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first-order logic (FO) monadic variables tree signature

v root(x);  succy(x) for d =1,r;  branch(X);  even-depth(x);
C-maximal <-chain

Example ¢ = 3B. branch(B) AVue B. dve B. u < v A a(v) A= {a, b}

Regular languages: L(y) e {t eTra|t = gp}

Observation

The language L(¢rr) is X1-complete ~~» non-Borel.

Theorem

The MSO theory of infinite trees is decidable:

INPUT: ®
R
OutputT: L(p) # &
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Random trees

Tra = ({t,r}" > A) = H A v P — probabilistic measure on Try
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“coin-flipping measure” (for an A-sided coin)
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Caution: x5 ¢ Q!
What if xg, x; € [0,1] ?

Who said that L(y) is measurable at all 7?77
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mso = Alternating parity tree automata
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a
[ J
\ . J
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)
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6(qr,a) = (g5,L)A(q2,1)

6(qr, b) = (qa,r)v ((q1,1) A(q1,B))

(q1,%) v (g3, ®)

d(qr, )
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mso = Alternating parity tree automata
A t
( ) ( )
qie a ° d

c a
Q< & /\ /\

a b a a a b ¢ a
A A A U A R A U AW AR A
bcac cbac bbab aaac
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5(q17 b) = <Q47R>V<(Q1;L>A(qlaR))
5(QI7 C) -

(q1, R)V (g3, ff)

Parity condition: Q2: Q —» N
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o(qr,a) = (gs5,)A(qo, 1) Game played between < and

)

6(qr, b) = (qa,r)v ((q1,1) A(q1,B))

:) - :(ql’R)v(q“i) < wins a play through (g,) nex
iff

Parity condition: 2: Q - N limsup Q(g,) =0 (mod 2)

n—aoo

Michat Skrzypczak Measure theory and MSO logic over infinite trees 4/ 16



mso Alternating parity tree automata

( 2 e ™ r A
qie a L] a a1
b C d gs
QA Q| /\ /N | = /A
a b c a s
d /NN NN /\\
a b a a a b ¢ a q4 %
JUNCA AR A
/\HH/\H/\/\R/\MM XA /\ A
. AEih Ahs 4
\ J \_ J \ J

) = (g5,1) A (g2, 1) Game played between < and
o(qu, b) = (CI47R)V((CI1;L)A(¢71,R))
)

- :(ql’R)v(%’}i) < wins a play through (gy)nen

iff
Parity condition: 2: Q - N limsup Q(g,) =0 (mod 2)

n—aoo

L(A) = {t e Try | © has a winning strategy in G(A, t)}

Michat Skrzypczak Measure theory and MSO logic over infinite trees 4/ 16



mso Alternating parity tree automata

( 2 e ™ r A
qie a L] a a1
b C d gs
QA Q| /\ /N | = /A
a b c a s
d /NN NN /\\
a b a a a b ¢ a q4 %
JUNCA AR A
/\HH/\H/\/\R/\MM XA /\ A
. AEih Ahs 4
\ J \_ J \ J

) = (g5,)A(g2,1) Game played between < and

6(qr, b) = (qa,r)v ((q1,1) A(q1,B))

:) - :(ql’R)v(%’}i) < wins a play through (gy)nen
iff

Parity condition: 2: Q - N limsup Q(g,) =0 (mod 2)

n—aoo

L(A) = {t e Try | © has a winning strategy in G(A, t)}

L(A) v~ L(ea)

Michat Skrzypczak Measure theory and MSO logic over infinite trees 4/ 16



mso = Alternating parity tree automata
A t
( ( A e p e A
gie a ° d
b c a
Q< & /\ /\ =
a b c a
a /N A U A U A {A\
a b a a a b c a
LA A S A & S AT A W A T A
ARRLARRL AiEE ARAS 69
(] SAAMAMAN AMARARAL AMAMJMANL RAALAAAL 3\&‘&\ ’&MM %M&

\ L J \ J \ J
o(qr,a) = (gs5,)A(qo, 1) Game played between < and
5(q17 b) = <Q47R>V<(Q1;L>A(qlaR))
d(qgr,c) = (g1,) v(gs, & .
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iff
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L(A) = {t e Try | © has a winning strategy in G(A, t)}

L(A) v~ L(ea) L(p) v L(Ay)
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Wi « def {t € Trp, | & has a winning strategy in the parity game t}.

< wins a play through (£,) nen

iff
6 limsup ¢, =0 (mod 2)
n—aoo
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4 t Lind § é%z
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All R-sets are measurable.

Proof
» ] preserves measurability
> If (r preserves measurability) then (Rr preserves measurability)
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self-dualisation of det. aut.

Theorem (Przybytko [PhD thesis 2019])
Computable for fragments of first-order logic, P(L) € Q.

7
Theorem (Niwinski, Przybytko, S. [2020])

Computable for weak-mso, P(L) € Q.

Conjecture (Michalewski, Mio [2015]) Computable for mso.
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< has a strategy in G(A, t) \

such that
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L(A*Y) =2 L(A*?) o > L(A)
L(A) = () L(4>9)
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From languages to distributions
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using First-order theory of reals
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General case

L(A) = U ﬂ

of weak-mso

U L <A<d2n,d2n_1,...,d0)

d2n<w d2n_1<w d0<w
P(R},) — P(5) P(R3,) — P(&)
7 : 7
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P(R}) p(ig) P(R3) ﬁ(£;)
t t
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Summary
Theorem (Gogacz, Michalewski, Mio, S. [2017])

Regular tree languages are measurable.
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