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Study of automata — finite state machines

J. Richard Büchi [1960]
“Weak second-order arithmetic and finite automata”
Zeitschrift für math. Logik und Grundlagen der Math., 6:66–92, 1960.

Calvin C. Elgot [1961]
“Decision problems of finite automata design and related arithmetics”
Trans. Amer. Math. Soc., 98:21–51, January 1961.

Boris A. Trakhtenbrot [1962]
“Finite automata and the logic of one-place predicates”
Siberian Math. J., 3:103–131, 1962.

(English translation in: AMS Transl. 59 (1966) 23–55.)
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Structures

over an alphabet A — a finite set of symbols

Words:
α “ a a b c c b ¨ ¨ ¨

α : ω Ñ A

α P Aω

Signature: spxq, apxq for a P A
(or ď) no arithmetic ! ! !

Trees:

t “

a
b

a

b

...
...

b

...
...

b

c

...
...

a

...
...

c

b

a

...
...

c

...
...

a

b

...
...

c

...
...

t : t0, 1uăω Ñ A

t P Apt0,1u
ăωq

Signature: s0pxq, s1pxq, apxq for a P A
(or ĺ, ďlex)
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Logic

First-order (fo) logic:
Dx, ϕ_ ψ,  ψ, predicates

“

x, y — nodes of the structure
‰

Monadic second-order (mso) logic:
` DX , x P X

“

X, Y — sets of nodes of the structure
‰

ù expressive power subsuming ltl, ctl*, modal µ-calculus, . . .

If ϕ is over A then define set of words / trees over A:
Lpϕq def

“ tM |M |ù ϕu

called the language of ϕ
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Examples - words

— safety: @x.  apxq

— well-foundedness: @X. pDx. x P Xq ùñ
`

Dx. x P X ^ @y py P X ñ x ď yq
˘

Examples - trees
— two incomparable b:

Dx. Dy. bpxq ^ bpyq ^  
`

x ĺ y _ y ĺ x
˘

— infinite chain of a:
DX.

`

Dx. x P X
˘

^
`

@x. x P X ñ apxq
˘

^
`

@x. x P X ñ Dy. y P X ^ x ă y
˘

a

a

a

a

a
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Dx. Dy. bpxq ^ bpyq ^  
`

x ĺ y _ y ĺ x
˘

— infinite chain of a:
DX.

`

Dx. x P X
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Decision problems

Truth value:
— input a formula ϕ on words / trees (with no letter predicates)
— output whether

`

ω, s
˘

|ù ϕ /
`

t0, 1uăω, s0, s1
˘

|ù ϕ

Satisfiability:
— input a formula ϕ on words / trees (over an alphabet A)
— output is there a word / tree that satisfies ϕ

Universality:
— input a formula ϕ on words / trees (over an alphabet A)
— output whether all the words / trees satisfy ϕ

These are all the same: for ϕ over A consider

DXa . . . Xz.
`

X’s are a partition
˘

^ ϕrapxq Ñ x P Xa, . . .s
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Decidability

Theorem (Büchi [1962] / Rabin [1969])
The mso theory of

`

ω, s
˘

/
`

t0, 1uăω, s0, s1
˘

is decidable.

Proofs: Automata A
‚ A reads a structure M and accepts or rejects
‚ Define the language of A: (set of words or trees)

LpAq def
“ tM | A accepts Mu

‚ Construct automata recognising basic sets:
LpAPq “

 

txu b Y over t0, 1u2 | x P Y
(

‚ Implement logical operations in automata:
Connectives: A, B over A ù  A and A_ B over A

such that Lp Aq “ LpAqc, LpA_ Bq “ LpAq Y LpBq
Projection: A over Aˆ t0, 1u ù DXpAq over A that guesses X

‚ Transform ϕ into A and check if LpAq “ H
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Decidability

Theorem (Büchi [1962] / Rabin [1969])
The mso theory of

`

ω, s
˘

/
`

t0, 1uăω, s0, s1
˘

is decidable.

There exists an algorithm P
such that for every formula ϕ

the execution Ppϕq terminates
and returns TRUE iff ϕ is true
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Part 1

Topological complexity



Topology of infinite words / trees

(2 ď |A| ă 8)

words — Aω AptL,Ru
ăωq— trees

– –

t0, 1uω

–
the Cantor set

Lpϕq – set of points
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Descriptive set theory

Start from simple sets
ù open (Σ0

1) and closed (Π0
1)

Σ0
1

∆0
1

Π0
1

Apply countable unions (Ť)
and countable intersections (Ş)

Σ0
2

∆0
2

Π0
2

Σ0
3

∆0
3

Π0
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ω
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ω
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1-compl.)
set definable in mso.
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Topological properties

Take ϕ — mso formula on trees
ù Lpϕq P ∆1

2 [there are examples when Lpϕq R σpΣ1
1q]

Is Lpϕq measurable?
Theorem (Gogacz, Michalewski, Mio, S. [2014])

If ϕ P mso on trees then Lpϕq is an RRR-set.

Theorem (Kolmogorov [1928])
RRR-sets are universally measurable.

Languages Wi,j are complete for the levels of RRR-hierarchy.

Is the Gale-Stewart game on Lpϕq determined?
???
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Extensions of mso

UX. ϕpXq ” @n. DX. ϕpXq ^ n ă |X| ă 8.

“ϕpXq holds for arbitrarily big finite sets”

Large expressive power: cost functions, distance automata, . . .
Example

The delays between request and response are uniformly bounded.

Conjecture (Bojańczyk [2004])
The mso+u theory of pω, sq is decidable.

Theorem (Hummel, S. [2012])
For every n there is a formula ϕn of mso+u on words

such that Lpϕnq is Σ1
n-complete.

ù no reasonable automaton model for mso+u
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Part 1’

Topological complexity vs. decidability



Theorem (Shelah [1975]; Gurevich, Shelah [1982])
The theory mso of pt0, 1uω,ďlexq is undecidable.

Proof
‚ construct a ultrafilter-like set Q Ď R (transfinite induction)

‚ use Q to simulate relations on ω in t0, 1uω �

Conjecture (Shelah [1975])
The theory msopBq of pt0, 1uω,ďlexq is decidable.

Theorem (Rabin [1969])
The theory msopΣ0

2q of pt0, 1uω,ďlexq is decidable.
Proof
‚ mso on words defines Σ0

2-complete sets
‚ simulate quantification over Σ0

2
`

t0, 1uω
˘

within t0, 1uăω

‚ apply decidability of mso on trees �
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Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:

the L-theory of
`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.

Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof

‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)

‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q

‚ v=l ù there exists a ∆1
2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees

�

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on t0, 1uω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �

Michał Skrzypczak Connecting decidability and complexity for mso logic 15 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.

Corollary (Bojańczyk, Gogacz, Michalewski, S. [2014])
It is consistent with zfc that

the mso+u-theory of
`

t0, 1uăω, s0, s1
˘

is undecidable.

Theorem (Bojańczyk, Parys, Toruńczyk [2016])
The mso+u-theory of

`

ω, s
˘

is undecidable.

Michał Skrzypczak Connecting decidability and complexity for mso logic 16 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.

Corollary (Bojańczyk, Gogacz, Michalewski, S. [2014])
It is consistent with zfc that

the mso+u-theory of
`

t0, 1uăω, s0, s1
˘

is undecidable.

Theorem (Bojańczyk, Parys, Toruńczyk [2016])
The mso+u-theory of

`

ω, s
˘

is undecidable.

Michał Skrzypczak Connecting decidability and complexity for mso logic 16 / 21



Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

t0, 1uăω, s0, s1
˘

is undecidable.

Corollary (Bojańczyk, Gogacz, Michalewski, S. [2014])
It is consistent with zfc that

the mso+u-theory of
`

t0, 1uăω, s0, s1
˘

is undecidable.

Theorem (Bojańczyk, Parys, Toruńczyk [2016])
The mso+u-theory of

`

ω, s
˘

is undecidable.

Michał Skrzypczak Connecting decidability and complexity for mso logic 16 / 21



Part 2

Reverse mathematics



Reverse maths: go from theorems to axioms (Friedman [1975])

1. Use Second-order Arithmetics:
1.a Take pω, 0, 1,`, ¨q as universe
1.b Formalise your theorem as a statement ΨΨΨ of so

2. Work in rca0:
2.a axioms of Robinson arithmetic — PA without induction
2.b induction for Σ0

1-formulæ
2.c comprehension for recursive properties:

If P pnq is ∆0
1 then

 

n | P pnq
(

is a set

3. Understand the strength of ΨΨΨ:
3.a Find additional axioms AAA that are needed by ΨΨΨ
3.b Prove that rca0 $

`

AAAðñ ΨΨΨ
˘

rca0`AAA $ΨΨΨ ù prove ΨΨΨ using AAA
rca0 $ΨΨΨ ñ AAA ù prove that AAA is needed
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Formalising decidability

There exists an algorithm P Dp.

such that for every formula ϕ @f.

the execution Ppϕq terminates Dr.

and returns TRUE iff ϕ is true rÓTRUE ðñ???

Theorem (Tarski [1936])
There is no arithmetic definition of truth.

Solution:
‚ define depth of a formula: alternations of D{_ and @{^
‚ formulate decidability of depth-n fragments for specific n
‚ study these sentences
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Part 2.a

Reversing Büchi

(Kołodziejczyk, Michalewski, Pradic, S. [2016])



Theorem (Büchi [1962])
The mso theory of

`

ω, s
˘

is decidable.

Theorem (Kołodziejczyk, Michalewski, Pradic, S. [2016])
The following holds over rca0:

DECn
def
“ depth-n fragment of mso on words is decidable

DEC5

[Ramsey’s Theorem for Pairs]

RT2
ă8

[Weak König’s Lemma]

WKL0

[Additive Ramsey’s Theorem]

ART2
ă8

[Σ0
2-induction]

Σ0
2-IND

[Complementation of Büchi]

COMPL

[Bounded-width KL]

BWKL0
DECn for n ě 5
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Part 2.b

Reversing Rabin

(Kołodziejczyk, Michalewski [2016])



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:

If P pnq is in χ then
 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set

[In rca0 we have ∆0
1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Theorem (Rabin [1969])
The mso theory of

`

t0, 1uăω, s0, s1
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)

Michał Skrzypczak Connecting decidability and complexity for mso logic 20 / 21



Summary

Various aspects of decidability of Monadic Second-order logic

In many cases:
topological complexity – undecidability

(of available sets) (of the theory)

ù tools from descriptive set theory

Even for decidable theories:
expressibility – axiomatic strength
(of the logic) (needed for decidability)

ù connections with classical problems of reverse mathematics
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