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'���*���� �5-�� &768 95:2;

(Ω,F ,P) <2=2>@? 8 9BADC ? 9FE4G�C ? 9IHJ8 KLADC.M <2N1< 8POQ8RE4G�S1: ? HDK1TVU >�W,? M�C.M W�N H�8 9
X : Ω → R

n H N@? S�X
W�NZY S ?FY 8 9IHJHDKLO[M\EIM W K)M W�N C4G]M\^I:F8 N :5; W Rn _a` 9F^2Ob8 > O Ndc1N�e�> 9%f�M

A ∈ B(Rn) ?�< 8 gZC
X−1(A) ∈ F

T
'���*���� �5-��ihkj S\E4G�C4S <IlJN H�G%K0C.M ?2cIm.N1>�l µ

H N R
H N�? S W�NZY SLn l H c : ` = F : R → R ?�N1>�N H"K W,? M�C.9 Y F (t) :=

µ((−∞, t])
Tpo�9F^4OQ8qC.M ?5c@mrN�>LW S ? H N : ? MZHJS ` 9FE4G$A"C ? 9 ?s?IY 8 9IHJH"KtO[M�EFM W K

X > S\E4G�C4S <IlJN H�G = H N�? S W�NZY S
FX

T
���au & j S\E4G�C4S <IlJN H�G N C5M ?2cIm.N1>Zl µ >1N H N ` 9FE4G W,? M�C59 Y

Fµ =















0 dla x < 0,
0.1 + x dla 0 6 x < 0.5,
0.4 + x dla 0.5 6 x < 0.55,
1 dla x > 0.55.

v S ? H N : ? S1w
µ( 1

2 ) _ µ([0, 1
2 ]) _ µ((0, 0.55))

T
���auxhzy C ? S5A l ^Fw Y S _ e 9 F (t) = 0 > O N t 6 0

8
F (t) = 1 > O N t > 1

T{6 N ADC ? 9 >@? 8 N O[9
[0, 1] F (t) = at2 + bt + c

T
y M c�N@e _ e 9 F Y M e 9 < S1w > S\E2G|C4S <IlJN HJG N C5M ?2cIm.N1>Zl G�S�O c M W G]9 > S�f > S c = 0 _ a + b = 1 _ a > −1

8
b > 0

T
���au~}�� > M W M > H�8 `2_ e 9 FX YdNLW�mrN E2H"M\^I:I8

• FX
` 9FE4G�H�8 9 YtN O[9 ` K1:29 _ G]M ? H N : ? S ` 9F^4OQ8 s 6 t _ G%M

FX (s) 6 FX(t) �
• limt→∞ FX(t) = 1 _ limt→−∞ FX(t) = 0 �
•

y M c1N�e _ e 9 FX
` 9FE4G$A"C N�W M�E2G|C.MZHJHJ8 9d:I8 KIf mrN Td��M ? H N : ? S lims→t+ FX (s) = F (t)

T
���au7� 68 95:2;

Ω = [0, 1] × [0, 1] <2=2>@? 8 9 cZW�N1> C N G]9 Y�?)Y 8 N C.K ` 9 > H"M\E4G N ` HJ8 9�C5M ?5m M e MZHDK�T
68 95:2;
X(ω) <5=2>�? 8 9M > O[9%f m M�^F:I8 K

ω ∈ Ω
M > H N ` < OQ8 e E ? 9 ` c C N�W�=2>@? 8 W�cZW�N1> C N :I8 9@T y M�OQ8 : ? FX

T
���aux�zy M c1N�e _ e 9 > S\E2G|C4S <IlJN HJG N FX

` 94E4G�:F8 K@f m.NLW A l H c :F8 9
t W G%9 > St8qG�S�O c M W G%9 > S _ f > S PX({t}) = 0

T
h$���B�,���������������$�@�2���$��/1��� ���,�"�$�\�����������d�$���
'���*���� �5-���} v N C4G]M\^I:F8 KsM�: ? 9 c 8 W�N HDK ?IY 8 9FH�HD9 ` O[M�EFM W 9 ` X

H N@? S W�N�Y S
EX :=

∫

Ω X(ω)P(dω) =
∫

R
xµX (dx)

T
v ADC ? S5A N1>�c�l�?IY 8 9FH�HD9 ` O[M\EIM W 9 ` :F8 K@f m 9 ` MBf = E4G%M�^I:F8 f(x) YtN�Y S

EX =
∫

R
xf(x)dx

T
'���*���� �5-��0� v N C48 N H": ` K ?IY 8 9IHJH"9 ` O�M\EIM W 9 ` X

H N@? S W�N�Y S

VarX = D
2X := E(X − EX)2 =

∫

Ω

[X(ω) − EX ]2P(dω) =

∫

R

[x − EX ]2µX(dx)

v ADC ? S5A N1>�c�l�?IY 8 9FH�HD9 ` O[M\EIM W 9 ` :F8 K@f m 9 ` MBf = E4G%M�^I:F8 f(x) YtN�Y S
D

2X =
∫

R
(x − EX)2f(x)dx

T
'���*���� �5-��i�V� Y 8 9IHJHD9

X1, ..., Xn

M c C594^4O[MZHD9BH N (Ω,F ,P)
H N@? S W�N�Y SLH�8 9 ?�N O�9 e HJS Y 8 ` 9F^4OQ8

P(X ∈ B1, ..., X ∈ Bn) = P(X ∈ B1)...P(X ∈ Bn), ∀ B1, B2, ..., Bn ∈ B(R).

v ADC ? S5A N1>�c�l0?IY 8 9FH�HJS1:2;�:I8 KIf m S1:2;
X1, ..., Xn

MLf = E4G]M\^I:I8 N :2;
f1, ..., fn

_ ?IY 8 9IHJH"9
X1, ..., Xn

EIK�HJ8 9 ?�N O[9 e HD9
W G]9 > St8qG|S�O c M W G]9 > S�f > S ?IY 8 9FH�H N (X1, ..., Xn) YdN C.M ?2c@mrN�> :I8 KIf m S ? f = E4G%M�^I:F8 K

f(x1, ..., xn) = f1(x1)...fn(xn), x1, ..., xn ∈ R.

� �t� ����u,/����,��� & j O Nd> M W M�ObHJS1:2; ?IY 8 9IHJH�S1:5;
X1, ..., Xn

_
E(X1 + ...+Xn) = EX1 + ...EXn

T�o�9F^4OQ8 ?FY 8 9IHJHD9
X1, ..., Xn

EIKtH�8 9 ?�N O�9 e HD9 _ G]M
D

2(X1 + ... + Xn) = D
2X1 + ... + D

2Xn

T

�



���a�~���q�1�������� �¡ ¢2£q¤�¥
D

2X = EX2 − (EX)2 ¦¨§�©Zª � © ¤F£�¤�¥
D

2X = D
2(X − EX) ¦

���a�x«k¬¡ ¥52®
X ¯ ©p° ��±2²I³ © �+¢I¥2�� "�\´4µ © ¢4 J¶

U [a, b]
  ©�·"° ±�¥5��±I¡ ©�¸ ¥ [a, b]

£��º¹�»F´4µ%��¼IF¡
g(x) = 1

b−a
1[a,b](x) ¦{½ ��² © ¤4£

¤�¥
EX = a+b

2

£
D

2X = (b−a)2

2
¦

���a�~¾z¬¡ ¥52®¿± ¯ ¡ ¥F �  © X ¯ ©d° ��±5²@³ © �t�q¶@²@³ © �� J¡ 2±I¶
E(λ)

��¹�»F´4µ%��¼FI¡
g(x) = λe−λ1(0,∞)(x)

£
λ > 0 ¦�½ ��² © ¤4£¤�¥

EX = 1/λ
£
D

2X = 1/λ2 ¦
���a�~Àz¬¡ ¥52®�± ¯ ¡ ¥I J  © X ¯ ©�° ��±5²@³ © �t¹ © ¯B¯ © γa,b

�t¹�»4´4µ]�\¼IF¡
g(x) = ba

Γ(a)x
a−1e−bx1(0,∞)(x) ¦d½ �@² © ¤F£{¤�¥

EX = a/b
£
D

2X = a/b2 ¦
���a�ÂÁ�Ãz¬(¡ ¥22®�± ¯ ¡ ¥I J  © X ¯ ©)° ��±2²I³ © �t¹ ©�ª ´2´I���+´.²�¡

N (m, σ2)
�t¹�»4´4µ]�\¼IF¡

g(x) = 1√
2πσ

e−
(x−m)2

2σ
2 ¦P¦B½ ��² © ¤F£

¤�¥
EX = m

£
D

2X = σ2 ¦
���a�ÂÁDÁ ½ �@² © ¤F£+¤�¥�¢I¥4¼ ¸ ¡+± ¯ ¡ ¥I J  ©L¸ �\´I�Z� © X ¯ ©t° ��±2²I³ © �¿I¡ ÄI¹�³]¶���¹�»4´4µ]�\¼IF¡

f
��ÅZ��5± © ´ F ′

X (t) = f(t) ¦
���a�ÂÁaÆ §   © ¢I�@ÇÈ��¶\´4µ ° ¶1É ªJ©  Jµ]» ° �@±2²@³ © � ª ¹�¥2� ¯ ¥Iµ ° ¶12±I D¥%¹��

P(X = k) = pqk−1 £ ° �@±2²@³ © � ª ¢I¥5�Z D��´2µ © ¢4 "¥%¹��
U [a, b]

� °.© ± ° �@±2²@³ © � ª �q¶@²I³ © �Z J¡ 2±@¥%¹��
E(λ) ¦

���a�ÂÁ�Ê ½ �@² © ¤F£�¤�¥�¢I¥F¼ ¸ ¡ a, b ∈ R
� °.© ± Z = aX + bY

£+µ]�± © 2®a���@±I¡+�,±�Å °
EZ = aEX + bEY ¦�½ �@² © ¤F£�¤�¥�¢I¥4¼ ¸ ¡

X
£
Y

 J¡ ¥2± ©�¸ ¥2¤I D¥F£�µ%�
D

2Z = a2
D

2X + b2
D

2Y ¦
���a�ÂÁ�ËÂÌ¨± ª  © ¯ ¶t²��\´4µÍ²1ÄÎµ © ²Î�I³ ª ¹���£ © ¤L�q¶ ° ± ª F¡ ¯ ¶��+´.±F¶\´4µÍ²�¡ ¥)�@2±2² ©�¦Ï§   ©�¸ ¥2Ç�Ðt� ©Z° µ%��¼FÐ���5±�¥2²�¡P� ©  DÄ ¸ ¡ 5±�ÉI¶
° ± ª µ]Å�� ¦
���a�ÂÁaÑ ½ �@² © ¤F£�¤�¥{¢I¥4¼ ¸ ¡ X

¢I¥F´2µ�± ¯ ¡ ¥F � DÄ ¸ �\´I�Z��Ä��¿� ©Z° µ%��¼IF¡ © 5®
�
N

£�µ]�
EX =

∑∞
n=0 P(X > n) ¦�Ò ��¤I  ©�q¶@² © ± © Ð4£Ó¤@¥�¢I¥F¼ ¸ ¡ X > 0

£qµ]�
EX =

∫ ∞
0

P(X > x)d(x) ¦

Ô


