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Random trees

Tra= (L = A)= [[ A w P({teTa|t(w) = a}) =A™

ue{L R}*

“coin-flipping measure”
Problem

Given ¢ compute P(L(y)) € [0, 1].

Observation

There exist non-Borel regular languages of infinite trees.

Theorem

Every regular language of infinite trees is measurable.
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Example A = {a, b}
¢ = VB. branch(B) = 3v € B. a(v) A (Yu < v. b(u)) A even(v)

“the first a on every branch is at an even depth”

| L(p) is weak-Mso definable (its variant even First-order definable) |

P (L(gp)) = X
I SR
xo = 0.508347 ... X1 =

Caution: xg ¢ Q

What if xg, x; € [0,1] ?
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Theorem (Michalewski, Mio [2015])
Computable for game automata, P(L) € Q (algebraic).

. -V
self-dualisation of det. aut.

Theorem (Przybytko [PhD thesis 2019])
Computable for fragments of First-order logic, P(L) € Q.
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Theorem

Computable for w-regular languages L < A“, P(L) € Q.

Theorem

Comparison P(L) > g for top-down deterministic tree languages L < Tra.

Theorem

Computable for game automata, P(L) € Q (algebraic).

-~
self-dualisation of det. aut.

Theorem

Computable for fragments of First-order logic, P(L) € Q.

CTL < weak-MSO v~ model checking of stochastic branching processes. ..
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Weak-MSO = Alternating weak parity automata
(Muller, Saoudi, Schupp [1986])
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Weak-MSO = Alternating weak parity automata
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L(A) = {t € Try | < has a winning strategy in G(A, t)}
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Basic case: safety automata
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From languages to distributions
tp4: Tra — P(Q)
tp 4(t) & {ge Q| < wins G(A, t) from q}

[ te L(A) <= qietpy(t) ]

P on Trg v~ Iﬁ(A) In P(P(Q))J

probability e —— P(Q)

P(A)(R) € P ({tETrA\tpA() R})
F(A)(R) =1 |

For R € P(Q):

1

L(A%%) o L(A*) 2 L(4*?) 2 -+ 2 L(A)
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From languages to distributions

tp.A. TTA —> P(Q)
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L(A*?) = L(/gl) > L(A4*?) 2 -+ 2 L(A)
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Order on D(P(Q)) a> 8
iff

VU < P(Q), U upward-closed. Z a(R) = Z B(R)
Rel Rel
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Order on D(P(Q)) a > 3  “probabilistic powerdomains”
(Saheb-Djahromi [1980])

iff (Jones, Plotkin [1989])
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Order on D(P(Q)) a > 3  “probabilistic powerdomains”
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Order on D(P(Q)) a > 3  “probabilistic powerdomains”
iff
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Order on D(P(Q)) a > 3  “probabilistic powerdomains”
iff

VU < P(Q), U upward-closed. Z a(R) = Z B(R)
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3 deN 3
™ o (4>
P(A) = d||—>moo P(A>7) [ in RP(@ ]
v P(A) is definable as a greatest fixed point in (D(P(Q)),>)

using First-order theory of reals
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e P(L(A)) € Q (algebraic),
e P(L(A)) is computable in 3-EXPTIME,
e P(L(A)) = q can be decided in 2-EXPTIME.

Proof
Reduction to Tarski’s First-order theory of <R, 0,1,+, >
Exploiting probabilistic powerdomains <D(P(Q)), Z>.
Moreover

The same for measures y generated by branching processes (instead of P).

Applications
Probabilistic model checking.

Insights into the general problem for MSO. ..
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