Regularity for non-uniformly elliptic problems
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Two non-uniformly elliptic problems.

e Linear (with P. Bella (TU Dortmund))
V-wVu=0

where

well, el

€=
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Two non-uniformly elliptic problems.

e Linear (with P. Bella (TU Dortmund))
V-wVu=0

where
well, Lel?

e nonlinear (with P. Bella (TUD) & J. Hirsch (U Leipzig))

vr—>/f(x,Vv)dx

with
2| S f(x,2) S1+ 2|7
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e divergence form elliptic equation (R7 > x s a(x) € R4 o > 2)

V-aVu=0
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e divergence form elliptic equation (R7 > x s a(x) € R4 o > 2)
V-aVu=0

e a uniformly elliptic: \[£|? < a¢- &, |a&] < plé].
e [De Giorgi, Nash, Moser]:
= u locally bounded and 3a > 0: u e G2

= if u>0in By = supg, u S infg, u (Harnack inequality)
2 2
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e divergence form elliptic equation (R7 > x s a(x) € R4 o > 2)
V-aVu=0
e a uniformly elliptic: \[£|? < a¢- &, |a&] < plé].

e [De Giorgi, Nash, Moser]:
= u locally bounded and Ja > 0: u € C°

loc

= if u>0in By = supg, u S infg, u (Harnack inequality)
2 2

Here:

e pointwise ellipticity replaced by averaged ellipticity
= u locally bounded and Harnack inequality
Motivation:

e stochastic homogenization ('Invariance principle’)
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a non-uniformly elliptic:
gag jag|?

e 0 <\ p<ooae with A :=infecpa €7 M= SUPgeRrd ga
e 3dp,ge(l,00)st. + €Ly, pelf

loc*
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a non-uniformly elliptic:

2
e 0 <\ p<ooae with A :=infecpa % = SUPgcRpd %

e 3dp,ge(l,00)st. + €Ly, pelf

loc? loc"

Theorem: [Trudinger ARMA'71]
st e < g Jceloo)st V-aVu=0in Biimplies

(i) (local boundedness) ||uf| 5,y < cl|ully(a,)-
2

(i) (Harnack inequality) If u > 0in By = supg, u < cinfg, u
2 2

o = | % < % = weighted Sobolev inequality

» PDE: [Murthy, Stampacchia'68, Cupini, Marcellini, Mascolo '18,...]
» Probability: [Fannjiang, Komorowski '97, Andres, Deuschel, Slowik
15, ...],

1
p
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a non-uniformly elliptic:

2
e 0 <\ p<ooae with A :=infecpa 5‘;"25 = SUPgcRpd %

e dp,ge(l,o0)st. + €Ly, pell .

Theorem: [Trudinger ARMA'71]
st e < g Jceloo)st V-aVu=0in Biimplies

(i) (local boundedness) ||uf| 5,y < cl|ully(a,)-
2

(i) (Harnack inequality) If u > 0in By = supg, u < cinfg, u
2 2

° %’ + % < % = weighted Sobolev inequality

» PDE: [Murthy, Stampacchia'68, Cupini, Marcellini, Mascolo '18,...]

» Probability: [Fannjiang, Komorowski '97, Andres, Deuschel, Slowik
15 ]

+ > 5= = Counterexample d > 4

> PDE. [Franchl, Serapioni, Serra Cassano '98] 3w € LP(By) with
L € 19(By) and unbounded solutions V - wVu =0 in By.

> Probability: [Biskup, Kumagai '14] # L°-sublinear corrector

o 1
p
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a non-uniformly elliptic:
2
e 0 <A p<ooae with A :=infecpa % = SUPgcRrd %

e 3p,qe(l,00] s.d. %ELq,uELP.

Theorem: [with Bella, CPAM to appear|
%,+ % < 2. 3ce[l,o0)st. V-aVu=0in B; implies

(i) (local boundedness) ||uf| =(5,) < cl|ulliya,)-
2

(i) (Harnack inequality) If u >0 in By = supg, u < cinfg, u
2 2

° < % : [Trudinger '71] = (i),(ii)

+
+

Tl T
Ql~ Q=

> ﬁ = Counterexample d > 4
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a non-uniformly elliptic:

2
e 0 <A p<ooae with A :=infecpa % = SUPgcRrd %

e 3p,qe(l,00] s.d. %ELq,uELP.

Theorem: [with Bella, CPAM to appear|
%,+ % < 2. 3ce[l,o0)st. V-aVu=0in B; implies

(i) (local boundedness) ||uf| =(5,) < cl|ulliya,)-
2

(i) (Harnack inequality) If u >0 in By = supg, u < cinfg, u
2 2

° %-‘r % < % : [Trudinger '71] = (i),(ii)
1,1 2
L = e Counterexample d > 4
e d = 2 |local boundedness assuming p = g = 1 [with Bella]

e Note: global integrability compared to local A ~ u € Ay (cf. [Fabes,
Kenig, Serapioni '82], [talk Diening]) ‘8‘72“>\71HLl(B)HNHLl(B) <1VB
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a non-uniformly elliptic:

2
e 0 <A p<ooae with A :=infecpa 55—35 = SUPgcRrd %

e 3p,qe(l,00] s.d. %ELq,uELP.

Theorem: [with Bella, CPAM to appear|
%,+ % < 2. 3ce[l,o0)st. V-aVu=0in B; implies

(i) (local boundedness) ||uf| =(5,) < cl|ulliya,)-
2

(i) (Harnack inequality) If u >0 in By = supg, u < cinfg, u
2 2

° %-‘r % < % : [Trudinger '71] = (i),(ii)
° % + % > ﬁ = Counterexample d > 4
e d = 2 |local boundedness assuming p = g = 1 [with Bella]

e Note: global integrability compared to local A ~ u € Ay (cf. [Fabes,
Kenig, Serapioni '82], [talk Diening]) ‘8‘72“>\71HLl(B)HNHLl(B) <1VB

e Note: 'Lavrentiev phenomena’ possible - we consider 'H-solutions'
in closure of Ct wrt [aVu - Vu+ pu? (cf. [Zhikov '01], [talk Balci])
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Idea of proof - local boundedness.
Variation of Moser's iteration method. Suppose
A>1 (i.e. g =00) and u > 0 smooth

Test V-aVu = 0 with ¢ := > 192, € C}(By)

/ V()P < / VP
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Idea of proof - local boundedness.
Variation of Moser's iteration method. Suppose
A>1 (i.e. g =00) and u > 0 smooth

Test V-aVu = 0 with ¢ := > 192, € C}(By)
/ V()P < / VP

Fix 2 <po<o<1landne C}B,)withn=1in B,
e Suppose p € L. Estimate LHS (from below) via Sobolev

lu®(IZ2xa,) S el IVali<lu*lg,),  x =%

>1

elliptic equations



Idea of proof - local boundedness.

Variation of Moser's iteration method. Suppose

A>1 (i.e. g=o0) and u > 0 smooth
Test V -aVu = 0 with ¢ := v?*1n?, n € CG}(B:)
[1v@re < [ uvape

Fix 2 <po<o<1landne C}B,)withn=1in B,
e Suppose p € L. Estimate LHS (from below) via Sobolev

lu® I,y S el IVali< g, x =% >1
e Suppose p € LP. Estimate via Sobolev & Holder
a2 2 a2
[ Txs,) S Nelleen IV Allis llu IIL%(BJ

with x = %5 In order to iterate, need x > 27 < - < Z.

elli
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Variation of Moser's iteration method.
[Ivwyree s [uvnpa we e

Fix % < p <o <1andsuppose n € CG3(B,) with n=1in B,.
e Sobolev on spheres instead balls (d — d — 1)
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Variation of Moser's iteration method.
[Ivwyree s [uwnpi we i)

Fix 2 < 0 <o <1 and suppose n € C}(B,) with n =1 in B,.
e Sobolev on spheres instead balls (d — d — 1)

[ o= [ [ [ s,
B;\B, e S5 0
< / lellogs)y
o

1 2
2>P*<:>E<ﬁ
1 2 2
X E+pt_1+7d71>1

Ua||227p
Lo-

1(s)

N[=

UaHf/\ﬂ,p*(Sr), P% =
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Variation of Moser's iteration method.
JIv@re < [urvapee e e

Fix 3 < 0 <o <1 and suppose n € C}(B,) with n =1 in B,.
e Sobolev on spheres instead balls and optimize 1 = n(|x|)

u® [ (s

/u|vn|2u2“ 5/ ' (1)l ll o s,
o

o —1
[1d minimization] <(Aumm@>WMWMmrQ

al|2 %
u* e (s,))’y)

_2d_
<(o0 = 0)” T |l oy 1 [y (5,

frarm. . < artm. w1 <o = 0 ([ Qs
e

1 2
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Variation of Moser's iteration method.
[Ivwype s [uwnpae we e

Fix 2 < 0 <o <1 and suppose n € C}(B,) with n =1 in B,.

e Sobolev on spheres instead balls and optimize 1 = 7(|x|)

/WMM@<wfmdwmmawnWM 5
Altogether,

1 ax
| uex|| 2 ax M ||U04H$
Wles (B,) ~ 7 Wies (B,)

(0 —0)7

where x =14 5 — 55 > 1. lterate = local boundedness [J
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Summary
e Local boundedness & Harnack inequality under optimal integrability
assumptions on a, a~!
e Trick: optimize cut-off in Caccioppoli & Sobolev on spheres

» [Manfredi JGA'94]
» [Briane, Diaz JDE'16...]

(77) ()
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Summary
e Local boundedness & Harnack inequality under optimal integrability
assumptions on a, a~!
e Trick: optimize cut-off in Caccioppoli & Sobolev on spheres

» [Manfredi JGA'94]
» [Briane, Diaz JDE'16...]

(77) (.
Further results:
Parabolic equations
du—V-aVu=0
[with Bella, arXiv] (discrete)

q>%,p>1 +%<ﬁ

Q=

(q > ¢ necessary)

/I right-hand side & "logarithmic improvement” of (p, g) condition
[with Bella, Hirsch, in preparation]
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Nonlinear problems:

Integral functionals with (p, g)-growth

M. Schaffner Regularity non-uniformly ellipt

equations



Consider
v |—>/ f(Vv)dx
Q

where z — f(z) is C? and

2P < F(2) S |29
(1+121) 7 [¢]> S (D*F(2)€,€) S (L +[22) T |¢f?
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Consider

Vi /Q f(Vv)dx (1)

where z — f(z) is C? and

2P < F(2) S |29
(1+121) 7 [¢]> S (D*F(2)€,€) S (L +[22) T |¢f?

Euler-Lagrange equation for (1) reads
V-Df(Vu)=0
Linearization non-uniformly elliptic

largest eigenvalue of D?f(z)

- 2 ~ (1 + |Z|2)‘7;2P
smallest eigenvalue of D*f(z)
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Consider
v |—>/ f(Vv)dx
Q
where z + f(z) is C? and

2P < F(2) S |29
(1+21) 7 [¢]> S (D*F(2)€,€) S (1 +[22) T €]

e Gradient regularity ([Marcellini '91, Esposito, Mingione, Leonetti '99])

2 Lo |
PRUE RN [
p d L. (vectorial)
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Consider
v |—>/ f(Vv)dx
Q

where z — f(z) is C? and

2P < F(2) S |29
(1+21) 7 [¢]> S (D*F(2)€,€) S (1 +[22) T €]

e Gradient regularity ([I\/Iarcellini '01, Esposito, Mingione, Leonetti '99])

2 L I
9142 = Vv e { Tloc (sca ar)_
p d L. (vectorial)
e Local boundedness [Fusco,Sbordonne '90][Cupini,Marcellini,Mascolo "15]
1.1 1 o
E Z '[—) — E = S Lloc

(+ sharp results for anisotropic growth)
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Consider
v |—>/ f(Vv)dx
Q

where z — f(z) is C? and

2P < F(2) S |29
(1+21) 7 [¢]> S (D*F(2)€,€) S (1 +[22) T €]

e Gradient regularity ([I\/Iarcellini '01, Esposito, Mingione, Leonetti '99])

2 L I
9142 = Vv e { Tloc (sca ar)_
p d L. (vectorial)
e Local boundedness [Fusco,Sbordonne '90][Cupini,Marcellini,Mascolo "15]
1.1 1 o
E Z '[—) — H = S Lloc

(+ sharp results for anisotropic growth)
e Counterexamples to regularity [Marcellini '91],[Giaquinta '87]

1 1 1
— — —— > — local boundedness fails

p d—1 gq
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Consider
v |—>/ f(Vv)dx
Q
where z — f(z) is C? and

2P < F(2) S |21
(1+12[) 7 [¢]> S (D*F(2),€) < (L + [2)2) T |¢f?

Theorem: [Marcellini JOTA'96]
Let 2 < p < g < oo and let u be a local minimizer. Then
2

9142 = Vue Ly,
p d

Related results by

[Acerbi, Beck, Byun, Brasco, Carozza, Chlebicka, Cianchi, Cupini, Colombo, De
Filippis, Esposito, Koch, Leonetti, Fusco, Lieberman, Fonseca, Hasto,
Harjulehto, Kristensen, Maly, Mascolo, Mingione, Oh, Ok, Passarelli di Napoli,
Sbordone,...]
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Consider

Vi /Q f(Vv)dx

where z + f(z) is C? and

2P < F(2) S |29
(1+121) 7 [¢]> S (D*F(2)€,€) S (1 +[22) T €]

Theorem: [Marcellini JOTA'96]
Let 2 < p < g < oo and let u be a local minimizer. Then
q

2
-<l+- = Vuelj,
p d

Relation to linear equation (!formal!):
Suppose p=2 & u € Wl’z(Q) =

loc
V-aVou=0 a = D2f(vu) c Lﬁ:P

<1+2 & Ll=22. ~  ("Trudinger condition’)

q

NlQ
alr
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Consider
v»—>/f(Vu)dx u:Q—R
Q

where z — f(z) is C? and

2P < F(2) S |219
(1+12[) 7 [¢]> S (D*F(2)E,€) < (L + [2)2) 7 |¢f?

Theorem: [with Bella, Analysis & PDE, to appear]
Let 2 < p<g<oo,d>3andlet ube alocal minimizer. Then
q 2 oo

E<1+m = VUGLIOC

e a priori estimate (for d > 4)

@ p-(@=1q
19l s (][ F(Vu) o+ 1)
B
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Consider

Vi / f(Vu)dx u:Q— RN (vectorial)
Q

where z — f(z) is C? and

2P < F(2) S |21
(1+12[) 7 [¢]> S (D*F(2),€) S (L + [2)2) T |¢f?

Theorem: [S., arXiv]
Let 2 < p<g<o0,d>3andlet ube alocal minimizer. Then
2

q q
- <1+ — L
p< +d—1 = Vue L,

e Improves [Esposito, Mingione, Leonetti JDE'99] for d > 3.
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Consider

Vi / f(Vu) dx u:Q— RV (vectorial)
Q

where z — f(z) is C? and

2P < F(2) S |21
(1+12[) 7 [¢]> S (D*F(2),€) S (L + [2)2) T |¢f?

Theorem: [S., arXiv]
Let 2 < p<g<o0,d>3andlet ube alocal minimizer. Then
2

q q
- <1+ — L
p< +d—1 = Vue L,

e Improves [Esposito, Mingione, Leonetti JDE'99] for d > 3.
e Direct corollary: Higher differentiability integrability

Vul"7 Vue W2 Vel xi=_%

loc? loc? —2
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Consider

Vi / f(Vu) dx u:Q— RV (vectorial)
Q

where z — f(z) is C? and

{ 2P 5 f(2) < |2
(1+12R2) 2[R S (D*F(2)€,6) S (1 + [2]2) 7" [¢ 2

Theorem: [S., arXiv]
Let 2 < p<g<o0,d>3andlet ube alocal minimizer. Then
2

LIPS R L
p<+dl = Vuell,

e Improves [Esposito, Mingione, Leonetti JDE'99] for d > 3.
e Direct corollary: Higher differentiability integrability

IVul"7 Vu e W2 Vue ¥, yi=4%

loc?

e Less direct consequence: partial regularity (following & improving
(in some aspects) [Bildhauer, Fuchs CVPDE'01])
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Consider
vH/f(x,Vu)dx u:Q—-R
Q

where z — f(x, z) is convex

2P < f(x,2) S 2%,

f(2z) S f(z)+1

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p< g < o0, and let u be a local minimizer.

1
- = vel

>
- d-1

Qlr
Tl

Then

oo
loc

> 1
=p

Q=

— ﬁ optimal in view of counterexample [Marcellini JDE'91].
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Consider

vH/f(x,Vu)dx u:Q—-R
Q

where z — f(x, z) is convex

2P S fx,2) Szl f(22) Sf(2) +1

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p < g < 00, and let u be a local minimizer. Then

1
- = ue Ly,

>
- d—1

Q|
T =

° % > % — ﬁ optimal in view of counterexample [Marcellini JDE'91].
e De Giorgi type argument: Caccioppoli inequality

Ak,U\BQ

[ ofevas [ v [ e

Av, =B, n{u> 0t}
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Consider
vH/f(x,Vu)dx u:Q—-R
Q

where z — f(x, z) is convex

2P S f(x2) Sz, f22) Sf(2) +1

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p < g < o0, and let u be a local minimizer. Then

1
- = ue Ly,

>
- d—1

Qlr
Tl

151
9= p a1
e De Giorgi type argument: Caccioppoli inequality

° 1_ optimal in view of counterexample [Marcellini JDE'91].

R Y Gl R W

k > h Optimize 7, Sobolev, iterate,...
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Consider
vH/f(x,Vu)dx u:Q—-R
Q

where z — f(x, z) is convex

2P S f(x,2) Szl f(22) S f(2)

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p < g < o0, and let u be a local minimizer. Then

1
—_— = ue Ly,

>
“p d-1

Q|
‘c\H

Back to autonomous functionals with

(1+121) [¢P S (D*F(2)6,€) S (L+ 1227 I¢P
[Carozza, Kristensen, Passarelli di Napoli AIHP'11]: p < d

g<p+2 & uweWPnLyE = Vuell

loc loc

(compare with g < p +2527)
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Consider
vH/f(x,Vu)dx u:Q—=R
Q

where z — f(x, z) is convex

lzIP S f(x,2) S 29, f(22) S f(2)

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p < g < o0, and let u be a local minimizer. Then

1
- = uec Ly

Z d—1 loc

Qlr
Tl

[Colombo, Mingione ARMA'15]:
Double phase: /|Vu|p + a(x)|Vul? ae Co@

g<p+p2=vue

loc

g<pt+a&uel = Vue ¢’

loc loc
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Consider
vH/f(x,Vu)dx u:Q—-R
Q

where z — f(x, z) is convex

lzIP S f(x,2) S 129, f(22) S f(2)

Theorem: [with Hirsch, Comm. Cont. Math., to appear]
Let 1 < p < g < 00, and let u be a local minimizer. Then

1 [}
m = uec LIOC

>

Q|
T =

Thank you for the attention!
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