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MODULAR SPACES

X — a real Banach space; X* — its dual;

Convex (semi-)modular ¢ on X
@ p: X — [0,00] is a convex functional;
e (©(0) =0) p(z) =0iff x =0;
o if p(ax) =0 for all & > 0, then x = 0;
° p(—x) =¢(x) for all z € X.

Modular spaces E,CL,C&:
Ly ={zecX:Ja>0: ¢(ar)< +oo},
E, ={zeX: VYa>0: ¢(ax)<4oo}.
Luxemburg norm

|lz]|o :=inf {A>0: p(x/X) <1}.

(n)n C Ly, modular-converges to € L, iff

Ja>0: ¢(a(zy, —x)) = 0asn — oco.
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MORE ABOUT MODULAR SPACES

o If there exists a strictly increasing function p: [0, +00) — [0, +00)
with p(0) = 0 such that

pa) = p(lzlly)  Vred, (=)
then (E,, |-[|,) and (Ly, [-[|,) are Banach spaces and
E, — L, — X.
e If ¢ is a lower semicontinuous convex semi-modular on & and

L, — X densely, then the convex conjugate p*: X* — [0, 4-00],
defined by

P (y) = 225{@,:6);(*,;( — (@)}, yeAX,

is a lower semicontinuous convex semi-modular on X'*.
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RESTRICTION

Let ¢ be a Isc convex semi-modular on X’ satisfying the growth
condition »Z>. Then

o the restriction ¢ := @, is a Isc convex semi-modular on E;
o the convex conjugate ¢*: E, — [0, +00],

¢*(y) == sup {(y,2) g, g, — ()},  ye€E,
z€E, i

is a Isc convex semi-modular on E:;;
@ the spaces
Eg i ={yeE;: Ya>0: ¢ (ay) <+oo}
are Banach spaces with a norm [|y|| . :=inf {A > 0: ¢*(y/A) < 1};
) E@* — L@* = E:;,
o if p(z) = 2z° with s > 1 and E, — X densely, then X* — Eg-.
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V' — real reflexive separable Banach space; V — H — V* densely;

¢: V — (0, 00] — proper Isc convex function;
D(z):={z €V :p(x) < +oo} — effective domain;
Op(x) :={y € V"1 9(2) —p(x) = (y,x — 2) Vo € D(p)}.

Cauchy problem:
Ou(t) + 0p(u(t)) o f(t) in V*, 0<t < T, u(0) = wp.

Under certain growth conditions, ug € D(¢) and f € L' (0,T;V*),
Al (u, §):

we LP0,T;V)NC([0,T); H) nWH' (0, T; V*),

e LV(0,T; V"),  o(u) € L'(0,T),
such that £ € dp(u) and

Ou+&=f inV* 0<t<T, u(0) = up.



REFLEXIVE-SEPARABLE BANACH SPACES

V' — real (non)reflexive (non)separable Banach space;
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ASSUMPTIONS

HO H is a real separable Hilbert space,
w: H — [0,00] is a Isc convex semi-modular on H,
there exist constants ¢ > 0 and s > 1 s.t.

@) >cllely  VreH.

H1 E, is dense in H,
there exists a separable reflexive Banach space V) < E,, continuously
and densely, s.t. ¢ is bounded on bounded subsets of Vj.

H2 either one of the following conditions holds:

H2i E, < L, densely, or
H2ii H < Lz~ densely.
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NEW DUALITY

L, — H — Lg-
Assume HO-H2.
Then there exists a unique continuous bilinear form
[', ] L@* X ch — R,
s.t. [y,-]: Ly, = R and [-,z]: Lg- — R are linear and continuous, and

ly, 2] = (v, %) B, Vxe L, Vye H,
[yvx]:<y7$>E:;,E¢ VIEEE@, VyGLL;,*

And the generalized Holder inequality holds:

[y, 2] <2[|yllg- ll=ll, YV (2,9) € Ly X L~
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Bochner spaces

u: [0,T] — X is strongly mesurable iff there exists a sequence of simple
functions vy, s.t. ||[v — v,|| — 0;

u: [0,T] — X is weakly measurable iff Vy € X*, (v,y) is measurable.

PETTIS’ MEASURABILITY THEOREM.

Let X' be separable. Then u: [0,T] — X is strongly measurable iff u is
weakly measurable.



Bochner spaces
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WL (0,T; L) = {v: [0,T] — Ly« : 3" € LL(0,T; L)

LL(0,T; L) ={o: 0.7 > Ly: [y0] € L0, T) ¥y€ Ly},

Ly0,T5Lg) = {v:[0,T) > Lot [v,2] € L0, T) Va € Ly},

LY0,T; L,) = {v:[0,T] > L, strmeas. . ||v], € L'(0,7)},

LY0,TiLp) = {v:[0,T) = Lye strmeas.:  ||o]l,. € L'(0,7)},
{

[v(t),x —i—/ xlds Ve L(p}.
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Assume HO-H2, and let u € W1(0,T; Lg+) N LL (0, T; Ly,):
Opu = ul + uh, with uy € LL(0,T; Ly+), uh € L*(0,T; H).
If 3 > 0: p(au), p*(auy) € L1(0,T), then

e uec CY0,T); H),
o the function ¢+ ||lu(t)|%, t € [0,T], is absolutely continuous,
d1

%QHuH% a.e.in (0,7).

o [Qyu,u] =
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EXISTENCE

Assume HO—H2 and let
up € H, feLY0,T;H).

Then 3! (u, §):

u € Wit (0,T; Lg+) N CO([0, T); H) N LL(0,T; L),

€ € Ly(0,T; L),

p(u), ¢*(€) € L0, T),
such that

Ou+&=f inLg ae in(0,7), u(0) = o, (%l‘}’)
and

o(u)+ &z —ul <p(x) VexeE, ae in(0,T). (éﬁ)
Moreover, ¥t € [0, 7]

O+ [ 16 u(e) ds = 3 uolly + [ (76),u(s)) ds.



CONTINUOUS DEPENDENCE ON THE DATA

Assume HO-H2, and let (u}, f1) and (u2, f2) be reasonable data.
Then, for any respective solutions (u1,&1) and (ug,&2) to %3’ and éﬁ

llur = uallEoo.7.ary + €1 — &2, w1 — walll o1y <

2 <Hu(1) - ugHj{ +[If1 — f2H%l(O,T;H)) .
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@ SEPARABLE REFLEXIVE BANACH SPACE V:

{atu(t, x) 4+ dp(u(t,z)) > f(t,z) in (0,T) x Q,
u(0, ) = up(x) in Q.

V=Vo=E,=L, V*'=V{=Ez=Lg=E;=L5
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SOME EXAMPLES

@ MUSIELAK—ORLICZ SPACE L%:

{@u(t,x) + 0®(z,u(t,x)) > f(t,x) in (0,T) x Q,
u(0,x) = up(x) in Q.

® satisfies Ay or Vg, or both.
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SOME EXAMPLES

@ DYNAMIC BOUNDARY CONDITIONS:

ou — Au+ OM(-,u) 3 f in (0,7) x Q,
U = Uy in (0,7) x 09,
Oupq + Onu + OMpq (-, usa) > foa in (0,7) x 99,
(u, uo)(0) = (uo, uo,00) in 2 x 09,

Ly ={veH'(Q) x H/09):

Vi = Vo, v € LM (Q), van € LMan(aQ)},
B, ={veH"(Q)x H"*00):

Ve, = Vo0, v € B (), vpg € EMo0(090)}.



DETAILS

A. Menovschikov, A.M., L. Scarpa, An extended variational theory for
nonlinear evolution equations via modular spaces,

ArXiv: https://arxiv.org/abs/2012.05518
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