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j S ∃X

1k<�0P< [ i 3 Xn
p.n.→ X ⇔ ∀ε > 0 limN→∞ P (

⋂

m,n>N |Xn − Xm| < ε) = 1.
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1k<�0P< [ i 3 Xn

P→ X ⇔ ∀ε > 0 limm,n→∞ P (|Xn − Xm| > ε) = 0
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P→ Y, Zn

P→ Z
9�BG<�@

Xn 6 Yn 6 Zn r S�/JSH�7:<�; 5 @4> 5 1�0�]%YEe n
So� 3�� 7�]

EXn → EX, EZn → EZ, E|Z|, E|X | < ∞,

1k9
EYn → EY [ E|Y | < ∞ S
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E(X |F) =
∞
∑

i=1

1Ai

E(1Ai
X)

P(Ai)
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E(aX + bY |X) = aE(Y |X) + bE(Z|Y ) [ a, b ∈ R

l S
E(Y |X) > 0 2436� 7 ] Y > 0 [

¤ S
E(1|X) = 1,
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E(Y g(X)|X) = g(X)E(Y |X) ©�ª�«N¬P«��©#®%¯d°�©D±Z°�²Q³%®E©�´?³%®�¯gµE¶�´�¬P·%¯�³ g ¸

¹I¨
E(E(Y |X, Z)|X) = E(Y |X) = E(E(Y |X)|X, Z))

¨
º=»&¼,½£¾ ³%®D·E¿ Ω = [0, 1] P ÀkÁN³%«�ÂD«dÃ\®�Ä6ÅÇÆI¶Z®?È «p´J« [0, 1]

¨hÉ ´�«Iª:®EÊ�Ë E(f |F) ¸Z¯4®6ÌEª ³
Í#¨

f(x) =
√

x ¸ F ¯4®6Å�Î σ ÀÇ·4³%«4ÏÇ®4ÁÐÆP®4´�®4ÂG°I²=«�´ZÑ�Á�±�ÂGÒ�®EÒÒ�Ä4³%°�Â�Ñ [0, 1
4
), [ 1

4
, 1]
¨

Ó�¨
f(x) = −x ¸ F ¯4®6ÅEÎ σ ÀÇ·4³%«4ÏÇ®4ÁÔÆP®4´�®4ÂG°�²=«I´ZÑ�ÁÕ±�ÂGÒ�®EÒÒ�Ä4³%°�Â�Ñ [0, 1

2
), [ 1

3
, 1]
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º=»&¼,ÖV× Ä4ª�³%·DÒ4Ñ#Ëd²=«�Â�Îk°�Ì4Ë8°�·DÒ�®E¬�³O²=«I´�Øcª�³%·EÒ�Ä4Ñ~±JÂGÙ#Äd²ÚÅ4·E¿&®4Á8«P·6³%®�Ûo®4Â�´�°�¶�ª ³%®vÆ�°~±�ÂGÒ�®K±JÂG°�²=«P©�Ò�°�´?Ñ#·D¿�«�N©#°cÁT°�À
ÁT®4´ZÎv¶ ¶PÒ4Ñ�ÅG¬P«�´Z³%«N¬#°Iª:®%¯�´�°#Ü
Í#¨ Å�¶P¬#·E®6Å�¶ ³�±Z°�ÂD«�E¬�³Ý¸
Ó�¨ ©�²=Ù�·E¿�Å�¶P¬P·D®6Å4Ù�²Ú³�±Z°�ÂG«�E¬�³ ¨

º=»&¼*Þ�ß*à °�¬P«�6¸.�®�Ò4ÁN³%®6´?´�« ª:°�Å6°I²=« X > 0 °f·4³%Ø4Æ�ÏÇ®%¯�©�Ñ�Å�ÎvÂ�Ñ#Ä6¶Z«I´�·4³%®8Á8«f²�ÏÇ«�Å�´J°�Ì4ËpÄ4ÂG«�¬I¶p±Z«�ÁN³%áE·6³g²QÎk®E©�Ñ ³
ÎvÑ�ª ¬P°p²QÎk®E©�Ñ�Æ�©�Ñ8Åv±Z®GÏq´Z³%«T²=«IÂ�¶�´�®E¬

E(X |X > t) = c + t, ; t > 0,

Æ�©�Ò4³%® c ¯4®6Å�Î$±Z®6²Q´JØ8Å�Îk«4ÏÇØ ¨
º=»&¼*Þ�Þx¾ ³%®E·E¿ X1, X2, ... ÄEáD©�Ò4³%®~·6³%Ø�ÆI³%®4ÁâÒ4ÁN³%®6´?´ZÑ#·E¿p³O³%©�¸\Ò�®oÌ�ÂG®E©I´Z³%Ø µ

¨ ¾ ³%®E·D¿ N ÄDáE©�Ò6³%®hÒ4ÁN³%®6´?´�Øh±�ÂGÒ4Ñk¯�ÁN¶�À
¯4ØP·EØ ²=«�Â�Îk°�Ì4·6³.´�«IÎ�¶�ÂD«�ª�´J®�³ã´Z³%®EÒ�«�ª:®E4´�Ø�°�© Xi

¨ ¾ ³%®E·D¿ S = X1 + X2 + ... + XN

¨ à °�¬P«�6¸ã�® E(S|N) = µN
¨

ä Ñ�²Q´Z³%°�ÅG¬�¶�¯~Å�ÎkØ#©�¸��® ES = µEN
¨

º=»&¼*Þ&å�¾ ³%®E·E¿
Ò4ÁN³%®6´?´�® X ¸ Y ÄEáD©PØC´Z³%®EÒ�«Iª:®E6´J®�Ò ÂG°�ÒE¬4ÏG«#©�¶ à °�³ÝÅEÅ4°�´J«æÒ�±Z«�ÂG«IÁ8®4Î�ÂD®6Á λ
¨�É ´J«�ª:®EÊ�Ë ÂG°�ÒE¬�ÏÇ«#©

Ò4ÁN³%®6´?´�®%¯ E(X |X + Y )
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º=»&¼*Þ�ç£¾ ³%®E·E¿NÒ4ÁN³%®6´?´�® X ¸ Y ÄEáE©#Ød´?³%®DÒ�«�ª�®D4´�®oÒsÂG°�ÒE¬�ÏÇ«P©�¶ B(n, p)
¨ ¾ ³%®E·D¿ Z = X +Y

¨ à °�¬#«�6¸��®nÒ4Ád³%®4´Z´J«
E(X |Z) ÁT«TÂD°�ÒE¬4ÏG«#©N¿�³ ±Z®6Â�Æ�®E°�ÁT®6ÎvÂ�Ñ#·EÒ6´?Ñ ¨
(∗) à °�¬P«�6¸��®

D2(Y ) = E(D2(Y |X)) + D2(E(Y |X)).

º=»&¼*Þ�è
(∗) ¾ ³%®D·E¿ X, Y ÄEáE©#Øs´?³%®DÒ�«Iª:®D4´?Ñ�Ád³&Ò4Ád³%®4´Z´?Ñ�Ád³�ª:°�Å4°I²QÑ�Ád³$°sÂG°�ÒD¬�ÏÇ«P©�Ò4³%® N (0, 1)

¨.É ´J«k¯4©�Ên²=«IÂ�¶�´�¬P°�²=Ø
²=«IÂ�ÎK°�Ì4ËN°�·EÒ�®E¬I³O²=«�´�Ø

E

(

N
∑

k=0

(

2N

2k

)

X2kY 2N−2k|X + Y

)

.

º=»&¼*Þ&é�¾ ³%®E·E¿ X ¸ Y ÄDáE©PØp´?³%®DÒ�«�ª�®D4´ZÑ�ÁN³�Ò4ÁN³%®6´?´ZÑ�ÁN³Qª:°�Å4°I²QÑ�Ád³QÒ�ÂD°�ÒE¬4ÏG«#©I¶ N(0, 1)
¨oÉ ´J«k¯4©�ÊdÂG°�ÒE¬�ÏÇ«#©NÏÇØP·DÒ4´?Ñ

(X + Y, X − Y )
¨ à °�¬P«�6¸Q�®Ò4Ád³%®4´Z´J® X + Y ¸ X − Y Å4ØT´?³%®DÒ�«Iª:®D4´J® ¨
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