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Let Q C R"(n > 2) be open and bounded. We consider local minimizers of the
functional

Ki(Q)2u r—>/ x,|Vul|)d
where the class
K&(Q) :={ue WH(Q)|u> ¢ ae. in Q}

for a fixed function ¢ : Q — [—00, 00) which is called the obstacle.
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@ We consider the functional

F(u,Q) ::/QF(X,Vu)dX

(Standard) p-growth:

F(x,z) = |z|’, 1 < p < 0.

General growth - the class of functions depending only on z:
F(x, z) = ¢(|2]).

Non-autonomous functionals - the classes of functions whose growth or
ellipticity depend on the x-variable:

p(x)-growth : F(x,z) ~ |z|P™
Double phase : F(x,z) = |z|P + a(x)|z|9,...
Generalized Orlicz growth: F(x,z) = ¢(x, |z|)
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We consider the regularity of minimizers of the functional

/Q F(x, Vu) dx.

o Standard p-growth case (Giaquinta-Giusti, 1983)
F:Q xR"— [0, 00) satisfies

z F(x,2)is C?,1 < p < o0,

vlz|]? < F(x, z) < L(1+|2]°),

V2P NP < Fre(x, 2)X - X < Lz|P72 0
|F(x,2) — F(y, 2)| < w(|x — y)(1 +[2]").

(De Giorgi's method) u € C() for some o € (0, 1).

loc
lim w(r)=0= ue C2¥(Q) for any a € (0,1).
r—0
w(r) < r? for some >0 = u € C2%(Q) for some a € (0,1).
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We consider the regularity of minimizers of the functional

/ F(x,Vu)dx.

Q

o Functionals with (p, g)-growth conditions introduced by Marcellini (1989):
F:Q xR"— [0, 00) satisfies

z F(x,2)is C2,1<p<gq
v|z|P < F(x,z) < L(1+ |z]9),
v|zP2 AP < Fa(x, 2)A - X < L2720

When F(x,z) = ¢(x,]z|),
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Non-standard growth

We consider minimizers of the functionals with generalized Orlicz growth
Whe(Q) > u s / F(x,Vu)dx
Q

where F : Q x R" — [0, 00) satisfies

z F(x,2)is C?,
vo(x, |2]) < F(x,2) < Lo(x, |2]),
p D AR < Py (x, 2)h - d < LE D32,
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o We say that ¢ : Q x [0,00) — [0, 0] is a ®-prefunction if the following hold:
For every t € [0, 00) the function x — ¢(x, t) is measurable.

For every x € Q the function t — ¢(x, t) is non-decreasing.

lim ¢(x,t) = ¢(x,0) =0 and lim ¢(x,t) = oo for every x € Q.
t—0+ t—o0

o A ®d-prefunction is a weak ®-function, denoted by ¢ € ¢,,(Q), if the

following hold:

The function t — @ is almost increasing in (0, 00) for every x € Q.

The function t — ¢(x, t) is left-continuous for every x € Q.

almost increasing means that g(s) < Lg(t) when t > s for some L > 1.
almost decreasing means that g(t) < Lg(s) when t > s for some L > 1.

o Harjulehto, Hasto: Orlicz spaces and generalized Orlicz spaces, 2019.
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Let ¢ : Q2 x [0,00) — [0,00) and v > 0. We say that ¢ satisfies

if t— “"(tf;t) is almost increasing with constant L > 1 uniformly in x € Q.
if t— % is almost decreasing with constant L > 1 uniformly in x € Q.
When L =1, (alnc)y, = , (aDec), =

(A0) if there exists L > 1 such that L™! < ¢(x,1) < L for every x € Q.

Assumption

_ ttp//(x,t) _
P-1lsPny sa-1
=t (1) ~ P x t)
<= ¢’ satisfies (Inc)p—1 and (Dec)q—1

= ¢ satisfies (Inc), and (Dec)q
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o Let u be a minimizer of the functional
/ o(x, |[Vu]) dx
Q

where ¢(x, t) = a(x)1y(t) satisfies Orlicz growth:

P is C2,
0<v<a() <L,
" (t) ~ ¥/'(t)
u e C2X(Q) for some a € (0,1).
Iirg+ w(r)=0(ae C% = uec C2¥(Q) for any a € (0, 1).
r—r
w(r) < r? for some >0 (a € C%) = u € C2%(Q) for some a € (0,1).

o Lieberman (1991), ....
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Conditions on ¢

We say that ¢ satisfies

(A1) if there exists L > 1 such that, for every ball B, € Q

_ _ 1
g, (t) < Lpg (1) when ¢g (t) € [1, I |]-

(A1-n) if there exists L > 1 such that, for every ball B, € Q

_ n 1
©p,(t) < Lop (t) when t"€ {1, }

Here, wg, (t) := sup (x,t), @g,(t) := inf o(x,t).
XEB, x€B;
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Non-standard growth

o Let u be a minimizer of the functional

/Q(p(x, IVul) dx.

> Variable exponent case: o(x, t) = t?* w(x)
(A0) wa1
(alnc) infp>1
(aDec) supp < oo
(A1) pis locally log-Holder continuous.
(Al-n) pis locally log-Hdlder continuous.

» Double phase case : ¢(x,t) = tP + a(x)t?

(A0) agL®®

(alnc) p>1
(aDec) g < 0

(Al) ae C%8, g<p+2
(Al-n) a€ C%8 g<p+8
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o p(x)-growth case: ¢(x,t) = tP()

loc

Iin})wp(r) log(2) = L < 0o = u € C%(Q) for some a € (0,1).
r—

Iirr:)wp(r) log(1) = 0= u € C2¥(Q) for any a € (0,1).

r—

loc

wp(r) < r? for some B> 0= u € CL¥(Q) for some a € (0, 1).

loc

Acerbi-Coscia-Mingione (1999, 2001), ....
o Double phase case: ¢(x,t) = tP + a(x)t?
with 1 < p < g < o0, a€ C*(Q) for some S8 € (0,1].

Either%<1+%oru€Lxandq<p+ﬂ

— u € C2%(Q) for some a € (0,1).

loc

loc

<1+ 8 — ue CL¥(Q) for some a € (0,1).

Baroni-Colombo-Mingione (2015, 2018), ...
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We say that ¢ satisfies
if there exists L > 1 such that, for every ball B, € Q

_ _ 1
#6(0) < Lo (1) when () € |1 51

if there exists a non-decreasing continuous function w : [0, c0) — [0, 1] with
w(0) = 0 such that for any small B, € Q,

G0 < (L4 (D)o (1) when 5.0 € [wlr), 5 .

if for any € > 0, there exists a non-decreasing continuous function
w = we : [0,00) — [0, 1] with w(0) = 0 such that for any small ball B, € Q,

b (8) < (14 w(r)ga(6) +w(r) when 5 (1) € [w(r), ﬁ]

_— _—
Double phase case : ¢(x,t) = t? + a(x)t?, ac C®?
<148 = holds with w(r) < r7 and v = § — "2-2L > o,
;% =1+ % = does not hold. ¢ needs
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Unconstrained case

Let u be a minimizer of the functional

/Q o(x, |Vul) dx.

@ Generalized Orlicz case

» Harjulehto-Hasts-Toivanen (2017), Harjulehto-Hastd-L (to appear)

Either ¢ satisfies (A1), or that u € L* and ¢ satisfies (Al-n)
— u € C2(Q) for some a € (0,1).

loc

» Hasté-Ok (to appear)

(i) ¢ satisfies (WVAL) == u € C.%(R) for all a € (0,1).

(i)  satisfies (WVA1) and w(r) < rP for some 8 > 0
= u e C%(Q) for some a € (0, 1).

loc
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Let Q C R"(n > 2) be open and bounded. We consider local minimizers of the
functional

K@) 5 urs / % |Vul) d
where the class
KH(Q) :={ue W (Q)|u> ¢ ae inQ}

for a fixed function 1 : Q — [—o00, 00) which is called the obstacle.

Standard p-growth case : Michael, Ziemer, Choe, Lewis, Fuchs, Mingione,
Mu, Ok, Lindqvist, Benassi, Caselli ....

p(x)-growth case : Eleuteri, Habermann, Hastd, Harjulehto, Lukkari, Marola,
Byun, Oh, Ok, ....

Double phase case : De Filippis, Chlebicka, ....
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Let Q C R" be open and bounded.

We consider local minimizers of the functional
K2(Q) 5 us /ng(x,\vu\)dx

where the class £7(Q) := {v € Wh#(Q)|u > 1 a.e. in Q} for a function
P 1 Q — [—00,00) called the obstacle.

If o € &, (Q) N C([0, 0)), we say that a function u € K3 () is a solution to
the IC7(Q2)-obstacle problem if it satisfies

/n (%v“) “V(np—u)dx >0

for all n € K7(Q) with supp(n — u) C Q, which is equivalent to

dep(x,|Vul) )
—I > Vu)-Vndx >0
/( V| K

for all n € W'#(Q) with a compact support and 7 > 1 — u a.e. in Q.
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Let ¢ € $,,(Q) satisfy (alnc), (aDec), (A0) and (A1). Suppose that the obstacle
e CCP(Q) for some B € (0,1). Then u € C=*(Q) for some o € (0,1).

loc loc

o (A1) condition: There exists L > 1 such that, for every ball B, € Q

- — 1
@E,(t) < @B,(t) when (pBr(t) c |:1’ |B|:| )

@ The proof is based on constructing classical Harnack’s inequality. The
supremum estimates of the solution are proved via Caccioppoli type energy
estimate and unconstrained results. The standard arguments provide the
weak Harnack inequality.
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Supremum bounds
u satisfies the Caccioppoli type inequality

u—YV
[ etevw—oas [ o200 o
A(L,r) A(£,2r) r
for any £ > 0, where A(k,r) := QN {u > k}.

Then if 1 € WH?(Q) N Li5.(Q) and 6 € [3,1), we have

+r

(1)

for any Q»r C Q and £ > supg, ¥, provided that g1 (q,,)(|Vu]) < 1. The term
|(u—£)q,,| can be omitted if u — £ is non-negative almost everywhere in Q.
Furthermore, if u € L>(Q:) satisfies (1) without the term |(u — £)q, , |, then

) 1/q
esssup(u —£)y < (1—0)* {(7/ (u—20)% dX) +|[(u—0)q, |

Qor

r

1
esssup(u —£)+ < (7[ (u—20)" dx) ' +r

Q)2 r

for any h € (0, 00).
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Infimum bounds

Since solution to an obstacle problem is also a superminimizer, the standard
arguments provide the following weak Harnack inequality:

Suppose that u € W,.#(Q) is a non-negative solution of the K7 (2)-obstacle
problem. Then there exists hy > 0 such that

1
h fo .
u™ dx <essinfu+r
, Q2

when Qr C Q and g,¢(q,,)(|Vu]) < 1.

Combining the supremum and infimum bounds, we obtain Harnack's
inequality and then it implies the oscillation decay estimates

osc(u, r/4) < osc(u, r) + cr?,

_<
Cc+1
which means the Holder continuity of w.
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o Let ¢(x,-) € C}([0,00)) for any x € Q with ¢’ satisfying (A0), (Inc)p—1,
(Dec)q—1 for some 1 < p < q. Suppose V) € Cllo‘f(Q) for some 8 € (0,1).
If p satisfies (WVA1), then u € C2(Q) for any a € (0,1).
If  satisfies (wWVA1) and

w(r) < r’ for all r € (0,1] and for some 6. > 0,

then u € C2%(Q) for some a € (0,1).

loc

(wVAL) condition: For any ¢ > 0, there exists a non-decreasing continuous
function w = we : [0,00) — [0, 1] with w(0) = 0 such that for any small ball
B, € Q,

o (1) < (L w(r)e,(6) + () when  g5.(t) € [w(rx ﬁ]

Double phase case : ¢(x,t) = tP + a(x)t9, a€ C%

i1+l = holds with w(r) < r’ and 6. = § — 21=209=2) > g,
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Higher Integrability:

There exists oo € (0,1) such that (-, |Vu|) € L*™°(B,), and for any
o € (0, 0¢],

[ ot val) 7 x

r

140
<a|(f etimax) ot woy e
By B,
for some ¢1 = a(n, p,q, L) > 0.
It is proved by Gehring's lemma with Sobolev—Poincaré inequality:

For1<s< ﬁ there exists 8 > 0 such that

(f w(x’mru')s dx)% </ w(x,\Vu|)dx+W

B
for any u € Wol’l(B,) with ||[Vu||, < 1. If additionally 1 < s < p, then

{ o(xs =) goc (f ot ivu? o) +1
: B

for any u € WH1(B,) with IVull j1/s <1
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Sketch of Proof

Stepl  » From the higher Integrability, we obtain the reverse Holder type estimates:

For every t € (0, 1], there exists ¢; = ct(c2, t, g) > 0 such that

1/(1+09)
(7/ @(x, |Vul)too dx)

"

1/t 1/(1+09)
<c l:(f o(x, |Vul)t dx) + (f o(x, | Vip|)ttoo dx) +1
By, By

Additionally,

1/(1409)
1 et vuyax < (f otxvulyo )
5 5

1/(1409)
<c|en, (f 1vulax)+ (et ivuya) +1
" By, B

r

)

where ¢ > 1 depends on ¢, q and L.

T e T ——— ety ezl Felriery 0, o, 2220



Comparison functions
For comparison argument, we shall use the regularized Orlicz function ¢
constructed from a generalized Orlicz function ¢, which was introduced by
Hastd-Ok (to appear in JEMS).

We define the regularized Orlicz function @ by
5(0)i= [ e (to)nlo - Vo= [ oo (sJnels — 1) ds.
0 0

with @(0) := 0 for n € Gg°(R) with n > 0, suppn C (0,1) and |n|l: =1
where 7,(t) := 1 (%).

©B,, (t) i= /OtTBz,(S) ds.
with
¢ (%0 t1) (g)H, fo<t<t,
78,,(t) == ¢ ¢'(x0, t) ift1 <t<ty,
@ (x0, t2) (é)p_l, iftr < t < oo,
where t; 1= (¢E2,)_1(w(2r)) and tp = (cpEZr)_l(\B2,|_1).
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Comparison functions

The regularized Orlicz function (@ satisfies the following properties:

B, (t) < @(t) < (1 + cr)es,, (t) for all t > 0 with ¢ > 0 depending only on g,
and 0 < @(t) — p(xo, t) < cro™ (t) + cw(2r) < cp™ (t) for all t € [t1, to];

@ € CY([0,00)) and it satisfies (Inc)p, (Dec)q and (A0), and @’ satisfies
(Inc)p—1 and (Dec)q—1 and (A0). In particular @¢'(t) =~ t&’'(t) for all t > 0;

@(t) < cp(x, t) for all (x,t) € By X [1,00), and so $(t) < p(x,t) + 1 for all

(x,t) € Byr x [0, 0).

Consider the unique weak solution w € W*#(B,) of

{ —div( ‘IVVTI)VW)

w = u

and the unique weak solution v € W%#(B,) of

{ —div (ZZvv)

v = w on

I
o
5
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Consider the unique weak solution v € W%(B,) of

—div(%w) 0o in B,
v = w on O0B,.

As v is the solution of the @-Laplacian equation, it is known to have
Cl@o_regularity for some ag € (0,1) (Lieberman, 1991):
For any B(xp, 0) C Br and 7 € (0,1), we have

sup  |Vv| < cf |Vv|dx,
B(x0,0/2) B(x0,0)

{ 9= (el < e vviax
B(xo,T0) B(x0,0)

Energy estimates for w and v :

][,s?»(\vw\) dx<c <][B,¢(|VU|) dx + 1> ,

7[3,“5('%') dx < c (][B,¢(|Vu|) o + 1) .
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We have

1

1+o0 Troo ~
e V) ax ) <3 (4 [Vuldx) +1
By

r

by using the reverse Holder type estimates, and

2
o 240,
][ o(x, [Vwl])dx < <][ o(x, |Vu|)1+70 dx + 1) Too 7
r B’

by using Calderén-Zygmund type estimates:
for the solution w € W1.%(B,) of
_div (Mvw) in B,

Caio (& (VW)
div ( I wl VW) Vol
w = u on 0By,

e wDllzoe,) < < (leIV%D o) + 19Vl l10(s,))

for any 0 € ®,,(B;) satisfying (A0), (A1), (alnc)p, and (aDec)q, with constant
L>1and 1< p; < q1.
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By using the previous estimates, we obtain

{1Vu= Twldx < (@)@ 4 ) (7/
B

r 2r

|Vu| dx + 1)

for some v = (n, p,q,L) € (0,1).

B
f|VW7Vv|dx<cr27¥ (7[ \Vu|dx+1>
By Bay

f \Vv\dXSf [Vul + 1dx
B, By

r

combining above estimates,

/|Vu|dx</ |Vu—VW|dx+/ \VW—Vv|dx+/ [Vv| dx
B

4 r r BQ

< wo(r)/ |[Vul 4+ 1dx + 0" sup |Vy|
By, B2

< wo(ro) |[Vul+1dx + 0"+ |Vv]|dx

By Br

S (wo(ro) + (%)n) /B |Vul|dx + r".

2r
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Sketch of Proof

» Then we have that for any u € (0, n),

o\
|[Vu|dx < (—) /
B, ro B,

for all B, C Q" with g € (0, ro).

[Vu|dx + rg_“>

0

» Thus, we take 1 — 1 = « to obtain that u € CIOO’;"(Q’) by Morrey type
embedding.
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7[ \Vuf(Vu)BgldX<2][ [Vu—(Vv)s,| dx
B

e BQ

<2][ |VU*VW‘dX+2][ |waVv|dX+27/ Vv —(Vv)s,|dx
B B

e e BL’

< <£) |Vu—Vw|dx + (ﬁ) [Vw — Vv|dx + (Q)D‘“][ |Vv|dx
0 B, 4 B, r B

/2

(1) e eyt (f vaacen) « (8)°f vviex
0 By, r B

() O (s <o ((G) +()7),

where &g := 2—1q min{%,fy,ﬂ}.
Thus, we obtain that u € C5%(Q') with o = ﬁiggo by Campanato type
embedding.
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Thank you.
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