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Abstract. We present a new framework for the limitedness problem.
The key novelty is a description using profinite words, which unifies and
simplifies the previous approaches, allowing a seamless extension of the
theory of regular languages. We also define a logic over profinite words,
called MSO+inf and show that the satisfiability problem of MSO+B
reduces to the satisfiability problem of our logic.

1 Introduction

This paper is an attempt to establish a natural framework for problems related to
the limitedness problem. A notable example of such a problem is the decidability
of the logic MSO+B.

a : 1

b : 0

Fig. 1. A distance automaton over
the input alphabet {a, b}.

The limitedness problem was introduced by Hashiguchi [7] on his way to
solving the famous star height problem. In its basic form, it concerns distance
automata, i.e. nondeterministic automata, whose transitions are additionally la-
beled by nonnegative, integer weights, such as the one depicted in Figure 1. A
distance automaton is limited if there exists a bound n such that every accepted
word has some accepting run whose sum of weights is bounded by n. Thus the
limitedness problem is a decision problem which asks whether a given automaton
is limited. The automaton in the example is not limited: the words a, a2, a3, . . .
require accepting runs of ever larger weights.

The logic MSO+B was introduced by Bojańczyk in his dissertation (see
also [2]) in relation with a problem concerning modal µ-calculus. It is an exten-
sion of the usual MSO logic – over infinite trees or words – by the quantifier B,
defined so that the formula BX.ϕ(X) holds if and only if all the sets of positions
X satisfying the formula ϕ in the given model have a commonly bounded size.
A typical language of infinite words defined in this logic is:

LB = {an1ban2b . . . : the sequence n1, n2, . . . is bounded}.

Note that this language is not ω-regular, as its complement does not contain
any ultimately periodic word. As a far-reaching project (see [3] for a survey),
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Bojańczyk posed the question of decidability of satisfiability of the logic MSO+B
over infinite trees. Still, it is not even known to be decidable over infinite words.

A syntactic fragment of the logic MSO+B was proved decidable in [4]. The
key tool used in that paper is a model of automata called ωB-automata, recog-
nizing ωB-regular languages such as LB . Later, Colcombet discovered that lim-
itedness of distance automata can be easily decided using their results concern-
ing ωB-automata. The link with the limitedness problem has been exploited in [5],
where Colcombet defined B-automata and developed his theory of regular cost
functions and stabilization semigroups. B-automata directly generalize distance
automata, by allowing more than one counter which, moreover, can be reset.

Our contribution is a topological framework which builds upon the theory of
Colcombet. Our extension is mainly not by means of new results, but by means
of a new language which unifies and simplifies significantly many notions and
proofs from the literature.

As a starting point, we see that B-automata naturally define languages of
profinite words. The set of profinite words has a rich algebraic and topological
structure, which we find very useful in the context of limitedness. For example,
consider the distance automaton from Fig. 1. There is a profinite word, denoted
aω (not to be confused with the infinite word) witnessing that the automaton
is not limited – this word is defined as the limit of the sequence of finite words
a, a2!, a3!, . . . We say that this profinite word does not belong to the language
of this automaton; the language of this automaton consists of profinite words
which only have finitely many a’s, such as b or bωa.

We call the class of languages of profinite words defined by B-automata B-
regular languages. Using our framework, we reformulate and reprove the result of
Colcombet [5, 6], by characterizing B-regular languages in terms of logic, regular
expressions and semigroups. These characterizations generalize the main results
of the papers [10, 12, 8, 1, 4]. The description in terms of semigroups immediately
implies decidability of the limitedness problem for B-automata, which, in our
framework is simply the question of language universality. In particular, together
with Kirsten’s elegant reduction of the star height problem to the limitedness
problem, our framework provides yet another proof of decidability of the star
height problem. The result also implies decidability of a more general problem
– limitedness of Boolean combinations of B-automata.

On top of these characterizations, we provide a novel finite-index charac-
terization of B-regular languages, à la the Myhill-Nerode theorem. Altogether,
these characterizations demonstrate that the class of B-regular languages is ro-
bust, and that our framework is suitable.

Lastly, we show that our framework is suited for dealing with the satisfiability
problem for MSO+B over infinite words – we prove that this problem can be
reduced to the satisfiability problem of a new logic MSO+inf over profinite
words, which we introduce here. In fact, our reduction is very general, and works
for very many logics. The proof extends Büchi’s ideas, and consists of two key
ingredients: convergent Ramsey factorizations of infinite words, and a model of
deterministic automata over infinite words with a profinite acceptance condition.
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Related work. Several proofs of decidability of the limitedness problem exist [7,
10, 12, 8, 1, 5]. Our proof builds on ideas from all of these papers, and simplifies
them significantly. Hashigushi’s #-expressions acquire a new, concrete meaning
in our framework, as simply defining profinite words. We extend Leung’s insight
of considering the compact topological semigroup of all matrices over the tropical
semiring, to considering the profinite semigroup. Also, Leung introduced finite
versions of his topological semigroups, which are predecessors of stabilization
semigroups of Colcombet. The factorization forests of Simon play a key role in
the main technical part of our proof. The proof of Kirsten applies to a model
very similar to B-automata, but with a hierarchical constraint on the counter
operations. Kirsten generalized Leung’s proof, providing further instances of sta-
bilization semigroups; however, the topological insights of Leung disappeared, as
he no longer considered compact topological semigroups.

Colcombet used ideas from [4] and of Kirsten in [5], where he developed his
theory of regular cost functions – equivalence classes of number-valued functions
defined by B-automata. Regular cost functions also have equivalent descriptions
in terms of regular expressions, logic and semigroups. The crucial discovery of [5]
is the abstract notion of stabilization semigroups and their tight relationship with
B-automata. Our topological insights shed new light on this relationship.

On a general level, and also on the level of proof structure, our approach
resembles, and is inspired by the approach of Colcombet. Most notions consid-
ered in this paper have analogues in the work of Colcombet. We outline the
key differences. As we deal with languages which are subsets of a topological
semigroup, many classical notions naturally lift to our setting – such as rec-
ognizable subsets, Myhill-Nerode equivalence, homomorphisms. In Colcombet’s
framework, cost functions are not sets, and have no apparent algebraic nor topo-
logical structure. Because of this, the natural notions mentioned above do not
exist, or have non-obvious definitions – an example is the notion of compatible
mapping [5], which corresponds to our ∞-homomorphism. There is no notion
of a Boolean combination of cost functions. As a result, cost functions are not
suited for the study of the full logic MSO+B. On a technical level, the proofs
in [5, 6] deal with the relative notions of “big” vs. “small” values, and this rel-
ativity needs to be carefully controlled. In our more abstract setting, we deal
with the absolute notions of infinite vs. finite, and computations involve usual
set-theoretic equalities. This vastly simplifies the proofs.

Acknowledgements. This paper is based on my PhD thesis, supervised by Mikołaj
Bojańczyk. I am very grateful to Thomas Colcombet for many useful comments.

Due to space limitations, most details are deferred to the appendix [14].

2 Preliminaries

In this section, we recall the definitions of B- and S-automata and of profinite
words. Let us fix a finite alphabet A; finite words are assumed to be elements of
A+. In the examples, we will more concretely assume the alphabet A = {a, b}. By
N we denote {0, 1, 2, . . .}, and by N we denote N∪{ω}. We treat N as a compact
metric space, in which d(m,n) = |2−m − 2−n|, where is defined 2−ω as 0.
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B-automata and S-automata (implicit in [4], defined in [5]) are nondeter-
ministic automata over finite words, equipped with a finite number of counters.
There are two counter operations available for each counter: inc increases the
current value of the counter by 1 and reset sets the value to 0. A transition of
a B- or S-automaton may trigger any sequence of operations on its counters. If
the operation reset is performed in a run ρ on a counter which currently stores
a value n, then we say that n is a reset value in the considered run ρ. The two
models – B- and S-automata – differ in the semantics of the functions they define.

First, consider a B-automaton A. Since A is nondeterministic, there might
be many runs over a single word. For a particular run ρ, we define the value of ρ
as its maximal reset value. Next, the valuation fA(w) of an input word w under
the automaton A is the minimum of the values of all accepting runs ρ over w:

fA(w) = min
ρ

max{n : in the run ρ, the value n is a reset value}.

Note that min ranges only over the accepting runs ρ of A. We assume max(∅) = 0
and min(∅) = ω, so if A has no accepting run over w, then fA(w) = ω.

IfA is an S-automaton, the definition of a valuation fA(w) of an input word w
is completely dual – simply swap min with max in the formula above.

Example 1 (The running example). Let A be the B-automaton with one counter
which is depicted in the left-hand side of the figure below.

A :

a : inc

b : reset

reset
B :

reset reset

b : ε

a, b : ε a : inc

b : reset

a, b : ε

We declare that the automaton resets its counter after reading the entire word
– this extra feature can be easily eliminated using nondeterminism. Then,

fA(w) = max{n1, n2, . . . , nk} for w = an1ban2 . . . bank .

Now consider the S-automaton B depicted in the right-hand side of the figure.
It has one counter, which is also assumed to be reset at the end of the run. The
reader can check that each accepting run of B over an input word w counts the
length of some block of a’s in w, and that fB(w) is the length of the largest such
block. Therefore, fB and fA are precisely the same function from A+ to N.

Example 2. Let A be a finite nondeterministic automaton. If we view A as a B-
automaton with no counters, the induced function assigns 0 to any word accepted
by A and ω to any rejected word. Dually, if we treat A as an S-automaton, the
induced function assigns ω to any accepted word, and 0 to any rejected word.

A B- or S-automaton is said to be limited if the function fA has finite range
(which may nevertheless contain the value ω). The limitedness problem for B-
or S-automata is then to decide whether a given B- or S-automaton is limited.
The automata in the example are not limited, since fA(an) = n for any n ∈ N.
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Profinite words should be thought of as limits of sequences of finite words, with
respect to all regular languages. A formal definition follows (see e.g. [11] for more
details). We say that an infinite sequence w1, w2, . . . ∈ A+ of finite words ulti-
mately belongs to a language L ⊆ A+ if almost all the words w1, w2, . . . belong to
L. A sequence of words is convergent if for any regular language L, the sequence
ultimately belongs to L or ultimately belongs to the complement of L. Every
constant sequence is convergent. The sequence a, a2!, a3!, . . . is also convergent –
by a pumping argument for regular languages – but the sequence a, a2, a3, . . . is
not convergent, since the regular language (aa)+ only contains every other of its
elements. Two convergent sequences are equivalent if they belong ultimately to
precisely the same regular languages. In other words, interleaving one sequence
with the other yields a convergent sequence. An equivalence class of convergent
sequences is a profinite word. We denote profinite words by x, y, . . ., and the
set of all profinite words by Â+. Note that the set of finite words A+ naturally
embeds into the set of profinite words Â+, via constant convergent sequences.

The set of profinite words forms a semigroup: if w1, w2, . . . and v1, v2, . . .
are two convergent sequences, then the sequence w1v1, w2v2, . . . is also con-
vergent. The ω-power of a convergent sequence w1, w2, w3, . . . is the sequence
w1

1, w
2!
2 , w

3!
3 , . . ., which also turns out to be convergent. Therefore, the ω-power

of a profinite word x is well-defined, and denoted xω.
The set of profinite words carries a compact metric: the distance between two

profinite words x, y is 1
n , where n is the smallest size – measured as size of the

minimal automaton – of a regular language L such that x ultimately belongs to L
and y does not. This metric is compatible with the notion of convergence defined
above. In particular, the set A+ of finite words is dense in the set of profinite
words, Â+. Multiplication and the ω-power are continuous mappings over Â+.
The closure L in Â+ of any regular language L ⊆ A+ turns out to be both closed
and open, i.e. clopen in Â+. Conversely, any clopen subset of Â+ is of the form
L for some regular language L, so clopen sets correspond precisely to regular
languages. Any open set in Â+ is a (possibly infinite) union of clopen sets.

3 Languages of profinite words

In this section we discuss several ways of describing subsets – or languages – of
profinite words: via automata, regular expressions and logic.
B- and S-regular languages. The essential idea underlying our theory is to
consider B- and S-automata as processing not only finite words, but also profinite
words. Let A be a B- or S-automaton. The following fact relies on the simple
observation that for each n ∈ N, the language {w ∈ A+ : fA(w) < n} is regular.
Fact 1. Let w1, w2, . . . be a convergent sequence of finite words. Then, the se-
quence fA(w1), fA(w2), . . . is convergent in N = N ∪ {ω}.
Therefore, it makes sense to define, for any x ∈ Â+,

f̂A(x)
def
= lim

n→∞
fA(wn),

where w1, w2, . . . is any sequence of finite words which converges to x.



6

It is straightforward to show that f̂A is a well-defined continuous function from
Â+ to N. By density of A+ in Â+, the continuous extension of fA to Â+ is
unique, so we will further identify fA with f̂A.

Similarly to the idea underlying cost functions [5], we do not care about
the exact values of the function fA (this would quickly lead to undecidability,
as demonstrated by Krob [9]). What we care about is over which sequences of
words, fA grows indefinitely. By continuity of fA and compactness of Â+, this
is encoded in the set

{x ∈ Â+ : fA(x) = ω}.

This is a closed set as the inverse image of a point under a continuous mapping.
This motivates the following definitions. For an S-automaton A, we define

the set L (A) consisting of all profinite words x such that fA(x) = ω. For a
B-automaton A, we define L (A) dually, as the language of all profinite words
x such that fA(x) < ω. In either case, we call L (A) the language recognized
by A. The reason why the definitions differ is that S-automata try to maxi-
mize, while B-automata try to minimize the value of a run. We call a language
L ⊆ Â+ B-regular (respectively, S-regular), if it is recognized by a B-automaton
(respectively, S-automaton). Note that S-regular languages are closed, and B-
regular languages are open subsets of Â+. In particular, a language is both B-
and S-regular if and only if it is clopen.

Example 3. Let A be the B-automaton from Example 1, computing the largest
block of a’s. Then L (A) is the language of all profinite words for which every
block of a’s has uniformly bounded length:

L (A) = {x ∈ Â+ : fA(x) < ω} =
⋃
n∈N
{x ∈ Â+ : x has no infix an}.

It is not difficult to show (using compactness and continuity of multiplication)
that a profinite word has arbitrarily long blocks of a’s if and only if it contains
aω as an infix. (We say that u is an infix of v if v = v1 ·u ·v2 for some, potentially
empty, profinite words v1, v2.) Therefore, if B is the S-automaton from Example 1
(recall that fA = fB), we deduce that

L (B) = {x ∈ Â+ : fB(x) = ω} = Â+ − L (A) = {x1 · aω · x2 : x1, x2 ∈ Â+}.

Limitedness. Assume that we want to test for limitedness of a B-automaton A.
It is easy to reduce the general case to the case when the underlying finite
automaton accepts all finite words (consider the disjoint union of A with the
finite automaton accepting precisely the words rejected by A). Then, limitedness
is simply the universality problem, as an easy compactness argument shows:

Fact 2. A B-automaton A which accepts all finite words is limited iff L (A) = Â+.

Closure properties. As usual with nondeterministic automata, both classes –
of B- and S-regular languages – are closed under language projection, and also
under union and intersection. They are not, however, closed under complements:
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the complement of the B-regular language L (A) from the previous example is
not B-regular, since it is not an open set. However, this complement is an S-
regular language, as it is equal to L (B). More generally, we will see the deep
result that complements of B-regular languages are S-regular, and vice versa.
The logic MSO+inf. We introduce the logic MSO+inf over profinite words.
First, we define its base fragment, the logic MSO. A formula of this logic describes
a set of profinite words. Usually, one sees finite words as models whose elements
are positions of the word, and so a formula of MSO speaks about sets of positions
of the word. However, in profinite words, “positions” are not well-defined. To
define the logic MSO over profinite words, we view the constructs of MSO as
operations on languages of profinite words. We describe how to interpret the
second-order existential quantifier ∃; for the other constructs, the idea is even
simpler. We view the quantifier ∃ as language projection. What language do we
project? A formula ϕ(X) beneath a quantifier ∃ defines a language Lϕ over the
extended alphabet A×{0, 1}. For example, ϕ(X) = a(X)∧ singleton(X) defines
the language Lϕ of those profinite words over A×{0, 1}, which contain precisely
one symbol (a, 1) and no other symbols with a 1 on the second coordinate. We
define the language of the formula ∃X.ϕ(X) as the projection of the language
Lϕ, forgetting about the second coordinate. Therefore, ∃X.a(X)∧ singleton(X)
describes the set of profinite words with at least one letter a.

With similar ideas, it is easy to interpret all the usual constructs of MSO as
language operations: the Boolean connectives ∧,∨,¬, the binary predicates <,∈
and the unary predicates a(X), per each letter a ∈ A. This way, we define the
semantic of the MSO logic over profinite words. This logic describes precisely
the class of clopen sets. To go beyond that, we add a predicate inf(X) which
holds in a profinite word over A × {0, 1} if it has infinitely many 1’s on the
second coordinate. This is a closed, but not open property of profinite words
over the alphabet A× {0, 1}, so it is not definable in MSO. We denote the logic
MSO extended by the quantifier inf by MSO+inf and distinguish the syntactic
fragment MSO+inf+ (resp., MSO+inf–) where the predicate inf appears only
under an even (resp. odd) number of negations.

Example 4. Consider the S-regular language L (B) from Example 3: “there is an
infinite block of a’s”. It can be described by the following formula of MSO+inf+:

∃X. inf(X) ∧ ∀x, y, z.
(
x ∈ X ∧ z ∈ X ∧ (x < y < z) =⇒ (y ∈ X ∧ a(y))

)
.

This example can be easily extended, yielding the following.

Proposition 3. B-regular languages are definable in MSO+inf– and S-regular
languages are definable in MSO+inf+. The translations are effective.

B- and S-regular expressions. For describing concisely languages of profinite
words we consider the usual regular expressions, extended by two new operations:
finite iteration, denoted L<∞, and infinite iteration, denoted L∞, apart from the
usual, unrestricted iteration L∗. Formally, we define profinite sequences of profi-
nite words as profinite words over the alphabet A extended by an additional sep-
arator symbol †. A profinite word x ∈ Â+ is an element of a profinite sequence x̂
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if †x† is an infix of †x̂†. The concatenation of x̂ is obtained by removing the sym-
bols †. We define L∞ (resp. L<∞ and L∗) as the set of concatenations of profinite
sequences containing infinitely (resp. finitely, arbitrarily) many separators, and
whose elements belong to L. B-regular expressions can only use the exponents
<∞ and ∗ ; S-regular expressions can only use the exponents ∞ and ∗.

Example 5. The B-regular expression (a<∞ b)∗ a<∞ describes precisely the lan-
guage accepted by the B-automaton A from Example 3 – “every block of a’s has
a finite length”. The S-regular expression (a+ b)∗ a∞ (a+ b)∗ describes precisely
the complement of L (A), i.e. the language accepted by the S-automaton B.

Mimicking the standard translation from regular expressions to automata we get:

Proposition 4. A language defined by a B-/S-regular expression is B-/S-regular.

Relationship with theory of Colcombet. We recall the domination rela-
tion [5]. For f, g : A+ → N we write f 4 g if for every set K ⊆ A+, f(K) is
bounded whenever g(K) is bounded. A cost function is an equivalence class
of 4. A regular cost function is any equivalence class containing some func-
tion fA induced by a B-automaton A. A function f : A+ → N defines a closed
language Lf of profinite words:

Lf
def
= { lim

n→∞
wn : w1, w2, . . . ∈ A+ convergent, with f(wn) unbounded}.

Clearly, if f 4 g then Lf ⊆ Lg. The mapping f 7→ Lf induces a bijective cor-
respondence Φ between certain cost functions – equivalence classes of uniformly
continuous functions – and closed languages of profinite words. This correspon-
dence relates the semantics of many objects considered in this paper and in [5,
6]. For example, a B-automaton A defines both a B-regular language LA and
a regular cost function fA. It is easy to see that fA and Â+ − LA are linked
via Φ. Similarly, cost MSO corresponds via Φ to MSO+inf–. However, not every
language definable in the full logic MSO+inf corresponds to some cost function.

4 Recognizable languages

In this section, we present the key technical tool – recognition by homomor-
phisms. First we discover the appropriate algebraic structure of the recognizers.
Syntactic congruence. Just as multiplication is intimately related with regular
languages, multiplication together with the ω-power over Â+ turn out to be of
central importance for B- and S-regular languages. For notational reasons, we
view (Â+, · , ω) as an algebra over the signature 〈 · ,#〉, where the ω-power
of Â+ plays the role of the operation # of the signature. Let L ⊆ Â+. Its
〈 · ,#〉-syntactic congruence 'L is the coarsest equivalence relation over Â+

which preserves multiplication, the ω-power, and membership in L.

Example 6. Let L = (a<∞ b)∗ a<∞ be the language of the B-automaton which
computes the maximal length of a block of a’s. It is easy to see that the equiva-
lence classes of 'L (and hence also of 'K , for K = Â+ − L) are:

a<∞, (a<∞ b)+ a<∞, (a+ b)∗ a∞ (a+ b)∗.
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Stabilization semigroups. We consider languages L ⊆ Â+ whose 〈 · ,#〉-
syntactic congruence has a finite index. Such a set yields a finite 〈 · ,#〉-syntactic
algebra, i.e. the quotient SL = Â+/'L. Since 'L is a congruence, the syntactic
algebra is equipped with two operations – the usual multiplication, and stabi-
lization, denoted #, which stems from the ω-power in the profinite semigroup.
The syntactic algebra also naturally inherits the quotient topology from Â+,
which is usually non-Hausdorff, i.e. there might be singleton sets which are not
closed. However, if L is a closed or open language, then the quotient topology
is T0, i.e. if s ∈ {t} and t ∈ {s} for s, t ∈ SL, then s = t. Multiplication and
stabilization in SL are continuous with respect to the topology, and also satisfy
several properties which are easily derived from the properties of multiplication
and the ω-power over Â+. Namely, for s, t ∈ S and idempotent e ∈ S,

s · (t · s)# = (s · t)# · s s# · s# = s#

(s#)# = s# e · e# = e#

(sn)# = s# for n = 1, 2, 3 . . . e# ∈ {e}.

A stabilization semigroup is a T0 topological space S equipped with two continu-
ous operations · and # satisfying the above axioms, apart from associativity of ·.
The above notion of stabilization semigroup corresponds precisely – via a simple
correspondence – to the original notion defined by Colcombet [5].

Example 7. Let SL denote the quotient set induced by the language L from
Example 6. As noted there, SL consists of three equivalence classes, which we
denote by [a], [b] and [aω], respectively. Multiplication, stabilization and topology
over SL flow from the properties of the three equivalence classes: multiplication
is commutative and each element is idempotent, [aω] is the zero element and [a]
is the neutral element; stabilization maps [a] to [aω] and s to s otherwise; [aω]
is contained in the closure of [a] and in the closure of [b].

Recognizability. We consider an analogue of the notion of recognizability by
semigroups in the classical theory. Recall that a subset L ⊆ Â+ is recognizable
if there is a mapping α : A→ S to a finite discrete semigroup such that for the
induced homomorphism α̂ : Â+ → S we have L = α̂−1(F ) for some F ⊆ S.

Instead of semigroups, we deal with stabilization semigroups. A homomor-
phism α̂ from Â+ to a stabilization semigroup S is required to preserve mul-
tiplication and map the ω-power in Â+ to stabilization in S. We use a notion
of invariance of α̂ under infinite substitutions, which intuitively means that if a
profinite word x is factorized into a profinite sequence of factors, and each factor
xi is replaced by some other factor yi with α̂(xi) = α̂(yi), then, for the resulting
concatenation y of the factors yi, α̂(x) = α̂(y). We say that such a homomor-
phism α̂ : Â+ → S is an ∞-homomorphism. The following result plays a pivotal
role in the theory, and its proof is difficult comparing to the classical case. It can
be deduced – although not immediately – from a theorem of Colcombet.

Theorem 5 (cf. Theorem 2 in [5]). Let α : A→ S be any mapping from a
finite alphabet A to a finite stabilization semigroup S. Then there exists a unique
∞-homomorphism α̂ : Â+ → S extending α. The mapping α̂ is continuous. Its
image is the subset of S generated from α(A) by the operations 〈 · ,#〉.
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Note that the extension α̂ is not necessarily the unique continuous homomorphic
extension of α. We call α̂ the ∞-homomorphism induced by α. We say that a
language L ⊆ Â+ is recognized by α̂ : Â+ → S if L = α̂−1(F ) for some F ⊆ S; if
additionally F is closed (resp. open) in S, we say that L is ↓ -recognizable (resp.
↑ -recognizable). Note that a recognizable set is described in a finite manner by
α : A→ S and F ⊆ S. It is crucial that the image of α̂ can be computed from α.

Example 8. Let S be the stabilization semigroup Â+/'L from the previous ex-
ample, whose elements are [a], [b], [aω]. Let α : A→ S map a to [a] and b to [b].
We will check that the quotient mapping αL : Â+ → S is the ∞-homomorphism
induced by α. We argue that αL is invariant under infinite substitutions. Con-
sider a profinite word x, and choose some factorization of x. Replace each factor
by some other factor, with the same image under αL. Schematically:

x = aaa aaba aaa · · · abωa baaab
� � � · · · � �

y = aaaaa (ab)ω aaaaaaa · · · aaaaabaaaa aaaaabaaa

Intuitively, it is clear that if the original word x contains no infinite block of a’s,
then no such block can appear in the resulting word y either. Hence, αL(y) = αL(x).
The proof of Theorem 5 extends the idea of Simon’s factorization trees to profi-
nite words and stabilization semigroups, which we shortly describe. Start with
any profinite word x. We want to determine the type of x, i.e. α̂(x). If x is a
single letter a, then its type is α(a). If not, we try to factorize x into a profinite
sequence of factors, for which the type can be determined. We use three rules:
– If x = x1 · x2, and α̂(x1) = s1, α̂(x2) = s2, then α̂(x) = s1 · s2,
– If x factorizes into finitely many factors, each of idempotent type e, then α̂(x) = e,
– If x factorizes into infinitely many factors, each of idempotent type e, then α̂(x) = e#.

We prove by induction on |S| that in a finite number of steps, depending only
on |S|, using the above three rules, any profinite word x can be iteratively split
into single letters. Moreover, we prove that the resulting type does not depend
on the chosen “factorization tree”. The proof of existence of factorization trees
is similar to the proof of Simon’s theorem, and proceeds by induction on the
size of S. The proof of uniqueness requires the use of the axioms of stabilization
semigroups. It is similar to a proof of an analogous statement in [6]. An important
difference is that there only finite words have factorization trees, and their output
is unique only in an asymptotic way.

The standard Cartesian-product construction yields several closure proper-
ties for recognizable languages. For closure under projection, we use two en-
hanced variants of the powerset construction, similar to constructions from [6].
Proposition 6. Recognizable languages are closed under Boolean combinations.
↓ -recognizable (resp. ↑ -recognizable) languages are closed under unions and in-
tersections. Complements of ↓ -recognizable languages are ↑ -recognizable and vice
versa. ↓ -recognizable and ↑ -recognizable languages are closed under projections.
Applying inductively the above to formulas of MSO+inf– or MSO+inf+ we get:
Corollary 1. Languages definable in MSO+inf– are ↓ -recognizable, and lan-
guages definable in MSO+inf+ are ↑ -recognizable. The translations are effective.
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5 The main results

The main theorem collects the notions and results listed above, proving the
equivalence of several characterizations. Except for the last item – the finite-
index characterization – it can be derived relatively easily from [5, 6].

Theorem 7. Let L ⊆ Â+ and K = Â+ − L be its complement. The following
conditions 1-9 are equivalent:
1. L is defined by a B-regular expression,
2. L = L (A) for some B-automaton A,
3. L is definable in MSO+inf–,
4. L is ↑ -recognizable,

5. K is defined by an S-regular expression,
6. K = L (B) for some S-automaton B,
7. K is definable in MSO+inf+,
8. K is ↓ -recognizable,

9. The 〈 · ,#〉-syntactic congruence of K has finite index and K = K ∩A〈 · ,ω〉.

Above, A〈 · ,ω〉 denots the set of ω-terms – profinite words which can be gener-
ated from A by applying multiplication and the ω-power. They are analogues of
ultimately periodic words in the theory of ω-regular languages. It follows that a
B- or S-regular language is determined by its ω-terms, similarly as an ω-regular
language is determined by its ultimately periodic words.

By the last part of Theorem 5, the image of an ∞-homomorphism to a finite
stabilization semigroup can be computed by a fixed point calculation. Hence,
emptiness of recognizable languages is decidable. This proves the following.

Theorem 8. Emptiness of Boolean combinations of B-regular languages is de-
cidable. In particular, the limitedness problem is decidable for B-automata.

The above result extends the decidability results of Hashiguchi and Kirsten. As
emptiness of Boolean combinations reduces to inclusion testing, it is equivalent to
the main result of [5] – that the domination relation is decidable for B-automata.

6 From infinite words to profinite words

We describe a connection between ω-words (i.e. mappings from N to A) and
profinite words. Recall that any ω-regular language can be presented as a finite
union of languages of the form U · V ω, where U, V ⊆ A+ are regular languages
of finite words. We generalize this observation, and provide a meta-reduction
between the satisfiability problems for logics over ω-words to corresponding logics
over profinite words. The proof resembles Büchi’s original proof of decidability
of MSO. Instead of the usual Ramsey lemma, we use the following observation.

For any ω-word w ∈ Aω there is a factorization w = u0 · u1 · u2 · · ·
such that the sequence u0, u1, u2, . . . ∈ A+ is convergent to some u∞ ∈ Â+.
Its proof is an easy, repeated application of the usual Ramsey lemma.

Let V ⊆ Â+ be a language of profinite words, and ε > 0 a real number.
Consider the following language of infinite words V ωε ⊆ Aω:

V ωε
def
= {v1·v2·v3 · · · : ∀nvn ∈ A+,∃v∞ ∈ V ∗ : lim

n→∞
vn = v∞,∀nd(vn, v∞) < ε}.

For a regular language U ⊆ A+ of finite words, we say that the expression U ·V ω
is well-formed if the language U · V ωε does not depend on the choice of ε < 1/n,
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where n is the size of the minimal automaton recognizing U . In this case, we
define the language U ·V ω as U ·V ωε . For example, the expression (a+b)∗·(a<∞b)ω
is well-formed and describes the language LB from the introduction. For a class L
of languages of profinite words, we define a class of languages of infinite words:

ωL def
=

{ finite unions of languages defined by well-formed
expressions U · V ω with U ⊆ A+ regular and V ∈ L

}
In the following theorem, by regular, B-regular, S-regular, MSO+inf we
denote the corresponding classes of languages of profinite words. To each we
apply the map L 7→ ωL described above, yielding classes of languages of infinite
words. The proof is very general, and also applies to other classes of languages.

Theorem 9. Every ω-regular language is in ωregular. Every ωB-regular lan-
guage is in ωB-regular. Every ωS-regular language is in ωS-regular. Every
MSO+B definable language is in ωMSO+inf. The translations are effective.

The reduction described above allows to transfer results from profinite words to
ω-words. For instance, the main results of [4], concerning ωB- and ωS-regular
languages, follow from the results in our paper. More importantly, we get:

Corollary 2. The satisfiability problem for the logic MSO+B over ω-words re-
duces to the satisfiability problem for the logic MSO+inf over profinite words.

We mention that by refining our Theorem 9, Skrzypczak [13] proved that a
language of infinite words which is both ωB-regular and ωS-regular must in fact
be ω-regular – reflecting the immediate, analogous fact for profinite words.

Conclusion. We presented a new proof and framework for the limitedness problem.
We rise the question of decidability of the logic MSO+inf over profinite words.
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A MSO+inf logic

We give a precise definition of the logic MSO+inf.

Following the tradition initiated by Büchi, we present a logic over profi-
nite words, called MSO+inf, which describes languages recognized by B- or S-
automata. The logic is an extension of the MSO logic over profinite words, which
we also define here. We will then distinguish two syntactic fragments which cap-
ture precisely the classes of B- and S-regular languages. These two fragments
correspond to two extensions (called cost MSO) introduced by Colcombet [6];
in these extensions, a formula defines a cost function. However, cost functions
cannot describe all of the languages in MSO+inf.

Monadic Second Order Logic (MSO) over profinite words is analogous to
MSO over finite or ω-words. In fact, the syntax of the logic is exactly the same
as for finite or ω-words – we allow first and second order quantification, Boolean
operations, set inclusion tests, linear order tests and label tests. Remarkably, a
formula ϕ of this logic describes precisely the clopen language of profinite words
which corresponds to the regular language of finite words described by the very
same formula ϕ.

The semantic of MSO over profinite words, however, is defined differently
than in the case of finite words. For finite words, we treat a word as an algebraic
structure whose underlying set is its set of positions, i.e. a set of natural numbers.
For a profinite word, though, it is impossible to define reasonably its set of
positions. Because of this, we need to give a different definition of the semantic
of MSO over profinite words.

Our definition of the semantic interprets constructs of the logic as operations
over languages, such as union, projection, etc. and the predicates as languages of
profinite words (perhaps over an extended alphabet, for encoding the valuation
of the free variables).

Formula Expression Description

∀x.a(x) a∗ “only a’s”

∃x.∃y.a(x) ∧ b(y) ∧ x < y (a+ b)∗a(a+ b)∗b(a+ b)∗ “some a before some b”

∃X.a(X) ∧ inf(X) b∗(ab∗)∞ “infinitely many a’s”

∀X.b(X) =⇒ fin(X) a∗(ba∗)<∞ “finitely many b’s”

Fig. 2. Formulas of MSO+inf over {a, b} and equivalent B/S-regular expressions
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To reach beyond the clopen sets, we furthermore extend the MSO logic by a
second-order unary predicate inf(X) which – informally – tests whether X is infi-
nite. A bit more precisely, the formula inf(X) with one free second-order variable
X corresponds to the language of profinite words over the alphabet A × {0, 1}
(where the second coordinate corresponds to the “set of positions” X) which
contain infinitely many letters of the form (a, 1). Using the predicate inf(X),
it is straightforward to construct a formula defining the language b∗(ab∗)∞ of
profinite words with infinitely many a’s (for this formula, and other examples,
see Figure 2). Since this language is closed, but not clopen, it follows that the
predicate inf is not definable in terms of the remaining ones. A dual predicate,
fin(X) is defined as the negation of inf. We will discover that S-regular languages
correspond to the fragment MSO+inf+ of the logic, in which inf is allowed only
to appear positively; dually, B-regular languages correspond to the fragment
MSO+inf–. However, the full logic MSO+inf is far larger than the union of
these two fragments.

Syntax To simplify the definitions, in the the formal syntax we will only allow
second-order constructs. Using them, it is straightforward to further interpret
the symbols which correspond to first-order logic.

Let A be a fixed finite alphabet. A formula of MSO over profinite words is
a formula obtained from the following constructs:

– the quantifiers ∃,∀ which bind second-order variables, denoted X,Y, . . .,
– a unary predicate a(X) for each a ∈ A,
– a binary predicate X ⊆ Y ,
– a binary predicate X < Y ,
– Boolean connectives ∧,∨,¬.

A formula of MSO+inf additionally allows:

– a unary predicate inf(X).

Using the above constructs of MSO, we can further define additional useful
predicates, in an obvious way:

empty(X) ≡ ∀Y.(Y ⊆ X =⇒ X ⊆ Y ),

singleton(X) ≡ ¬empty(X) ∧ ∀Y.
(
Y ⊆ X =⇒

(
X ⊆ Y ∨ empty(Y )

))
.

We may then consider first-order variables, denoted x, y, . . ., which are implicitly
assumed to be guarded by the formula singleton(x ).
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Semantic Let X be a finite set of second-order variables, denoted X,Y, . . .. The
X -valuation alphabet over A is the alphabet A× {0, 1}X . We will call the first
component of this alphabet the A-component, and a component corresponding
to X ∈ X will be called the X-component. We denote letters in the alphabet
A × {0, 1}X by λ, λ′. The A-component of the letter λ is denoted λA, and its
X-component is denoted λX . Given a profinite word x over the alphabet A, an
X -valuation over x is a profinite word ν over the X -valuation alphabet, such
that its projection onto the A-component is x.

We interpret an X -valuation ν over x as an assignment of a “marking” of x
to each variable X ∈ X . Although the set of positions of this marking cannot
be formally defined, we can talk about certain properties of such markings. For
instance, “the marking X is contained in the marking Y ” if for every letter λ in
ν, if λ has a 1 on the X-component, then it has a 1 on the Y -component. In this
fashion, we will define the semantic for all the logical symbols.

For defining the semantic of the quantifiers, we consider an erasing mapping,
for each variable X ∈X . This mapping is defined via a mapping

eraseX : A× {0, 1}X −→ A× {0, 1}X−{X},

which maps a letter λ of the X -valuation alphabet to the letter obtained by
omitting its X-coordinate. The resulting letter is a letter of a valuation alphabet
over the set of variables X − {X}. The mapping eraseX naturally extends to
a homomorphism from profinite words to profinite words, which maps an X -
valuation ν over x to a (X − {X})-valuation eraseX(ν) over x.

We define, for each formula ϕ of MSO+inf with free variables X , and each
valuation ν over x, the expression “x satisfies ϕ[ν]”, denoted x |= ϕ[ν], according
to the table in Figure 3.

For a formula ϕ with no free variables, the appropriate valuation alphabet –
the ∅-valuation alphabet – is simply A, and there is precisely one valuation over
a given profinite word x – namely x itself. We then define the language of the
formula ϕ as the set

L (ϕ) = {x : x |= ϕ[x]}.

We say that a language L ⊆ Â+ is definable in MSO+inf , if L = L (ϕ) for some
formula ϕ.

Remark 1. Without the unary predicate inf(X), the logic would capture pre-
cisely clopen sets. Indeed, all the remaining predicates are clopen, a projection
of a clopen set is again a clopen set, and also clopen sets are closed under Boolean
combinations.

Example 9. MSO+inf over profinite words can define sets which are not closed
nor open. For instance, the conjunction of the two last formulas in Figure 2
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(∨) x |= (ϕ ∨ ψ)[ν] iff x |= ϕ[ν] or x |= ψ[ν]

(∧) x |= (ϕ ∧ ψ)[ν] iff x |= ϕ[ν] and x |= ψ[ν]

(¬) x |= (¬ϕ)[ν] iff not x |= ϕ[ν]

(a) x |= (a(X))[ν] iff for every letter λ appearing in ν, if λX = 1 then λA =
a

(⊆) x |= (X ⊆ Y )[ν] iff for every letter λ appearing in ν, if λX = 1 then λY =
1

(<) x |= (X < Y )[ν] iff for every pair of letters λ, λ′ such that ν factorizes as
ν1λν2λ

′ν3 with ν1, ν2, ν3 ∈ Â∗, if λY = 1 then λ′X = 0

(inf) x |= (inf(X))[ν] iff ν contains infinitely many letters λ such that λX = 1

(∃) x |= (∃X.ϕ)[ν] iff for some (X ∪ {X})-valuation ν′ such that
eraseX(ν′) = ν, x |= ϕ[ν′]

(∀) x |= (∀X.ϕ)[ν] iff for every (X ∪ {X})-valuation ν′ such that
eraseX(ν′) = ν, x |= ϕ[ν′]

Fig. 3. The semantic of the logic MSO+inf

defines the language L of all profinite words which contain infinitely many a’s
and only finitely many b’s, which is not closed neither open.

One can further define a language which is not even a Boolean combination
of open sets. First note that the language

K = ((a∞ + b<∞)c)∗

can be defined in MSO+inf: the formula says that every a-block is infinite and
that every b-block is finite, and that between two consecutive c’s there is either
an a-block, or a b-block. Therefore the projection π(K) of K, where π identifies
a with b, is also definable in MSO+inf. One can also describe π(K) as follows.
Let A = {a, c}. Then

π(K) = {x ∈ Â+ : #{n ∈ N : canc is an infix of x} <∞}.

The language π(K) is not a Boolean combination of open sets. The language
π(K) described above corresponds to the language constructed in [4] as an ex-
ample of a language which is ωBS-regular, but whose complement is not.

It is not difficult to see that the following proposition holds. We leave it
without a proof, as it is not used in this paper.

Proposition 10. The class of languages definable in MSO+inf over all finite
alphabets is the smallest class of languages which is closed under Boolean combi-
nations, projections, inverse images under letter-to-letter homomorphisms, and
contains all clopen sets and the language b∗(ab∗)∞.
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B Finite topologies

We recall some basic facts about finite topological spaces.

Our approach to analyzing B- and S-regular subsets of Â+ is to represent
them as subsets of finite semigroups. However, there is a crucial topological
information in Â+, which we do not want to loose: for instance, the B-regular
language a∗ is strictly larger than the B-regular language a<∞, yet any element of
a∗ can be approximated by elements from a<∞. This can be precisely formulated
in terms of topology:

a∗ ⊆ a<∞.
We want our finite semigroups representing Â+ to be capable of determining
when such approximations are possible. For this, we consider finite topological
spaces. A finite set can be only equipped with finitely many topologies. In this
section, we present a standard way of defining a topology over a finite set X
using a preorder, called the specialization preorder over X.

A finite topological space is a topological space with finitely many points, i.e.
a finite setX equipped with a topology. Throughout Appendix B we assume that
X is finite, and the topology on X is specified by the family of closed subsets
of X (rather than the family of open subsets of X). Such a family defines the
structure of a topological space on X if it is closed under union, intersection and
contains ∅ and X.

Note that if the space X is a T1 space, i.e. a space in which singleton sets
are closed, then any subset of X is a closed set as a finite union of closed sets,
and so the topology of X is the topology of the discrete space. Therefore, in this
section we are mostly interested in finite topological spaces which are not T1.

Example 10. The Sierpiński space consists of two elements, 1 and ω, such that
ω is the only closed singleton set. Therefore, the closed subsets of the Sierpiński
space are ∅, {ω}, {1, ω}.

Given a finite topological space X, we define its specialization preorder by

x ≤ y iff x ∈ {y}.

Equivalently, we may write

x ≤ y iff {x} ⊆ {y}.

It is trivial to verify that the relation ≤ is transitive and reflexive, i.e. is a
preorder . The condition that ≤ is antisymmetric is precisely equivalent to the
condition that X is a T0 topological space.
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Example 11. In the Sierpiński space, the induced preorder results in ω < 1.
Hence, it is T0.

We say that a subsetK ⊆ X of a partially preordered set is downward-closed ,
if whenever x ∈ K and y ∈ X is such that y ≤ x, then also y ∈ K. It is trivial
to check that a subset of a topological space X is closed iff it is downward-
closed with respect to the specialization preorder. Conversely, if (X,≤) is a
finite partially preordered set, then we may define a topology on X, by defining
the closed sets as precisely the sets which are downward-closed with respect to
the preorder on X. Clearly, downward-closed sets are preserved by unions and
intersections, and contain ∅ and X. Therefore, this yields a valid topology over
X, for which ≤ is the specialization preorder.

We say that a mapping f : X → Y of two preordered set is order-preserving if
whenever x ≤ x′ in X, then f(x) ≤ f(x′). Equivalently, the inverse image under
f of a downward-closed set in Y is a downward-closed set in X. Recall that a
mapping between topological spaces is continuous if and only if the inverse image
of a closed set is closed. It is therefore clear that continuous mappings between
finite topological spaces is nothing else than order-preserving mappings between
finite preordered sets.

The product topology over a Cartesian product of two topological spaces
corresponds to the coordinatewise product preorder over the Cartesian product
of two preordered sets.

Corollary 3. There is an isomorphism between the category of finite topological
spaces with continuous mappings, and the category of finite partially preordered
sets with monotone mappings. Via this isomorphism, T0 topological spaces cor-
respond to partially ordered sets.

Because of the above correspondence, we can specify the topology on a fi-
nite set by defining a partial preorder on its elements. We denote the smallest
downward-closed set containing a given set Y ⊆ X by ↓Y , or by ↓y in the case
when Y = {y}. We denote the smallest upward-closed set
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C Syntactic algebra

We recall some standard notions and properties of of abstract topological al-
gebras, specialized to the case of topological 〈 · ,#〉-algebras, such as the
syntactic congruence, and the quotient topological and algebraic structure. In
Section C.2 we analyze quotients of the free profinite semigroup.

C.1 Syntactic congruence

We will define a congruence induced by a language L ⊆ Â+, which respects
multiplication and the ω-power. All the definitions and properties established
in this section can be easily generalized to abstract topological algebras over
arbitrary signatures, but we will restrain ourselves from such generalizations.

Let Terms(Â+, · ,#) denote the set of all the terms with one free variable
which may appear only once in the term, and where the terms use the binary
symbol · of multiplication, the unary symbol # (interpreted as the ω-power in
Â+), and arbitrary elements of Â+ as constants (i.e. in a leaf of the term). Note
that any such term τ defines a mapping which maps a profinite word x to the
profinite word τ(x). Moreover, this function is continuous, as it is a composition
of the continuous functions · and ω.

Let L ⊆ Â+ be any set. For x, y ∈ Â+, we write x �L y if for every term
τ ∈ Terms(Â+, · ,#)

τ(y) ∈ L =⇒ τ(x) ∈ L.

It is clear that �L is a partial preorder. We define 'L to be the equivalence
relation induced by �L, i.e. x 'L y iff x �L y and y �L x. We call 'L the
〈 · ,#〉-syntactic congruence of L. Note that 'L saturates the set L, meaning
that L is a union of 'L-equivalence classes. We say that L has finite 〈 · ,#〉-
index if 'L has finitely many equivalence classes. Let SL = Â+/'L

denote the
set of equivalence classes of the congruence 'L and let αL denote the canonical
projection from Â+ to SL.

Example 12. Let A = {a, b} and let L denote set those profinite words over
{a, b} which contain infinitely many a’s. Then L is a closed set.

The equivalence 'L can be easily seen to have three equivalence classes:

– L0, the set of profinite words containing no letter a,
– L1, the set of profinite words containing a finite, nonzero number of a’s,
– Lω = L, the set of profinite words containing infinitely many a’s.
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Algebraic structure

Lemma 1. The operations in 〈 · ,#〉 preserve the relation �L. More precisely,
if x′ �L x and y′ �L y then

x′ · y′ �L x · y, (1)
(x′)ω �L xω. (2)

Proof. The proof is standard universal algebra. We present a proof for the mul-
tiplication operation, and for the operation # = ω the proof is completely anal-
ogous.

First we show that if x′ �L x then x′ · y �L x · y for any y ∈ Â+. Indeed,
assume that

τ ∈ Terms(Â+, · ,#) and τ(x · y) ∈ L.

For z ∈ Â+, let
σ(z) = τ(z · y).

Then we can treat σ(z) as a term with free variable z, i.e. σ ∈ Terms(Â+, · ,#).
Since

σ(x) = τ(x · y) ∈ L

and x′ �L x, it follows that σ(x′) ∈ L. Therefore, we have shown that whenever
τ(x · y) ∈ L, then also τ(x′ · y) = σ(x′) ∈ L. This proves that x′ · y �L x · y.

By symmetry, if y′ �L y then x · y′ �L x · y for any x. Combining these two
implications together, we obtain that x′ · y′ �L x · y.

From the above lemma it follows that the 〈 · ,#〉-syntactic congruence pre-
serves the operations in the signature 〈 · ,#〉. Therefore, the associative oper-
ation x, y 7→ x · y of Â+ induces via αL an associative operation in SL, which
we also denote s, t 7→ s · t. Similarly, the ω-power of Â+ induces a unary opera-
tion in SL, which we call stabilization, and denote it by s 7→ s#. This way, SL
becomes an algebra over the signature 〈 · ,#〉, and the mapping αL becomes a
homomorphism of 〈 · ,#〉-algebras. We call αL : Â+ → SL the 〈 · ,#〉-syntactic
homomorphism induced by L. We will later on equip SL with a suitable topology,
for which αL becomes a continuous homomorphism.

Proposition 11. Let L ⊆ Â+. Then the following conditions are equivalent.

1. L has finite 〈 · ,#〉-index,
2. There is a finite 〈 · ,#〉-algebra (S, ·,#) with a distinguished subset F and a

homomorphism α : Â+ → S of 〈 · ,#〉-algebras, such that L = α−1(F ).
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Proof. 1⇒ 2. If L has finite 〈 · ,#〉-index, then the 〈 · ,#〉-syntactic homo-
morphism αL satisfies the second condition of the proposition.

2⇒1. Let α, S, F be as in the second condition of the proposition. It suffices
to show that if α(x) = α(y), then x 'L y. Since α has a finite image, this will
prove that 'L has finitely many equivalence classes.

To this end, let τ ∈ Terms(Â+, · ,#) be any term with one free variable
appearing once. The term τ induces a term α∗(τ) over (S, · ,#), obtained by
applying α to the leaves of the term τ , and interpreting the operations · and
ω of Â+ as the operations · and # of S. The term α∗(τ) has one free variable.
Since α is a homomorphism of 〈 · ,#〉-algebras, for any z ∈ Â+,

α∗(τ)(α(z)) = α(τ(z)). (3)

Since τ(z) ∈ L if and only if α(τ(z)) ∈ F , from (3) we deduce that membership of
τ(z) to L depends only on α(z). In particular, α(x) = α(y) implies that x 'L y.

Topological structure We will define a topology over SL for which αL becomes
a continuous mapping. We use the notion of a specialization preorder described
in Appendix B.

Note that usually, when the discrete topology is considered over SL, αL is
not continuous, as the following example demonstrates.

Example 13. Consider the quotient mapping αL : Â+ → SL from Example 12.
Let us denote by 0, 1, ω the elements of SL corresponding to the 'L-equivalence
classes L0, L1, Lω, respectively. Note that the equivalence class L1 is not closed,
since the sequence a, a2!, a3!, . . . of its elements converges to the element aω of
Lω. Therefore, αL is not continuous for the discrete topology over SL (otherwise
α−1L ({1}) would be closed).

Apart from the degenerated topology (consisting of ∅ and SL), there are
precisely two topologies over SL for which αL is a continuous mapping. We
describe them by their specialization preorders. In the first topology, we have
0 > 1 > ω. In the second topology, we have 1 > ω and 0 incomparable with
neither 1 nor ω. Note that the first preorder corresponds precisely to the partial
order over SL induced from �L. The second preorder corresponds to the quotient
topology over SL, i.e. reflects the fact that in Â+ the closure of L1 contains Lω
and that L0 is closed.

In general, it is natural to define the topology of SL as the quotient topology
induced by αL. This is a notion from general topology – the quotient topol-
ogy induced by αL : Â+ → SL is the strongest topology over SL for which the
mapping αL is continuous. Equivalently, F ⊆ SL is closed if and only if the
inverse image α−1L (F ) is a closed subset of Â+. The advantage of considering
the quotient topology is that the mapping αL obviously becomes a continuous
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mapping from Â+ to SL. Moreover, as the following results show, multiplication
and stabilization are continuous in SL.

Theorem 12. Let L ⊆ Â+ be any set of finite 〈 · ,#〉-index, and let αL : Â+ → SL
be the induced 〈 · ,#〉-syntactic homomorphism, and SL be equipped with the
quotient topology. Then multiplication and stabilization induced via αL are con-
tinuous mappings, and αL is a continuous homomorphism of topological 〈 · ,#〉-
algebras. If, moreover, L is a closed or open subset of Â+, then SL is a T0-
topological space.

The first part of the theorem follows from the following proposition.

Proposition 13. Let ϕ : S → T be a surjective homomorphism of 〈 · ,#〉-algebras
from a topological 〈 · ,#〉-algebra to a finite 〈 · ,#〉-algebra. Let T be equipped
with the quotient topology, i.e. such that F is closed in T iff ϕ−1(F ) is closed in
S. Then multiplication and stabilization in T are continuous.

Proof. First we show that for any fixed t0 ∈ T , right-multiplication by t0, i.e.
the mapping

t 7→ t · t0
is a continuous mapping from T to T . We will then deduce that two-sided mul-
tiplication from T × T to T is continuous.

Let us fix t0 ∈ T and any s0 ∈ S such that ϕ(s0) = t0 (we use surjectivity of
ϕ here). Let µ be right-multiplication by s0 and ν be right-multiplication by t0.
Note that µ is a continuous mapping from S to S. The mappings µ, ν are linked
via the following commuting diagram.

S S

T T

ϕ

µ

ϕ

ν

Let U be an open subset of T . We must show that ν−1(U) is an open subset
of T . By commutativity of the diagram, we have:

ϕ−1
(
ν−1(U)

)
= µ−1

(
ϕ−1(U)

)
. (4)

Since U is open and both µ and ϕ are continuous, we deduce that the set in
the formula (4) is an open subset of S. We therefore conclude that ν−1(U) is
open, since its inverse image under ϕ is open by (4). This proves that right-
multiplication is a continuous mapping in T . By repeating the above proof for
left-multiplication by any fixed t0, or for stabilization, we deduce that both these
mappings are continuous mappings from T to T .
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We now conclude that two-sided multiplication is a continuous mapping. For
this, we use finiteness of T . Let U be any open subset of T , and let

V = {(t, t′) ∈ T × T : t · t′ ∈ U}.

We need to show that V is an open set. Since T is finite, V can be written as a
finite union

V =
⋃

(t0,t′0)∈U

{t′ : t0 · t′ ∈ U} × {t : t · t′0 ∈ V }.

Now, by continuity of left- and right-multiplication, both factors of any disjunct
in the above union are open sets. Consequently, V is open as a finite union of
products of open sets.

This proves that multiplication is continuous in T . A similar, but simpler
argument also works for stabilization. Therefore, T equipped with the operations
of multiplication and stabilization becomes a topological 〈 · ,#〉-algebra, and ϕ
is a continuous mapping of such algebras.

The second part of Theorem 12 follows from the following lemma. It applies
only to closed sets, but in case of an open set L, we may consider its complement
K instead, and then αL and αK are the same mappings, so they induce the same
topology over SL = SK .

Lemma 2. Assume that L ⊆ Â+ is closed and let x ∈ Â+. Then ↓ x = {y :
y �L x} is a closed subset of Â+. As a consequence, the quotient topology on SL
is T0.

Proof. By the chosen definitions,

↓x = {y : y �L x}
=
{
y : ∀τ. τ(x) ∈ L =⇒ τ(y) ∈ L

}
=

⋂
τ : τ(x)∈L

{y : τ(y) ∈ L}.

In the above formulas, τ ranges over all elements in Terms(Â+, · ,#).
Since any term τ induces a continuous mapping from Â+ to itself, it follows

that each of the sets {y : τ(y) ∈ L} is a closed subset of Â+ (here we use the
assumption that L is closed). Therefore, ↓x is an intersection of closed sets, so
it is closed itself.

To prove that SL is a T0-topological space, by surjectivity of αL, it suffices
to show that if x, y ∈ Â+ are two points which are not equivalent with respect
to 'L, then αL(x) and αL(y) can be separated by a closed subset of SL. If x
and y are not 'L-equivalent, then, by definition, either ↓x does not contain y,
or ↓y does not contain x. In either case, we have that αL(x) and αL(y) can be
separated by a closed set – either the image of ↓x, or the image of ↓y under αL.

This finishes the proof of Theorem 12.
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C.2 Stabilization semigroups

As we have seen, in general, there might be several distinct topologies over SL
for which the quotient mapping αL is continuous. However, we may prove some
properties of SL which hold independently of the chosen topology. In fact, the
following properties hold in any topological 〈 · ,#〉-algebra which is a continuous
homomorphic image of any profinite semigroup.

Proposition 14. Let α be a continuous, surjective homomorphism of topolog-
ical 〈 · ,#〉-algebras from a profinite semigroup (S̃, · , ω), to (S, · ,#). Then, S
satisfies the following identities.

s · (t · s)# = (s · t)# · s (S1)

(sn)# = s# for n = 1, 2, 3 . . . (S2)

(s#)# = s# (S3)

s# · s# = s# (S4)

e · e# = e# if e = e · e. (S5)

Moreover, for the specialization preorder ≤ over S,

e# ≤ e if e = e · e. (S6)

Proof. The first four equalities are an immediate consequence of the correspond-
ing equalities in S̃ and the fact that α is surjective.

Now assume that e = e#, and let x be such that e = α(x). Then x and x2
have the same image in S, so also xω−1 · x and xω−1 · x2 have the same image
in S. Since the first element is equal to xω and the latter is equal to x · xω, this
proves the equality (S5).

We now prove the inequality (S6). Let x ∈ S̃ be such that α(x) = e, and let
F be the closure of the set {e} in S. We show that F contains e#, proving that
e# ≤ e with respect to the specialization preorder. Indeed, by idempotency of e
we have that x, x2, x3, . . . are all mapped to e by α. In particular, xn ∈ α−1(F )
for n = 1, 2, . . .. Since α−1(F ) is closed, and xω is the limit point of the sequence
xn!, it follows that xω ∈ α−1(F ). Therefore, e# ∈ F , proving that e# ≤ e.

Remark 2. The inequality (S6) could be replaced by a condition:

For any s ∈ S, s# is the limit of the sequence s, s2!, s3!, . . .

Indeed, the above sequence is ultimately equal to the unique idempotent power
e of s, so the above condition could be further rephrased:
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For any idempotent e ∈ S, e# is the limit of the sequence e, e, e, . . .

By definition of convergence, this is equivalent to saying that e# ≤ e for every
idempotent e ∈ S.

Definition 1. We call a stabilization semigroup a topological semigroup S en-
dowed with a continuous operation # which satisfies the axioms (S1)-(S6) listed
above, where ≤ is the specialization preorder of S.

Remark 3. The notion of a stabilization semigroup was first introduced by Col-
combet in [5]. The definition of Colcombet differs from ours slightly. There, a
stabilization semigroup is assumed to be a partially ordered semigroup, and #
is only assumed to be defined for idempotents. Because of that, the axiom (S1)
takes a different form, more suited for idempotents. The remaining axioms are
similar. Despite these slight differences, there is a bijective correspondence be-
tween our topological T0 stabilization semigroups and the stabilization semi-
groups of Colcombet. Because of that, we use the name “stabilization semigroup”.
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D Profinite words and sequences

We pass some intuitions on profinite words and profinite numbers (profinite
words over the unary alphabet). In Sections D.3 and D.5 we prove two proper-
ties of profinite words, which will be used later on: the amalgamation property,
and the uniform lifting property for open and closed sets.

Profinite words have certain features which make them similar with finite words,
and certain features which make them quite different from finite words. We will
describe these features shortly.

A profinite word has a first position, a second position, or a last position, or
a penultimate position. A finite profinite word is just a usual finite word. On
the other hand, it is useful to imagine that an infinite profinite word is like a
very long word, from the point of view of an automaton. An automaton can see
subsequent letters of an input word, but if the word is very long, then it cannot
distinguish two positions which have similar surroundings. This is formalized
by the pumping lemma for automata, and for sufficiently long words. A similar
property holds for infinite profinite words: if x is an infinite profinite word, then
there exist u, y, v ∈ Â+ such that

x = uyv = uy2v = uy3v = . . .

Note that the above property obviously does not hold for finite words.
Finite words over the unary alphabet form a semigroup, isomorphic to the

natural numbers. As we will see, however, infinite profinite words form a set
which is uncountable. Moreover, this set has a group structure. These properties
distinguish profinite words from finite words. However, we will be mostly using
two properties of profinite words which obviously holds in the context of finite
words. These properties are described in Section D.3 and Section D.5.

D.1 Compactness property of profinite words

The set of profinite words forms a compact space, but also each profinite word
alone has a certain “compactness” property, described by the following lemma.

Lemma 3. Let x ∈ Â+ be a profinite word, and let u1, u2, u3, . . . be a convergent
sequence of infixes of x, whose limit is u∞ ∈ Â+. Then, u∞ is also an infix of x.

Proof. By assumption, for each n, there exist yn, zn ∈ Â+ such that

x = yn · un · zn.
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By restricting to a subsequence if necessary, by compactness of the set of profinite
words, we may assume that for some y∞, z∞ ∈ Â+,

y∞ = lim
n→∞

yn

z∞ = lim
n→∞

zn.

Then, by continuity of multiplication,

x = lim
n→

(yn · un · zn) = y∞ · u∞ · z∞.

In particular, u∞ is an infix of x.

D.2 Profinite numbers

Let us consider for a moment a unary alphabet A = {a}. Finite profinite words
over A are

a, aa, aaa, aaaa, . . . .

What are the infinite profinite words like? To answer this question, we ask: what
are the regular languages over A like? Regular languages over a unary alphabet
have a very simple description. For two natural numbers 0 ≤ k < n, let us write

|w| mod n = k

if the length of w is equal to k modulo n. We denote by Ln,k the set of words with
the above property. Basically, a regular language over A can be of two forms:

– {an}, for some number n ∈ N
– Ln,k, for some numbers 0 ≤ k < n.

In general, any regular language over A is a finite union of languages of the above
form.

For any profinite word x ∈ Â+ and number n, there is exactly one 0 ≤ k < n
such that x ∈ Ln,k. We write then that |x| mod n = k. Recall that any profinite
word x is uniquely specified by the family of regular languages it ultimately
belongs to.

From the description of unary regular languages, it follows that a profinite
word x over A is:

– Either a finite word of the form an for some n ∈ N
– Or is infinite, and uniquely specified by the sequence

k1 = (|x| mod 1), k2 = (|x| mod 2), k3 = (|x| mod 3), . . . kn = (|x| mod n), . . . .
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Therefore, an infinite profinite word x describes a sequence k1, k2, k3, . . . such
that 0 ≤ kn < pn, and x is uniquely specified by this sequence. However, the
sequence k1, k2, . . . satisfies some additional constraints. It cannot be the case,
for instance, that |x| mod 2 = 0 and |x| mod 4 = 1. More generally:

If |x| mod n = k and m ≥ 1, then |x| mod (mn) = k + mi for some
i ∈ N.

We call a sequence k1, k2, k3, . . . such that 0 ≤ kn < n which satisfies the above
constraint consistent. Observe that there are uncountable many consistent se-
quences, since we can choose |x| mod p for each prime number p independently.

We now show that any consistent sequence k1, k2, . . . can be obtained in the
above way from some profinite word x. It follows from the Chinese remainder
theorem that for any r ∈ N, there exists some finite number mr such that m
mod n = kn for n = 1, 2, . . . , kr. Let wr be the corresponding word, i.e.

wr = amr .

Then, the sequence of finite words w1, w2, w3, . . . is a convergent sequence, and
its equivalence class x satisfies the property that |x| mod n = kn for every
n ∈ N.

It follows that the set of infinite profinite words is uncountable and isomorphic
to a subset S of the infinite Cartesian product

Z2 × Z3 × Z4 × Z5 . . . ,

where Zn is the cyclic group of order n. Moreover, the described isomorphism
can be seen to be a semigroup isomorphism. Therefore, S is a subsemigroup of
the above product of finite groups. It follows easily that S must be itself a group,
and that the described isomorphism is a group isomorphism. Therefore, the set
of infinite profinite words over the unary alphabet has a groups structure. The
neutral element of this group is the profinite word aω, which is the limit of the
sequence a1!, a2!, a3!, . . ., and thus has the property that |aω| mod n = 0 for
every number n. This group contains the integer numbers as a subgroup: this is
the subgroup generated by aω+1 def

= aω · a. The inverse of aω is an element
denoted aω−1.

We call the profinite words over the unary alphabet profinite numbers. As
profinite words over the unary alphabet are often written using exponents, like
a1, a2, a3, aω, aω−1, aω+1, when we refer to them as profinite numbers, we will
denote them simply 1, 2, 3, ω, ω−1, ω+1, etc. Note that as there are uncountably
many profinite numbers, not every profinite number is listed in this list.

D.3 The amalgamation property of profinite words

We will be relying on a property of profinite words, which is obvious in the case
of finite words. Let us first illustrate with an example in the finite case. Let
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A0 = {a, b}, A1 = A0 ∪ {♠,♣} and A2 = A0 ∪ {♥,♦}. Consider a word w0 over
the alphabet A0, such as

w0 = baba.

Now, assume that we are given two extensions of w0, over the extended alphabets
w1 and w2, respectively:

w1 = ♣b♣a♠b♣♠a♣
w2 = ♦b♥a♦b♥♦a.

Note that w1 can be obtained from w0 by inserting some letters from A1 − A0,
and w2 can be extended from w1 by inserting some letters from A2 −A0. Then,
there exists a word over the alphabet A1 ∪A2, such as

w = ♣♦b♣♥a♠♦b♣♠♥♦a♣,

which is both an extension of w1, and of w2.
We will use an analogous property of profinite words. Let A ⊆ B be two

alphabets. There exists a natural mapping π̂ from B̂∗ to Â∗ which ignores all
the letters from outside of A. To define it formally, first, let π : B → Â∗ be defined
by

π(b) =

{
b if b ∈ A
ε if b 6∈ A.

Then, we define π̂ : B → Â∗ as the unique continuous homomorphism extend-
ing π.

Lemma 4. Let A1 and A2 are two alphabets, and let A0 = A1 ∩ A2, and A =
A1 ∪A2. Let x0 ∈ Â0

∗, x1 ∈ Â1
∗ and x2 ∈ Â2

∗ be such that both x1 and x2 are
extensions of x0. Then there exists a word x ∈ Â+ which is both an extension of
x1 and of x2.

D.4 Profinite sequences

Let σ be a profinite sequence of words over the alphabet A, where the separator
symbol is †. By erasing in σ all letters of A, we obtain a profinite word x over
the unary alphabet. The length of a profinite sequence is the profinite number of
occurrences of † in the word x†. For instance, the length of the sequence ab † ba
is the profinite number 2, and the length of the profinite sequence (a†)ωa is the
profinite number ω + 1. To imitate the notation for finite sequences, by

x1, x2, . . . , xα,

we denote a profinite sequence of length α, whose first element is x1, second
element is x2, last element is xα.
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Let σ be a profinite sequence. The concatenation of σ, denoted Π(σ) is
obtained from σ by removing the separator symbols †. We will also say that σ is
a factorization of Π(σ). We will call elements of σ factors of the factorization.
Suppose we are given two factorizations σ, τ of the same profinite word x. We
may assume that in the factorization σ, the separator symbol is †1, and that in
the factorization τ , the separator symbol is †2. Then, both σ and τ are extensions
of x. By Lemma 4, there exists a common extension, call it ψ, of σ and τ .

Let us fix ψ as described above. Because both σ and τ are “embedded” in the
same word ψ, we may refer to properties of factors of σ, which relate them with
factors of τ . More precisely, in the context of ψ, a factor of σ is a word x such
that †1x†1 is an infix of ψ. The word x, itself may contain some symbols †2, so we
may view it as a further factorization. Let λ be the length of this factorization.
We then say that the factor x of σ intersects λ factors of τ .

D.5 The uniform lifting property

Let A,B be two finite alphabets. Let † be a separator symbol not belonging to
A ∪B. For a set L ⊆ Â+, let

L†

denote the set of all profinite sequences whose all elements belong to L. Let

π : A −→ B∗

be any “substitution” (note that π can also erase letters). We also implicitly
assume that π(†) = †. Then, π extends in a unique way to a homomorphism
which we denote with the same symbol:

π : (Â∗)† −→ (B̂∗)† .

We say that L ⊆ Â+ has the uniform lifting property if

π(L)† = π(L†)

for every π : A→ B∗. Note that the right-to-left inclusion above always holds.
It is the left-to-right inclusion which might fail.

The uniform lifting property has some resemblance with the axiom of choice.
Namely, L has the uniform lifting property if and only if for every π : A→ B∗

and for every profinite sequence ŷ:

y1, y2, . . . , yγ

if for each element yi of ŷ there exists some xi ∈ L such that π(xi) = yi,
then there exists a profinite sequence x̂:

x1, x2, . . . , xγ

such that x̂ maps to ŷ.
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It might seem that all sets should have the uniform lifting property.

Proposition 15. Closed languages and open languages have the uniform lifting
property.

However, the above proposition is as much as we can get: we will see an example
of a union of a closed set with an open set which does not have the uniform
lifting property.

Example 14. Let A = {a, b} and let B = {a}, and let

π : A −→ B

map a and b to b. Let
L = a<∞ ∪ b∞.

Then,
π(L) = a∗.

Let x̂ ∈ πA(L)† be a profinite sequence such that every element of a∗ is an
element of x̂.

Then,
x̂ ∈ πA(L)†.

However, we will see that
x̂ 6∈ πA(L†).

Indeed, assume the opposite, i.e. that there is a profinite sequence ŷ ∈ L† which
projects to x̂ under πA. Then, ŷ must contain the elements

a, a2, a3, . . . .

From Lemma 3 it follows that ŷ contains the element aω as well. But aω 6∈ L,
contradicting the assumption that ŷ ∈ L†. Therefore,

x̂ ∈ πA(L)† − πA(L†).

We now prove Proposition 15, that both closed and open sets have the uni-
form lifting property. First we prove this for sets which are both closed and
open.

Lemma 5. Clopen sets have the uniform lifting property.

Proof. This follows from the fact that an analogous property obviously holds for
regular languages of finite words, and hence for clopen sets.

Lemma 6. Closed sets have the uniform lifting property.
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Proof. Let L ⊆ Â+ be a closed set. We will prove that

π(L)† ⊆ π(L†).

There exists a descending sequence L1 ⊇ L2 ⊇ L3 ⊇ . . . of clopen sets such that

L =

∞⋂
n=1

Ln.

Let ŷ ∈ π(L)†. In particular, ŷ ∈ π(Ln)† for n = 1, 2, . . .. By the previous lemma,
this implies that ŷ ∈ π(L†n) for n = 1, 2, . . ..

Let F = π−1(ŷ). Then, F is a closed subset of (Â+)†, such that for each n,
L†n ∩ F is nonempty. Therefore, the we have a descending sequence of closed,
nonempty sets:

L†1 ∩ F ⊇ L†2 ∩ F ⊇ L†3 ∩ F ⊇ . . . .

By compactness, the intersection of the above sequence,

∞⋂
n=1

L†n ∩ F

is nonempty. Observe that
∞⋂
n=1

L†n = L†.

Hence L† ∩ F is nonempty, which shows that there exist some x̂ ∈ L† such that
π(x̂) = ŷ.

Lemma 7. Open sets have the uniform lifting property.

Proof. Assume that L ⊆ Â+ is an open set. Let us fix a sequence L1, L2, . . . of
clopen subsets of Â+, such that

L =
⋃
Ln.

Let ŷ ∈ π(L)†. Consider the set F ⊆ B̂+

F = {y : y is an element of ŷ}.

Since ŷ ∈ π(L)†, it follows that

F ⊆ π(L) =

∞⋃
k=1

π(Lk). (1)
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By Lemma 3, the set F is closed in B̂+, hence compact. On the other hand, each
of the sets π(Ln) is open. From compactness of F , it follows that F is covered
by finitely many sets π(Lk), i.e. for some n ∈ N,

F ⊆
n⋃
k=1

π(Lk) = π(

n⋃
k=1

Lk).

Let

K =

n⋃
k=1

Lk ⊆ L.

Then, K is a clopen set, as a finite union of clopen sets. Moreover, by (1), the
elements of ŷ are contained in π(K), i.e.

ŷ ∈ π(K)†.

Applying the already proved case for clopen sets, Lemma 5 to K, we get that

ŷ ∈ π(K)† = π(K†) ⊆ π(L†).

This concludes the lemma, ending the proof of Proposition 15.
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E Proof of Theorem 5

We prove Theorem 5. In Section E.1 we define precisely the notion of an ∞-
homomorphism. In Section E.2 we define the key tool, namely factorization
trees, and state the Factorization Theorem. Using this theorem, in Section E.3
we prove the Thoeorem 5. In Section E.4 we prove a useful property of ∞-
homomorphisms, called infinite continuity.

E.1 Invariance under infinite substitutions

The formal definition of invariance under infinite substitutions is slightly tech-
nical. Let β : Â+ → S be any mapping to a finite set S.

A substitution scheme is a profinite sequence σ of triples of the form (xi, si, yi),
where:

– xi ∈ Â+,
– si ∈ S,
– yi ∈ Â+.

By “reading” just the xi’s, i.e. by replacing each triple (xi, si, yi) by xi, we ob-
tain a profinite sequence x1, x2, . . . , xγ , called the factorized source of σ. The
concatenation of the profinite sequence x1, x2, . . . , xγ is called the source of σ.
Similarly, by reading just the yi’s, we obtain a profinite sequence y1, y2, . . . , yγ ,
called the factorized target of σ, whose concatenation is the target of σ.

The si’s serve for testing consistency of a substitution scheme. A substitution
scheme is consistent with the mapping β : Â+ → S if for every triple (xi, si, yi)
in σ,

β(xi) = si = β(yi).

We say that β is invariant under infinite substitutions, if for any substitution
scheme σ which is consistent with β,

β(x) = β(y),

where x is is the source of the scheme σ and y is its target.
If S is a semigroup and β : Â+ → S is a homomorphism which is invariant

under infinite substitutions, then we also say that it is an ∞-homomorphism.

Lemma 8. Let β : Â+ → S be an ∞-homomorphism to a finite 〈 · ,#〉-algebra.
Then, for each idempotent e ∈ S

if x ∈ β−1(e)∞ then β(x) = e#.
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Proof. Assume that β is a semigroup homomorphism which is invariant under
infinite substitutions. Let L = β−1(e), and assume that x ∈ L∞. We must show
that β(x) = e#. Let us choose any x0 ∈ L. Since x ∈ L∞, there exists a profinite
sequence x̂ ∈ L† such that Π(x̂) = x. Out of x̂ we produce a substitution scheme
σ, as illustrated below:

x̂ = x1, x2, x3, . . .

σ = (x1, e, x0), (x2, e, x0), (x3, e, x0), . . .

It is easy to see that the source and target of σ are x and xγ0 , respectively, where
γ some infinite profinite exponent, i.e. a profinite word over the unary alphabet.

Since β is an ∞-homomorphism, it follows that β(x) = β(xγ0). Since infinite
profinite exponents form a group, we may write γ = γ−1 · γ · γ, and accordingly
write

xγ0 = xγ
−1

0 · xγ0 · x
γ
0 .

Now, using an appropriate substitution scheme, we prove that β(xγ0) = β(xγ0)2

– indeed, we may use a substitution scheme which “duplicates” each occurrence
of x0, and therefore preserves β, since β(x0) = e = e2 = β(x0x0). Reassuming,
we have:

β(x) = β(xγ0) =

β(xγ
−1

0 · xγ0 · x
γ
0) = β(xγ

−1

0 ) · β(xγ0)2 = β(xγ
−1

0 ) · β(xγ0) =

β(xγ
−1

0 · xγ0) = β(xω0 ) = β(x0)# = e#.

E.2 Factorization trees for stabilization semigroups

In this section we formulate a version of Simon’s Factorization Forest Theorem
for profinite words and stabilization semigroups.

Let us fix a mapping α : A→ S from a finite alphabet to a finite stabilization
semigroup. For each h ≥ 1, a factorization tree f of height h is a profinite
sequence

s, f1, f2, . . . , fγ (1)

consisting of:

– The output s of f , which is an element of S, and
– The sequence of child trees, which is a nonempty profinite sequence f1, f2, . . . , fγ

of factorization trees of height at most h− 1. The length γ of this sequence
is the rank of the root of f .

The factorization tree f is moreover subdue to the following restrictions.
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Base rule. If there is only one child tree, then it is a single letter a ∈ A (thought
of as a degenerated factorization tree of height 0). Then the output of f is
equal to α(a), and f has height 1.

Binary rule. If there are only two child trees f ′, f ′′ and their outputs are
s′, s′′ ∈ S respectively, then the output of f is equal to s′ · s′′.

Idempotent rule. Otherwise, there is an idempotent e ∈ S such that each
child tree has output e. If the rank of the root of f is finite, then the output
of f is equal to e. If the rank of the root of f is infinite, then the output of
f is equal to e#.

Formally, factorization trees of height h are profinite words over an alphabet Bh
defined inductively:

– B0 = A
– Bh = Bh−1 ∪ {†h} ∪ S for h ≥ 1, where †h 6∈ Bh−1 is a separator symbol,
used for encoding the profinite sequence (1).

The input of a factorization tree f is the profinite word x ∈ Â+ obtained by
erasing all the symbols from outside of A. Formally, we consider the image of f
under the unique continuous homomorphism

πA : B̂+
h −→ Â+

which maps a letter b ∈ Bh to b if b ∈ A and to ε otherwise. We will also say
that f is a factorization tree over x.

A factorization tree can be visualized as a tree, where the base rule corre-
sponds to leaves, the binary rule corresponds to nodes of outdegree two, and the
idempotent rule corresponds to nodes of a degree which might be any profinite
number.

  a a a a a a a a a a...a a a a a a a a a a b   a a a a a a a a a...a a a a a a a a a b   a a a a a a a a...a a a a a a a a b  ......   a a a a a a a a a a...a a a a a a a a a a

Fig. 4. A factorization tree of height 4 and input (aωb)ωaω

Remark 4. The set Ths of all factorization trees of height h and output s is a
language of profinite words over the alphabet Bh, which can be described by a
formula of MSO+inf of the form

∀X.(fin(X) =⇒ ϕ(X)) ∧ ∀X.(inf(X) =⇒ ψ(X)),
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where ϕ and ψ are formulas of FO. The set of all profinite words over the alphabet
A which have a factorization tree of height h and output s is then the projection
of Ths under the mapping πA.

For a stabilization semigroup S, we write ||S|| for the smallest number h such
that for all mappings α : A→ S, each input word in Â+ has a factorization tree
(we place no restrictions on its output) of height at most h. The key result is
that this number is finite, and that for a given input, the output does not depend
on the choice of the factorization tree. This is stated below.

Factorization Theorem 16. For any finite stabilization semigroup S, ||S|| is
finite. Any two factorization trees over the same input word have the same out-
put.

We relegate the proof of the theorem to Appendix F.

E.3 Proof of Theorem 5

Assuming the Factorization Theorem, we show how to prove Theorem 5.
Let α be as in the statement above. We list three claims, which follow easily

from the Factorization Theorem, and together yield the theorem above.

Claim. There is at most one ∞-homomorphism α̂ which extends α.

Indeed, assume that α̂(x) is some ∞-homomorphism from Â+ to S. Then, for
any factorization tree f with input x, the output of f is necessarily equal to
α̂(x). This follows by induction on the height of f , and from Lemma 8.

It still remains to prove that there exists some ∞-homomorphism α̂ extending
α. The definition of α̂(x) for x ∈ Â+ is natural: let α̂(x) be the output of some
chosen factorization tree with input x. Clearly, α̂ extends α.

Claim. The mapping α̂ is an ∞-homomorphism.

We show that α̂ is a homomorphisms which is invariant under infinite substitu-
tions. To prove that α̂ preserves multiplication, let

– f be a factorization tree with input x and output α̂(x),
– g be a factorization tree with input x and output α̂(y),
– h be a factorization tree with input xy and output α̂(xy).

Then, (f, g) is a factorization tree with input xy. Hence, by the second part of
the Factorization Theorem, the output of (f, g) is equal to the output of h.

To prove that α̂ is invariant under infinite substitutions, we proceed very
similarly, but deal with infinite factorizations of the input word.

The last part of Theorem 5 also follows easily. Let α(A)〈 · ,#〉 ⊆ S be the
smallest subset of S which contains α(A), and is closed under multiplication and
stabilization. Then α(A)〈 · ,#〉 is a stabilization semigroup.
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Claim.
α̂(Â+) = α(A)〈 · ,#〉.

First the left-to-right inclusion. The mapping α : A→ S has its image in the sta-
bilization semigroup α(A)〈 · ,#〉. Therefore, we may consider the induced map-
ping α̂ : Â+ → α(A)〈 · ,#〉. It is the unique ∞-homomorphism extending α, and
clearly its image is contained in α(A)〈 · ,#〉.

For the right-to-left inclusion, let t ∈ α(A)〈 · ,#〉. Then, t can be obtained by
evaluating a term T using stabilization and multiplication, where the constants
are elements of α(A). Without loss of generality, stabilization is applied only
to idempotent elements (since idempotents can be reached already by using
multiplication). Replacing in the term T stabilization by the ω-power and for
each a ∈ A, the constant α(a) by a, we obtain a term T ′ using ω-power which
evaluates to some profinite word x in Â+. Clearly α̂(x) = t, i.e. t is contained in
the image of α̂. This shows the right-to-left inclusion.

This proves Theorem 5. We prove the Factorization Theorem in Section F.

E.4 Infinite continuity

We prove a useful property of the induced mapping α̂, which we call infinite
continuity. We will use this property in the proof that ↓ - and ↑ -recognizable
languages are B- and S-regular, and in the proof that they are closed under
projections. We now define this term precisely.

Let S be a finite topological stabilization semigroup. Consider the identity
mapping β : S → S, and the induced ∞-homomorphism

β̂ : Ŝ+ −→ S .

We call β̂ the profinite product in S, since it represents computation of profinite
products in S. For instance, for any finite sequence s1, s2, . . . , sn ∈ S,

β̂(s1, s2, . . . , sn) = s1 · s2 · · · sn ∈ S.

Also, if e ∈ S is idempotent, and ê ∈ Ŝ+ is an infinite profinite sequence of e’s,
then

β̂(ê) = e#.

We will prove one useful property of the profinite product in S. By assump-
tion on continuity of multiplication, it follows that if s1, s2 and s′1, s′2 are such
that

s1 ≤ s′1,
s2 ≤ s′2,
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then also
s1 · s2 ≤ s′1 · s2.

We will see that this extends to profinite sequences.

Lemma 9. Let s1, s2, . . . , sγ and s′1, s′2, . . . , s′γ be two aligned profinite sequences
of elements of S, such that for each i,

si ≤ s′i.

Then
β̂(s1s2 . . . sγ) ≤ β̂(s′1s

′
2 . . . s

′
γ).

Proof. The proof proceeds by induction on the height h of the smallest factor-
ization tree for the sequence

s1, s2, . . . , sγ .

The base case h = 1 is trivial.
For the inductive step, we consider the binary case, and the finite and infinite

idempotent cases. The binary case follows from continuity of multiplication in
S, which says precisely that if s1 ≤ s′1 and s2 ≤ s′2, then

s1 · s2 ≤ s′1 · s′2.

The idempotent cases follow from the following lemma.

Lemma 10. Let g be a factorization tree of a profinite word Π(x̂) where x̂ is
a profinite sequence x̂ = x1, x2 . . . , xγ , such that α̂(xi) ≥ e for all i. Then the
output s of g satisfies:

s ≥ e if the sequence x̂ is finite

s ≥ e# if the sequence x̂ is infinite.

Proof. The proof proceeds by induction on the structure of g. The inductive base
is obvious. The most interesting case is the idempotent case of infinite branching.
In this case, g is a profinite sequence of trees g1, g2, . . . , gγ , each of which has
the same output d. By assumption, d ≥ e. Then, the output of g is d#, and

d# ≥ e#

by continuity of # in S.
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F Proof of the Factorization Theorem

We prove the Factorization Theorem.

Factorization Theorem 17. For any finite stabilization semigroup S, ||S|| is
finite. Any two factorization trees over the same input word have the same out-
put.

The proof of the first part of the above statement is very similar to the proof
of the standard factorization theorem of Simon (see e.g. a survey by Bojańczyk,
“Factorization Forests”). The proof proceeds by induction on the structure of the
stabilization semigroup S. We skip the proof in this appendix, and only prove
the second part of the statement.

We will say that two factorization trees f, g are equivalent if they have the
same inputs and outputs.

Proposition 18. Any two factorization trees with the same input are equiva-
lent, i.e. have the same output.

The rest of this section is devoted to proving the above proposition.
We first illustrate the problem in the case of factorization trees which use

only the binary rule. The input of such a tree necessarily needs to be a finite
word. Proving equivalence of two trees amounts to showing equalities in S like

((st)(ts))(((ts)t)s) = (s(t(t(s(t(s(ts))))))).

For this, we need to rearrange the corresponding evaluation trees until they
coincide, using the associativity axiom for semigroups. The problem becomes
much more complicated when stabilization and infinite profinite words come
into play.

Lemma 11. Let f be a factorization tree with input x·y, where x, y ∈ Â+. Then
there exists (see figure below) an equivalent factorization tree g = (g1, g2), such
that the input of g1 is x and the input of g2 is y. Moreover, we may assume that
the heights of g1 and g2 do not exceed the height of f .

f

x y x

g1

y

g2

s s
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Proof. The proof proceeds by induction on the structure of f . If f is a single
letter, then there is nothing to prove, since it is impossible that f has input xy
with x, y ∈ Â+.

x
f1 f2

s s

x
h1 h2

u
f2
v

s

x
h1 h2

u
f2
v

y

u v

Fig. 5. Binary case

Binary case Suppose that f = (f1, f2). Then, the input of f has two factoriza-
tions: in(f1) · in(f2) and x ·y. By the amalgamation property for profinite words,
we may assume that the factors f1 and f2 are in one of three positions with
respect to the factors x, y of x · y, described below. The first position implies the
existence of a u ∈ Â∗ such that:

in(f1) = x · u and y = u · in(f2);

the second position implies the existence of a u ∈ Â∗ such that:

x = in(f1) · u and in(f2) = u · y.

Finally, in the third position, in(f1) = x and in(f2) = y, so there is nothing to
prove. Assume that the first case holds (the second case is symmetric). This is
illustrated in the left-hand side of Figure 5. Then, using the inductive assumption
for f1, we can find a factorization tree (h1, h2) equivalent to f1, and such that
the input of h1 is x and the input of h2 is u (see center of Figure 5). Then,
we take g = (g1, g2), where g1 = h1 and g2 = (h2, f2) (see right-hand side of
Figure 5). The output of g is equal to the output of f by associativity. Moreover,
we may assume that the height of h1 does not exceed the height of f1 – therefore
the height of g1 doesn’t exceed the height of f – and that the height of h2 does
not exceed the height of f1 – then the height of g2 = (h2, f2) is not larger than
the height of f = (f1, f2).
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e#

v1 v2
h1 h2

u1 u2

e#

x y

h

f1 f2

v1 v2
h1 h2

u1 u2

e#

e #

s2s1

e#

Fig. 6. Idempotent/stabilization case

Idempotent/stabilization case This case is similar, but slightly more involved
than the binary case. We illustrate the reasoning in Figure 6. Assume that f
is a profinite sequence of factorization trees with outputs e. The sequence f can
be either finite or infinite. By the amalgamation property, f factorizes as

f = f1hf2,

where

– f1 is a prefix of the profinite sequence f , and is a factorization tree with
some input v1 and output e or e#, depending on whether the sequence f1 is
finite or not

– f2 is a suffix of the profinite sequence f , and is a factorization tree with some
input v2 and output e or e#, depending on whether the sequence f1 is finite
or not

– h is an element of the profinite sequence f , and is a factorization tree of
lower height than f , with input u1u2 and output e, and

v1u1 = x and u2v2 = y.

Note that the outputs of f, f1 and f2 may be either e or e#, depending on
whether the sequences are finite or infinite. However, the profinite sequence f
is infinite if and only if f1 or f2 is an infinite sequence. In the illustration, we
assume that both f1 and f2 are infinite, so both of them have output e#, but
the other cases are similar. Taking into account that e = ee and

e#e = e# = ee# = e#e#,

it follows that the output of f is equal to the product of the outputs of f1 and
f2.

By the inductive assumption, we may replace h by an equivalent tree (h1, h2),
where the input of h1 is u1, and the input of h2 is u2. Let s1 and s2 denote the
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outputs of h1 and h2. Then we have that s1s2 = e. Then, we consider the tree
g = (g1, g2), where g1 = (f1, h1) and g2 = (h2, f2), as illustrated at the right-
hand side of Figure 6. Using associativity and the fact that e#e = e# = ee# in
stabilization semigroups, we see that the output of g is:

out(f1) · s1 · s2 · out(f2) = out(f1) · e · out(f2) = out(f1)out(f2) = out(f).

It is easy to see that if the trees h1 and h2 are chosen so that their height
does not exceed the height of h, then the heights of g1 and g2 do not exceed the
height of f . This finishes the proof of the lemma.

Proof (Proof of Proposition 18). Assume that f and g are two factorization trees
over the same input word x. We must show that f and g are equivalent. By the
amalgamation property, we may assume that f and g are inscribed in a single
profinite word. The proof proceeds by a double induction, first on the structure
of f , and then on the structure of g. The case when f or g is a single letter is
trivial, since any factorization tree over a letter a has output α(a).

f has binary root Suppose that f = (f1, f2). Apply Lemma 11, and replace g by
an equivalent tree (g1, g2), such that

in(f1) = in(g1) and in(f2) = in(g2).

Use the inductive assumption for f1 and g1 (note that the height of f1 is smaller
than the height of f), and conclude that f1 and g1 are equivalent. Similarly, f2
and g2 are equivalent. Therefore, f = (f1, f2) is equivalent to (g1, g2), which is
equivalent to g.

f has idempotent root and g has binary root Suppose now that f is a profinite
sequence of factorization trees, all of which have output e, and that g has a binary
root, i.e. = (g1, g2). Let the inputs of g1 and g2 be x1 and x2, respectively.

Then, by the factorization lemma for profinite sequences, we can find factor-
ization trees f1, f2, f0 of heights h, h and h − 1, respectively (see Figure 7) so
that

f = f1f0f2,

and that the input y of f0 can be split into y1, y2 satisfying

x1 = in(f1) · y1 and x2 = y2 · in(f2).

If y1 or y2 is the empty word, then the reasoning trivializes, so we assume they
are both nonempty. Apply Lemma 11 to three trees: g1 and g2 (see right-hand
side part of Figure 7), replacing:

– g1 by a tree (g11, g12), such that the input of g12 is y1,
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g1 g2
y1 y2

e#

h

f1 f2

y1 y2
g11 g12 g21 g22

e#

h

f1 f2

Fig. 7. Idempotent/stabilization case

– g2 by a tree (g21, g22), such that the input of g12 is y1.

Now apply the inductive assumption to:

– f1 and g11,
– f2 and g22,
– f0 and (g12, g21),

and conclude that the pairs of trees listed above are equivalent. Note that g11
and g22 are of smaller height than g, and that f0 is of smaller height than f , so
the inductive assumption can be applied.

Since the output of the tree g is the product of the outputs of g11, g12, g21
and g21, and on the other hand, the output of f is equal to the product of the
outputs of f1, f0 and f2, we deduce that the output of f = f̂ is equal to the
output of g.

f and g have idempotent root Finally, we consider the case when both f and g
use the idempotent rule at the topmost node. We assume that both f and g have
infinitely many factors (otherwise, the reasoning is simpler, or can be deduced
from the binary case which we already proved).

Let us assume that the first factor of g is contained in the first factor of f ,
and that the last factor of g is contained in the last factor of f . In general, there
are three other configurations, but the argument is very similar in the other
cases.

We say that a factor of f is a split factor if it intersects at least two factors of g.
The split factors of f form a profinite sequence, which we denote (f1, f2, . . . , fγ).

Let fα be a split factor. In fact, fα is split into two parts (see Figure 8)
– by the first separator of g within fα. Even though these parts might not be
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xα+1 yα+1

f α+1

xα
yα

f α

zα

consecutive 
split factors

tαsα dα

d d

sα+1 tα+1
eα

Fig. 8. Split factors and the profinite words xα, yα, zα. The grey symbols represent the
outputs of some factorization trees over the corresponding profinite words

well-formed factorization trees, still we can consider the underlying profinite
words over the alphabet A – call them xα and yα – by ignoring all letters from
outside the alphabet A. Then, xα · yα is the input of the factor fα. Consider
two consecutive split factors of f , fα and fα+1. Let zα denote the profinite
word between fα and fα+1. This word might be empty – then we say that
its factorization tree has output ε. Otherwise, zα has a factorization tree with
output d or d# (see Figure 8). Moreover:

– xα · yα has a factorization tree fα of height at most h− 1, with output d
– yα · zα · xα+1 has a factorization tree with output e or e#

By Lemma 11, there exist sα, tα, dα, sα+1, tα+1 ∈ S such that (see grey elements
in Figure 8):

– xα has some factorization tree with output sα and height at most h− 1,
– yα has some factorization tree with output tα and height at most h− 1,
– zα has some factorization tree with output dα ∈ {ε, d, d#},
– xα+1 has some factorization tree with output sα+1 and height at most h−1,
– yα+1 has some factorization tree with output tα+1 and height at most h− 1,
and

sα · tα = d = sα+1 · tα+1, (1)
tα · dα · sα+1 = e or e#. (2)
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Moreover, by the inductive assumption, the elements sα, tα, sα+1, tα+1 do not
depend on the choices of the factorization trees.

Claim. In the situation described above,

d# = s1e
#tγ . (3)

Note that by our assumption on how the first and last factors of f interact
with the first and last factors of g, we have :

s1 = e,

tγ = e.

From this, and from the claim above, we obtain the desired result that d# =
e#.

We now proceed to proving the claim. Define a set of pairs P ⊆ S2

P
def
= {(tα, sα+1) : for some pair of consecutive factors fα, fα+1 of f}.

We prove the claim by induction on the size of P .

P contains one pair The inductive base is when P contains only one pair, (t, s).
Let d′ ∈ {ε, d, d#} be the element dα corresponding to some split factor fα (for
instance, d′ = d1). By equations (1) and (2),

s · t = d and t · d′ · s = e.

Then,

d# = dd′(dd′)#d = std′(std′)#st = s(td′s)#td′st = se#et = se#t.

Above, we applied the axiom u(vu)# = (uv)#u to the case u = td′ and v = s.
Also, we used the axiom that (d#)# = d#, since possibly dd′ = d#.

P contains many pairs Now the inductive step. Assume that P has more than
one element. Let (t, s) ∈ P . Assume that (t, s) = (tα, sα) for some split factor
fα. Let d′ = dα ∈ {ε, d, d#}, so by equation (2) we get that

t · d′ · s ∈ {e, e#}.

We can split the factorization tree f into parts in which the pair (t, s) no
longer appears. Formally, we construct out of f a profinite sequence f̂1, f̂2, . . . , f̂δ
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of factorization trees, for which the corresponding set of pairs is contained in
P − {(t, s)}. Apply the inductive assumption to f1, f2 and fδ. We get:

d# = s1e
#t = se#t = se#tγ .

Therefore,

d# = d#d′d#d′d# = s1e
#

e/e#︷ ︸︸ ︷
t · d′ · s e#

e/e#︷ ︸︸ ︷
t · d′ · s e#tγ = s1e

#tγ .

This finishes the proof of the claim, ending the proof of the last case of Propo-
sition 18, and thus finishing the proof of the Factorization Theorem.
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G From homomorphisms to B/S-regular expressions

We prove the implications 4 � 1 and 8 � 5 of Theorem 7, namely that a
↓ -recognizable language is definable by an S-regular expression, and that a
↑ -recognizable language is definable by a B-regular expression.

We first present a proof for ↑ -recognizable sets. Afterwards, we will point
out the minor differences in the proof for ↓ -recognizable.

G.1 From ↓-recognizability to B-regular expressions

Let
α̂ : Â+ −→ S

be an ∞-homomorphism to a finite topological stabilization semigroup. We will
show the following.

Proposition 19. For any s ∈ S, the set α̂−1(↑ s) is definable by a B-regular
expression.

This proposition implies that for any upward-closed set F ⊆ S, α̂−1(F ) is defin-
able by a B-regular expression, as F is a finite union of sets of the form ↑s, and
B-regular expressions are closed under finite unions.

Recall that every x ∈ Â+ has some factorization tree of height at most ||S||.
The output of any factorization tree over x is called the type of x, and denoted
α̂(x). This does not depend on the choice of the factorization tree.

First, let us describe the set of all elements x ∈ Â+ which have some factor-
ization tree of height h and output s. For each s ∈ S and each natural h ≥ 1,
let us define a set Ls,h ⊆ Â+ by induction on h, by the following formula:

Ls,1
def
= {a ∈ A : α(a) = s}

Ls,h+1
def
=

⋃
u,v∈S
u·v=s

Lu,h · Lv,h ∪
⋃
e∈S

e=e2=s

(Le,h)<∞ ∪
⋃
e∈S

e=e2,e#=s

(Le,h)∞.

The following lemma follows immediately from the definition of factorization
trees.

Lemma 12. For each s ∈ S and h ≥ 1, Ls,h is precisely the set of those x ∈ Â+

which have a factorization tree of height h and output s.
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The above lemma implies in particular that the set of all x ∈ Â+ which have
output equal to s, i.e. the set Ls,||S||, can be described by a BS-regular expression
– this expression is provided by the recursive definition of Ls,h. Recall that our
aim is to get a B-regular expression, i.e. one not using infinite iteration. The set of
profinite words of type s can not always be described by a B-regular expression.
However, the set of profinite words of type at least s can be described by a
B-regular expression, as we will see. The idea is that the infinite iteration in
the definition of Ls,h can be replaced by unrestricted iteration. This potentially
increases the set Ls,h by allowing elements which do not have type s, but these
elements actually turn out to have type at least s.

For each s ∈ S and each natural h ≥ 1, let us define a set L↑s,h ⊆ Â+ by
induction on h. The recursive definition differs from the definition of Ls,h only
in that infinite iteration in the last term is replaced by unrestricted iteration:

L↑s,1
def
= {a ∈ A : α(a) = s}

L↑s,h+1
def
=

⋃
u,v∈S
u·v=s

L↑u,h · L↑v,h

︸ ︷︷ ︸
(A)

∪
⋃
e∈S

e=e2=s

(L↑e,h)<∞

︸ ︷︷ ︸
(B)

∪
⋃
e∈S

e=e2,e#=s

(L↑e,h)∗

︸ ︷︷ ︸
(C)

.

The following claim is obvious.

Claim. For each h ≥ 1 and s ∈ S, the set L↑s,h is definable by a B-regular
expression.

Let L∗,h denote the set of all profinite words which have a factorization tree of
height at most h, and any output.

Lemma 13. For each h ≥ 1,

L∗,h ∩ α̂−1(↑s) ⊆ L↑s,h ⊆ α̂−1(↑s).

Proof. The first inclusion is easy: L∗,h∩α̂−1(↑s) is equal to Ls,h, and Ls,h ⊆ L↑s,h
because the recursive definition of L↑s,h is more permissive than the definition
of Ls,h.

Now we prove the second inclusion. We proceed by induction on h. The case
h = 1 is trivial. Assume that h ≥ 2. We will show that each of the terms (A),
(B) and (C) from the definition of L↑s,h is contained in α̂−1(↑ s). The most
interesting case is the case of the term (C). For the terms (A) and (B) ones the
reasoning is similar. Let e ∈ S be such that e = e2 and s = e#. We use the
inductive assumption that

Le,h ⊆ α̂−1(↑e).
Therefore, any element x of (Le,h)∗, is a concatenation of a profinite sequence
of elements

x1, x2, . . . , xγ ,
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such that α̂(xi) ≥ e for each i. From invariance under infinite substitutions and
from Lemma 9 we deduce that

α̂(x) ≥ e# = s if γ is infinite

α̂(x) ≥ e ≥ e# = s if γ is finite

Therefore, x ∈ α̂−1(↑ s), what is what we needed to prove. This ends the proof
of the lemma.

Taking h = ||S|| in the above lemma we have L∗,h ∩ α̂−1(↑s) = α̂−1(↑s), and
hence

α̂−1(↑s) = L↑s,h.

Therefore, by Claim G.1, α̂−1(↑ s) is definable by a B-regular expression. This
finishes the proof of Proposition 19.

G.2 From ↑-recognizability to S-regular expressions

The proof for ↑ -recognizable sets is virtually identical. We briefly describe it.
Again, it suffices to prove the following.

Proposition 20. For any s ∈ S, the set α̂−1(↓ s) is definable by an S-regular
expression.

This time, we define languages L↓s,h recursively, by replacing finite iteration in
the second term of the definition of Ls,h by unrestricted iteration:

L↓s,1
def
= {a ∈ A : α(a) = s}

L↓s,h+1
def
=

⋃
u,v∈S
u·v=s

L↓u,h · L↓v,h

︸ ︷︷ ︸
(A)

∪
⋃
e∈S

e=e2=s

(L↓e,h)∗

︸ ︷︷ ︸
(B)

∪
⋃
e∈S

e=e2,e#=s

(L↓e,h)∞

︸ ︷︷ ︸
(C)

.

Obviously, we have:

Claim. For each h ≥ 1 and s ∈ S, the set L↓s,h is definable by an S-regular
expression.

Analogously as before, we also have the following.

Lemma 14. For each h ≥ 1,

L∗,h ∩ α̂−1(↓s) ⊆ L↓s,h ⊆ α̂−1(↓s).

The proof of this lemma is completely dual to the proof of Lemma 13.
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Proof (Sketch of proof). Again, the first inclusion is obvious, and the second
inclusion is proved by induction on h. This time, the most interesting case is the
case of the term (B). Let e ∈ S be such that e = e2 and s = e#. We use the
inductive assumption that

L↓e,h ⊆ α̂−1(↓e).

Therefore, any element x of (L↓e,h)∗, is a concatenation of a profinite sequence
of elements

x1, x2, . . . , xγ ,

such that α̂(xi) ≤ e for each i. From invariance under infinite substitutions and
from Lemma 9 we get that

α̂(x) ≤ e# ≤ e = s if γ is infinite
α̂(x) ≤ e = s if γ is finite

Therefore, x ∈ α̂−1(↓s), what we wanted to show.

Plugging h = ||S|| in Lemma 14, we get Proposition 20.
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H The powerset constructions

We present two variants of the powerset construction for ∞-homomorphisms,
and complete the proof of Proposition 6, by proving that ↓ -recognizable and
↑ -recognizable languages are closed under projections.

Let
α̂ : Â+ −→ S

be an ∞-homomorphism to a finite stabilization semigroup. Let

P↓(S)
def
= {X ⊆ S : X = ↓X} ⊆ P (S)

denote the set of downward-closed (or topologically closed) subsets of S, and let

P↑(S)
def
= {X ⊆ S : X =↑X} ⊆ P (S)

denote the upward-closed (or topologically open) subsets of S.
Let π : A→ B be a mapping of finite alphabets, and let

π̂ : Â+ −→ B̂+

be the induced mapping of profinite words.
We define two mappings,

P↓α̂ : B̂+ −→ P↓S (1)

P↑α̂ : B̂+ −→ P↑S (2)

as follows. For y ∈ B̂+,

P↓α̂(y)
def
= ↓{α̂(x) : π̂(x) = y} (3)

P↑α̂(y)
def
= ↑{α̂(x) : π̂(x) = y}. (4)

The following lemma is straightforward.

Lemma 15. Let L ⊆ Â+ be ↓ -recognized by α̂ : Â+ → S and a closed set F ⊆ S:

L = α̂−1(F ).

Then the projection π̂(L) satisfies:

π̂(L) = (P↑α̂)−1(F↑) where F↑= {X ∈ P↑S : X ∩ F 6= ∅}.
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Dually, let K ⊆ Â+ be ↑ -recognized by α̂ : Â+ → S and an open set U ⊆ S:

K = α̂−1(U).

Then the projection π̂(K) satisfies:

π̂(K) = (P↓α̂)−1(U↓) where U↓= {X ∈ P↓S : X ∩ U 6= ∅}.

The above lemma delineates our plan for proving Proposition 6. We will
show:

Proposition 21. Let α̂, P↓α̂, P↑α̂, F↑, U↓ be as above. Then the images Im(P↓α̂) ⊆
P↓S and Im(P↑α̂) ⊆ P↑S can be equipped with a structure such that:

1. Im(P↓α̂) and Im(P↑α̂) are topological stabilization semigroups,
2. The mappings P↓α̂ and P↑α̂ are ∞-homomorphisms onto their images,
3. The set F↑ is closed in Im(P↓α̂) and the set U↓ is open in Im(P↑α̂).

Together with Lemma 15, the above proposition proves that the projection of a
↓ -recognizable set is ↓ -recognizable, and that the projection of a ↑ -recognizable
set is ↑ -recognizable.

First we prove the following lemma which is mostly related to the second item
in the above proposition. Notice however that it does not need to talk about any
structure of P↓S or P↑S.

Lemma 16. The mappings P↓α̂ and P↑α̂ are invariant under infinite substitu-
tions.

Proof. We consider the mapping P↓α̂. The argumentation for P↑α̂ is dual.
Let σ be a substitution scheme

σ : (y1, S1, y
′
1), (y2, S2, y

′
2), . . . , (yγ , Sγ , y

′
γ),

where for all i, yi, y′i ∈ B̂+ and Si ∈ P↑S. Assume that σ is compatible with Pα̂.
Let y denote the concatenation of y1, y2, . . . , yγ , and similarly let y′ denote the
concatenation of y′1, y′2, . . . , y′γ . We want to show that

P↓α̂(y) = P↓α̂(y′). (5)

It suffices to show the left-to-right inclusion of the above equality, since then the
other inclusion follows from symmetry.

Let s ∈ P↓α̂(y). This means that there exists an x ∈ Â+ such that:

π̂(x) = y,

α̂(x) ≥ s.

The intuition is simple. The following steps describe this intuition.
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1. Find a profinite factorization

x1, x2, . . . , xγ

of x which is consistent with the factorization of y given by σ, i.e. each xi is
projected to a corresponding factor yi under π̂.

2. Therefore, each factor xi has a type which belongs P↓α̂(yi).
3. Use the assumption that P↓α̂(yi) = P↓α̂(y′i), and conclude that there exists

some x′i which projects to y′i under π̂ and with type at least as big as the
type of xi.

4. Concatenate all the x′i, yielding a profinite word x′ which projects to y′.
5. The profinite word has type at least as big as the type of x, by the inequalities

and some continuity property of concatenation. Therefore, the type of x′ is at
least α̂(x) ≥ s. This proves that s ∈ P↓α̂(y), demonstrating the left-to-right
inclusion of (5).

Remark 5. In a formal proof we need to be very careful. All the above steps
should be done uniformly on an entire profinite sequence. To do this, we will
rely on the uniform lifting property of closed and open sets. In particular, we
will have to make sure that the properties which we consider are either closed or
open. It is here where we rely on the fact that P↓α̂ only talks about downward
closed sets, and that in the five steps above we only use estimates such as “at
least as big” rather than “equal to”. These precautions are necessary. On the level
sketched in the above five steps, it might seem that the proof should also work
for the “usual” powerset mapping

Pα̂ : B̂+ −→ P (S)

defined similarly as P↓α̂, but without applying the downward closure. However,
the mapping Pα̂ is usually not invariant under infinite substitutions.

In fact, in order for the proof to work, we will split the third step described
above into three small steps – it might be impossible to find uniformly both the
profinite words xi and the x′i as described in the third step. Because of this issue,
we will have substeps:

3.1. “store” an si ∈ S which bounds from above the type of xi,
3.2. “forget” the xi,
3.3. “store” an x′i whose type bounds from above the element si.

In substep 3.1, we are first dealing with a closed property: “the type of xi is
bounded from above by si” and then, in substep 3.3, separately with an open
property “the type of x′i is bounded from below by si”. If we tried to proceed as
described in the Step 3 directly, we would have to deal with the property: “the
type of xi is bounded from above by the type of x′i”, which is neither closed nor
open (but an intersection of such). As a side remark, note that the property “the
type of xi is equal to si” is also neither closed nor open.

We now describe the above steps in detail.



58

Step 1: Factorize x. By the amalgamation property for profinite words, there
exists a combined profinite sequence of quadruples

(x1, y1, S1, y
′
1), (x2, y2, S2, y

′
2), . . . , (xγ , yγ , Sγ , y

′
γ)

such that:

– The product x1x2 . . . xγ is equal to x,
– The product y1y2 . . . yγ is equal to y,
– The product y′1y′2 . . . y′γ is equal to y′,
– π̂(xi) = yi for each i,
– P↓α̂(yi) = Si = P↓α̂(y′i) for each i.

Step 2: Bound the types of the factors of x. It follows that

α̂(xi) ∈ P↓α̂(yi) = P↓α̂(y′i),

i.e. for each i, there exists some si ∈ S such that

π̂(xi) = yi, (6)
si ∈ Si (7)

α̂(xi) ≤ si. (8)

Step 3.1: Uniformly bound the types of the factors of x. Note that (8), (7), (6)
define a closed property of quintuples (xi, si, yi, Si, y

′
i) – this is because α̂−1(↓si)

is a closed set. Let us call this property P . By the uniform lifting property of
closed sets, this means that we can choose the si in a uniform way, i.e. there
exists a profinite sequence of quintuples

(x1, s1, y1, S1, y
′
1), (x2, s2, y2, S2, y

′
2), . . . , (xγ , sγ , yγ , Sγ , y

′
γ)

such that for each i, the properties (8), (7), (6) hold.

Step 3.2: Forget the factors of x. Now we project out the xi’s from the sequence,
yielding a profinite sequence of quadruples:

(s1, y1, S1, y
′
1), (s2, y2, S2, y

′
2), . . . , (sγ , yγ , Sγ , y

′
γ).

Step 3.3: Find factors of x′. We invert Step 3.1. Consider the properties

π̂(x′i) = y′i, (9)
si ∈ Si (10)

α̂(x′i) ≥ si. (11)

The above property is an open property of quintuples (x′i, si, yi, Si, y
′
i). Therefore,

we can uniformly find x′i which satisfy the above property.
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Step 4: Concatenate the xi’s. This step is easy. We define x′ as the concatenation
of the profinite sequence x′1, x′2, . . . , x′γ .

Step 5: Conclude. We will prove:

π̂(x′) = y′ (12)
α̂(x′) ≥ α̂(x) ≥ s. (13)

This in turn implies that s ∈ P↓α̂(y′), ending the left-to-right inclusion of (5).
The equality (12) is obvious – it follows from (9) and from commutativity of

(profinite) concatenation and projection (recall that profinite concatenation is
simply the removal of separating symbols, while projection is just relabeling of
letters).

It remains to prove the inequality (13). Consider the profinite sequence of
quintuples considered in Step 3.1. Consider the type t of the profinite sequence

s1, s2, . . . , sγ .

Formally, we consider the identity mapping β : S → S and the induced∞-homomorphism

β̂ : Ŝ+ −→ S,

and define
t

def
= β̂(s1, s2, . . . , sγ).

Then the inequality (13) follows from the following claim.

Claim.
α̂(x) ≤ t ≤ α̂(x′).

Both inequalities above are consequences of the inequalities (8), (11) of Lemma 9.
This ends the proof that the map P↓α̂ is invariant under infinite substitutions.

For the mapping P↑α̂, the proof proceeds dually, by changing the directions of
the inequalities.

We now come back to the proof of Proposition 21, which says that not only
P↑α̂ and P↓α̂ are invariant under infinite substitutions, but they are in fact
∞-homomorphisms to suitably defined topological stabilization semigroups.

Proof (Proof of Proposition 21). We will prove the statement for the mapping

P↓α̂ : B̂+ −→ T ,

where T ⊆ P↓S denotes the image of P↓α̂. For P↓α̂ the argument is completely
analogous.
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We begin with defining the appropriate structure of a topological stabilization
semigroup over the set T . Since P↓α̂ is invariant under infinite substitutions, it
in particular preserves multiplication in B̂. This means that the image T can be
equipped in a unique way with a semigroup structure, such that the mapping
P↓α̂ becomes a homomorphism of semigroups. Similarly, T can be equipped in
a unique way with a stabilization mapping # so that for all y ∈ B̂+,

α(yω) = α(y)#.

This way, T becomes a 〈 · ,#〉-algebra, and P↓α̂ becomes a homomorphism of
such algebras. Finally, we equip T with the quotient topology induced by the
mapping P↓α̂. By Proposition 13 and Proposition 14, T is then a topological
stabilization semigroup, and P↓α̂ is a homomorphism of topological stabilization
semigroups. It remains to check that the set U↓ is open in T . By definition of
the quotient topology, this is equivalent to

(P↓α̂)−1(U↓) = π̂(L)

being a closed set. This is clearly true, since the mapping π̂ maps open sets to
open sets, and L is open (the mapping π̂ also maps closed sets to closed sets,
which is needed in the dual proof).

This finishes the proof that ↓ -recognizable and ↑ -recognizable sets are closed
under projection, ending the proof of Proposition 6.
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I Proof of the main theorem

In this section, we finish the proof of Theorem 7

The translations 1 � 2 � 3 � 4 and 5 � 6 � 7 � 8 follow from Propositions 4
and 3 and Corollary 1, and are effective. The equivalence of the conditions 3 and
7 is obvious. The translations 4 � 1 and 8 � 5 where proved in Appendix G. It
remains to prove the equivalence 8⇔ 9.

8⇒9. The class K of ↓ -recognizable languages in Â+ satisfies the following
conditions:

1. K consists of closed languages,
2. Every language K ∈ K contains an element of A〈 · ,ω〉,
3. K is closed under intersections with clopen sets, i.e. if K ∈ K and U ⊆ Â+

is clopen, then K ∩ U ∈ K.

The first property holds for S-regular languages, which are the same as ↓ -
recognizable languages. The second property follows from the description of the
image of ∞-homomorphisms given by Theorem 5. The third property follows
from the fact that ↓ -recognizable languages are closed under intersections by
Proposition 6 and that clopen sets are ↓ -recognizable. Then the implication
8⇒9 in the theorem follows from a simple topological lemma:

Lemma 17. Let K be a class of languages of profinite words over A which sat-
isfies the properties 1, 2, 3 listed above. Then, K = K ∩A〈 · ,ω〉 for every K ∈ K.

9⇒ 8. We now proceed to the reverse implication. Let αK : Â+ → SK be
the syntactic homomorphism. By Theorem 12 and Proposition 14 of Appendix C,
SK is a finite stabilization semigroup and αK is a continuous homomorphism
recognizing K. Let F ⊆ SK be such that K = α−1K (F ). Let α̂ : Â+ → SK be the
mapping induced by the restriction of αK to A . We do not prove that α̂ = αK ,
but rather show that α̂−1(F ) = K. Indeed, since α̂ and αK agree over A〈 · ,ω〉,
we have that

K ∩A〈 · ,ω〉 = α−1K (F ) ∩A〈 · ,ω〉 = α̂−1(F ) ∩A〈 · ,ω〉.

By assumption, the closure of the left-hand-side set above is K. On the other
hand, the closure of the right-hand side set above is equal to α̂−1(F ) by the
already proved implication 8⇒9 applied to the ↓ -recognizable language α̂−1(F ).
Therefore, K = α̂−1(F ), i.e. K is ↓ -recognizable.
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J From ω-words to profinite words

We prove Theorem 9, by providing a reduction from logics over infinite words
to logics over finite words.

There are two key ideas of our reduction:

A Ramsey-type lemma allowing to split an infinite word into a convergent
sequence of finite words; and

A model of deterministic automata with limitary acceptance condition. In
this model, an acceptance condition is specified by a language of profinite
words L, and a word is accepted if and only if the run of the automaton has
a factorization which is convergent to an element of L.

We now present these notions.

J.1 Ramsey lemma for profinite words

Let A be a finite alphabet.

Lemma 18. Let w ∈ Aω be an infinite word over the alphabet A. Then there
exists a profinite word w∞ ∈ Â+, and a factorization

w = w0 · w1 · w2 · · · (1)

of w into finite words w0, w1, w2, . . . ∈ A+, such that

lim
n→∞

wn = w∞,

where convergence is in the profinite topology over Â+.

Proof. First, let L be a fixed regular language, and let

w = u0 · u1 · u2 · · ·

be any factorization of w into finite words. Then, from the usual Ramsey theorem
it follows that w has a coarser factorization

w = u′0 · u′1 · u′2 · · ·

such that

u′1, u
′
2, . . . either all belong to L, or all belong to the complement of L.



63

Let L1, L2, L3, . . . be an enumeration of all regular languages over the alpha-
bet A. The lemma then follows from a diagonal argument, by applying the above
reasoning for L1, L2, L3, . . ., starting from the factorization

w = a1 · a2 · a3 · · ·

of w into single letters.

J.2 Deterministic automata with limitary acceptance condition

First we define a notion of deterministic automaton over infinite words, with an
abstract acceptance condition. Then we define limitary acceptance conditions.

A deterministic automaton A with states Q, over the alphabet A, is de-
scribed by a transition function δ : Q×A→ Q. Its acceptance condition is a
distinguished language F ⊆ Qω. If w ∈ Aω is an infinite word, then by δ(w) we
denote the sequence of states of A when ran over w. We say that A accepts w
if δ(w) ∈ F . We also say that A recognizes the language {w : δ(w) ∈ F}. An
F -language is a finite union of languages accepted by deterministic automata
with states Q and acceptance condition F ⊆ Qω.

We say that an acceptance condition F ⊆ Qω is prefix-independent, if for all
v ∈ Q∗,w ∈ Qω,

w ∈ F ⇐⇒ vw ∈ F.

We will be mostly interested in prefix-independent acceptance conditions.

Subset construction for F -automata Let A be a deterministic automaton with
input alphabet A × {0, 1}, states Q and initial state q0 ∈ Q, and transition
function

δ : Q×A× {0, 1} −→ Q .

Let F ⊆ Aω be the acceptance condition of A, and let L ⊆ (A× {0, 1})ω be the
language accepted by A. We will construct a deterministic automaton ∃A which
accepts the language

∃L def
= {w ∈ Aω : ∃X ⊆ N : w ⊗X ∈ L}.

The automaton ∃A has transition function ∃δ, states P (Q) × A and input al-
phabet A:

∃δ : (P (Q)×A)×A −→ P (Q)×A .

The state transitions of ∃δ are as in the usual subset construction on the P (Q)
coordinate, and the A coordinate serves for remembering the last seen input
letter. The initial state is the pair ({q0}, a0) where q0 is the initial state of A,
and a0 ∈ A is some fixed letter (the choice of a0 doesn’t matter).
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We state two obvious properties of ∃δ. Let w = b1b2b3 . . . ∈ Aω be an input
word, and let (∃δ)(w) = (Q0, a0)(Q1, a1)(Q2, a2) . . . be the sequence of states
of ∃A when ran over w. Then, b1 = a1, b2 = a2, . . . and the sequence (∃δ)(w)
satisfies the following condition (∗):

Qn = {δ(q, an, i) : q ∈ Qn−1, i ∈ {0, 1}} for every n = 1, 2, 3, . . .

Moreover, we have the following.

Claim. w ∈ ∃L if and only if (∃δ)(w) = (Q0, a0)(Q1, a1)(Q2, a2) . . . satisfies the
condition (∗∗):

There exists a sequence q1, q2, . . . ∈ Q and a sequence i1, i2, i3, . . . ∈
{0, 1} such that for every n = 1, 2, . . .,
– qn ∈ Qn
– qn = δ(qn−1, an, in) (with q0 being the initial state of A)
– q0q1q2q3 . . . ∈ F

We define the acceptance condition of ∃A as the language ∃F of all sequences

(Q0, a0), (Q1, a1), . . . ∈ (P (Q)×A)ω

which share an infinite suffix with some sequence which satisfies the conditions
(∗) and (∗∗). By definition, the acceptance condition ∃F is prefix-independent.

Claim. If L ⊆ (A × {0, 1})ω is accepted by an F -automaton and F is prefix-
independent, then ∃L ⊆ Aω is accepted by the ∃F -automaton ∃A described
above.

Proof. It suffices to observe that for a given input word w ∈ Aω, w ∈ ∃L if and
only if (∃δ)(w) shares an infinite suffix with some sequence which satisfies the
conditions (∗) and (∗∗).

Limitary acceptance conditions Let F be an acceptance condition, i.e. simply
some language F ⊆ Qω. We say that F is limitary, if it satisfies:

For every word w = w0w1w2 . . . with limn→∞ wn = w∞ ∈ Q̂+, whether
w belongs to F depends only on w∞.

Clearly, a limitary acceptance condition is prefix-independent. We say that a
language of profinite words F ′ ⊆ Q̂+ is a limit of an acceptance condition F ⊆
Qω, if the following holds.
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For any w ∈ Qω, w∞ ∈ Q̂+, w0, w1, w2 . . . ∈ Q+ such that

lim
n→∞

wn = w∞,

w0 · w1 · w2 · · · = w,

the following equivalence holds:

w ∈ F iff w∞ ∈ F ′.

It is easy to see that an acceptance condition F is limitary if and only if it has
a limit.

Example 15. The Büchi acceptance condition is limitary. If limwn = x ∈ {̂0, 1}+,
then w0w1w2 . . . belongs to Büchi if and only if x contains the letter 1. There-
fore, the corresponding language of profinite words is the language of words
which contain at least one letter 1.

The B-acceptance condition,

B = {an1ban2b . . . : the sequence n1, n2, . . . is bounded}

is limitary – w0w1w2 . . . belongs to B if and only if the limit x has only a-blocks
of bounded size.

J.3 L-limitary languages

Let L be a class of languages of profinite words (the languages need not be
over a unique alphabet). An L-limitary language is a language L ⊆ Aω which is
accepted by an deterministic automaton A with a limitary acceptance condition
F , whose limit F ′ is in L.

For F ′ ⊆ P̂+, G′ ⊆ Q̂+, let us define:

¬F ′ def
= P̂+ − F ′

F ′ ⊕G′ def
= {x ∈ ̂P ×Q+ : πP (x) ∈ F ′ ∨ πQ(x) ∈ G′}

F ′ ⊗G′ def
= {x ∈ ̂P ×Q+ : πP (x) ∈ F ′ ∧ πQ(x) ∈ G′}

where πP , πQ denote the two projections from ̂P ×Q+ to P̂+ and Q̂+, respec-
tively.

Proposition 22. If L is closed under ¬, then L-limitary languages are closed
under complements. If L is closed under ⊕, then L-limitary languages are closed
under unions. If L is closed under ⊗, then L-limitary languages are closed un-
der intersections. If L contains regular languages, is closed under ⊗ and under
projection, then L-limitary languages are closed under projection.
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Proof. We prove closure under intersections, assuming that L is closed under ⊗.
Let K,L be two L-limitary languages, and let A, B be the corresponding au-
tomata, and F,G their respective acceptance conditions. Consider the Cartesian
product automaton C, whose state space is the Cartesian P ×Q product of the
state spaces of A and B, respectively. It is easy to see that setting

F ⊗G def
= {ρ ∈ (P ×Q)ω : πP (ρ) ∈ F ∧ πQ(ρ) ∈ G}

as the acceptance condition for C yields an automaton which accepts the language
K ∩ L. It remains to see that F ⊗G has limit F ′ ⊗G′. Take any ρ ∈ (P ×Q)ω,
and a convergent factorization

ρ = ρ0 · ρ1 · · · , where lim
n→∞

ρn = ρ∞ ∈ ̂(P ×Q)+.

By continuity of the projections πP and πQ, it follows that

lim
n→∞

πP (ρn) = πP (ρ∞)

lim
n→∞

πQ(ρn) = πQ(ρ∞).

We show that ρ ∈ F ⊗G if and only if ρ∞ ∈ F ′ ⊗G′.
For the left-to-right implication, assume ρ ∈ F ⊗G. This means that πP (ρ) ∈

F and πQ(ρ) ∈ G. Hence, πP (ρ∞) ∈ F ′ and πQ(ρ∞) ∈ G′, i.e. ρ∞ ∈ F ′ ⊗ G′.
The other implication goes along the same lines.

Therefore, the language K ∩ L recognized by C is L-limitary, i.e. L-limitary
languages are closed under intersections. The proof for unions is very similar,
and for complements its even simpler.

The last part of the proposition follows from the lemma below.

Lemma 19. Let F be a limitary acceptance condition. Then the acceptance con-
dition ∃F is also limitary, and is a projection of a language of the form F ′⊗R,
where R is a regular language.

Proof. Let F be a limitary acceptance condition with limit F ′. We will construct
a limit ∃F ′ for the acceptance condition ∃F . Let x be a profinite word over the
alphabet (P (Q) × A). Then, x ∈ ∃F ′ if and only if there is a profinite word x̂
over the alphabet (P (Q)×A×Q) such that

– The projection of x̂ onto the first two coordinates yields x
– The projection of x̂ onto the last coordinate yields a word in F ′
– For every two consecutive letters (P, a), (P ′, a′) of x ·x, P ′ = {δ(q, a, i) : q ∈
P, i ∈ {0, 1}}

– For every letter (P, a, q) of x̂, q ∈ P
– For every two consecutive letters (P, a, q), (P ′, a′, q′) of x̂ · x̂, q′ = δ(q, a, 0)

or q′ = δ(q, a, 1)

It is easy to see that ∃F ′ is the limit of the acceptance condition ∃F .
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J.4 L-limitary languages ⊆ ωL.

We will show that under some mild assumptions on L, L-limitary languages are
contained in the class ωL which appears in the statement of Theorem 9.

Let A be a deterministic automaton, and let q0 ∈ Q be its initial state. For
a given word w = a1a2a3 . . . an, suppose that we run the automaton A and the
obtained run is

q0
a1−→ q1

a2−→ q2
a3−→ q3 · · · qn−1

an−−→ qn.

We define
δ(a1a2 · · · an) = q1q2 · · · qn.

The mapping δ extends uniquely to a continuous mapping

δ : Â+ −→ Q̂+ .

Definition 2. We say that L is closed under inverse images of deterministic
transducers if for every V ∈ L and every deterministic automaton A,

δ−1(V ) ∈ L,

where δ is the transition function of A.

Proposition 23. Suppose that

– L is closed under inverse images of deterministic transducers,
– L is closed under intersecting with languages of the form: {x ∈ Â+ : x ends with letter a},
– L is closed under ⊕.

Then, every L-limitary language L ⊆ Aω belongs to the class ωL. The translation
is effective.

Proof. Let A be an F -automaton, and let δ : Q×A→ Q be its transition func-
tion. Let q0 be the initial state of A.

Let w ∈ Aω be some input word. First we show that the following conditions
are equivalent.

1. w is accepted by A
2. for some state q ∈ Q and factorization

w = w0 · w1 · w2 . . . ,

i) δq0(w0) = q
ii) for each n, δq(wn) = q,
iii) the sequence of words w0, w1, w2, . . . is convergent to some profinite word

w∞ ∈ Q̂+,
iv) δq(w∞) belongs to F ′.
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We present the top-down implication. Let

δ(w) = q0q1q2 . . . ,

and let
w′ = (a1, q1), (a2, q2), . . .

be the combined word over the alphabet A×Q, which includes both w and the
run of A over w. Let

πQ : ̂(A×Q)+ −→ Q̂+

πA : ̂(A×Q)+ −→ Â+

be projections, forgetting about the A- and Q-coordinate, respectively.
Apply the Ramsey lemma for infinite words to w′ to find a profinite word

w′∞ ∈ Â+ and factorization of w′

w′ = w′0 · w′1 · w′2 · · ·

such that the sequence of words w′0, w′1, w′2, . . . is convergent to w′∞. Thanks to
convergence, we may assume that the words w′1, w′2, . . . end with the same letter,
say (a, q), for some q ∈ Q and a ∈ A.

It follows from the definition of acceptance by A that

πq(w
′
∞) ∈ F ′.

For n = 0, 1, 2, . . . , let

wn = πA(w′n) ∈ A+,

and let
w∞ = πA(w∞) ∈ Â+.

By continuity of projection,

lim
n→∞

wn = w∞.

Moreover, by determinism,

πQ(w′∞) = δq(w∞).

It follows that q and the factorization

w = w0 · w1 · w2 . . . ,

satisfy the conditions i), ii), iii).
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The bottom-up implication is similar.
For p, q ∈ Q, let

Lp,q
def
= {w ∈ A+ : δp(w) ends with q}

denote the regular language of finite words w such that A reaches state q, after
processing w, when starting from state p.

From the equivalence of the two conditions, it is easy to deduce that if L is
the language accepted by A, then

L =
⋃
q∈Q

Lq0,q · V ωq ,

where

Vq = {x ∈ Â+ : δq(x) ∈ (F ′ ∩ {profinite words ending with q})}.

Of course, in the above union, we might as well consider only states q which are
reachable from q0 – otherwise Lq0,q is the empty language. By assumption on L,
Vq ∈ L. Together with the following fact, this proves that L ∈ ωL.

Fact 24. Assume that q is reachable from q0. The expression Lq0,q · V ωq is well-
formed.

Proof. Let N be the size of the minimal automaton for the language Lq0,q.
Observe that the minimal automaton for the language Lq,q has size at most
N . This is because the Myhill-Nerode equivalence of Lq0,q is contained in the
Myhill-Nerode equivalence of Lq,q, as is easy to check.

Let ε, ε′ be two real positive numbers smaller than 1
N . Let

w ∈ Lq0,q · (Vq)ωε .

We will show that
w ∈ Lq0,q · (Vq)ωε′ .

By assumption, there exists a sequence v0, v1, v2, . . . of finite words such that

– v0 ∈ Lq0,q
– limn→∞ vn = v∞ ∈ Vq
– d(vn, v∞) < ε < 1

N for each n.

In particular, since v∞ ∈ Vq ⊆ Lq,q, it follows from the third item above that
for each n, vn ∈ Lq,q.

Therefore,
v0 · v1 · · · vn ∈ Lq0,q for every n.
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We may choose n large enough, so that

d(vm, v∞) < ε′ for all m ≥ n.

Then, w can be decomposed as

w = (v0 · · · vn) · (vn+1 · vn+2 · · · ),

and

– (v0 · · · vn) ∈ Lq0,q,
– limn→∞ vn = v∞ ∈ Vq
– d(vn, v∞) < ε′ for each n.

This proves that
w ∈ Lq0,q · (Vq)ωε′ ,

ending the proof of the fact.

This ends the proof of the proposition.

J.5 Proof of Theorem 9

In Theorem 9 we deal with classes L which satisfy the assumptions of Proposi-
tion 23. Hence, in each of the cases, ωL contains the class of L-limitary languages.

We prove that L-limitary languages, in turn, contain the respective classes
defined by various logics. We consider only the case when L is the class of
languages definable in MSO+inf. For the other classes we proceed similarly, by
using the logical characterizations of the respective classes of languages of infinite
words:

– ω-regular languages = languages definable by MSO,
– ωB-regular languages = languages definable by MSO+B+,
– ωS-regular languages = languages definable by MSO+B−,

and analogous characterizations of classes of languages of profinite words:

– regular languages = languages definable by MSO,
– B-regular languages = languages definable by MSO+inf–,
– S-regular languages = languages definable by MSO+inf+.

Lemma 20. Let L be the class of languages definable in MSO+inf. Then lan-
guages definable in MSO+B are L-limitary.

Proof. Observe that the class L has all the good properties: closure under pro-
jection, complementation, ⊕, inverse images of deterministic transducers.

Let L be a language defined by a formula ϕ of MSO+B. The proof proceeds
by induction on the structure of the formula ϕ ∈ MSO+B. The inductive step
follows from Proposition 22. It remains to prove the inductive base. The inductive
base considers three basic languages, over the alphabet {a, b} × {0, 1}:
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– The set of infinite words in which every 1-labeled position has also label a
– The set of infinite words in which all 1-labeled positions are before all a-
labeled positions

– The set of infinite words over the alphabet {a, b} in which the lengths of the
a blocks are bounded.

The first two languages are ω-regular, in particular, they are of the form U ·V ω,
where V is regular. The last language is equal to

(a+ b)∗ · (a<∞b)ω.

This finishes the inductive proof, showing that every language definable in MSO+B
belongs to ωL.


