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Introduction



Nonstandard growth

Q c R™, 09 sufficiently smooth, wu: ) — R™

F(u; Q) := /Qf(ac,u7 Du)dz,
e Growth condition:
AzlP < f(m,u,2) <AL+ 2))? 1<p<q)
p = ¢: Standard growth
p < q: Non-standard growth (introduced by P.Marcellini '89)

« Before this talk, in “Non-standard Seminar”, in many talks, there
have been many good introduction for non-standard growth
problems. See, for example, presentation file by C. De Filippis.

* In this talk, we treat only vectorial cases (n > 2). For
scaler-valued case (n = 1), see for example presentation files for
this seminar by P. Hasto or by P.Harjuleht.
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Functionals with variable exponents

V.V. Zhikov '95, '97
/‘Du’p(r)

e Higher integrability of minimizers for continuous p(+).

e Levrentiev phenomenon for discontinuous p(x):
m=2, Q=B :={x=(z',2?) e R?; |z| < 1},
l<a<2<p,

(z) = a for z'z? >0,
P& = B for z'z?2<0.

(This functional is also considered as “double phase”-type.)
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Functional of Double Phase

Functionals of double phase have been introduced in
M.Colombo-G.Mingione (’'15,15),
P.Baroni-M.Colombo-G.Mingione (’16).

H(u) = / H(z, Du)dz, H(z,€) = 6P + a(z) €],

where ¢ > p > 1 and a(-) > 0 and a € C%%. Let u be a local
minimizer of H (or more general type of functionals of double
phase), then we have the following regularity results:

o ¢/p<1l+(a/m) = ue CIL’Z(Q).
(M.Colombo-G.Mingione ARMA. 215 (2015))

e ueL®Q),q/p<a(g/p<aforn=1) = ue CllOg(Q)
(M.Colombo-G.Mingione ARMA. 218 (2015))

e Manifold constrained, ¢/p < ot = partial C7-regularity
(C. De Filippis-G.Mingione JGA (2020))
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Double phase with variable expponents

Flu; K) == /K <|Du|p(“”) + a(:ﬁ)|Du\q(‘”)) dx

This problem was suggested by Mingione to us (M.A Ragusa and
T.) in 2016.

Interior regularity: (Ragusa-T. 2020)
Assume the following conditions on p(-),¢(-) and a():

p(),q(-) € C*7(Q) (o € (0,1)),
q(z) > p(z) > po > 1 (Vz € Q),
e a() € CO¥(Q), a(z) >0, a € (0,1].

osup—$<1+f, Ve € Q, [ =min{w, 0},
5 m

Let u be a local minimizer of F.
— u € CL7(Q) for some v € (0, 1).
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Boundary regularity of minimizers



Some known facts and results on the boundary regularity

Roughly speaking, for the case in which we can obtain full-interior
regularity, we can get boundary regularity by reflection or other
classical methods etc.. (The main result of this talk is in this case.)

On the other hand, even for the case for which we can expect only
partial regularity, if so-called the blow-up method does work, we
can show the regularity near the boundary.

e Harmonic maps between Riem. Mfds.:
J.Jost-M.Meier (1983), R.Schoen-K.Uhlenbeck(1983),

p-growth: F.Duzaar-J.F. Grotowski-M.Kronz (2004),
p(z)-growth: M.A.Ragusa-T. (2016), T.-K.Usuba(2017) ,

p(z)-growth, Mfd. constrained:
I.Chlebicka-C.De Filippis-L.Koch (2020)

Orlicz type: F.Giannetti-A.Passarelli di Napoli-T. (2019)
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Functional which we consider in this talk

Writing [€12 = (8;9°° (2)€L63 ), G(w,€) = €5 + a(w)I€ls®
for & € R™", we consider the following functional:

G(u; K) ::/KG(x,Du)dx, (K C R™, compact) (1)

We suppose the following conditions:

a(r) >0 VreQ, a()eC®Q) for some a € (0,1]. (2)

p(z),q(z) € C*?(Q) for some o € (0,1). (3)
Putting
B :=min{a, o} (4)
We assume that p(z) and ¢(x) satisfy
i) za@)>1 el smiue)—pEli<g O
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Conditions on g

9*’(z) =g’ (x) Yz €Q, a,f=1,...,n
g*’() e C°@), a,B=1,...,n. (7)

We assume also that for some constants 0 < A\; < A, g satisfies

2
Ml < 6P @)z, max |9P@I< A, (@)

for all (z,2) € Q x R™.
Let us write the modulus of continuity of g by wy, namely w, is a

increasing continuous function with wy(0) = 0 which satisfies

ap _ 0B < —
1§r3%)§mg () — 9" (y)| < wy(lz —yl) (9)

for all z,y € Q.
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Theorem 1 (T. to appear in JMAA)

Let 2 C R™ be a bounded domain with the boundary 0 of class
CYt. Suppose that a(z), p(z) and q(x) satisfy (2), (3), (5), and
that g satisfies (6), (7), (8). Let h be a function in the class

WLs(Q; R™) for some s > max < sup q¢(z), m - sup q(:v)/p(:c)} .
z€Q z€Q

Then a minimizer u € WH1(Q; R™) of G(-;Q) with the boundary

condition w = h on O is in the class C%0(Q; R™) N CX7Y (Q; R™)

loc

for any vo € (O, - sup q(£)> and v € (0,1).

s o p(z)
When g is Holder continuous, then Du € C'IOO’E(Q; R™™) for some
¢ €(0,1).
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Outline of the Proof of Holder
continuity




Roughly speaking, the proof is divided to the following steps:

Step 1 Fix zg € 0€). By flatten OS2 near xg by a suitable
transformation ¥ s.t. ¥(zg) =0, ¥(9Q N Bs(xo))
C {z;2™ = 0} and g(zo) — Ipn(identity matrix). (As in the
paper by F.Duzaar-J.F.Grotowsky-M.Kronz ('04))

Step 2 For the transformed functional G, we consider semi-frozen
functional of type

H(u) = /(Du|p + b(x)|Du|?)dx

Step 3 By a reflexion argument we prove Hélder regularity on the
flat part of the boundary for weak solutions w of the
Euler-Lagrange eq. for H.

Step 4 By estimating the difference between minimizers v of H
and u of G, we get Morrey type estimate for Du.
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Step 1: Notaion, and change of Coordinates

We use the following notation:

for zo = (zd,--- 2§~ 1,0) € R™ and M > 0,

Bi(zo) :={z e R™; |z —zo| < M, 2™ >0}, Bj;:= B;;(0),
:={zeR™; 2™ =0}, Ty(xo):= Bup(xo)NT, Tpr:=Tp(0).

Choosing a suitable diffeomorphism which flatten locally the
boundary, and a suitable linear transoformation, we can find the
coordinate transformation W with desired properties.
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Step 2: Transformed functional and semi-frozen one

By W, locally the functional G is transformed to the following type:
Gus k) = [ Glo, Du)ds, Gla,€) = € +a(w)lelg”.
K
with g(0) = I,,. We consider the above functional on B;\} with the
boundary condition on I'y;.

For zg € I'ys and sufficiently small R > 0 with B} (z) C B}, we
put

p2 = p2(wo, R) := sup p(x), q2 = q2(z0,R):= sup q(z),
B (xo) B (zo0)

We consider a semi-frozen functional for G:

Ha(u) o= [ Hn(e Duds, Ha(e,€) = 6 +a(@ g,

Let us put a(z)%2/9®) = p(z).
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A remark on the exponents of Hp

e When we use, for example, Holder or reverse Holder inequalities,
we must treat a(x) and |Du|9®) together. So, the second term of

the semi-frozen functional should be <a(m)1/q($)\DU])q2.

It is easy to see that

a2

a(z)i® € cYB, Bi= min{a, o}.

e Since we are assuming
(%) q(z) < p(z) + B,

we can choose M > 0 sufficiently small so that
QQ(O’M> <p1<07M)+ﬁ7 b1 = anfp(‘T)
M

This enables us to apply the previous results by Colombo-Mingione
to Hp. This is the reason why we assume ().
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Step 3: Morrey-type estimate on I' for a minimizer of Hpy

Proposition 1
Assume that v € WHt N L (B}, R™) with Hr(v) < oo satisfies

/ (p2| Dv[P2~2 + b(z)g2| Dv|~?) (Dv, Dy)dz = 0,
(%) By 92 (p+. RN
Yo € W, (Bg;R™),
v=~h onlpg,

where h € WH3(BE;R™), (s > ¢2). Then " € (0,n], 7C s.t.

Hpg(x, Dv)dx
li3ny

7\ m—p a =
R m(l_T) S 8
< [(R) L Hg(z, Dv)dz + 1 (/B+(1+ |Dh)| )dx) ]

R
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Sketch of Proof of Prop. 1

Let w be a minimizer of Hp with w — (v — h) =0 on OBR. Then
w satisfies (x*) with o = 0. Let w and b be odd and even

extensions of w and b respectively to Bg. For a test function ¢, let
us put @(xt, ..., 2™ L 2™) = p(z!,...,2™" 1 —2™). Then we have

/ (p2| Dw[P>~2 + b(z)go| Dw|®~2) (Dw, Dep)da
Br

- / , (2| Dw [P =% + b() 2| Dw|~%) (Dw, D(g — §))dw = 0,
B

R

since ¢ — @ =0 on FRandgoz@zoon(?BE\FR.
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By the convexity of the functional the weak solution w minimizes
Hr(w, Bg) : fB (|Dw|P? + b(x)|Dw|®)dz, and therefore w
satisfies for every p € (0,n).

Hg(z, Dw)dx < (i)m_“ +]'1711:;(38,Dw)alac.
BR

Bt R

(by C.De Filippis-G.Mingione '20, M.Colombo-G.Mingione '15)

Now, mentioning that w — (v — h) € W}-'(B};) and that w, v both
minimize Hp, we can estimate the difference between
[ Hg(z,Dv)dz and [ Hp(xz, Dw)dz to obtain the desired

estimate:
Hpg(x, Dv)dx
B
7P\ W= 92 ol
— m(l—?) S s
< [(R> . Hp(z, Dv)dz + 7 (/BE(H |Dh)| )dm) ]

O
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Step 4 : Morrey type estimate for Du

Let v be the minimizer of Hp with the boundary condition v = u
on 8BE. Here, mention that by virtue of the maximum principle
due to F.Leonetti-F.Siepe ('05), u is bounded, and therefore v is
also bounded. So, for v we can use Prop. 1 to see that

m—
Hg(z, Dv)dz < <T> Hg(z, Du)dz

B

(R) )
+ pmO-2 )/B+(1+|Dh|5)dx. (10)

R
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Fort > 1, put

(t-2)/2
() = { S

Then |€]8 < 2(|n| + |V;(€) — Vi(n)|? holds. By this inequality, we
have

H,(z, Du)dx < /+ (2+ Hp(z, Du)) dx

Bt B

< rmBlH-/ (Hg(z, Dv))dx
B

4 [ (VD) = Voo (D) + b(0)] Vi (D) = Vi (DO)] i
By

=:|Bq|r™ + I + II.

I can be estimate by (10).
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For II, using the fact that v is a weak solution of E-L eq. of Hp
and that u —v=0on 83;{? (so u — v is an admissible test
function for the E-L eq. of Hp), we see that

I < [Hr(u) - Hr()).
Now, putting

Hrg(w):= |  Hpg(z, Dw)dz, Hpg(x,§) = €220 +b(x)|e[2H),

oL
BR

and using the minimality of u, we can estimate II as follows.
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II :[HR(U) Rg(w) + Hrg(u) — G(u; BY;)
— G(v; BY)
+ g(’U? BR,) - HR,g(U) + Hrg(v) — Hr(v)]

e |(black) — (blue)| : The difference is “|-| and |- |,"
So, we can estimate them using the continuity of g

e green part : Nonpositive by virtue of the minimality of w.

e magenta parts : The exponents are different.
So, we can estimate them using the following estimate: for
e > 0 there exists a constant ¢(¢) > 0 s.t.

[t7 —t*| < c(e)lm — pl(1+£77F)

holds for any t > 0 and 1 < p < 7 (see A.Coscia-G.Mingione

('99)).
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Reverse Holder inequality (or Gehring-type inequality)

Fory € Bi; and R € (0,(M — |y|)/2), let us put
Qr(y) := Br(y) N Q. Then for a minimizer u for G with u = h on
'3 we have the following estimate: for sufficiently small § > 0,

<][ (G(x, Du))1+5d$> "
Qr(y)

1
1+6
5][ G(x,Du)+][ (G(z, Dh))*odx +1.
Qar(y) Qar(y)

When Bar(y) C By, the above estimate holds without the second
term in the right-hand side.
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Using also the reverse Holder inequality (with boundary data)
etc..., for sufficiently small 6 > 0, we have

o< R4 (wg(R) + RJ*‘S“) / Hop(z, Du)dx
B3n
+ R’ Hogr(z, Dh)dx
Bj,
where wy is the modulus of continuity of g and § comes from the
reverse Holder inequality. We can take ¢ > 0 sufficiently small.

Combining the estimate for I and II, we get

Hr(z, Du)dx
B

TATMTH o—on
< [(R) +wg(R) + R }/B;RHgR(x,Du)dx

+ =229 (14 [ |Dhpde (11)
B+

2R
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Holder continuity (interior)

For a interior point y € €2, proceeding without considering
boundary data, we can show the following estimate:

H,(z, Du)dx
By (y)
< [(T)m_” +w,(2R) + RC’M] / Hr(z, Du)dz
R Bar(y)
+ CR™. (12)

From the above estimate, mentioning that we can take p € (0,1)
arbitrarily, we obtain for any A € (0, m)

H,(x, Du)dz < Cr™ 2.
BT(ZJ)

by the following (next page) lemma. Now, by Morrey's theorem,
we see that u € C27(Bi). for any v € (0,1).
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Well-known, useful lemma

Lemma 2

Let A, B, « be positive constants and 5 € (0,«). There exists a
positive constant g = eo(«, 3, A) with the following property: if a
non-negative and nondecreasing function ® defined on [0, Ry| for
some Ry > 0 satisfies

P(r)< A K;)a 1 50} ®(R) + BR’,

all 0 < r < Ry. Then, for some constant C = C(«, 3, A)

20) < (a5, )| (1) 00 + 327

holds for any r € (0, Ro].

Atsushi TACHIKAWA Boundary regularity



Holder continuity (up to the boundary)

Fix 29 € B}, and choose R > 0 sufficiently small. For every
y € Bgr(zo) N By, using (11) and (12), we can show

m—m 320, R)
r s H,.(xz,Du)dx < C
BT(ZC())QQ

for some constant C' > 0.

Thus we obtain

92(zq,R)

/ ]Du|p1(Z°’R)dx <COr™mTmTTS
Br(xo)ﬁﬂ
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Now, for any 7o € (0,1 — (m/s)supq(q(x)/p(z))), by virtue of the
continuity of the exponents, we can choose R > 0 sufficiently small

so that
_ mQQ(ZCO, R)

Y <1
Sp1 (:COa R)

Then we get

/ |Du\p1(‘r0’R)d$ < Crm—p1(zo,R)+p1(zo,R)0
By (z0)N2

By Morrey's theorem, we have u € C%%(Bj}),). O
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Thank you for your attention!

Boundary regularity
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