On completeness of logical relations for monadic types
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Abstract. Interesting properties of programs can be expressed usingxtual equivalence. The
latter is difficult to prove directly, hence (pre-)logicalations are often used as a tool to prove it.
Whereas pre-logical relations are complete at all typegcéd relations are only complete up to first-
order types. We propose a hotion of contextual equivaleoc®bggi’'s computational lambda calcu-
lus, and define pre-logical and logical relations for thisgks. Monads introduce new difficulties: in
particular the usual proofs of completeness up to firstioigfees do not go through. We prove com-
pleteness up to first order for several of Moggi's monadshéndase of the non-determinism monad
we obtain, as a corollary, completness of strong bisimutatv.r.t. contextual equivalence in lambda
calculus with monadic non-determinism.

1 Introduction

Interesting properties of programs can be expressed ulagdtion of contextual equivalence. While
contextual equivalence is difficult to prove directly besawf the universal quantification over contexts,
logical relations and pre-logical relations [4] are poweétbols that allow us to deduce contextual equiv-
alence in typed lambda-calculi. They are easily proved daunt. contextual equivalence using the so-
called Basic Lemma. Whereas pre-logical relations are ¢tet@mt all types, logical relations are only
complete up to first-order types.

On the other hand, Moggi's computational lambda-calcuijshps proved useful to define various
notions of computations on top of thecalculus: partial computation, exception, non-deteisnin state
transformer and continuation in particular. Moggi’s ifttigs based on categorical semantics: while cat-
egorical models of the\-calculus are cartesian closed categories (CCCs), the uwmtignal lambda-
calculus requires CCCs with a strong monad. A natural natfdipgical relations able to deal with the
monadic types was proposed in [2].

In this paper, we propose a notion of contextual equivaldoc&loggi’s computational lambda cal-
culus, and we define pre-logical relations and logical retest for this calculus. Monads introduce new
difficulties: in particular the usual proofs of completesi@p to first order do not go through. We prove
completeness up to first order for several of Moggi's monBdssome monads we require the presence of
specific constants. In the case of the non-determinism mavadeed to restrict ourselves to a subset of
first-order types. As a corollary, we prove that strong bidation is complete w.r.t. contextual equivalence
in a lambda calculus with monadic non-determinism.
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Section 2 is devoted to preliminaries. We prove in Sectioma® pre-logical relations are complete at
all types in the computational lambda-calculus. In Seclipwe look at completeness of logical relations
for various Moggi’s monads.

2 Preliminaries

2.1 Logical relations and contextual equivalence foA-calculus

We consider the simply typed-calculus, where a type is either a base typ@sooleans, integers, etc.),
or a function typer — 7’. Terms are:

tu=a|c| e -t]|tt

wherec ranges over a set of constants anover a set of variables. Notations and typing rules are aslusu

We consider set theoretical semantics of the simply typealculus. AI"-environmenp is a map such
that, for everyx : 7in I, p(x) is an element of 7]. Lett be a term such thdt + ¢ : 7 is derivable. The
denotation of, w.r.t. al'-environmenp, is given as usual by an elemdnfp of [r]. We write[t] instead
of [[t]p whenp is irrelevant.

Contextual equivalence. Let Obs be a subset of base types, calld#iservation typesAn observation
type is any base type with decidable equality, e.g. booldategers, etc. AontextC is a term such that
x: 7 F C: ois derivable, where is a type and is an observation type. Two elementsanda of [r],
arecontextually equivaler(ivritten asa; = as), if and only if for any contexC such thatr : 7= C : o
(0 € Obs) is derivable[C] [z := a1] = [C][x := a2]. We say that two closed termsandt, of the same
typer arecontextually equivaler(tvritten ast; ~. t2) whenevefft;] = [t2].

Logical relations. Essentially, a (binarypgical relation[5] is a family (R).. type Of relations, one for
each typer, on[r] such that related functions map related arguments to tetatilts. More formally, it

is a family (R~ ), .. of relations such that for everfy, f> € [t — 7],

fiRr—r fo <= Vai,a2 € [7]-a1 Ry a2 = fi(a1) R+ fa(az)

There is no constraint on relations at base types. In thelgityped A-calculus, once the relations at base
types are fixed, the above condition for¢és: ), . to be uniquely determined by induction on types.
It is certainly possible to have other complex types, e.gdpcts. In general, relations of these complex
types should be also uniquely determined by relations of thpe components. For instance, pairs are
related when their elements are pairwise related.

In this setting, what is crucial for deducing contextual igglence is the so-calleBasic Lemmalt
states that if” - ¢ : 7 is derivable, ang,, p, are two related -environments, thefit]p1 R [t]p2. Here
two I'-environments, po arerelatedby the logical relation, if and only ip;(z) R, p2(z) for every
z : 7in I'. Basic Lemma implies that, for any logical relatigR ), , . which is a partial equality on
observation types, logically related values are necdgsamtextually equivalent, i.eR, C =, for any
typer.

Take any two values,, as € [7] such thati; R, as. By Basic Lemma, for every conte&tsuch that
x: 7 F C:oisderivable § € Obs), [C][z := a1] R, [C][x := ag], i.e., [C][z := [a1]] = [C][x =
[az]] sinceR, is partial equality.

Completeness is another important aspect of logical melatiWe say a logical relatiofR ;). type
is completdf every contextually equivalent values are related by kbggcal relation, i.e.~, C R, for
every typer. However, completeness for logical relations is hard tdexeh Usually we are only able to
prove completeness for types up to first order (the ordermégyis defined inductivelysrd(b) = 0 for
any base typé; ord(r — 7') = max(ord(r) + 1, ord(7’)) for function types).



Proposition 1 There exists a logical relatio(iR ) . type with partial equality on observation types, such
thatif F ¢, : 7and F 5 : 7 are derivable, for any type up to first ordert; ~, t2 = [t1] R+ [t2].

Definability is largely involved in the proof of completerse$Ve say that a value € [r] is definableif
and only if there exists a closed tetrsuch that- ¢ : 7 is derivable and: = [t]. We define a relatior,

by a1 ~- a2 (for ai,as € [7]) if and only if a1, a» are definable and; ~, a2. Now let(R.); type be
the logical relation induced bR, = ~; at all base types and we can show that it is complete for types
up to first order, by induction over types (see Appendix A fa tletails).

Pre-logical relations. In order to get completeness at all types, we appeal to themof pre-logical
relations[4]. A pre-logical relationis any family (R ) of relations (between two values pf] in
our case) such that:

T type

(I) for everyfl, f2 S [[T — TI]], if f1 Ri—rr fo anda1 R, as thenf1 (al) R fg(ag);
(i) KRy—rrr K;
("I) S R(THT’HT”)H(THT’)HTHT” S;
(iv) and for every constant: 7, [¢] R, [¢].

whereX is the function mapping € [7],y € [7'] toz, ands is the function mapping € [r — 7 — 7"],
y € [t — 7], z € [7] to z(z)(y(z)); Compared to logical relations, the main difference of jogical
relations is that relation® . _, - for functions are no more determined uniquely by relati®rsandR ..

Basic Lemma for pre-logical relations [4, Lemma 4.1] is sger than for logical relations: pre-logical
relations arexactlythose families of relations such that Basic Lemma holds.

With respect to contextual equivalence, pre-logical ietet are not just sound, but also completell
types More precisely, there exists a pre-logical relati@®y. ) . type Whichis partial equality on observation
types, and for every closed terms ¢» of type, if t1 =, to then[t;] R, [tz2]. An instance of such a
pre-logical relation is the relation., we defined above. As shown in [3, Theorem-3}, is indeed a pre-
logical relation. Although the argument of [3] is in the s&ftof cryptographic lambda-calculi, the proof
does not depend on any particular constants or types, anokecapplied here without any change.

2.2 Logical relations and contextual equivalence for compiational A-calculus

Moggi defines a language called the computationealculus and uses monads to model computational
types, in order to give semantics to programming languadeshwnclude side effects such as exceptions,
non-determinism, and so on [7]. This was done in a categm@tting. While categorical models of the
simply typed\-calculus are cartesian closed categories (CCCs), the wiatignal A\-calculus requires
CCCs with a strong monad’, 7, p, t).

An extra unary type constructdris introduced in the computation&lcalculus. Intuitively, a typd
is the type of computations of type We call T+ amonadic typén the sequel. Compared to thecalculus,
the computational-calculus is extended with two constructs (and correspantiping rules):

'+t:r I'tty:Tr Dax:1hty: T
I'kFval(t): Tr I'tletz <ty inty: T7/

Each computational-term has a unique interpretation as a morphism in a CCC wéthomg monad. In
particular, the interpretation of terms in the computationcalculus must satisfy the following equations:

[let z <= val(ty) inta]p = [ta[t1/z]]p 1)
[let x <t inval(z)]p = [t]p (2
[let 20 < (let 21 <t ints) int3]p = [Llet 21 < t; in let a9 < t2 ints]p 3)

Indeed, every term of a monadic type can be written in somerdaal form (respecting these equations):



Definition 1 (Computational canonical form). A term¢ of a monadic typel'~ in the computational
A-calculus is said to be aomputational canonical terifit is of the form

let z; <ty in---let x, < t, inval(u) (n=0,1,2,...)

whereu is a term of typer, x4, ..., z, are variables and ever; (i = 1,...,n) is a weak head normal
form, i.e.,t; = w;w;1 - - - wix, and eachy, is either a variable or a constant.

Proposition 2 For every termt of a monadic typd 7 in the computational-calculus, there exists a com-
putational canonical terrtf such thaflt'] p = [t] p, for every valid interpretatiofy o (i.e., interpretations
satisfying the equations (1-3)).

Proof. The computationak-calculus is strongly normalizing [1], so we consider th@ormal form of
termt and prove it by induction oh See Appendix A for details. O

Contextual equivalence.In order to define contextual equivalence for the computafia-calculus, we
have to consider contex of type To (whereo is an observable type), not of type Indeed, contexts
should be allowed to do some computations. If they were oé typthey could only return values. In
particular, a contex€ such thatr : T + C : o is derivable, meant to observe computations of type
T, cannot observe anything. This is because the typing ruléh®let construct only allows us to use
computations to build other computations, never values.

Taking this into account, we are led to the following defiiti

Definition 2 (Contextual equivalence)For any typer, we say that two values, a; € [7] are contex-
tually equivalent, written as;, ~, ao, if and only if, for all observable types € Obs and context{
suchthate : 7+ C : Tois derivable,[C][x := a1] = [C][z := az].

Two closed terms, and¢, of typer are contextually equivalent (written &g =~ t2) if and only if

[t:] =+ [t=].

Logical and pre-logical relations. A natural extension of logical relations able to deal withmadic
types was introduced in [2]. It relies on the categoricalamobdbf subscones [6] — a uniform framework
for defining logical relations. The construction considtiftng the CCC structure and the strong monad
from the categorical model to the subscone.

We shall focus in this paper on Moggi’'s monads [7] defined tivecategonset of sets and functions.
In this case, the subscone is the category whose objecténamy belationg A, B, R C A x B) whereA
andB are sets; and a morphism between two objédtsB, R C A x B) and(A’, B’ R' C A’ x B')isa
pair of functions(f : A — A’, g : B — B’) preserving relations, i.e. wheneveR b, thenf(a) R’ g(b).

The lifting of the CCC structure gives rise to the standagidal relations given in Section 2.1 and the
lifting of the strong monad will give rise to relations for madic types. We writd” for the lifting of the
strong monad’. Given arelatiorR C A x B and two computations € TA andb € T'B, (a,b) € T(R)
if and only if there exists a computatienc T'(R) (i.e. c computes pairs i) such thaiz = T'71(c) and
b = T'ma(c). The standard definition of logical relation for the simphpéd A-calculus is then extended
with:

(Cl, CQ) € Rty — (Cl, CQ) S T(RT) (4)

The construction guarantees that Basic Lemma still holds.

Pre-logical relations for computation&icalculus are obtained in a natural way. Namely, we extend
the definition from Section 2.1 with the condition (4) aboMete that relatiori+, on each monadic type
is determined uniquely bR -, in contrast to function types.



3 Completeness of pre-logical relations

Let T be an arbitrary monad ifiet. We restrict our attention to pre-logical relatioff®- ) - +yp. such that,
for any observation type € Obs, R, is a partial equality. Such relations are caltdgbervationaln the
rest of the paper.

Note that we require partial identity oo, not ono. But if we assume that denotationwof1(_), i.e.,
the unit operatiom, is injective, then thaR, is a partial equality implies thak, is a partial equality as
well. Indeed, letz; R, a2, and by Basic Lemmdyal(x)][z := a1] Rt [val(z)][z := az], thatis to
saynpo(a1) = nyop(az). By injectivity of n, a; = as.

Theorem 1 (Soundness)f (R;): type IS an observational pre-logical relation, théd, C ~, for every
typer.

Proof. By Basic Lemma. O

Obviously, soundness holds for observational logicatieta as well.
As in Section 2.1, for every type, we define the binary relatioft~, ) - «ype by: for anyas, as € [7].
a1 ~, ag if and only if a; anda, are definable and; ~, a,.

Theorem 2 (Completeness)There exists an observational pre-logical relatitR - ) - +ype such that, for
all termst; andts such that- ¢, : 7 andt ¢o : 7 are derivablefy ~, to = [t1] R+ [t2]-

Proof. Obviously,t; =, to = [t1] ~~ [t2], S0 we will prove that~. ). type IS @ pre-logical relation.
The conditions (i) — (iv), for(~.)- +ype, are clearly satisfiedt] ~- [¢] holds for every closed termof
type 7, hencea fortiori for K, S and any constant To prove the condition (i), we use similar techniques
as in Proposition 1 (see Appendix A for details). O

4 Completeness of logical relations for monadic types

This section is devoted to the study on the completenessgiddbrelations for the computational
calculus. However, it seems difficult to get a general resuitcompleteness for all monads, since specific
properties of particular monads (and corresponding ldégéations) are quite different. Furthermore, an
important role is played by the language constants sinceisaussion necessarily involves contexts, and
these constants vary widely as well. Hence, instead of argbsygproach, we shall check the completeness
in some important examples, notably partial computatie@oneption, nondeterminism, state transformer
and continuation.

We restrict ourselves to types upficst orderin the computational lambda-calculus:

=0T b — 7!,

whereb ranges over a set of base types. However, completenesgfs tp to first-order does not hold
for every monad. In the case of the non-determinism mona)|dts only for a subset of first-order types.

Similarly as in Proposition 1 in Section 2.1, we investigatenpleteness in a strong sense. We aim at
finding an observational logical relatigfk ) . type such thatif - t; : 7 and ¢, : 7 are derivable and
t1 =, to, for any typer up to first order, theifit;] R, [t2]. Or briefly,~. C R.. As in Proposition 1,
the logical relationR ;). type will be induced byR;, = ~3, for any base typé. Then how to prove
completeness, for an arbitrary mori&@d

As usual, the proof would go by induction overto show~., C R, for each first-order type. Now,
casesr = bandr = b — 7’ go identically as in the simply typeb-calculus. The only difficult case is
T=T7, e,

~r g RT - ~Tr g RTT (5)



We did not find any general way to show (5) for an arbitrary ntbmastead, in the following subsections
we shall prove it for particular ones.

There is also another subtle point — notice that it is evertroetin general thatR ), . . is obser-
vational, i.e., it is not necessarily partial identity ®n. Fortunately, this can be solved in general, under
some mild assumptions on the morigdfulfilled by all the monads investigated in the sequel. Aailet
treatment is to be found in the full version of the paper.

At the heart of the difficulty of showing (5), one finds an isafelefinability at monadic types. By
definition, an element of [T7] is definable if and only if there is a close tetmnsuch that- ¢ : T+
is derivable andt] = c. But this does not state anything on the connection betwedéfinability of a
computation and its corresponding “result”. Intuitivefig value of[ Tr] is definable, either it corresponds
to a computation which “returns a definable result” (necelysat type 7), or there is a specific constant in
the language defining this value. This argument is by no mimansal and we shall make it more precise
for each monad, in Propositions 3, 4, 5, 6 and 7. Interestiradil of them can be spelled-out shortly by
deft, C Tdef, where bydef, C [r] we mean the subset of definable elementg-§f But even though
stated easily in general, this fact needs substantiaffgraint proofs for different monads.

Before we move on to discussions of concrete monads, we defmtorm for closed terms, parame-
terized by a predicatP on terms.

Definition 3. For any predicateP on terms, we say that a closed term (necessarily of a conmipuotafpe
Tr for somer) is in P-formif and only if it is of the form

letzy < t; in---let x, < t, inval(u) (n=0,1,...),

whereP is a predicate on closed terms, = w;w;1 -+ wi, (1 < i < n), u; is either a variablex;
(1 <1 < i—1)or any closed term such th&(u;) holds,w;,, (1 < m < k;) is a term whose free
variables must be ifz1, ..., z;_1} andu is any term of type with free variables iflzy, ..., 2, }.

For a concrete monad, we shall define a predi€adad on closed terms, which is inclined to act as a
condition to be satisfied by constants.

4.1 Partial computation

[Tr] = [rTu{Ll},
[val(t)]e = [tlp,
- _ S [talplz == [ta]p) i [ta]p # L
[[letz«ihlntQ]]P{l if[[tlﬂp:L’
where L is a distinguished element denoting non-terminating cdatmns. Logical relations at monadic
types are given by [2]:
i1 Rtrca<=c1 Rrcog O c1 =co =L (6)
Let Cond be the smallest set of closed terms such that, for any clesedttof typer; — -+ —

7, — T7,Cond(t) holds if and only if: for any closed termhsty : 71, -« ,F &y 7, [E]([E1], - -, [En])
is either:

— equaltol, or
— definable at type (by some closed terntf), and, if 7 is of the formr{ — --- — 7/, — T7/, then
Cond(t') holds.

We assume that for any constaniCond(d) holds. We also assume that there is, for everg constant
2. of typeTr such thaf{2;] = L. ClearlyCond(f2;) holds.

Lemma 1. For any closed term (of typeT7) in the Cond-form, [¢] is either L, or a definable value at
typer.



Proof. By induction onn of the Cond-form (see Appendix A for details). O

Proposition 3 A valuec € [Tr] is definable if and only if, eitheris definable at type, orc = L, i.e.:
deft,(c) <= def, (c) orc = L.

Proof. The “if” direction: For any value: € [T7], if ¢ = L, it is obvious (2, defines it); ifc € [r] and
def,(c) holds, supposeis defined by some closed tertrof typer, thenc is also definable at typ€r (by
the termval(t)), i.e.,deft,(c) holds.

The “only if” direction: Suppose that there is a value [T] which is definable by some closed term
t of type Tr. Consider the computational canonical formtof

uy = letxy < t; in---let z, < t,, in val(u), (n=0,1,...)

wheret; = y;w;1 - - wi, (1 <@ < n),y;is either aconstantor avariabte(l <1 <i—1,if i > 2),and

wim (1 < m < k;) is a term with free variables all ifw;,--- ,z;_1}. u; is in theCond-form, because
for any constand, Cond(d) holds. Hence by Lemma 1, the denotation of terfthe valuec) is either L
or a definable value of type O

Lemma 2. For any logical relationR, ~, C R, = ~1, C Rr,.

Proof. we take any two elements;, c2) ¢ R, and show that there exist contexts that can distinguish
them (see Appendix A for details). O

Theorem 3. Logical relations for the partial computation monad are qaete up to first-order types, in
the strong sense that there exists an observational logitation R such that for any closed terms, ¢-
of atyper! up to first order, ift; ~,1 ta, then[t;] R, [tz].

Proof. Take(R;): type iNduced byR;, =~;, for any base typé. It is then proved by induction on types
that~,1C R, for any typer! up to first order. In particular, Lemma 2 shows the inductistep for
monadic types. O

4.2 Exception
The exception monad can be seen as the generalization cdittial gomputation monad.
[Tr]=[rJUE
[val(@®)lp = [tlp

[t2lplz == [talp] if [t:1]p ¢ E
[t1]p if [t1]pe E

whereF is a fixed set of exceptions. Logical relations at monadiesyare given by [2]:

[let v <= t; inta]p = {

il Rrco<=c1Rrco Orci =c0 €F

Let Cond be the smallest set of closed terms such that, for any clesedttof typer;, — -+ —
7, — T7, Cond(¢) holds if and only if, for any terms ¢1 : 71, b &, : 7, [t]([t1],- -, [tn]) is
either:

— an exceptiore in £, or
— definable at type (by some closed terrtf), and, if r is again of the formr{ — --- — 7/ — T7/,
thenCond(t') holds.

We assume that for any constantCond(d) holds. We also assume that there is, for every tyead
every exceptior € E, a constantaise? of typeTr such thaffraise¢] = e. Clearly,Cond(raise?)
holds.



Proposition 4 A valuec € [T7] is definable at typ@ 7, if and only if, eitherc € [7] andc is definable at
typer, or ¢ = e for somee € F.

Lemma 3. For any logical relationR, ~,C R, = ~1,C Rr,.

Theorem 4. Logical relations for the exception monad are complete ufirét-order types, in the strong
sense that there exists an observational logical relafiBn) - +,,. such that for any closed terms, ¢, of
any typer! up to first order, ift; ~,1 o, then[t;] R, [tz2].

4.3 Non-determinism

[T7] = Pan([7])
[val(®)]p = {[tlp}

[let x <= t1 ints]p = U [t2]plz := a)
a€fti]p

wherePg, (9) is the set of finite subsets 6f Logical relations at monadic types are given by [2]:
¢1 Ryr ca <= (Va1 € ¢1. as € c2. a1 Ry a2) & (Vag € co. Jag € ¢1. a1 R a2) @)

Let Cond be the smallest set of closed terms such that, for any clesedttof typer; — --- —
7, — T7, Cond(t) holds if and only if:

— forany closed termss ¢; : 71, -+ , &ty : 7, [E]([E1], - - , [¢n]) is & finite set where each element is
definable at type (by a closed ternt’), and,
— if 7is again of the formr{ — --- — 7/, — T7/, then, for every’, Cond(¢') holds.

We assume that for any constantCond(d) holds. We also assume there is, for evera constant-,
of typer — 7 — Tr and a constanb.. of type T+ such that for anyi;,as € [7], [+-](a1,a2) =
{a1} U{az2} and[®,] = 0. Obviously,Cond(+,) andCond (%, ) hold.

Proposition 5 A valuec € [T7] is definable if and only if, for any € ¢, a is definable at type.

However, in the case of non-determinism, we are not able lhieae the completeness of logical
relations for any type up to first order. There is indeed cetexamples where two first-order programs
are contextually equivalent but they are not related byadlyechl relations as defined by (7).

Consider the following two programs:

F val(Ax.(true +pool false)) : T(bool — Thool),
F Az.val(true) +bool—Thool Az.val(false) : T(bool — Tbool).

The two programs are contextually equivalent: what costean do is to apply the functions to some argu-
ments and observe the results. While doing so, we alwaybgstime set of possible valug¢sfue, false}),
although the two programs contain different set of posdiltetions. So there is no way to distinguish
them with a context. But they cannot be related by a logicdatien, because the function
[Az.(true +bool alse)] from the first program is not related to any function from theand program.

Indeed, if we assume that for every non-observable basettyfieere is an equality test constant
test, : b — b — bool (clearly, Cond(test;) holds), logical relations for the non-determinism monad
are then complete for a setwkak first-order types

L =0 Tb|b— 7).

Compared to all types up to first oder, weak first-order typesat contain monadic types of functions.



Theorem 5. Logical relations for the non-determinism monad are corgplg to weak first-order types.
in the strong sense that there exists an observational édgalation R such that for any closed terms
t1,t2 of a weak first-order type,,, if t1 ~;1 t, then[t,] R.1 [ta].

Proof. Take the logical relatiofk induced byR; =~, for any base typé. O

Now letstate andlabel be base types such tHabel is an observation type, wherestste is not. Us-
ing non-determinism monad, we can define labeled transitietems as elements[state — label — Tstate],
with states infstate] and labels irfflabel], as functions mapping statesnd labeld to the set of statels

such thata —-=p . The logical relation at typstate — label — Tstate is given by [2]:

(fl; f2) S 7efstate—>label—>T5tate —
Vai,az,li,ls - (a1,a2) € Retate & (l1,12) € Riabel =
(Vb1 € fi(ar,ly) - Fbe € falaz,l2) - (b1,b2) € Rstate)
& (Vs € fa(az,lz) - 3by € fi(ar,l1) - (b1,b2) € Restate)

In caseRapel IS equality, f1 and f, are logically related if and only iRsie iS @ strong bisimulation
between the labeled transition systefagand fs.

Sometimes we explicitly specify an initial state for cemti&beled transition system. In this case, the
encoding of the labeled transition system in the nondetésmi monad is a pair(q, f) of
[state x (state — label — Tstate)], whereq is the initial state and’ is the transition relation as de-
fined above. Theliy, f1) and(q2, f2) are logically related if and only if they are strongly bisilawy i.e.,
Rstate IS @ strong bisimulation between the two labeled transgigstems ang; Rtateq2-

Corollary 1 (Soundness of strong bisimulation).Let f; and f> be transition systems. If there exists a
strong bisimulation betweefi and f-, thenf; and f> are contextually equivalent.

Proof. There exists a strong bisimulation betwegrand f», thereforef; and f, are logically related. By
Theorem 1, andf; are thus contextually equivalent. O

In order to prove completeness, we need to assuméathathas ngunk in the sense that every value
of [label] is definable.

Corollary 2 (Completeness of strong bisimulation)Let f; and f> be transition systems which are defin-
able. If f; and f5 are contextually equivalent aabel has no junk, then there exists a strong bisimulation
betweenf; and fs.

Proof. Let R be the logical relation given by By Theorem f. and f, are definable and contextually
equivalent, thereforé; Rstate label—Tstate f2- MOreover, becaudabel has no junk, Riapel is equality.
Rstate 1S thus a strong bisimulation betwegnand fs. O

4.4 State transformers

[T] = ([7] x St)5*
[val(t)]p = s+ ([t]p, s)
[let x <1 inta]p = s +— [t2]plx = a1](s1)
wherea; = 71 ([t1]p(s)), s1 = m2([t2]p(s))
whereSt is a finite set of states. Logical relations at monadic typegiven by [2]:
1 R1r ca <= Vs € St. m1(c18) Ry mi(cas) & ma(c1s) = ma(cas)

Let Cond be the smallest set of closed terms such that, for any closet t of type
T — -+ — 1, — 17, Cond(t) holds if and only if,



— for any closed terms t1 : 7, ,F t, = 7, [t]([t1], -, [tn]) is & function such that for any
s € St, [tl([t1], - - - 5 [tn])(s) = (a,s’) wheres’ € St anda is definable at type (by some closed
termt’), and

— if 7is of the formr{ — --- — 7/, — T7’, thenCond(¢') holds.

We assume that for any constahtCond(d) holds. Letunit be the base type which contains only a
dummy valuex. We assume that there is, for eack St, a constantpdate, of type Tunit such that for
anys’ € St, [update,](s") = (%, s). This constant does nothing but change the current stateCtiearly,
Cond(update,) holds.

Proposition 6 If a valuec € [Tr] is definable, then for everye St, 71 (cs) is definable at type.

Lemma 4. For any logical relation( R ) ~CR; = ~1,C Rs,.

T type’
Theorem 6. Logical relations for the state monad are complete up to-firster types, in the strong sense

that there exists an observational logical relatifR ) - +,pe such that for any closed ternig, ¢, of any
typer! up to first order, ift; a1 to, then[t;] R, [t2].

4.5 Continuation

The semantics of monadic types and constructs are given by

[Tr] = RE"
[vai(t)]p = k=% = k([t]p)
[let z < t; into]p = EI=I=F .= [t,] (k")
wherek’ is a function:w[™] .= [t,]p[2 := v] (k)

R is a set of possible results. Logical relations for monaglies are given by [2]:
C1 RT-,— Co < (Vkl,kg. (Val,ag. aq RT Ao —> kl(al) = kQ(ag)) = Cl(kl) = Cg(kg))

Intuitively, we can always observe the results returnediyycantinuation, or test the equality between
these results, so when we call a continuation with two cdntdly equivalent arguments, it should return
the same result. Furthermore, if two continuations agresngrcontextually equivalent argument, we shall
regard them as equivalent. Precisely, Two continuatiang, € R[] areequivalentf and only if, for
anyai,as € [[Tﬂ, ay ~r Gy — kl(al) = kQ(QQ).

Let Cond be the set of closed terms such that, for any closed teofiyper, — --- — 7, — T,
Cond(t) holds if and only if,

— for any closed terms ¢ : 71, b t, : 7, [t]([t1], -, [tn]) is @ function such that for any
equivalent continuations, , k, € RI™1,

[T, - s [Eal) (Ra) = [T, - - 5 [EaD) (R2)-

We assume that for any constanCond(d) holds. We also assume that there is, for eaeind each con-
tinuationk € RI1, a constanta11” of typer — Tbool such that for any. € [r] and any continuation
k' € R, [call¥](a)(k’) = k(a). Cond(call¥) holds.

Proposition 7 Ifavaluec € [T7] is definable at typ@&, then for every equivalent continuatiohs k- €
R c(ky) = c(ko).

Lemma 5. For any logical relation(R ;) ~,CR; = ~1,C Rrr.

T type’
Theorem 7. Logical relations for the continuation monad are complefeta first-order types, in the

strong sense that there exists an observational logicati@h (R, )~ +,,. such that for any closed terms
t1,t2 of any typer® up to first order, ift; ~,1 to, then[t;] R, [t2].
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A Proofs

Proof of Proposition 1 We define the relatior-, by: a; ~, as if and only if a1, as are definable and
a1 ~; a. Let(R.)r type be the logical relation induced 159, = ~ at all base types.

The proofis by induction over. Caser = b is obvious. Letr = b — 7'. Take two terms,, ¢, of type
7 such thaft;] and[t2] are related bys,,_,... Let f1 = [[¢1] and fo = [[t=]. Assume thati1, as € [b] are
related byR,, thereforen; ~y, as sinceR;, = ~y. Clearly,a; andas are thus definable, say by terms
andus, respectively. Then, for any conteRtsuch thatz : 7/ = C : o (0 € Obs) is derivable,

[Clz == fi(a1)]
= [Clzu1/z]][z := f1] (sincea; = [u1])
= [Clzwi/2]][z := f2] (sincefi ~p—r f2)
= [Cl[x := f2(a1)]
= [Cltaz/z]][z := a1] (sincefs = [t2])
= [Cltaz/z]][x := a2] (Sincea; =~ a2)

= [C][z := fa(a2)].

Hencefi(a1) = f2(az). Moreover,f1(a1) andf2(az) are therefore definable iywu; andtyus respec-
tively. By induction hypothesisfi(a1) R, f2(a2). Becauser; anday are arbitrary, we conclude that
f1 Ro—r fo. O

Proof of Proposition 2 The computationah-calculus is strongly normalizing [1], so we consider the
B-normal form of termt and prove it by induction on
If ¢ is a variable or a constant, then according to the equation (2

[tlp = [let z < t inval(z)]p,

wherex is not free int.

If ¢ is an applicationt; 5 - - - t,, , thent; is of a functions type and it must be a variable or a constant (i
cannot be a-abstraction sinceis S-normal). Similarlyi is equivalent to the termet = < ¢ in val(x).

If ¢ is a trivial computatiorval(t'), it is already in the computational canonical form.



If ¢t is a sequential computatiaret « < t; in to, by induction, there are computational canonical
terms for botht; andty, namely

let 1 <t} in---let a2}, < t. inval(u;)

and
let 3 <=t in---let o2 < t2 inval(ug),
wherezi, ... xl 22 ... 22 are notfree in. Replace; andt, with these terms im and we get
[t]p = [let z < (let 2] < ¢} in---let x,, < t;, inval(u)) int2]p
= [let 2] <t} in
let v <= (let vy <=ty in---let xp, < t- inval(ui)) into]p
= [let 21 <t} in---let z}, <+, inlet z < val(uy) ints]p
= [let z] <t} in---let ), < t. inlet 2 < val(u;) in
let 23 <= 12 in---let 22 < t2 inval(uz)]p.
Because alti, ... tL  t2,... t2 andval(u) are weak head normal forms, so the last term in the above

equation is computational canonical. O

Proof of Theorem 2 Obviously,t; ~, t2 = [t1] ~- [t2], so we will prove tha{~;): type iS @
pre-logical relation. The conditions (i) — (iv), fdr; ) type. are clearly satisfiedit] ~. [¢] holds for
every closed term of typer, hencea fortiori for X, S and any constant

To show (i), assumég; ~,_.. fo. In particularf; and f, are definable, say by closed termsand
to, respectively. And for all contexXt ¢, such thatt : 7 — 7/ F C gy, : Tois derivable § € Obs),

[[C fun]][x = fl] = [[C funﬂ [IE = f2]
Furthermore assumg ~. as. Again,a; andas are definable, say by respective closed tetmand

ug. And for all contextC ,,,, such thate : 7 = C ,,, : Tois derivable § € Obs), [C a][z = a1] =

[C axell = az].
We have to show thaf; (a1) ~; fa(a2). fi(a1) and f2(az2) are respectively definable lyw; and
tous. Let C be any context such that, for amye Obs, z : 7/ = C : To is derivable. The rest of the

argument is by context chasing, similarly as in the proofraf®sition 1:

[C][z := f1(a1)]

= [Clzuy /z]][x := f1] (sincea; = [u1])
—[Clew/ellle = fol  (sincefy ~rr f2)
— [Cllz = folar) |

= [Cltox/z]][x := ai] (sincefz = [ta])

= [Cltoz/z]][x := as) (sincea; =, asz)

Proof of Lemma 1 Becausé is of theCond-form,
t=1letx; <t in---let x, < t, inval(u), (n=0,1,...).

We prove by induction on:

— In the base casei(= 0): [val(u)] = [u]. Itis obvious thaft] is definable at type (by the termu
namely).



— Foranyn > 1,
[t1] = [urwis - - wig, | = [ur]([wia], - -, [wik, ])-
whereuy, w11, - ,wi, are all closed terms an@ond(u1) holds, so[t;] is either equal tal or
definable at type; (suppose; is of typeTr). If [t1] = L, then the denotation of the whole term
is L,i.e,[t] = L.If [t1] # L, supposdt] is defined by a closed term (of type ;). Because
Cond(uq) holds, so doe€ond(t}), then Cond(uz[t} /x1]), ..., Cond(u,[t}/x1]) hold as well
(becauseus |t /x1], . .., u,[t) /2] are eithert] or a constant). Let, = ¢;[t] /z1] (2 < i < n), then

[let 21 <t; inlet 29 <ty in---let x, < t, inval(u)]
= [let z2 <ty in---let @, < ¢, inval(u)][z1 = [t]]
= [let xo < th in .- let z, <t inval(u[t)/z1])].

Clearly,let xo <t} in ---let z,, < t/, in val(u[t]/x1]) is again of theCond-form, so by induc-
tion, its denotation is either or a value definable at type O

Proof of Lemma 2 We assume that.C R.. Take any two elementg, cz) ¢ R+,. There are two
cases:

— ¢1,c9 € [r] but(er, c2) € R,, thency 4, co. If one of these two values is not definable at typéy
Proposition 3, it is not definable at type either. If both values are definable at typbut they are not
contextually equivalent, then there is a contextr - C : To such thafC][z := c¢1] # [C]|[z := c2].
Thus, the context : Tr + let x <y in C : To can distinguiske; andc, (as two values of type
T7).

— ¢1 € [r] andce = L (or symmetrically¢; = L andes € 7], thenthe contextet « < y in val(true)
can be used to distinguish them.

In both cases;; %7, c2, hence~1.C Ry, O

Proof of Proposition 5 We prove first the following lemman the computationak-calculus specialized
in non-determinism, for any closed tetr(of typeT ) in Cond-form, [¢] is a finite set of definable values
of [7].

Because is of theCond-form,

t=1letx; <t in---let x, < t, inval(u), (n=0,1,...).
We prove by induction on:

— In the base casew(= 0): [val(u)] = {[u]}. Itis obvious thafju] is definable at type (by the term
u in particular).

— Foranyn > 1,

[t:1] = [uawi - - - wig, | = [ua] (fwial, - - s [wir, ])-

whereuy, w1, -+ ,wig, are all closed terms an@ond(u4) holds, so every element §f;] is de-
finable at typer; (supposé; is of typeTr;). Suppose that for every € [t1], there is a closed term
t¢ such thaft{] = a. Becaus&Cond(u;) holds, for everys € [t1], Cond(t{) holds as well, hence
Cond(uz[t{/z1]), ..., Cond(u,[t{/x1]) hold (becauses[t]/x1], ..., u,[t}/z1] are eithert{ or a
constant). Let? = ¢,[t§/x1] (2 < ¢ < n), then

[let 21 <t; inlet 29 <ty in---let x, < t, inval(u)]

= U [let 3 <ty in---let z, < t, inval(u)][z1 = a
a€ft1]

U [let 22 <= t5 in---let x, <t in val(ult]/z1])].
a€ft1]



Clearly, for everya € [t1], let 9 <t in---let x, < t% in val(u[t{/z1]) is again inCond-
form, so by induction, its denotation is a finite set of defiealalues of type-, and so is the union of
all these sets, sinde ] is also finite.

The proposition follows by considering the computatiorsadanical form ot, as in Proposition 3. O

Proof of Theorem 5 Take the logical relatioR induced byR; =~y, for any base typé. We prove by
induction on types that ;1 C RT&J for any weak first-order type! .

Cases andb — 7. go identically as in normal typed lambda-calculi. For mdoagpestcompb,
suppose thafeq, c2) € Rp, Wwhich means either there is a valuecinsuch that no value af; is related
to it, or there is such a value iz. We assume that every valuedn andc; is definable (otherwise it is
obvious that; %1, ¢y because at least one of them is not definable, according pmBitan 5). Suppose
there is a valua € ¢; such that no value in; is related to it, and. can be defined by a closed tetrof
typeb. Then the following context can distinguishandc;:

x:TTk lety < x in testy(y,t) : Thool

since every value in, is not contextually equivalent t@ hence not equal te. O

Proof of Proposition 6 We prove first the following lemman the computationak-calculus specialized
in state transformers, for any closed tetnof typeTr) in Cond-form, and for anys € St, w1 ([t]s) is
definable at type-.

Because is of theCond-form,

t=1letx; <t; in---let x, < t, inval(u), (n=0,1,2,...).
We prove by induction on:

— In the base casew(= 0), for everys € St, [val(u)]s = ([u], s). It is obvious thafu] is definable at
type T (by the termu in particular).

— Foranyn > 1,

[t1] = [uawir - - wik, ] = [wa]([wia], -+ [wir, ])-

whereus, wi1, - -+ ,wyk, are all closed terms ar@ond(u;) holds, so for every € St, w1 ([t1](s))
is definable at typey (suppose; is of typeTr). Suppose that for everyc St, t5 is a closed term
of type 1 such thatr ([t1](s)) = [t;]. Becaus€Cond(u;) holds,Cond(t5) holds as well, hence
Cond(us[tf /x1]), ..., Cond(u,[t;/x1]) hold (because[ts/x1], ..., u,[t]/x1] are eithert{ or a
constant). For every € St, lettf = t;[t5/x1] (2 < i < n), then

[let 1 < t; inlet 22 < tg in---let x, < t, inval(u)](s)
= [let xo = ta in---let x, < t, inval(u)][z := [£]]](s")
= [let 22 < t§ in---let x, < t,, inval(u[t]/z1])](s")

wheres’ = m([t1](s)). Clearly, for everyu € [¢1],
let 2o < t5 in---let x, < t) inval(u[t]/z1])

is again inCond-form, so by induction, its denotation, when applied to atates is a pair of a
definable value at type and a state irbt.

The proposition follows by considering the computatiorsadanical form ot, as in Proposition 3. O



Proof of Lemma 4 We assume thdt;, c2) € R, SO there exists somg € St such that

- either(m(clso),m (0280)) ¢ R,. Then by inductioml(clso) '74-,— 7T1(CQSQ). If 7T1(Ci80) (2 = 1,2)
is not definable, then by Proposition &,is not definable either. If both; (c159) andm(c2s0) are
definable, butri (c150) %, m1(c2s0), then there is a context : 7 = C : To such that|C][z :=
m1(c150)] # [C][x := 71 (c250)], i-€., for some state], € St,

[Cl[z == mi(c150)](s6) # [Cl[ := m1(c150)](sp)
Now we can use the following context
y: Ttk letz<yinlet z < update% inC: To,
Let f; = [let x <=y indo C at s{][y := ¢;] (¢ = 1, 2), then for anys € St,
fi(s) = Hlet z < update,, in C]] [ :=m1(ci9)|(m2(cs9))
= [C][z :=m(cis)l(sp),  (i=1,2).

f1 # fo2, because when applied to the stagethey will return two different pairs, so the above context
can distinguish the two values andcs;
— orma(c180) # ma(caso). we use the context

y:TrF let x < y inval(true) : Thool,

then
[let x < y inval(true)][y := ¢;] = As.(true,ma(c;s)) (i=1,2)

These two functions are not equal since they return difteesults when applied to the staig

In both cases;; %1, c2, hence~t,C R, O

Proof of Lemma 5 Assume(cy, c2) € Rt., which means that there are twWd-related continuations
k1, ko such that; (k1) # ca(ke). Because-,C R, for anyaq, as € [7],

a) ~r Gy = aq R as = kl(al) = k/’g(ag),

thenk; andk, are equivalent. Suppose that bethandc, are definable, then by Propositioné{ (k2) =
c1(k1) andea(ke) = ca(k1). Consider the context

y:Trk let 2 < y in call®(a) : Thool.
For eachk € RIPeol,
[letz <y in callfl]] [y := ¢i](k) = () (1=1,2)

where for eaclu € 7],
l(a) = [[callfl]] (a)(k) = k1(a),
then! = k; and because; (k1) # ca(ke) = ca(k1), c1(l) # ca(1). O



