Metoda HMM:
Ukryty Model Markowa




Przyktad

Jak oszacowac Srednig temperaturg w H C
przesztym okresie? H 0.7 0.3
Na podstawie pierScieni drzew C [ 0.4 0.6 ]
Macierz A: p-wo zmian temperatur z roku

na rok

Macierz B: wpltyw temp. na grubos¢ S M L
pierScienia H | 01 04 05
Stan poczatkowy: [0.6, 0.4] C [ 0.7 0.2 0.1 ]

Problem 1:
Dany jest cigg obserwacji
0=(EM;S,L) m=|06 04].
Jaki byt najbardziej prawdopodobny ciag
temperatur w tych latach?




‘ Notacje

the length of the observation sequence

the number of states in the model

the number of observation symbols

,...,qn-1} = the states of the Markov process

..., M — 1} = set of possible observations
the state transition probabilities

the observation probability matrix

the mitial state distribution

, ..., Opr_1) = observation sequence.

(-
<O R
—_—

S
2
|—|.

SRS
|
—
=

Q =
|
S
S

O, cVifori=01,...,T—1




'HMM to trojka: A= (4, B.7)

The matrix A = {a;;} is N x N with
a;; = P(state ¢; at t + 1| state g; at t)
B = {b;(k)} is an N x M with

b;(k) = P(observation k at t|state g; at t).

| A A A A
Markov process: XX\ — L, —— ... — X,
B B B B
) Y Y Y Y
Observations: Oy O, O, o Or_y
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Przykiad obliczenia w HMM

= Niech X = (X, X;, X5, X3)

O = (Om Oy, O,, 03)

P{X) — ﬂ-rub-l‘n (C}ﬂ)ﬂrmﬁbfl (C)l)a-l‘laﬂ:zb-rz (C)ﬂ)a-l'zal‘a E}Ia (C)E}-

= Np.

P(HHCC) = 0.6(0.1)(0.7)(0.4)(0.3)(0.7)(0.6)(0.1) = 0.000212.
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3 problemy (Rabiner, 1989)

Problem 1: Oszacowanie

0 Dany jest model A = (A, B, 7)1 ciagg obserwacji O;

a0 Zmnalez¢ P(O | 1)

Problem 2: Ciag stanow

0 Dany jest model A = (A, B, 7)1 c1ag obserwacji O;

0 Znalez¢ Q™ P(Q'| O,2)=max, P(Q| O, 1)
Problem 3: Uczenie si¢

0 Dany jest ciag obserwacji O, wymiary M,N;

0 Znalez¢ model 4 = (A, B, n) maksymalizujac P(O | )



‘ Oszacowanie — metoda 1

PO|N) = Y PO.X|))
X
(O X, \)P(X|\)

Qo Ilbl‘l{c}l) T {I'IT—ErIT—lb-ET—l(C)T—]-)'

'
!

= Czasochtonna metoda: 2TNT mnozen
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Oszacowanie — Metoda 2

,,alpha-pass”
= Dlai1=0,...,T-1 orazt=0,..., N-1 definiuyjemy:
as (i) = P(Op, O1,...,0n 2 = q; | A). (8)
= Liczymy indukcyjnie:
1. Let ag(z) = mb;(Oy), fore =0,1,...,N — 1
2. Fort=1.2,.... T —1andi=0,1,... , N — 1, compute
N-1
(i) = LZ—;:. ﬁt—l{j)ﬂji} bi(Ok)
3. Then from (8) it is clear that
N-1
* P(O])\) = ; ar_(i).




Ciag stanow:
,,oeta-pass”

= Dlai1=0,...,T-1 orazt=0,..., N-1 definiuyjemy:
Ge(i) = P(Oi41, Opha, ..., O | Ty = Qs A).
= Liczymy indukcyjnie:

1. Let Gp_4(i)=1,fore=0,1,.... N — 1.

2. Fort=7T-217T—-1,...,0and2=0,1,...,N — 1 compute

Z ﬂt_j Ot+1 qt+1{.:;"}

Fort:U,l,...,T—Qaﬂd-z-—[],l,...,f\' — 1, define

(i) = Play = ¢ |0, \) = DB

_— | | P(O]N)
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ZnalezC ciag stanow

normalized

P: CZY WYStaI‘CZy WZ19C state  probability probability
) , HHHH  .000412 042743
d; = arg max; y{1) HHHC  .000035 003664
: : PR HHCH  .000706 073274
jako najlepszy ciag HHCC  .000212 1021982
HCHH  .000050 005234
HCHC  .000004 .000449
Odp.: NIE (przykiad) HCCH 000302  .031403
HCCC 000091 009421
_ CHHH  .001098 113982
Y1) 0 1 5 3 CHHC  .000094 .009770
P(H) | 0.188170 |0.519432 | 0.228878 |0.803079 CHCH  .001882 1195398
P(C) []0.811830 | 0.480568 |0.771122 | 0.196021 CHCC  .000564 058619
CCHH  .000470 1048849
CCHC  .000040 004187
CCCH  .002822 1203006
CCCC .000847 1087929

Vv




Rozwigzanie problemu ,,ciggu stanow”
Algorytm Viterbi’ego

o/1) = max g1 PMai1qz - - 4e1,9:=501- - - Ol 1)

qlqgz- -
[nitialization:

6,() = Tt.bLOy)), y,(I) =0
Recursion:

0J) = max; St_l(i)aﬂbj(()r), v (j) = argmax; Bt_l(x)aﬁ

Termination:

p'=max; o), gr= argmax; 6, (i)
Path backtracking:

a, =v.,(q..), =T1, T-2, ..., 1
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Rozwigzanie problemu ,,uczenia si¢”
Algorytm Baum-Welch

= Definiuyjemy

w()a: . b (O 3 7 -
Ve, J) = ()240;(Or1) B (1) = P(Qr =Si!qt+1 ZSJ' |O’/“)

P(O]))
= Wowczas = Algorytm EM (Baum-Welch)
N-1
hff{l} — Z '-:’t{lj)
=0 1. Initialize, A = (A, B, w).

2. Compute ay(z), Be(2), v(2,7) and ~(2).
3. Re-estimate the model A = (A, B, 7). »
4. If P(O| \) increases, goto 2.




Algorytm Baum-Welch
- Re-estymacja modelu

For:=0,1,... , N —1, let
mi = 70(2)

Fore=0,1,..., N—1and 7=0,1...., N — 1, compute

T-2 -2
(i; = Z "']f'«.:('l'-,j} Z ﬁ.f't('i}
t=0 t=0

For j=0,1,....N—1and £ =0,1,..., M — 1, compute
T-2
b= ¥ ) )
te{0.1,....T -2} t=0

thk




Przykiad (Cave & Neuwirth)

= HMM: r=[051316 0.48684 ]
o 2 stany
o 27 symboli (26 i spacja) A l 0.47468 :1.5;::532]
o Obserwacje: 50000 ‘ 051656 0.48344

pierwszych liter pewnego
tekstu z korpusu Browna.

= Experyment:
o Poczatkowo: [1/2,1/2], ...
o 100 1iteracyi

T = | 0.00000 1.[:[::]:]0}

[ (0.25506  0.74404
| 0.71571 0.28429
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Initial

Final

M M E A2 4w oD 0 B E e e T mm A TD

w
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0.03735
0.03408
(.03455
0.035828
0.03782
0.03922
0.03688
0.03408
0.03575
0.04062
0.03735
0.03968
0.03548
0.03735
0.04062
0.03595
0.03641
0.03408
0.04062
0.03548
0.03922
0.04062
(.03455
0.03595
0.03408
0.03408
0.03635

(.030909
0.03537
0.03537
0.03909
(0.03553
0.03630
(0.04045
0.03537
0.03816
(0.03909
(.03450
0.03723
(.03537
(0.03909
0.03397
0.03397
0.03816
0.03676
(0.04045
(.03443
0.03537
(0.03955
(.03816
0.03723
(.03769
(0.03955
0.03397

0.13545
0.00000
0.00062
0.00000
0.21404
0.00000
0.00081
0.00066
0.12275
0.00000
0.00152
0.000459
0. 00000
0.00000
0.13156
0.00040
0.00000
0.00000
0.00000
0.01102
0.04508
0.00000
0. D000
0.00000
0.00019
0.00000
0.33211

0.00075
0.02311
0.05614
0.06937
0.00000
0.03559
0.02724
0.07278
0.00000
0.00365
0.00703
0.07231
(0.035809
0.11461
0.00000
0.03674
0.00153
0.10225
0.11042
0.14392
0.00000
0.01621
0.02303
0.00447
002587
0.00110
0.01298




Eksperyment z 12 stanami
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Table 2: Cave and Neuwirth’s 12 states result interpretation




Oznaczenia

SP

FL
LL
VF
VP
CP

Vowel

Space

Consonant

First Letter

Last Letter

Vowel Follower
Vowel Proceeder
Consonant Follower.



