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Outline
@ Quasi-minimizers and local minimizers
@ A brief review of local boundedness results under (p, q)-growth

@ Local boundedness for degenerate (better: non-uniformly) elliptic
integrals

@ DeGiorgi’s technique vs Moser’s iteration method

@ De Giorgi’'s method in the vectorial case: local boundedness results
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Introduction

Consider an integral functional of the Calculus of Variations:

F(u) ::/Qf(x, u, Du) dx

u e W'(Q) is a quasi-minimizer of F if

@ x — f(x, u(x), Du(x)) € Li.()
e dQ>1:
/ f(x,u,Du)dx < Q f(x,u+ o, D(u+ ¢)) dx,
supp supp

for every ¢ € W''(Q) with supp » € Q.

If Q =1, we say that u is a local minimizer of F.
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Local boundedness: a negative result

Scalar case u: B;(0) —» R, B;(0) CR”

Example (Giaquinta (1987), Marcellini (1987))

n—1
[ Clul+elulDdr,  q>2
B1(0) =4

has an unbounded minimizer if 15 < 1

2 n-—A1

S qg>p.

p = harmonic mean of (2,...,2,q): % . %
N——
A ————

The integrand f satisfies a (p;, p;)-growth:

S JuglP < f(Du) < o3 Juygl” +1) pi=1.
i i=1

with (p1,--- ,pn) = (2,...,2,9).
———
n—1
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(pi, pi)-growth: local boundedness in the scalar case

Theorem (Boccardo-Marcellini-Sbordone (1990), Fusco-Sbordone (1990/3))

F(u) = /f(x u, Du) dx

Z\ux|"'<f(quu <C(Z|ux|p'+1) pi > 1.

i=1 i=1
If  max{p;} < (p)* then local minimizers are locally bounded.

p = harmonic mean of (p1, ..., pn)

See also Stroffolini (1991) for the bound p < (p)*.

Remark:
The energy density has also (p, g)-growth:

|z|P < f(x,u,2) < c(|z|7+ 1), p = min{p;}, q:= max{p;}.

The bound g < (p)* is better than g < p*.
The more hypotheses on the structure there are, the better the condition on

the exponents.
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(pi, 9)-growth: local boundedness

D P < f(x,u,Du) < e |ux|? + a(x)) 1<p<q

i=1 i=1
C.-Marcellini-Mascolo 2016

Let f be convex in (u,z) € R x R”
e1<p<qg<p

e ac L} (), with s > %
Then the quasi-minimizers of F are locally bounded in €.

(u=(u',---,u™) C.-Marcellini-Mascolo 2013

Additional assumptions are needed:

° f(X7 DU) = g(X7 ‘UX1 |7 T ‘anD
@ Ar-condition: 3y > 1 : f(x,tz) < t7f(x, z) vt > 1
@ z+ f(x,z) of class C'.

Then the local minimizers of F are locally bounded in .
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A recent improvement in the scalar case

In the scalar case, with pure (p, g)-growth
1z|P < f(x,u,2) < L{|z|7 + a(x)},

it is proved in Hirsch-Schéaffner (2020) that the local boundedness of
minimizers holds if
1.1 1

q-p n-1
(also a Ax-type condition is assumed).

This condition is weaker than
1.1 1
q p n

and it is sharp, because of the counterexamples by Giaquinta and Marcellini.

S qg<p,
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Aim and main references

Local boundedness of local/quasi-minimizers of degenerate elliptic integral
functionals

VECTORIAL CASE:
C.-Marcellini-Mascolo Nonlinear Anal. 2018

SCALAR CASE:
Biagi-C.-Mascolo J. Math. Anal. Appl. 2020
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A motivation

A motivation to study the regularity of degenerate elliptic functionals is given
by the so called double phase functional.

The double phase functional is
/ f(x, Du) dx — / {1Du(x)P + b(x)|Du(x)[} dx 0 < b(x) <L 1<p<q.
Q Q

The functional is usually studied as a functional satisfying the (p, g)-growth
condition:

[121° < f(x,2) < L(z]" + 1)

fbeC’ 0<a<t,andl<p<|g<p+ p# then local minimizers are

in C!"# [Colombo-Mingione (first paper) 2015]

loc

The a priori local boundedness of minimizers allows to relax the
conditions on the exponents.

lfbe Cand1<p< then locally bounded minimizers are in

C!-? [Colombo-Mingione (second paper) 2015]

loc
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Double phase, double growth

/ f(x, Du) dx = / {IDu(x)|P + b(x)|Du(x)|"} dx, 0<hb(x)<L 1<p<aq.
Q Q

[[21° < f(x,2) < L(|2 + 1)

Another growth condition can be considered:

| b(x)|2|" < f(x,2) < L(12|° + 1)

Roughly, the double phase functional has a “double growth condition”.
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An example

/ f(x, Du) dx = / {IDu(x)P + |x|*|Du(x)|?} dx,
B1(0) B1(0)
where1 < p<gq, a>0,B((0)CR", n>2

Two growth conditions:

12 < f(x,2) < o (1217 +1) |

(1112 < f(x,2) < |z

This second point of view gives different conditions on the data than the other
more classical approach:

a<min{g,n(g—1)} vs g<p"
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To study the regularity for functionals whose energy densities satisfy the
growth condition

2P <f(x,z2) < L(|z]"+1), 1<p<gq

or
b(x)|z|? < f(x,z) < L(]z|]7+1), 0<b(x)<L, 1<p<gq

with a unified approach, it is possible to consider functionals satisfying the
growth

b(x)|z|P < f(x,z) < L(|z|7 + 1), 0<b(x)<L 1<p<yq,

or, more general,

A0)12P < f(x,2) < p(x)(127+ )| 0<AX) <u(x), 1<p<q
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Trudinger 1971: a pioneering paper

A pioneering paper on this subject is [Trudinger 1971] about the elliptic
equation in divergence form:

n
9] ou
> (a0 5 ) =0

where a: Q — R™" is a measurable symmetric matrix field on Q C R”,
n>2.

Main assumption:
n
A0)2P <> () ziz < p(x)|2f, 0<A<p
ij=1

with A\, u > 0 measurable functions.
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n
ANz < ap(x) ziz < p(x)lz?,  0< A<
ij=1

0 < c<AX)<u(x) <L ie.

1
— [
VHE

then ais uniformly elliptic.

In this case, by DeGiorgi and Nash, the weak solutions are Hélder
continuous.

Moser showed that the Harnack inequality holds and that this implies the
Holder continuity.
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ij=1

n
Ax)|z]? < Z aj(x)ziz < n(x)|z|? A, p>0.
ij=1

Theorem [Trudinger 1971]

Assume 1
X el and e L’
with y ’ 5
1<rs<+4+x == <€ =
r s n

Then the weak solutions are locally bounded.
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The functional of the Calculus of Variations related to

n

> o0 (40055) =0

ij=1

F(u) :/an:aij (X) Ux; uy; dx.

=

n
A2 <> ap(x) 2z < p(x)l2l?,  0<A<p
ij=1

then the growth condition of the energy density is

A(X)|z* < (x, 2) < p(x)|z]*.

In Biagi-C.-Mascolo 2020 we consider

AX) |z < f(x,u,2) < p(x) (|21° + ul") +a(x) | 0<A<p
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/f(x, u,Duydx, ue W' (QR)
Q

At first, we give our result in simplified form:

M) 2P < f(xu,2) < 00 (12P + P + 1] A0,

@ f Carathéodory
e f(x,-,-)isconvexin (u,§) fora.e. x € Q.

Theorem [Biagi-C.-Mascolo 2020]
Let { € Line(), 1 € Lie().
Assume:

maX{157p11}§f§+00, 1 <5< 400

+ - <

3o

S =
o=

Then the scalar quasi-minimizers are locally bounded.
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Remark

@ The relationship between the exponents is

11 p
r s n
Therefore, if p = 2, we get
1 1 2
r s n

that is the same assumption given by Trudinger.
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Example

F(u):/ X (Il + [uf)dx, p>1, a>0
B1(0)

o < min{p,n(p—1)}
then the quasi-minimizers of F are locally bounded.

Example
F(u):/ A (VuP+uP)dx,  p>1, a>o.
B;(0) [x]

a<p

then the quasi-minimizers of F are locally bounded.
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Scalar case

General version

A(X) 127 < f(x,u,2) < p(x) (12]° + |u]") + a(x) 0<A<u
withT>p> 1.

Theorem [Biagi-C.-Mascolo, J. Math. Anal. Appl. 2020]
Let § € Lie(Q), p € Li(Q), ac Li(Q).

Assume:

max{1,ﬁ}§r§+oo, 1<s,0<+0
1+max{1,l}<8
r s'o n

s or \~
Ts—1 <(r+1) '

Then the scalar quasi-minimizers are locally bounded.
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Remark

@ If A" e L=, then

¢ |z’ < f(x,u,2) < e (12° + |u]” + a(x))

and our result is:
If1 < pand

*

TP

and n
a(x)eL’, with o > E

then the quasi-minimizers are locally bounded.
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Example

F(u) = /Qh(x)(|Du(x)|p Tl )ox  1<p<r h>0.

1 7 s 1
— > -
heLIOC(Q), h e L () r_max{1,p_1},s>1

and
+

s or \*
s 1° (r+1> :

then the quasi-minimizers of F are locally bounded.

<

ko]

~| =
nl=

T
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Vectorial case

C.-Marcellini-Mascolo Nonlinear Analysis (2018), dedicated to C. Sbordone

We consider vectorial local minimizers of

F(V;Q):/Qf(x, Dv) dx

where

AX)|z|P < f(x,2) < pu(x) (12]7+1) 0<A<pu, 1<p<q

with

| f(x,2) = g(x,|2])|
with g : Q x [0, 00) — [0, 00),

t — g(x,t) convex and C', of class A,.
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Theorem [C.-Marcellini-Mascolo, Nonlinear Analysis 2018]

Suppose u is a vectorial local minimizer of

F(V;Q):/f(X7 Dv) dx

where f is as described above, in particular

A(X)|zIP < f(x,z) < pu(x) (|2]7 + 1)
1 € L (), pe l.(9Q)

If 1 <r<+too, 1 <8< +oo (if p<2then we also require r > ;17) and

+—+

<

J
n

1
q

o=

1.1
pr  gs

then u is locally bounded.
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@ If r = s = +o0, then
alzlP < f(x,2) < (1217 + 1)

The condition on the exponents

+—+

o=
Q=
S|=

1.1
pr  gs

becomes

*

g<p

@ Assumep=q

The condition on the exponents becomes

+ =<

ke

~ | =
nl=

that coincides with the condition assumed in the paper Biagi-C.-Mascolo
related to the scalar case.
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Example

Fw) = [ {IDu(P + X°IDu([% o 1<p<gq a>0
B (0)

where 1 < p < n.
If

a < min{q,n(q—1)}
then the local minimizers are locally bounded.

Example

F(u) = /B o f(x, Du) dx

|x|*|Du(x)|P < f(x, Du) < |Du(x)|9, 1<p<g, a>0
with1 <p<n.
If

q<1+—a ><p*
n-p

then the local minimizers are locally bounded.
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Trudinger’s result has been recently extended.

n
Az <Y g (x) zizp < p(x)| 2.
ij=1

Theorem [Bella-Schéffner 2021]

If
el and welL®

TN

with
1 1 2
==L
r s n—1

then the weak solutions are locally bounded.

By a result in Franchi-Serapioni-Serra Cassano (1998), this result is
essentially optimal.
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Existence

A2 < f(x,2)| x>0,

Assume 1 € L'(Q) with r > 1.
With simple computations:
Nt 10Ul < [ (. Du) o
LT+ (Q,RN) Q

Therefore )
wF(Q) c W (Q).

If ”1 > 1 and if we impose convex assumptions on f and appropriate
boundary conditions, then from standard direct methods of the Calculus of

Variations we get the existence of minimizers in wh (2).
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In the proofs it is useful the following lemma.
Lemma.

Consider a bounded open set Q C R” and let p and r be such that p > 1 and
r € [1,00] (if p < 2 then we also require r > p%‘).

Let
l
o v W (R (v e WPQR™)if r = oo)

e \:Q — [0, 00) measurable function such that A= € L'(Q).

P
{ [ o} <ela iy [ A1DvP ox
Q Q

where o := r% (o :=pif r=o0).

Then
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Strategy of the Proofs

In the scalar case we use of the DeGiorgi’'s method (DeGiorgi 1957), since
we can consider the super/sub-level sets of scalar functions.
As a consequence, we can skip the Euler’s equation, so

@ we do not need z — f(x, z) to be smooth,

@ we can consider quasi-minimizers and not only local minimizers.

In the vectorial case we use the Moser’s iteration method, since we cannot
consider the super/sub-level sets of vectorial functions.
As a consequence,

@ we use the first variation of the functional, so we need z — f(x, z)
smooth,

@ we can only consider local minimizers.

Moreover, we need to assume the dependence of f on the modulus of Du,
since it is known that in the vectorial case, without this assumption, the local
boundedness of minimizers may fail (example by DeGiorgi 1968).
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A question

Is it possible to use the De Giorgi’s method to study the regularity of vectorial
minimizers?

Yes, in very special cases, as in:
@ C.-Leonetti-Mascolo, Arch. Rat. Mech. Anal. (2017)

@ Carozza-Gao-Giova-Leonetti, J. Optim. Theory Appl. (2018)

Local boundedness of vectorial minimizers of polyconvex problems

@ C.-Focardi-Leonetti-Mascolo, Adv. Nonlinear Anal., (2020)

Local Hoélder continuity of vectorial minimizers of polyconvex and rank one convex problems

The De Giorgi's method is applied to each component of the minimizer u.
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C.-Leonetti-Mascolo, (2017)

3 3
F(u) = /Q (Z Fa(x, Du®) + Y Ga(x, (adj, Du)*) + H(x, det Du)) dx,

a=1 a=1
Fo, Ga : Q x R® = [0, +00), with o € {1,2,3}, H: Q x R — [0, +00)

F.., G., H convex in the last variable

The energy density is a polyconvex function.

The proof of the local boundedness result relies on the De Giorgi's method
(1957).

Giovanni Cupini Boundedness results for degenerate elliptic integrals



3 3
F(u) = /ﬂ (Z Fo(X, Du™) + > Ga/(X, (adjp Du)*) + H(x, det Du)) ax,
a=1 a=1

Foy Go : Q x R® = [0, +o00), with o € {1,2,3}, H: Q x R — [0, +00)

F., G., H convex in the last variable

P S Fa(,A) S IAP+a(x) YA €R®
AT < Ga(A) SINT+b(x) VA eR®

0< Hx, t) St +c(x) VteR
where1 < p<3,1<g<3 1<r<3andab,cec L’Q),s>1.

Theorem [C.-Leonetti-Mascolo, Arch. Rat. Mech. Anal. (2017)]

Assume

£<min{1— @4 _ P ,1—1},
p* p(p* —q) q(p* —r) s

Then the local minimizers u € W, *(Q; R®) of F are locally bounded.

loc

Notice that

P <1- 1 = s> 3 (as in the scalar case).
p* s p
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Example

Consider
min {]—'(u) LU+ WJ’14/5(Q;R3)}, ue WS RY),

where

3

.F(u):/ <Z|Du°‘|14/5+|adj2 Du|2+|detDu3/2> dx.
Q

a=1

Then there exists a solution to this minimization problem.

Moreover, the solutions are locally bounded.
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Sketch of the proof

The idea is to prove, separately, that u', v? and u® are locally bounded

To prove that u' is locally bounded we use the De Giorgi method.

Step 1. Caccioppoli inequality for u’
Step 2. Decay of the excess on super(sub)-level sets for u'

Step 3. Iteration argument

= u'is locally bounded.

Giovanni Cupini Boundedness results for degenerate elliptic integrals



C.-Focardi-Leonetti-Mascolo, (2020)

Hélder continuity of minimizers of polyconvex and rank one convex problems

¢ the proof follows the C.-Leonetti-Mascolo proof and it relies on the De
Giorgi’'s method (1957).

e we get the Holder continuity by proving that each component of the
minimizers are in the suitable De Giorgi class

¢ in the polyconvex case we have more structure than in the rank one
convex case: so better conditions on the exponents.
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The polyconvex case (n=m=3)

3 3
Flu) = /Q (Z Fu(x, Du") + 3 Ga(x, (ad Du)a)> dx,
a=1 a=1

Fo,Ga : Q2 xR — [0,+00), Fu(x,-)and Gua(x,-) convex

AP < Fa(,A) SIAP+a(x)  YAeER®
0< Ga(X,A) SIAT+b(x)  VYAER®

where1 < g<p<3andabe L5(Q),s>1.

Theorem [C.-Focardi-Leonetti-Mascolo (2020)]

Assume 5
P s> 3
p

1<g< ,
<q p+3

Then the local minimizers u € W,”(Q; R®) of F are locally Hélder
continuous.
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Example (Polyconvex, but not convex)

n=m=3

[NTE<Y

3
J-'(u):/Q{Z|Du°‘|p+ (1 + ((adj, Du)11 —1)2)

}dx

2

Jo}
3+p’

then local minimizers u € W*(Q; R®) of F are locally Hélder continuous.

loc

1<qg<
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The rank one convex case

Flu) = /Q (Zm: F..(x, Du™) + G(x. Du)) dx,

a=1
Fa : QX R™ — [0,+00), Fa(x,-) convex
G:QxR™" 5 R, G(x,-) rank one convex
AP < Fa(x,2) S IAP + a(x)
IG(x, )| < 1€17 + b(x)

where1 < g<p<nanda,be L5(Q),s>1.

Theorem [C.-Focardi-Leonetti-Mascolo (2020)]

Assume
P and n
1 < 1< — n s> —.
<p<n, <g< o a >p

Then the local minimizers u € W,”(Q;R™) of F are locally Holder
continuous.
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Example (Non quasiconvex lower order term )
n>5m>3

Consider

]—'(u)—/g{i(p+ |Du”[?)% +G(Du)} dx

a=1

where G is rank one convex, not quasi convex (Sverak).
The integrand is convex if u > po(G, p) > 0.

By Theorem 3, if
2V/n<p<n

then local minimizers u € W :*(Q;R™) of F are locally Hélder continuous.

loc
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