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Structures

over an alphabet A

Infinite words:
α “ a a b c c b ¨ ¨ ¨

α : ω Ñ A

α P Aω

Signature: spxq, apxq for a P A
(or ď) no arithmetic ! ! !

Infinite trees:
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t : tL, Ru˚ Ñ A

t P AptL,Ru
˚q

Signature: sLpxq, sRpxq, apxq for a P A
(or ĺ, ďlex)
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Part 0

mso logic



History: why mso logic?

(Robinson [1956])
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Logic

First-order (fo) logic:
Dx, ϕ_ ψ,  ψ, predicates

“

x, y — nodes of the structure
‰

Monadic second-order (mso) logic:
` DX , x P X

“

X, Y — sets of nodes of the structure
‰

ù expressive power subsuming ltl, ctl*, modal µ-calculus, . . .

ϕ defines a language (set of words / trees):

Lpϕq def
“

 

M |M |ù ϕ
(
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Examples – words

— safety: @x.  apxq

— well-foundedness: @X. pDx. x P Xq ùñ
`

Dx. x P X ^ @y py P X ñ x ď yq
˘

Examples – trees
— two incomparable b:

Dx. Dy. bpxq ^ bpyq ^  
`

x ĺ y _ y ĺ x
˘

— infinite chain of a:
DX.

`

Dx. x P X
˘

^
`

@x. x P X ñ apxq
˘

^
`

@x. x P X ñ Dy. y P X ^ x ă y
˘

a

a

a

a

a
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Decision problems

Model checking:
— input a formula ϕ on words / trees (with no letter predicates)
— output whether

`

ω, s
˘

|ù ϕ /
`

tL, Ru˚, sL, sR
˘

|ù ϕ

Satisfiability:
— input a formula ϕ on words / trees (over an alphabet A)
— output is there a word / tree that satisfies ϕ

Universality:
— input a formula ϕ on words / trees (over an alphabet A)
— output whether all the words / trees satisfy ϕ

These are all the same: for ϕ over A consider

DXa . . . Xz.
`

X’s are a partition
˘

^ ϕrapxq Ñ x P Xa, . . .s
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These are all the same: for ϕ over A consider

DXa . . . Xz.
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Decidability

Theorem (Büchi [1962] / Rabin [1969])
The mso theory of

`

ω, s
˘

/
`

tL, Ru˚, sL, sR
˘

is decidable.

Proofs: automata A
‚ Construct automata for basic languages:

LpAPq “
 

txu b Y over t0, 1u2 | x P Y
(

‚ Implement logical operations in automata
´

union, complementation ( !), and projection ( !)
¯

‚ Transform ϕ into A and check if LpAq “ H �

ùñ [ ]There exists an algorithm P
such that for every formula ϕ

the execution Ppϕq terminates
and returns TRUE iff ϕ is true.
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Part 1

Topological complexity



Topology of infinite words / trees

(2 ď |A| ă 8)

words — Aω AptL,Ru
˚q — trees

– –

t0, 1uω

–
the Cantor set

Lpϕq – set of points
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Descriptive set theory

Start from simple sets
ù L P ∆0

1 iff L depends on finite prefix

∆0
1

Apply countable connectives (Ť) and (Ş)
ù open (Σ0

1) and closed (Π0
1)

Σ0
1

∆0
1

Π0
1

Σ0
2

∆0
2

Π0
2

By transfinite induction

Σ0
3

∆0
3

Π0
3

Σ0
4

∆0
4

Π0
4

Σ0
5

∆0
5

Π0
5

Σ0
6

∆0
6

Π0
6

Σ0
7

∆0
7

Π0
7

Σ0
8

∆0
8

Π0
8

Σ0
9

∆0
9

Π0
9

Σ0
10

∆0
10

Π0
10

Σ0
11

∆0
11

Π0
11

Σ0
12

∆0
12

Π0
12

Σ0
13

∆0
13

Π0
13

Σ0
14

∆0
14

Π0
14

Σ0
ω

∆0
ω

Π0
ω

Σ0
ω`1

∆0
ω`1

Π0
ω`1

Σ0
ω`2

∆0
ω`2

Π0
ω`2

Σ0
ω`3

∆0
ω`3

Π0
ω`3

Σ0
ω`4

∆0
ω`4

Π0
ω`4

Σ0
ω`5

∆0
ω`5

Π0
ω`5

Σ0
ω`6

∆0
ω`6

Π0
ω`6

Σ0
ω`7

∆0
ω`7

Π0
ω`7

Σ0
ω`8

∆0
ω`8

Π0
ω`8

Σ0
ω`9

∆0
ω`9

Π0
ω`9

Σ0
ω`10

∆0
ω`10

Π0
ω`10

Σ0
ω`11

∆0
ω`11

Π0
ω`11

Σ0
ω`12

∆0ω`12

Π0
ω`12

Σ0ω`13 ∆0ω`13

Π0ω`13

ù Borel sets: Σ0
η, Π0

η for η ă ω1
“

Borel“ σp∆0
1q
‰

Apply projection and co-projection
ù analytic (Σ1

1) and co-analytic (Π1
1)

Σ1
1 Π1

1

By induction

Σ1
2 Π1

2
∆1

2

Σ1
3 Π1

3
∆1

3

ù projective sets: Σ1
n, Π1

n for n ă ω
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Topological properties

[ϕ Pmso on trees]

Is Lpϕq measurable?
Theorem (Gogacz, Michalewski, Mio, S. [2014])

If ϕ P mso on trees then Lpϕq is an RRR-set.

Theorem (Kolmogorov [1928])
RRR-sets are universally measurable.

When Lpϕq is Borel?
On-going story: Skurczyński, Niwiński, Walukiewicz, Facchini, Murlak, S., . . .

Is the Gale-Stewart game on Lpϕq determined?
???
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Part 1’

Topological complexity vs. decidability



Extensions of mso

UX. ϕpXq ” @n. DX. ϕpXq ^ n ă |X| ă 8.

“ϕpXq holds for arbitrarily big finite sets”

Large expressive power: cost functions, distance automata, . . .
Example

The delays between request and response are uniformly bounded.

Conjecture (Bojańczyk [2004])
The mso+u theory of pω, sq is decidable.

Theorem (Hummel, S. [2012])
For every n there is a formula ϕn of mso+u on words

such that Lpϕnq is Σ1
n-complete.

ù no reasonable automaton model for mso+u
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Theorem (Shelah [1975], Gurevich, Shelah [1982])
The theory mso of ptL, Ruω,ďlexq is undecidable.

Proof
‚ construct a ultrafilter-like set Q Ď tL, Ruω (transfinite induction)
‚ use Q to simulate relations on ω inside tL, Ruω �

Conjecture (Shelah [1975])
The theory msopBorelq of ptL, Ruω,ďlexq is decidable.

Theorem (Rabin [1969])
The theory msopΣ0

2q of ptL, Ruω,ďlexq is decidable.
Proof
‚ mso on words defines Σ0

2-complete sets
‚ simulate quantification over Σ0

2
`

tL, Ruω
˘

within tL, Ru˚

‚ apply decidability of mso on trees �
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Theorem (Bojańczyk, Gogacz, Michalewski, S. [2014])
If L is an extension of mso such that

L defines Σ1
6-complete sets in Aω

then it is consistent with zfc that:
the L-theory of

`

tL, Ru˚, sL, sR
˘

is undecidable.
Proof
‚ work in the constructible universe of Gödel (v=l)
‚ repeat Shelah’s inductive construction of Q
‚ v=l ù there exists a ∆1

2 well-order on tL, Ruω

‚ ù Q P Σ1
6

‚ ù Shelah’s proof can be repeated in L on trees �
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Part 2

Reverse mathematics



Reverse maths: go from theorems to axioms (Friedman [1975])

1. Use Second-order Arithmetics:
1.a Take pω, 0, 1,`, ¨q as universe

“

the fo theory of pω, 0, 1,`, ¨q is undecidable !
‰

1.b Formalise your theorem as a statement ΨΨΨ of so:
‚ addition and multiplication
‚ standard first-order logic: Dx, _,  , . . .
‚ full second-order logic:

quantification over relations, functions, orders, etc over ω

ù automaton, algorithm, formula, finite graph, etc are numbers
(first-order objects)

ù infinite word, real number, countable graph, etc are sets of numbers
(second-order objects)

BUT: No third-order objects (like languages. . . )
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Reverse maths: go from theorems to axioms (Friedman [1975])

2. Work in rca0:
2.a axioms of Robinson arithmetic — PA without induction

`

„7 axioms about addition and multiplication
˘

2.b restricted form of the induction scheme:
´

ψp0q ^ @n. ψpnq ñ ψpn` 1q
¯

ñ @n. ψpnq

only for ψ P Σ0
1 (i.e. recursively enumerable)

2.c restricted form of the comprehension scheme:

DX @n.
´

n P X ô ψpnq
¯

i.e. tn | ψpnqu exists

only for ψ P ∆0
1 (i.e. decidable)

Rule of thumb: rca0 proves everything about finite combinatorics
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1 (i.e. recursively enumerable)

2.c restricted form of the comprehension scheme:

DX @n.
´

n P X ô ψpnq
¯

i.e. tn | ψpnqu exists

only for ψ P ∆0
1 (i.e. decidable)

Rule of thumb: rca0 proves everything about finite combinatorics
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Reverse maths: go from theorems to axioms (Friedman [1975])

3. Understand the strength of your theorem ΨΨΨ:

3.a Find additional axioms AAA that are needed by ΨΨΨ
ÑÑÑ induction for more formulæ
ÑÑÑ comprehension for more formulæ
ÑÑÑ some known mathematical statement
ÑÑÑ . . .

3.b Prove that rca0 $
`

AAAðñ ΨΨΨ
˘

rca0`AAA $ΨΨΨ ù prove ΨΨΨ using AAA
(massage the standard proof of ΨΨΨ)

rca0 $ΨΨΨ ñ AAA ù prove that AAA is needed
(reverse the implication)
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Formalising decidability

There exists an algorithm P Dp.

such that for every formula ϕ @f.

the execution Ppϕq terminates Dr.

and returns TRUE iff ϕ is true rÓTRUE ðñ???

Theorem (Tarski [1936])
There is no arithmetic definition of truth.
ù no formula φ such that

@f. φpfq holds iff JfK holds
Solution:
‚ define depth of a formula: alternations of D{_ and @{^
‚ formulate decidability of depth-n fragments for specific n
‚ study these sentences
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Part 2.a

Reversing Büchi

(Kołodziejczyk, Michalewski, Pradic, S. [2016])



Theorem (Büchi [1962])
The mso theory of

`

ω, s
˘

is decidable.

Theorem (Kołodziejczyk, Michalewski, Pradic, S. [2016])
The following holds over rca0:

DECn
def
“ depth-n fragment of mso on words is decidable

DEC5

[Ramsey’s Theorem for Pairs]

RT2
ă8

t
Every colouring of rωs2

has infinite monochromatic set [Weak König’s Lemma]

WKL0
u

Every infinite binary tree
has infinite branch

[Additive Ramsey’s Theorem]

ART2
ă8

[Σ0
2-induction]

Σ0
2-IND

[Complementation of Büchi]

COMPL

[Bounded-width KL]

BWKL0
DECn for n ě 5
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Why Σ0
2-IND?

Fact (rca0)
Σ0

2-IND is equivalent to:

r sp‹q
For every n and α P t0, 1, . . . , nuω

there exists a maximal k ď n

that appears infinitely many times in α.

ù p‹q follows from Additive Ramsey’s Theorem

ù p‹q can be expressed in mso on words

ù p‹q can be verified by a Büchi automaton

ù p‹q is needed to make any sense out of parity automata
(McNaughton and Safra constructions)
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Part 2.b

Reversing Rabin

(Kołodziejczyk, Michalewski [2016])



Theorem (Rabin [1969])
The mso theory of

`

tL, Ru˚, sL, sR
˘

is decidable.

DECn
def
“ Π1

n fragment of mso on trees is decidable

χ-CA0 — comprehension for χ formulæ:
If P pnq is in χ then

 

n | P pnq
(

is a set
[In rca0 we have ∆0

1-CA0]
χ-CA0 ùñ χ-IND

Theorem (Kołodziejczyk, Michalewski [2016])

‚ rca0`Π1
3-CA0 $ DECn for every n

‚ rca0`∆1
3-CA0 & DEC3

‚ Let ΨΨΨ express (essentially) determinacy of BCpΣ0
2q games

then rca0 $
`

COMPL ðñ ΨΨΨ
˘

(where COMPL is Rabin’s complementation)
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Part 2.b

Reversing Shelah

(Kołodziejczyk, Michalewski, Pradic, S. [2018?])



Theorem (Shelah [1975])
The mso theory of

`

Q,ď
˘

is decidable.

Büchi (ω) ĺ Shelah (Q) ĺ Rabin (tL, Ru˚)

”

Σ0
2-IND

–

Π1
3-CA0

”

???

ă

Σ1
1-IND
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Summary

Various aspects of decidability of Monadic Second-order logic

In many cases:
topological complexity – undecidability

(of available sets) (of the theory)

ù tools from descriptive set theory

Even for decidable theories:
expressibility – axiomatic strength
(of the logic) (needed for decidability)

ù connections with classical problems of reverse mathematics
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