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Abstract. We consider two-player games with imperfect informatiod goan-
titative objective. The game is played on a weighted grapth wistate space
partitioned into classes of indistinguishable statesngiyplayers partial knowl-
edge of the state. In an energy game, the weights representroe consumption
and the objective of the game is to maintain the sum of weigltays nonnega-
tive. In a mean-payoff game, the objective is to optimizelitmi-average usage
of the resource. We show that the problem of determining &rsergy game with
imperfect information witHixedinitial credit has a winning strategy is decidable,
while the question of the existencesiimeinitial credit such that the game has a
winning strategy is undecidable. This undecidability Hesarries over to mean-
payoff games with imperfect information. On the positivdesiusing a simple
restriction on the game graph (namely, that the weightsiaiel®), we show that
these problems become EXPTIME-complete.

1 Introduction

Mean-payoff games (MPG) are two-player games of infiniteatlan played on (di-
rected) weighted graphs. Two players move a pebble alongdbes of the graph. The
player owning the current state chooses an outgoing edgsuocessor state, resulting
in an infinite path in the graph called a play. The objectiv®lafyer1 is to maximize
the average weight of the edges traversed in the play, whilgeP2 tries to minimize
this value (hence, the game is zero-sum).

The algorithmics of MPG has been studied since the end ofdiensies [12, 24]
and still attracts a large interest for several reasonst,Rite problem of deciding the
winner in MPG has a remarkable status: it is known to be in thersection of the
classes NP and coNP [12], yet no polynomial algorithm is kmder solving it. This
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problem has tight connection (through polynomial-timeugttbns) with important the-
oretical questions about logics and games, such ag-ttedculus model-checking, and
solving parity games [13,14,17,18]. Second, quantitatifsgectives in general are
gaining interest in the specification and design of reactiygems [8, 5, 11], where
the weights represent resource usage (e.g., energy cotisurapnetwork usage); the
problem of controller synthesis with resource constraieqgsiires the solution of quanti-
tative games[20, 6, 1, 3]. Finally, mean-payoff games ageslpace equivalentto energy
games (EG) where the objective of Playeés to maintain the sum of the weight (called
the energy level) positive, given a fixed initial credit oeegy. This result leads to faster
pseudo-polynomial time algorithms for solving mean-pégaimes [4, 10].

The previous works on MPG and EG make the assumption thattime g ofper-
fect information the players have complete knowledge of the history of tlagy pip
to the current state. However, for applications in congrodlynthesis, it is often more
appropriate that the players have partial knowledge (beg:ause the private variables
of other players are not visible, or because the sensorsgwreaccuracy). In this pa-
per, we consider mean-payoff and energy gamesiwitferfect informationThe game
graph s given with a coloring of the state space that defigesalence classes of indis-
tinguishable states called observations [23, 7], and tla¢egfies are observation-based
(i.e., they rely on the past sequence of observations rdtharstates). Interestingly, we
show that observation-based strategies may require mfinémory for mean-payoff
games, while finite memory is sufficient for energy games,ontast with games of
perfect information where memoryless strategies suffidmih cases.

We consider the following decision problems on a weightddreal graph{s) for
MPG, given a threshold, decide if Player 1 has an observation-based strategy toens
a mean-payoff value at leastfor EG, (ii) given afixedinitial credit, decide if Player 1
has an observation-based strategy to maintain the enengjyalevays positive; anfii:)
if the initial credit isunknown decide if there exists an initial credit such that Player
wins. Our results can be summarized as follows.

First, we show that energy games with fixed initial credit @eeidable. The argu-
ment is based on the existence of a well quasi order on theteniet of play prefixes,
which gives a bound on the depth of unraveling of the gametpnaeded to decide the
problem. The size of this bound gives non-primitive reatesiomplexity to our pro-
cedure. Beside establishing the existence of finite-memstoayegies for energy games,
this result also contrasts with the case of energy gamesfinite duration where the
objective of Playet is to stop the game after finitely many steps with a positivergy
level. There, even the fixed initial credit problem for bligaime$ is undecidable, using
the note after Corollary 3.8 in [19].

Next, we show that for games with imperfect information (awn for blind
games), both energy games with unknown initial credit, amémapayoff games are
undecidable, using reductions from the halting problenta-counter machines. For
energy games, since the problem with fixed initial creditdsidable, it shows that the
problem with unknown initial credit is r.e. but not co-r.earfmean-payoff games, we
show that the problem is neither r.e. nor co-r.e. using aataiufrom the complement

! Blind games have a single observation (i.e., all states traveame color). They correspond
to solving universality questions on nondeterministicoauta.



of the halting problem for two-counter machines. This secmeduction however re-
quires at least two observations (or two colors) in the garhés is the first example
of a quantitative objective for which games with imperfedibormation are undecid-
able while games with perfect information are decidableteNbat this cannot happen
for qualitative Borel objectives, because games of immeifdormation then reduce to
games with perfect information [7]. As a corollary of ouruks, we obtain the unde-
cidability of universality and language inclusion for qtitative languages defined by
mean-payoff conditions [6].

Finally, we identify a class of MPG and EG for which the demisproblems are
EXPTIME-complete. This class corresponds to the assumtiat the weights are vis-
ible to the players, a reasonable restriction in the cortttzontroller synthesis (if each
process can observe its own energy level). The algorithwiigtion of this class of
games relies on a generalization of the classical subsstragtion that maintains the
knowledge of Playet along the play [23, 7]. On the way, we also obtain that expenen
tial memory is sufficient to win, and we recover the nice propthat MPG and EG
with imperfect information and visible weights are log-sp&quivalent.

2 Definitions

Games. A weighted game with imperfect informatigor simply agamg is a tuple
G =(Q,q,X, A, w,Obs), whereQ is a finite set of stateg, € @ is the initial state,
X is a finite alphabetd C @ x X' x @ is a labeled total transition relation, i.e. for all
q € Q ando € X, there existg’ € @ such thalq,o0,q¢') € A; w: A — Z is a weight
function, andObs C 2¥ is a set of observations that partition the state space.d&r e
stateg € L, we denote bybs(q) the unique observatiome Obs such thay € o; and
for s C L ando € X, we denote byostS (s) = {¢' € Q | Ig € s : (¢,0,¢') € A} the
set ofo-successors of.

We consider the following special cases of interest. We kay the weights are
visible if w(q1,0,¢2) = w(q},o’,qb) for all transitions(qy, 0, ¢2), (¢},0',¢5) € A
such thatobs(q1) = obs(q}), obs(g2) = obs(¢), ande = ¢’. A game withperfect
informationis such thaObs = {{¢} | ¢ € Q}, i.e. each state is observable, artdiad
game is such thabs = {Q}, i.e. all states are indistinguishable. We omit theGlet
in the definition of games of perfect information.

Games are played in rounds in which Playechooses an actioa € X, and
Player2 chooses a-successor of the current statél he first round starts in the initial
stateqp.

A playin G is an infinite sequence = ggooqi01 ... such that(g;, 0;,qi+1) €
A for all i > 0. The prefix up tog,, of the play= is denoted byr(n), and its last
element isLast(m(n)) = ¢,. The set of plays irG is denotedPlays(G) and the set
of corresponding prefixes is written &sefs(G). The observation sequenag « is
the sequencebs(m) = obs(gg)ogobs(q1)oy ... and the (finite) observation sequence
obs(w(n)) of w(n) is the prefix up tabs(g,,) of obs(r).

2 For games of perfect information, this definition is equévalto the classical setting where the
state space is partitioned into Playlestates and PlayeX states, and the player owning the
current state chooses the successor.



The energy level of a play prefix p = qooqi...gn 1S EL(p) =
S w(gi, 04, ¢i+1), and themean-payoff valuef a play = is either MP(r) =
lim sup,, _, % -EL(w(n)) or MP(7) = liminf, oo % -EL(7(n)).

Strategies. A strategy(for Playerl) in G is a functionx : Prefs(G) — X. A strategyo
for Playerl is calledobservation-baseif for all prefixesp, p’ € Prefs(G), if obs(p) =
obs(p’), thena(p) = a(p’), and it is callednemorylessf a(p - q) = a(p’ - ¢) for all
p,p € (QX)* andg € Q. Memoryless strategies are best viewed as functon§ —
Y. A prefix p = qoooqi - - . ¢n € Prefs(G) is consistentvith « if o; = «(x(2)) for all
i > 0. An outcomeof « is a play whose all prefixes are consistent with

A strategya hasfinite-memonyif it can be encoded by a deterministic Moore ma-
chine (M, mg, a,, ) Where M is a finite set of states (the memory of the strat-
egy),mg € M is the initial stateqr, : M x @ — M is an update function, and
an : M — X is a next-action function. In state € M, the strategy plays the ac-
tion o, (m), and when Playe? chooses the next stageof the game, the internal state
is updated tav, (m, ¢). Formally, the strategy defined by(M, mg, o, o) is such
thata(p) = an(du(mo,qo...qn)) forall p = goooq1 - .. ¢, € Prefs(G), whered,,
extendsw,, to sequences of states as followis;(m, ) = m andd,(m,qo ... q) =
G (a(m,qo),q1 - .- qn) forallm € M andqy, ..., q, € Q.

Objectives. An objectivefor G is a setp of infinite sequences of states and actions, that
is, » C (Q x X)“. A strategyw of Playerl is winning for¢ if = € ¢ for all outcomes
7 of a. We consider the following objectives.

— Safety objectiveSiven asef C @ of safe states, the safety objectbafes(7) =
{qoo0q101 ... € Plays(G) | Vn > 0 : q, € T} requires that only states if be
visited.

— Energy objectivesGiven an initial creditcy € N, the energy objective
PosEnergy(co) = {7 € Plays(G) | Vn > 0 : ¢o + EL(w(n)) > 0} requires
that the energy level be always positive.

— Mean-payoff objectivessiven a threshold’ € Q, and~€ {>, >}, the mean-
payoff objectivesMeanPayoffSupg;(v) = {r € Plays(G) | MP(r) ~ v} and
MeanPayoffInfz () = {7m € Plays(G) | MP(m) ~ v} require that the mean-
payoff value be at least (resp., greater thaw).

When the gamé is clear form the context, we omit the subscript in objective
names. Mean-payoff objectives defined witke {<, <} are obtained by duality since
lim sup;_, oo i = — liminf; o —u;.

We consider the following decision problems:

— Thefixed initial credit problenasks, given an energy gargéand an initial credit
co, to decide whether there exists a winning observationbsfsategy for the ob-
jective PosEnergy(co).

— The unknown initial credit problemasks, given an energy gante, to decide
whether there exist an initial credit and a winning observation-based strategy
for the objectivePosEnergy(cy).



— Thethreshold problenasks, given a mean-payoff garGe a threshold € Q, and
~€ {>, >}, to decide whether there exists a winning observation<hasategy
for one of the mean-payoff objectivdeanPayoffSupg; () or MeanPayoffInfg (v).

Remark 1.The objectivesMeanPayoffSup™(v) and MeanPayoffInf™ () are equiva-
lent for games with perfect information: Playkehas a strategy to win according to
MeanPayoffSup™(v) if and only if he has a strategy to win according to
MeanPayoffInf™ (v). However, the definitions are not equivalent for games with i
perfect information.

As an example, consider the blind game of Fig. 1. All statesradistinguishable,
and an initial nondeterministic choice determines theestabr ¢; in which the game
will loop forever.

We claim that Playeit has an observation-based winning strategy for the objec-
tive MeanPayoffSup= (0), but not forMeanPayoffinf=(0). Note that in blind games,
observation-based strategies can be viewed as infinitesvédravinning strategy for
the limsup version consists in playing sequenceg®fndb’s of increasing length in
order to ensure a mean-payoff valM® equal to0 in both stateg; andg/. For exam-
ple, playing sequences a% andb’s such that the length of thieth sequence istimes
the length of the prefix played so far. This ensures that iandq}, for all i > 0 there
are infinitely many positions such that the average of thektsiis greater than%,
showing that the limsup i8 in all outcomes.

We show that for every word) € {a,b}*,
the mean-payoff value according MP is at 0.0
mostf%. Let n; andm,; be the numbers af’s b
and b's in the prefix of lengthi of w. Either
n; < m; for infinitely many's, or n; > m;
for infinitely manysi’s. In the first case, the av-
erage of the weights (in statg) is infinitely of-
ten at most-2. The same holds in the second
case using statg . Therefore théim inf of the
weight averages is at most%, and Playeifl has
no winning strategy for the mean-payoff objec-
tive defined usingim inf and threshold.

Remark 2.Note that infinite memory is re-
quired to achieve mean-payoff valogaccord- Fig. 1. A blind mean-payoff game
ing to MP) in the game of Fig. 1. Indeed,
for all finite-memory strategies (which can be
viewed as ultimately periodic words), the mean-payoff galof an outcome is
min{——2—, —-"-} < —1 wheren andm are the numbers of's andb’s in the

n+m? n+m

cycle of the strategy.

Note also that for finite-memory strategies, the mean-gayméctives defined us-
ing MP andMP lead to equivalent games (see Theorem 6).




3 Energy Games with Imperfect Information

We present an algorithm for solving the fixed initial credibiplem, and we show that
the unknown initial credit problem is undecidable.

3.1 Fixed initial credit

Fix an energy gamé& = (Q, qo, X, A, w, Obs) and an initial credit, € N. To solve
this energy game, we construct an equivalent safety gamertdaqt information using
the following definitions.

Let F be the set of functiong : @ — Z U {L}. Thesupportof f is supp(f) =
{¢ € Q| f(q) # L}. Afunction f € F stores the possible current states of the game
together with their energy level. We say that a functjois nonnegativef f(q) > 0
for all ¢ € supp(f). Initially, we setf.,(q0) = co and f.,(¢) = L forall ¢ # qo.
The setF is ordered by the relatios such thatf; < fo if supp(f1) = supp(f2) and
f1(q) < fa(q) for all ¢ € supp(f1).

Foro € X, we say thatf, € F is ao-successor off; € F if there exists
an observatiom € Obs such thatsupp(f2) = postS (supp(f1)) N o and fa(q) =
min{ f1(¢") + w(¢',0,9) | ¢' € supp(f1) A (q',0,q) € A} forall g € supp(f2). Given
asequence = fooofi01 ... fn, let f, = f. be the last function in. Define the safety
gameH = (QH, f.,, X, A") whereQ* is the smallest subset ¢f - X)* - F such
that

1. f., € Q", and
2. for each sequeneec Q% if (i) f. is nonnegative, angi) there is no strict prefix
y of z such thatf,, < f,, thenz - o - fo € Q* for all o-successorg; of f,.

The transition relationA” contains the corresponding triplés, o,z - o - f»), and
the game is made total by adding self-lodpso, ;) to sequences without outgoing
transitions. We call such sequences ldevesof H. Note that the gamél is acyclic,
except for the self-loops on the leaves.

By Dickson’s lemma [9], the relatio on nonnegative functions isweell quasi
order, i.e., for all infinite sequencef f> . . . of nonnegative functions, there exigtd
such that < [ andf; =< f;. Hence the state spa¢¥’ is finite.

Lemma 1. The gaméd has a finite state space.

Proof. By contradiction, assume th@ is infinite. By Konig's lemma, since the tran-
sition relation ofH is finitely branching, there exists an infinite sequefie®) f101 . . .
such that all its prefixes are @, and thus allf;’s are nonnegative and it is never the
case thaif,, = f; for k < [. Thisis in contradiction with the fact that is a well quasi
order on nonnegative functions. a

Define the set of safe stateshhas7T = {z € Q* | f, is nonnegativg Intuitively,
a winning strategy in the safety ganiecan be extended to an observation-based win-
ning strategy in the energy gandé because whenever a leaf &f is reached, there



exists ax-smaller ancestor that Playeran use to go on it using the strategy played
from the ancestor ifif. The correctness argumentis based on the fact that if Plager
winning from statef in H, then he is also winning from afl’ = f.

Lemma 2. LetG be an energy game with imperfect information, andidet N be an
initial credit. There exists a winning observation-basedtegy inG for the objective
PosEnergy(cp) if and only if there exists a winning strategy i for the objective
Safe(T).

Proof. First, assume that® is a winning observation-based strategy in the gae
for PosEnergy(co). We construct a function : (F - X)* - F — X as follows. Given
o = fooofi... fu € (F-X)* - F such thatfy = f., andf;, is ac;-successor of
fi for all i > 0, define the observation sequengs(p’’) = o0yogo; . ..o, such that
supp(fi) C o; forall ¢ > 0. It is easy to see tha) = obs(qy) and that this sequence
exists and is unique.

We definea(p) = a°(p), wherep € Prefs(G) is such thabbs(p) = obs(p™).
The functiona is well defined because such a prefixalways exists, and® is
observation-based.

Consider an infinite sequenad’ = fyoof1... consistent witha and such that
fo = fe, andf;1 is ao;-successor of; for all i > 0. It is easy to show by induction
onn that for allg,, € supp(f,), there exists a prefix = goooq1 ... g, € Prefs(G)
consistent withn® such thabbs(p) = obs(7 (n)), andcy + EL(p) = f.(g,) for all
such prefixep. Sincecy + EL(p) > 0 for all prefixesp of all outcomes ofx° in G,
the previous properties imply that all functiofisare nonnegative. sincg is a well
quasi order in nonnegative functions, there exist two pmsstt, [ such thatc < [ and
e 2 S

Hence, if we define the memoryless strategy in H such thata (pf!) =
a(Last(p™)) for all prefixesp € Prefs(H) that contain no leaf ofi, thena is
winning for the objectivéafe(7) in H.

Second, assume that? is a winning strategy in the safety gani& We can as-
sume that is memoryless because memoryless strategies suffice fety satfjec-
tives. We construct a winning observation-based strategin G as follows. Given
P = qoooq1---qn € Prefs(G), let pH = f()O'()fl Ce fn such thatfo = fCr) andfl-H
is ao;-successor of; with ¢;11 € supp(fi+1) for all i > 0. Thestack-prefixp’] of
p' is obtained as follows. We push the elementg’éfonto a stack, and whenever we
push a functionf; such that there exist§; in the stack withk < [ and f;, < f;, we
remove from the stack the sequengg .1 . .. fi, and we replace the suffix pf’ after
fi by the sequence; f], ;0141 . . . f, such thasupp(f;, ;) = supp(f;+1) and (assum-
ing f; = fi) fj;1 is aoj-successor of; forall I < j < n. Note thatf; < f; for all
I < j < n. The sequence on the stack at the end of this process is tkeptfix[p]
of pH.

Itis easy to show by induction thatfis consistent with°, then[p*] is consistent
with o, thatco + EL(p) > f{,#(¢n), and that ifobs(p2) = obs(p), then[pj'] = [p].
Therefore, the strategy’ in G such that®(p) = o' ([p*!]) is observation-based.

Towards a contradiction, assume thetis not winning forPosEnergy(co) in G.
Then, there exists a finite prefixof an outcome o&° in G such thaty + EL(p) < 0



(take the shortest sugh= qoooq - - - qn). Let [p*!] be the stack-prefix obtained by the
above construction. It is easy to see thét] = fooof1 . .. f, Occurs in some outcome
of off, and thereforef,,(g,) < co + EL(p) < 0, i.e., [p?] & T is not a safe state,

contradicting that”! is a winning strategy in the safety garfe a

By Lemma 2, we get the decidability of the fixed initial cregibblem, with non-
primitive recursive upper bound since the size of the sajatyeH is bounded by the
Ackermann function [22].

Theorem 1. The fixed initial credit problem is decidable.

Our algorithm for solving the initial credit problem hashigconnections with the
techniques used in the theory of well-structured transiigstems [16]. In particular,
the (finite) tree of reachable markings is used to decide xiwemce of an infinite
execution in Petri nets from a fixed initial marking. This plem can be reduced to
the initial credit problem (with initial credid) as follows. Given a Petri net, construct
a blind energy game in which Playgrwins only by playing an infinite sequence of
transitions of the Petri net. The game initially choosesa@lof the Petri to monitor,
and gives weight equal to the value of the initial markinghia monitored place. The
effect of each transition on the monitored place is encogetivb edges in the game
with weights corresponding to a decrement for the inputiskéollowed by an incre-
ment for the output tokens in the place. As the game is blitedjé?1 does not know
which place is monitored, and therefore has to provide anitefsequence of firable
transitions (never letting the energy level go below zerang place), ensuring that it
corresponds to an infinite execution in the Petri net. Thitiction gives EXPSPACE
lower bound to the initial credit problem [15]. We do not knohany useful reduction
of the initial credit problem to a decidable Petri net proble

Note that from the proof of Lemma 2, it also follows that firiteemory strategies
are sufficient to win energy games.

Corollary 1. Finite-memory strategies are sufficient to win energy gawidsimper-
fect information.

3.2 Unknown initial credit

We show that the unknown initial credit problem is undeclddly reducing to it the
halting problem for deterministiz-counter Minsky machines. 2-counter machiné/
consists of a finite set of control stat€s an initial statey; € @, a final stateyr € Q,
a setC of counters [C| = 2) and a finite set,; of instructions manipulating two
integer-valued counters. Instructions are of the form

q: c:=c+1goto ¢
q: if ¢=0thengoto ¢’ elsec := c— 1gotoq”.

Formally, instructions are tuplés, «, ¢, ¢') whereg, ¢’ € @) are source and target states
respectively, the action € {inc,dec,0?} applies to the counter € C. We assume
that M is deterministic: for every statg € @, either there is exactly one instruction



Z\{o1},0

Fig. 2. Gadget to check that the firstFig. 3. Gadget to check that every symhe] € X is
symbol isoy € ¥ followed byos € X.

(¢,,-,-) € o anda = inc, or there are two instructiong, dec, ¢, -), (¢,0?,¢,) €
O -
A configurationof M is a pair(q, v) whereg € Q andv : C — N is a valuation of
the counters. Amccepting rurof M is a finite sequence = (qo, v9)do(q1,v1)01 - . .
On—1(qn,vn) Whered; = (g;, i, ¢i,qi+1) € dpr are instructions andy;, v;) are con-
figurations of M such thatgy = qr, vo(c) = 0 forall ¢ € C, ¢, = qr, and for
all 0 < i < n, we havev,y1(c) = v(c) for ¢ # ¢;, and(a) if a = inc, then
vir1(ci) = vi(e;) + 1 (b) if @ = dec, thenv;(¢;) # 0 andwv;y1(¢;) = vi(e;) — 1,
and(c) if & = 07, thenv;11(¢;) = vi(¢;) = 0. The correspondingun traceof « is the
sequence of instructiors= dpd; ... dp—1.

Thehalting problemis to decide, given a 2-counter machihg whetherM has an
accepting run. This problem is undecidable [21].

Theorem 2. The unknown initial credit problem for energy games with énfigct in-
formation is undecidable, even for blind games.

Proof. Given a (deterministicd-counter machiné/, we construct a blind energy game,
G, such thatVf has an accepting run if and only if there exists an initiatltre, € N
such that Playet has a winning strategy ifi'); for PosEnergy(co). In particular, a
strategy that plays a sequeng&,#71 ... (wherew;’s are run traces af/) is winning

in G if and only if all but finitely manyr;’s are accepting runs af/ .

The alphabet o7,/ is X = 0 U {#}. The gamé&7;, consists of an initial non-
deterministic choice between several gadgets descrided/ldeach gadget checks one
property of the sequence of actions played in order to ertbata trace of an accepting
run in M is eventually played. Since the game is blind, it is not daedio see which
gadgetis executed, and therefore the strategy has to &llfifoperties simultaneously.

The gadget in Fig. 2 witle; = # checks that the first symbol is a #. If the first
symbol is not#, then the energy level drops beléwno matter the initial credit. The
gadget in Fig. 3 checks that a certain symboglis always followed by a symbats,
and it is used to ensure th#t is followed by an instructioriqy, -, -, -), and that every
instruction(q, -, -, ¢') is followed by an instructiof¢’, -, -, ¢"), or by # if ¢ = qr. The



-1if 0 = (-, inc, ¢, -)
o, lif o = (-,dec,c,-)
Ootherwise

g,

Fig. 5. Gadget to check the zero tests on count@ssumings ranges over \ {#}).

gadget in Fig. 4 ensures th#t is played infinitely often. Otherwise, the gadget can
guess the las# and jump to the middle state where no initial credit wouldwalto
survive.

Finally, we use the gadget in Fig. 5 to check that the testoanterc are correctly
executed. It can accumulate in the energy level the incrésreamd decrements of a
counterc between the start of a run (i.e., whgnoccurs) and a zero test enA positive
cheatoccurs wher-, 07, ¢, -) is played while the counterhas positive value. Likewise,
anegative cheabccurs wher{-, dec, ¢, -) is played while the counterhas value). On
reading the symbo}t, the gadget can guess that there will be a positive or negativ
cheat by respectively moving to the upper or lower statehénupper state, the energy
level simulates the operations on the counterith opposite effect, i.e. accumulating
the opposite of its value changes. When a positive cheatrgcthe gadget returns to
the initial state, thus decrementing the energy level. Theet state of the gadget is
symmetric. A negative cheat costs one unit of energy. Naiettie gadget has to go
back to its initial state before the ne#, as otherwise Player 1 wins.

The gameG,, has such gadgets for each counter. Thus, a strategsirwhich
cheats infinitely often on a counter would not survive no erdtie value of the initial
credit.

The correctness of this construction is established asvisll First, assume that
has an accepting run with trace7 . Then, the strategy playing#7)“ is winning for
PosEnergy(|7|) because an initial credit| is sufficient to survive in theso-many#"
gadget of Fig. 4, as well as in the zero-test gadget of Fig.cabse all zero tests are
correct inm and the counter values are boundedly Second, if there exists a winning
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strategy inG'»; with some finite initial credit, then the sequence playedhiy strategy
can be decomposed into run traces separateg,bgnd since the strategy survived in
the gadget of Fig. 5, there must be a point where all run trpt@eed correspond to
faithful simulation of M with respect to counter values, this has an accepting run.
O

4 Mean-payoff Games with Imperfect Information

In this section we consider games with imperfect informmatod mean-payoff objec-
tive. First, we recall that winning strategies may requifiite memory (see Remark 1
and Remark 2).

Theorem 3. Finite-memory strategies are not sufficient in general to miean-payoff
games with imperfect information.

We show that mean-payoff games with imperfect informatiom andecidable,
which also shows that language inclusion and universatityumdecidable for quan-
titative languages defined by mean-payoff functions [6].

Theorem 4. The threshold problem for mean-payoff games with impeifidatmation
and objectiveMeanPayoffSup~ (0) (or MeanPayoffinf~ (0)) is undecidable (it is not
co-r.e.), even for blind games.

Proof. We give a reduction from the halting problem for two-coumtexchines which
is similar to the proof of Theorem 2. We adapt the gadgets lbmafe. We increment
by 1 the weights of the gadgets in Fig. 2, 3 and 4. This way, faitbifuulations of the
machine get mean-payoff valde while wrong simulations get valug In the gadget
of Fig. 5, the symbo¥# gets always weight, thus rewarding finite run traces. The rest
of the gadget is left unchanged.

We claim that Player 1 has a winning strategy if and only ifitechine) halts.
Indeed, if the machine halts ands the accepting run, then playirig:7)« is a winning
strategy for Player 1: there is no cheat, so the zero-tegiegagither stays in the initial
state and performs an increment whenever it seégiee., every|r| steps), or it tries to
detect a cheat and would end up in the sink state. Therefasagadget gives a mean-
payoff value at least/|=|. The modified gadgets in Fig. 2, 3 and 4 also cannot punish
Player 1 in any way and thus they give mean-payoff value

To prove the other direction, assume that the machiheloes not halt. The se-
quence played by Player 1 can be decomposed as awerd¢m, #mo#73 ... If one
of the wordsr; is wrong with respect to the state transitions of the machun# there
are finitely many#'s, then Player 2 uses one of the modified gadgets in Fig. 2, 3 or
4 to ensure mean-payoff vallle Thus, we can assume that each wayds finite and
respects the state transitions. Siddedoes not halt, in each of the sequenggghere
must be a cheat, so Player 2 can guess it and choose a run iadbet@f Fig. 5 with
negative payoff that cancels out the positive payofffarTherefore, the outcome of
the game cannot have positive mean-payoff value. m
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The proof of Theorem 4 shows that the threshold problem farmmayoff games
is not co-r.e. We show that the problem is neither r.e. usirggdaction from the com-
plement of the halting problem for deterministic two-canmmachines. However, the
reduction requires at least two observations in the gantkitanucially relies on using
non-strict inequality in the objective and on the mean-fiiayadue being defined using
lim sup. The cases dfim inf and blind games remain open.

Theorem 5. The threshold problem for mean-payoff games with impeifiéatmation
and objectiveMeanPayoffSup= (0) is undecidable (it is not r.e.).

Proof sketch:we prove this theorem by using another reduction from twonter
machines. The main difference is that Playevins in the constructed game if and only
if the machinedoes nothalt. Also, in contrary to the previous constructions, e
requires two different observations for Player

We show that the result of Theorem 4 does not depend on theéhattvinning
observation-based strategies may require infinite mentlogyquestion of the existence
of a finite-memory winning strategy in MPG is also undecigégblut obviously r.e.).

Theorem 6. Let G be a weighted game with imperfect information. A finite-nmgmo
strategy a is winning in G for MeanPayoffSup=(0) (and also for
MeanPayofflnf=(0)) if and only if there exists, € N such thato is winning inG
for PosEnergy(cy).

Proof. («) Let « be a finite-memory winning strategy i@ defined by the Moore
machine(M, myg, a,,, auy,). Consider the graply, obtained as the product 6t with
M, where((m, q), 0, (m/, ¢')) is a transition inG,, if m' = a,(m,q), 0 = a,(m'),
and(q,0,q’) is a transition inG. All infinite paths inG,, from (my, ¢o) are outcomes
of ain G (if we project out then-component) and therefore all cyclesf, reachable
from (my, o) have nonnegative sum of weights. Therefore, this ensuegsthinitial
creditey = |M| - |Q| - W sufficient to win inG for PosEnergy(cg), whereW is the
largest weight inG (in absolute value).

(=) Let « be a finite-memory winning strategy 6 for PosEnergy(cy). Thency +
EL(7(n)) > 0 for all outcomesr of « and alln > 0. This immediately entails that
MP(7) > 0 (andMP(7) > 0). i

Corollary 2. The problem of determining if there exists a finite-memonninig strat-
egy in mean-payoff games with imperfect information is aitt#ble (it is not co-r.e.),
even for blind games.

5 Games with Visible Weights

In this section, we show that energy games with visible wisigine decidable using a
reduction to energy games of perfect information. The rédnés based on the subset
construction used to solve imperfect information gamek wiregular objectives [7].
Intuitively, the subset construction monitors the knovgedf player about the current
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state of the play. Because weights are visible, this knogddd sufficient to define a
weight function on the subset construction.

Given a game~ = (Q, g0, X', A, w, Obs) with visible weights, theveighted sub-
set constructiorof G is the game structuré® = (QK, ¢, X, AK, wX) with perfect
information, such that:

- QX={sCQ|s#0ANTFocObs:sCol;

- a) ={ao};

— AK contains the transitions , o, s2) such thatsy = post%(s1) N o # 0 for some
observatiorv € Obs;

—wk is such that wX(s1,0,5) = w(q,0,q2) for all (s1,0,s2)
€ AX and(qy,0,q2) € A suchthaty; € s; andgy € sp. This definition is
meaningful because weights are visible.

The correctness of the weighted subset construction feirgpkenergy games is justi-
fied by the following lemma.

Lemma 3. Let G be an energy game with imperfect information and visiblegivesi,
and letcy € N be an initial credit. There exists a winning observatiorséd strategy in
G for the objectivePosEnergy(co) if and only if there exists a winning strategy @
for the objectivePosEnergy(cy).

It follows from Lemma 3 that energy games with visible weigban be solved in
EXPTIME, using a pseudo-polynomial algorithm for energynga of perfect informa-
tion [4, 10]. Such an algorithm is polynomial in the size of game and in the value of
largest weight. The EXPTIME upper bound follows from thet @t the size otX is
exponential in the size af, and the largest weight i6X andG coincide. A matching
lower bound can be obtained using a reduction from safetyega®eciding the winner
of a safety game with imperfect information is EXPTIME-hgeden if the set of safe
sates is a union of observations [2]. The reduction to engegges assigns weight
to all transitions, and adds self-loops on non-safe statasiéd by every action of the
alphabet with weight-1. It is easy to see that a strategy is winning in the safety game
if and only if it is winning in the energy game with initial i 0.

Theorem 7. The fixed initial credit problem and the unknown initial citgztoblem for
energy games with visible weights are EXPTIME-complete.

The result of Lemma 3 can be generalized to any objectivetwtidépends only on
the sequence of weights in the outcomes. In fact, the prooéofma 3 shows that there
exist mappings from the set of observation-based stra@gi@ to the set of strategies
in G (from a® we constructX), and back (fronaX we construct:®), such that the set
of sequences of weights in the outcomes is the same for thetrategies. Therefore,
the subset construction can also be used to solve meanfmyoés and we get the
following result.

Theorem 8. The threshold problem for mean-payoff games with visiblagle is
EXPTIME-complete.
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6 Conclusion

Energy and mean-payoff games are important classes of ghisteare already well-
studied under the hypothesis of perfect information. Thipgr studies extensions of
those games with imperfect information. We have shown tiepicture is much more
complex under that hypothesis. We have established thiaguah energy games with
known initial credit and imperfect information remain deahle, but EXPSPACE-hard,
energy games with unknown credit and mean-payoff games, matricted to finite
memory strategies, are undecidable. To regain decidghil@& have shown that weights
have to be visible. For this subclass the problems are EXEFtdmplete, furthermore
energy games and mean-payoff games are log-space equigalanthe simpler case
of perfect information.

To complete the picture about different versions of meayefigames with imper-
fect information, an open question is the decidability af threshold problem for the
objectiveMeanPayofflnf=(0).

In games with imperfect information, randomized strategiee sometimes more
powerful than pure strategies. For example, reachabilifjgaiives may be won with
probability 1 (almost-sure winning) while no pure strateégysurely) winning. Deci-
sion problems of interest include the threshold problemnfiean-payoff games with
imperfect information under almost-sure and positive Wwigrconditions. Note that in
the case of energy games, randomized strategies are nopoweeful than pure strate-
gies for almost-sure winning because the energy objectieéise closed sets in the
Cantor topology, and it is known that almost-sure winninopcimes with sure winning
for closed objectives (such as safety objectives).
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