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Classical Fractional Sobolev embeddings

Let s € (0,1), p € [1,00). The fractional Sobolev space W*”(IR") is
defined as
WHP(IR™) = {u € LP(IR") : |u|spmn < o0},

1
] _(/ / (\u >|>p dmdy)p
P n JRn |z — y|s |z — y|"

is the Gagliardo-Slobodeckij seminorm.

where
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Classical Fractional Sobolev embeddings

Let s € (0,1), p € [1,00). The fractional Sobolev space W*”(IR") is
defined as
WP(R™) = {u € LP(IR™) : |u|sprr < o0},

ful e = (/ n / n <\u 8- m( >|>p xdfc;y’nf

is the Gagliardo-Slobodeckij seminorm.

where

Classical fractional Sobolev type embedding
Let s € (0,1). f1<p< 2, then3Cs.t.

lull < Clu

s,p,R"™

for every measurable u decaying to 0 near infinity.
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Fractional Orlicz-Sobolev spaces

Let A : [0,00) — [0, 0] be a Young function, namely
a convex function s.t. A(0) =0.

The Orlicz space LA(IR") is a Banach space equipped with the norm

|ull La@gny = inf {)\ >0 / A <‘§\L|> dr < 1} .
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Fractional Orlicz-Sobolev spaces

Let A : [0,00) — [0, 0] be a Young function, namely
a convex function s.t. A(0) =0.

The Orlicz space LA(IR") is a Banach space equipped with the norm

H'U,”LA(IRn)—inf{)\>0:/n <‘>\|>d:1:<1}

Let s € (0,1). The fractional Orlicz-Sobolev space W**(IR") is
weA (IR™) {u € LA (IR™) : |uls,a,mm < 00},

where

\U|sA1Rn—1nf{)\>0 / / <|“ (y)|> dx dy Sl}
"R Na =yl ) o=yl

is a seminorm of w.
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Fractional Orlicz-Sobolev spaces

Set
M(R") ={u:IR" — IR : u is measurable}

and

My(R™) = {u e M(IR") : {z € R" : Ju(z)| > t}| < oo for every ¢t > 0} .

Namely, the subset of M(IR") of those functions u decaying near infinity.
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Fractional Orlicz-Sobolev spaces

Set
M(R") ={u:IR" — IR : u is measurable}

and

My(R™) = {u e M(IR") : {z € R" : Ju(z)| > t}| < oo for every ¢t > 0} .
Namely, the subset of M(IR") of those functions u decaying near infinity.

The homogeneous fractional Orlicz-Sobolev space V*4(IR") is

VAR = {u € M(R") : [uls arr < 00}

Set

VAR = VEA(IR™) N Mg(IR™). }
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Optimal fractional Orlicz target space

Pb: Optimal fractional Orlicz-Sobolev embeddings? J
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Optimal fractional Orlicz target space

Pb: Optimal fractional Orlicz-Sobolev embeddings? J

Let A be a Young function such that

/oo<AEt)>nisdt:oo and /0<A€t))";s dt <oo. (1)
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Optimal fractional Orlicz target space

Pb: Optimal fractional Orlicz-Sobolev embeddings? J

Let A be a Young function such that

/OO<A7(5t))nssdt:oo and /O(A’zt))"ssdmoo. (1)

» If A(t) = tP, the first condition in (1) corresponds to assumption

1<p<™. J
S

A. Alberico (CNR-IAC) Fractional Orlicz-Sobolev spaces



Optimal fractional Orlicz target space

Pb: Optimal fractional Orlicz-Sobolev embeddings? J

Let A be a Young function such that

/oo(zélzw)?zisdt:oo and /0<Azt))";s dt <oo. (1)

Define the function H : [0,00) — [0, 00) as

s

H@%:(Atﬁia>;¥m>% fort >0

and the Young function An by

An(t) = A(HX(t)) fort > 0. (2)J
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Optimal fractional Orlicz target space

Theorem 1:

Optimal fractional Orlicz target space [ACPS 1]

Let s € (0,1). Let A be a Young function fulfilling conditions in (1)

Let Ax be the Young function defined as in (2).
Then,

and 3C s.t.
lull a2 oy < Clulsame Vue VA RD). (3)

Moreover, L = (IR") is the optimal (the smallest) fractional target space

An
in inequality (3) among all Orlicz spaces.

v
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Optimal fractional Orlicz target space

Theorem 1: Optimal fractional Orlicz target space [ACPS 1]

Let s € (0,1). Let A be a Young function fulfilling conditions in (1).
Let Ax be the Young function defined as in (2).
Then,

and 3C s.t.

lall an o0 < Clulsame  Vu € V7 (R). (3)

(R™)

Moreover, L' (IR™) is the optimal (the smallest) fractional target space
in inequality (3) among all Orlicz spaces.

v

t nis
Remark: Condition / —_— dt < oo is necessary for the
0 \A(?)

embedding of VdS’A(IR") into LZ(IR™), for any Young function B.
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Remark 1: Even though setting s = 1 in the definition of the fractional
Orlicz-Sobolev space W (IR™) does not recover the first-order
Orlicz-Sobolev space W14 (IR™), setting s = 1 in the definition of A=z one

recovers the optimal Sobolev conjugate A,, of A for WH4(IR™) discovered
in [Cianchi 1996, 1997], namely

VA (R™) — LA (R™),

where

with

n—1

o -([ (55) #) " errzo

Moreover, L (IR") is the optimal Orlicz target space,
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Example 1: Power Young functions

Example 1: Let A be a Young function defined as
A(t) = tP near infinity,
with 1 <p < %. Theorem 1 recovers the classical fractional Sobolev

embedding
ViP(RY) — L% (IR™),

and
n < n S7p n
Jull 2 gy < Clilpn V€ V7R,
where
tn—sp ifl<p<-—
An(t) = n_ n 2 near infinity.
° et" e ifp=—

Moreover, L% (IR™) is the optimal Orlicz target space.
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Example 2: Power-logarithmic Young functions

Example 2: Let A be a Young function defined as
A(t) = tP(logt)* near infinity,

where either 1 <p < % anda € IR, orp="and a < % — 1.
Then, Theorem 1 tells us that

VA (RY) - LM (R,

where
tn=er (log t) 7 iflSp<%
An(t) etm if p= % and o < g — 1 near infinity.
eetng ifpzﬁandazﬁ—l
S S

Moreover, L4 (IR™) is the optimal Orlicz target space.
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Rearrangement-invariant spaces

A Banach function space X (IR") is said a rearrangement-invariant
(briefly, r.i.) space if

*

[ullx @ry = [Vl x@®m) if u"=v".

In a sense, the norm ||ul| x g~y only depends on global integrability
properties of u over IR".

Here, ™ denotes the decreasing rearrangement of wu.

» Examples:

» Lebesgue spaces LP(IR")
» Orlicz spaces L4(IR"™)

» Lorentz spaces LP9(IR")
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Improved inequality

Optimal r.i. space for classical fractional Sobolev type embedding
Let s € (0,1). f1<p< 2, then3Cs.t.

HUHL;ﬁW”B@)S(?M”&nR”

for every measurable u decaying to 0 near infinity.
7TLP . . .
Moreover, L=< (IR") is the optimal r.i. target space .

(See [Frank-Seiringer, 2008])
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Improved inequality

Optimal r.i. space for classical fractional Sobolev type embedding
Let s € (0,1). f1<p< 2, then3Cs.t.

[l

Ln sp (]R") S C’u‘&p,]Rn

for every measurable u decaying to 0 near infinity.
7TLP . . .
Moreover, L=< (IR") is the optimal r.i. target space .

(See [Frank-Seiringer, 2008])
» The Lorentz space Ln SP’p(IR") is equipped with the norm

o

e gy = 770

HLP(O,OO) ’

» Lo P(IR") ¢ L7 (IR")
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Improved inequality

Optimal r.i. space for classical fractional Sobolev type embedding

Let s € (0,1). f1<p< 2, then3Cs.t.

[l < Clulspre

Ln sp (IR")

for every measurable u decaying to 0 near infinity.
7TLP . . .
Moreover, L=< (IR") is the optimal r.i. target space .

(See [Frank-Seiringer, 2008])
» The Lorentz space Ln SP’p(IR") is equipped with the norm

HUHLn PR HTﬁ;u*On)HLP(O,oo)'
_np_ _np_
» Lo—P(IR™) ¢ Ln—sr (IR")
Pb: Analogous improvement for fractional Orlicz-Sobolev spaces? J

A. Alberico (CNR-IAC) Fractional Orlicz-Sobolev spaces



Optimal r.i. target for W *‘4(IR”1)

Let s € (0,1). Let A be a Young function fulfilling conditions in (1).
Define the Young function A as

At) = /Ot a(r)dr fort >0, (4)
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Optimal r.i. target for W *‘4(IR”1)

Let s € (0,1). Let A be a Young function fulfilling conditions in (1).
Define the Young function A as

At) = /Ot a(r)dr fort >0, (4)

where

n
- s—n
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Optimal r.i. target space for W “(IR")

Let L(ﬁ, %) (IR") be the Orlicz-Lorentz space equipped with the norm

||UHL(E,%)(]RH) = HT_%U*(T)HLA(O,OO)'
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Optimal r.i. target space for W “(IR")

Let L(ﬁ, %)(IR”) be the Orlicz-Lorentz space equipped with the norm

||UHL(,§,%)(]RH) = HT_;“*(T)HLA(O,OO)'

Theorem 2: Optimal r.i. target space [ACPS 1]

Let s € (0,1). Let A be a Young function as in Theorem 1.
Let A be the Young function defined as in (4).
Then,

Vi (R®) = L(A, 2)(R"),

and 3C' s.t.
HUHL(,&%)(]Rn) < C‘U|S,A,]R”

for every function u € V;’A(IR").

-~

Moreover, L(A,™)(IR"™) is the optimal r.i. target space.
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Classical Hardy inequality in W'P(IR")

A crucial step in our approach to fractional Orlicz-Sobolev embeddings is a
fractional Orlicz-Hardy type inequality of order s € (0, 1). J

Recall the classical Hardy inequality in W17 (IR™):

Theorem: Hardy inequality in W'P(IR")

Let 1 < p < n. Assume that Vu € LP(IR").
Then, there exists a constant C s.t.

|u(@)|

|z

< C||Vull Lo rmy
LP(R™)

for every u € M4(IR™).
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Fractional Orlicz-Hardy inequality

Pb: Fractional Orlicz-Hardy type inequality of order s € (0,1)? J
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Fractional Orlicz-Hardy inequality

Pb: Fractional Orlicz-Hardy type inequality of order s € (0,1)?

Theorem 3:

|u(@)|

|z[*

Moreover,

< Clulsamr  Vue VoA (R").

Fractional Orlicz-Hardy inequality [ACPS 1]

Let s € (0,1). Let A be a Young function as in Theorem 1.
Let A be the Young function defined by (4).
Then, there exists a constant C' s.t.

dx dy

/nA(|Ta(c|)|)d <a-9f [ ( |x—;\(y)|

for every u € My(IR™).

)

|z — y|™
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Remark 2: In contrast with the classical and fractional Sobolev cases
corresponding to the case when A(t) = t”, namely with W (IR™) and
W*P(IR"), respectively, the Young function A is not always equivalent to
A.

This is due to the generality of conditions (1), namely

/‘”(Agt))**dt:oo and /O(M*M

which extend the assumption 1 < p < — required in the classical case, and
s
allow for Young functions A(t) whose growth can be very close to that of
n

the critical power ts.
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When s tends to an integer...

Pb: The fractional Sobolev space W*P(IR") does not agree with the
classical integer-order Sobolev spaces when the order of smoothness s is
formally set to an integer
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When s tends to an integer...

Pb: The fractional Sobolev space W*P(IR") does not agree with the
classical integer-order Sobolev spaces when the order of smoothness s is
formally set to an integer

» However, some twenty years ago, it was discovered that

a suitably normalized Gagliardo-Slobodeckij seminorm in W*?(IR")
recovers, in the limit as s — 1~ or s — 07, its integer-order counterpart.
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s— 1

The result was first established at the endpoint 1.

Theorem A [Bourgain-Brezis-Mironescu, 2001, 2002]
Let 1 <p<oo. If
u € WHP(IR™),
then
P dxd
lim (1-—s) / / <|u H) 2y —K(p,n)/ (Vul? dz

s=1- nJre \ o=yl |z —y|" R"

1 n—1
Here, K(p,n)= - |60 -elP dH"(0),

p Jsn1

o S"! denotes the (n — 1)-dimensional unit sphere in IR"
e H" ! denotes the (n — 1)-dimensional Hausdorff measure

e ¢ is any point on S" 1.

Fractional Orlicz-Sobolev spaces
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s— 1

A converse of Theorem A holds if 1 < p < oc:

Theorem B [Bourgain-Brezis-Mironescu, 2001, 2002]

Let 1 <p < oo and let u € LP(IR™).

p
liminf (1—s) / / (|u )|> de dy < 00,
s—1- ) N AT |z —y|"

then
u € WHP(IR™).
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s— 1

A converse of Theorem A holds if 1 < p < oc:

Theorem B [Bourgain-Brezis-Mironescu, 2001, 2002]

Let 1 <p < oo and let u € LP(IR™).

p
liminf ( 1_8/ / <Iu <>|> dedy _
S*)‘l_ n n |l’iy|s |‘,1:7y‘n

then
u € WHP(IR™).

the latter result can faill
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A version of Theorem A also holds in BV (IR").

Theorem C [Bourgain-Brezis-Mironescu, 2001, 2002]

u € BV(RR"),
then
dx d
o (s / / —uW)|l_dwdy _ pq oyl (R,
s=1- n JRn \w—yls |z —y|"
where || Dul[(IR™) denotes the total variation of the measure Du.
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s— 1

Theorem B admits a counterpart where W' (IR") is replaced by
BV (IR").

A slight variant of the assertions above is contained in
e [Van Schaftingen-Willem, 2004]

Theorem D [Van Schaftingen-Willem, 2004]
Let u € L'(IR"). If

dx d
hmmflgl/ / —uly)|_dedy < 00,
s1- n Jre Ix—ms |z —y|"

u € BV(IR™).

|
-

then
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s — 1"

Pb: What happens in the more general setting of W**(IR") ? J
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s— 1

Pb: What happens in the more general setting of W**(IR") ? J

Define the Young function A, as

Ao(t):/ot/Sn_l A(r |6 - e]) dH™(6) % for t>0,  (5)

where e is any fixed unit vector in S* 1.
e The right-hand side of (5) is independent of the choice of e.

e A, is always equivalent to A, namely J ¢y, o s.t.

A(crt) < Ao(t) < cA(t) for t > 0.
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Theorem 4 [ACPS 2]

Let s € (0,1) and let A be a finite-valued Young function.
If

u e WHARM),
then, there exists \p > 0 such that

lim ( 13/ / u(z) —u(y)|\ drdy :/ 4, (v
s—1- n JR® )\\m—yls |z —y|™ n A

for every A > \o.

) d

A. Alberico (CNR-IAC)
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Remark 3: Property in Theorem 4 holds for u/\, with sufficiently large
A, and not for wu itself because if A & Ao, then the fact that

Vu € LA(IR") only ensures that / A(W)\u|) dx < oo and hence

/ A, <|V/\u!> dx < oo, for sufficiently large .

> AecA, & 3C>2 st AQH)<CA{X) for t>0
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Remark 3: Property in Theorem 4 holds for u/\, with sufficiently large
A, and not for wu itself because if A & Ao, then the fact that

Vu € LA(IR") only ensures that / A(W)\u|) dx < oo and hence

/ A, <|V/\u!> dx < oo, for sufficiently large .

> AecA, & 3C>2 st AQH)<CA{X) for t>0

Remark 4: However, if A € As, then property in Theorem 4 holds for
A =1, namely for w.
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Remark 3: Property in Theorem 4 holds for u/\, with sufficiently large
A, and not for wu itself because if A & Ao, then the fact that

Vu € LA(IR") only ensures that / A(W)\u|> dx < oo and hence

/ A, <|V/\u!> dx < oo, for sufficiently large .

> AecA, & 3C>2 st AQH)<CA{X) for t>0

Remark 4: However, if A € As, then property in Theorem 4 holds for
A =1, namely for w.

Remark 5: In particular, Theorem 4 improves results in [Fernandez
Boder-Salort, 2019] that only allow for A € Ay and require an extra
unnecessary hypothesis, and A, appears in less explicit form.
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A converse to Theorem 4

In the light of the restriction p > 1 in Theorem B by
[Bourgain-Brezis-Mironescu, 2001, 2002] to imply « € W?(IR"), a
converse to Theorem 4 requires some additional assumptions on A:

A
tlim it) =00, superlinear growth near infinity (6)
—00
and At
lim Alt) =0 sublinear decay at 0. (7)
t—0t+

A finite-valued Young function fulfilling (6) and (7) is called N-function.
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A converse to Theorem 4

Theorem 5 [ACPS 2]

Let s € (0,1) and let A be a N-function .
If w e LA(R™) and 3\ > 0 s.t.

st 1_5/ / <Iu <y>|> dedy _
s—1— n n )\‘x_yys |$_y|n

then u € WHA(IR™).
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Notations for next theorem

Let u € BV(IR™).

e  Vu denotes the absolutely continuous part of the measure Du with
respect to the Lebesgue measure.

e D’u denotes singular part of Du.
e ||D%ul|(IR™) denotes the total variation of D*u over IR".

o / As(|Vu|) dz + a®|| D%u||(IR™) denotes the relaxed functional of
Rn

Ao(|Vu|) dz with respect to convergence in Li .(IR™).

]RTL

e The number a2° is defined as

a® = lim Ao(t)

t—oo t

(see [Goffman-Serrin, 1964]).

e Y < oo thanks to A, &~ A due to assumption (8) below.
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Counterpart of Theorem 4

In the case when A has a linear growth near infinity or near 0, Theorem 4
and Theorem 5, respectively, have counterparts in the framework of

BV -functions.

Theorem 6 (Counterpart of Theorem 4) [ACPS 2]
Let s € (0,1) and let A be a Young function s.t.

A(t)

lim ——= < oo linear growth near infinity. (8)
t—ro0

Assume that u € BV (IR"). Then,

i (1) [ [ a(Dzs0l) dods
s—1— n n ’37 - y|“S ’:U - y’n

_ / A (IVal) dz + o] Dul|(IR™).
Rn
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Counterpart of Theorem 5

Theorem 7 (Counterpart of Theorem 5) [ACPS 2]

Let s € (0,1) and let A be a finite-valued Young function s.t.

A(t .
lim Q > 0 linear growth near zero.
t—0+ ¢

Assume that u € L'(IR™) is s.t.

liminf ( 1—5/ / <|u (y)|> dx dy o
s—1— n n )\|xiy|s ‘l’*y’n

for some A > 0. Then, u € BV (IR").
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s — 07"

A suitably normalized Gagliardo-Slobodeckij seminorm in W*P(IR")
recovers, in the limit as s — 0, its integer-order counterpart.
This problem was solved in [Maz'ya-Shaposhnikova, 2002].

Theorem [Maz’ya-Shaposhnikova, 2002]

Let p > 1. Then,

Podxd 2 nwn,
im s [ ('“ ”') =2 | @) do
s=0tJren Jre \ 2 —y)? lz—yl*  p Jmn

for every function u decaying to 0 near infinity and making the double
integral finite for some s € (0, 1),
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Pb: What happens in the more general setting of W*4(IR") ? J
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Pb: What happens in the more general setting of W*4(IR") ? J

» Define the Young function A associated with A by

A(t):/OtA(T) dr  fort>0.

T

> A=x~A since  A(t/2) < A(t) < A(t) for t > 0.
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s — 07"

Theorem 8 [ACPS 3]

Let A € Ay. Assume that ue | ] V;"*(IR"). Then
s€(0,1)

s [ ] (’u |x—y|§y)‘) s =2 [ A

Remark 6: Plainly, Theorem 8 recovers Theorem in
[Maz’ya-Shaposhnikova, 2002] when A(t) = t” for some p > 1, since

— tP
A(t) = — in this case.
p
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Remark 7: A partial result in this connection is contained in the recent
contribution [Capolli-Maione-Salort-Vecchi, Preprint], where bounds

for e d
lim inf 9/ / <\u yﬂ) L4y
o0t n Jrn lz—yl* ) |z =yl
g« [ [ a (1= w0) oy
imsup s
50+ n JRe |z —yl* |z —y["

are given for Young functions A satisfying the As-condition.

and

Our results provide a full answer to the relevant problem.

We prove that, under the Ay-condition on A, the limit in (9) does exist,
and equals the integral of a function of |u| over IR".

Moreover, we show that the result can fail if the As-condition is dropped.
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Indispensability of As-condition

The indispensability of the As-condition for the function A is
demonstrated via the next result.

Theorem 9 [ACPS 3]

There exist Young functions A ¢ A,, and corresponding functions
u: IR™ — IR such that u € VdS’A(IR") for every s € (0,1),
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Additional results

ADDITIONAL RESULTS

» Higher-order fractional Orlicz-Sobolev inequalities with
s € (0,n)\ IN.

» Q CIR" open bounded.

» Compact embeddings.
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Dziekuje bardzo!!

Many thanks!!
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