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ance of being Nonstandard

Musielak-Orlicz integral

o P. Harjulehto, P. Histo, Lecture Notes in Mathematics (2019).

Exponential type integral

o P. Marcellini, JDE (1993).
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» Phase energy

o S. M. Kozlov, O. A. Oleinik, V. V. Zhikov, Springer-Verlag (1991).

o V. V. Zhikov, Math. USSR (1987); Comp. Med. Hom. Th. (1995);
Dokl. Ros. Akad. Nauk. (1995); Rus. J. Math. Phys. (1995).
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larity in the unconstrained case

Theorem (P. Baroni, M. Colombo, G. Mingione, ARMA (2015); Calc.

Var. & PDE (2018))

Let u be a minimizer of the Double Phase energy. Then:
o ue W'P(QRY) and £ <1+ 2, then ue CyP°(Q,RY),
o ue WP(QRMNL2(Q,RN) and g-p<a (g-p<aif N>1),
then ue CL7(Q,RY);
o ue WHP(Q,RN)n CO7(Q,RN) and g<p+ 125, then
ue CoP(QRV).

loc

o N. N. Ural'tseva, Semin. in Mathematics, V. A. Steklov Math.
Inst., Leningrad (1968).
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regularity and fractal singular sets

ae(0,1], a(-) € C*(Q,[0,0)) J

l<p<n<n+a<gqg

o The Double Phase functional admits a minimizer u ¢ V\/,(l;cq(Bl).
L. Esposito, F. Leonetti, G. Mingione, JDE (2004).

o For any € > 0, there exists a Double Phase functional with a
minimizer u e WP(Q) such that dim#(Z(u)) >n-p—-c. The
singular set is a fractal of Cantor type. - |. Fonseca, J. Maly, G.
Mingione, ARMA (2004).

0 The bounds g<p+aand g<p+ % are sharp. < A. Kh. Balci, L.
Diening, M. Surnachev, Calc. Var. & PDE (2020).
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strained problems

We consider general functionals of the form

where f:Q x RN x RN*" & R is modelled by

Minima and competitors take values into the sphere SVN-1.
0<a(-)eC®(Q), g<p+a, q<N

Ha2) = [P+ el @)= [l (_ing a0 ]

o R. Hardt, D. Kinderlehrer, F.-H. Lin, Ann. Inst. H. Poincaré Anal.
Non Linéaire (1988).
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regularity

Theorem (D., G. Mingione, J. Geometric Analysis (2020))

o There exists 05 > 0 so that

g
(][B H(x, Du)**% dx) 5]2 H(x, Du) dx.

o Due COP(Q, RN*),

loc

.| =0.

o When p(1+6g) < n, regular set and singular set are respectively
characterized by

-1
X0 €Q, — [ng(m) (;)] ]{3 o) H(x, Du) dx < 1;

-1
1
T, = {x0eQ: limsup | Hg o1 [~ ][ H(x,Du)dx >0} .
{O Mp[ Bg“)(@)] 00 P
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of Double Phase minima: first reduction

Recall that

Gehring Lemma then renders:

Y ,n{x: a(x) =0} c {XOZ lim sup gP(1+9)=n fB o H(x, Du)'* dx > O},
0—0 o (X0

Y n{x:a(x) >0} c<xp: limsup gq(l“sg)f"/ H(x, Du)**% dx >0},
0—0 BQ(XO)

then, by Giusti Lemma we can conclude that
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lak functions

We consider a function :Q x [0,00) — [0, 00) such that

x = ®(x, t) measurable for all ¢t >0,
t = ®(x,t) continuous and non-decreasing.

Moreover, we assume that

®(x,0) =0 and limi e P(x,t) =00 forall xeQ,
O(x,t) Sm(x)t" forall t>1, xeQ, mell(Q)

and that there exists Gy € (0,1) such that

®(x,0) <1, ®(x,1/B) 21,
t = ®(x,t) non decreasing for every x € Q.

o J. Musielak, Lecture Notes in Mathematics, Springer (1983).
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sdorff measures - Construction

For any set E c Q and a ball B of radius r(B) € (0,00), we define the
quantity

)

and, via Carathéodory's construction, the x-approximating Hausdorff
measures

Ho x(E) = |nf2h¢
Cg= {{Bj}jEN balls covering E such that r(B;) < n}.

As k— Ho . (-) is non-increasing, there exists the limit
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sdorff measures - Basic properties

o Ho(:) turns out to be Borel-regular.

o Furthermore, it is convenient to localize the x-dependence of the
integrand and define

1
he(B) := | Blesssup, g ® (x ), ha(B) := |Blessinfyeg ® (x, )

1
'r(B) r(B)
o Again, Carathéodory's construction renders

i (E) = g S Ha(8) and H3(E) = im s (E).

Clearly, Ho(E) < Ho(E) <HG(E) .

o To connect the above measures, we shall also assume that
esssup, .5 ® (x, ft) § essinfyep ® (x,t) forall te[1,r(B)™],

therefore Hy,(E) » Hy (E) »~ Ho(E).



These definitions unify several instances of similar objects, and introduce
new ones

0 ®(x,t)=tP, p<n, then He » H"P;

o ®(x,t)=tP™) p(-) < n, and this falls into the realm of variable
exponent Hausdorff measures;

0 O(x,t) =w(x)tP, weighted Hausdorff measures, studied in
particular when w(-) is a Muckenhoupt weight;

0 O(x,t) = [H(x,t)]**7 = [tP + a(x)tI]}*7 for some o >0,
g(l+o)<n.

Classical references are:

o E. Nieminen, Ann. Acad. Sci. Fenn. Ser. A | Math. Dissertationes
(1991).

o B. O. Turesson, Lecture Notes in Math. (2000).
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)acities

For K c R", the relative ®(-)-capacity is defined as

caps(K) = cap(K.Q) = inf [ &(x.|DF) dx

R(K) ={f e W*(Q) n Go(Q): F21in K}

As usual, for open subsets U c Q and general sets E c Q we define, in
sequence

capo(U):= sup  capp(K), capo(E)= inf  cape(D)
KcU, K compact EcUcQ, U open

o D. Baruah, P. Harjulehto, P. Hasto, J. Funct. Spaces (2018).
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sdorff measures and intrinsic capacities

Assuming also that, for 0<s<t

holds for some 1< p < g < oo, then

Proposition (D., G. Mingione, J. Geometric Analysis (2020))

Let E c R" be such that He(E) < oo, then capg,(E) = 0.

The above result extends the standard one connecting (n - p)-Hausdorff
measures and relative p-capacities.

o H. Federer, W. Ziemer, Indiana U. Math. J. (1972).
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ar set estimates via intrinsic capacities

Theorem (D., G. Mingione, J. Geometric Analysis (2020))

Let ue WL (Q,SN"1) be a local minimizer and let Q, c Q be its regular
set. Assume that

[H(-, Du)]*% e L1 (Q), q(1+dg)<n, 0z20.

Then
HHI-HSg (zu) = 0

and therefore

capprsg (Xy) =0.

o |. Chlebicka, C. De Filippis, Ann. Mat. Pura Appl. (2020).
o I. Chlebicka, A. Karppinen, JMAA (2020).
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aplacian

o V. V. Zhikov, Math. USSR, (1987); Comp. Med. Hom. Th.,
(1995); Dokl. Ros. Akad. Nauk., (1995); Rus. J. Math. Phys.,
(1995).
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an: regularity in the unconstrained case

The energy

enters in the modelling of electro-rheological fluids. The regularity
of the exponent p(-) crucially influences the regularity of minima.
° , E. Acerbi, G.
Mingione, ARMA (2001);
Qo

E. Acerbi, G. Mingione, ARMA (2001);

° , A. Coscia, G.
Mingione, C. R. Acad. Sci. Paris (1999); E. Acerbi, G.
Mingione, ARMA (2001).
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ples to regularity: the non-autonomous case

W@ 5w [ [DwP®) dx, QcR”, n>2

Let n=2 and Q= By. If p(-) has a saddle point in zero, then we can find
a function u e WP)(B;) which cannot be approximated by smooth
functions in any neighborhood of the origin.

(1) o 1\ s > 1 = smooth maps dense in Wl’P(-)(Q),
w(t) := - , ! .
#\ 0 < s < 1 = density may fail.

o L. Esposito, F. Leonetti, G. Mingione, JDE (2004).
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We consider a minimizer u e WP (Q, M) of the functional:

where 0 < k(-) € C%*(Q) and 1 < p(-) € C%*(Q). Set
v :=inf p(x) and 72 :=supp(x).
xeQ xeQ

The manifold M c RV is isometrically embedded in RN and it is
[v2] - 1-connected, in the sense that

o R. Hardt, F.-H. Lin, CPAM (1987).
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regularity

Theorem (D., Calc. Var. & PDE (2019))

o There exists 65 >0 so that for all 6 € (0,6z):

1

1+5
(][ |Du| (#0270 dx) Sf (e |DuP)yrR g
Byj2(x0) B,(x0)

o Due 2R (Q,,RV*M), HM1(L,) = 0.

loc

O Regular set and singular set are respectively characterized by

1
(2r)p2(2r,xo)—n/ (1 o |Du|2)p2(2r,x°)/2 dx P2(2r,x0) e
BZr(XO) ,

1
p2(e.x0)
X0 € S Iimsup(g"z(g’x")_"f( )|Du|p2(9’x°) dx) > 0.
B, (%o

0—0

o M. A. Ragusa, A. Tachikawa, A. Takabayashi, Trans. AMS (2013).



l boundary regularity

Consider the Dirichlet problem

with g € W19(Q, M) with g > max{n,y»}.

Theorem (l. Chlebicka, D., L. Koch, Preprint (2020))

There exists a relatively (to Q) open set Q, c Q so that
ue Cl T (Qo, M) and H™1(E,) = 0.

loc

o M. A. Ragusa, A. Tachikawa, Annales IHP - AN (2016).
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nic maps: dimension reduction

Let (kj)jerv, (pj)jen be two sequences of a-Hdlder continuous functions,
a € (0,1], satisfying

supjen[kjlo,a < ck supjen[pilo,a < 6
A< ki(x) <A , pi(x)>m>1
| ki — k||L°°(B1) -0, k() € CO’Q(BI) Ipj - P0‘|L°°(B1) -0

respectively. Here, pg > 1 > 1 is a constant. For each j € N, let
u; e WHPIO)(By, M) be a constrained local minimizer of

&(w, By) = fB ki ()| Dw]P ) dx.
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armonic maps: dimension reduction

Lemma (Compactness of minimizers)
Then, there exists a subsequence such that
. o 1,(1+5’)p0 ~
uj ~ v weakly in W (B, M), >0,

for any r € (0,1) and v is a constrained local minimizer of the
functional

go(w,Bl):fB k(x)|Dw|™ dx.
1

Moreover, Ej(uj, Br) - & (v, Br) for all r € (0,1). Finally, if x; is a
singular point of uj and x; - X, then X is a singular point for v.
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armonic maps: dimension reduction

Lemma (Monotonicity formula)

Let k(-) € CO(Q), ave (0,1] be such that k(0) =1, p(-) € Lip(Q) and
n>n>p(x)>2 forall x € Q. If ue WHPO)(Q, M) is a constrained local
minimizer of £(-) on By, then for any v € (0,1) there exist a positive
constant ¢ and T € (0,1) such that for all 0 < r < R< T, we have

7 J0R) - a0 1)
(r)-1
<crP2(N-p2(R) (|og§)P2 ((¢(R)—¢(r))+(R7—r7)),

where

o(t) := tPZ(t)_”exp(Ato‘)/B k(x)|DulP*® dx.

o A. Tachikawa, CalcVar & PDE (2014).
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sion reduction

Theorem (D., Calc. Var. & PDE (2019))

Let ue WHPO)(Q, M) be a constrained local minimizer of energy
WO (Q, M) 3 w > E(w, Q) = fﬂ IDw]P®) dx,

where p(-) € Lip(Q2) and v1 > 2. Then,

o ifn<[y1]+1, then u can have only isolated singularities;

o ifn>[y1]+1, then the Hausdorff dimension of the singular set is at

the most n—[v1] - 1.

v
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ndary regularity

Theorem (l. Chlebicka. D., L. Koch, Preprint (2020))

Let ue WHPO(Q, M) be a solution of the Dirichlet problem
g+ (WO QM) n Wy PO (QRY)) 5 w > min fQ|DW|P<X> dx,

with 2 < p(-) € Lip(Q) and g e WH9(Bf, M), q > max {2, n} satisfying
the smallness condition

(gloi-z <,

for suitable T € (0,1]. Then, X, €.

o R. Schoen, K. Uhlenbeck, J. Differential Geometry (1982); J.
Differential Geometry (1983).
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Jiscontinuous solutions

Sphere-valued harmonic maps satisfy in a suitably weak sense

~Au = |Dul?u.

©

J. Eels, J. H. Sampson, Amer. J. Math. (1963). Regularity when
target manifold is compact and with non-positive curvature.

o C. B. Morrey, Annals of Math. (1948). - Regularity in two space
dimensions.

S. Hildebrand, H. Kaul, K. O. Widman, Acta Math. (1970).
Regularity under suitable restrictions on the image of solutions.

o T. Riviére, D. Phil. Thesis (1993); Acta Math. (1995).
Regularity for maps with values in the two-dimensional toruus of
revolution; everywhere discontinuous S?-valued harmonic maps.

©
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onjecture

Consider the elliptic system

—diva(x,Du)=f in QcR", n>2.

What are the optimal conditions on f assuring that solutions are regular?

o The regularity of the partial map x — a(x, z) subtly influences the
regularity of solutions.

o The optimal conditions to be assumed on the forcing term f do not
depend on the structure of a(x, z).

o Both conditions we'll find are sharp.
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rrey embedding theorem

Given any w € WUP(R", RY), then

C

o pe[lin)=>wel] (R",RV)forall ge [p, n”fpp];

o p=n=well! (R",RN) forall ge[p,c);

loc

o p>n=>we C,(;’:‘(R”,RN) with A:=1-2.

A sufficiently high level of integrability of the gradient of a function
results in a boost of regularity for the function itself.
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tz spaces

Look at the Lorentz space

It is well-known that

Theorem (E. M. Stein, Annals of Math. (1981))
If we W(1;n,1)1.(R",RY), then
0 w e G (R, RY);

o w is differentiable a.e. in the sense that

w(x+h) —w(x)-h-Dw(x)=o0o(|h]) as |h| - 0.
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’DE interpretation of Stein's theorem

Combining the implication

with standard Calderén-Zygmund theory there holds that

o A. Cianchi, J. Geom. Analysis (1993).
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Consider the Orlicz space

If we WE"(R”,R¥) is so that

loc

for all open subset Q c R”, then
o J. Kauhaunen, P. Koskela, J. Maly, Manuscripta Math. (1999).
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ar Stein's theorem

Theorem (T. Kuusi, G. Mingione, Calc. Var. & PDE (2014))

Consider the p-laplacean system
—div ('y(x)|Du|p_2Du) =f in Q,
where
fel(n1)c(QRY) and ~: Q- (0,I] Dini-continuous.

Then Du € Cioc (Q, RV*™).

o P. Daskalopoulos, T. Kuusi, G. Mingione, Comm. PDE (2014)
Fully nonlinear elliptic equations.

o S. Sil, Calc. Var. & PDE (2019) - Systems of differential forms.
o A. Banerjee, I. Munive, CCM (2020) - Normalized p-Laplacean.
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For the autonomous system
—div3(|Du|)Du=f in Q,
the condition reads as

(1)t
a(t)
de C/:(l)C((O7 Oo)’ [07 OO))

W

-1<i,< <s,<o0 forall t>0
Set A(t) = [y 4(s)s ds. The uniform ellipticity condition yields that
and

for t > 0 large enough.
o P. Baroni, Calc. Var. & PDE (2015);
o A. Cianchi, V. G. Maz'ya, ARMA (2014); JEMS (2014).
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ellipticity

Functionals of the type

W'—>/Q[exp(exp(--~exp(|DW|p)))—f~W] dx

or
n
W fﬂl(max{|Dw|- T,0})P+Z|D,-W|qf-f-w] dx
i1
are excluded by the uniform ellipticity condition.
o A. Cellina, ESAIM Control Optim. Calc. Var. (2016);
o A. Cellina, V. Staicu, Calc. Var. & PDE (2018);
o L. C. Evans, Calc. Var. & PDE (2003).
Their common feature is that the may blow up:

highest eigenvalue of 92A(|z|)

0.

1<R(z):=

|z| >0

lowest eigenvalue of 92A(|z|)

o L. Beck, G. Mingione, CPAM (2020).



mous functionals

We consider non-autonomous functionals

WH[SZ[F(X,DW)—ﬁW] dx.

The ellipticity ratio associated to F(x,z) is defined as

0 sup,.g R(X,2) =|;»c0 00 for at least one ball B &Q - Non-uniform
ellipticity.

Is for all balls B @ Q enough to assure
? We need to take into account also of the interaction
between the coefficient term and the underlying energy.
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As we are studying general vectorial functionals, we assume
structure:

F(x,2) = F(x,|2]).

o Control of eigenvalues. - Description of Ellipticity.

o Controlled non-uniform ellipticity. < Growth of the ellipticity ratio.

for a suitable increasing function K(-) which is of
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onal setting - Sobolev coefficients

o Controlled differentiability. <~ Sobolev coefficients.

Functions K;, i € {1,2,3} are suitable increasing functions of
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act result

Theorem (D., G. Mingione, Preprint (2020))

Let ue W2 (Q, RN) be a minimizer of the above variational problem. If

loc

L(n,1)10c(2,RN)

f e Xioc(Q,RN) :=
€ Xioc (L R) {L,zoc(LogL)“(Q,RN), a>?2

then ue WE>(Q,RN).

loc

ifn>3
ifn=2,
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ynomial assumptions - (p, g)-growth conditions

We now consider the assumptions

V(2 + |2P) TP < (0::F (x,2)6,€) 20
|822":(X72)|3L(/$2"'|Z|2)qT l<p<gq
[O0xz F (x,2)| < h(x)(1 + |z|2)% for h(-)e LY d>n.

o M. Eleuteri, P. Marcellini, E. Mascolo, AMPA (2016).
o P. Marcellini, ARMA (1989); JDE (1991).
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,q)-growth case

Theorem (D., G. Mingione, Preprint (2020))

If u is a local minimizer of the functional

VH/S;[F(X,DV)—f-v] dx

and assume that, when n > 2,

1 1 4(p-1
9 <1+ min - -, (p-1) , fel(n1),
P n d p(n-2)
or forn=2
1 1 2(p-1
9 <1+ min - -, (p-1) , fel?(Logl)®, a>2.
p n d Ip

Then Du is locally bounded in Q. When f =0, the bound reduces to

1
ﬂ<1+__
n

P
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th vs structure

In this case we have

The unbalanced growth will be visible when relating to the energy those
terms involving g3, g2/g1 or Oxg1. Severe loss of information if we set

Cristiana De Filippis



type integrals

In general, we can treat integrands with Orlicz-Musielak structure

()

S.-S. Byun, J. Oh, Anal. PDE (2020).

o C. De Filippis, J. Oh, JDE (2019).

P. Hasto, J. Ok, JEMS, to appear.

M. A. Ragusa, A. Tachikawa, Adv. Nonlinear Anal. (2020).

©

©
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nds for structures

Theorem (D., G. Mingione, Preprint (2020))

If u is a local minimizer of the functional

Vi A[|Dw|p+a(x)|DW|q—f-v] dx

and assume that, when n > 2,

q 1 1
- <1+--= fel(n1
. +n 7 el(n1),

orforn=2

1 1
g£1+——g and q<p?, fel?(Logl)®, a>2.

p n
Then Du is locally bounded in Q. When f =0, in both the cases we have

gsl+l—l.
p n d
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conditions

Estimates apply to

and, more in general, to

under the assumptions
Ln+€_

D, Dv1, D2, Dp €
fel(n1) if n>2 or fel?(Logl)®, a>2 if n=2.

o E. Mascolo, A. P. Migliorini, ESAIM COCV (2003).



> the uniformly elliptic case

Theorem (D., G. Mingione, Preprint (2020))

Let u:Q(c R") - RN e WHP(Q;RN) be a solution to the p-Laplacean
system

—div (v(x)|DulP™?Du) = f , p>1
with 0 < v < y(x) < L. Assume that

D~,fel(n1) if n>2;

D~,fel?(Logl)*, a>2 if n=2.

Then Du is locally bounded.

o J. Kauhanen, P. Koskela, J. Maly, Manuscripta Math. (1999).
o T. Kuusi, G. Mingione, Calc. Var. & PDE (2014).
o E. M. Stein, Ann. of Math. (1981).
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to obstacle problems

Ky () 3w~ min fﬂ F(x,Dw) dx

Ky() = {W e WHH(Q):w(x) > ¢(x) in Q}

loc

After approximation and linearization, obstacle problems can be
rearranged in form

(D E W'—>fQ[F(X, DW)—f-W] dx,

loc

for some f depending on D1 and D?1.
o M. Fuchs, Nonlinear Anal. (1990).
o M. Fuchs, G. Mingione, Manuscripta Math. (2000).

e Wioe(2,n,1)(Q) if n>3
¥ € Wioe(2; L?(LogL)*)(Q), with a>2 if n=2.
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K. Adimurthi, A. Banerjee, Preprint (2020).
P. Baroni, JDE (2013).

©

©

o M. Carozza, J. Kristensen, A. Passarelli di Napoli, Annales IHP -
AN (2011); Annali SNS (2014).

C. De Filippis, Calc. Var. & PDE (2020).

L. Diening, B. Stroffolini, A. Verde, Manuscripta Math. (2009);
JDE (2012).

o F. Giannetti, A. Passarelli di Napoli, C. Scheven, Proc. R. Soc.
Edinb. A (2020).

J. Hirsch, M. Schaffner, Comm. Cont. Math. (2020).

A. Karppinen, M. Lee, Preprint (2020).

T. Kuusi, G. Mingione, J. Funct. Anal. (2012); JEMS (2018).
o G. Mingione, Annali SNS (2007); JEMS (2011).

©

©

©

©
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