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Observation (Niwiński [1985])
There exist non-Borel regular languages of infinite trees.

Theorem (Gogacz, Michalewski, Mio, S. [2017])
Every regular language of infinite trees is measurable.
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Types

τ : TrA ÝÑ PpQq

`

Q — states of A
˘

E.g. tpA : t ÞÝÑ
 

q P Q | A accepts t from q
(

Complete lattice

τ P P
`

TrA ˆ Q
˘

Order: τ1 Ď τ2

ùùù µ-calculus

E.g. ντ. ∆pτ, τq

”” ”

 

pt, qq P TrA ˆ Q | Dρ. runpρ, tq ^ ρpεq“q
(

Random variables over Ω :“ TrA

τ : Ω ÝÑ PpQq

ùùù Distributions τ P DpPpQqq

DpX q Ă pX Ñ r0, 1sq Ă RX

P
`

LpAq
˘

“
ř

RĎQ,qIPR tpApRqOR
DE

R?
??
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Order on D
`

PpQq
˘

tq0, q1u

tq0u tq1u

H

α

tq0, q1u

tq0u tq1u

H

β

ľ

tq0, q1u

tq0u tq1u

H

α

tq0, q1u

tq0u tq1u

H

β

ń

ł

iff

α ľ β

@U Ď PpQq, U upward-closed.
ÿ

RPU
αpRq ě

ÿ

RPU
βpRq

“probabilistic powerdomains”
(Saheb-Djahromi [1980])
(Jones, Plotkin [1989])

Lattice???

tq0, q1u
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Connective-free µ-calculus

— If we cannot compute _ and ^, what can we do?
— Compute contracting fixpoints:

µX . F pX_X0q where F pX0q ě X0!
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∆
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∆
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Qă3
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∆
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∆

τ 48

Qě4
¨ ¨ ¨

¨ ¨ ¨
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Qă5

§ Safety automata 3
“

PhD thesis of Marcin Przybyłko
‰

§ Weak automata 3
“

ICALP 2020
‰

§ Büchi automata 3
“

unpublished
‰

§ Parity automata 3? ? “

ongoing
‰
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Summary

1. Write a contracting formula of µ-calculus Φ.

2. Interpret it over trees, i.e. in
P
`

TrA ˆ Q
˘

3. Prove that the result equals
tpA : TrA Ñ PpQq

4. Interpret it over distributions, i.e. in
D
`

PpQq
˘

5. The result necessarily is
tpA P DpPpQqq

6. Compute the result in Tarki’s First-order theory of

RPpQq

ùùù Obtain P
`

LpAq
˘

as an algebraic number!
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