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Introduction

Parabolic measure data problems

m Consider the Cauchy-Dirichlet problem with measure data

{ut —diva(Du,z,t) = p in Qp, P)

u=0 on 9y,

where Du := D u, ) is a nonsmooth bounded domain of R, n > 2,
and Q7 :=Q x (0,7) with 9,Qp := (02 x (0,T)) U (Q x {0}).

m 4 is a signed Radon measure on ()7 with finite mass. Here we
assume that s is defined in R™*! by considering the zero extension to

R\ Qr; that is,

ul(Qr) = |ul(R™) < .
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Parabolic measure data problems with p-growth
m A typical model of (P) is parabolic p-Laplacian, a(¢,z,t) = |£[P72¢;
up — Apu = uy — div( |DulP™?  Du) =p
diffusion coefficient

m p > 2 : slow diffusion, degenerate equation
m p < 2 : fast diffusion, singular equation
m p =2 : random diffusion, non-degenerate (heat) equation

m The nonlinearity a(&, z,t) : R™ x R™ x R — R" satisfies the following
growth and ellipticity conditions:

Aolé[P72|n[* < (Dea(€, , t)n,m), n+l

for every n,&£,x € R", t € R, and for some constants Ag, A; > 0.

{IéIIDga(ﬁ,x,t)l+Ia(£,az7t)| < Aqlept, < m >
p >
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Goal

m Goal. Global gradient estimates for a solution to the problem
(P) as follows:

/ |Dul? dedt < [ My () dadt +1 for 0 < Vg < oo,
QT QT

where d = d(n,p) > 1.

m M, (p) is the parabolic fractional maximal function of order a for p,

M (p)(z,t) := sup (@, 1)) for (z,t) € R" x R,
r>0 rnt2

where Q. (x,t) := By(z) x (t —r?,t +12).
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Goal

m Goal. Global gradient estimates for a solution to the problem
(P) as follows:

/ |Du|? dzdt < My ()% dzdt +1 for 0 < Vg < oo,
QT QT

where d = d(n,p) > 1.

m To derive the above estimates, we find
a notion of solution
minimal assumption on the operator a(¢, z, )

minimal assumption on the boundary of (2
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Notion of solution

Motivation

m Consider
—div (|DulP"2Du) =6y in R" x R,
where dg is the Dirac delta function charging the origin.

m The Barenblatt solution is

p=l
2

P P
p—2 P
o lc(n,p) P Zpomr (|;,|> ] ifp£2&t>0,
p
u(z,t) = , +
(47Tt)_%e_lilt ifp=2&1t>0,
0 ift <0,

Where9::m>0 (@ p > n+1)
m e LYR;WHI(R™)) for g < p— 207, ie., u & L (R; WP (R™)).

muc LNRWH(RD)) <= p— —]

2
2>l = p>2- 2 (>—")

mud¢ LHR,WHH(RD)) = 2”

+1'
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Notion of solution

p-parabolic capacity

m Let p>1and Q C Qp. The p-(parabolic) capacity of () is defined
by
cap,(Q) :=inf {[ullw : v € W,u > xq a.e. in Qr},
where W := {u € L0, T;V):u € Lp/(O,T; V/)} endowed with

lullw = llull e o,rv) + 1wl o o vy

Here V := W, P(Q) N L2() and V' is the dual space of V.
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Notion of solution

Decomposition of measure

M (Qr) := {all signed Radon measures on Q7 with finite mass}.
Mo (Qp) := {p € Mp(Qp) : p is absolutely continuous w.r.t p-capacity}.
M (Qr) :={p € My(Qr) : 1 has support on a set of zero p-capacity}.

m For pu € My(Qr),

W= g+ ts, Ha € f-):na(QT)7 ps € 9:ns(QT)

fta € Mo (Qr) = po = f + g +divG,
where f € L' (Qr), g € LP(0,T;V) and G € L¥ (Qr).
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Notion of solution

A notion of weak gradient
m Let us define the truncation operator

Ti(s) := max {—k,min{k,s}} forany k>0 and s € R.

m If u is a measurable function defined in Qr, finite a.e., such that
Ti(u) € LP(0,T; Wol’p(Q)) for any k£ > 0, then there exists a unique
measurable function U such that DT}, (u) = Ux{ju<k} 2-e. in Qr for
all k> 0.

m In this case, Du:=U. If u € L(0,T; Woll(Q)) then it coincides
with the usual weak gradient.
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Notion of solution

Renormalized solution

Definition (Petitta & Porretta ‘15)

Let p > 1 and p = g + ps. A function uw € L' (Qr) is a renormalized solution of the
problem (P) if Ty, (u) € LP(0,T; W, *(Q)) for every k > 0 and the following property
holds: for any k > 0 there exist sequences of nonnegative measures z/,‘:7 v, € Ma(Qr)
such that

1/,:’ — pj, v, — ps tightly as £ — oo

and
—/ T (u)pe dxdt—i—/ (a(DTx(u), z, t), D) dmdt:/ © dug
Qr Qr

Qp

for every o € W N L™ (Qr) with (-, T) = 0, where uy, := pa + vi — v, € Ma(Qr).

v

m s = pul — py, where puf and p are the positive and negative parts, respectively.

m We say that a sequence {vi} C M, (2r) converges tightly to v € My (Qr) if

lim @ dv,, = / @ dv Vo € Co(Qr).
Qr Qr

k—oo
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Notion of solution

Various notions of solutions

m Very weak solution, Distributional solution, Duality solution, - - -

® Renormalized solution
m DiPerna & Lions '89
m Dal Maso & Murat & Orsina & Prignet ‘99
m Petitta '08
m Petitta & Ponce & Porretta '11
m Petitta & Porretta '15, - -

m Entropy solution

m Bénilan & Boccardo & Gallouét & Gariepy & Pierre & Vazquez ‘95
m Boccardo & Gallouét & Orsina '96
m Prignet ‘97, ---

m SOLA (Solution Obtained by Limits of Approximations)

m Boccardo & Gallouét '89, '92
m Dall'Aglio '96
m Boccardo & Dall'Aglio & Gallouét & Orsina '97, - - -
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Small BMO assumption

m Let R>0andé € (0, %) The vector field a satisfies

to

sup sup sup ][ ][ O (a, By (y)) (x,t) dedt < 4,
t1,t2€R0<r<RyeR™ J r(y)

where

©(a, Br(y)) (x,t) ;= sup
geR\{0}

a(é” z‘? t) a(&’ 57 t)
szt _ a8t
€[p—1 ]ir(y) g

m The map z — a‘gﬁf) is of Bounded Mean Oscillation (BMO)
such that its BMO seminorm is less than or equal to §, uniformly in &
and ¢.

m L>*° C BMO C L1 for any q < 0.
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Regularity assumptions on a and 92

Reifenberg flat domain

m Let R >0and € (0, 1). The domain € is (0, ?)-Reifenberg flat,
that is, for each zp € 052 and each r € (0, R), there exists a
coordinate system {yi,--- ,yn} such that in this new coordinate
system, the origin is xy and

B, n{y, >dr} € B,NQ C B, N{y, > —dr}.

Yn = or
?/
Yn = —or
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Jung-Tae Park (KIAS) Parabolic measure data problems



Reifenberg flat domain (cont.)

m This domain includes C! domain, Lipschitz domain with a small
Lipschitz constant, and so on.

m This domain also satisfies the measure density condition:

sup sup |B- W)l << 26) .

o<r<Ryeq QN By(y)| —
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Global gradient estimates

Global Calderén-Zygmund type estimates 1

uy —diva(Du,x,t) = p  in Qp, 2n
(P) { p :

>
u=0 on 9,Qr, n+1

m Assume that (a, ) is (J, R)-vanishing.
a(¢ rt)

(= =z~ = is d-small BMO and Q2 is (0, R)-Reifenberg flat)
Theorem (Byun & P. & Shin '21, P. & Shin submitted)

Let u be a renormalized solution of (P). For p > 2, we have

(nt+2)(p—1)

T Dp—n
/ |Du|? dxdt < </ (M (p)]? dmdt) +1 for 0< Vg < oo.
QT QT

For =% < p <2, we have

/ |Du|? dxdt < / (M ()] @ dgdt + 1 for 0 < Vg < 0.
QT QT

m For elliptic problems, see Mingione '11, Phuc '14, Nguyen & Phuc '19.
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Global gradient estimates

Global Calderén-Zygmund type estimates 2

m Assume that the following decomposition holds:

p=po @ f,
where g is a finite signed Radon measure on 2 and f € Lﬁ(O,T).
m Assume that (a, ) is (9, R)-vanishing.

Theorem (Byun & P. & Shin '21, P. & Shin submitted)

Let u be a renormalized solution of (P). For p > 2, we have

(n+2)(p—1)2

e pn
/ |Du|? dxdt < (/ [/\/11(,u0)f]1;%1 dmdt) +1 for p—1 < Vg < 0.
QT QT

FornJrl < p <2, we have

/ |Dul? dxdt < / [/\/ll(uo)f]ﬁ dzdt+1 for p—1 < Vg < oco.
QT QT

4
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Global gradient estimates

Known results for parabolic measure data problems

m Calder6n-Zygmund type estimates

m Nguyen '15: linear problems
m Byun & P.'18: p=2
m Byun & P. & Shin, '21: p>2——

m P. & Shin, submitted: <p<2-— n%_l

m Pointwise potential estimates

m Duzaar & Mingione '11: p =2
m Kuusi & Mingione '13, '14: p >2 - —

n+1
m P. & Shin, in preparation: = <2- nT—l
m Marcinkiewicz estimates
m Baroni '14, Bui & Duong '18: p > 2
m Baroni '17: 27?—5—1 <p<2
m P., in preparation: =5 <p< 2 — nT—l
m In this talk, we only focus on when 2” <p<2-— n—H
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Idea of proof

|dea of proof

m Our proof consists of comparison estimates via approximation
arguments and covering argument.

m We obtain comparison estimates under intrinsic cylinders.

m Covering argument is based on maximal function technique,
introduced by Caffarelli & Peral '98, developed in Byun &
Palagachev & Shin ’20.

* Maximal function free technique (Acerbi & Mingione '07).
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Idea of proof

Intrinsic scaling

m Dimensional analysis
We denote by [w] the dimension of the quantity w (e.g. [7] is time, [p]
is a length). Consider v; = div(|Dv[P~2Du). Then we have dimension

WP o = peotar = ()" =g,

provided that A := [v]/[p]|(= [Dv]).
m Intrinsic parabolic cylinders: for A > 0,
Qp (o, to) := Bp(xo) x (to — N> 7Pp? to + NPp?).

::I;‘(to)

If p=2or A=1, then Q‘/}(.Cbo,to) = Qp($0,t0).
m The concept of intrinsic scaling means that the size of cylinders
depends on the solution itself (introduced by DiBenedetto).
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Idea of proof =~ Comparison estimates

Comparison estimates

ug — diva(Du, x,t) = in Qr,
_ (P)
u=0 on 0,Qr.
Let w be the weak solution of the homogeneous problem
w; — diva(Dw,z,t) =0 in K2.(zo,t0), (P.)
w=u on dK3 (20,t0). b

m K3 (z0,t0) := Q3,(z0,t0) N Qx, where Qg := Q x (—o0,T).

m Suppose that (a, Q) is (J, R)-vanishing for some R > 0, where § € (0, %) is
to be determined later. Fix any A > 0, (z9,%0) € Qz and 0 <r < %
satisfying

Bgr(l‘o) N {.T,n > O} C Bgr(lio) NnNQC BgT(ZL‘o) n {Jin > —165T}.

= From now on, for simplicity, we omit the center (zq,t) of K3.(wo,to).
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Idea of proof =~ Comparison estimates

Higher integrability

Lemma (Bogelein & Parviainen '10)

Let + < p < 2. There exist constants o = a(n, Ao, A1,p,0) € (0,1) and
¢ =c(n,ANo,A1,p,0) > 1 such that

p(1+00)

p—p0o+06
][ |Dw|PAF9) dadt < eXPAH9) A“’][ |Dw|® dxdt +1
K. Kg,

for every Q-p)n p) <0 <p, where d := (714_22)%.

m In an interior case, see Kinnunen & Lewis '00.
m The lower bound of 6 comes from p — pd 4 06 > 0 (scaling deficit!).

m For elliptic equations with p-growth (p > 1), there has no scaling deficit (see
Giusti's book).
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Idea of proof =~ Comparison estimates

Comparison estimates below L! spaces

Lemma (Comparison estimate between (P) and (P,))

Let 3242 < p <2 — —. There exists a constant ¢ = ¢(n, Ao, p,0) > 1 such that

G A\ T
][ |Du— Dw|® dedt | <c M
I |K)\ | n+2
(2—p)(n+1)

K o(n+2)
—|,u|( 3};2 ][ |Du|‘9 dxdt
w18 | Uy,

n+1 S L.

for any constant 6 such that (’L+2) <fO<p-—

m Forp>2— see Kuusi & Mingione '13, '14.

n+l’
3n— 2

m For elliptic comparison estimate (with 5%
Phuc '19.

<p<2-— 7) see Nguyen &
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Outline of proof (1/5)

m For any fixed ¢, with € > 17 > 0, choose a test function

@1 = *min {1,max { (u- w)i_j__ 51_7,0}} ¢(t), (0<~y<1)

e —€&l—

where ¢ € C*°(R) is nonincreasing with 0 < ¢ <1 and {(¢) =0 for ¢t > 7.

(s)*mln{l max{ _~1 ,Y,O}}

Dy, = 1777@— W) “’(Du—Dw)X{E

g —&l-v 1Y < (umw)§ 7<6}C'

1
n (Ufw);7 < €77 in the set {é < (ufw)i < 5ﬁ}_
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Outline of proof (2/5)

m Weak formulation

/K (u — w)epr dedt +/

K
m The integration by parts gives

(u—w) 4 s _ gl
6L = /K /5 min{l, W} ds (*Ct) dxdt 2 0

m Letting £ — 0, we have

8 .(ufw)i Sl—’y
/ / min{L } ds| (—¢) dwdt < |pl(KD)
K3, [Jo €

m Letting ¢ — 0 and letting ¢ approximate the characteristic function x(_oo,-), We
derive

(a(Du, z,t) — a(Dw, z,t), D1) dedt = / prdu.
ar & K3

=1 >0 by monotonicity <\u|(K§‘ )
< T

A
8r

sup [ Juwl do < Jul(). (1)
Qgrx{7}

A
Telg,
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Outline of proof (3/5)

m Choose another test function
P1
1— 1—v
(a Y+ (u—w) )

P2 = -1

where 0 <y <1, @ >0and £ > 1 are to be determined later.

m Weak formulation

/ (u — w)p2 dzdt —I—/ (a(Du,z,t) — a(Dw, z,t), Dp2) dedt = / padu
K3, K3, K3,
<a=10=8)|u|(KR.) =13 <a@=1A=8)|u|(KQ.)

m From calculations of I, we derive

p—2
/- lu—w|~" (|Dul? + |Dw|?) ? | Du— Dw|? Q=M a-9)
SRR,

A
(=7 4 |u — w|t=7)* (ot = CWM(K&)
(2)
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Outline of proof (4/5)

m Parabolic embedding theorem (¢ > 1, m > 0)

q

/ |f|qn+Tm dzdt < c / |Df|? dzdt sup / [f|™ dx | .
K. K3, terd, J Qs x{t}

8r

p=8
m Take f=|u—w[ 7  ,g=1landm= 25 (0<B<p).

(n+1)p—np p=_
][ |lu —w| P d:cdtgc][ ‘D|u7w| P ‘ dxdt
K, K3,

A
8r
1
n
X sup/ |u —w| dz
te1, J Qgrx{t}

< c[lult)] " I [Pl | dear oy 1)
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Outline of proof (5/5)

[ ] ][
A
Kg,.

(Here, choose 0 < < 1, & > 0 and £ > 1 = the range of p, § is determined.)
=8 ’ _p=B
p

m Since ‘D\u—w| v

=5 .
Dju—wl| » ‘ dzdt can be estimated by (2).

_B
u—w| ?|Du— , we compute

][ |Du — Dw|® dzdt
K3,

_8 0 80
][ (|u—w| P |Du—Dw|) |lu —w| P dxdt
Kg’f‘

0 1-9
BO
<c ][ D|u—w| 7| ddt f |lu — w|PA=0) dzdt
K3, K3
=0 p—B
<c [|u\(K§T)} " ][ ’D|u —w| 7 | dxdt,
Kg""
_ (n+1)p—ng : H
by taking (1 9) s (= the range of 0 is determined).
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Idea of proof =~ Comparison estimates

m Comparison estimate between (P) and (Py)
Let 372 <« p <2 — n+1 There exists a constant ¢ = ¢(n, Ao, p,0) > 1 such that

2n+42
G CEay =
][ |Du — Dw|® dedt | < ¢ Il(KSr) ’
Kg\r — I n+41

K>\ |n+2
(2;(1')5:12-;—1)
K n
o | lts) &) ][ |Dul® dadt
a3 ] i,
for any constant @ such that % <O<p- 5 <L
(] Higher integrability (Bogelein & Parviainen '10)
Let =% < p < 2. There exist constants o = o(n, Ao, A1,p,0) € (0,1) and
c= c(n Ao, A1,p,0) > 1 such that
P(1+Ercr>0
p—po+0
f |Dw [P dgdt < eXPOH) A—“’][ |Dw|® dxdt +1
K3y KR,
for every (2= p)n < 0 < p, where d: Mﬁ
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Idea of proof =~ Comparison estimates

MMyp>f%?

m From comparison estimates and higher integrability, the valid range of p is

2n cp<9 1
n+1 P> n+1’

3In+2 2n 1 . .
not max { It m} < p < 2— .77, since the constant 0 exists only

n+2 (2—pmn n
8 0 — .
mm{%n+n’ 2 R |

when

2 2n  3n42 . .
m 22 > max{n—]rg, 2212 } where the equality holds iff n = 2.

2n 3nt2 _ . 2n 3n+2
<5 if n=2,3,4, s > s if n > 5.
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Idea of proof Covering arguments

|dea of proof

m Our proof consists of comparison estimates via approximation
arguments and covering argument.

m We obtain comparison estimates under intrinsic cylinders.

m Covering argument is based on maximal function technique,
introduced by Caffarelli & Peral '98, developed in Byun & Palagachev
& Shin "20.

* Maximal function free technique (Acerbi & Mingione '07).
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Idea of proof Covering arguments

Modified Vitali covering lemma

Lemma

Let 0 <e <1, A >0 and Qg :=Q x (—o0,T), where Q is (6, R)-Reifenberg flat.
Let € C ® C Qx be two bounded measurable subsets such that

€] < 6’62)1‘%/10 , and

1

for any (y,s) € Qg and any r € (0, R/10] with |€ N Q)M (y, s)| > £|Q)}
Q?(yv S) N Q‘I CcCo.

Then we have

10 \"*
o< (1= e[| =t go|D|. ®3)

m The covering lemma above is obtained under € C ® C Q«, not
CCDCQp:=0x(0,T). Then the relation (3) is independent of .
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Idea of proof Covering arguments

m For any fixed € € (0,1), we set

@) 1"

Q|72

0 Qr)1¢
Q7| +[|“|(nﬂ)] b1,
£ |Qr/10 0T

where § := (”7” d:= ( , and @ is a constant such that

2
n+1)p—n' n+1)p—2n

n+2 (2—p)n n
p—1lp<f<p——<1.
max{z(n+1)’ 2 P Pmn =

m For \> )Xy >1and N > 1, we write

¢ = {MY(IDul) > (WA}, D = {MA(IDul’) > A7} U {M3 () > 97},

where
MM(Dul' ) i=sup . |Duly,s)|” dyds
>0 J QX (x,t)
A
,t
>0 rnt
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Idea of proof Covering arguments

Verifying two conditions

m Energy type estimates
Let 3”+2 < p<2— ——. Then there is a constant ¢ = ¢(n, Ay, p,0) > 1

such that
1
9
<f |Du|9dxdt> <c
Qr

for any constant € such that 0 < 6 < p —

(@) | T

Q7] Q| B

_n_
n+1-

m (1st condition) There exists a constant Ny = Ny(n, Ag,p,0) > 1 such that

for any fixed N > Ny and A > Ao, we have |€] < ¢ Qf\z/lo‘ .
Pf. Since ® >p—1and A > Ao > 1, we note that A™? < \!7P < )\2_‘“)\51.
86
Q| | [p[(Qr)

€| < %/ |Dul’ dadt <
(AN) (AN)?

A?Pe | Qo
< 0
Ny
by selecting N1 large enough.

|QT|:’%é

A
<e ‘QR/lO’ ;
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Idea of proof Covering arguments

Verifying two conditions (cont.)

m For \> )Xy >1and N > 1, we write

= {MM(Dul’) > (NN}, D = {MM(|Dul) > A7} U {M3 () > 67}

m (1st condition) There exists a constant N1 = N1(n, Ag,p,0) > 1 such that
for any fixed N > Ny and A > \g, we have |€| < ¢ ‘Q;\%/lo‘ .

m From previous comparison estimates, we can obtain 2nd condition:
There exists No = Na(n, Ag, A1, p,0) > 1 such that for any fixed A > Aq,
N >Ny, re (O, 1%] and (y, s) € Q with |€ﬁQi‘(y,s){ >e |Qi‘| we have
K}y,s) CD.

m Take N = max {N;, N2}. We apply the covering lemma to derive the
decay estimates as follows: for any A > )¢,

HMNIDuI") > (NA)"}\ < o [{MM(|Dul®) > X} +eo [{ M3 (1) > 6X}].
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Idea of proof Covering arguments

Relation between classical and intrinsic fractional maximal
functions

x "
o MG t) = sp LI g 1) 5, = s P2

mlet§>0andlet A\ >1.If 712f1 < p <2, then we have

{Mi\(u) > (5)\} C {[/\/11(/1,)] " FDr=2n > 6(n+1)2p72n>\} )

Pf. Set ry := A“Z"r. Since Q) C @y, lﬂl(?ﬂij’s)) < lul(QZ(l(ly’s)))x<27p)2(nﬂ).
To
A —2n
If |H|(QT-’(_:§,7$)) > 5)\’ then |l’[’|(Q:‘L()+(iy7s)) > JA%
rh Ty
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Idea of proof Covering arguments

Relation between classical and intrinsic fractional maximal
functions (cont.)

mletd>0andlet A\>1. If p>1and u= po® f, then we have

(M) > 3} € {2(Muo) (M) > 57412}

t+r
where M(1)i=supf 17(5)]ds and M o) &) 1= sup 1T,

r>0 Ji—r r>0 rn—l

. (@) (x,t po|(Bi(z)) [N
Pf. Since p = o ® f, | )|\(2_p£n+1)) = 2| 0|:n_1( ) ftf)\Q*Prz |f(s)| ds.
A t4A2"Pp?
it Iul(%ﬁ,t)) < A, then 2luo|£ﬁ1($)) ][ 1f(s)] ds > A",
t—A2—Ppr2
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Idea of proof Covering arguments

Decay estimates

m For any A > Ay, we have

)

HM*QDUV’) > (NA)GH < o |[{M (|Dul?) > A?}|+& H[Ml(u)]d > w}

where d := 4 2

TiDp—an = 1. Moreover, if ju = 119 ® f, then we have

HMA(IDUI(’) > (NA)‘)H
< 2o [{M(Du) > X} + 20 [{ 2 (o) (M7 > 722},

10 n+2
where g¢ := (1—_5) €.
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Idea of proof Covering arguments

Decay estimates of integral type

m Weak (1, 1)-estimate for the A-maximal function

(%

‘{M’\f>2a}|gc(n>/{|f }|f|dacdt for any a > 0.
>a

m For any 6y € (9,17 - #) and any A > )¢, there exists a constant
¢ = c¢(n, Ao, A1, p,00) > 1 such that

/ |Du|% dxdt < CE/ |Du|% dxdt
{IDu[>Nx} {IDu|>3}

ce do
+7/ (M ()] dadt.
%% J{ My o1t>ser)

m Using the above decay estimate, we can obtain our main global gradient
estimate.
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Summary

m Consider the Cauchy-Dirichlet problem with measure data
uy —diva(Du,z,t) = p  in Qp,
{ u=0 on d,Qr,
where 1 is a signed Radon measure on ()7 with finite mass.
m (a,Q) is (0, R)-vanishing
(<= 2+ 3&20 is 5-small BMO & Q is (4, R)-Reifenberg flat)

m Global gradient estimate. Let u be a renormalized solution of (P).
For p > 2, we have

(n+2)(p—1)
(Tt l)p—n

/ |Dul? dxdt < ¢ (/ (M (p)]? dmdt) +c¢ for 0 < Vg < .
QT QT

For nQ—fl < p <2, we have

/ |Dul|? dzdt < c/ My ()] G dedt +c for 0 < Vg < 0.
QT QT
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Thank you for your attention!
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