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Abstract. Interesting properties of programs can be expressed using contextual equivalence. The
latter is difficult to prove directly, hence (pre-)logical relations are often used as a tool to prove it.
Whereas pre-logical relations are complete at all types, logical relations are only complete up to first-
order types. We propose a notion of contextual equivalence for Moggi’s computational lambda calcu-
lus, and define pre-logical and logical relations for this calculus. Monads introduce new difficulties: in
particular the usual proofs of completeness up to first-order types do not go through. We prove com-
pleteness up to first order for several of Moggi’s monads. In the case of the non-determinism monad
we obtain, as a corollary, completness of strong bisimulation w.r.t. contextual equivalence in lambda
calculus with monadic non-determinism.

1 Introduction

Interesting properties of programs can be expressed using the notion of contextual equivalence. While
contextual equivalence is difficult to prove directly because of the universal quantification over contexts,
logical relations and pre-logical relations [4] are powerful tools that allow us to deduce contextual equiv-
alence in typed lambda-calculi. They are easily proved sound w.r.t. contextual equivalence using the so-
called Basic Lemma. Whereas pre-logical relations are complete at all types, logical relations are only
complete up to first-order types.

On the other hand, Moggi’s computational lambda-calculus [7] has proved useful to define various
notions of computations on top of theλ-calculus: partial computation, exception, non-determinism, state
transformer and continuation in particular. Moggi’s insight is based on categorical semantics: while cat-
egorical models of theλ-calculus are cartesian closed categories (CCCs), the computational lambda-
calculus requires CCCs with a strong monad. A natural notionof logical relations able to deal with the
monadic types was proposed in [2].

In this paper, we propose a notion of contextual equivalencefor Moggi’s computational lambda cal-
culus, and we define pre-logical relations and logical relations for this calculus. Monads introduce new
difficulties: in particular the usual proofs of completeness up to first order do not go through. We prove
completeness up to first order for several of Moggi’s monads.For some monads we require the presence of
specific constants. In the case of the non-determinism monad, we need to restrict ourselves to a subset of
first-order types. As a corollary, we prove that strong bisimulation is complete w.r.t. contextual equivalence
in a lambda calculus with monadic non-determinism.
? Partially supported by the RNTL project Prouvé, the ACI Sécurité Informatique Rossignol, the ACI jeunes

chercheurs “Sécurité informatique, protocoles cryptographiques et détection d’intrusions”, and the ACI Cryptolo-
gie “PSI-Robuste”.

?? Partially supported by the Polish KBN grant No. 4 T11C 042 25 and by the European Community ResearchTraining
NetworkGames. This work was performed in part during the author’s stay at LSV.

? ? ? PhD student under an MENRT grant on ACI Cryptologie funding,École Doctorale Sciences Pratiques (Cachan).



Section 2 is devoted to preliminaries. We prove in Section 3 that pre-logical relations are complete at
all types in the computational lambda-calculus. In Section4, we look at completeness of logical relations
for various Moggi’s monads.

2 Preliminaries

2.1 Logical relations and contextual equivalence forλ-calculus

We consider the simply typedλ-calculus, where a type is either a base typesb (booleans, integers, etc.),
or a function typeτ → τ ′. Terms are:

t ::= x | c | λx · t | tt′

wherec ranges over a set of constants andx over a set of variables. Notations and typing rules are as usual.
We consider set theoretical semantics of the simply typesλ-calculus. AΓ -environmentρ is a map such

that, for everyx : τ in Γ , ρ(x) is an element ofJτK. Let t be a term such thatΓ ` t : τ is derivable. The
denotation oft, w.r.t. aΓ -environmentρ, is given as usual by an elementJtKρ of JτK. We writeJtK instead
of JtKρ whenρ is irrelevant.

Contextual equivalence. Let Obs be a subset of base types, calledobservation types. An observation
type is any base type with decidable equality, e.g. booleans, integers, etc. Acontext

�
is a term such that

x : τ `
�

: o is derivable, whereτ is a type ando is an observation type. Two elementsa1 anda2 of JτK,
arecontextually equivalent(written asa1 ≈τ a2), if and only if for any context

�
such thatx : τ `

�
: o

(o ∈ Obs) is derivable,J�K[x := a1] = J�K[x := a2]. We say that two closed termst1 andt2 of the same
typeτ arecontextually equivalent(written ast1 ≈τ t2) wheneverJt1K ≈τ Jt2K.

Logical relations. Essentially, a (binary)logical relation [5] is a family (Rτ )τ type of relations, one for
each typeτ , onJτK such that related functions map related arguments to related results. More formally, it
is a family(Rτ )τ type of relations such that for everyf1, f2 ∈ Jτ → τ ′K,

f1 Rτ→τ ′ f2 ⇐⇒ ∀a1, a2 ∈ JτK · a1 Rτ a2 =⇒ f1(a1) Rτ ′ f2(a2)

There is no constraint on relations at base types. In the simply typedλ-calculus, once the relations at base
types are fixed, the above condition forces(Rτ )τ type to be uniquely determined by induction on types.
It is certainly possible to have other complex types, e.g., products. In general, relations of these complex
types should be also uniquely determined by relations of their type components. For instance, pairs are
related when their elements are pairwise related.

In this setting, what is crucial for deducing contextual equivalence is the so-calledBasic Lemma. It
states that ifΓ ` t : τ is derivable, andρ1, ρ2 are two relatedΓ -environments, thenJtKρ1 Rτ JtKρ2. Here
two Γ -environmentsρ1, ρ2 arerelatedby the logical relation, if and only ifρ1(x) Rτ ρ2(x) for every
x : τ in Γ . Basic Lemma implies that, for any logical relation(Rτ )τ type which is a partial equality on
observation types, logically related values are necessarily contextually equivalent, i.e.,Rτ ⊆ ≈τ for any
typeτ .

Take any two valuesa1, a2 ∈ JτK such thata1 Rτ a2. By Basic Lemma, for every context
�

such that
x : τ `

�
: o is derivable (o ∈ Obs), J�K[x := a1] Ro J�K[x := a2], i.e., J�K[x := Ja1K] = J�K[x :=

Ja2K] sinceRo is partial equality.
Completeness is another important aspect of logical relations. We say a logical relation(Rτ )τ type

is completeif every contextually equivalent values are related by thislogical relation, i.e.,≈τ ⊆ Rτ for
every typeτ . However, completeness for logical relations is hard to achieve. Usually we are only able to
prove completeness for types up to first order (the order of types is defined inductively:ord(b) = 0 for
any base typeb; ord(τ → τ ′) = max(ord(τ) + 1,ord(τ ′)) for function types).



Proposition 1 There exists a logical relation(Rτ )τ type with partial equality on observation types, such
that if ` t1 : τ and ` t2 : τ are derivable, for any typeτ up to first order,t1 ≈τ t2 =⇒ Jt1K Rτ Jt2K.

Definability is largely involved in the proof of completeness. We say that a valuea ∈ JτK is definableif
and only if there exists a closed termt such that̀ t : τ is derivable anda = JtK. We define a relation∼τ

by a1 ∼τ a2 (for a1, a2 ∈ JτK) if and only if a1, a2 are definable anda1 ≈τ a2. Now let (Rτ )τ type be
the logical relation induced byRb = ∼b at all base typesb and we can show that it is complete for types
up to first order, by induction over types (see Appendix A for the details).

Pre-logical relations. In order to get completeness at all types, we appeal to the notion of pre-logical
relations[4]. A pre-logical relationis any family(Rτ )τ type of relations (between two values ofJτK in
our case) such that:

(i) for everyf1, f2 ∈ Jτ → τ ′K, if f1 Rτ→τ ′ f2 anda1 Rτ a2 thenf1(a1) Rτ ′ f2(a2);
(ii) K Rτ→τ ′→τ K;
(iii) S R(τ→τ ′→τ ′′)→(τ→τ ′)→τ→τ ′′ S;
(iv) and for every constantc : τ , JcK Rτ JcK.

whereK is the function mappingx ∈ JτK, y ∈ Jτ ′K tox, andS is the function mappingx ∈ Jτ → τ ′ → τ ′′K,
y ∈ Jτ → τ ′K, z ∈ JτK to x(z)(y(z)); Compared to logical relations, the main difference of pre-logical
relations is that relationsRτ→τ ′ for functions are no more determined uniquely by relationsRτ andRτ ′ .

Basic Lemma for pre-logical relations [4, Lemma 4.1] is stronger than for logical relations: pre-logical
relations areexactlythose families of relations such that Basic Lemma holds.

With respect to contextual equivalence, pre-logical relations are not just sound, but also completeat all
types. More precisely, there exists a pre-logical relation(Rτ )τ type which is partial equality on observation
types, and for every closed termst1, t2 of type τ , if t1 ≈τ t2 thenJt1K Rτ Jt2K. An instance of such a
pre-logical relation is the relation∼τ we defined above. As shown in [3, Theorem 3],∼τ is indeed a pre-
logical relation. Although the argument of [3] is in the setting of cryptographic lambda-calculi, the proof
does not depend on any particular constants or types, and canbe applied here without any change.

2.2 Logical relations and contextual equivalence for computational λ-calculus

Moggi defines a language called the computationalλ-calculus and uses monads to model computational
types, in order to give semantics to programming languages which include side effects such as exceptions,
non-determinism, and so on [7]. This was done in a categorical setting. While categorical models of the
simply typedλ-calculus are cartesian closed categories (CCCs), the computationalλ-calculus requires
CCCs with a strong monad(T, η, µ, t).

An extra unary type constructorT is introduced in the computationalλ-calculus. Intuitively, a typeTτ
is the type of computations of typeτ . We callTτ amonadic typein the sequel. Compared to theλ-calculus,
the computationalλ-calculus is extended with two constructs (and corresponding typing rules):

Γ ` t : τ

Γ ` val(t) : Tτ

Γ ` t1 : Tτ Γ, x : τ ` t2 : Tτ ′

Γ ` let x ⇐ t1 in t2 : Tτ ′

Each computationalλ-term has a unique interpretation as a morphism in a CCC with astrong monad. In
particular, the interpretation of terms in the computationalλ-calculus must satisfy the following equations:

Jlet x ⇐ val(t1) in t2Kρ = Jt2[t1/x]Kρ (1)

Jlet x ⇐ t in val(x)Kρ = JtKρ (2)

Jlet x2 ⇐ (let x1 ⇐ t1 in t2) in t3Kρ = Jlet x1 ⇐ t1 in let x2 ⇐ t2 in t3Kρ (3)

Indeed, every term of a monadic type can be written in some canonical form (respecting these equations):



Definition 1 (Computational canonical form). A term t of a monadic typeTτ in the computational
λ-calculus is said to be acomputational canonical termif it is of the form

let x1 ⇐ t1 in · · · let xn ⇐ tn in val(u) (n = 0, 1, 2, . . .)

whereu is a term of typeτ , x1, . . . , xn are variables and everyti (i = 1, . . . , n) is a weak head normal
form, i.e.,ti = uiwi1 · · ·wiki

and eachui is either a variable or a constant.

Proposition 2 For every termt of a monadic typeTτ in the computationalλ-calculus, there exists a com-
putational canonical termt′ such thatJt′Kρ = JtKρ, for every valid interpretationJ_Kρ (i.e., interpretations
satisfying the equations (1-3)).

Proof. The computationalλ-calculus is strongly normalizing [1], so we consider theβ-normal form of
termt and prove it by induction ont. See Appendix A for details. ut

Contextual equivalence. In order to define contextual equivalence for the computationalλ-calculus, we
have to consider contexts

�
of typeTo (whereo is an observable type), not of typeo. Indeed, contexts

should be allowed to do some computations. If they were of type o, they could only return values. In
particular, a context

�
such thatx : Tτ `

�
: o is derivable, meant to observe computations of type

τ , cannot observe anything. This is because the typing rule for thelet construct only allows us to use
computations to build other computations, never values.

Taking this into account, we are led to the following definition:

Definition 2 (Contextual equivalence).For any typeτ , we say that two valuesa1, a2 ∈ JτK are contex-
tually equivalent, written asa1 ≈τ a2, if and only if, for all observable typeso ∈ Obs and contexts

�

such thatx : τ `
�

: To is derivable,J�K[x := a1] = J�K[x := a2].
Two closed termst1 and t2 of typeτ are contextually equivalent (written ast1 ≈τ t2) if and only if

Jt1K ≈τ Jt2K.

Logical and pre-logical relations. A natural extension of logical relations able to deal with monadic
types was introduced in [2]. It relies on the categorical notion of subscones [6] — a uniform framework
for defining logical relations. The construction consists of lifting the CCC structure and the strong monad
from the categorical model to the subscone.

We shall focus in this paper on Moggi’s monads [7] defined overthe categorySet of sets and functions.
In this case, the subscone is the category whose objects are binary relations(A, B, R ⊆ A × B) whereA
andB are sets; and a morphism between two objects(A, B, R ⊆ A×B) and(A′, B′, R′ ⊆ A′ ×B′) is a
pair of functions(f : A → A′, g : B → B′) preserving relations, i.e. whenevera R b, thenf(a) R′ g(b).

The lifting of the CCC structure gives rise to the standard logical relations given in Section 2.1 and the
lifting of the strong monad will give rise to relations for monadic types. We writẽT for the lifting of the
strong monadT . Given a relationR ⊆ A×B and two computationsa ∈ TA andb ∈ TB, (a, b) ∈ T̃ (R)
if and only if there exists a computationc ∈ T (R) (i.e. c computes pairs inR) such thata = Tπ1(c) and
b = Tπ2(c). The standard definition of logical relation for the simply typedλ-calculus is then extended
with:

(c1, c2) ∈ RTτ ⇐⇒ (c1, c2) ∈ T̃ (Rτ ) (4)

The construction guarantees that Basic Lemma still holds.
Pre-logical relations for computationalλ-calculus are obtained in a natural way. Namely, we extend

the definition from Section 2.1 with the condition (4) above.Note that relationRTτ on each monadic type
is determined uniquely byRτ , in contrast to function types.



3 Completeness of pre-logical relations

Let T be an arbitrary monad inSet. We restrict our attention to pre-logical relations(Rτ )τ type such that,
for any observation typeo ∈ Obs, RTo is a partial equality. Such relations are calledobservationalin the
rest of the paper.

Note that we require partial identity onTo, not ono. But if we assume that denotation ofval(_), i.e.,
the unit operationη, is injective, then thatRTo is a partial equality implies thatRo is a partial equality as
well. Indeed, leta1 Ro a2, and by Basic Lemma,Jval(x)K[x := a1] RTo Jval(x)K[x := a2], that is to
sayηJoK(a1) = ηJoK(a2). By injectivity of η, a1 = a2.

Theorem 1 (Soundness).If (Rτ )τ type is an observational pre-logical relation, thenRτ ⊆ ≈τ for every
typeτ .

Proof. By Basic Lemma. ut

Obviously, soundness holds for observational logical relations as well.
As in Section 2.1, for every typeτ , we define the binary relation(∼τ )τ type by: for anya1, a2 ∈ JτK,

a1 ∼τ a2 if and only if a1 anda2 are definable anda1 ≈τ a2.

Theorem 2 (Completeness).There exists an observational pre-logical relation(Rτ )τ type such that, for
all termst1 andt2 such that̀ t1 : τ and` t2 : τ are derivable,t1 ≈τ t2 =⇒ Jt1K Rτ Jt2K.

Proof. Obviously,t1 ≈τ t2 =⇒ Jt1K ∼τ Jt2K, so we will prove that(∼τ )τ type is a pre-logical relation.
The conditions (ii) – (iv), for(∼τ )τ type, are clearly satisfied:JtK ∼τ JtK holds for every closed termt of
typeτ , hencea fortiori for K, S and any constantc. To prove the condition (i), we use similar techniques
as in Proposition 1 (see Appendix A for details). ut

4 Completeness of logical relations for monadic types

This section is devoted to the study on the completeness of logical relations for the computationalλ-
calculus. However, it seems difficult to get a general resulton completeness for all monads, since specific
properties of particular monads (and corresponding logical relations) are quite different. Furthermore, an
important role is played by the language constants since ourdiscussion necessarily involves contexts, and
these constants vary widely as well. Hence, instead of a general approach, we shall check the completeness
in some important examples, notably partial computation, exception, nondeterminism, state transformer
and continuation.

We restrict ourselves to types up tofirst order in the computational lambda-calculus:

τ1 ::= b | Tτ1 | b → τ1,

whereb ranges over a set of base types. However, completeness for types up to first-order does not hold
for every monad. In the case of the non-determinism monad, itholds only for a subset of first-order types.

Similarly as in Proposition 1 in Section 2.1, we investigatecompleteness in a strong sense. We aim at
finding an observational logical relation(Rτ )τ type such that if ` t1 : τ and ` t2 : τ are derivable and
t1 ≈τ t2, for any typeτ up to first order, thenJt1K Rτ Jt2K. Or briefly,∼τ ⊆ Rτ . As in Proposition 1,
the logical relation(Rτ )τ type will be induced byRb = ∼b, for any base typeb. Then how to prove
completeness, for an arbitrary monadT?

As usual, the proof would go by induction overτ , to show∼τ ⊆ Rτ for each first-order typeτ . Now,
casesτ = b andτ = b → τ ′ go identically as in the simply typedλ-calculus. The only difficult case is
τ = Tτ ′, i.e.,

∼τ ⊆ Rτ =⇒ ∼Tτ ⊆ RTτ (5)



We did not find any general way to show (5) for an arbitrary monad. Instead, in the following subsections
we shall prove it for particular ones.

There is also another subtle point – notice that it is even nottrue in general that(Rτ )τ type is obser-
vational, i.e., it is not necessarily partial identity onTo. Fortunately, this can be solved in general, under
some mild assumptions on the monadT , fulfilled by all the monads investigated in the sequel. A detailed
treatment is to be found in the full version of the paper.

At the heart of the difficulty of showing (5), one finds an issueof definability at monadic types. By
definition, an elementc of JTτK is definable if and only if there is a close termt such that̀ t : Tτ
is derivable andJtK = c. But this does not state anything on the connection between the definability of a
computation and its corresponding “result”. Intuitively,if a value ofJTτK is definable, either it corresponds
to a computation which “returns a definable result” (necessarily of type τ ), or there is a specific constant in
the language defining this value. This argument is by no meansformal and we shall make it more precise
for each monad, in Propositions 3, 4, 5, 6 and 7. Interestingly, all of them can be spelled-out shortly by
defTτ ⊆ Tdefτ , where bydefτ ⊆ JτK we mean the subset of definable elements ofJτK. But even though
stated easily in general, this fact needs substantially different proofs for different monads.

Before we move on to discussions of concrete monads, we defineaP-form for closed terms, parame-
terized by a predicateP on terms.

Definition 3. For any predicateP on terms, we say that a closed term (necessarily of a computation type
Tτ for someτ ) is in P-form if and only if it is of the form

let x1 ⇐ t1 in · · ·let xn ⇐ tn in val(u) (n = 0, 1, . . .),

whereP is a predicate on closed terms,ti = uiwi1 · · ·wiki
(1 ≤ i ≤ n), ui is either a variablexl

(1 ≤ l ≤ i − 1) or any closed term such thatP(ui) holds,wim (1 ≤ m ≤ ki) is a term whose free
variables must be in{x1, . . . , xi−1} andu is any term of typeτ with free variables in{x1, . . . , xn}.

For a concrete monad, we shall define a predicateCond on closed terms, which is inclined to act as a
condition to be satisfied by constants.

4.1 Partial computation

JTτK = JτK ∪ {⊥},

Jval(t)Kρ = JtKρ,

Jlet x ⇐ t1 in t2Kρ =

{

Jt2Kρ[x := Jt1Kρ] if Jt1Kρ 6= ⊥
⊥ if Jt1Kρ = ⊥

,

where⊥ is a distinguished element denoting non-terminating computations. Logical relations at monadic
types are given by [2]:

c1 RTτ c2 ⇐⇒ c1 Rτ c2 or c1 = c2 = ⊥ (6)

Let Cond be the smallest set of closed terms such that, for any closed term t of type τ1 → · · · →
τn → Tτ , Cond(t) holds if and only if: for any closed terms̀t1 : τ1, · · · ,` tn : τn, JtK(Jt1K, · · · , JtnK)
is either:

– equal to⊥, or
– definable at typeτ (by some closed termt′), and, if τ is of the formτ ′

1 → · · · → τ ′

m → Tτ ′, then
Cond(t′) holds.

We assume that for any constantd, Cond(d) holds. We also assume that there is, for everyτ , a constant
Ωτ of typeTτ such thatJΩτ K = ⊥. ClearlyCond(Ωτ ) holds.

Lemma 1. For any closed termt (of typeTτ ) in theCond-form,JtK is either⊥, or a definable value at
typeτ .



Proof. By induction onn of theCond-form (see Appendix A for details). ut

Proposition 3 A valuec ∈ JTτK is definable if and only if, eitherc is definable at typeτ , or c = ⊥, i.e.:
defTτ (c) ⇐⇒ defτ (c) or c = ⊥.

Proof. The “if” direction: For any valuec ∈ JTτK, if c = ⊥, it is obvious (Ωτ defines it); ifc ∈ JτK and
defτ (c) holds, supposec is defined by some closed termt of typeτ , thenc is also definable at typeTτ (by
the termval(t)), i.e.,defTτ (c) holds.

The “only if” direction: Suppose that there is a valuec ∈ JTτK which is definable by some closed term
t of typeTτ . Consider the computational canonical form oft:

ut ≡ let x1 ⇐ t1 in · · · let xn ⇐ tn in val(u), (n = 0, 1, . . .)

whereti = yiwi1 · · ·wiki
(1 ≤ i ≤ n), yi is either a constant or a variablexl (1 ≤ l ≤ i−1, if i ≥ 2), and

wim (1 ≤ m ≤ ki) is a term with free variables all in{x1, · · · , xi−1}. ut is in theCond-form, because
for any constantd, Cond(d) holds. Hence by Lemma 1, the denotation of termt (the valuec) is either⊥
or a definable value of typeτ . ut

Lemma 2. For any logical relationR, ∼τ ⊆ Rτ =⇒ ∼Tτ ⊆ RTτ .

Proof. we take any two elements(c1, c2) 6∈ R
Tτ and show that there exist contexts that can distinguish

them (see Appendix A for details). ut

Theorem 3. Logical relations for the partial computation monad are complete up to first-order types, in
the strong sense that there exists an observational logicalrelationR such that for any closed termst1, t2
of a typeτ1 up to first order, ift1 ≈τ1 t2, thenJt1K Rτ1 Jt2K.

Proof. Take(Rτ )τ type induced byRb =∼b, for any base typeb. It is then proved by induction on types
that∼τ1⊆ Rτ1 for any typeτ1 up to first order. In particular, Lemma 2 shows the inductionsstep for
monadic types. ut

4.2 Exception

The exception monad can be seen as the generalization of the partial computation monad.

JTτK = JτK ∪ E

Jval(t)Kρ = JtKρ

Jlet x ⇐ t1 in t2Kρ =

{

Jt2Kρ[x := Jt1Kρ] if Jt1Kρ 6∈ E
Jt1Kρ if Jt1Kρ ∈ E

whereE is a fixed set of exceptions. Logical relations at monadic types are given by [2]:

c1 RTτ c2 ⇐⇒ c1 Rτ c2 or c1 = c2 ∈ E

Let Cond be the smallest set of closed terms such that, for any closed term t of type τ1 → · · · →
τn → Tτ , Cond(t) holds if and only if, for any terms̀ t1 : τ1, · · · ,` tn : τn, JtK(Jt1K, · · · , JtnK) is
either:

– an exceptione in E, or
– definable at typeτ (by some closed termt′), and, ifτ is again of the formτ ′

1 → · · · → τ ′

m → Tτ ′,
thenCond(t′) holds.

We assume that for any constantd, Cond(d) holds. We also assume that there is, for every typeτ and
every exceptione ∈ E, a constantraisee

τ of typeTτ such thatJraisee
τ K = e. Clearly,Cond(raisee

τ )
holds.



Proposition 4 A valuec ∈ JTτK is definable at typeTτ , if and only if, eitherc ∈ JτK andc is definable at
typeτ , or c = e for somee ∈ E.

Lemma 3. For any logical relationR, ∼τ⊆ Rτ =⇒ ∼Tτ⊆ RTτ .

Theorem 4. Logical relations for the exception monad are complete up tofirst-order types, in the strong
sense that there exists an observational logical relation(Rτ )τ type such that for any closed termst1, t2 of
any typeτ1 up to first order, ift1 ≈τ1 t2, thenJt1K Rτ1 Jt2K.

4.3 Non-determinism

JTτK = �fin(JτK)
Jval(t)Kρ = {JtKρ}

Jlet x ⇐ t1 in t2Kρ =
⋃

a∈Jt1Kρ

Jt2Kρ[x := a]

where�fin(S) is the set of finite subsets ofS. Logical relations at monadic types are given by [2]:

c1 RTτ c2 ⇐⇒ (∀a1 ∈ c1. ∃a2 ∈ c2. a1 Rτ a2) & (∀a2 ∈ c2. ∃a1 ∈ c1. a1 Rτ a2) (7)

Let Cond be the smallest set of closed terms such that, for any closed term t of type τ1 → · · · →
τn → Tτ , Cond(t) holds if and only if:

– for any closed terms̀ t1 : τ1, · · · ,` tn : τn, JtK(Jt1K, · · · , JtnK) is a finite set where each element is
definable at typeτ (by a closed termt′), and,

– if τ is again of the formτ ′

1 → · · · → τ ′

m → Tτ ′, then, for everyt′, Cond(t′) holds.

We assume that for any constantd, Cond(d) holds. We also assume there is, for everyτ , a constant+τ

of type τ → τ → Tτ and a constantΦτ of type Tτ such that for anya1, a2 ∈ JτK, J+τ K(a1, a2) =
{a1} ∪ {a2} andJΦτ K = ∅. Obviously,Cond(+τ ) andCond(Φτ ) hold.

Proposition 5 A valuec ∈ JTτK is definable if and only if, for anya ∈ c, a is definable at typeτ .

However, in the case of non-determinism, we are not able to achieve the completeness of logical
relations for any type up to first order. There is indeed counterexamples where two first-order programs
are contextually equivalent but they are not related by the logical relations as defined by (7).

Consider the following two programs:

` val(λx.(true +bool false)) : T(bool → Tbool),

` λx.val(true) +bool→Tbool λx.val(false) : T(bool → Tbool).

The two programs are contextually equivalent: what contexts can do is to apply the functions to some argu-
ments and observe the results. While doing so, we always get the same set of possible values ({true, false}),
although the two programs contain different set of possiblefunctions. So there is no way to distinguish
them with a context. But they cannot be related by a logical relation, because the function
Jλx.(true +bool false)K from the first program is not related to any function from the second program.

Indeed, if we assume that for every non-observable base typeb, there is an equality test constant
testb : b → b → bool (clearly,Cond(testb) holds), logical relations for the non-determinism monad
are then complete for a set ofweak first-order types:

τ1
w ::= b | Tb | b → τ1

w.

Compared to all types up to first oder, weak first-order types do not contain monadic types of functions.



Theorem 5. Logical relations for the non-determinism monad are complete up to weak first-order types.
in the strong sense that there exists an observational logical relation R such that for any closed terms
t1, t2 of a weak first-order typeτ1

w, if t1 ≈τ1
w

t2, thenJt1K Rτ1
w

Jt2K.

Proof. Take the logical relationR induced byRb =∼b, for any base typeb. ut

Now letstate andlabel be base types such thatlabel is an observation type, whereasstate is not. Us-
ing non-determinism monad, we can define labeled transitionsystems as elements ofJstate → label → TstateK,
with states inJstateK and labels inJlabelK, as functions mapping statesa and labelsl to the set of statesb

such thata l
// b . The logical relation at typestate → label → Tstate is given by [2]:

(f1, f2) ∈ Rstate→label→Tstate ⇐⇒
∀a1, a2, l1, l2 · (a1, a2) ∈ Rstate & (l1, l2) ∈ Rlabel =⇒

(∀b1 ∈ f1(a1, l1) · ∃b2 ∈ f2(a2, l2) · (b1, b2) ∈ Rstate)
& (∀b2 ∈ f2(a2, l2) · ∃b1 ∈ f1(a1, l1) · (b1, b2) ∈ Rstate)

In caseRlabel is equality,f1 andf2 are logically related if and only ifRstate is a strong bisimulation
between the labeled transition systemsf1 andf2.

Sometimes we explicitly specify an initial state for certain labeled transition system. In this case, the
encoding of the labeled transition system in the nondeterminism monad is a pair(q, f) of
Jstate × (state → label → Tstate)K, whereq is the initial state andf is the transition relation as de-
fined above. Then(q1, f1) and(q2, f2) are logically related if and only if they are strongly bisimular, i.e.,
Rstate is a strong bisimulation between the two labeled transitionsystems andq1Rstateq2.

Corollary 1 (Soundness of strong bisimulation).Let f1 andf2 be transition systems. If there exists a
strong bisimulation betweenf1 andf2, thenf1 andf2 are contextually equivalent.

Proof. There exists a strong bisimulation betweenf1 andf2, thereforef1 andf2 are logically related. By
Theorem 1,f1 andf2 are thus contextually equivalent. ut

In order to prove completeness, we need to assume thatlabel has nojunk, in the sense that every value
of JlabelK is definable.

Corollary 2 (Completeness of strong bisimulation).Letf1 andf2 be transition systems which are defin-
able. Iff1 andf2 are contextually equivalent andlabel has no junk, then there exists a strong bisimulation
betweenf1 andf2.

Proof. Let R be the logical relation given by By Theorem 5.f1 andf2 are definable and contextually
equivalent, thereforef1 Rstate→label→Tstate f2. Moreover, becauselabel has no junk,Rlabel is equality.
Rstate is thus a strong bisimulation betweenf1 andf2. ut

4.4 State transformers

JTτK = (JτK × St)St

Jval(t)Kρ = s 7→ (JtKρ, s)

Jlet x ⇐ t1 in t2Kρ = s 7→ Jt2Kρ[x := a1](s1)

wherea1 = π1(Jt1Kρ(s)), s1 = π2(Jt2Kρ(s))

whereSt is a finite set of states. Logical relations at monadic types are given by [2]:

c1 RTτ c2 ⇐⇒ ∀s ∈ St . π1(c1s) Rτ π1(c2s) & π2(c1s) = π2(c2s)

Let Cond be the smallest set of closed terms such that, for any closed term t of type
τ1 → · · · → τn → Tτ , Cond(t) holds if and only if,



– for any closed terms̀ t1 : τ1, · · · ,` tn : τn, JtK(Jt1K, · · · , JtnK) is a function such that for any
s ∈ St , JtK(Jt1K, · · · , JtnK)(s) = (a, s′) wheres′ ∈ St anda is definable at typeτ (by some closed
termt′), and

– if τ is of the formτ ′

1 → · · · → τ ′

m → Tτ ′, thenCond(t′) holds.

We assume that for any constantd, Cond(d) holds. Letunit be the base type which contains only a
dummy value∗. We assume that there is, for eachs ∈ St , a constantupdates of typeTunit such that for
anys′ ∈ St , JupdatesK(s′) = (∗, s). This constant does nothing but change the current state tos. Clearly,
Cond(updates) holds.

Proposition 6 If a valuec ∈ JTτK is definable, then for everys ∈ St , π1(cs) is definable at typeτ .

Lemma 4. For any logical relation( Rτ )τ type, ∼τ⊆ Rτ =⇒ ∼Tτ⊆ RTτ .

Theorem 6. Logical relations for the state monad are complete up to first-order types, in the strong sense
that there exists an observational logical relation(Rτ )τ type such that for any closed termst1, t2 of any
typeτ1 up to first order, ift1 ≈τ1 t2, thenJt1K Rτ1 Jt2K.

4.5 Continuation

The semantics of monadic types and constructs are given by

JTτK = RRJτK

Jval(t)Kρ = kJτK→R := k(JtKρ)

Jlet x ⇐ t1 in t2Kρ = kJτ2K→R := Jt1Kρ(k′)

wherek′ is a function:vJτ1K := Jt2Kρ[x := v](k)

R is a set of possible results. Logical relations for monadic types are given by [2]:

c1 RTτ c2 ⇐⇒ (∀k1, k2. (∀a1, a2. a1 Rτ a2 =⇒ k1(a1) = k2(a2)) =⇒ c1(k1) = c2(k2))

Intuitively, we can always observe the results returned by any continuation, or test the equality between
these results, so when we call a continuation with two contextually equivalent arguments, it should return
the same result. Furthermore, if two continuations agree onany contextually equivalent argument, we shall
regard them as equivalent. Precisely, Two continuationsk1, k2 ∈ RJτK areequivalentif and only if, for
anya1, a2 ∈ JτK, a1 ∼τ a2 =⇒ k1(a1) = k2(a2).

Let Cond be the set of closed terms such that, for any closed termt of typeτ1 → · · · → τn → Tτ ,
Cond(t) holds if and only if,

– for any closed terms̀ t1 : τ1, · · · ,` tn : τn, JtK(Jt1K, · · · , JtnK) is a function such that for any
equivalent continuationsk1, k2 ∈ RJτK,

JtK(Jt1K, · · · , JtnK)(k1) = JtK(Jt1K, · · · , JtnK)(k2).

We assume that for any constantd, Cond(d) holds. We also assume that there is, for eachτ and each con-
tinuationk ∈ RJτK, a constantcallk

τ of typeτ → Tbool such that for anya ∈ JτK and any continuation
k′ ∈ Rbool,

q
callk

τ

y
(a)(k′) = k(a). Cond(callk

τ ) holds.

Proposition 7 If a valuec ∈ JTτK is definable at typeTτ , then for every equivalent continuationsk1, k2 ∈
RJτK, c(k1) = c(k2).

Lemma 5. For any logical relation(Rτ )τ type, ∼τ⊆ Rτ =⇒ ∼Tτ⊆ RTτ .

Theorem 7. Logical relations for the continuation monad are complete up to first-order types, in the
strong sense that there exists an observational logical relation (Rτ )τ type such that for any closed terms
t1, t2 of any typeτ1 up to first order, ift1 ≈τ1 t2, thenJt1K Rτ1 Jt2K.
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A Proofs

Proof of Proposition 1 We define the relation∼τ by: a1 ∼τ a2 if and only if a1, a2 are definable and
a1 ≈τ a2. Let (Rτ )τ type be the logical relation induced byRb = ∼b at all base typesb.

The proof is by induction overτ . Caseτ = b is obvious. Letτ = b → τ ′. Take two termst1, t2 of type
τ such thatJt1K andJt2K are related by≈b→τ ′ . Let f1 = Jt1K andf2 = Jt2K. Assume thata1, a2 ∈ JbK are
related byRb, thereforea1 ∼b a2 sinceRb = ∼b. Clearly,a1 anda2 are thus definable, say by termsu1

andu2, respectively. Then, for any context
�

such thatx : τ ′ `
�

: o (o ∈ Obs) is derivable,

J�K[x := f1(a1)]

= J�[xu1/x]K[x := f1] (sincea1 = Ju1K)
= J�[xu1/x]K[z := f2] (sincef1 ≈b→τ ′ f2)

= J�K[x := f2(a1)]

= J�[t2x/x]K[x := a1] (sincef2 = Jt2K)
= J�[t2x/x]K[x := a2] (sincea1 ≈b a2)

= J�K[x := f2(a2)].

Hencef1(a1) ≈τ ′ f2(a2). Moreover,f1(a1) andf2(a2) are therefore definable byt1u1 andt2u2 respec-
tively. By induction hypothesis,f1(a1) Rτ ′ f2(a2). Becausea1 anda2 are arbitrary, we conclude that
f1 Rb→τ ′ f2. ut

Proof of Proposition 2 The computationalλ-calculus is strongly normalizing [1], so we consider the
β-normal form of termt and prove it by induction ont.

If t is a variable or a constant, then according to the equation (2)

JtKρ = Jlet x ⇐ t in val(x)Kρ,

wherex is not free int.
If t is an applicationt1t2 · · · tn , thent1 is of a functions type and it must be a variable or a constant (it

cannot be aλ-abstraction sincet is β-normal). Similarly,t is equivalent to the termlet x ⇐ t in val(x).
If t is a trivial computationval(t′), it is already in the computational canonical form.



If t is a sequential computationlet x ⇐ t1 in t2, by induction, there are computational canonical
terms for botht1 andt2, namely

let x1
1 ⇐ t11 in · · · let x1

m ⇐ t1m in val(u1)

and
let x2

1 ⇐ t21 in · · · let x2
n ⇐ t2n in val(u2),

wherex1
1, . . . , x

1
m, x2

1, . . . , x
2
n are not free int. Replacet1 andt2 with these terms int and we get

JtKρ =
q
let x ⇐ (let x1

1 ⇐ t11 in · · · let x1
m ⇐ t1m in val(u1)) in t2

y
ρ

= Jlet x1
1 ⇐ t11 in

let x ⇐ (let x1
2 ⇐ t12 in · · ·let x1

m ⇐ t1m in val(u1)) in t2Kρ
= . . . . . .

=
q
let x1

1 ⇐ t11 in · · · let x1
m ⇐ t1m in let x ⇐ val(u1) in t2

y
ρ

= Jlet x1
1 ⇐ t11 in · · ·let x1

m ⇐ t1m in let x ⇐ val(u1) in

let x2
1 ⇐ t21 in · · ·let x2

n ⇐ t2n in val(u2)Kρ.

Because allt11, . . . , t
1
m, t21, . . . , t

2
n andval(u) are weak head normal forms, so the last term in the above

equation is computational canonical. ut

Proof of Theorem 2 Obviously,t1 ≈τ t2 =⇒ Jt1K ∼τ Jt2K, so we will prove that(∼τ )τ type is a
pre-logical relation. The conditions (ii) – (iv), for(∼τ )τ type, are clearly satisfied:JtK ∼τ JtK holds for
every closed termt of typeτ , hencea fortiori for K, S and any constantc.

To show (i), assumef1 ∼τ→τ ′ f2. In particularf1 andf2 are definable, say by closed termst1 and
t2, respectively. And for all context

�
fun, such thatx : τ → τ ′ `

�
fun : To is derivable (o ∈ Obs),

J� funK[x := f1] = J� funK[x := f2].
Furthermore assumea1 ∼τ a2. Again,a1 anda2 are definable, say by respective closed termsu1 and

u2. And for all context
�

arg, such thatx : τ `
�

arg : To is derivable (o ∈ Obs), J� argK[x := a1] =
J� argK[x := a2].

We have to show thatf1(a1) ∼τ ′ f2(a2). f1(a1) andf2(a2) are respectively definable byt1u1 and
t2u2. Let

�
be any context such that, for anyo ∈ Obs, x : τ ′ `

�
: To is derivable. The rest of the

argument is by context chasing, similarly as in the proof of Proposition 1:

J�K[x := f1(a1)]
= J�[xu1/x]K[x := f1] (sincea1 = Ju1K)
= J�[xu1/x]K[x := f2] (sincef1 ≈τ→τ ′ f2)
= J�K[x := f2(a1)]
= J�[t2x/x]K[x := a1] (sincef2 = Jt2K)
= J�[t2x/x]K[x := a2] (sincea1 ≈τ a2)
= J�K[x := f2(a2)]

Proof of Lemma 1 Becauset is of theCond-form,

t ≡ let x1 ⇐ t1 in · · ·let xn ⇐ tn in val(u), (n = 0, 1, . . .).

We prove by induction onn:

– In the base case (n = 0): Jval(u)K = JuK. It is obvious thatJtK is definable at typeτ (by the termu
namely).



– For anyn ≥ 1,
Jt1K = Ju1w11 · · ·w1k1

K = Ju1K(Jw11K, · · · , Jw1k1
K).

whereu1, w11, · · · , w1k1
are all closed terms andCond(u1) holds, soJt1K is either equal to⊥ or

definable at typeτ1 (supposet1 is of typeTτ1). If Jt1K = ⊥, then the denotation of the whole term
is ⊥, i.e., JtK = ⊥. If Jt1K 6= ⊥, supposeJt1K is defined by a closed termt′1 (of type τ1). Because
Cond(u1) holds, so doesCond(t′1), thenCond(u2[t

′

1/x1]), ..., Cond(un[t′1/x1]) hold as well
(becauseu2[t

′

1/x1], . . . , un[t′1/x1] are eithert′1 or a constant). Lett′i = ti[t
′

1/x1] (2 ≤ i ≤ n), then

Jlet x1 ⇐ t1 in let x2 ⇐ t2 in · · · let xn ⇐ tn in val(u)K
= Jlet x2 ⇐ t2 in · · · let xn ⇐ tn in val(u)K[x1 := Jt′1K]
= Jlet x2 ⇐ t′2 in · · · let xn ⇐ t′n in val(u[t′1/x1])K.

Clearly,let x2 ⇐ t′2 in · · · let xn ⇐ t′n in val(u[t′1/x1]) is again of theCond-form, so by induc-
tion, its denotation is either⊥ or a value definable at typeτ . ut

Proof of Lemma 2 We assume that∼τ⊆ Rτ . Take any two elements(c1, c2) 6∈ R
Tτ . There are two

cases:

– c1, c2 ∈ JτK but(c1, c2) 6∈ Rτ , thenc1 6∼τ c2. If one of these two values is not definable at typeτ , by
Proposition 3, it is not definable at typeTτ either. If both values are definable at typeτ but they are not
contextually equivalent, then there is a contextx : τ `

�
: To such thatJ�K[x := c1] 6= J�K[x := c2].

Thus, the contexty : Tτ ` let x ⇐ y in
�

: To can distinguishc1 andc2 (as two values of type
Tτ ).

– c1 ∈ JτK andc2 = ⊥ (or symmetrically,c1 = ⊥ andc2 ∈ JτK, then the contextlet x ⇐ y in val(true)
can be used to distinguish them.

In both cases,c1 6∼Tτ c2, hence∼Tτ⊆ R
Tτ . ut

Proof of Proposition 5 We prove first the following lemma:In the computationalλ-calculus specialized
in non-determinism, for any closed termt (of typeTτ ) in Cond-form,JtK is a finite set of definable values
of JτK.

Becauset is of theCond-form,

t ≡ let x1 ⇐ t1 in · · ·let xn ⇐ tn in val(u), (n = 0, 1, . . .).

We prove by induction onn:

– In the base case (n = 0): Jval(u)K = {JuK}. It is obvious thatJuK is definable at typeτ (by the term
u in particular).

– For anyn ≥ 1,
Jt1K = Ju1w11 · · ·w1k1

K = Ju1K(Jw11K, · · · , Jw1k1
K).

whereu1, w11, · · · , w1k1
are all closed terms andCond(u1) holds, so every element ofJt1K is de-

finable at typeτ1 (supposet1 is of typeTτ1). Suppose that for everya ∈ Jt1K, there is a closed term
ta1 such thatJta1K = a. BecauseCond(u1) holds, for everya ∈ Jt1K, Cond(ta1) holds as well, hence
Cond(u2[t

a
1/x1]), ...,Cond(un[ta1/x1]) hold (becauseu2[t

a
1/x1], . . . , un[ta1/x1] are eitherta1 or a

constant). Lettai = ti[t
a
1/x1] (2 ≤ i ≤ n), then

Jlet x1 ⇐ t1 in let x2 ⇐ t2 in · · · let xn ⇐ tn in val(u)K
=

⋃

a∈Jt1K

Jlet x2 ⇐ t2 in · · · let xn ⇐ tn in val(u)K[x1 := a]

=
⋃

a∈Jt1K

Jlet x2 ⇐ ta2 in · · · let xn ⇐ tan in val(u[ta1/x1])K.



Clearly, for everya ∈ Jt1K, let x2 ⇐ ta2 in · · · let xn ⇐ tan in val(u[ta1/x1]) is again inCond-
form, so by induction, its denotation is a finite set of definable values of typeτ , and so is the union of
all these sets, sinceJt1K is also finite.

The proposition follows by considering the computational canonical form oft, as in Proposition 3. ut

Proof of Theorem 5 Take the logical relationR induced byRb =∼b, for any base typeb. We prove by
induction on types that∼τ1

w
⊆ R

τ1
w

for any weak first-order typeτ1
w.

Casesb andb → τ1
w go identically as in normal typed lambda-calculi. For monadic typestcompb,

suppose that(c1, c2) 6∈ RTb, which means either there is a value inc1 such that no value ofc2 is related
to it, or there is such a value inc2. We assume that every value inc1 andc2 is definable (otherwise it is
obvious thatc1 6∼Tb c2 because at least one of them is not definable, according to Proposition 5). Suppose
there is a valuea ∈ c1 such that no value inc2 is related to it, anda can be defined by a closed termt of
typeb. Then the following context can distinguishc1 andc2:

x : Tτ ` let y ⇐ x in testb(y, t) : Tbool

since every value inc2 is not contextually equivalent toa, hence not equal toa. ut

Proof of Proposition 6 We prove first the following lemma:In the computationalλ-calculus specialized
in state transformers, for any closed termt (of typeTτ ) in Cond-form, and for anys ∈ St , π1(JtKs) is
definable at typeτ .

Becauset is of theCond-form,

t ≡ let x1 ⇐ t1 in · · · let xn ⇐ tn in val(u), (n = 0, 1, 2, . . .).

We prove by induction onn:

– In the base case (n = 0), for everys ∈ St , Jval(u)Ks = (JuK, s). It is obvious thatJuK is definable at
typeτ (by the termu in particular).

– For anyn ≥ 1,
Jt1K = Ju1w11 · · ·w1k1

K = Ju1K(Jw11K, · · · , Jw1k1
K).

whereu1, w11, · · · , w1k1
are all closed terms andCond(u1) holds, so for everys ∈ St , π1(Jt1K(s))

is definable at typeτ1 (supposet1 is of typeTτ1). Suppose that for everys ∈ St , ts1 is a closed term
of typeτ1 such thatπ1(Jt1K(s)) = Jts1K. BecauseCond(u1) holds,Cond(ts1) holds as well, hence
Cond(u2[t

s
1/x1]), ..., Cond(un[ts1/x1]) hold (becauseu2[t

s
1/x1], . . . , un[ts1/x1] are eitherts1 or a

constant). For everys ∈ St , let tsi = ti[t
s
1/x1] (2 ≤ i ≤ n), then

Jlet x1 ⇐ t1 in let x2 ⇐ t2 in · · · let xn ⇐ tn in val(u)K(s)
= Jlet x2 ⇐ t2 in · · ·let xn ⇐ tn in val(u)K[x := Jts1K](s′)
= Jlet x2 ⇐ ts2 in · · ·let xn ⇐ t′n in val(u[ts1/x1])K(s′)

wheres′ = π2(Jt1K(s)). Clearly, for everya ∈ Jt1K,

let x2 ⇐ ts2 in · · · let xn ⇐ tsn in val(u[ts1/x1])

is again inCond-form, so by induction, its denotation, when applied to any state, is a pair of a
definable value at typeτ and a state inSt .

The proposition follows by considering the computational canonical form oft, as in Proposition 3. ut



Proof of Lemma 4 We assume that(c1, c2) 6∈ RTτ , so there exists somes0 ∈ St such that

– either(π1(c1s0), π1(c2s0)) 6∈ Rτ . Then by inductionπ1(c1s0) 6∼τ π1(c2s0). If π1(cis0) (i = 1, 2)
is not definable, then by Proposition 6,ci is not definable either. If bothπ1(c1s0) andπ1(c2s0) are
definable, butπ1(c1s0) 6≈τ π1(c2s0), then there is a contextx : τ `

�
: To such thatJ�K[x :=

π1(c1s0)] 6= J�K[x := π1(c2s0)], i.e., for some states′0 ∈ St ,

J�K[x := π1(c1s0)](s
′

0) 6= J�K[x := π1(c1s0)](s
′

0)

Now we can use the following context

y : Tτ ` let x ⇐ y in let z ⇐ updates′

0

in
�

: To,

Let fi = Jlet x ⇐ y in do
�
at s′0K[y := ci] (i = 1, 2), then for anys ∈ St ,

fi(s) =
r
let z ⇐ updates′

0

in
�
z
[x := π1(cis)](π2(cis))

= J�K[x := π1(cis)](s
′

0), (i = 1, 2).

f1 6= f2, because when applied to the states0, they will return two different pairs, so the above context
can distinguish the two valuesc1 andc2;

– or π2(c1s0) 6= π2(c2s0). we use the context

y : Tτ ` let x ⇐ y in val(true) : Tbool,

then
Jlet x ⇐ y in val(true)K[y := ci] = λs.(true, π2(cis)) (i = 1, 2)

These two functions are not equal since they return different results when applied to the states0.

In both cases,c1 6∼Tτ c2, hence∼Tτ⊆ R
Tτ . ut

Proof of Lemma 5 Assume(c1, c2) 6∈ RTτ , which means that there are twoR-related continuations
k1, k2 such thatc1(k1) 6= c2(k2). Because∼τ⊆ Rτ , for anya1, a2 ∈ JτK,

a1 ∼τ a2 ⇒ a1 R a2 ⇒ k1(a1) = k2(a2),

thenk1 andk2 are equivalent. Suppose that bothc1 andc2 are definable, then by Proposition 7,c1(k2) =
c1(k1) andc2(k2) = c2(k1). Consider the context

y : Tτ ` let x ⇐ y in callk1

τ (a) : Tbool.

For eachk ∈ RJboolK,
q
let x ⇐ y in callk1

τ

y
[y := ci](k) = ci(l) (i = 1, 2)

where for eacha ∈ JτK,
l(a) =

q
callk1

τ

y
(a)(k) = k1(a),

thenl = k1 and becausec1(k1) 6= c2(k2) = c2(k1), c1(l) 6= c2(l). ut


