus on A_;. However, we will use the set L in

the proof of Proposition as it is better suited for calculating the Hausdorff dimension.
For j = (4,71,---,Jn) € J let

i A:UAjﬂ(O,l),

A=A s - = {pj.1¢j1 ,,,,, jn (A1) for j <0 T1 4
e Z(p pj,....5n (A1) for j >0 i

where we write
Qsjlw“:jn = d),jl ©:+-0 ¢]n

Obviously, Ay C I; for j € J and A C Ujez, Jj. Furthermore, for m > 0 and ry,...,r,p € R
let

. = {p_j_ld)jly---yjn(@rl ©---0 Qrm (I_l)) fOI' j <0
FE (P gy, (Pey 0 0 By, (121))) for j >0

(for m = 0 the set Iy, .r,, is equal to Ij). As |®,| < p, for j € J, r1,ra,... € R we have

m
M
|Ij;r1)-'~7rm| < p 0 as m o0,
SO

Liy, v = {xj;rl,rz,...}
1

DY

for a point Zj.y, r,,.. € A and

o
A= U m U Livr oo N(0,1) = {5 p0,.. : JE T r1,12,... € R}N(0,1).
jeJg m=1ry,..r;m€ER

Description of trajectories

Lemma implies the following.

Lemma 4.52. For (j,j1,...,jn) € J, r1,r2,...,€ R and m > 0, we have:

IG iy, gn)ieryrm  Jor 3 <0

It ggsn)irsyeem JOr 1< <1—1
-G g rgn)irrirm) = S Lt:Ggtrin)rryrm JOTI<j<k—T1orj=kn=0,
Iy orjn)irryrm  JOT =k, n>0
TG kjyjn)icryem  JoT 3>k

LGhgisgn)ivrrm  JOT T < —k

LGy jorejn)itsoestm forj=—-k,n>0

S+ UG grgyrrrm) = Dy(=jgisin)riem  fOrJ=—k,n=0o0r —k+1<j<—1l,
Ig—jjiojn)rtyem  Jor —1+1<5< 1

Lt g1sgn)ietyem JOT >0
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and
forj <0
7j7j17~--,jn)§r1,r27~~- for 1 g ‘7 < l - 1
f~@ G gmywies,) = 4 Toti(Ggrgn)wira,. JOrI<j<k—1lorj=kn=0,
forj=k,n>0

"r(j—k,jl,...,jn);l‘l,l‘2,... fOT] > k

"r(j—l,jl,...,jn);rl,I‘Q,...

IL’(,I

x(j+k7j17"'7jn);r17r27"' for‘] < _k

x(jl,j2,...,jn);l‘1,l‘2,... fOT’j - _k7 n > 0
S+ (G gy ean) =  Tl(—jinn)wirs,.. forj=—kn=0o0r —k+1<j<—l.
L(1,=5,51,Jn )51, 2,0 Jor —1+1<j< -1

x(j+lyj1""»jn);r1’r2"“ for‘] > 0

The next lemma follows directly from Lemma [£.51]
Lemma 4.53. The following statements hold.

(a) If a trajectory {fiy o---o fi, (x)}F_g, for x € (0,1), jumps over the central interval at
the time s, for s >0, then f; ., o---o fy(x) € ;U

(b) A trajectory {fiy o---o fi,(2)}X—y, for x € J, jumps over the central interval at the
time s, for s > 0, if and only if

—
ficorofi(x) € I 4 U U J;, i1 = +, figpr 0o fi(x) € I

j=—k+1
or
k—1
fiso--o fiy(x) e yu | Jj, ist1=—,  fia0 0 fi(x) € Iy
7=l

In particular, for given j € J and i1,i2,... € {—,+}, for all x € I; the trajectories { fi, o
-0 fi ()} Jump over the central interval at the same times.

Since k, [ are relatively prime, there exist N1, No > 0 such that N1l — Nok = 1. Let

F_= frVQo N F,=fMo frvl.
Then
F_(J;) = Jj_1, F_(x) = px forx € J;, j <0,

Fi(J;) = Jjt1, Fi(z) =ZIpI(x) for x € Jj, j > 0.

For j,j € Z* such that sgn(j) = sgn(j’), define

FI ', for j <0, j/ < j
fi(]"])/k] o FZ‘J"H(J"])/’C”JJ_ for j >0, j' > j

FijoJj — Jj,  Fig =" . T
onto F+ |Jj fOI‘] <0,3' 273

fl(j—j’)/k] o Fi’—j—kf(j—j/)/k”Jj for j >0, j/ <y

We have Fj j» = fiy o---o fi|j, for some iy,... iy € {—,+}, N >0, and, by Lemma@

Fio(x) = b for j <0 (4.28)
PPN Z(p i I () for § >0 '
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for x € J;. In particular, this implies

_F}L7 = 1d |Jj7 Fj/vj// O Fj,j/ = Fj,j”

for j, j', 7" € Z* such that sgn(j) = sgn(j’) = sgn(j”). By Lemma

Ej it gy reegn)iersetm) = LG 1)ttt
(4.29)
Fj,j’( (j,jhm,jn);l‘l,l‘zw) = L(5' 51, rdn )51, T2,

for ji,...,jn€{1,...,l =1}, r1,r9,... € R, n,m > 0.

Lemma 4.54. For every x € (0,1) there exists i1,...,i, € {—,+}, n > 0, such that
fino--ofilx)el

Proof. If x € J; for j < 0 (resp. j > 0), then it is enough to notice that by Lemma @
we have fi o Fj _j(x) € I} (resp. f— o F;;(x) € I_;). Suppose z € (0,1) \ J. Enumerate the
components of (0,1)\ J by Uj, j € Z, such that U; is the gap between J;_; and J; for j <0,
Up is the gap between J_; and Ji, and Uj is the gap between J; and J;41 for j > 0. Since
the system is symmetric, we can assume z € Uj;, j < 0. Then, by Lemma we have

oo @y e, O

Define
Gy Ji— Jo, G;r:J_1—>J1, je{l,...,l1—1},

by
G; :F—l,—lof*OFl,]'7 Gj:ﬂ,lof‘i’OF*L*j'

Note that Gji = fiy 0+ 0 fi| e, for some i1, ... ix € {—,+}, N > 0. By (4.28), we have

Gy =¢joIly, Gf=Tog; (4.30)
and by Lemma and (4.29),

G, (1

]( (17j17"'7]n T1,e0m

-.

1,3,01,925-50n) ;150 Tm )

+
G] (I(_lzjlv""]n 1‘1, »I'm 7.7’.717.727 73") ri,...,m>

)
) =
)=
)=

_ (4.31)
G] (x(17]17 Jn)irL,r2,.. 1,4,01,525+-50n )5T1,2,.000
+
G (:L‘( 17]1a a.]n rp,ra,.. ’J’J17]27 7‘771«) ry,ra,..
for ji,...,jn€{1,...,l =1}, r1,re,... € R, n,m > 0.
Define also
H_: U Iy = J-1, Hy: U I 1j,.jn = 1
{(17]177.7”)6\7”>0} {(_17]177]n)EJn>0}
by
Ho|p, . =Fj—10of-oFikln, Hilry, o =FpaofyoFq gl

Again, Hy = fiN 00 fil‘f$1,j1 AAAAA in for some i1,---,IN € {_7+}a N > 0. By " and
(4.30),

+ 1 _ -1
|Il,j1 ,,,,, in (Gg ) |11,j1 ,,,,, in ¢j1 OI|I1,J'1 ,,,,, in?

1 -1
H+|Ll,j1 ,,,,, jn:(G ) ‘Lln :Io¢j1 |117J'1 ----- in

,,,,,

(4.32)
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while Lemma and (4.29) give

Hﬁ (I(1>j17-~7jn)§r1,... rm
H+(I(

I
a'\('\«

—1,52,-5n)iT 15 Fm)

1,52,.3Jn);T1 5 s m ? (433)

(x(]"v]l? 7.771) ry,ra,.. 1,52, 7]71) ry,ra,...

)
Lt sorfin)iE 1)
)=
Hy (21 )=

JJ1seodn)iT1,T2,.. 1,525+50n)iT1,025- -

for j,j1,...,gn€{1l,...,1 =1}, n >0, r,re,... E R, m > 0.
We introduce the following notation. For j = (4, 71,...,jn) € J we set j < 0 (resp. j > 0)
if j <0 (resp. 7 > 0). We also write —j = (=4, J1,-..,Jn) and set sgn(j) = sgn(j), n(j) = n.
For j = (o1 ga§ = (724} dl) € T, such that sgn(j) = sgn(f’) and n(j) — n(§)
is even, or sgn(j) # sgn(j’) and n(j) — n(j’) is odd, define

Fyyri Iy —— Iy

onto
by
F,lj/oG._, OGHJ o- oG oG'.’} o(H_oH+)"/2on’_1
n!/—1 n
,OG/OG]éO”'OG;’_IQOG]// IOG‘;,;.LIO(H_OH+)”/2OF‘77_1
/oG,oG;o---oG;r oG,, oH+o(H,oH+)L"/2Jon,,1
2 11
FjoG,o0Gho--0G, o G+ oGy oHyo(H-o H)l2 o Fy
F. g = 1 2 n!—2 It —1 n/
- Fl,j/oG;.ZoGj_éo- oG+ oG., o(H_‘_oH_)”/QonJ
n/—1
F_lj/oGjoGto -0 G, oGJr oG, O(HJFOH,)N/QOFjl
’ J1 J2 jn/ 2 n 1_q ‘]n’ ’
FijoG,o0Gho-o0 Gj_ o G.+, oH_o(HyoH )" oF;,
1 2 /_q
Flj/oG'boG._,o-qu'.F, oG, oG, oH_O(H+OH_)L”/2JOFj1
’ 1 J2 o Jnr_q I ’
for

j <0, n(j) even, n(j’) even
j <0, n(j) even, n(j’) odd
J <0, n(j) odd, n(j)
<0, n(j) odd, n(j’) odd
j >0, n(j) even, n(j
j >0, n(j) even, n(j
j >0, n(j) odd, n(j’") even
i>0, n(j) odd, n(j’) odd
/

respectively. Note that in the case n = n' = 0 the definition of Fjj = F} ; agrees with the

previous one. We have Fjy = fiy o---o fi |1, for some i1,...,ixy € {—,+}, N > 0.
By (L25), (£30) and (E33),
P_j/_l(%‘i,...,j;, 31, ,JH(P]H z)) ifj<0,j<0
Z(p" by 1 ifj<0,j >0
I . I At I SRS .

P~ by, 0 Ji ETNT@) iG>0, § <0
T NG, o 05k (07T @) 5> 0, >0

for x € I;. In particular, this gives

By=idly,  FyyoBy=Fy
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for suitable j,j’,j” € Z*. Moreover, (4.29)), (4.31]) and (4.33]) imply
Fy g e o) = Lyrimrems Fyy (Tjier ra,.) = Tities e, (4.35)
forri,ro,... € R, m > 0.

Lemma 4.55. A trajectory {fiy o---o fi, (2)}F—o of a point x € I3, j € J, does not jump
over the central interval at any time 0 < s < N, for some N > 0, if and only if
fiN 0---0 fi1|fj = Ei,j’

forj’ € J such that f;y o---o fi(x) € Iy, where sgn(j) = sgn(j’) and n(j) —n(j’) is even, or
sgn(j) # sgn(j’) and n(j ) n( ") is odd.

Proof. If a trajectory {fiy o---o fi, ()} - of ¢ € I; does not jump over the central interval
at any time 0 < s < N, then by Lemmas [£.51] and [£.53] -

fiy 00 fi () = I,

where j’ € J such that sgn(j) = sgn(j’) and n(j) — n(j’) is even, or sgn(j) # sgn(j’) and
n(j) — n(j’) is odd. Consequently, Fjy is defined on [j and (Fjy) ' o fiy o -0 firlry is an
increasmg affine homeomorphlsm from I; onto itself, so it is equal to the identity. Therefore,
fin 00 fil 1; = Fjy. The other 1mphcat10n follows from Lemmas [4 l and 4.53| and the

definitions of the maps Fj j ,G
O

Define, for r € R,
G h—1I,4, G :11—1 for n(r) even,
Gy I, —14, GIt:hL—1 for n(r) odd,
setting
G~ =F _10f_oF,, Gyt =FofroF 1 .,
Gy m =F q10of oF i, Gt =FqofioF .
Note that Gi* = fiy © -0 filry, for some i1,...,ixy € {—,+}, N > 0. By Lemma

and (4.34)), we have

GH™ =, 07y, Gt =Tod,, (4.36)
G, =, GIT’+:IO‘I>roI|[1, '
while by Lemma and ,
G (Iieyovm) = It s G (T1rywa,) = Tl ra,..
Gy (I tiey,rm) = Tirry, v Gy T (Z—tiriro,) = Tliriryro,. (4.37)
Gy (Itieyyrm) = I tie v Gy (T 1y r0,) = T Lirry o,
G (Tnieyovm) = Tiirrs v G (11 r0,) = ey ro
for ri,ra,... € R, m > 0.
Lemma 4.56. A trajectory {fiy o---o fi,(2)}¥—y of a point x € I jumps over the central
interval at the time s, for some s > 0, zf and only if one of the four following possibilities:
fiso--o fi,(z) € Iy, fioilr e =FiyoGrotoF .y, n(r) even,
fiporofi(w)ely,  fili, =FigoGiToF 1, n(r) odd,
fico---ofiy(x) € I, fioiilt, =F-1,10G ™ o Fp, n(r) even,
fiso o fi,(x) € I, fisirl, =F-1,10G" o Fp 1 n(r) odd,

holds for somer € R.
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Proof. Follows directly from Lemma
]

Lemma 4.57. A trajectory {fiy o---o fi,(x)}¥—y of a point x € I, j € J, jumps over
the central interval (exactly) at the times si,...,Sm, for some 0 < s; < -+ < §p, < N,
0<m < N, if and only if

‘ ‘ _ . 01,00 o . .. TmsOTm—1 .
fZNo"'Of11|Ij _Ft’,J’OGrl o oGr:n”’ " OF.‘],t’

for some ry,... vy € R, where 05 € {—,+}, s =0,...,m, t,t' € {—1,1}, are defined by
backward induction as

— ifj<0,n(j) is even, orj >0, n(j) is odd
Om = L L . N , sgn(t) = om
if j <0, n(j) is odd, orj> 0, n(j) is even
Ts1 =19 Z:f o0 = = nlra) Z:S odd, o 7, = +, n{rs) Z'S. even fors=m,...,1,
+ if os = —, n(rs) is even, or o5 = +, n(rs) is odd

sgn(t) = o, sgn(t') = o9
with j' € J such that sgn(j’) = oo and n(j’) is even, or sgu(j’) # oo and n(j’) is odd.

Moreover, in this case we have

fix o0 fis(i) = Ly, v

and

fz’N O~ th(x)

P_j,_1(¢ji,...7jg o®, 0---0®, o ji...,jn (p*1z)) forj<0,j <0
(0 (05, 0 @i 0 0 Rp 0810 (PH))  Jorj<0,§ >0
PN Bty © By 000 By 0657 s (p7ITNI(2))  for§ >0, <0

.....

I @5, 0 B0 0 B 0 650 (7 HI(@))) for§ > 0,5 >0

wherej = (j7j17'~' 7jn); j/ = (jlvjir 7];#)

Proof. The definitions of o, t,t’ and the conditions for j’ imply that all the considered maps
are well-defined. The assertions of the lemma follow directly from Lemmas and and
(4.34), (4.35), (4.36)), (4.37]). O

Lemma 4.58. For every j,j € J, m>0 andry,...,ry € R, there exists a map
Fjjirtrmt I = Lym e

such that ¥yj.p,  pn, = fiy 00 fh][j for some iy,...,ixy € {—,+}, N > 0 and any
trajectory of x € J defined by --- o fi, o---o fi (x) jumps over the central interval at the
times $1,...,8m+1, for some 0 < 81 < -+ < Spa1 < N.

Proof. Since the system is symmetric, we can assume j < 0.
Let

—1 if n(j) is even o —1 ifj <0, n(§’) is even, or j’ > 0, n(j’) is odd
1 ifn(j)is odd ’ 1 if§f <0, n()is odd, or j >0, n(j') is even
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and
p=#{se{l,...,m}:n(rs) is even}.
Define ry, 41 € R by

l ift=1,pisodd, ort=#t,piseven
r 1= . .
mr (1,1) ift=1t, piseven,ort#t, pisodd

We have
even ift=1t pisodd, ort#t, piseven

. 4.38
odd ift=1t piseven,ort=#t, pisodd (4.38)

n(rm41) is {
Furthermore, define o, € {—,+}, s=0,...,m+ 1 by
Om+1 = Sgn(t)v

. {— if 0, = —, n(rs) is odd, or o5 = +, n(r,) is even for s=m+1,....1.

+ if o = —, n(rs) is even, or o5 = +, n(rs) is odd

By the definition of ¢, we have

— if n(j) is even
Om+1 = . .\ - .
+ ifn(j) is odd

Note that 051 # o5 if and only if n(ry) is even. Therefore, as o,,+1 = sgn(t) we obtain

{sgn(t) if p is even, n(r;,+1) is odd, or p is odd, n(r,+1) is even
oo =

—sgn(t) if pis even, n(ryy1) is even, or p is odd, n(rm,1) is odd’
where —sgn(t) = — (resp. +) if sgn(t) = + (resp. —). This together with (4.38)) implies
oo = sgn(t).

Moreover, by the definition of ¢, we have sgn(j') = o¢ and n(j’) is even, or sgn(j’) # oo and
n(j’) is odd. This implies that if we define

.. —,. 01,00 o ... Om+1,0m o T
Fijiri,pn = FryoGii?®o---o0 Grm+1 o Fjt,

then by Lemma m (with m replaced by m + 1), Fjj.p, .r, is well-defined on Ij and
Fjjir1,em = fiy © -0 fiy |1, for some iy, ..., iny € {—,+}, N > 0. Moreover, any trajectory
of x € J defined by ---o fj, o--- o fi,(z) jumps over the central interval at the times
S1y-++s8ma1, for some 0 < 51 < -+ < §pa1 < N. By and ,

Figwrrm3) = Ly ormin © Lieye-

Proposition 4.59. For every x € (0,1),

weol(z) = A =AU{0,1}.

Proof. First, we prove wo(z) C AU{0, 1} for z € (0,1). By Lemma 4.53((a), we can assume
x € I. Take y € weo(z). We have y = limg .o fiy ©--- 0 fi;(2), where Ny — oo and the
trajectory {fiy o---o fi, ()} jumps over the central interval infinitely many times. By
Lemma [1.57]

fiNS ©---0 fil (.’L‘) € Ij(s);rl(s),...,rm(s)(s)
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for some j(s) € J and ri(s),...,Tps(s) € R, where m(s) — oo as s — oo. Moreover,
yNA # 0. Hence, y € A =

|Ij(5);r1(5)7“'?rm(s)(s)| < pm(S) — 0 as s — 0o and Ij(S);I‘1(s)

A U{0,1}, which shows we () C AU{0,1}.

Now we prove A U{0,1} C weo(z) for z € (0,1). By Lemma [£.54] we can assume z € I
for some j € J. Take y € A. Then y = lims o0 Tj(s)ir; (s),ra(s),... fOr some j'(s) € J and
ri(s),ra(s),... € R, s > 0. Using Lemma [£.58] define inductively

s T (s) (S

0
FO =Fj;0),
F(S) e Fj’(s—l),j/(s);l‘l(8)7---71'3(5) for s > 0.

By Lemma the trajectory of = under {f_, f4} defined by --- o F®)... 0 FO(z) is
well-defined and jumps over the central interval infinitely many times. Moreover,

F&o...0 F(O)(Ij) C Ijs)

ir1(8),.,rs(s)o

SO
’F(S) 0---0 F(O) (‘T) - y| < |Ij’(s);r1(s),l..,rs(s)| + |y - xj’(s);rl(s),rg(s),...| —0

as s — 00, since ’Ij’(s);m(s),...,rs(s)‘ < p® — oo. Hence, y is a limit point of this trajectory.
Take now y € {0,1}. Then, by Lemma we see

Fos 1, 250---0F 930F; 90F; (x) € I s,

F_9s0s+10Fos_ 1 _9,0---0F _930F| _20Fj (x) € Ips41
for s > 0, the trajectory defined by
~woF 9525110F2 1, 250--0F 930F; 20F;1(7)

jumps over the central interval infinitely many times and has y as its limit point. Hence,
AU{0,1} C weo(x).
O

Proposition 4.60. We have
A= (M) = f(A).

Moreover, the system {f_, f+} is minimal in A.

Proof. The first assertion follows directly from Lemma while Proposition implies
minimality. O

Singularity of p

Proposition 4.61. We have

SuppM:AU{Ovl}v p(A) = 1.

Proof. Similarly as for the case [ = 1, it is enough to use Proposition O
Proposition 4.62.
1
dimg A = 87 -1,
log p

where n € (1/2,1) is the unique solution of the equation n*+* — 2pF+1 4 2n —1 =0.
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Proof. Our first goal is to determine the dimension of A_;. We begin with calculating the
dimension of the L defined in . Recall that {®}rer is an iterated function system of
contracting similarities on I_1, satisfying the Strong Separation Condition. It is well-known
(see e.g. [64, Theorem 3.15]) that for such systems dimg L is equal to the (unique) zero of
the topological pressure function

1
P(t)= lim ~log Y [[(@0---0%, )|\

n—oo n,
ri,..,rn€R

provided the system is regular (i.e. zero of the pressure function exists). Note that this is an
analog of the formula from Theorem [2.15] Since @, are affine, we have

=log ) [[@;/

reR
oo k—1 —

= log ZW+ZZ Z \(@oquo---o%)’!t)

n=1r=[ r1,...,rn=1

~ log mmzw i(z 1) ) (139

= ri=1

k—1 00 — n
—log | pF + Zprt Z ( Z prlt)
r=l n=0 ri=1

9kttt

1 —2pt + plt

= log

provided pt + - - - + pU=D* < 1, which is equivalent to p' —2p* +1 > 0. Since by Lemma m
ér(J_1), r = 1,...,k are pairwise disjoint subset of J_;, we have p! + .- + pU=t < 1 for
t = 1. It follows that p!* —2p* +1 > 0 for t € (tg, 1], where tg = inf{t > 0: P(t) < oo} € (0,1)
is the unique solution of the equation p'®® — 2o 41 = 0. Moreover, the condition P(1) < 0
is equivalent to
ol — 2pF+1 4 phHl
1—2p+p

<1,

which is the same as (4.24]). Since t — P(t) is strictly decreasing and continuous whenever
it is finite (see [64]) and limt_)tar P(t) = 400, we see that there exists d € (tp, 1) such that

P(d) = 0. By ([#.39), we have n = p?, so

logn

dimg L =d =
log p

<1

We will prove now that dimg A_; = dimg L, i.e. taking the closure does not increase the
Hausdorff dimension of L. To that end, let L(o0) be the “asymptotic boundary” of the system
{®@r}rer, i-e. the set of all limit points of sequences (x5)S2,, where x5 € @, (I_1) and {rs}>2,
consists of mutually distinct elements of R. It follows from [64, Lemma 2.1] that

Ay=L=LuU |/ U @00y, (L(c0)).

As the above sum is countable and the transformations ®, are bi-Lipschitz, applying points
and [6] of Proposition [2.4] yields

dimg A—1 = max{dimyg L,dimgy L(c0)}.
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Using Lemmas and it is easy to see that
k-1
00) = U or(K
r=l

where K is the limit set of the iterated function system {d)r}ﬁ;ll on J_;. By Lemma M
this system satisfies the Strong Separation Condition, so its box and Hausdorff dimension are
both equal to the unique solution tg € (0,1) of the equation p!*® — 2p' + 1 = 0 (Theorem
. As noted above, we have tg < d, hence dimyg A_1 = d. By Lemma m the sets Aj,
J € J, are disjoint similar copies of A_1, so dimy Uje 7 Ay = dimpy A_1. To end the proof,
note that A\ Ujer Aj = Uj>0 (PP K UZ(p’K)), hence, by the same argument as in the proof
of Proposition [£.46]
dimpg (A\ U Aj) =19 < d.
jeg
Finally, this implies dimg A = d. O

The following proposition gives some information about the structure of the measure p
in the case of equal probabilities p_,py. It states that p restricted to I for j € J is the
self-similar measure (with weight mj) for the system {¢;}rer corresponding to some infinite
probability vector (f;)rer. We do not find explicit formulas for m; and G, in terms of the
parameters of the original AM-system (the expression for mj; is a general form of a solution
of a certain difference equation). Therefore, we are unable to give a formula for dimg(x) in
the case [ > 1. On the other hand, this description is sufficient for the proof of Theorem

Proposition 4.63. Suppose p— = py = 1/2. Then for j = (j,j1,---,Jn) € T, T1,---,m,
m > 0, we have
M(Ij;rl,...,rm) = mjﬂrl ce ﬁr,m

for
my =my ., = p(ly) = Ay .)\U\ e+ A N
§ = Myg1,n — M = ALj1,00n D,J152Jn P
1] 11 ~ 171
+ AP‘H,JL Jn)\p-‘rl + Ap+1,11, wJn )‘p+1 R A Q:J15-- ,Jn>‘| il + A @,J15e-50n )\ ’
where A1, jns-- LAP,jlwwjn ER, Apiijijns - Agjr,in € C, moreover Ay, ..., A, (resp.
Apt1s Apt1s - - - Ags Ag) are real (resp. non-real) roots of the polynomial x*+! — 22! —1 of moduli
smaller than 1 and
my
fr = 7.
2myp — myyg

Proof. Let mj = u(f;) for j = (4, j1,-..,Jn) € J and define 3, for r € R as in the proposition.
Note that the assumption p_ = p; = 1/2 and the uniqueness of p imply (recall that —j =

(_j7j17 ce 7.771) fOI'j = (j7j17 cee 7jn))
m_j = mj. (4.40)
Furthermore, by Lemma [£.51] and the stationarity of u, for every fixed ji, ..., j, we have

mj—"_kmjl"“)jn = 2mj7j17"'7jn - m.j_l’jlz"'7jn

for every 5 € N, 5 > [ 4+ 1. This defines a linear difference equation with characteristic
polynomial z*+! — 22! — 1. Tt is well-known (see e.g. [27]) that a solution of such an equation
has the form

o T Y
m]7]17"'7]n - A17]1=--'7J’n)\1 + + Apvjlr"?]nAp

Y/ . T Y Ay s )
+ AP+17]17--'7Jn)‘p+1 + Ap+1,J17---7Jn )‘p+1 + + Aqm,---un)‘q + Aq,]h---an )‘q )
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j € N, where A1,..., A, (resp. Api1, Apt1,---,Aq, Ag) are real (resp. non-real) roots of the
characteristic polynomial and Aqj, . ., - Apji.gn € R, Apriijnr--rAgin,.in € C.
Since 32721 mjjy ., < p(I) = 1, in fact we take into account only the roots of moduli
smaller than 1. This proves that m; has the form described in the proposition.

To show p(Lje,, . x,) = Mjfr, -+ Pr,,, Dote that by Lemma and the stationarity of

,
1 1
m; = — E My + —My4tk,
2 2
reR

which together with Proposition [4.61] implies

Be >0, d =1

reR

Let v(Lyey,..v) = M3Be, -+ PBr,, for j € J, ri,...,rpm, m > 0. Since the family of sets
L., ...r,, generates the o-algebra of Borel sets in A, v extends to a Borel probability measure
on A. Therefore, by the uniqueness of the stationary measure, to prove the proposition it is
sufficient to check that v is stationary. It is enough to verify

1 1
V(Ij;m,...,rm) = §V(f—_1(Ij;r17...,rm)) + §V(f—;1(1j;r17...,rm))- (4'41)

By Lemma 4.52| for j = (j, j1,...,jn) € J, we have

I(j+l7j17"'ajn);r17~~-7r'm for-j <-l-1
I(jl,...,jn);rl,...,rm for ] = _la n > 0
f—_l(I(j,jl,...,jn);rl,...,rm) = Irl;rz,...,rm for J = _lv n=>0 5

I for —I4+1<j<—-1

I(j+k7jl7"'7jn)§r17-'~7r'm for j >0

k;*]’,jl,-~~7jn);r17-~7rm

(4.42)

LG kjrojn)irryem 0T J <0

I kjjrsgn)irtyem T 1<j<I-—1
fJ:l(I(J'Jl7---,jn);r1,.-.,rm) =S rirorm for j=1,n=0

T j1 o)t e tm forj=10,n>0

LGty gu)irrorm fOT J =141

By (4.40) and (4.42)), the statement (4.41]) is equivalent to the systems of equations

L o1 . . 1. o . ; _
g1 Gasein = 5Mkgjtgasein T 5M+kjgzedn 108 1 <J <=1
1 1
my By = 5My + §ml+k’ﬁr
_ 1. . . 1 L. .
TG Goserin = 2TV1,5200dn T 3TUAK 1 2,00 nin for n >0

S N . 1. L . ;
M1 Gosein = 3MG—Lj1gosegn T 24k, g1 g2segn 10T J 2 141

where (4,71,72,...,7n) € J and r € R. The second equation is equivalent to the definition
of B, and the remaining ones hold due to , for m = 0, and the fact that p is
stationary.

O

4.6 Proof of Theorem [4.15|

Let A(f) and A(g) be the sets constructed in Section [4.4] (in the case [ = 1) or Section 4.5| (in
the case [ > 1) for the systems {f_, f+} and {g_, g+ }, respectively. Following the notation
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used in these sections, we have

()

Af)=A2jy, py 2 TEL r1ym2, .. € {1, K},

Ag) = {a;g-?ghrz’_” D JEL 1,y ... €{1,..., k}}
in the case [ = 1 and

A ={af) ., i€ T i, €R}N(0,1),

A(g) = {ng;gr)thW 1 jeJg,r,ry, ... € R} N (0,1)
in the case [ > 1. We define the conjugating homeomorphism h setting

A R ()

Jiri,re,. ) T T re,...

in the case [ =1 and
h(x(f) ) _ x(g)

Jir1,re,.../ T Tjiri,ra,...

in the case [ > 1 (with a unique continuous extension to A). By the definition of A(f), A(g),
the map h is an increasing homeomorphism between A(f) and A(g), while Lemmas
and imply that it conjugates {f—, f+}|a(s) t0 {9-,9+}|A(g)- It is easy to see that h can
be extended to an increasing homeomorphism of [0, 1] conjugating {f_, f+} to {g—, g+ }, such
that h is affine on each component of (0,1) \ A(f). For completeness, below we present a
detailed construction for the case [ = 1, leaving the case [ > 1 to the reader.

From the considerations preceding Proposition it follows that {f_, fi}|a¢s) and
{9-,9+}a(g) are both conjugated to the system {f—, f+} acting on Z* x . Hence, there
exists a homeomorphism h: A(f) — A(g) conjugating {f_, f+} on A(f) to {g—,g+} on A(g).
We claim that h can be extended in a continuous and equivariant manner to the interval
[0,1]. To show this, we describe the structure of the complement of A(f) in [0, 1].

Like in the proof of Lemma let

k+1

Up = (f-(z-), f+(z4)) = (f-(2-), Z(f-(2-))) = <T:Zk+1’ 1= il

and for j € Z* define
U — p~ Uy for 5 <0
7\ Z(pUy) for j >0

By Lemma the following statements hold.

(a) U-; =Z(Uj) for j € Z.

(b) The sets Uy, j € Z, are pairwise disjoint and together with I;, j € Z*, form a partition
of (0,1), where Uj is the gap between I;_; and I; for j < 0, Uy is the gap between I_;

and I, and Uj is the gap between I; and I for j > 0.

(c) f-(Uj) =Uj_qfor j <O, f(L1UUU---Ul_1UUp_1Uly) =11, f-(Uj) = Uj_y for

i> k.

(d) f+(Uj) =Ujqp for j < =k, f1-(IrUU_p41U---UI 20U UI ) =1, f1.(Uj) = Ujna

for 7 > 0.
For s=1,...,k — 1, define

Us, = f(Us) = p(Us) C I_1.
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Note that U?, are the gaps between cylinders of the first order for the iterated function
system {¢1, ..., ¢} on I_1. More precisely, U, ..., UEII together with I_y.1,...,1_;,, form
a partition of I_1, and are situated in the order

1 2 k-1
I 40, U, T12, U,y L1, UZT S T

ForjeZ*, se{l,....k—1}and ry,...,r, € {1,...,k}, n > 0, define

ge o _ [P0 0, (UN)  forj <0
T (P pry 00 ¢, (US))) forj>0"
where ¢, 0...0¢,, =id, U}, = Uj for n = 0, which agrees with the previous definition
for j = —1. Note that for a ﬁxed j € Z* the collection of disjoint intervals {U? A N

s<k—1,n>0,r,....,m, €{1,.. ,k:}} forms the complement of the Cantor set A and

. \ANH=UUu U U U U Uit

JEZ JEZ* s=1 n=0 r1,...,rn=1

with the union being disjoint. We can carry the same construction for the system {g_, g},
yielding a decomposition

k—1 oo
00\ -UsoUU U U Vi
JEZ JEZ* s=1 n=0 ri,....,rn=1
for analogously defined V;, V5, . . By Lemma for j € Z,
Uj,fl for 7 <0 Uj—i-'k for j < —k
f-(U;)=1RU0’; for1<j<k-1, [fu(U;)=5U;’ for —k+1<j<-1,
Ui forj>k Uiy1 forj>0
’ g ’ g (4.43)
VJ’ﬂ for 7 <0 Vjﬂrc for j < -k
g-(Vj) =qV?, for1<j<k-1, g+(Uj) = V{7 for —k+1<j<—1
Viep forj >k Vig1 forj >0
and for j € Z*, s {l,...,k =1}, r1,...,mp €{1,...,k}, n >0
j‘? Lirton for j <0
U ) = U2, Virorn fr1<j<k-—1,
US —kiT1,eTh for -7 >k
j+k;r1,~~~,rn for j < =k
f+(Uer1, ,Tn) = Uls;—j,m,...ﬂ”n for —k +1 < »7 S -1 )
js"'_l;”"l ----- Tn for ‘7 0 (4 44)
j’s_]-;Tlv' y'n for ‘7 < O
g*(‘/}s;’r’l,...ﬂ’n) = VSLJ T1yeeesTn for 1 <] < k-1 )
ijs—k T1,eeesTn for ] >k
‘/js'i'levmﬂ"n for j < —k
‘g+(‘/‘vjs§7’1v"1rn) = Vls;_jurla-“ﬂ‘n for - k + 1 ‘7 < _1
Pt fOr 720

We can now extend h to an increasing homeomorphism of [0, 1] as follows: on Uj;, j € Z,
we define h to be the unique affine increasing homeomorphism such that h(U;) = V; and
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on U? sJ€ezZse{l,...;k—=1},n>0,7,...,m € {1,...,k}, we set h to be the

23715 T
unique affine increasing homeomorphism such that A(U7, . )= VS, . Finally, we set
h(0) = 0,h(1) = 1. It is easy to see that h is a homeomorphism of [0, 1]. Using (4.43]) and
(4.44]) we see that
feUj) =h"togeoh(U;)  and  fi(US ) =h""0gsoh(U; ).

J5T15Tn JiT1,sTn

Since f+ and h™' o g4 o h are both affine and increasing on each of the above intervals, we
have f+ = h~' 0 g+ o h on each of them.

4.7 Proof of Theorem [4.16

We consider a symmetric AM-system with probabilities p— = p; = 1/2 and positive Lya-
punov exponents, which exhibits (5 : 2)-resonance and satisfies p = 7. The latter condition is
equivalent to

p =205 +2p-1=0 (4.45)

and to pz_ = 1/2. Note that this implies f_(x_) = p?x_ < 1/2, so the system is of disjoint
type (see the beginning of the proof of Theorem in the case [ > 1).
Define segments J;, j € Z* as in the case p < 7. We have

g {[p‘j/lp‘j“/?] for j <0
T 2,1 2)] for >0

so the segments J; have pairwise disjoint interiors, each two consecutive intervals (according
to the order in Z*) have a common endpoint and [J;cz+ J; = (0,1). Similarly, defining maps
¢ and intervals I;, j € J as in the case p < 1 and proceeding as in the proofs of Lemmasm
and we check that for each j € Z*, the intervals [j, j € J; are contained in J;, have
disjoint interiors and satisfy 3 ;e 7 |I;] = |Jj|. Analogously, we can define maps ®,, r € R,
intervals [y, . r, and sets Aj, A in the same way as in the case p < 7. The maps ®, form an
iterated function system in I_p, such that the intervals ®,(/_;) have disjoint interiors and
Yorer |Pr(I21)| = Yper H-1.x| = [I-1]. Hence, A_; = I_; and the pressure satisfies
P(1) = 0. The combinatorics of the intervals Iy, ., is the same as in the case p < 7, so
Lemmas and and Propositions and still hold. We have Aj = I; for j € J
and A = (0,1).

By Theorem there exists a unique stationary measure u, and Proposition|4.60|implies
suppp = AU{0,1} = [0, 1]. By Proposition the measure p is non-atomic. Hence, the
measure of the endpoints of the intervals [, .. is zero. In particular, Proposition m
holds in this case with the same proof.

The above facts show that {®y}rer is a countable iterated function system of contracting
similarities on I_; satisfying the Open Set Condition, with the attractor A_; = I_;. By
Proposition the probability measure

m

g = ,U|171
 p(l-a)
is the self-similar measure for this system with probabilities G;, r € R.

To prove Theorem we show dimg p < 1. Since by Proposition the measure
is a countable linear combination of p_; and its similar copies y I;, J € J, it is sufficient to
show dimp p—1 < 1. Let

h(u_l) = - Z ﬁr logﬁr
reR
be the entropy of p—1. The proof splits into two cases depending whether h(u_1) is finite or
infinite. To shorten the proof, we do not determine which case actually takes place, but we
consider both possibilities.
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Suppose first that h(pu—1) is infinite. Then we have dimg pu—1 < tg < 1, where ¢ty =
inf{t > 0: P(t) < oo} is the unique solution of the equation p!®® — 2p 41 = 0 (see the
proof of Proposition [4.62). This fact follows from [6, Proposition 3.1], which is based on [55)
Theorem 4.1]. Actually, the mentioned results in [6], 55] are formulated for a more specific
class of iterated function systems, but the proofs are valid in the general case of self-similar
systems on the interval.

Suppose now that h(u—1) is finite. Recall that the self-similar iterated function system
{®r}rer on I_; is regular with the attractor A_; = I_;. In particular, the normalized
Lebesgue measure £ = Leb|; ,/|I_1| is the Gibbs and equilibrium state for the geomet-
rical potential in dimension 1 and also the 1-conformal measure for this system on I_; (see
[65, Section 4.4]). Moreover, the Lyapunov exponent

X(£) = D [ og |||
reR

of the measure £ is finite, since (similarly as in (4.39))) by the definition of the set R in the
considered case,

4 o0 5
X(L) =D p M log(p™ ™) + > pllog(p") > —oo.
r=2n=1 r=2
In such a situation [65, Theorem 4.4.7] (see also [43, Theorem 4.6]) asserts that either the
self-similar measure p_1 is equal to £ or dimpg p—1 < dimg A_1 = 1. Therefore, to end the
proof of the theorem, it is sufficient to show p_; # L.
Suppose p—1 = L. Then
plorg) oyl
p(-n) [l ”
for r € {2,3,4,5}. Consider the characteristic polynomial z¥*! —2x!4-1 from Propositionm
In the considered case it has the form

h(z)=2" =222 +1=(z —1)(2® + 22 = D)(«® + 2 + 1).

(4.46)

Computing the derivatives, we check that the polynomial 23 + x? — 1 has a unique real root
a € (0,1), while 22 + z + 1 has a unique real root 3 € (—1,0). By Viete’s formulas for
these polynomials, the remaining non-real roots of h have moduli greater than 1. Therefore,

Proposition implies that for j € Z* and r € {2,3,4,5},
w1 )u(L,)
2u(12) — p(I7)
for some A, B € R. Since p(I;) > 0, we have (A, B) # (0,0).
By (IL6) and (L.27),

p(l;) = Adl 4+ BRYL (I, = (4.47)

Aa” + BB" = qp", r=2,3,4,5,
where ¢ = 2u(I3) — p(I7) > 0. This implies Aa" ™! + BB = p(Aa” + BS") for r = 2,3, 4,
which gives

(%)r“l(a —p)=Blp-08), r=234

We have (A, B) # (0,0). Moreover, p # (3 because p > 0, 5 < 0. If p = «, then by (4.45)) and
the definition of «,

7 6
—2p°+2p—1
P4+ —1=0

po—p° —pt—p=

p—1
which is impossible since p € (0,1). Hence, A, B,a — p,p — 3 # 0 and we can write
Blp—
(&) =Be=B a5,
8 Alar—p)

which implies @ = § and makes a contradiction. This ends the proof of Theorem [4.16
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4.8 Singularity by estimating return times

In this section we present another approach to proving singularity of stationary measures for
AM-systems. Namely, rather than finding explicitly a closed invariant set of Lebesgue measure
zero (note that this strategy has to fail in a non-resonant case, as then supp(u) = [0, 1] - see
Proposition , we use the well-known bound on the dimension of stationary measure
in terms of its entropy and Lyapunov exponent (see below). We find an open set of
parameters for which the Lyapunov exponent is small enough (hence the average contraction
is strong enough) to guarantee dimy(x) < 1. The upper bound on the Lyapunov exponent
is based on bounding the expected return time to the suitably chosen interval. In particular,
we find non-resonant parameters for which the corresponding stationary measure is singular.

For this part of the work, it is convenient to consider a new parametrization of symmetric
AM-systems. For a € (0,1) and v > 0, we set a_ = ay = a and b_ = by = a7 in
Definition In other words, we consider now AM-systems as pairs {f_, f1} consisting of
transformations

_ Jaz for x € [0, 2_] _Jax for z € [0, z4]
f-@) = {I(a'YI(:U)) for z € (x_,1]’ f+(@) = {I(aI(:U)) for x € (24,1] (4.48)
where
_1l-a a7’ =1
e T T e —a

Note that an AM-system of the above form exhibits resonance if and only if v € Q. Let us
fix the probability vector as (p_,py) = (%, %) Note that the endpoint Lyapunov exponents
for the system of the above form are given by A(0) = A(1) = 1_77 loga. From now on, we
will assume that v > 1, hence A(0) and A(1) are positive. Therefore, there exists a unique

stationary probability measure p such that p({0,1}) = 0 (recall Theorem [4.22]).

Theorem 4.64. There is a non-empty and open set of parameters (a,vy) € (0,1)x(1,00) such
that the corresponding stationary measure p is singular with dimg(pn) < 1. More precisely, if
ve(1,3) and x4 < f-(3), then

(4y —1)log?2
(vy=1)(y - 3)loga’

dimp (p) <
Therefore, if additionally a € (0,1) is such that loga < %,
2

These three conditions hold simultaneously on an open and non-empty set of parameters
(a,7) € (0,1) x (1,00).

then dimpg(p) < 1.

Remark 4.65 Note that the change of parametrization (0,1) x (0,00) 3 (a,7) — (a,a™7) €
(0,1) x (1,00) is a diffeomorphism, hence Theorem indeed implies Theorem [1.7] (and
Theorem [4.18]).

Remark 4.66 All the systems with singular stationary measures covered by Theorem
are of disjoint type (recall Definition [4.3)). To see that, observe first that any system of the
form 1} with a < % is of disjoint type, i.e. satisfies f_(x_) < fi(z4), or, equivalently,
f—(z-) < 5. Indeed, the latter condition is equivalent to

2077 —a—a7 <0 (4.49)

and if a < % then
207" —a—a7 <2a7(2a — 1) < 0.
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Therefore 1) is fulfilled provided a < % On the other hand, conditions v € (1, %) and

(4y—-1 log2 . —48 1
loga < D=5 imply that a < 2 < 3. Indeed, we have
4y — 1) log 2 3log 2 3log2
loga < (4y )log < o8 0g2 = —48log 2,

=D-3) (1 -Dr-3) -

hence a < 2748, Therefore any system covered by Theorem satisfies (4.49), hence is of
disjoint type.

The proof of Theorem [£.64] is based on an upper bound on the Hausdorff dimension of a
stationary measure in terms of its entropy and Lyapunov exponent. To state it, let

H((p-,p+)) := —p-logp_ —pilogpy

be the entropy of the probability vector (p_,p+) and let

x(p) == / (p—log f (x) + py log [ (x))du(z)
[0,1]

be the Lyapunov exponent of the stationary measure p. As measure p is non-atomic (see
Proposition and f_, fy are differentiable everywhere except for points z_, z, the Lya-
punov exponent x(u) is well defined. Moreover, measure p is ergodic (cf. [35, Lemmas 3.2,
3.4]). It follows from [51, Theorem 1] that

H((p-,p+))

() (450)

dimp (p) < —
as long as x(p) < 0. Since f_ and f; are piecewise affine, we can easily express x(u) in terms
of parameters and the measure of the middle interval M := [z, z_]. Note that interval M

depends on parameters a and v, but we suppress that dependence from the notation (we will
do the same for intervals defined later in the proof of Theorem [4.64]). We have

H((p-p+)) = H((3,3)) = log?

and

X = (1= o) ot u(M)loga= (57 + w01 Y loga.  (45)

Clearly, in order to bound x(u) from above, we have to bound p(M) from below. The next
lemma provides such an estimate.

Lemma 4.67. Leta € (0,1) and v > 1 be such that x4 < f_(%). Then

v—1
p(M) > o (4.52)
T2
Moreover, the condition x, < f_(%) is equivalent to
207 —24+a—-a7 <0 (4.53)

and for given v > 1, it holds for all a € (0,1) small enough.

Before giving the proof of the above lemma, let us explain how it implies Theorem [4.64]

83



Proof of Theorem (.64l Fix a and v satisfying z; < f_(1). By Lemma

4y 1=y y=114+y_ (G-DG-7)

11—y
LR NG
M) 2 o T 4y —1

2

N[

The above expression is positive for v < % and the bound does not depend on a. Hence, by
(4.51)), x(u) is negative for v € (1, %) and a € (0,1) satisfying (4.53). Moreover, for such ~

. L 11—y 1+~ _
Lim x(p) = lim (? + M(M)T> loga = —oo0.
We can therefore apply (4.50) to conclude that dimpy(p) < 1 for a small enough. More
precisely, dim (p) < 1 provided that v € (1,3) and a € (0,1) satisfies (4.53) together with

e a (4y —1)log2
oga < (V=D —3)

O]

Proof of Lemma [4.67l Let us begin by proving the second assertion of the lemma. As
% < z_, we have f_(%) = 5, hence a direct computation yields that inequality x, < f_(%)
is equivalent to (4.53)). For a fixed v > 1, this condition is satisfied for ¢ > 0 small enough,
as the left hand side of converges to —oo as a \, 0.

The proof of is based on the Kac’s Lemma (see e.g. [77, Theorem 4.6]) and the
observation that outside of M, the system {f_, f1} acts like a random walk with a drift (after
a logarithmic change of coordinates). Note first that p(M) > 0. Indeed, we have

fil(wo) > ag, (4.54)

as it is straightforward to check that this inequality is equivalent to a'= > 1, which holds
sincey > 1 and a € (0,1). This means that sets M and f_;l(M) are not disjoint. By symmetry,
M and f=*(M) are also not disjoint. As lim f;"(z_) = 0and lim f;"(z1) = 1, we see that
o n—oo n—oo

U fi"(M)u fZ"(M) = (0,1) and hence p(M) > 0, as pu is stationary and u({0,1}) = 0.
=0

" We will apply Kac’s Lemma to the skew product
Frong < [0, =25 < [0,1],  Fr(i2) = (i), fir (@),

where X3 = {—, +}, i = (i1,42,...) € X3 and o: ¥ — X7 is the left-side shift. Let
Mg+ gyt B3 X M — NU{oo} be the first return time to 3 x M, i.e.
2

Nyt gy (@ 2) =inf{n > 1: F(i,z) € 3 x M}.
2
Let P = Ber] , be the (3, 1)-Bernoulli measure on $3 . Since P® y is ergodic for F* (cf. [35,
272
Lemmas 3.2 and A.2]) and P ® u(X3 x M) = pu(M) > 0, the Kac’s Lemma ([77, Theorem

4.6]) implies that
, N 1
/ nzgxM(;,x)du = ma (4.55)
SExM

where i = mﬂl’ ® ,u|2;X - Let us define two more intervals:

L =[xy, f7H(xy)], R=T(L).

Note that L and R are disjoint if and only if f:l(x+) < 1. which is equivalent to our
assumption 4 < f_(%) We will assume from now on that 1) is fulfilled, so L N R = ().
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Let C' := (sup L, inf R), i.e. M = LUC'UR with the union being disjoint. From the definitions
of L,C and R we get that

F(L)C[0,24], f-(CUR)C M, fi(R)C [z_,1], f+(LUC)C M. (4.56)

Let
E={@,z)eXxM: fi(x) ¢M}:{(Z,x)€ZxM:nz;XM> 1}.

By (4.56) and disjointness of L and R, we see that for a given € M, it cannot happen that
f—(z) and fi(z) both belong to the complement of M. Therefore

1
AB) < 5. (4.57)
Moreover, (4.56)) gives
E={iy=—-}xLU{ii =+} xR,
hence )
. w(L
aE) = B2 4.58
(B)= 222 (1.59)

Using the symmetry of the system (f_ oZ = Z o f;) and the choice of equal probabilities, we
obtain

/ Nt () A, @) = 1= (B + / Nyt (1 2)djili, @) =
S5 xM E

—1-pB)+2 [ ngp o eide) = ()
{i1:—}><L
Note that it follows from (4.54) that fi(x;) < z_, hence a trajectory cannot jump from

[0,24) to (x_, 1] without passing through M. Combining this observation with the fact that
transformations f_ and f; are increasing, we conclude that Tyt o i z) < Moyt v zy)

for (i,z) € {i1 = —} x L. We can therefore estimate further and apply (4.57) together with
(4.58) to obtain

(<I=AE) +2 [ gl dilin) =
N 2 ) )
=1+ [ et i) ) 26 =
— 1 i(E)+ %ﬁ; /{il_} st epr (i 24 )AB(E) = (4.59)
=1 HE) 4 Eg [ Pt )P0 =
=1—ji(E)+ i(E)EN =1+ a(E)(EN —1) <1+ ENQ_ L

where N (i) = inf{n > 1: fi o...ofi (x4) € M} and the expectation E is taken with respect
to the conditional measure P = mm{il:,}. As fi o...0 fi,(z4+) € [0,24) provided
i € {iy = —} and n < N(i) (we use again the observation that a trajectory cannot jump
from [0,z ) to (z_, 1] without passing through M, which follows from (4.54))). Define random
variables

1 ifi=—

v , J €N
-y it =+

Xj : E;r HR, XJ(D :{
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For i € {i; = —} we have
N(i)=inf{n > 1: a1+X2+“'+X"a:+ >rit=inf{n>2: Xo+...+ X, <-—1}.

Note that X», X3, ... is an i.i.d. sequence with P(X; = 1) = P(X; = —) = 1 and N is a

stopping time for {Xj } ° , statisfying EN < co. Indeed, Hoeffding’s inequality [45, Theorem
2] gives

5 _n+l 1n n+1 1 1_7
IP’(N>n+1)<IP’(Z:Xj>—1 (EZ:: _E_T)g
on2(L 4 152)2
< - n 27 )« _
exp( ny 1) ) exp(—cn)

~ oo
for some constant ¢ > 0 and n € N large enough. As EN = > P(N > n), the above

- N(2)
inequality implies EN < oco. Let Sy(i) = Z Xn(2). This random variable is well defined,

since 2 < N < 0o holds P-almost surely. As IEN < oo, we can apply Wald’s identity [13]
Problem 22.8] to obtain

ESy = EXo(EN — 1) = “TV(EN —1). (4.60)

In order to estimate ESy, we condition on X5 and note that —y < —land Sy > -1 —~
almost surely. This gives

~ 1- 1- -y 11— —1-2v
E =-E Xo = — —E Xo=1)> — = .
Sn 5 (Sn|X2 v) + 5 (Sn|X2=1) 5 T 5

Combining this with (4.60) we get

142y
y—1°
Applying the above estimate to (4.59)) we see that

EN —1<

; ~ 0 1+ 2y 727—%
/ Nty (& )i ) <1+ - 1
SExM

Invoking (4.55|) finishes the proof. O
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