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Report on the revised version of Robert Śmiech PhD Thesis

Algebraic contact manifolds, their generalizations and applications

1. Discussion of the content of the thesis

The revised thesis consists of six chapters, the first chapter contains Introduction, I will
briefly discuss the contents of chapters 2-6.

Chapter 2: Mori theory of projective contact manifolds.

The main goal of this chapter is to present preliminaries on singularities and Mori contrac-
tions of projective contact manifolds necessary to formulate and outline the proof of Theorem
2.3.2, which put together results of Druel, Kebekus-Peternell- Sommese-Wiśniewski and De-
mailly. This theorem gives a proof of Conjecture 2 (LeBrun-Salamon) for Fano manifolds
with b2 > 1 and list of toric contact Fano manifolds (two in each dimension).

Chapter 3: Linear systems of Fano varieties.

The author studies the lower bound of the dimension of the fundamental system on Fa-
no varieties, results of these chapter are related to the Kawamata-Ambro effective non-
vanishing Conjecture (Conjecture 3). The proof of the lower bound consists of an applica-
tion of Hirzebruch-Riemann-Roch, Serre duality and an additional Observation 3.3.1 (in the
case of an even coindex) to deduce most coefficients of the Hilbert polynomial. Then the as-
sertion follows from Bogomolov’s inequality (Langer) and weaker inequalities under weaker
assumption by Liu.

One of the results of this chapter (Thm. 3.3.7), which was proved in a joint paper of the
Author and Höring, asserts that the dimension of a fundamental system on a Gorenstein-
Fano variety of dimension at most 5 (with canonical singularities) is at least 2.

This chapter is concluded with Corollary 3.5.1 which gives a lower bound for the dimension
of fundamental system on a smooth Fano manifold of odd dimension 2n+1 with index n+1,
n = 2, 3, 4 and the second Betti number equal 1. The assumptions of this Corollary are
satisfied by contact Fano manifolds except P2n+1 and P(TPn+1).
In last section of Chapter 3. the Author proposed the Conjecture 4., it contains a lower
bound exactly of the form that is sufficient for Thm. 4.1.3.
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Chapter 4: Linear systems and projective contact manifolds.

In this chapter the Author presents the contents of the paper by Ochetta, Romano, Solá
Conde and Wiśniewski (ORCW21), in particular sketches of proofs of [ORCW21, Thm. 5,1
& Thm. 6.1]

Chapter 5: Symplectic and contact varieties in the singular settings.

This chapter is devoted to the study of two generalizations of the notion of contact manifolds:
contact variety (Def. 5.3.1) amd generically contact manifold (Def. 5.3.15. The former
is a variety with rational singularities and a global line bundle that defines a contact structure
on the smooth locus. the latter is a smooth manifold with a global line bundle which defines
a contact structure on an open dense subset. Main results on singular contact varieties are
Cor. 5.3.9 (any component of the singular locus of a contact variety has even codimension)
and Cor. 5.3.14 (resolution of the contact variety is a contact manifold iff the resolution
is crepant) and Thm. 5.3.4 (condition for existence of an induced contact structure on an
quotient). Proofs of these Corollaries are based on a singular version of symplectification and
singular version of Kaledin’s stratification. This chapter is concluded with two examples of
singular contact varieties and description of singular contact varieties in dimension 3 (Th,.
5.4.3 and Thm. 5.4.4). Finally example 5.4.11 yields a contraction of P(TS) for a ruled surface
S over an elliptic curve which has contact singularities in the sense of Campana-Flenner but
fails to be a singular contact surface.

Chapter 6: The geometry of Monge-Ampère equations.

Symplectic and contact manifolds provide a proper framework to develope a formalism of
Monge-Ampère equqtions, partial differential equations of order 2 linear with respect to hes-
sian and second order drivatives. In this manner the study of partial differential equations
becomes equivalent with the study of hyperplane sections of Lagrangian Grassmannian.
Lagrangian Grassmannian of a symplectic space parametrise Lagrangian subspaces, in par-
ticular it is a subvariety of standard Grassmannian G(n, 2n). Lagrangian Grassmannian is
however a variety with much more complicated geometry than standard Grassmannian.

Grassmannian admits a Plc̈ker embeding into a projective space (Plücker coordinates) which
follows from the correspondence between vector subspaces of a finitely dimensional vector
space and simple vectors modulo proportionality. In a similar manner we can embed Lagran-
gian Grassmannian, taking into account that degree 2 minors of a symmetric matrix may be
linearly dependent. In this thesis considered is the case n = 3, then the Plücker embedding
maps into projective space of dimension 19, while the Lagrangian Grassmannian into a space
of dimension 13. The action of the symplectic group has four orbits. The largesr orbit is a
hypersurface, the smallest one is the image of Grassmannian

These orbits correspond to four types of Monge-Ampère equations. Chapter 6. of this thesis
contains results of the paper [GMMŚ21].

The subject of this part is distinct from the subject of the rest of the thesis, also connec-
tions with the subject of contact manifolds is very loose. The main results of this part are
Prop. 6.3.9 and Thm. 6.3.12, their proofs uses cohomology computations and representations
of symplectic group, definitely they are non-trivial.
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2. Comparison with the first version

The changes in the mathematical contents between original and revised dissertation are
reduced almost solely to Chapter 4 and Chapter 5. Chapter 4 was shortened, and necessary
results from the paper Buczyński-Wiśniewski ([BW22]) were combined into Lemma 3.4, the
author also formulates Thm. 4.1.3, however in my opinion this theorem does not carry any
original mathematical content (also this theorem depends on the Conjecture 4).

The author removed some quotations from other sources, especially M.Sc. Thesis by Barbara
Mroczek. An important extension in this chapter is the Remark 5.3.31 which presents contact
varieties in Examples 5.3.27 and 5.3.28 as a nilpotent orbit closure.

The section 5.4 Projective singular contact threefold is a vast extension of the subsection 5.4.6
from the first version with the main result (Thm. 5.4.19) which states that every projective
threefold contact variety is a crepant contraction of P(TS) for some ruled surface S. In the
revised version the Author proves also the convers that for any ruled surfaces S the contact
manifold P(TS) admits a contraction of the image of S in P(TS) to the base curve of S.
Completely new Thm. 5.4.4 asserts that there exists a unique singular projective contact
threefold (and describes it in details).

The revision incorporate to some extent the suggestions I have included in the report on the
first version.

3. Conclusion:

The leading topic of this dissertation are contact manifolds, an area of active study in
algebraic geometry. The thesis contains contributions in three areas

• linear system defined by a fundamental divisor on Fano varieties, lower bound of its
dimension
• singular contact varieties,
• geometry of Monge-Ampère equations.

respectively in sections 3, 5 and 6.

I believe that revised version of thesis meets the requirement and can be accepted for PhD
defense.

Sławomir Cynk
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