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Outline

1. De!ne automata model

2. Analyze automata over dense orders

3. Analyze automata over discrete orders

4. Add database and in!nite runs



Extended automaton

D – !xed domain

X – !nite set of  variables

I ⊆ (Q × DX) – set of initial con!gurations

DX = { v:   X →D } – space of variable valuations

δ ⊆ (Q × DX )× (Q × DX ) – set of allowed transitions

F ⊆ (Q × DX) – set of !nal con!gurations

restricted
form

Q – !nite set of  states

Q × DX  – space of con!gurations

a de!nition that captures timed automata, or vector addition systems



Examples

• Vector Addition System:     D = N  

• Timed Automata:       D = R

• (Lossy) channel system:       D = {a+b}*

 (q, v)   (q’, v’)  
v’=v + w

 (q, v)   (q’, v’)  
 c1 < 2
 c2’ = 0

 (q, v)   (q’, v’)  
"rsta (c1)
c1’= c1·b



linearly ordered set unary predicates
(subsets of D)

e domain:
D,< , P1, P2, P3 ,...,Pl⟨ ⟩D =

Examples
⟨ N,<, 0, 100, Peven, Pprime ⟩

Transitions:

⟨ Q,<, 0, 100, Pinteger, P<π ⟩

⟨ {a+b}*,<lex, P(ab)* ⟩

I, F ⊆ (Q× DX ) ,     δ ⊆ (Q× DX ) × (Q× DX )
are specified by quantifier free formulas over D 

Our setting
(without the database)
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is solves the case of !nite runs, with no database.

!eorem. For all D, D-automata over !nite words 
accept regular languages.

!eorem. Emptiness of D-automata is decidable* in PSPACE

*For any reasonable linearly ordered structure - there should be an efficient 
algorithm which can compute the special values, given some initial 
constants



Adding a database
τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



Adding a database
τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



Adding a database
τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b
6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R
∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R
∈

R
∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R
∈

R
∈

R
∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R
∈

R
∈

R
∈

R

can be guaranteed
to be new

is forced to be zero



τI:   (x>0) ∧ (y=0) 

δa:   (x’=x) ∧ (y<y’<x) ∧ R(x,y) 

τF:   (y=1)

x
y

0<y<1<x,  0<x<1=y,  0=1<y<x, 0<1=y<x, 0=y<1<x, 0=y<1=x, ...
a

ba a
a

b
a

5
0

5
1

5
2

5
4

6
0

a a a b

∈

R

∈

R

∈

R

∈

R

6
0

6
1

6
2

6
4

100
0

a a a b

δb:    (y’=0) ∧ ¬R(x,y)

∈

R

∈

R
∈

R
∈

R
∈

R

can be guaranteed
to be new

is forced to be zero





En elaboration of these ideas solves the problem for automata 
with database, over in!nite words:



!eorem. For all D, D-automata over in!nite words 
accept ωB-regular languages.

En elaboration of these ideas solves the problem for automata 
with database, over in!nite words:



!eorem. For all D, D-automata over in!nite words 
accept ωB-regular languages.

!eorem. Emptiness of D-automata is decidable* in PSPACE
     *For any reasonable linearly ordered structure D

En elaboration of these ideas solves the problem for automata 
with database, over in!nite words:



!eorem. For all D, D-automata over in!nite words 
accept ωB-regular languages.

!eorem. Emptiness of D-automata is decidable* in PSPACE
     *For any reasonable linearly ordered structure D

Corollary. Deciding LTL+(data tests) properties 
of D-automata is PSPACE-complete.

En elaboration of these ideas solves the problem for automata 
with database, over in!nite words:
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