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Introduction to p-Laplacian

p-Laplacian system

Find a vector field u : Q — RN satisfying the following

system of partial differential equations

div (|Vul[P72Vu) = f =divF  in Q,
u=20 on 0f2.

@ Assume Q C R" bounded Lipschitz domain and p € (1, 0);
e Weak solution u € Wol’p(Q) exists provided F € LP'(Q);

@ How does the regularity of F transfers to u?



Introduction to p-Laplacian

Classical results

Regularity theory for p-harmonic functions

div (|[VulP2Vu) =0 in Q

Ural'tseva ('68), N = 1: u € CH*(Q) for some a < 1;
Uhlenbeck ('77), N > 2 and p > 2: u € CH*(Q);

Acerbi-Fusco/DiBenedetto/Manfredi/Tolksdorff ('83-'87),
N >2and p < 2:uec CH¥(Q) for some a € (0,1);

Manfredi-lwaniec ('89), n = 2: optimal values for a.



Introduction to p-Laplacian

Local maximal regularity theory

For a ball B such that 2B € Q and a function space X

IIVulP~2Vullxs) < ¢ |[Fllxs)

e X = L9 with g > p’: lwaniec ('83), DiBenedetto-Manfredi
('93), Kinnuen-Zhou ('99);

e X = BMO: DiBenedetto-Manfredi ('93),
Diening-Kaplicky-Schwarzacher ('12);
e X = C%: Diening-Kaplicky-Schwarzacher ('12).



Introduction to p-Laplacian

Global maximal regularity theory

For a bounded domain Q of class 7?7 and a function space X

[IVulP?Vullx@) < c|Flx@

@ For smooth domains local estimates are expected to extend;
o X = L9 with ¢ > p': Kinnuen-Zhou ('01) for 0Q € C17,
Byun-Wang ('08) for Reifenberg-flat domains;

e X = C%and 9Q € C1#: Lieberman ('88), Chen-Di Benedetto
('89), non-divergence-form;

e Conjecture 1: X = C% and 9Q € C1;
e Conjecture 2: X = BMO and 022 €77.



Introduction to p-Laplacian

Continuous gradients

Minimal assumption for bounded gradients

div (|Vu|P"?Vu) = f,
fel™ = Vue (%

Lorentz-space L™ with L™ C [™1 C L™,

Stein ('81) p =2, f € L™ is optimal: Cianchi ('92);

p > 1 by Cianchi-Maz'ya/Kuusi-Mingione ('14);

Minimal boundary regularity 9Q € W2L"~%!: Cianchi-Maz'ya.



Main results

BMO and Campanato spaces (1)

What happens for g = co?

MESF(x —sBup(][]f B\de>,
o5X

f € BMO :& [|M*f||o < c0.

@ We have L C BMO C NgLY;
@ Singular integrals are continuous on BMO;
@ Campanato spaces C¢ as weighted BMO,,-spaces:

MEf(x)

B|dy7 w(r):r .
Box W



Main results

BMO and Campanato spaces (2)

Campanato semi-norms defined by

1
fll oirion = f— (Fang | dy,
Mo = 0 =5 F=Oanaewldy
r>0 QN B, (x)

where w(r)r=% is almost decreasing.
o C™ =L for a > 0, but in general C¥ C L¥;
@ We say that w satisfies the Dini condition if [ w(rr) dr < oo;

@ Scale of function spaces between BMO to C%, separated
through Dini condition.



Main results

Global Schauder estimate (1)

Theorem (Breit-Cianchi-Diening-Schwarzacher)

Let Q be bounded s.t. 9Q € W1£o() 0 CO1 for some o s.t.

1
sup a(r)/ Mdp<< 1,
rE(O,l)w(r) r P

= H‘v“‘pizvu”gw(-)(g) < c[IFfl zor (g -

e w = 1: BMO estimate for o(r) < |log(r)|™L;
o w = |log(r)|t: £l'oe()I" estimate for

a(r) < |log(r)|~*|log(| log(r))I~*;
e w=r (C%estimate for o(r) < r®.



Main results

Global Schauder estimate (2)

Theorem (Breit-Cianchi-Diening-Schwarzacher)

Let w € CY(0,0) be any concave parameter function, s.t.
fo - ) dr = co. Then there exist a parameter function o, Q C R2,
and F € £40)(Q) such that, if Au = divF, then:

o0 e wige®) n ol / 00,
re(o 1) r)

but Vu ¢ £°0)(Q).

@ The smallness is necessary!
e Covers BMO and £!'es(nI™*



Main results

Global Schauder estimate (3)

Theorem (Breit-Cianchi-Diening-Schwarzacher)

Let Q be bounded s.t. 90 € WL£() for some parameter function
w satisfying fo g ) dr < 0. Then

r p
I¥ulP2Vullcoutrey < ClFll ooy w)= [ 2P ap,

@ No smallness is needed!

o Covers £I™8(N1™* and C* (where w(r) ~ w(r) ~ r®);

e In particular: F € C® and 0Q € CH* = |Vu|P~2Vu € C%;
® |[Fll zwt)(q) can be replaced with [[F||cui)(q)-



Proof of the estimate

Pointwise estimate

Breit-Cianchi-Diening-Kuusi-Schwarzacher (2018):

M (|VulP72Vu) (x) < c MPP'(F)(x) for a.e. x € R".

Lower order term for bounded domains;

Implies the known maximal regularity estimates;
New estimates in Lorentz- and Orlicz spaces;
Also for weighted M.



Proof of the estimate

Flattening and reflection

After a change of coordinates in a small half ball

div,(|Va|P=2vu) = div, (|Va|P~2Vu) — |[Val|[P~>Vall " +F)

@ Method due to Chen-Di Benedetto ('89);

@ Local coordinates W(x', x,) = (X', x, — ¥(x")),
J=(Vv)vv-i;

@ Reflect at the boundary and apply local estimates;

@ Control error between Vu and VuJ by boundary regularity.



Proof of the estimate

Boundary pointwise estimate (1)

There are ¢ > 0 and 6 € (0,1) s.t.

1
]_ . / min {2,p’}
A — Ay |min{2,p} 4
wws)( ][ A(Vu) — Ag| y>

QOBGS(X)
1
co(s) c / q
< _ _ pq
<< [y o f R Rr)
QNBs(x) QNBs(x)
1
1 _ min {2,Pl} min {2:PI}
+2w(s)( ][ |A(Vu) — Al dy .
QNBs(x)




Proof of the estimate

Boundary pointwise estimate (2)

Proof by pointwise estimate for flat reflected system+
boundary Gehring estimate;

Claim follows if we control Z w(s meB |A(Vu)] dy;

Control meBS(X) |A(Vu)|dy by osallatlon + lower order term;

If fo @ dr < oo we can prove boundedness of Vu.



Sharpness

The domain

Given w set o = yw( [ @dp)_l, Wp(r)

Q={¢=xi+ix: ] <3 x>—¢(x|)}
={&=ipexp(if) : p< 3,10l <5 +2(p)}.

@ We have 9Q € Wlce.

@ Let ((&) denote the conformal map of Q onto the half-disc
DT ={¢ : Im(¢) > 0, [¢| < 1}, with fixed point £ = 0.

@ Aim: describe behaviour of ( by tools from complex analysis
(Warschawski, '42).



Sharpness

The conformal mapping

Warschawski ('44): recall ¢(r) = [y o(p)dp and p ~ &

|C(f)|:CEXP(7T/p;r(7T_|_er(p(r))+O(1)> as & —0

Analyse singularity of ¢ at £ = 0;

Embedding WL* < CY, where v = rfrl %dp;
Let (&) denote the conformal map of Q onto the
Show ¢ ¢ C¥ s.t. V¢ ¢ WILY.



Sharpness

Conclusion

Warschawski with § = 0 and [£] = p +W!LY < CV gives

c—lp(/pl“’(r’)dr)g <1¢(e)l < cp</p1“’(r’)dr> p—0.

@ No Dini condition = fo - Ndr =

@ Choosing v > £& gives contradlctlon
o V(¢ WiLw.
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