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Appendix S1: The equilibrium points and Local stability analysis

From the definition of equilibrium point of nonlinear systems, we know that the equilibrium points of the equation (2.3) in text are the solutions of the following equations
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Now, we solve the equation (1). Solving
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Solving 
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Obviously, points
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 are the solutions of the equations (1). We denote them as 
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 are respectively the frequencies of defectors of “strong” and “weak” players. 

Substituting 
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that is, 
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 is also a solution of the equations (1), and we denote it as 
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Substituting 
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in Equation (2), we obtain
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So 
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 is also a solution of the equations (1), and we denote it as 
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From above discussion, we obtain six equilibrium points of the nonlinear system (2.3): 
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The following is the local stability analysis of the system of volunteer dilemma game. In text, the linearization of the replicator dynamics (2.3) at an equilibrium point 
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For convenience, let 

[image: image36.wmf](,)(,)

(,)(,)

(,)

(,)(,)

SWSW

SWSSWW

SW

SWSSWS

ff

J

gg

bbbb

bbbbbb

bb

bbbbbb

=

¶¶¶¶

æö

=

ç÷

¶¶¶¶

èø

，   (4)
where 
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and  
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represents the equilibrium points of the nonlinear system (2.3), 
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 are respectively the frequencies of defection of “strong” and “weak” players. 

From (4), we obtain the Jacobi matrices of the linear system (3) of the nonlinear system (2.3) at these six equilibrium points:
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   The local stability of the nonlinear system (2.3) at equilibrium points is determined by the eigenvalues of the Jacobi matrices. Now, we analyze character of the eigenvalues of above six matrices. 
Since 
[image: image50.wmf]0

SWWS

KKUU

<<<£

and 
[image: image51.wmf](0,0)

J

,
[image: image52.wmf](1,1)

J

,
[image: image53.wmf](0,1)

J

and 
[image: image54.wmf](1,0)

J

are diagonal matrices, we can easily get that the eigenvalues of 
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For 
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As to 
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Solving Equation (8), we get
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Obviously,
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From above analysis of the eigenvalues and the stability theory of differential equations (Hofbauer and Sigmund 1998; Hirsch et al. 2004), we obtain that 
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