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Basic notation

Hereafter:
@ ) bounded, open, connected set in R”

@ Q= Q(x) n x n, positive semidefinite, measurable matrix
function

@ v a weight: non-negative, measurable function
@ Lipy(£2) Lipschitz functions with compact support in Q

Cruz-Uribe (UA) Bounded weak solutions November 23, 2020 3/33



Trudinger’s theorem

Theorem (Trudinger, 1973)

Letfe L9(Q), g > 2, Q uniformly elliptic, and let u be a
non-negative weak (sub)solution of

—Div(QVu) = f xeQ,
u=0 X € Q.
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Trudinger’s theorem

Theorem (Trudinger, 1973)

Letfe L9(Q), g > 2, Q uniformly elliptic, and let u be a
non-negative weak (sub)solution of

—Div(QVu) = f xeQ,
u=0 X € Q.

Then

Ul =) < Cllf|La(e).-
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The proof

Standard proof (e.g. Gilbarg & Trudinger) uses Moser iteration.
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The proof

Standard proof (e.g. Gilbarg & Trudinger) uses Moser iteration.

Critical exponent 2 = (-2;)" is dual of the “gain” in classical
Sobolev inequality.
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Sharpness

Theorem is sharp: take Q = /and let g = 3. Then

f(x) = x| %log(e + [x|7") ™" € LY(B(0, 1))

but solution u unbounded at origin.
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Our questions
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Our questions

@ Sharper version of Trudinger’s theorem in scale of Orlicz
spaces
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Our questions

@ Sharper version of Trudinger’s theorem in scale of Orlicz
spaces

@ Improve size of bound
@ Extend to degenerate elliptic operators
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First generalization

Theorem (DCU-SR 2020, Cianchi 1999)
Letfe LA(Q), A(t) = t2 log(e + 1)9, g > 2, Q uniformly elliptic,
and let u be a non-negative weak (sub)solution of

—Div(QVu) =f xeQ,
u=20 X € 0N).
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First generalization

Theorem (DCU-SR 2020, Cianchi 1999)
Letfe LA(Q), A(t) = t2 log(e + t)9, g > 2, Q uniformly elliptic,
and let u be a non-negative weak (sub)solution of
—Div(QVu) =f xeQ,
u=20 X € 0f2.
Then

Ul =) < C|lf]a@)-
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Result almost sharp

Above counter-example satisfies f € L#(B(0,1)) for g < 3 — 1.
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Result almost sharp

Above counter-example satisfies f € L#(B(0,1)) for g < 3 — 1.

Cianchi (1999) showed this bound is sharp.
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Result almost sharp

Above counter-example satisfies f € L#(B(0,1)) for g < 3 — 1.
Cianchi (1999) showed this bound is sharp.

So our proof has a gap.
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Orlicz Space Improvements

Second generalization

Theorem (DCU-SR 2020, X. Xu 2011)

Letfe LA(Q), A(t) = t2 log(e + 1)9, g > 2, Q uniformly elliptic,
and let u be a non-negative weak (sub)solution of

—Div(QVu) = f xeQ,
u=0 X € 0.

Al
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Second generalization

Theorem (DCU-SR 2020, X. Xu 2011)

Letfe LA(Q), A(t) = t2 log(e + 1)9, g > 2, Q uniformly elliptic,

and let u be a non-negative weak (sub)solution of
—Div(QVu) =f xeQ,
u=20 X € 092
Then

f
|ul =) < CIfl 5 <1 + log (1 N “|f|LA(Q)>)

L2(Q)
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Entropy bump

The quantity

[fllea@)

30

is an “entropy bump” (Treil & Volberg); measures how close/far f
is from an Lz function.
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General PDE

We consider the Dirichlet problem

—v 'Div(QVU) =f x€eqQ,
u=20 x € 0f0.
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General PDE

We consider the Dirichlet problem

—v 'Div(QVU) =f x€eqQ,
u=20 x € 0f0.

Weight v “cancels” bad behavior of Q. First explicit in
Lyu=—w' Div(wQVu)

(DCU-Rios 2008)
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Key hypotheses
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o vell(Q)
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Key hypotheses

o vell(Q)

® |Q(X)|op = sup{|Q(x)¢] - £ € R", [¢] = 1} < kv(X)
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Key hypotheses

o vell(Q)
® |Q(X)|op = sup{|Q(x)¢] - £ € R", [¢] = 1} < kv(X)
@ for all ¢ € Lipy(R2)

([ o) <a ([ s o)’
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Muckenhoupt weights

Fabes, Kenig, Serapioni 1982:
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Muckenhoupt weights

Fabes, Kenig, Serapioni 1982:

1f »
[V]a, = su — | v(x)"'dx < oo,
J p|B|f 8] ),

AV(X)|EP < {Qx)E &) < Av(x)|€P
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p-admissible pairs

Chanillo, Wheeden 1985:
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The General Result

p-admissible pairs

Chanillo, Wheeden 1985:
u(x) < v(x) a.e., vdoubling, ue A,

there exists o > 1 such that for B; < B> < ,

) <o)

u(x)[€? < Q)€€ < vX)EP
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Solution space

QHl(v; Q) is the closure of Lipy(S2) with respect to norm

llamrva) = [¥]zwe) + VY2

1

= ([ wevax) LWWdexf
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Weak gradients

Each element of QH](v; Q) is equivalence class of Cauchy
sequences.
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Weak gradients

Each element of QH](v; Q) is equivalence class of Cauchy
sequences.

Associate to each a unique pair u = (u, g) converging in
L2(v; Q) x L3(Q).
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Weak gradients

Each element of QH](v; Q) is equivalence class of Cauchy
sequences.

Associate to each a unique pair u = (u, g) converging in
L2(v; Q) x L3(Q).

Define Vu = g to be weak gradient of u.
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Weak gradients

Each element of QH](v; Q) is equivalence class of Cauchy
sequences.

Associate to each a unique pair u = (u, g) converging in
L2(v; Q) x L3(Q).

Define Vu = g to be weak gradient of u.

(u, Vu) satisfy the degenerate Sobolev inequality.
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Weak solutions

u = (u, Vu) € QHJ(v; Q) is weak solution of Dirichlet problem if

f Vb (x) - Q) Vu(x) dx — f FX)(X)v(x) dx

Q
for every ¢ € Lipy(£2).
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Weak solutions

u = (u, Vu) € QHJ(v; Q) is weak solution of Dirichlet problem if

Q

f Vi (x) - QX)Vu(X) dx — f FX)(X)v(x) dx
for every ¢ € Lipy(£2).

By approximation argument, can take (h, Vh) € QH}(v; Q) as
test functions
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Main result |

Theorem (DCU-SR 2020)

Letfe LA(v;Q), A(t) = t” log(e + )9, g > ¢/, and let
u = (u, Vu) € QH}(v; Q) be a non-negative weak (sub)solution
of Dirichlet problem. Then

U] vi0) < C|f|aq)-
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Main result Il

Theorem (DCU-SR 2020)

Letfe LA(v;Q), A(t) = t” log(e + )9, g > o/, and let
u = (u, Vu) € QH}(v; Q) be a non-negative weak (sub)solution
of Dirichlet problem. Then

f|| 14
Ul ey < fng,(Q)(1 +log <1 LS ))
Hf”Lff’(Q)
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Why De Georgi iteration

Could not make Moser iteration work!
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Why De Georgi iteration

Could not make Moser iteration work!

Open problem: make Moser iteration work in this setting.
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Step 1: Technical obstacle

Prove pairs (u, Vu) € QH}(v; Q) behave like classical weak
gradients.
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Step 1: Technical obstacle

Prove pairs (u, Vu) € QH}(v; Q) behave like classical weak
gradients.

Key place to use hypothesis |Q|op < Av.
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Step 2: Apply Sobolev inequality

For each r > 0, define

¢ =¢r(Uu) = (U—r)y.
Let S(r) = {x : u(x) > r}. Then

(6, V) = (U= )4, xsnVU) € QHY(Q).
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Step 2: Apply Sobolev inequality

For each r > 0, define

¢ =¢r(Uu) = (U—r)y.
Let S(r) = {x : u(x) > r}. Then

(6, V) = (U= )4, xsnVU) € QHY(Q).

By Sobolev inequality and definition of weak (sub)solution with ¢
as test function

16Z20 (1) < CollFllicor vy |9l 2o (s
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Step 3: Use Orlicz space properties

By generalized Hélder’s inequality and definition of Orlicz norm,
fors>r

V(8(8))2 (s — 1) < ]l i2o vin)

Clfll Loy (visiry

NN N

Cl fHLA(v;Q) ”XS(r) ”LB(V;Q)

1

(SF
log(e + (v(S(r))~L )

<

< C|f|apq)
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Step 4: Moser iteration

Define

1
G = mlflire (1 ey )

Goal to show

V(S(rol i) = lim v(S(Ce) = 0.

k—o0
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Step 5: lteration formula

Let my = — log(v(S(C)).

Lets = Cyiq,r = Cx. Fixe=2 -1>0
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Step 5: lteration formula

Let my = —log(v(S(Cx)).
Lets = Cyiq,r = Cx. Fixe=2 -1>0

Then

€70 my o’
M1 = log (?) + log P + My
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Step 6: Induction argument

By induction, there exists 7, > 0 (very large) such that

me>=my+ Kk
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Step 6: Induction argument

By induction, there exists 7, > 0 (very large) such that

me>=my+ Kk

Therefore

lim my = co.
k—o0
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Proof of main theorem I
Step 1: Exponential integrability

Theorem (DCU-SR 2020, Xu 2011, Cianchi 1999)

Let |f] (.0 = 1 and let u be (bounded) solution of Dirichlet
problem. Then for~y > 0 (very small)

J My (x)dx < M,
Q

where M = (v, Co, v(RQ)) is independent of u.
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Proof of main theorem I
Step 1: Exponential integrability

Theorem (DCU-SR 2020, Xu 2011, Cianchi 1999)

Let |f] (.0 = 1 and let u be (bounded) solution of Dirichlet
problem. Then for~y > 0 (very small)

J My (x)dx < M,
Q

where M = (v, Co, v(RQ)) is independent of u.

Need first theorem to apply this result!
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Proof of main theorem I
Step 2: Auxiliary Dirichlet problem

Lethze%u and w = h—1. Then

(w, %hVu) e QH (v;Q)
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Proof of main theorem I
Step 2: Auxiliary Dirichlet problem

Lethze%u and w = h—1. Then

(w, %hVu) e QH (v;Q)

is a weak (sub)solution to

—v 'Div(QVw) = Zhf xeQ,
w=0 X € 09
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Step 3: Moser iteration

Assume HfHL(’/(V;Q) = 1

Repeat Moser iteration and induction argument on auxiliary
solution w to conclude

|W] 1oy = €1Vl < 7p(1 4+ 1]l aqv:0))-
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Step 3: Moser iteration

Assume HfHL(’/(V;Q) = 1

Repeat Moser iteration and induction argument on auxiliary
solution w to conclude

|W] 1oy = €1Vl < 7p(1 4+ 1]l aqv:0))-

Hence,

[Ul o) < Clog(1 + [fav0) + C.
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Additional Results

Rodney & MacDonald (undergraduate honors thesis) have
extended this result to the most general degenerate linear
elliptic operator with first order and zero order terms.
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Future work

Possible generalizations:
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Possible generalizations:
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Future work

Possible generalizations:
@ Prove sharp result (Cianchi 1999)

@ Extend to parabolic equations (Xu to appear)

@ Extend to other function spaces: LP*)(v;Q), grand
Lebesgue spaces

@ Extend to nonlinear elliptic equations (SR, DCU, KM)
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The Genera | Result Further remarks

Dziekuje Ci!
Thank You!
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