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M. Grządziel, On the maximum likelihood degree of linear
mixed models with two variance components, arXiv preprint.

2 / 13



The model and the likelihood function I
Let us consider the model N (Y ,Xβ,Σ(s)), where: Y is an
n × 1 normally distributed random vector with

E(Y ) = Xβ, Cov(Y ) = Σ(s) = σ2
1V + σ2

2In, (1)

where:
I X is an n × p matrix of full rank , p < n,
I β is a p × 1 vector,
I V is an n × n nnd symmetric matrix, V 6= 0, rank(V ) < n

s = (σ2
1, σ

2
2)′ is an unknown vector of variance components

belonging to S = {s : σ2
1  0, σ2

2 > 0}.
The twice the log-likelihood function is given, up to an additive
constant, by

l0(β, s,Y ) := − log |Σ(s)| − (Y − Xβ)′Σ−1(s)(Y − Xβ). (2)

The ML estimator of (β, s) is defined as the maximizer of
l0(β, s,Y ) over (β, s) ∈ Rn × S.
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The model and the likelihood function II

Let M := In − XX+. It can be shown that

l0(β, s,Y ) ¬ l0(β̃, s,Y ) = − log |Σ(s)| − Y ′R(s)Y ,

where R(s) := (MΣ(s)M)+ and
β̃(s) := (X ′Σ−1(s)X )−1X ′Σ−1(s)Y .
It can be checked that l0(β, s,Y ) < l0(β̃, s,Y ) for β 6= β̃. It can
be thus seen that the problem of computing the ML estimator of
(β, s) reduces to finding the maximizer of
l(s,Y ) := − log |Σ(s)| −Y ′R(s)Y over s ∈ S, which we will refer
to as the ML estimator of s.

It can be also observed that for a given value y of the vector Y
the ML estimate of s exists if and only if the ML estimate of
(β, s) exists.
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Multimodality of the likelihood function

The likelihood function can have multiple local maxima (Hodges
and Henn 2014; Lavine et al. 2015).

Using methods based on local approaches may lead to finding
a local (rather than global) maximum.

Alternative approach: finding all stationary points of the
likelihood function (using the fact that the ML equations are
rational).

In the case of the model with two variance components finding
all stationary points of the likelihood function reduces to finding
all roots of a certain univariate polynomial. (Gross et al. 2012;
MG 2014).
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The ML degree I
Gross et al. (2012): The ML degree is the number of complex
solutions to the (rational) likelihood equations when the data
are generic. Indeed, the number of complex solutions is
constant with probability one, and a data set is generic if it is
not part of the null set for which the number of complex
solutions is different.

Drton et al. (2009): A basic principle of algebraic geometry is
that the number of solutions of a system of polynomial or
rational equations that depends rationally on parameters is
constant except on an algebraic subset of parameter space. In
our case, the rational equations under investigation are the
likelihood equations and the “varying parameters” are the data.

It may be interpreted as a measure of the computational
complexity of the problem of solving the ML equations
algebraically.
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The ML degree II
Let B be an (n − p)× n matrix satisfying the conditions

BB′ = In−p, B′B = M. (3)

Let

BVB′ =
d−1∑
i=1

miEi (4)

be the spectral decomposition of BVB′, where
m1 > . . . > md−1 > md = 0 denotes the decreasing sequence
of distinct eigenvalues of BVB′ and Ei ’s are orthogonal
projectors satisfying the condition EiEj = 0n−p for i 6= j . Let Ed

be such that
∑d

i=1 Ei = In−p.

Let us note that the quantities d , mi , Ei do not depend on the
choice of B in (3)
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The ML degree III

Theorem 1
Let d0 stand for the number of distinct eigenvalues of the
matrix V . If the model (1) satisfies the condition

M([X ,V ]) ( Rn, (5)

then its ML degree is bounded from above by 2d + d0 − 4.
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The REML degree of the model

The restricted maximum likelihood (REML) estimator of
σ = (σ2

1, σ
2
2)′:= ML estimator of σ in

N{z,0n−p, σ
2
1BVB′ + σ2

2In−p} with z = BY .
The REML degree of the model: the ML degree of the model
N{z,0n−p, σ

2
1BVB′ + σ2

2In−p}.

Theorem 2
Under the assumptions of Theorem 1 the REML degree of the
model (1) is bounded from above by 2d − 3.
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One-way classification I
The random effects model for the unbalanced one-way
classification:

Yij = µ+ αi + eij ; i = 1, . . . ,q; j = 1, . . . ,ni , (6)

where Yij is the j th observation in the i th treatment group, µ is
the overall mean, αi is the effect due to the i th level of the
treatment factor and eij is the error term. The model can be
expressed in the matrix form:

Y = 1nµ+ Zα + ε, (7)

where n =
∑q

k=1 nk , α = (α1, . . . , αq)′, ε = (ε11, . . . , εqnq )′,

Z =


1n1 0n1 · · · 0n1

0n2 1n2 · · · 0n2
...

...
. . .

...
0nq 0nq · · · 1nq

 . (8)
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One-way classification II

The one-way classification model with the general mean
structure considered in Gross et al. (2012) can be expressed by

Y = Xβ + Zα + ε, (9)

where β ∈ Rp is a fixed mean parameter and X is an n × p
matrix of rank p < n such that

1n ∈ span(X ). (10)
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One way classification — the ML degree and the
REML degree

Gross et al. (2012):
I The ML degree and the REML degree for the one-way

classification random model are given;
I Conjecture: The ML degree for the one-way classification

model with the general mean structure is bounded from
above by 3q − 3; the REML degree of this model is
bounded from above by 2q − 3.

MG (2016): The conjecture is true under the assumption
span([X ,Z ]) 6= Rn.
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Conclusion

The results obtained results indicate that the approach
proposed in Gnot et al. (2002), Gross et al. (2012) and MG
(2014), in which all critical points of the log-likelihood function
are found by solving a system of algebraic equations, may
prove to be efficient for linear mixed models with two variance
components.

13 / 13


