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1. Introduction

Among logics for expressing properties of concurrent processes, represented as nondeterministic transition systems
(NTS’s), Rabin’s Monadic Second Order Logic [31] and Kozen’s modal p-calculus [25] play a fundamental role. The two
logics are closely related (see, e.g. [18]) and enjoy an intimate connection with parity games [11,18,34]. An abstract setting
for investigating topological properties of regular sets, using the tools of descriptive set theory, is given by so-called game
tree languages of [1] (see also [2]). For natural numbers i < k, the language W, is the regular set of parity games with
priorities in {i...k}, played on an infinite binary tree structure, which are winning for Player 3. The (i, k)-indexed sets W;
form a strict hierarchy of increasing topological complexity called the index hierarchy of game tree languages [1,2,7]. Precise
definitions are presented in Section 2.

For many purposes in computer science, it is useful to add probability to the computational model, leading to the notion
of probabilistic nondeterministic transition systems (PNTS’s). In an attempt to identify a satisfactory analogue of Kozen'’s
j-calculus for expressing properties of PNTS’s, the third author has recently introduced in [29,30] a quantitative fixed-point
logic called probabilistic j4-calculus with independent product (pLu ). A central contribution of [30] is the definition of a game
interpretation of pLu, given in terms of a novel class of games generalizing ordinary two-player stochastic parity games.
While in ordinary two-player (stochastic) parity games the outcomes are infinite sequences of game-states, in pLu-games
the outcomes are infinite trees, called branching plays, whose vertices are labelled with game-states. This is because in pLu
games some of the game-states, called branching states, are interpreted as generating distinct game-threads, one for each
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successor state of the branching state, which continue their execution concurrently and independently. The winning set of a
pLu-game is therefore a collection of branching plays specified by a combinatorial condition associated with the structure
of the game arena.

Unlike winning sets of ordinary two-player (stochastic) parity games, which are well-known to lie in the Ag class of sets
in Borel hierarchy, the winning sets of pLu-games generally belong to the A;-class of sets in the projective hierarchy of
Polish spaces [30, Theorem 4.20]. This high topological complexity is a serious concern because pLu-games are stochastic,
i.e. the final outcome (the branching play) is determined not only by the choices of the two players but also by the ran-
domized choices made by a probabilistic agent. A pair of strategies for 3 and V, representing a play up-to the choice of
the probabilistic agent, only defines a probability measure on the space of outcomes. For this reason, one is interested in
the probability of a play to satisfy the winning condition. Under the standard Kolmogorov's measure-theoretic approach to
probability theory, a set has a well-defined probability only if it is a measurable® set. Due to a result of Kurt Godel (see [19,
§25]), it is consistent with Zermelo-Fraenkel Set Theory with the Axiom of Choice (ZFC) that there exists a A% set which
is not measurable. This means that it is not possible to prove (in ZFC) that all A%-sets are measurable. However it may be
possible to prove that a particular set (or family of sets) in the A%-class is measurable. In [29] the author asks the following
question*: are the winning sets of pLu-games measurable in ZFC? As already observed in [29, §5.4], the problem can be
equivalently reformulated, using well-known concepts and terminology, as follows:

Question 1.1. Are the game tree languages W; y measurable in ZFC?

A positive answer to Question 1.1 implies, as an immediate corollary, that every regular set of trees (i.e. definable in
Rabin’s Monadic Second Order Logic [31]) is measurable. This follows from the fact that continuous pre-images of universally
measurable sets are universally measurable (cf. Proposition 2.1 in Section 2).

In his work on the probabilistic p-calculus [29,30], the third author introduced a method for evaluating the probability
of sets of branching plays. Once rephrased in the terminology of game tree languages, the method consists in a transfinite
characterization of Wy as the union of a chain of simpler subsets Wl"‘ , indexed by countable ordinals & < w1, in such a
way that

Wi,k = U {f‘k

a<wi

Precise definitions are given in Section 2.1. This is used in [29,30] to evaluate the probability w(W;y) in terms of the limit
of the probabilities of its simpler approximants using the equality

uWig) = sup w(Wh)
a<wi

This equality, however, expresses a form of NXi-continuity of the measure w which does not follow from the standard
properties of measures which are only o -continuous. For this reason the author asks:

Question 1.2. Does (W ) = SUpy o, LOWVF,) hold for all Borel probability measures j1?
It was observed in [29,30] that both Question 1.1 and Question 1.2 can be proved in ZFC + MAy,, the extension of ZFC

with “Martin’s Axiom at R1”". Indeed ZFC+ MAy, proves that every E; set is universally measurable (this solves Question 1.1
since Wi i belong to Al c 2;) and that, for every Borel measure (t, the equality p (|, X*) = sup, (Xy) holds for arbitrary

w1-indexed collections X, of measurable sets (this solves Question 1.2 taking Xy = W, ). For more informations regarding
Martin’s Axiom, see [14]. '
1.1. Main contribution

We succeeded to solve Questions 1.1 and 1.2, originally motivating this work.

Theorem 1.3. For every i <k the game tree language W, \ is universally measurable.

Since universally measurable sets are closed under taking continuous pre-images (see, e.g. Corollary 7.44.1 in [5]) and
every regular tree language continuously reduce to one of the languages W; , we obtain the following

Corollary 1.4. All regular languages of trees are universally measurable.

3 In this paper the adjective measurable always stands for universally measurable, see Section 2 for definitions.
4 Statement “is mG-UM(T"p) true?”, see Definition 5.1.18 and discussion at the end of Section 4.5 in [29]. See also Section 8.1 in [30].
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Theorem 1.5. For every i <k, with k odd, and for every Borel measure . on Tr;  the following equality holds:

“Wi) = sup LOV7)
a<mwi

We provide in Section 3 a self-contained ZFC proof of both theorems. We use a method of Lusin and Sierpifiski [26]
originally applied to prove measurability of analytic sets and later applied by A. Kolmogorov [33] to prove measurability of
R-sets (discussed below).

Together, our positive answers to Question 1.1 and Question 1.2 imply that the results of [29,30] about the game seman-
tics of the probabilistic p-calculus hold in ZFC alone.

1.2. Kolmogorov’s R-sets

Before discovering that the proof method of Lusin and Sierpifiski could be applied to solve both questions from [29,30],
we found another interesting way to give a positive answer to Question 1.1 in ZFC alone. This resulted in the discovery of a
tight connection between the notion of R-sets, introduced below in this introduction and discussed in details in Section 4,
and the combinatorial machinery of parity games.

Measure theoretic problems such as the one formulated in Question 1.1 have been investigated since the first develop-
ments of measure theory, in late 19th century, as the existence of non-measurable sets (e.g. Vitali sets [19]) was already
known. The measure-theoretic foundations of probability theory are based around the concept of a o -algebra of measurable
events on a space of potential outcomes. Typically, the o -algebra is assumed to contain all open sets. Hence the minimal
o -algebra under consideration consists of all Borel sets whereas the maximal consists, by definition, of the collection of all
measurable sets. The Borel o -algebra, while simple to work with, do not include important classes of measurable sets such
as the analytic (211) sets. On the other hand, the full o -algebra of measurable sets may be difficult to work with since there
is no constructive methodology for establishing its membership relation, i.e. for proving that a given set belongs to this
o -algebra. This picture led to a number of attempts to find larger o -algebras, extending the Borel o -algebra and including
as many measurable sets as possible and, at the same time, providing practical techniques for establishing the membership
relation.

A classical methodology for constructing such o -algebras is to identify a family F of “safe” operations on sets which,
when applied to measurable sets are guaranteed to produce measurable sets. When the operations considered have count-
able arity (e.g. countable union), the o-algebra generated by the open sets closed under the operations in / admits a
transfinite decomposition into wq-levels, and this allows the membership relation to be established inductively. The sim-
plest case is given by the o -algebra of Borel sets, with F consisting of the operations of complementation and countable
union. Other less familiar examples include C-sets studied by E. Selivanovski [32], Borel programmable sets proposed by
D. Blackwell [6] and R-sets proposed by A. Kolmogorov [24].

Most measurable sets arising in ordinary mathematics are R-sets belonging to the finite levels of the transfinite hierarchy
of R-sets. For example, all Borel sets, analytic sets, co-analytic sets and Selivanovski’s C-sets lie in the first two levels [10].
Furthermore, the inductive proof method for establishing membership in the class of R-sets has allowed the development of
a rich theory of R-sets. Beside the original work of Kolmogorov [24], fundamental results were obtained by Lyapunov [27]
and, more recently, by Burgess [10]. Further progress can be found in the work of Barua [3,4]. The basic definitions on
‘R-sets are presented in Section 4. We refer to [21] for a modern introduction to the subject.

In this paper we prove the following theorem relating the R-sets and game tree languages.

Theorem 1.6. W,_1 1,1 is complete for the k-th level of the hierarchy of R-sets.

In particular, game tree languages W, are R-sets and therefore measurable. Thus Theorem 1.6 provides an answer to
Question 1.1. Furthermore, the theory of R-sets sheds some additional light on the properties of game tree languages and
regular sets. For example, a basic result of this theory (see, e.g. [4, Theorem 2.8]) states that every R-set has the Baire
property. Hence Wiy, and thus every regular set of trees, have the Baire property.

The result of Theorem 1.6 also contributes to the abstract theory of R-sets. Indeed, to the best of our knowledge, the
game tree languages W, are the first natural examples of sets complete for the finite levels of the R-hierarchy. Having
examples of complete sets sheds additional light on the concept of R-sets and, in analogy with the study of complexity
classes in computational complexity theory, may simplify further investigations.

Another interesting aspect of our work is the following. The proof of Theorem 1.6 is obtained by first introducing in
Section 5 a class of sets definable by parametrized parity games which we call Matryoshka games. These games can be seen
as a variant of parity games with final positions that can be assigned to any winning condition. Such games are often
employed for instance in model-checking of w-calculus over various structures (e.g. pushdown systems). The novelty here is
that Matryoshka games are used to define set theoretic operations. The usefulness of this notion comes from the following
observations:
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i) every R-set belonging to the k-th level of the R-hierarchy can be defined by a Matryoshka game using priorities in the
range (k,2k — 1),
i) the game tree language WW,_1 x is a complete set among the sets definable by Matryoshka games with priorities in (i, k).

These two observations imply that the game tree language WW_1 2k—1 is hard for the k-level of the R-hierarchy. Then the
result of Theorem 1.6, establishing membership of Wji_; 2¢—1 in the k-th level of the R-hierarchy, completes the picture.

The shift of indices between the game tree language W;_ x and Matryoshka games with priorities (i, k) comes from the
fact that game tree languages are binary branching and Matryoshka games may be w-branching, see Lemma 5.7.

As a consequence of the above equivalences, the class of Matryoshka definable sets and the class of sets belonging to
the finite levels of the R-hierarchy, coincide. This indicates that the combinatorics introduced by Kolmogorov for defining
a large o -algebra of measurable sets and that of parity games, developed since the 80’s in Computer Science to investigate
w-regular properties of transition systems, are closely related. It is suggestive to think that the origins of the concept of
parity games could be backdated to the original work of A. Kolmogorov.

1.3. Boundedness Principle

In attempts to solve Question 1.2, that is the problem of establishing the N{-continuity property, we also tried a very
natural approach based on the Boundedness Principle (see, e.g. Section 34.B in [23]).

We discovered that this approach solves the problem of Ri-continuity in the simplest case of Wy 1. We discuss this
argument in Section 6 along with a counter-example showing that this method does not generalize to W; 3 or higher
indices.

1.4. Related work

A game-theoretic approach to R-sets, closely related to this work, is developed by Burgess in [10] where the following
characterization is stated as a remark without a formal proof: (1) every set A C X belongs to a finite level of the hierarchy
of R-sets if and only if it is of the form A =O(K), for some set K C w® which is a Boolean combination of Eg sets, and (2)
the levels of the hierarchy of R-sets are in correspondence with the levels of the difference hierarchy (see [23, §22.E]) of 2‘2)
sets. The operation O is the so-called game quantifier (see [23, §20.D| and [8,9,20,28,13]). Admittedly, our characterization of
R-sets in terms of Matryoshka games, can be considered as a modern variant of the result of Burgess. From the theorem
of Burgess one can relatively easily infer Theorem 1.3 through appropriately formulated reductions. For the second level of
the R hierarchy, that is for so called Z}—inductive sets, the reduction is done in [28]. A variant of Theorem 1.3 regarding
the Baire property of R-sets has been recently proved in [13]. Since we were interested in proving both Theorem 1.3
and Theorem 1.5, we decided to reconstruct the argument of Burgess in the terminology of Matryoshka games in order to
investigate in a more convenient framework the issue of R-continuity.

In another direction, a result of Fenstand and Normann [12], which builds on previous work of Solovay, can be used
to give a very succinct proof of Theorem 1.3, that is a proof of the measurability of Wj . In their paper [12], the authors
introduce the class of absolutely A; sets as a subclass of A% and prove that all sets belonging to it are measurable. The mea-
surability of W; \ then follows from the observation that Wy is an absolutely A% set. This fact was already noticed in the
proof of Theorem 6.6 in [16] and was exploited to establish that all regular sets (and thus also W; x) are Baire measurable.
As we already observed earlier, the fact that regular sets are Baire measurable also follows from our Theorem 1.3.

The method of absoluteness is very general and can be arguably used to settle virtually all measurability questions
arising in ordinary mathematics. However, at the moment of writing of this article, the authors don’t see how to use this
approach to give an alternative proof of Theorem 1.5 stated above.

1.5. Some further remarks

This article builds on the results of [15] announced at the annual MFCS 2014 conference in Budapest. In [15] the authors
provided a positive answer to Question 1.1 of [29,30] and established the connection with the theory of R-sets by proving
Theorem 1.6. It was also announced, without proofs, that Question 1.2 of [29,30] could be given a positive answer assuming
the (not provable in ZFC alone) determinacy of so-called Harrington games. Only after the submission, we discovered that
the method of Lusin and Sierpifnski could be used to answer both Question 1.1 and Question 1.2, and that the result of
Fenstand and Normann could also give a succinct answer to Question 1.1.

1.6. Organization of the paper

The rest of the paper is organized as follows. In Section 2 we give the necessary basic notions of descriptive set theory
and regular languages on trees, including the stratification of W, j into w-levels Wl‘”k In Section 3 we prove Theorems 1.3
and 1.5 by applying the method of Lusin and Sierpifski. In Section 4 we provide the basic definitions of the theory of
‘R-sets. In Section 5 we introduce Matryoshka games and prove Theorem 1.6. In Section 6 we show how the Boundedness
Principle can be used to prove the R-continuity in the case of Wy 1.
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2. Basic notions from descriptive set theory

We assume that the reader is familiar with the basic notions of descriptive set theory and measure theory. We refer
to [23] as a standard reference on these subjects.

Given two sets X and Y, we denote with XY the set of functions from Y to X. We denote with 2 and w the two element
set and the set of all natural numbers, respectively. The powerset of X will be denoted by both 2X and P(X), as more
convenient to improve readability. A topological space is Polish if it is separable and the topology is induced by a complete
metric. A set is clopen if it is both closed and open. A space is zero-dimensional if the clopen subsets form a basis of the
topology. In this work we limit our attention to zero-dimensional Polish spaces. Let X,Y be two topological spaces and
A C X, BCY be two sets. We say that A is Wadge reducible to B, written as A <y B, if there exists a continuous function
f: X — Y such that A= f~1(B). Two sets A and B are Wadge equivalent (denoted A ~w B) if A <w B and B <y A hold.
Given a family C of subsets of X, we say that a set A € C is hard for C if B <y A holds for all B € C. The set A is complete
for C if it is hard for C and A € C.

Given a Polish space X, we denote with M_1(X) the Polish space of all Borel probability measures ;t on X (see e.g. [23,
Theorem 17.22]). A set N C X is w-null if there exists a Borel set B 2 N such that #(B) =0. A set A C X is p-measurable
if A=BUN, for a Borel set B and a pu-null set N. A set A C X is universally measurable if it is p-measurable for all
€ M—1(X). Universally measurable sets are closed under taking continuous pre-images (see, e.g. Corollary 7.44.1 in [5]).
In what follows we omit the “universally” adjective.

Proposition 2.1. If A <y B and B is measurable then A is measurable.

Given a finite alphabet ¥, we denote with Try the collection (%" of labellings of the vertices {0, 1}* of the full
binary tree with elements of ¥. The set Try is endowed with the standard Polish topology (see e.g. [2]) so that Try is
homeomorphic to the Cantor space 2%.

Given two natural numbers i <k, we succinctly denote with Tr; ; the space Try with ¥ ={3,V} x {i,...,k}. Each t € Trj
can be interpreted as a two-player parity game with priorities in {i, ..., k}, with players 3 and V controlling vertices labelled
by 3 and V, respectively. As usual we consider the standard formulation of parity games, where a play is winning for 3 if
and only if the greatest priority visited infinitely often if even.

Definition 2.2 (/2]). Given two natural numbers i < k, the game tree language W; is the subset of Tr; consisting of all
parity games admitting a winning strategy for 3. The pair (i, k) is called the index of W .

Clearly, there is a natural Wadge equivalence between the languages W, and W k4». Therefore, we identify indices
(i,k) and (i +2j,k + 2j) for every i <k and j € w. Indices can be partially ordered by defining (i, k) C (i’, k') if and only if
{i,....k} < H{i',... . K}

It is well-known that, for every i <k the language W; is regular, i.e. definable in Rabin’s Monadic Second Order Logic
on the full binary tree [31]. The importance of game tree languages in the study of regular languages of trees is expressed
by the following proposition.

Proposition 2.3. For any finite alphabet ¥ and regular language A C Try, there exists an index (i, k) such that A <w Wj.

Proof. Let A be a parity tree automaton accepting the regular set A and let i and k be the lower and greatest priorities
in A, respectively. The automaton can be regarded as a transducer f continuously mapping X-labelled trees to parity games
with priorities in {i, k} in such a way that a tree t is accepted by A if and only if f(t) e W;. O

The following well-known result states that the hierarchy of game tree languages forms a chain of increasing topological
complexity.

Theorem 2.4 (Arnold-Niwitiski [2]). If (i, k) C (i, k') then W, <w Wi -

It is well-known that the first level of this hierarchy, the languages Wy 1 and W ,, constitute examples of co-analytic
(I'I}) complete and analytic (211) complete sets, respectively and that, for every i <k, the language W, belongs to the
A%-class. Already at the second level, however, the regular tree languages Wy and W 3 are not contained in the o -algebra
generated by the analytic sets ([17], see also [28]).

2.1. Ranks on regular tree languages
In [29,30] the author investigated a transfinite inductive characterization of the game tree language W; k, for i <k, whose

general purpose is to describe W as a union of simpler sets. We recall this characterization in this section. Detailed
informations can be found in Sections 4.3 and 6 of [29].
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Fig. 1. A decomposition of a tree t as a substitution of subtrees t[,, into vertices v; that are the first occurrences of k.

In what follows we restrict attention to indexes i < k with k an odd number. All definitions and results below have
their corresponding version for the case of k even, and are obtained by standard duality arguments (see, e.g. the end of
Section 6.3 of [29]).

The intuitive idea of the construction can be understood as follows. In a game tree ¢ € Tr; ; the maximal priority k is the
most important. In particular, if a tree ¢ does not contain occurrences of k, then t is “simple” as it already belongs to Tr; k1.
Since k is odd, this is a role of 3 to guarantee that every play visits only finitely many times the priority k. Therefore, we
can approximate W; i by allowing more and more occurrences of the priority k. This motivates the following definition.

Definition 2.5 (Occurrences of k’s). Given a tree t € Tr;; we say that a vertex v € {0, 1}* is an occurrence of k if t(v) has
priority k, i.e. if t(v) = (3, k) or t(v) = (V, k).

We say that v is a first occurrence of k if it is an occurrence of k and none of its nonempty predecessors (i.e. nodes v’
such that € < v/ < v) are occurrences of k.

In the above definition the root of the tree is not considered as a first occurrence of k. The purpose of that will be
explained in a moment.

For any tree t € Tr; , the set of first occurrences of k forms an anti-chain of vertices in t. Thus ¢ can be decomposed as
depicted on Fig. 1, where vg, v1,... is the (at most countable) collection of the first occurrences of k and ty; =t[,, is the
subtree of t rooted at v;.

For the purpose of the analysis of the ranks, we assume that the alphabet A; j is additionally equipped with symbols T,
L that denote the winning positions—reaching the symbol T (resp. L) in the game on a given tree t makes the player 3
(resp. V) win the play no matter what further symbols are visited.

Let T (resp. L) stand for the tree labelled everywhere by T (resp. L). By the definition we have that T € Wj and
LéWik.

Assume that X C Tr; is a set of trees. Intuitively X stands for the set of trees on which 3 can win and guarantee
herself to visit only few occurrences of k. Our aim is to define wx(t) as a tree where instead of each first occurrence v;
of k, a subtree T or L is plugged, depending on whether ¢[, € X or not. More formally consider ¢t € Tr;j with the first
occurrences of k being vo, .... For every such occurrence v; define t; as T if t,, € X and L otherwise. Let t’ be the same
tree as t but with priority i set in the root. Now let wx(t) be obtained by plugging trees t; as subtrees under nodes v; in
the tree t’, such an operation is denoted as follows:

mx () =t'[vi < ti];_q

Observe that mx(t) € Trj x—1 as the only occurrences of k in t are in subtrees substituted by T, L, and possibly in the
root.

Definition 2.6. We define the operator W: P(Tr; k) — P(Tr; k) as follows:
W(X) = {t | x(t) € Wik-1}

The following basic properties of W, which are folklore, are listed in the following lemma (see, e.g. Lemmas 6.2.15-16
in [29] for detailed proofs).

Lemma 2.7. The following assertions hold:

1. (monotonicity) If X C Y then W(X) CW(Y),
2. (fixed-point) W(W; k) = Wi k.
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Now we can formally define the approximants of W; .

Definition 2.8. Let us define by transfinite induction:

0
Wik= 9
1
flj ZW( zak)
Wifsz U e (for A limit ordinal)
a<p

The following result is proved as Lemmas 6.3.3 and 6.3.6 in [29].

Theorem 2.9. The game tree language W; i is the least fixed-point of V. This fixed-point is reached in w- steps. In particular

Wik = U e

a<mwi

Definition 2.10. A tree t € W is said to have rank « if « is the least ordinal such that t € Wf,. Note that every ¢ has a
countable rank.

3. Measurability using the Lusin-Sierpinski method

The two measurability questions regarding regular tree languages, left open in [29,30] and stated as Question 1.1 and
Question 1.2 in the Introduction, can be formally stated as follows.

Theorem 1.3. For every i <k the game tree language W; i is universally measurable.

Note that the case for k —i =1 is trivial. Indeed W) ; is a well-known example of analytic (2}) complete set and every
such set is measurable (see, e.g. [23, §29.B]). Already for W)y, however, measurability is not obvious since Wy, is not
contained in the o -algebra generated by the analytic sets (see Remarks after Theorem 2.4).

Theorem 1.5. For every i <k, with k odd, and for every Borel measure . on Tr; . the following equality holds:

“Wij) = sup wOV7})

a<mn

Clearly the statement of Theorem 1.5 does not follow from o -continuity of measures because the supremum is taken
over an uncountable chain of sets.

In this section we adapt a proof method of N. Lusin and W. Sierpifiski introduced in [26] which allows for a uniform
proof of both Theorem 1.3 and Theorem 1.5. Originally the method was applied to prove measurability of analytic sets.

In what follows, we fix an arbitrary pair i < k. We first introduce a notion of j-schemas in Section 3.1. Section 3.2
shows that j-schema admit properties of duality and locality. In Section 3.3 we prove the crucial result—that the operations
defined by j-schemas preserve measurability. It will directly imply Theorem 1.3. Finally, in Section 3.4 we show how to
obtain Theorem 1.5 using the presented construction.

3.1. j-Schemas

We start by defining a variant of the operation W(X) from Definition 2.6 that will allow us to prove our results induc-
tively.

Definition 3.1. Assume that i —1 < j <k. A j-schema is an indexed family of tuples

(j+1) (k)
RV RY) o1y

where all the sets Rf,p) are subsets of Tr; k.

Intuitively, Rf,p ) contains trees on which 3 should instantly win from the node v if this node has priority p. The crucial

difference with the set X from Definition 2.6 is that all the trees in sets Rf,p) are rooted in the same node—we do not
restrict to the subtree t[,.
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—
Definition 3.2. Given a j-schema S = (R,,)v, a tree t € Trj k), and two vertices v < w € {0, 1}*, we say that w is a victory
from v if the priority p of t(w) is greater than j.

A victory w from v is an 3-victory if t € Rf,f). A victory w is an V-victory otherwise.

Since we require that v < w, no matter what the priority of t(v) is, the node w = v cannot be a victory from v.
Intuitively it means that the priority of t(v) does not influence victories from v, and corresponds to the assumption that €
is never a first occurrence of k in a tree t.

Definition 3.3. Given a tree t and a vertex w € {0, 1}* which is a victory from v (either 3 or V) we say that w is a first
victory if no predecessor of w (i.e. a node w’ such that v < w’ < w) is a victory from v.

In an analogous way to the concept of “(first) occurrence of k” of Definition 2.5 in Section 2.1, given a tree t, the set of
first victories from v forms an anti-chain of vertices w; in t, so that we can consider a decomposition as depicted in Fig. 1.

Definition 3.4. Assume that S is a j-schema. We will define the function s ,: Tr;x — Tr; ; as follows. Consider a tree t
with first victories from v being wy, .... For each such victory w; define t; as T if w; is 3-victory, otherwise t; = 1, where
the trees T and L are defined as in Section 2.1. Let t’ be obtained from t by setting the priority in the node v as i. Now

Ts,y(t) = t/[W,' <« ti]

The above function (for v =€) aims at reducing a tree t € Tr; x to a tree t € Tr; j by replacing all occurrences of priorities
higher than j by T and L depending on S. Since we want to use the above construction also for the case when j=i—1
we need to extend our definitions of Tr; ; and W; ; to this case. Let Tr;;_1 be the set of trees with only finitely many
subtrees different than T and L; and let W;;_; be the subset of Tr; ;1 containing the trees on which 3 has a winning
strategy. Therefore, we obtain the following fact.

Fact 1. Assume thati — 1 < j <k, Sis a j-schema, t € Tr; x, and v is a vertex of t. Then
wsv(t) €T j

Remark 3.5. For i <k, the projection function wx of Section 2.1 with parameter X C Tr; ; coincides with the projection 7 s ¢
associated with the (k—1)-schema (ie. j=k—1)S= (Rf,k))v where

RY ={t|tl, € X}
The following definition is similar to Definition 2.6 of Section 2.1.

Definition 3.6. We define:

Wiy (S) = {t |Tsv(®)], € Wi,j}
W,y (S) = [t 1 Ts v (O], ¢ Wi j)

In other words (recalling the operation s ) Wp (S) is the set of game trees t such that P has a strategy o starting
from v such that any play ;v consistent with o:

e Either does not include any victory from v and is winning for the player P under the usual parity condition (in this

case the priorities appearing in the play below v are between i and j),
e or it includes a (first) victory w from v which is a P-victory (see Definition 3.2).

Remark 3.7. Note that Wi\ can be defined as W3 ((S) for the k-schema

()ve{O,]}*

i.e. the only k-schema that by the definition does not contain any sets Rf,p ).
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3.2. Duality and locality

In this section we prove certain properties of j-schemas. The property of duality says that for every j-schema S there
exists a dual (j+1)-schema dual(S). The property of locality (see Lemma 3.12) says that if all the sets involved in two
j-schemas S, S’ agree on a fixed tree t then t € Wp ,(S) &t € Wp ,(S).

Definition 3.8. Given a tree t € Tr; x we define its dual as the tree dual(t) € Trj1q k4+1 with dual(t)(v) = (P,p+1)ift(v) =
(P,p) and P € {3,V}.

For a set X C Tr; x we denote with dual(X) = {dual(t) | t € X}. Similarly, for a measure @ on Tr; ; we denote by dual(t)
the measure on Trj;q k41 given by

dual(1)(X) = p(dual ! (X)).

By the definition t € Wy if and only if dual(t) ¢ W1 k41-

Definition 3.9. For a j-schema S = (RS,HD, e Rs,k))v we define the dual (j+1)-schema
j+2 k+1
dual(S) = (R, ..., RY),

with R,P™ = dual(Tr; , \ RY).
The following fact follows directly from the definition of Wp , (S) and determinacy of parity games [34].

Lemma 3.10. The following equality holds:
We.v(8) =T \ Wp,, (S)
and, for t € Tr; i, it holds that:

t € Wpv(S) & dual(t) e Wp ,(dual(S))
The property of locality of j-schemas is described by the following definition.

Definition 3.11. Let S, S’ be two j-schemas and t € Tr(; x) be a tree. We say that S, S’ are t-equivalent if for all sets Rf,p),
R,” in S, &'; t belongs to R if and only if ¢ belongs to R,P’.

The following lemma follows directly from the definition of Wp , (S).
Lemma 3.12. Given t € Tr;  and two t-equivalent j-schemas S, S’ the following equivalence holds: t € Wp (S) <t € Wp ,(S').
3.3. Measurability

We are now finally ready to state the invariant of induction that will lead to the proof of Theorems 1.3 and 1.5.

Definition 3.13. Given a Borel measure p on Trjy, we say that a j-schema S is p-measurable if all the sets in it are
J-measurable.

Proposition 3.14. For every Borel measure v on Tr;  and p-measurable j-schema S it holds that Wp ,,(S) is pu-measurable (for all
Pe{3,V}andv €{0,1}*).

Note that by Remark 3.7 it will directly imply Theorem 1.3. The rest of this section is devoted to a proof of this result.
The proof goes by induction on the value of j, fori—1<j<k.

Observe that in the case i — 1 = j every vertex w such that v < w is a victory. Therefore, whether a tree t belongs to
Wp.v(S) depends only on the sets R_)W and the label of t in w for w = v, v0, v1. Therefore, in this case the thesis of the
proposition holds.

The duality properties listed in Lemma 3.10 allow us to reduce all the other cases to the case of P =3, j odd, and
i < j <k. First, we observe that we can always exchange the players P <> P. Now, given u, P € {3,V}, i<j <k, and a
j-schema S with j even we can apply the operation dual and solve the case for the measure dual(u), P, i+1<j+1<k+1
and the (j+1)-schema dual(S).
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Let us fix an odd j and assume, by inductive hypothesis, that the statement of the proposition holds for all j’-schemas
with j' < j.
Let us fix a Borel measure p on Tr; x and a p-measurable j-schema

j+1 j+2 k
S=(RYV RV RV,

Our aim is to prove that W3 (S) is p-measurable for all v.
Let us define E8 = ¢, for v € {0,1}*. We now construct inductively a family of sets E¢ and use them to define
(j—1)-schemas:

5% = (B RV R, RY)

v

For the case « a successor ordinal, we define
1
ESt =Ws,(S%)

For o a limit ordinal we define EY = J;_, ES.
Observe that by the inductive hypothesis on j we know that every EY is ;-measurable, and therefore all (j—1)-schemas

S% are p-measurable.
Fact 2. The sequences E$, for every v, are increasing sequences of sets.

Proof. It follows by induction from the definition of E%. We know that ¥ = E C E] and if E¥ C E*! then E9+! C
E%t2. O

Since no uncountable strictly increasing sequence of real numbers exists, for every v € {0, 1}* there exists a countable
ordinal oy such that the measure w(E$) stabilizes at ay, i.e.

W(ESY) = w(EY) , forall B > a

Let «,, be the supremum of «, for v € {0, 1}*. Note that «,, being a limit of countably many countable ordinals, is itself
a countable ordinal. Let

U=U(E‘;‘<>H \5‘50) (1)

By the definition of o, we have that M(E€t°+] \ ES°) = 0. Hence the set U is a countable union of u-null sets and is
therefore p-null.
Our goal now is to prove that:

B c U EycEruU (2)
o<mw
This will show that |, _,, EV is a measurable set, since every set contained between two measurable sets of equal

measure (i.e. ES° and ES° U U) is measurable.

The left containment is trivial, hence let’s consider the inclusion Ua E¢ C E?,“ U U and assume, towards a contradiction,
that there exists a tree t € | J, E§ such that t ¢ E%° and t ¢ U.

The fact that t ¢ U implies, by the definition of U, that t ¢ E5°*'. Since by the hypothesis t ¢ ES°, this means that S%
and S**1 are t-equivalent.

By Lemma 3.12 this implies that t € W, p(S%) <t € W, p(S%+1). By the definition of E¢, for any «, this means that
t € E%*1 if and only if t € E%* 2.

Hence S%*1 and S%*2 are t-equivalent. By iterating the process, all the (j—1)-schemas S for B > o are t-equivalent.
In particular, t ¢ U,s Eff because t ¢ ES°. A contradiction.

What remains is to prove a relation between the sets E$ and WI"‘] as expressed by the following lemma.

Lemma 3.15. For every v € {0, 1}* and o < w1 we have
ES={t|msy(®)], e W] 3)
Proof. The proof is inductive on «. For o = 0 both sets are empty. For « a limit ordinal the equality holds by the inductive

assumption and the definitions of E§ and Wf‘] Assume that the equality holds for « and all v, we need to prove it for
a+1.
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Unravelling the definitions we obtain:
1
teE% & mgu y (D)), € Wi j_1
1
sy, € W,“f © Ty (Tsv®1y) € Wi j—1
Therefore, it is enough to prove that

s y(t) [v=nwﬁ‘j(”8,v(t)[\/) (4)

Note that the j-schema S contains exactly the same sets as the (j—1)-schemas S%* except for the sets Rf,]) = E¥%. That
is, wse y(t) operates as ms, y(t) but additionally every first occurrence w of j under v is replaced by T or L depending
whether t € ES,. By the inductive assumption (3), this is equivalent to checking whether the subtree 75 ,(t)[,, belongs to
W};. Therefore, (4) follows. O

The proof of Proposition 3.14 is concluded by the following fact and the measurability of Ua<w1 E¢ that follows from (2).
Fact 3. For every v € {0, 1}* we have |, _,, ES = Wa.v(S).

Proof. By (3) and the definition of Ws ,(S) we have
Ey ={t|msv(®)], e W}
Wi (S) ={t|msv(®)], e Wi j}

Therefore, the fact follows directly from Theorem 2.9. O

3.4. Proof of Theorem 1.5

We conclude this section by proving Theorem 1.5 using the set U defined in (1) in the proof of Proposition 3.14.

Proof. If j=k and S is the trivial j-schema ()v then by (3) for every v € {0, 1}* and o < w1 we have
ES ={t|t], e Wy}

because the projection 75 y(t) in that case does not modify the given tree t. In particular, for v =€ we have E¢ =W/,.
Recall the definition of the set U in (1). Theorem 1.5 follows from (2) for v =€ and the fact that U is p-null. O

4. Kolmogorov’s R-sets

In this section we provide the basic definitions and state the main results of the theory of R-sets. The expository article
of Kanovei [21] constitutes an excellent introduction to the topic.

As outlined in the introduction, one of Kolmogorov’'s motivations for investigating R-sets was to identify a large
o -algebra of measurable (and more generally, “well-behaved”) sets. The approach followed by Kolmogorov [24] for ob-
taining such a o-algebra is based on the identification of a family F of “safe” operations on sets guaranteeing that, for
f e F, the set f(X1,...,Xn,...) is measurable whenever every set X; of the input sequence (X;) is a measurable set.
Clearly, the operations of countable union (), countable intersection (()) and complementation (—) are safe operations.
Another important safe operation, today well-known as the Suslin operation (.A) had been discovered in 1917 (see, e.g. [23,
§14.C]). Kolmogorov's insight was to generalize this idea and define an R-transform mapping a safe operation f to a new,
more expressive safe operation R(f). As we will discuss below, it is the case that R(| J) =.A, and further iterations of the
R-transform and complementation produce strictly more expressive operations. Using the R-transform, Kolmogorov defined
the o-algebra of R-sets as the least o -algebra containing the open sets and closed under F, where the family F is itself
obtained by closing the familiar operations {| J,(), —} under the R-transform. An equivalent definition, more convenient
for our purposes, is obtained by considering the least o -algebra containing the clopen sets and closed under the family F
obtained by closing the single operation | Jo[) (see Definition 4.8) under the co-R operation (see Definition 4.13). After
this brief informal introduction, we now proceed with the formal definitions.

In the rest of this section we fix a zero-dimensional Polish space X. A (countable) operation on sets is a function
I': (P(X)® — P(X). Note that, e.g., the operation of complementation can be seen as a countable operation ignoring
all but its first input: —(Ag, ..., Ap,...) = X\ Ao.

Among the family of all operations, an important subfamily is that of positive analytic operations. Informally, these are the
operations that are monotone and such that the question “does x belong to F((An)new)" is completely determined by the
set of indices {n | x € Ap}.
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Definition 4.1. A positive analytic operation is an operation I such that, for any two sequences (Ap)nee and (Bp)new, it holds
that:

1. (monotonicity) Vn € @ (Ap € By) = I'((An)new) S T'((Bn)new), and
2. forallx,ye X if Vnew (x€ A, & y € By) then

Xxe F((An)new) S ye r((Bn)new)

An alternative and very convenient description of positive analytic operations can be given by introducing the concept of
a basis of an operation TI'.

Definition 4.2. We say that N C P(w) is a basis for an operation I' if
F((An)nea)) = U ﬂ An
SeNneS
For any N € P(w), the unique operation induced by N is denoted by I'y.

Note that the union is uncountable if N is uncountable. The following proposition is due to Kantorovich and Livenson
([22, Theorem 1, page 230])

Proposition 4.3. An operation I is positive analytic if and only if there exists N C P(w) such thatT" =Ty.

Remark 4.4. Observe that if N is a basis for I', then also its upward-closure N’ = {X € P(w) |3Y € N (Y C X)} is a basis
for I'. Hence, we can always assume that the basis N of a positive analytic operation is an upward closed set.

Example 4.5. The countable union operation (| J) is positive analytic with, e.g., basis N = {{n} | n € w}. Similarly, the opera-
tion of countable intersection has basis N = {w}.

In the rest of this article we only consider positive analytic operations, henceforth referred to simply as operations. It will
be convenient, in what follows, to assume that the countably many arguments of an operation I' are indexed by a countable
set (called the arena of I') denoted by Ar. Thus an operation I' has type I': P(X)AT — P(X). Clearly this is just a useful
notational convention, since w and Ar can be put in bijective correspondence. A basis for I' is taken to be a collection
N € P(Ar) such that I'((As)sear) = Usen MNsen As-

Example 4.6. The Suslin operation .4 is defined (see, e.g. [23, §14.C]) using A 4 = w*, the set of finite sequences (including
the empty sequence ¢) of natural numbers. The basis N of A is the set of maximal chains (under the prefix relation)
of sequences. In other words, each S € N is the set of all prefixes of an infinite sequence of natural numbers. The Suslin
operation is defined as:

A((BS)SEAA) = U m Bs

SeNseS

We now define transforms on operations, as outlined at the beginning of this section.

Definition 4.7 (Composition). Given two operations I' and ® their composition ® o I' is the operation with arena Ar x Ag
defined as:

®o F((As,s/)seAr,s/eA@) =0 ( F((As,s’)seAr)s/EA@)
A basis for ® o T" can be given ([21, §1]) by N C P(Ar x Ag) consisting of all pairs S x S’ with S € Nr and S’ € Ng.
Example 4.8. The operation |, (N, An,m coincides with (o).

Definition 4.9 (Dualization). For a given operation ® with an arena Ag and a basis Ng, we define a dual operation co-®
with the same arena Ag, defined as:

CO—@((AS)SEA(-)) = m U As

SeNg@ se§
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A basis for the operation co-® is given by

Neo-o =S € P(Ao) | VT € No (T NS £ B} .
See, e.g. [21, §1].

Example 4.10. The following equalities hold: co-|J=(") and co-(=UJ.

Proof. Recall that A j=An =w with N ={{n}|n € w} and N = {w}. Then N¢,_| j consists of sets which have nonempty
intersection with every singleton. But there is only one such set: @. Hence, N, | j = N.
The second equality is a bit more involved. By unfolding the definitions we have

x€co-[)((Annew) © IS Cw (SN #M) A (YN €SXE Ap)

If the right expression is satisfied, then it is satisfied by a minimal S = {n}, for some n € w. Therefore the right condition
is equivalent to In € w (x € Ap), i.e, xe ((An)new). O

Definition 4.11 (R-transform). The R-transform of an operation ® with a basis Ng is the operation R® with the arena
Ar = (Ap)* (finite sequences of elements in Ag) and the basis:

Nro € {SC (ho)* €€ SAVEES [veAe |tveS)eNe) (5)
where ¢ denotes the empty sequence and tv the concatenation of t € (Ag)* with v € Ag.

The definition of the basis can be read as follows. The elements S € Nrg are sets of finite sequences which, when

ordered by the prefix relation, can be seen as trees with € as the root. Then, a tree S is in Ngg if and only if, for all of

its vertices t € S, the set {v € Ag | tv € S} corresponding to the children of t in S, is in Ng. Hence, Nrg is the set of trees
whose possible shapes are determined by Ng. The following simple example illustrates the definition of the R-transform.

Example 4.12. The following equality holds: R|J = A.
Proof. Recall that Ay =w and N = {{n} | n € w}. By the definition, A |, is @* which is indeed the arena of A as
in Example 4.6. Hence, we just need to check that N4 = N . This follows directly from definitions since an element
S € Ng |y is a linearly ordered (by prefix relation) set of finite sequences, and it can be seen as an infinite tree with only
one infinite branch. O
Definition 4.13. We denote by co-R the composition of the transforms co- and R, and define the operations

Ok def (co-R)k( U o ﬂ )

where  Jo() is as in Example 4.8.

Definition 4.14. For a positive number k > 1, we say that a set A C X is an R-set of k-th level if and only if A =
@k((US)SEA@k) for some Ag,-indexed family of clopen sets U C X.

In what follows, by R-sets we mean R-sets of finite levels. The rest of this subsection is devoted to the proofs of basic
properties of R-sets.

Lemma 4.15. The k-th level of R-sets is closed under pre-images of continuous functions.

Proof. Continuous pre-images of clopen sets are clopen. Therefore the following equation, valid for an arbitrary operation ®,
concludes the proof

S (O(Esene)) = 71| U NEs | =

NeNg seN

=UJ Nr'E=

NeNg seN

= @((f_1 (ES))SEA@) =
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Proposition 4.16 (Normality of R ). For a given operator © the classes of sets which can be obtained by operators R® and R® o RO
are the same.

This theorem is proved in Kolmogorov's seminal work [24]. The proof is essentially a direct generalization of the analo-
gous result about normality of the Suslin operation (see, e.g. [23, Proposition 25.6] or [21, page 130]).

We say that an operation I' preserves measurability if for any family € = {Es}sca Of measurable sets, the set I'(£) is
measurable. The following theorem motivates our interest on the notion of R-sets.

Theorem 4.17 (Kolmogorov). If T and ® preserve measurability then I o ®, RT, and co-T" preserve measurability.

Kolmogorov in [33, Theorem 6 in Appendix 2, page 273| mentioned that the proof follows from application of the method
of Lusin and Sierpifski presented in [26] (see also [27, Theorem 4] and Section 7 in [21]).

Corollary 4.18. All R-sets are measurable.

5. Matryoshka games

In this section we define Matryoshka games, a variant of parity games which makes it easier to establish a connection
between the languages WW; and the operations ® (see Definition 4.13 in Section 4) and thus with the finite levels of the
hierarchy of R-sets.

A Matryoshka game is the familiar structure of a two-player parity game played on an infinite countably branching graph,
extended with a labelling function assigning to each finite play (i.e. every sequence of game-states ending in a terminal state)
a play label. Formally:

g=(vo=v§uvy F9,E9, v, Q% AT, 1abel’)

such that (V9 = V;j U Vg, FY9,EY, v,g, Qg> is a standard parity game with terminal positions F9. Let us define precisely all
the elements:

e VY is a countable set of positions of the game,

e FY is a countable set of terminal positions of the game,

E9 VY9 x (VI UFY) is the edge relation,

v,g € VY is the initial position,

Q9:.v9 > {i,...,k} C w is the priority function,

AY is a set of play labels,

labelY: (V9)*F9 — AY is a function assigning to finite plays their play labels.

We assume that for every v € V9 there is at least one v/ € V9 U FY such that (v, V') € EY, so that the only terminal
game-states are in FY. As for standard parity games, the pair (i,k) containing the minimal and maximal values of Q is
called the index of the game. By P € {3, V} we denote the players of the game. The opponent of P is denoted by P.

A play is defined as usual as a maximal path in the arena, i.e. either as a finite sequence in (Vg)*Fg or as an infinite
sequence (V9)®. Similarly, a strategy o for a player P is a function o : (V9)"V§ — V9 UFY defined as expected.

A set of play labels X € AY is called a promise. A finite play 7 is winning for 3 with promise X if label(7r) € X. An infinite
play 7 is winning for 3 if (lim SUPp_s 00 QY ( (n))) is even, as in the standard parity condition. If a play is not winning for 3
then it is winning for V. A strategy o for Player P is winning in the Matryoshka game G with promise X (shortly X-winning) if,
for every counter-strategy T of P, the resulting play 7 (o, ) is winning for P with promise X, in the sense just described.
The following proposition directly follows from the well-known determinacy of parity games.

Proposition 5.1. If G is a Matryoshka game with play labels A9 and X C A9 then exactly one of the players has a winning strategy
in G with promise X.

Proof. By reduction to the standard parity games: first, we can assume that we play on the unravelling of the arena with
additional loop-edges on elements of FY. For a given promise X C A9 we can set the priorities on FY such that the position
in the unravelling corresponding to f € FY is winning for 3 if and only if the label of the unique play reaching this position
belongs to X.

A winning strategy for P in the obtained game gives an X-winning strategy for P in the original game. O

The point of allowing parametrized winning conditions in Matryoshka games is the possibility of defining set-theoretical
operations with a direct game interpretation. Given a Polish space X, the operation on sets (see Section 2) associated with a
Matryoshka game G (denoted G(€)) has arena AY and is defined as follows:
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Fig. 2. The game G corresponding to the operation [ Jo ().
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Fig. 4. The game RG.

{x € X | 3 has a winning strategy in G with promise {s € AY |x e ES}} (6)

where £ = (E5)scpg is a family of subsets of X.

We now define a Matryoshka game called Gy, whose associated operation is precisely the operation (| Jo()) (as in
Example 4.8 of Section 2). The structure of Gy is depicted in Fig. 2. This is a simple game of two steps, where 3 chooses a
number n and V responds choosing a number m. After these choices are done, the play reaches a terminal position.

More formally, let the arena V9 consist of the sets of positions Vgg0 ={ep} and va" ={ag,ay,...}; and let F9% = {fy |
n,m e N}. Let E% contain pairs of the form (eg, a,) and (ap, fam) for n,m e N. Let AY% = 2. Note that all the plays of Gg
are finite and of the form 7 = (e, an, fu.m). For such a play, let label% (r) = (n,m). Let Q9% : VY% — {0} be the constant
function.

We now introduce transforms on games which directly match the corresponding transforms on operations defined in
Section 2.

Game co-G For a Matryoshka game G of index (i, k), we define co-G as the game obtained from G by replacing the sets

V3 < Vy and increasing all priorities in © by 1 (see Fig. 3). Note that the index of co-G is (i+ 1,k + 1), and that the sets

of plays in the two games are equal. We define A9 4fAG and labelco'g(n) def labelg(n).

Game RG Lastly, we define the R-transform on games. Let us take a Matryoshka game G of index (i, k). Let 2j be the
minimal even number such that k < 2j. The game RG is depicted in Fig. 4.

A play in the game RG starts from a first copy of G. In this inner game, the play m can either be infinite (in which
case r is a valid play in RG and is winning for Player P if and only if it is winning for P in G) or terminate in a terminal
position of G. In this latter case, Player V can either conclude the game R, or start another session of the inner game G.
Observe that if V always chooses to start a new session, he looses because the even priority 2j is maximal in RG.

The set of play labels ARY is defined as (Ag)*, i.e. the set of finite sequences of play labels in G. The set of positions

VRY of RG is defined as {ap,as,...} Uw x VY. Each vertex a, belongs to V (i.e. ay € VX9). A vertex (n,v) €  x V9
belongs to a player P if and only if v € Vg. RG has infinitely many terminal positions fo, f1,... The priority function on
 x VY is the same as in G. All the vertices a, have priority 2j. The edges in RG are of the following forms:

o if (v, V') € EY with v, v’ € VY then ((n, v), (n,v)) € ERY for n e N,

o if (v, f) € EY9 with ve VY and f € FY then ((n,v),a,) € ERY—instead of a terminal position of G we move to the
successive vertex of V,

e additionally, we add edges (ap, (n + 1, v,g)) € ERY and (ay, fn) € ERY,

We let the initial position of RG be (0, v,g).
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The crucial part of the definition of the R-transform are the labels. Consider a finite play 7 that reaches a terminal
position f, of RG. Such a play has lasted for n rounds until it reached the terminal position f,. In that case, the play 7 is
of the form:

aoTToa1 7Ty - - . Tn—10n fn
where 7; corresponds to a play in G. Let x; be the label assigned by G to the play m; and let
label™®Y (77) = (X0, X1, ... Xn—1)

Given the basic Matryoshka game Go and the two transforms of games co- and R, we can construct more and more
complex “nested” games. This fact motivates the name Matryoshka for this class of games. We denote with G, the game
obtained from Gg by iterating k-times the transform (co-R).

By the definition, the game Gy for k > 0 consists of infinitely many copies of G;_; and an additional set of new vertices,
see Fig. 4. These new vertices are called the k-layers of the game. Therefore, by unfolding the definition, each vertex v of G
is either a vertex of a copy of Gy or it belongs to a j-layer for some 1 < j <k. Observe that if v is in a j-layer of Gy then

Q9% (v) =k+j—1 and (v e VI & k+j—1=0 (mod 2)) 7)

We are now ready to state the expected correspondence between the operation ®; of Section 2 and the Matryoshka
game Gy.

Theorem 5.2. For every k € w the basis Ng, of the ®y operation equals the family
promise(Gy) def {X C Ay | 3 has a winning strategy in Gy, with promise X}.

Proof. The proof goes by induction. First take k = 0. Note that the following family forms a basis of ®y = Jo[):
Ne, = [N C @* |3y (1. m) € N}

Observe that a strategy of 3 in Gy coincides with the selection of the first number n. Then V selects the second number m
and the play ends in a terminal position with label (1, m). Therefore, the family of promises of winning strategies of 3 in
Go coincides with Ng,.

Now assume that Ng = promise(G) and we prove that we have N, = promise(co-G). Let A be the set of play labels
in G. Observe that the following conditions are equivalent (by w.s. we abbreviate winning strategy):

X € Neo-0
by the definition of co- ®
VX' eNeg XNX'#£0
Ng is upward-closed (Remark 4.4)
A\ X ¢ Neo
by the inductive assumption
there is no (A\ X)-w. s. for 3in G
by the definition of co-G
there is no X-w. s. for V in co-G
by determinacy (Proposition 5.1)
Jhas an X-w. s.in co-G
by the definition of promise(co- G)
X € promise(co-G)

Now assume that Ng = promise(G), we prove that Nre = promise(RG). This will finish the inductive proof of the
proposition. As above, let A equal arena(G). Additionally, let G! denote the sub-game of RG corresponding to the i-th copy
of G (formally, G' contains vertices of the form (i, v)).

First assume that o is an X-winning strategy for 3 in RG. We need to show that X € Nrg. Clearly € € X since V can
move directly from ag to fo. Let 5 € X. We need to show that {x | sx € X} is an element of Ng. Let i = |5| be the length
of s. Observe that s € X means that there exists a finite play 7 that is consistent with o that goes through the sub-games
G, ...,G"1 and then to g; and f;, formally:
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Fig. 5. “Normalization” of game languages—the same technique works for both binary and w-branching trees.
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Consider the strategy of 3 ¢’ in G obtained as restricting o to sequences that extend ag7y - - - wi_1a; (i, v,g), where (i, v,g)
is the initial position in the i-copy of G. This strategy is winning with some minimal promise X’ C A. Note that if there is
a play 7’ consistent with o’ such that labelg(n/) = x then 5x € X—directly after the play 7/, player V can decide to move
from aj4q to fiyq. Therefore, o’ witnesses that {x | 5x € X} € Ng.

Now assume that X € Nge. In particular X € A* and for every element s € X we have {x|sx € X} € Ng. We need to
construct an X-winning strategy o of 3 in RG. The strategy is defined inductively, between successive sub-games G!. The
invariant says, that if a play 7 consistent with o reaches the terminal position fj, then label®Y (r) € X. Assume that we
have reached q; after a play & such that the label of 7 f; is s. By the invariant, we know that s € X. In particular, there exists
a winning strategy ¢’ of 3 in G with the promise {x | 5x € X}. Let o follow the decisions of ¢’ until reaching a terminal
position of G (i.e. the position a;;1 in RG). We now prove that o is X-winning. Let 7 be a play consistent with o. There
are the following cases:

e 7 is a finite play and by the above invariant label™®9 (1) € X.

e 7 is an infinite play that stays from some point on in one of the sub-games G'. In that case 7 is winning for 3 since it
contains a winning play in G as a suffix.

e 7 is an infinite play that passes through infinitely many sub-games G!. In that case all the vertices a; are on 7 so

limsup Q(mr(n)) =2j
n—oo
where 2j is the highest priority occurring in RG. Therefore 7 satisfies the parity condition and is winning for 3. O
Corollary 5.3. For each k and each family (Es)ses, we have Ok((Es)sea, ) = Gk ((Es)seay)-
5.1. Relation between the R-sets and the index hierarchy

In this subsection we shall establish a precise correspondence between the finite levels of the hierarchy of R-sets and
game tree languages W, k. The proofs will make use of the “intermediary” concept of Matryoshka games, introduced in the
previous section.

As a preliminary step, it is convenient to define a variant of game tree languages over countably branching trees. This
will simplify the proof of the connection between the languages W and the Matryoshka games which are played on
countably branching structures.

Definition 5.4. Let Trf‘Z) be the space of labelled w-trees
t: 0" — (3, V) x {i,....,k, T, L}

Each t € Tri(_‘;i) is naturally interpreted as a parity game on the countable tree structure, with the possibility of terminating
at leaves, labelled by T and L, which are winning for 3 and V, respectively. We also require that the following simple
technical conditions are satisfied:

1. in the root there is a vertex (P,k) where P=3ifi=0and P=Vifi=1,

2. for a vertex v € »?" on an even depth in the tree, if the label of v is of the form (P, j) then the labels of all the vertices
vl e w* for l € w are (P, j), see Fig. 5. In other terms, the players appear alternately and the priorities are duplicated
every second level.

Definition 5.5. W(‘”) - Tr,(“,:) is the set of w-trees such that 3 has a winning strategy.
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Fig. 6. Reduction of Wl(“;) to Wo 3.

An easy argument shows that
Lemma 5.6. Dropping conditions 1. and 2. in Definition 5.4 defines a language which is Wadge equivalent to W“")

Proof. Let us start from an observation that adding technical requirements regarding the same ranks on two subsequent
levels 2n and 2n + 1 of a given tree and requiring that the players 3 and V move one after another in turns does not limit
generality from the point of view of Wadge reducibility. Namely, as illustrated by Fig. 5 we may modify arbitrary graph to
fulfil the additional requirements. O

The following routine lemma establishes the connection between the w-branching game tree languages Wl(‘,‘(’) and binary
(as in Section 2) game tree languages Wi .

Lemma 5.7. Fori < k the language W;  is Wadge equivalent to Wl(j_”f i In particular Wo 1 ~w Wl(“;) and Wi 3 ~w Wéf’;) )

Proof. Let us start with a reduction of Wl(f% « to Wi. To encode infinite branching we use a standard trick—each leftmost
branch B in the binary tree is treated as a one vertex V. Right children of vertices in B are treated as children of V. To
guarantee that a player P who can choose a child of V will always exit branch B, we label vertices along B with the lowest
possible priority loosing for P (i.e. i or i + 1). One should notice, that such a labelling does not increase limsup of a play
that contains infinitely many right children.

The Wadge reduction of the language Wf“;) to W 3 is shown in Fig. 6.

Technically more involved is a reduction of Wj to Wi(f]),k. The proof below follows a standard technique of reducing
binary branching games to w-branching games. Without loss of generality let i = 0 (i.e. priority winning for 3). A continuous
reduction ¢ maps a tree t € Tr; ; into ¢(t) € Trfﬂ « and is defined as follows. When we encounter a vertex with priority
greater than 0 it is copied without any change—we can duplicate both of the children of this vertex infinitely many times,
to make sure that the obtained tree is w-branching.

The situation is different when we encounter a vertex v with priority 0. In this case a vertex v/ = (¥, 1) with w children
is produced. Intuitively, since priority O is loosing for V he wants to visit vertices with higher priorities. Let 7, (n € w) be
a list of all finite strategies of V starting from v in t. The successive children of v’/ correspond to the strategies (T;)nen. In
order to decide children of t,, we consider possible choices of 3 against strategy t,. This gives finitely many options which
we verbatim copy as children of 7,, unless a priority of such a child is 0. Then we decide that V looses and mark it as T.
We will prove that ¢ is a Wadge reduction by showing the following equivalence

te W, ifandonlyif ¢(t)e W,(fl) -

The proof is based on the heuristic that if V cannot reach a priority greater than O then he looses.

Assume first that o is a winning strategy of 3 on the tree t. We need to show that 3 wins on ¢ (t). We play according
to o on ¢(t) until there appears a vertex with priority 0. Assume now that V selected a finite strategy t,. Since o and
T, define a unique answer of 3 in t we can select the counterpart of this answer in the tree ¢(t). Since o is winning, the
above strategy either reaches T or the parity condition is satisfied.

Assume now that o is a winning strategy of 3 on ¢ (t) and towards a contradiction assume that t is a winning strategy
of V on t. We play these two strategies against each other as far as the priority O is not reached in t. If 0 is reached, then
against o we play a finite approximation 7, of T which avoids vertices of rank 0 (if every approximation of T contains
a O-labelled leaf then according to Konig’s lemma we would be able to construct a path in 7 containing only 0-labelled
vertices—a path loosing for V). If o selects a leaf w of 7, in ¢(t), we mimic the same gameplay in t. As a result, the visited
priorities in t and ¢ (t) must be the same, but this contradicts our assumption that the strategies o and t are winning for
3 and V respectively. O



126 T. Gogacz et al. / Information and Computation 256 (2017) 108-130

The fact that W; ; corresponds to Wff; « reflects the cost of the translation of w-branching games into binary games: an
extra priority is required to mimic countably many choices by iterating binary choices. Thanks to this lemma, in Theorem 1.6

one can replace the languages Wi_1 2x—1 with the languages W,S‘;;(_r

Having established this convenient correspondence between Wj_1 2¢—1 and the languages W/E,C;L—r we can go back to
our original intent.

The result of Corollary 5.3 can be read as follows. Every R-set belonging to the finite levels of the R-hierarchy is also
definable by Matryoshka games. This allows us to state a first relationship between R-sets and the hierarchy of game tree
languages.

Lemma 5.8. Given a Polish space X, let A C X be a set defined by a Matryoshka game A = gk((Es)seAk), for k> 1. Then A <w
ngwZ;kl'

Proof. By the definition (see Equation (6)) of the membership in A, we have that x € A if and only if the game Gy with the
promise {s € Akg | x € E5} is winning for the player 3. Observe that Gj uses k-priorities and it’s greatest priority is odd. Thus,
let us assume without loss of generality, that Gy has index (k, 2k — 1). We define the function f: X — Trﬁfqu as mapping
x to the corresponding unfolded parity game, where each terminal position s is replaced by T if x € E; and L if x ¢ Es, as
described in the proof of Proposition 5.1. Since all sets Es are clopen (and thus the corresponding characteristic function
XE, is continuous) the function f is continuous. Therefore we have that x € A & f(x) € W,i_";;cfl and this concludes the
proof. O

Corollary 5.9. For every R-set A belonging to the k-th level of the R-hierarchy, it holds that A <w Wk_1 2k—1.

In other words, the game tree language W_1 2k—1 is hard for the sets belonging to the k-th level of the R-hierarchy.
We will now strengthen this result by showing that W_; 5x_1 is complete for the k-th level of the R-hierarchy. To do this

we show that W,Ef;;(f] belongs to the k-level of the hierarchy of R-sets.

We will do so by explicitly constructing a family & = (Es)sea, of clopen sets in Tr,i‘y‘?bl such that @y (&) = W,if‘;lfl,
where Ay is the arena of the operation ®y. The construction requires some effort. First we recall from Section 4 that
the arena of the operation Jo() is Ag = {(n,m) | n,m € w} (the pairs of natural numbers) and from the definition
of the R-transform we have A, = (Ak_1)*. Thus, for all k € w, Ay is a set of nested sequences of pairs of natural
numbers. For a sequence s € Ay we define the maps flatten and prioritiesMap such that flatten(s) € Aj and
prioritiesMap(s) € w*.

The formal definitions of the functions flatten and prioritiesMap are given in the following code listing.” The
data structure NestedList is an abstraction of a list which naturally allows to consider Ay, that is sequences of sequences
of...of sequences.

-- run at http://www.fpcomplete.com/user/henryk/kolmogorovflatmaps
data NestedList a = Elem a | List [NestedList a]

deriving (Show)
-- straightforwardly define flatten

flatten :: NestedList a -> [al]

flatten (Elem x) = [x]

flatten (List x) = concatMap flatten x

-- prioritiesMap defines through auxialliary prioritiesMap’

prioritiesMap (x) = prioritiesMap’ (x,0)

prioritiesMap’ :: (NestedList a, Int) -> [Int]

prioritiesMap’ (Elem a,n) = [n]

prioritiesMap’ (List (x:[]), n) = prioritiesMap’ (x,n+1)

prioritiesMap’ (List (x:y:Xs),n) = prioritiesMap’ (x,0) ++ prioritiesMap’ (List( y:xXs),n)
prioritiesMap’ (List [],n) = []

The map flatten takes a nested sequence in Ay and returns the “flattened” sequence, that is all the braces are
removed, for example

£latten((((2,15))), (((7,5)), ({6,4))))) = ((2,15), (7, 5), (6, 4)).

The function prioritiesMap computes the number of the closing brackets after each pair of natural numbers:

5 Code can be run locally on a computer or on-line on fpcomplete server; the service allows on-line modifications, in particular playing with more
examples, see the webpage http://www.fpcomplete.com/user/henryk/kolmogorovflatmaps.
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Fig. 7. An illustration of treeMap.

prioritiestap(((((2.15)). (7.5)). (6,4)) = (2.1.3).

We also define treeMap(t,s) where t € Tr,((wz)k_l and s € Ay. Each vertex on an even depth in the w-branching tree t
can be identified with a sequence of pairs of natural numbers. Then, if s € Ay, the function treeMap(t,s) computes first
flatten(s) and returns the sequence of priorities assigned to the vertices along the path of t indicated by flatten(s).
Fig. 7 shows an example of a tree t such that

treeMap(t, ((((2,15))), (((7,5)), ((6,4))) = (2, 1,3).

Define & = (Es)sea, such that for t e Trg"z)kil we have t € E; iff for

e V=prioritiesMap(s),
e b= treeMap(t,s),
e L=min{kew|v(k)#bk)}

v # b holds, and either b(L) =T or
min(b(L), v(L)) =0 (mod 2) (8)

It is simple to verify that the sets Es are indeed clopen in the space Trl< 1
Theorem 5.10. Vk > 1 ©(&) = W%, _;.

Proof. The proof is based on Matryoshka games. Consider a tree t € Trk k1 and assume that a player P € {3,V} has a
winning strategy o on the tree t. We claim that P has a winning strategy in the Matryoshka game G, with promise &.
From this fact the theorem will follow by an application of Corollary 5.3 and Proposition 5.1. For the simplicity we assume
that P =3, the opposite case is analogous.

We will simulate the game on t in the Matryoshka game Gy. A play in G consists of playing pairs of numbers (corre-
sponding to moves in t) in the copies of Gy and additionally of deciding whether to exit a j-layer of the game or not. We
say that a play in Gy is fair if whenever the players encounter a priority k+j in t then they exit exactly j first layers of Gy
(i.e. the layer j+1 is reached) and if they encounter a symbol | or T then the players exit all the layers of G.
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Let 3 use the original strategy o in the copies of Gy and play “fairly” as long as V does. If V also plays “fairly” then
the play is winning for 3: either T is reached in t and 3 wins since t € Es or the play is infinite and 3 wins by the parity
condition—the priorities visited in Gy agree with those visited in t, see (7) at page 123.

If V does not play “fairly” (i.e. when a priority k+j is reached in t he does not exit the [-layer of Gy with [ < j or he
exits the (j+1)-layer of Gi) then 3 uses the following counter-strategy: whenever possible she exits the current layer of Gy.
There are two possible developments of such a play. The first case is that V allows to exit the whole game and then 3 wins
thanks to (8). Now assume that V never allows the game to reach a terminal position. In that case, let j be maximal such
that the j-layer of Gy is visited infinitely often. By (7) we know that the limit superior (i.e. limsup) of the priorities visited
in Gy is k+j—1 and since V is the owner of the vertices in the j-layer of Gy so k+j—1=0 (mod 2). Therefore, 3 wins the
play by the parity condition. O

As a consequence of Corollary 5.9 and Theorem 5.10 we obtain the desired completeness result.
Theorem 1.6. Wy_1 k—1 is complete for the k-th level of the hierarchy of R-sets.

We note that this implies that every game tree language Wy is an R-set belonging to the finite levels of the
‘R-hierarchy. Thus, by application of Kolmogorov’s results (Theorem 4.17), we have obtained an alternative proof of The-
orem 1.3 on the measurability of Wi .

Remarks The notion of R-sets is a robust concept and admits natural variations. One can equivalently work in arbitrary
(not necessarily zero-dimensional) Polish spaces and start from a basis of, e.g. Borel sets rather than clopens. The family
of operations ®; = (co—R)k(Uoﬂ) can be replaced by, e.g. either (co-R)"(U) or (co-R)"(ﬂ). Similarly, one can consider
binary rather than countably branching Matryoshka games. The notion of R-sets remains unchanged in these alternative
setups.

6. A remark on continuity of measures on Wi

As we mentioned in the Subsection 1.3 of Introduction, a natural method of proving continuity would be through an
application of the Boundedness Principle (see, e.g. Section 34.B in [23]). In this Section we verify that indeed the method
works for Wp 1 but not for Wi 3 nor higher indices.

6.1. The Boundedness Principle for Wy 1

In this section we prove the statement of Theorem 1.5 for Wy 1, i.e. for the particular case of i =0 and k= 1.
Consider a Borel measure p such that (Mg 1) > 0. We will prove the following proposition.

Proposition 6.1. For every Borel set G € W) 1, there exists a countable ordinal o < w1 such that G € W ;.

The desired continuity property then follows from the above proposition as follows. Let G € Wy 1 be a Borel set such
that ;£t(G) = Wp.1. Such a set G exists since Wy 1 is a measurable set. Then u(G) < M(ngl) <uWo.1) = u(G).

The rest of this section is devoted to a proof of Proposition 6.1.

For a tree t € Trg,; we define

rank(t) = minfa < w1 |t € W5}
or rank(t) = w1 if the minimum is not well-defined. Note that since by Theorem 2.9 the equality W\ = Ua<w1 W&1 holds,

rank(t) = wy if and only if t ¢ W 1.
We now establish the following technical fact.

Proposition 6.2. For i = 0 and k = 1 the rank rank is a co-analytic rank ([23, §34.B]), that is there exist a co-analytic relation
gn} C Tro.1 x Tro,1 and an analytic relation 52} C Tro,1 x Tro,1 such that for every s € Trg 1 and t € W1 holds

1 1
rank(s) <rank(t) < s<Mit & s<¥t

Proof. This technically looking statement actually follows quite easily either through a direct definition of appropriate
relations 5“% C Tro,1 x Tro,1, 5211g Tro,1 x Tro,1 on Tro,; or through an application of the Borel derivative method, see [23,
Section 34.D and Theorem 34.10]. We decide below for the second method, because it is conceptually simpler. Formally,
a derivative works on partial trees (that is, restrictions of t € Tro 1 to certain prefix-closed subsets of the binary tree) and
assigns to a partial tree t another partial tree D(t) C t.

First note that the set Do of partial trees t on which 3 has a winning strategy that visits at most once priority 1 and
either ends up in a finite vertex without extensions in t or wins in the infinity in the usual sense of the parity condition,
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Fig. 8. The tree f(t).

is a Borel subset of partial trees: by Konig's lemma it is enough to have longer and longer finite (i.e. specified up to a finite
level of the tree) strategies visiting 1 at most once. Thus

Do = [r|ﬂ{r¢n € Fn}]

where t|, denotes the partial tree obtained by removing all the vertices of t of depth >n and F, is the set of partial trees
of depth at most n which have a strategy o3 for 3 such that any play consistent with o3 visits 1 at most once. The sets Fj
are clearly Borel sets, hence Dg is Borel.

Now, we define the derivative D as follows: D takes as input a partial tree t and returns the partial tree obtained by
removing from t a vertex w € dom(t), and all the descendants of w in ¢, for all w such that t[,, (the subtree of t rooted
at w) is in Dyg.

Clearly, such a derivative is decreasing (i.e. D(t) Ct, for all t). Thus, by iterating D on input t, we eventually reach a
fixed-point t':

tS D) S DDE)C...t' =D()

We then observe that t’ = € if and only if t € W 1. The number of applications of D to t until reaching € (denoted |t|p
in [23, Section 34.D]) is exactly rank(t). Also, as a mapping from partial trees to partial trees, D is clearly a Borel function
(because Dy is Borel). Hence D is a Borel derivative and from [23, Theorem 34.10] follows that rank is a H}-rank. ]

Since rank is a co-analytic rank on W) i, the statement of Proposition 6.1 is an instance of the Boundedness Principle
([23, Theorem 35.23]).

6.2. Failure of the Boundedness Principle for higher ranks

In this section we show that the method from Section 6.1 does not generalize to higher indices. Namely, we will prove
the following

Proposition 6.3. There exists a Borel (actually closed) set G € W 3 such that for all countable ordinals o < wy it holds that G ¢

o
1,3°
The rest of this section contains a proof of Proposition 6.3.

Proof. For a tree t € Try 2 let us denote with tree dual(t) € Try 3 the dual tree, obtained by replacing a label (P,i) by
(P,i+1), see Section 3.2. Clearly, t € W ; if and only if dual(t) ¢ W, 3.
def

Now, consider the set of trees G C Try 3 defined as G = {f(t) | t € Tr1 2}, where f: Try — Trq,3 is defined as f(t) =
(3, 1)(t, dual(t)), as shown at Fig. 8.

Note that G CTry 3 is a closed set since it is specified by a closed constraint: t € G if and only if for each v € {0, 1}*, if
t(0v) = (P, i) then t(1v) = (P, i+ 1). In particular, G is a Borel set.

Observe that for each t € Trq» either t € Wi » or dual(t) € W, 3. Hence, f(t) is always a tree winning for 3. Therefore
G S Wis.

Note that, if t € WW; > then 3 can win in f(t) by moving to the left subtree (i.e. t) and then playing a winning strategy
on t. Such a strategy does not visit any vertex having priority 3 and therefore, in accordance with the definition of Wj 3,
we have that f(t) € W113

Now consider, for an arbitrary countable ordinal ¢, a tree t such that dual(t) € ng C W, 3 but dual(t) ¢ W£3 for any
B <a.

Since dual(t) € W, 3, we have that t ¢ W; > and therefore any winning strategy for 3 in f(t) has to move to the right
subtree (i.e. dual(t)). Therefore, it holds that f(t) € VVf‘,3 and f(t) ¢ Wﬁ for any 8 < «.

Since « is an arbitrary countable ordinal, the proof of Proposition 6.3 is completed. O
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