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Part 1

Generic objects



How to prove that there exists a four-legged elephant?
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How to prove that there exists a four-legged elephant?

Option 1.: Find one.

Option 2.: Prove that being four legged is a generic property.

Option 3.: Go contrapositive, etc. ..
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Generic sets should form a o-filter:
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How to prove that there exists a four-legged elephant?

Option 1.: Find one.

Option 2.: Prove that being four legged is a generic property.

Generic sets should form a o-filter:

e If P is generic then P # (.

o If P < P’ is generic then P’ is generic.
o If (P)ney are all generic then )

new Pn 1S generic.

Example Probabilistic approach: P is generic  iff P(P) =1

YV (P(P)=1) = P(ﬂpn)=1

new new

But: limitations of quantitativity
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Example
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€W

Theorem (Baire [1899]) [thus non-emp]

In nice spaces (i.e. Polish) every comeagre set is dense.

~~> the complement of a comeagre set is not comeagre
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Theorem (Baire [1899]) [thus non-emp]

In nice spaces (i.e. Polish) every comeagre set is dense.
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Which sets are comeagre? (ganach-Mazur game) (take W < [0,1])

BM(W) is the infinite game: (II) wins = iff me W
(I): 0, 43226 13 8723466
(11): 19743 ) sazp6 © 0 v e [0,1]

Theorem (Banach—-Mazur [1935], Oxtoby [1957])
Player (II) has a winning strategy in BM(WW) iff W is comeagre.

[VVQ mieu U, -open, dense]

Proof
(=) Each strategy o provides a family U; (modulo some technicalities).
(«) Consider the strategy o that in a round ¢ falls into Uj.
Each play 7 consistent with o belongs to (| U; € W.

1EW
Corollary
Player (I) has a winning strategy in BM(W) iff

([0,1]—W) is comeagre on some interval.
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Part 2

Determinacy



A game is determined if either (I) or (II) has a winning strategy.
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A game is determined if either (I) or (II) has a winning strategy.

e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))
011001110101111011110101 - - - € XOR
iff
011001110101011011110101 - - - ¢ XOR

Let XOR < {0, 1} satisfy
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A game is determined if either (I) or (II) has a winning strategy.
e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))

11001110101111011110101 --- € X
Let XOR < {0, 1} satisfy OHOOTTIOTOTEITOTTHOT0 ifF 240l
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A game is determined if either (I) or (II) has a winning strategy.

e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))

011001110101111011110101 - - - € XOR
Let XOR < {0, 1}* satisfy ifF
[ hidden axiom of choice... ] 011001110101011011110101 - - - ¢ XOR

Then BM(XOR) is non-determined !
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A game is determined if either (I) or (II) has a winning strategy.
e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))

11001110101111011110101 - - - € Xi
Let XOR < {0, 1}¥ satisfy 01100111010 011110101 ---€ XOR

iff
[ hidden axiom of choice... ] 011001110101011011110101 - - - ¢ XOR
Then BM(XOR) is non-determined !
(I): 01100 00 110010 —
(10): 1011 1 00011 me {0,1}*

Michat Skrzypczak Games and complexity: from **-games to automata 4 / 22



A game is determined if either (I) or (II) has a winning strategy.
e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))

11001110101111011110101 --- € X
Let XOR < {0, 1} satisfy OHOOTTIOTOTEITOTTHOT0 ifF 240l

[ hidden axiom of choice... ] 011001110101011011110101 - - - ¢ XOR
Then BM(XOR) is non-determined !

(I): 01100 00 110010
(ID): 11011 1 00011

- wome{0,1}¥
(IT) wins = iff me XOR

Michat Skrzypczak Games and complexity: from **-games to automata 4 / 22



A game is determined if either (I) or (II) has a winning strategy.
e Every game of finite duration is determined.
e There exist non-determined games of infinite duration!
Example (Kopczynski, Niwinski ['14] (also Khomskii ['10]; ...))

11001110101111011110101 --- € X
Let XOR < {0, 1} satisfy OHOOTTIOTOTEITOTTHOT0 ifF 240l

[ hidden axiom of choice... ] 011001110101011011110101 - - - ¢ XOR
Then BM(XOR) is non-determined !

(I): 01100 00 110010
(ID): 11011 1 00011

- wome{0,1}¥
(IT) wins = iff me XOR

1. ((IT) has a w.s.) = ((I) has a w.s.)
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BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(I): 01100 00 110010
I

(IT): 11011 1 00011 « v e {0,1}¢

((I) has aw.s.) = ((II) has a w.s.)

Michat Skrzypczak Games and complexity: from **-games to automata 5 / 22



BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(I): 01100 00 110010
I

(I0): 11011 1 00011 wo e {0, 1}

((I) has aw.s.) = ((II) has a w.s.)

Proof: “strategy stealing”
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BM(XOR) is non-determined !

(I): 01100 00
(ID): 11011 1

((T)
Proof: “strategy stealing”
Take oy — a w.s. of (I)

Construct o;; — a w.s. of (II)

o So 51
)
(ID): ro0 |
)
S

@M:  ro |
'
Oy 80131
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(IT) wins = iff 7€ XOR
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((I) has aw.s.) = ((II) has a w.s.)

Proof: “strategy stealing”
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Construct o;; — a w.s. of (II)
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BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(D: 01100 00 110010 o
(I1): 1011 1 00011 wo e {0,1}

((I) has aw.s.) = ((II) has a w.s.)

Proof: “strategy stealing”
Take oy — a w.s. of (I)

Construct o;; — a w.s. of (II)
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BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(I): 01100 00 110010
I

(IT): 11011 1 00011 « v e {0,1}¢

((I) has aw.s.) = ((II) has a w.s.)

Proof: “strategy stealing”
Take oy — a w.s. of (I)
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BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(I): 01100 00 110010
I

(IT): 11011 1 00011 « v e {0,1}¢

((I) has aw.s.) = ((II) has a w.s.)

Proof: “strategy stealing”
Take oy — a w.s. of (I)

Construct o;; — a w.s. of (II)
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BM(XOR) is non-determined ! (IT) wins = iff 7€ XOR

(I): 01100 00 110010
I

(IT): 11011 1 00011 « v e {0,1}¢

((I) has aw.s.) = ((II) has a w.s.)
Proof: “strategy stealing”

Take oy — a w.s. of (I) XOR ~ —XOR
Construct o;; — a w.s. of (II)
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Theorem (Martin ['75])

Determined are games which are:
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when the winning condition is Borel.
Corollary
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Corollary
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Theorem (Martin ['75])

Determined are games which are:

- played by two players, | ey verEr

- round-based, — | - Blackwell games
- of perfect information, ——— [ Nash equilibria
- of length w,

when the winning condition is Borel.

Corollary
All Borel sets have:
e perfect set property (by x-games),
e Baire property and measurability (by BM-games),
e well-behaved Wadge hierarchy,

e Ramsey-style dichotomies, ...
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Part 3

Effectiveness



Regular languages
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Regular languages
A set L © A¥ is regular if (equivalently) it can be:
— defined in Monadic Second-order logic: FO[<, A] + 31X,
— recognised by a non-deterministic Biichi automaton,

— recognised by a deterministic parity automaton,

Regular sets is the smallest family REG that:
— contains some basic languages,
— is closed under Boolean operations,

— and under projection (AxB)” — AY.
Facts: REG < Borel, proj(REG) € REG, proj(Borel) ¢ Borel.

Theorem (Biichi ['62])
Given (a represenation of) L € REG it is decidable if L # .
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(II) wins = iff me W
Then:

1. G(W) is determined.  (because W is Borel)

2. The winner of G(W) can be effectively computed.

3. The winner can use a finite memory winning strategy:
There is a finite set M of memory values,
initial memory mg € M, and update function 6: M xA — M,
such that for m;q def d(my, a;),

the choice of a; depends only on m;.
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Specification Synthesis Implementation

pover [LO 1 > I~~~ 0O
m [whenever possible]
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. = p="00=i"
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Env.: 20 i1 19 n ';
- - - I e o o NN T
mpl: o o o on 4
Solve G(L(y))
Env wins Impl wins
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Deciding if G € REG is comeagre
Take a regular G € A¥. [G = L(AG)]
Construct a regular Wg < (Al_n{b})w: [Ac — Awg s.t. L(Awg) = Wg]

(I):  ag ay b b b b ag

(I1): b b as as ay as 13

[~

((I1) wins BM(G)) <= ((II) wins G(Wg))
Solve G(W¢) to know if G is comeagre. [ |

Similarly with other game-characterised properties for regular sets:
— countability,
— measure 0,
— Wadge reductions (in a moment), ...

Sometimes works even for infinite trees:

Theorem (Michalewski, Mio, S. ['17])

It is decidable if L(.A) is comeagre for game-automata A.
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

(I): aop
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

o
(I): aop
(IT): bo
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Wadge order for regular languages

Input:  Regular K € A“ and L € BY¥

Output: Does K <w L7

Wadge game W(K, L):

o

(I): aop

(II): bo
SBui{e}
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Wadge order for regular languages
Input:
Output: Does K <w L7

Wadge game W(K, L):

o
(I): aop ay
(II): bo
SBui{e}

Michat Skrzypczak

Regular K € A“ and L < B¥
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Wadge order for regular languages
Input:
Output: Does K <w L7

Wadge game W(K, L):

o
(I): ag ai
(IT): bo b1
SBui{e}

Michat Skrzypczak

Regular K € A“ and L < B¥
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

A
(I): aop ay as as a4
(H): bo b1 b2 b3 b4
SBui{e}

Michat Skrzypczak Games and complexity: from **-games to automata 11 / 22



Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

o
(I): ao al as as a4 D N S A=
(H)Z b() b1 bQ b3 b4 o o o V> ,8 € ng
SBui{e}
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

o
(I): ao al as as a4 D N S A=
(H)Z b() b1 bQ b3 b4 o o o V> ,8 € ng
SBui{e}

W=peBYA(aeL < feK)
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

o
(I): ao al as as a4 D N S A=
(H)Z b() b1 bQ b3 b4 o o o V> ,8 € ng
SBui{e}

W=peBYA(aeL < feK)

regular property over A U B L1 {¢}
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Wadge order for regular languages
Input:  Regular K € A“ and L € BY¥
Output: Does K <w L7

Wadge game W(K, L):

o
(I): ao al as as a4 D N S A=
(H)Z b() b1 bQ b3 b4 o o o V> ,8 € ng
SBui{e}

W=peBYA(aeL < feK)

regular property over A U B L1 {¢}

Effectively solve W(K, L) to know if K <w L.
|
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Parity index Fix a pairi < j.
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Parity index Fix a pairi < j.
P ; def {7‘ € {i,...,7}* | limsup,_,, 7(n) =0 (mod 2)}
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Parity index Fix a pair i < j.
ey = {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}

Fact
If L =L(A) with A det. (4, j)-parity automaton
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Parity index Fix a pairi < j.
P ¥ {re{i,....j}* | limsup,_ o 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L =L(A) with A det. (4, j)-parity automaton
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Parity index Fix a pairi < j.
def {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
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Parity index Fix a pairi < j.
def {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proof

A reads a = agay - - - and produces p = qoq; - - -
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Parity index Fix a pairi < j.
def {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proof

A reads a = agay - - - and produces p = qoq; - - -

a = ap al as as a4 as ag
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Parity index Fix a pairi < j.
def {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proof

A reads a = agay - - - and produces p = qoq; - - -

@1 = ao aq as as a4 arg ag
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proof

A reads a = agay - - - and produces p = qoq; - - -

o = ag aq as as a4 as ag

QOA@A%A%A%A%A%AW
o | [ I L 1 [ 1 1
= 2 0 2 1 0 2 1
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Parity index Fix a pairi < j.
P ; def {7‘ € {i,...,7}* | limsup,_,, 7(n) =0 (mod 2)}
Fact

,,,,,

Q:Q— {i i}
—

If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proof

A reads a = agay - - - and produces p = qoq; - - -

ago ai as as a4 as ae
QOA@A%A%A%A%A%AW

o I I 1 1 T T 1 1

= 2 0 2 1 0 2 1

aeL(A) iff TeP;
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Parity index Fix a pairi < j.
def {re{i,...,j}* |limsup, ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
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Parity index Fix a pairi < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition
If L <w P,; and L € REG

Michat Skrzypczak Games and complexity: from **-games to automata 12 / 22



Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
FaCt Q:Q — {5,..., i}t
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition
If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:
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Parity index Fix a pairi < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.

Proposition
If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

(IT):
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Parity index Fix a pairi < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.

Proposition
If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

(): ao
(IT):
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Parity index Fix a pairi < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.

Proposition
If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:
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Parity index Fix a pair i < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

¢ A
(D): ag
(1D): Po
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Parity index Fix a pair i < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

QA
(D): ao
(1D): Po
S, .5}
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Parity index Fix a pair i < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

QA
(I): ag aj
(IT): Po

S, .5}
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

QA
(I): ag aj
(IT): Po p1
S, .5}
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

¢ A
(I): ao al as as ay
(IT): Do p1 P2 P3 P4
S, .5}
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}

W=aeleTekP;
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Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact Q:Q— {i,...,5}
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}

W =ae L < 1€ P;; — regular condition

Michat Skrzypczak Games and complexity: from **-games to automata 12 / 22



Parity index Fix a pairi < j.
ey = {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
FaCt Q:Q — {5,..., i}t
—
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition
If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}

W =ae L < 1€ P;; — regular condition

1. (II) wins the game (because L <w P ;).
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Parity index Fix a pair i < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}

W =ae L < 1€ P;; — regular condition

1. (II) wins the game (because L <w P, ;).

2. So (II) wins using finite memory
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Parity index Fix a pair i < j.
def {re{i,...,j}* | limsup,_ ., 7(n) =0 (mod 2)}
Fact 2:Q - (i,..., 7l
If L = L(A) with A det. (i, j)-parity automaton then L <w P, ;.
Proposition

If L <w P;; and L € REG then L = L(.A) with A det. (i, j)-parity.

Proof — game:

Q/A

(I): ao ai as as ag * e+ woacAY

(1D): Do D1 D2 D3 py o+ woTE{l ..., j}Y
S, .5}

W =ae L < 1€ P;; — regular condition

1. (II) wins the game (because L <w P ;).

2. So (II) wins using finite memory v~ det. (i, j)-parity aut. for L. W
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Trivia: PZ’J‘ W Pi,j+1,
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Trivia:  P; <w Piji1,. Bij =w Py jie,

Michat Skrzypczak Games and complexity: from **-games to automata 13 / 22



Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl
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Tl‘ivia: Pz,] <W ‘P'L,]+1v -P’L7j EW PZ+2,]+21 B,] EW ‘P’LC+17J+1

P 0,0 Py Poo Pos R R A
<W Sw SW W <w <w Sw oSw <w

Pl,OJrl P1,1+1 Pioyy Pigr1 Puan Pisa Pea P fen Ben fe
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Tl‘ivia: Pz,] <W R,]+11 -PZJ EW PZ+2,]+21 B,] EW ‘P’LC+17j+1

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pior1 Pizsr Piast Pisa Pen Pun Ao A heon

Theorem P, ; €w Pit1,+1
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Trivia: P <w Fij+1.  Bij=w Piyojv2,  Bij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e

Theorem P, ; €w Pit1,+1

Proof  Assume that P, ; <w Pit1,j+1
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Trivia: P <w Fij+1.  Bij=w Piyojv2,  Bij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e

Theorem P, ; €w Piy1j+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P ; with A det. (i+1, j+1)-parity automaton
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Trivia: P <w Fij+1.  Bij=w Piyojv2,  Bij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e

Theorem P, ; €w Piy1j+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P ; with A det. (i+1, j+1)-parity automaton

o =
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e
Theorem P; ; <w Pit1,5+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o =
= 4o
Q: ]

= 1
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e
Theorem P; ; <w Pit1,5+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0
= 4o
Q: ]
T= 1
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e
Theorem P; ; <w Pit1,5+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0
= ¢ *aq
Q]
F= 1
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e
Theorem P; ; <w Pit1,5+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0
= %Afh
Q: I I
= 1 3
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl

PO,O PO,l PO,Z Pos Poa Pos Py Ry Rs e

P1,0+1 P1,1+1 Pioy1 P P Pisa Pea RBea fea e
Theorem P; ; <w Pit1,5+1
Proof  Assume that P; ; <w Pit1+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0 2
= %Afh
Q: I I
= 1 3
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Tl‘ivia: Pz,] <W ‘P'L,]+1v -PZJ EW PZ+2,]+21 -F)’L,] EW _PZC+1J+1

PO,O PO,l PO,Z Pos Poa Pos Pog Ry R Re Aw A

Pl,OJrl P1,1+1 Pioyy Pigr1 Puan Pisa Pea P fen Ben fe

Theorem P, ; €w Piy1j+1
Proof  Assume that P, ; <w Pit1,j+1
v L(A) = P ; with A det. (i+1, j+1)-parity automaton

o= 0 2
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl
P()’O Py Pop Pos Po Hp Mo Ry ®o @ o
<w <w <w Swo oSw o Swosw
Prloy1 Poivi Piean Plan Pus Ren R Ao neos
Theorem P, ; €w Pit1j+1
Proof  Assume that P, ; <w Pit1,j+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0 2 4 1 0 5 1
= QOA%AQQA%A(MA%A%AW
o L 1 I 1 1 1 |
7= 1 ) 5 2 1 6 2 3
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl
P()’O Py Pop Pos Po Hp Mo Ry ®o @ o
<w <w <w Swo oSw o Swosw
Prloy1 Poivi Piean Plan Pus Ren R Ao neos
Theorem P, ; €w Pit1j+1
Proof  Assume that P, ; <w Pit1,j+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o= 0 2 4 1 0 5 1
= QOA%AQQA%A(MA%A%AW
o L 1 I 1 1 1 |
7= 1 ) 5 2 1 6 2 3

1 + limsup a(n) = limsup 7(n)
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Trivia: P ; <w Pij+1,  Pij=w Pivej+2,  FPij=w Pl
P()’O Py Po2 Po3 Poa Ps  Re R R
W oSw Sw s o o e
Prloy1 Poivi Piean Plan Pus Ren R Ao neos
Theorem P, ; €w Pit1j+1
Proof  Assume that P, ; <w Pit1,j+1
v L(A) = P, j with A det. (i41, j+1)-parity automaton

o — 0 2 4 1 0 5 1
= g a7t M faT fe7 M o
e [ [ I 1 1 I 1
T= 1 3 5 2 1 6 2 3
1 + limsup a(n) = limsup 7(n)
[OAS L(.A) iff 7€ ]DZ‘J' iff « ¢ Pi,j |
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Part 5

Effective characterisations



Task: understand which L € REG are simple.
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topologically simple (e.g. Borel)

Theorem (Schutzenberger ['65]; McNaughton, Papert ['71]; Thomas ['79])
It is decidable if L € REG is First-order (i.e. FO) definable.

Theorem (Bojanczyk, Walukiewicz ['04])

It is decidable if a regular language of finite trees is EF definable.

Theorem (Murlak ['06])
Topological complexity is dec. for deterministic languages of inf. trees.

Barany, Bojanczyk, Colcombet, Duparc, Facchini, Idziaszek, Kuperberg,
Michalewski, Murlak, Niwinski, Place, Sreejith, Walukiewicz, ...
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1. Input L = L(A)
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3. Search in Ay, for a complicated pattern

[es or aM # 2M ]
/59’—‘9//.

3.a Prove that L is hard
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3. Search in Ay, for a complicated pattern
[e.g. or oM + JZMZC]
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Limitations:

e 3.a uses complexity in Ay, to prove complexity of L

v~ requires rigid representations [No such for infinite trees!]

e 3.b works under the assumption of lack of obstruction
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Game method
1. Input L = L(p) 2. Construct a game G, 3. Solve G,

@ Wi @ Wing

3.a Take his w.s. o; 3.b Take his w.s. oy

Use o, to prove that L is hard Use o, to prove that L is simple

~~> |n both cases we are on the positive side.
v If G, is regular then o7 and oy; are finite memory.

v G, can work with a non-rigid representation ¢

(e.g. deal with non-determinism).
Examples

-(Kirsten ['05]; Colcombet ['09]; ToruAczyk ['11]; Bojafczyk ['15]): star-height
-(Colcombet, Léding ['08] + Kuperberg, Vanden Boom ['13]):

a variant of Rabin-Mostowski index problem
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Part 4

Two examples



Theorem (Colcombet et al. ['13]; S., Walukiewicz ['14])

It is decidable if a Biichi language of infinite trees is WMSO definable.
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no rigid representation weaker logic
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Take L = L(B) and construct a game Gg.
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It is decidable if a Biichi language of infinite trees is WMSO definable.

no rigid regresentation Weakevr logic
Proof
Take L = L(B) and construct a game Gg. [W=Av (BAC)]
© WinS (1) Wing
o; v~ L is not WMSO def. o v WMSO formula for L W

(pumping)

But it seemed that we can get more (ordinal ranks)!
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2. L isn't weak—alt(0,2)-definable and L >w X9

L —

weak index topological complexity

Proof
Take two non-det. parity tree automata: A for L and B for L°.
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(WB) B-states p are accepting v~ seems that t ¢ L
(WA) A-states ¢ are accepting v seems that t € L

W = ((WR) A (WB)) v (—=(WR) A (WA))

Wadge-like condition
for (WR) <w L°

> regular condition over infinite words v~ we can solve F

Michat Skrzypczak Games and complexity: from **-games to automata 20 / 22



Two lemmata:

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22




Two lemmata:

1. If (I) wins F then L is not TI$

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Proof
Take a finite memory strategy of (II) in F

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Proof
Take a finite memory strategy of (II) in F
Add some pumping

Michat Skrzypczak Games and complexity: from **_games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Proof
Take a finite memory strategy of (II) in F
Add some pumping

> a weak-alternating (0,2) automaton for L

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
> a reduction proving that (WR) <w L°
v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Proof
Take a finite memory strategy of (II) in F
Add some pumping
> a weak-alternating (0,2) automaton for L
wo L <y T

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
] ] A complete proof
> a reduction proving that (WR) <w L°

v L is not weak—alt(0, 2)-definable

1. If (II) wins F then L is weak—alt(0, 2)-definable

Proof
Take a finite memory strategy of (II) in F
Add some pumping
> a weak-alternating (0,2) automaton for L
wo L <y T

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
] ] A complete proof
> a reduction proving that (WR) <w L°

) ) not using properties
v L is not weak—alt(0, 2)-definable

» on which
1. If (II) wins F then L is weak—alt(0, 2)-definable | the game F is based

Proof
Take a finite memory strategy of (II) in F
Add some pumping
> a weak-alternating (0,2) automaton for L
wo L <y T

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Two lemmata:
1. If (I) wins F then L is not TI$

Proof
Take a strategy of (I) in F
Confront it with multiple strategies of (II)
] ] A complete proof
> a reduction proving that (WR) <w L°

) ) not using properties
v L is not weak—alt(0, 2)-definable

» on which
1. If (II) wins F then L is weak—alt(0, 2)-definable | the game F is based

Proof
Take a finite memory strategy of (II) in F [ dealternation ]
Add some pumping
> a weak-alternating (0,2) automaton for L
wo L <y T

Michat Skrzypczak Games and complexity: from **-games to automata 21 / 22



Summary

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22




Summary

—> characterising which languages are simple

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

—

pattern found
v~ [ is hard

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

— T

pattern found pattern missing

v~ [ is hard v~ [ is simple

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

— T

pattern found pattern missing

v~ [ is hard v~ [ is simple

— games (may deal with non-determinism)

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

— T

pattern found pattern missing

v~ [ is hard v~ [ is simple

— games (may deal with non-determinism)

—

strategy of (I)
v L is hard

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

— T

pattern found pattern missing

v~ [ is hard v~ [ is simple

— games (may deal with non-determinism)

— T

strategy of (I) strategy of (II)

v~ L is hard v~ [ is simple

Michat Skrzypczak Games and complexity: from **-games to automata 22 / 22



—

—

—

—

Summary

characterising which languages are simple

pattern method (rigid representatons: det. aut. /algebra)

—

pattern found
v~ [ is hard

!

pattern missing

v~ [ is simple

games (may deal with non-determinism)

—

strategy of (I)
v L is hard

no general recipe for design

Michat Skrzypczak

T

strategy of (II)

v~ [ is simple

Games and complexity: from **-games to automata 22 / 22



Summary

—> characterising which languages are simple

—> pattern method (rigid representatons: det. aut. /algebra)

— T

pattern found pattern missing

v~ [ is hard v~ [ is simple

— games (may deal with non-determinism)

— T

strategy of (I) strategy of (II)

v~ L is hard v~ [ is simple
—> no general recipe for design

Conjecture: Every class of languages has a game characterisation
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