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Chapter 1

Stable Homotopy Theory

We assume that the reader is familiar with § 1 - § 6 of G.W.Whitehead’s
paper [17]. We recall the basic definitions.

Definition 1.1 A spectrum E = (En, en)n∈Z consists of a sequence of based
CW-complexes En and inclusions of subcomplexes SEn ↪→ En+1.

Definition 1.2 A map between spectra f : E → F consists of a sequence of
maps Fk : Ek → Fk defined for k > n0 such that the diagram:

SEk ↪→ Ek+1

Sfk ↓ ↓ fk+1

SFk ↪→ Fk+1

commutes for k > n0.
The category of spectra is denoted by S.

We say that maps f, f ′ : E → F are equal iff fk = f ′k for k sufficiently
large, and similarly they are homotopic iff fk ∼ f ′k for k large enough. Let
{E,F} denote the set of homotopy classes of maps between E and F, and Sh
the homotopy category of spectra.

There is a natural functor: C → Sh from the category C of of CW-
complexes to Sh associating with every complex X a spectrum (SkX, id)k∈N.

The suspension functor S : C → C extends to Sh so that:

Sh
S−→ Sh

↑ ↑
C S−→ C

3



CHAPTER 1. STABLE HOMOTOPY THEORY 4

commutes where (SE)k = Ek+1.

Let us notice that S : Sh → Sh is an automorphism.

For every CW-complex
{SnX,E} = colimk[S

n+kX,Ek].
For finite CW-complex the formulas:
hk(X;E) := {S−kX,E}
hk(X;E) := {SkX,X ∧ E}
define cohomology and homology theories associated with the spectrum E.
Here X∧E denotes the spectrum: (X∧E)k = X∧Ek with obvious inclusions.

A similiar ”stabilization process” can be applied to vector bundles. We
will assume that a map of bundles is an isomorphism on fibres.

Definition 1.3 A spectrum of vector bundles ξ = (ξn, εn) consists of a se-
quence of bundles ξn over Bn (defined for n > k0) and the inclusions:

ξn ⊕ θ1 ε̃n
↪→ ξn+1

↓ ↓
Bn

εn−→ Bn+1

where e1 denotes one dimensional trivial vector bundle.

The definitions of maps between spectra of vector bundles and their ho-
motopy classes are analogous to those for spectra of complexes.

Let η , ξ be spectra of vector bundles. We denote by {η, ξ} the set of
homotopy classes of maps η → ξ. We write SVk for the homotopy cat-
egory of spectra of vector bundles. There is a natural functor from the
homotopy category of spectra of vector bundles to the homotopy category
of spectra of vector bundles: Vh → SVh associating with a bundle η a spec-
trum {η⊕θk, id}k∈N. The dimension function can be extended to the objects
of SVh: dim ξ =: dim ξk−k. It is clear that if dim η 6= dim ξ then {η, ξ} = ∅.

We extend the functor θ : V → V, θ(η) = η ⊕ θ′, θ(f) = f ⊕ id to the
category SVh putting:
[θ(ξ)]k = ξk+1. The diagram commutes:
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V θ−→ Vh
↓ ↓
SVh

θ7−→ SVh.

If η is a vector bundle and ξ is a spectrum of vector bundles then {θ−n(η), ξ} =
colimk[η + θk−n, ξk].

Let ξ be a spectrum of vector bundles and dim ξ = 0.

Definition 1.4 Let η be a n-dimensional vector bundle. A stable ξ-structure
on η is an element of {θ−n(η), ξ}. We will also use the simpler notation
θ(ξ) = ξ + 1. In this notation a ξ-structure on η is a homotopy class of the
map η → ξ + n of bundle spectra.

Remark 1.5 This definition of ξ-structure coincides with the definition
given in Stong’s book [16, ch.II].

We describe in the above terms the stable reduction of the group of the
vector bundle to the subgroup of the orthogonal group. Assume that the
subgroups G(n) < O(n) are defined in such way that the diagram:

-

-

? ?

Gn O(n)

Gn+1 O(n+ 1)

commutes.
This sequence defines the spectrum of vector bundles: γ(G) = {i∗nγn, i∗εn},

where in : BGn → BO(n) and γn denotes a classyfying bundle over BO(n).
The stable reduction of the group of the n-dimensional bundle η to the group
G is the γ(G) structure on η.

Consider now the Thom space functor from the homotopy category of
vector bundles to the homotopy category of based CW-complexes: Vn →T

Cn. We use the notation T (ξ) = Bξ where ξ is a bundle over B.
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Theorem 1.6 There exists an extention of the Thom-space functor to the
category of spectra i.e. there exists a commutative diagram:

Vh
T−→ Ch

↓ ↓
SVh

T−→ Sh

Proof: We define T (ξ)k = T (ξk).
If εk : ξk + θ′ → ξk+1 then Tεk : T (ξk ⊕ θ′) = ST (ξk) = Tξk+1.



Chapter 2

Differential Topology.

In this section we recall basic notions of differential topology which will be
used in the sequel. Our material consists of three parts:

1. tubular neighborhoods.

2. imbeddings of manifolds.

3. transversality.

A smooth manifold is a C∞ manifold and a smooth map is a C∞ map. We
will assume that all manifolds considered are paracompact.

2.1 Tubular Neighborhoods.

For a complete treatment of the subject we refer the reader to Lang [10].

Let V,W be manifolds and let i : V → W be an immersion. A differen-
tial Di : TV → TW induces then a monomorphism Di : TV → i∗TW over
V .

Definition 2.1 The quotient bundle ν(i) = i∗TW/TV is called a normal
bundle to the immersion i : V →W .

If i : V ↪→ W is an inclusion of a submanifold then a normal bundle
ν(i) is called a normal bundle of V in W and is denoted by νW (V ). In this
situation we define a tubular neighborhood of V in W .

7
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Definition 2.2 A tubular neighborhood of V in W consists of:
a) a vector bundle π : E → V and an open neighborhood Z of its zero-
section.
b) a diffeomorphism h : Z → U where U is an open neighborhood of V in
W such that diagram:

V ↪→ U
s0 ↓ h↗
Z

commutes (s0 : V → Z is the zero-section).

Example 2.3 Let ξ = (p : E → M) be a smooth vector bundle over a
manifold M . A normal bundle of the zero-section s0(M) ↪→ E is canonically
isomorphic to ξ. This follows from the exact sequence: θ → p∗ξ → TE →Dp

p∗TM → 0 which has a canonical splitting Ds0 over the zero-section. The
tubular neighborhood is obviously the whole E(ξ) with the icentity map.

We shall formulate the existence theorem in general situation.

Theorem 2.4 Let V be a closed submanifold of W . There exists a tubular
neighborhood of V in W .

Sketch of the proof: We choose a Riemannian metric on W . This met-
ric defines the map ν(V ) → (TV )⊥ and thus the splitting of the sequence:
0 → TV → TW |V → ν(V ) → 0. The Riemannian metric defines also
an exponential map: TW ⊃ Z0 →exp W . This exponential map being
an identity on the zero-section is thus a diffeomorphism on an open subset
Z ⊂ Z0 ∪ (TV )⊥; s0(V ) ⊂ Z (here we need the assumption that V is a
closed submanifold).

The proof of theorem 10 gives us a canonical method of construction of
tubular neighborhood after a Riemannian metric is chosen. It is important
for our purposes to have a tubular neighborhood defined over the whole
bundle and not only on a neighborhood of its zero-section.

Definition 2.5 A vector bundle p : E → X is compressible iff for every
open neighborhood Z of the zero-section s0(X) ⊂ E there exists an open
neighborhood Z1, s0(X) ⊂ Z1 ⊂ Z ⊂ E and a homeomorphism h : E → Z1
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over X (i.e the diagram:

E → X
h ↓ ↗
Z1

commutes).

Lemma 2.6 Any vector bundle over a manifold is compressible.

For the proof see Lang [10;VII.4.]. It is important to notice that in this case
the compressions are diffeomorphisms isotopic in E to the identity.

Thus haveing chosen a Riemannian metric we have the canonical con-
struction of the total tubular neighborhood:

ν(V )→ (TV )⊥
compression−→ Z

exp−→W

We shall see that total tubular neighborhoods are unique up to the isomor-
phism of vector bundles.

Definition 2.7 Let p : E → V be a vector bundle; V ⊂ W and Z →
W a tubular neughborhood of V in W . The isotopy F : Z × R → W is
called an isotopy of tubular neighborhoods iff each Ft : Z → W is a tubular
neighborhood.

Theorem 2.8 Let h : E → W and g : E′ → W be total tubular neighbor-
hoods of V in W . Then there exists a vector bundle isomorphism λ : E → E′

and an isotopy of tubular neighborhoods ft : E → W such that f0 = h and
f1 = g ◦ λ. Moreover, if E and E′ are endowed with Riemannian metric,
then λ can be chosen to be an isometry.

Corollary 2.9 If E → W is a tubular neighborhood of V in W , then E is
isomorphic to ν(W ).

For the proof see Lang [10, IV.6].

Remark 2.10 Any two canonical tubular neighborhoods are isotopic. This
follows easily from the fact that any two Riemannian metrics are homotopic
through Riemannian metrics (thus in this case λ is an identity). We will
use thic fact later.
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2.2 Imbeddings of Manifolds.

We start with the definition:

Definition 2.11 A smooth map f : V →W is called a proper imbedding iff
the following conditions are satisfied:

1. Df is monomorphism,

2. f is injective,

3. f is proper (i.e. the inverse image of every compact set is compact).

If f : V →W is a proper imbedding then f(V ) ⊂W is a closed submanifold
of W . From now on we assume that all imbeddings under consideration are
proper.
We recall Whitney’s imbedding theorem:

Theorem 2.12 Let ξ : V → R be a smooth function such that for every
x ∈ V , ξ(x) > 0. Let f : V → Rq be a proper map which is an imbedding of
a neighborhood U of a closed set A ⊂ V . If 2 · dimV < q then there exists
g : V → Rq such that g|A = f |A, g is an ε-approximation of f , and g is a
proper imbedding.

Remark 2.13 Rq may be replased by a manifold N with dimN > 2 ·dimV .

For the proof of the above theorem see Narasimhan [12, 2.15].
We will say that two proper imbeddings f0, f1 : V →W are properly isotopic
iff there exists an isotopy F : V ×R→W such that Ft is proper for each t,
F0 = f0 and F1 = f1. It is clear that F : V × R → W is a proper isotopy
iff a map F4pr2 : V ×R→W ×R, (F4pr2)(ν, t) = (F (ν, t), t) is a proper
imbedding. From the Whitney theorem it follows:

Theorem 2.14 If q > 2 · dimV + 4 then any two proper imbedding i0, i1 :
V → Rq are properly isotopic. Any two such isotopies are themselves prop-
erly isotopic leaving the endpoints fixed.

The last theorem enables us to identify the normal bundles to different
imbeddings of the same manifold. Note first that an imbedding i : V → Rq

defines a sequence of imbeddings iq+k : V → Rq+k. We can define a bundle
spectrum {νn, fn} which is determined for n ≥ q as follows: νn = ν(in)
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(where i = iq), and fn are canonical isomorphisms ν(in) ⊕ θ = ν(in+1) de-
termined by the standard orientation of the Euclidean space. We denote
this spectrum by νS(i) and call it a stable normal bundle to an imbedding
i. Note that dim νS(i) = −dimV .

Recall now that any bundle η overX×I defines a map η → η|X×{0} which
induces a canonical homotopy class of isomorphism η|X×{0}to'η|X×{1} (see
for instance Husemoller [7]).

Thus for any isotopy F : V × R → Rq between proper imbeddings
i0, i1 : V → Rq the normal bundle of F : V ×R→ Rq×R, F̃ (ν, t) = (Fν, t, t)
defines a homotopy class of isomorphism ν(i0) ' ν(i1). If q is sufficiently
large (as in theorem 2.14) then any two isotopies between i0 and i1, being
themselves isotopic through isotopies, define the same homotopy class of
isomorphism ν(i0) ' ν(i1).

Corollary 2.15 Let i : V → Rq and j : V → Rq be imbeddings. Then there
is a canonical homotopy class of isomorphisms νS(i)→ νS(j).

The class of all stable normal bundles of imbeddings of V in Rq will be
denoted by τ(V ).

Let ξ be a spectrum of vector bundles, dim ξ = 0 and suppose dimV = n.

Definition 2.16 A ξ-structure on τ(V ) is family of ξ-structures on stable
normal bundles to all imbeddings of V , such that for every θn(νS(i)) → ξ,
θn(νS(j))→ ξ, and the canonical homotopy class of isomorphisms νS(i)→
νS(j) the following diagram commutes in SVh:

θn(νS(i)) → ξ
↓ ↗

θn(νS(j))

Consider now a more general situation.
Let Y be a manifold. we will deal with imbeddings i : V → Y × Rq

(for Y = pt we have the previous situation). As before every such an
imbedding determines a bundle spectrum {νk,κk} defined for k ≥ q such
that νk = ν(ik) where (as k = q + 1) ik = iq+1 : V →i Y ×Rq ↪→ Y ×Rq+1

and κk is a canonical isomorphism ν(ik) + θ1 = ν(ik+1) determined by the
standard orientation of the Euclidean space. The dimension of this spactrum
is dimY − dimV and we denote it by νS(i).
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Proposition 2.17 Let π : Y × Rq → Y be the projection. If i0, i1 : V →
Y ×Rq satisfy πi0 = πi1 = f then i0 and i1 are homotopic.

Indeed: Ht(ν) = (1 − t)i0(ν) + ti1(ν), defines this homotopy on V × I, we
can prolong it smoothly to H : V ×R→ Y ×Rq.

Proposition 2.18 Let

V
i→ Y ×Rq V

j→ Y ×Rq
f ↘ ↓ π and f ↘ ↓ π

Y Y

be imbeddings lifting the same map f . Then there is a canonical homotopy
class of isomorphism νS(i)→ νS(j).

Outline of the proof: A homotopy from proposition refpro:2 gives us
a map: H : V × R → Y × Rq × R. According to the Whitney theorem we
can take an imbedding H̃ : V × R → Y × Rq × R arbitrality close to H
(and thus homotopic to H), such that H̃|V×{i} = H|V×{i}, i = 0, 1. The

normal bundle to H̃ gives the required isomorphism determined by isotopies
H : V × R → Y × Rq × R for which the following diagram commutes
homotopically:

V ×R H−→ Y ×Rq ×R
f × id↘ ↓

Y ×R
To establish the uniqueness of the homotopy class of such isomorphism we
just have to repeat the previous argument.

Remark 2.19 For the geometric reasons we will be interested only in such
imbeddings i : V → Y × Rq that f = πi : V → Y is proper and in such ho-
motopies H : V ×R→ Y ×Rq ×R between them that πH : V ×R→ Y ×R
is proper. Notice, that when f is proper the homotopy from proposition ref-
pro:2, as well as homotopies used in the proof of proposition 2.18 satisfy the
above property. This fact will be used in the sequel.

The class of all stable normal bundles of imbeddings lifting the map f
will be denoted ν(f) and called a stable normal bundle to f .

Suppose i : V → Rl is an imbedding and f : V → Y a proper map. The
diagonal (f, i) : V → Y ×Rl is then an imbedding “lifting” f whose normal
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bundle satisfies the equality:

ν(i, f)⊕ θl = f∗τ(Y )⊕ ν(i)⊕ θl

For this reason the normal bundle ν(f) to the map f is also denoted by
f∗τ(Y )− τ(V ).

The definition of ξ-structure on ν(f) is analogous to definition 2.16.

Definition 2.20 ξ-orientation of f is a ξ-structure on ν(f).

Remark 2.21 Let f : V → Y and g : V1 → Y be proper maps and suppose
that there is a diffeomorphism ϕ : V → V1 for which the diagram commutes:

V
f−→ Y

ϕ ↓ ↗ g
V1

The diffeomorphism ϕ induces a canonical isomorphism ν(f)→ ν(g) (i.e. a
family of isomorphisms compatible with the canonical isomorphisms defining
ν(f) and ν(g)).

Proof: Let i : V → Y ×Rq, j : V → Y ×Rq be imbeddings lifting f and
g respectively. The canonical homotopy class of isomorphism νS(i)→ νS(j)
is the composition of the canonical homotopy class of isomorphism νS(i)→
νS(jϕ) with an isomorphism νS(jϕ)→ νS(j) (induces by ϕ in obyious way).

2

2.3 Transversality.

Definition 2.22 Let Z ⊂ X be a submanifold and g : Y → X a map of
manifolds. We say that g is transversal to Z on a set A ⊂ Y iff for every
a ∈ A such that g(a) ∈ Z the following equality holds:

Tg(a)Z +Dg(TaY ) = Tg(a)X.

(Dg : TY → TX denotes the differential of g)
If g : Y → X is transversal to Z on Y we say simply that it is transversal
to Z.
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Definition 2.23 Let f : Z → X, g : Y → X be maps. We say that f and
g are transversal (f t g) iff f × g : Z × Y → X × X is transversal to the
”diagonal submanifold” 4(X) ↪→ X ×X.

Theorem 2.24 If g : Y → X is transversal to Z ⊂ X then g−1(Z) is a
submanifold and the differential Dg : TY → TX induces a canonical iso-
morphism of bundles:

νY (g−1(Z))→≈ g∗νX(Z)

This isomorphism is defined in the following way. Consider the compo-
sition:

�

? ?

�

?

Y

g−1(Z)

Z

T (Y )|g−1(Z)

T (X)|Z

νX(Z)

Dgg

canonical
projection

From the transversality condition the kernel of this composition is precisely
T (g−1(Z)) and thus we obtain the desired isomorphism which we denote by
Dg.

Remark 2.25 If f and g are transversal then V = (f × g)−1(4X) is a
submanifold of Z × Y which is the pull-back of the following diagram:

-

? ?

-

V Z

Y X

f

g

back

We recall the Thom transversality theorem.
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Theorem 2.26 Let g : Y → X be a map which is transversal to Z ⊂ X on
a closed set A ⊂ Y . Let δ : Y → R, δ > 0 be a smooth function. Then
there exists a δ-approximation g′ : Y → X such that g′|A = g|A and

Notice that from this theorem it follows that for any map g : Y → X
as above we can find a map g′ : Y → X which is homotopic to g relative A
and transversal to Z. (we use the theorem that δ is small enough g and g′

must be homotopic.) The above theorem can be formulated in the following,
slightly stronger form (Karoubi [9]).

Theorem 2.27 Let f : Z → X and g : Y → X be maps, and δ : Y →
R, δ > 0 a smooth function. Then there exists a δ-approximation g′ :
Y → X of g such that g′ t f .



Chapter 3

The Thom construction.

Consider the following situation. Let η be a smooth vector bundle p : E → Y
and let i : X → E be an imbedding such that the composition π = f : X →
Y is a proper map.

E
i↗ ↓ p

X −→ Y

The Thom construction associates with this imbedding a homotopy class of
maps Y η → Xν(i) where Y η and Xν(i) denote the Thom spaces of appropri-
ate bundles.

We will formulate the description of tho Thom space in the form con-
venient for our puposes. Let η = {p : E → Y } be a vector bundle.
Y η = E ∪ {∗}. We topologize Y η by taking as a base of neighborhoods
of {∗} sets Y η\A where A ⊂ E is closed and p|A : A→ Y os proper. Note,
that the Thom space of a bundle over paracompact space is paracompact.
To describe the Thom construction let us fix a Riemannian metric on a
manifold E. This gives us a tubular neighborhood

16
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-

?

?

-

ν(i) ' T (X)⊥ Z

E

Y η

compression

exp

h

with h(ν(i)) = U . The Riemannian metric on E defines through isomor-
phism TX⊥ ' ν(i) a metric g on ν(i). We denote by Dnu(i) and Sgν(i)
the disc bundle and the sphere bundle with respect to this metric.
Let Ḋgν(i) =def Dgν(i)− Sgν(i).
We have an identification map:

Y η/(Y η − h(intDgν(i))) ' Dgν(i)/Sgν(i)

6

Y η

‖
Xν(i)

6

i∗

The homotopy class of i∗ : Y η → Xν(i) is independent of the choice of tubu-
lar neighborhood with respact to a given metric. It is independent also of
the choice of a particular metric on E, as any two are homotopic through
the Riemannian metrics. Note however that it is essential that we restrict
ourselves to the tubular neighborhoods determined by some metric.

Remark 3.1 The assumption that pf : X → Y is proper was necessary
for the Thom construction. This assumption was used in establishing the
continuity of

h−1 : Y η/Y η\h(Ḋg(νi)) −→ Dgν(i)/Sgν(i).
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Proposition 3.2 Let imbeddings i0, i1 : X → E be isotopic through the
isotopy H : X × R → E such that if H̃ : X × R → E × R is the imbedding

determined by H then the composition X ×R →H̃ E×R →p×id Y ×R is
proper. The Thom maps Y η → Xν(i0) and Y η → Xν(i1) are then homotopic.

Proof: Take the product metric on E×E and apply the Thom construction
to H̃ on each level. This gives the requied homotopy.

2

The next result is formulated for a compact manifold X.

Proposition 3.3 If i0, i1 : X → E are imbeddings which are stable homo-
topic then maps Y η → Xν(i0) and Y η → Xν(i1) are also stable homotopic.

Proof: In view of the provious proposition this one follows from Whit-
ney imbedding theorem. The fact that the obtained isotopy is proper is
guaranteed by the compactness of X.

2

Let us consider the following generalization of the situation described
above. As before, consider imbedding i : X → E such that the composition

E
i↗ ↓

X
f−→ Y

is proper and suppose α = (p : E′ → Y ) is an arbitrary vector bundle.

Theorem 3.4 The Thom construction defines a canonical homotopy class
of map Y η⊕α → Xν(i)⊕f∗α which makes the following diagram commutative:

�
6

? ?

s +

Xν(i)⊕f∗α Y η⊕α

Xν(i) ∧Xf∗α Y η ∧ Y α

Xν ∧ Y α

4 4

1 ∧ f
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Proof: Without loss of generality we can assume that α : E′ →p′ Y is a
smooth bundle. Let p′′ : E′′ → Y be the Whitney sum α⊕ η.
With i : X → E and the vector bundle α we associate an imbedding i′ :
X → E′′ which is the composition

X
(i,f)−→ E × Y ↪→ E × E′

↓ ‖
E′′ ↪→ E × E′

The Thom construction applied to i′ gives us Xnu(i′) → Y α⊕η. There is a
canonical isomorphism of ν(i′) with ν(i)⊕ f∗α. To establish this recall first
that TE′′ = p,,∗(TY ⊕ (α⊕ η)).
ν(i′) = i′∗p′′∗(TY ⊕ (α⊕ η))/TX = i′∗p′′∗(TY ⊕ η)⊕ i′∗p′′∗α/TX = i∗p∗(TY ⊕
η)⊕ f∗α/TX = i∗p∗(TY ⊕ η)/TX ⊕ f

∗α = ν(i)⊕ f∗α.

In view of this canonical isomorphism we obtain the desired mapXν(i)⊕f∗α →
Y η⊕α. The commutativity of the diagram from theorem 3.4 follows imme-
diately from the method of the Thom construction.



Chapter 4

The Pontriagin–Thom
theorem.

Let ξ : E′ →p′ E be a n-dimensional vector bundle. Let η : E →p Y be
a smooth k-dimensional vector bundle over a manifold Y ; dimY = 1. We
shall consider submanifolds V ⊂ E of codimension n such that the restriction
p|V : V → Y is a prpoer map. A ξ-structure on such a submanifold is a
map ν(i) → ξ, where i : V ↪→ E is the inclusion and a submanifold with a
ξ-structure is called a ξ-submanifold of η.

Definition 4.1 Two ξ-submanifolds of η

V0
i0
↪→ E V1

i1
↪→ E

f0 ↘ ↓ p , f1 ↘ ↓ p
Y Y

ν(i0)
ϕ0−→ ξ , ν(i1)

ϕ1−→ ξ

are cobordant iff there exists a ξ-submanifold j : W ↪→ E×R of codimension
n, such that (p× id) ◦ j : W → Y × R is a proper map and W satisfies the
following compatibility condition:

1. W is transversal to E × {k}, k = 0, 1 and W ∩ (E × {k}) = Vk.

2. ξ-structure on W correspondents under the isomorphism ν(j)|W∩(E×{k}) =
ν(ik) to ϕ : ν(ik)→ ξ.

Cobordism is an equivalence relation between ξ-submanifolds of η. The
set of equivalence classes of this relation is denoted by L(η; ξ).

20
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Remark 4.2 1. If Y is compact then this definition of cobordism co-
incides with the definition of bordism of compact submanifolds of a
manifold E (see Bröcker, tom Dieck [4]).

2. Let
V

j−→ E
f ↘ ↓ p

Y

be as in the definition, and suppose ϕo : ν(i) → ξ

and ϕ1 : ν(i) → ξ are homotopic as vector bundle maps. Then (i :
V → E, ϕ0 : ν(i) → ξ) and (i : V → E, ϕ1 : ν(i) → ξ) are
cobordant in L(η, ξ).

3. It is possible to give the analogous definition and prove similiar the-
orems if E → Y is locally trivial smooth map with the fibre being a
manifold.

For each ξ-submanifold of η the map obtained from the Thom construc-
tion composed with the map induced on the Thom spaces by a ξ-structure
gives a homotopy class of maps Y η → Bξ. It is easy to see that cobordant
ξ-submanifolds yield the same homotopy class Y η → Bξ. Thus we obtain a
map

P : L(η, ξ) −→ [Y η, Bξ].

The Pontriagin–Thom theorem holds.

Theorem 4.3 The map P : L(η, ξ)→ [Y η, Bξ] is a bijection.

First we will prove this theorem in the case when ξ is a smooth bundle.
Proof: (ξ smooth)
We will construct an inverse map Q : [Y η, Bξ]→ L(η, ξ).
Let f : Y η → Bξ be an arbitrary map. We deform f within its homotopy
class to a “good” map in three steps:
Step 1:
There is a map f1 ∈ [f ] which is differentiable on A = f−1(E′), transversal
to the zero section B ↪→ Bξ and f−1(E′) = A.
Proof of step 1:
Take on E′ a metric d for which compact sets are exactly the closed sets
bounded with respect to d (such a metric clearly exists). There is a homo-
topy H : A × I → E′ with H0 = f |A, H1 differentiable and transversal to
the zero section and moreover for every a ∈ A, t ∈ I, d(Ht(a), f(a)) ≤ 1.
Prolong H to H̃ : Y η × I → Bξ putting H̃(x, t) =∞ for x /∈ A. To demon-
strate the continuity of H̃ it remains to show that for U 3 ∞ being an open
neighborhood of ∞ in Bξ, H−1(U) is open in Y η × I. Let D = Bξ\U .
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H−1(D) = H̃−1(D) ⊂ f−1{x : d(x,D) ≤ 1}× I. To show that H−1(D) is
a complement of an open neighborhood of ∞× I in Y η × I we must have:

1. H−1(D) is closed in E.

2. projection of H−1(D) onto Y × I (Y = zero cross section of Y η is
proper).

Point 1. follows from the continuity of H and 2. from the fact that if f
is continous then f−1{x : d(x,D) ≤ 1} is a complement of ∞ in Y η and
thus its projection on Y is proper, f1 := H̃1.
Step 2:
Let N = f−1

1 (B). It is a submanifold of E and from continuity of f1, p| :
N → Y is a proper map. Let U be a tubular neighborhood of N in E. There
is a map f2 : Y η → Bξ, homotopic to f1 such that

1. f2 is transversal to the zero section, f−1
2 (B) = N .

2. f2(x) =∞ for x /∈ U .

Proof of step 2:
Let V ⊆ U be a tubular neighborhood and V ⊆ U . Let s : Y η → [0, 1] be a
smooth function such that s−1(0) = V , s−1[0, 1) = U . Let

Ht(x) =

{
1

1−tsx · f1(x) x ∈ A and t < 1 or x ∈ U and t = 1

∞ elsewhere

and put f2 = H1.
Step 3:
There is a map f3 : Y η → Bξ, homotopic to f2 such that:

1. U = f−1
3 (E′).

2. the composition

-

?

-

ν(N) U

E′
ϕ

f3

is a vector bundle map.
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Proof of this theorem can be found in Bröcker, tom Dieck [4] (only step 1.
needed a small modification).
We would like to put Q([F ]) = [N,ϕ], Q : [Y η, Bξ]→ l(η, ξ). This defini-
tion is dependent neither on the choice of f from [f ] nor on choices in steps
1,2,3. Any two maps obtained in step 3. starting from [f ] are homotopic.
The ξ-submanifold on η determined by them are cobordant because we can
proceed with the homotopy as in steps 1,2,3.
It is clear that Q ◦ P = id and P ◦Q = id.

2

Remark 4.4 The inverse map to P : L(η, ξ) → [Y η, Bξ] can also be con-
structed more directly. We start from the map f1 : Y η → Bξ which is
differentiable on f−1

1 (E) and transversal to B ↪→ Bξ. We put Q′[f1] =
[f−1

1 (B), Df1] where Df1 : ν(f−1
1 (B)) → νB ' ξ (see ). It is easy to see

that Q = Q′.

The proof of theorem 5.3 is valid for ξ : E′ →p′ B being a smooth bundle.
We will extend this result to a vector bundle over an arbitrary CW complex
B. Suppose first that B is a finite dimensional, locally finite countable
simplicial complex. Every such complex can be imbedded as a deformation
retract of some neighborhood in Euclidean space U ⊂ RN . Let r : U → B
be the retraction. We have an induced bundle:

r∗E′ −→ E′

↓ ↓ p′
U −→ B

We may assume that r∗E′ → U is a smooth bundle. On the other hand
it is clear that L(η, ξ) = L(η, r∗ξ) and [Y η, Bξ] = [Y η, U r

∗ξ], and thus
L(η, ξ) = [Y η, Bξ] in case B is a finite dimensional, locally finite countable
simplicial complex.
Suppose now that B is an arbitrary simplicial complex. From the triangula-
tion theorems for manifolds it follows that L(η, ξ) = colimCL(η, ξ|C) where
C are finite dimensional, locally finite countable simplicial subcomplexex
of B (since every structure ν(V ) → ξ, where V ↪→ E is the submanifold
considered, factors through ξ|C). From the approximation theorem we have
also [Y η, Bξ] = colimC [Y η, Cξ] and the quality holds for arbitrary simplicial
complex B. Since every CW complex has the homotopy type of some sim-
plicial complex thus L(η, ξ) = [Y η, Bξ] holds for a vector bundle ξ : E′ → E
over an arbitrary CW complex B.
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The analogue of the Pontriagin–Thom theorem can be formulated in a
relative form.

Definition 4.5 A pair (Y,A) is relative n-dimensional manifold iff A is a
closed subset of Y and Y \A is a n-dimensional manifold.

Assume that η : E →p Y is a vector bundle over Y such that its restric-
tion η|Y \A over Y \A : E(η|Y \A)→p Y \A is a smooth bundle.

Definition 4.6 A proper submanifold of E over a relative manifold (Y,A)
is a submanifold of E(η|Y \A) such that the projection on the base is proper
as a map into Y .

Let i : W ↪→ E(η|Y \A) be such a submanifold. As in the absolute case a

ξ-structure on W is a bundle map ν(i)→ ξ where ξ : E′ →p′ B is the vector
bundle over CW complex B, dim ξ = codimW .

Consider all proper ξ-submanifolds of E over a relative manifold (Y,A).

Definition 4.7 Two ξ-submanifolds of E over a relative manifold (Y,A)
are cobordant over (Y,A) iff they are cobordant as submanifolds of E(η|Y \A)
and in addition the submanifold of E(η|Y \A)×R establishing the cobordism
is a proper ξ-submanifold over a relative manifold (Y ×R,A×R).

We denote by L(η, η|A; ξ) the equivalence classes of the above relation.
The following theorem holds:

Theorem 4.8 The Pontriagin–Thom construction establishes the isomor-

phism between L(η, η|A; ξ) and the set of homotopy classes
[
Y η/Aη|A , Bξ

]
,

where ξ is the vector bundle over an arbitrary CW complex B.



Chapter 5

Stabilization. Bordism and
Cobordism Groups.

We now stabilize the previous situation. Assume that we are given a bundle
spactrum ξ = (ξk, εk), dim ξ = 0. Let Y be a fixed manifold. We will
consider (dimY − n)-dimensional ξk-submanifolds of the succesive product
bundles Y × Rk−n → Y (k varies) whose projection on Y is aproper map
(see chapter 4.). The inclusion Rk−n ↪→ Rk−n+1 taking (x1, . . . .xk−n) to
(x1, . . . , xk−n, 0) induces a map κk : L(ϑk−n, ξk) → L(ϑk−n+1, ξk+1) in the
following way: if V ⊂ Y × Rkn is a ξk-submanifold of ϑk−n we can de-
fine ξk+1-structure on V ⊂ Y × Rk−n+1 to be ϑk+1(V ) →κ

' νk(V ) ⊕ θ1 →
ξk ⊕ θ1 →εk ξk+1 where κ is the isomorphism determined by the standart
orientation of Rk−n+1.

For simplicity of notation we will write also L(Y×Rk−n, ξk) for L(ϑk−n, ξk).

It is easy to verify the commutativity of the following diagram:

L(Y ×Rk−n, ξk)
p−→

[
Sk−nY 0, Bξk

k

]
κk ↓ ↓ τk

L(Y ×Rk−n+1, ξk+1)
p−→

[
Sk−n+1Y 0, B

ξk+1

k+1

]
where Bk is the base of the bundle ξk and τk is the composition:

25
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I6

-

?

?

-

[
Sk−nY 0, Bξk

k

] [
Sk−n+1Y 0, SBξk

k

]

[
Sk−n+1Y 0, Bξk⊕θ′

k

]

[
Sk−n+1Y 0, B

ξk+1

k+1

]τk

S

'

Passing to the limit on both sides we obtain:

colimk

[
Sk−nY 0, Bξk

k

]
= colimkL(Y ×Rk−n, ξk)

If Y has the homotopy type of finite CW complex then colimk

[
Sk−nY 0, Bξk

k

]
is the nth cohomology group of Y with coefficients in the spectrum {Bξk

k , εk}.
We denote this theory by B∗(; ξ).

We have also a similiar formula for homology groups.

Bn(Y, ξ) = colimk

[
Sk+n, Y 0 ∧Bξk

k

]
= colimk

[
Sk+n, (Y ×Bk)θ

0
Y ×ξk

]
=

colimkL(Rk+n, ξ × θ0
Y ),

where Rk+n denotes a (n + k)-dimensional vector bundle over a point and
θ0
Y denotes a zero-dimensional vector bundle over Y . Notice that in the case

of homology all considered submanifolds of Rk+n are compact.

Remark 5.1 If Y is a finite CW complex then there exists an open manifold
of the homotopy type of Y (e.g. an open neighborhood of Y in Rm for suitable
m).

The Whitney imbedding and isotopy theorems enable us to get rid of
particular imbeddings and thus to interpret colimkL(Y ×Rk−n, ξk) in terms
of abstract manifolds.

Let f : V → Y be a smooth map and ν(f); f∗τ(Y ) − τV a spectrum
of normal bundle of f . We denote: dim f =: dim ν(f). We will introduce
the equivalence relation in the set of n-dimensional proper maps f : V → Y
edowed with ξ-orientations (V varies). For appropriate definition see chapter
1.
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Definition 5.2 We will say that the n-dimensional proper maps (f0 : V0 →
Y, α0 : ν(f0)→ ξ ⊕ n), (f1 : V1 → Y, α1 : ν(f1)→ ξ ⊕ n) are cobordant iff
there exists a ξ-oriented n-dimensional proper map g : W → Y × R, β :
ν(g)→ ξ ⊕ n such that:

1. g : W → Y ×R is transversal to Y × {0} and Y × {1},

2. there are diffeomorphisms:

ϕ0 : V0 → g−1(Y × {0})
ϕ1 : V1 → g−1(Y × {1})

for which the following diagrams commute:

V0
ϕ0−→ g−1(Y × {0}) V1

ϕ1−→ g−1(Y × {1})
f0 ↘ ↓ g f1 ↘ ↓ g

Y Y

3. The diffeomorphism ϕi (i = 0, 1) induces the isomorphism of f∗i τ(Y )−
τ(Vi) with g∗|g−1(Y×{i})τ(Y )− τ(ϕi(Vi)) (see 2.21). The latter bundle
is ν(g)|g−1(Y×{i}). We require that the diagram:

ν(fi)
≈−→ ν(g)|g−1(Y×{i})

αi ↘ ↓ p|ν(g)|g−1(Y×{i})

ξ + n

commutes for i = 0, 1.

The above relation is an equivalence and its classes are denoted by
Bn(Y, ξ).

There exists a natural map:

Φ : colimkL(Y ×Rk−n, ξk) −→ Bn(Y, ξ)

which with every submanifold V ⊂ Y × Rk−n and ν(V ) → ξk associates a
manifold V and a proper map π|V : V → Y where π : Y × Rk−n → Y is
the projection. The map of bundle spectra ν(π) → ξ + n is induced in the
obvious way by ν(V )→ ξk. It is clear that this map is well defined.

Theorem 5.3 The map Φ is a bijection.
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Proposition 5.4 Let i0, i1 : V → Y ×Rk−n be imbeddings lifting the same

proper map f (e.g.
V

i0,i1
⇒ Y ×Rk−n

f ↘ ↓ π
Y

) and let ν(i0(V ))→ ξk, ν(i1(V ))→

ξk be the ξk-structures. If there exists an isotopy for which the ξk-structures
correspondend under the isomorphism ν(i0(V )) → ν(i1(V )) defined by the
isotopy then the ξk-submanifolds (i0(V ), ν(i0(V ))→ ξk) and (i1(V ), ν(i1(V ))→
ξk) are cobordant in L(Y ×Rk−n, ξk).

Proof: recall results os chapter 2. If H : V × R → Y × Rk−n × R is the
isotopy then H(Y × R) ↪→ Y × Rk−n × R is the submanifold establishing
the required cobordism, where the ξk-structure on ν(H(V ×R)) arises from
the composition

ν(H(V ×R))→ ν(H(V × {0}))→ ν(i0(V ))→ ξk.

2

Remark 5.5 If the condition in the proposition 5.4 is fullfilled then the
bundle maps ν(i0(V )) → ξk and ν(i1(V )) → ξk determine the same map
of bundle spactra ν(f) → ξ + n. Also, if they determine the same map
of bundle spectra then the thesis of proposition 5.4 is true for large k and
thus (i0(V ), ν(i0(V )) → ξk) and (i1(V ), ν(i1(V )) → ξk) represent the same
element in colimkL(Y ×Rk−n, ξk).

Proof of theorem 5.3:
It is clear that Φ is surjective. We will now prove that Φ is injective. Sup-

pose that images of two ξk-submanifolds i0, i1 : V0, V1 ↪→ Y × Rk−n; α0 :
ν(V0) → ξk, α1 : ν(V1) → ξk are cobordant in the sense of definition 5.2.
Thus there exists a manifold W and a proper ξ-oriented map g : W → Y ×R
satisfying 1,2,3. Let j : W → Rk−n be an imbedding (we can assume k is
large) and consider the diagonal:

Y ×Rk−n ×R
g̃ = (g, j)↗ ↓

W
g−→ Y ×R

with the ξk-structure β : ν(g̃(W )) → ξk inducing the ξ-orientation of g.
according to definition 4.1, the ξ-submanifold g̃(W ) establishes cobordism
in L(Y ×Rk−n, ξk) between U0 := g̃(g−1(Y ×{0})), β|U0 : ν(g̃(W ))|U0 → ξk
and U1 := g̃(g−1(Y × {1})), β|U1 : ν(g̃(W ))|U1 → ξk.
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Consider imbeddings i0 : V0 ↪→ Y ×Rk−n and V0 →ϕ0 g−1(Y × {0})→g̃

Y × Rk−n. From condition 2. we have πi0 = πg̃ϕ0 and from 3. to see
that ξk-structures on ν(io(V )) and ν(g̃ϕ0V ) = ϕ∗0ν(g̃(g−1(Y × {0}))) define
the same ξ-orientation ν(πi0 → ξ + n. Analougously for V1 and U1. Thus
injectivity of Φ follows from proposition 5.4.2

We will give now another definition of the cobordism relation. it is less
natural then the previous one arising from stabilisation of L(Y ×Rk−n, ξk)
but it is similiar to the wellknown definition of geometric bordism.

Definition 5.6 Two n-dimensional ξ-oriented proper maps (fi : Vi → Y, αi :
ν(fi) → ξ + n), i = 0, 1 are cobordant iff there exists a manifold with
boundary W and a ξ-oriented proper map g : W → Y such that:

1. there is a diffeomorphism ϕ : V0 ∪ V1 → ∂W such that the diagram

V0 ∪ V1
ϕ−→ W

f0 ∪ f1 ↘ ↓ g
Y

commutes.

2. the ξ-orientation of g agrees with those of fi, i = 0, 1 in the sense
that the following diagram for f0 and the analogous for f1 commutes:

-

k

ν(f0)

ξ + n

ν(g|ϕ(V0))

ν(g)|ϕ(V0 ⊕ θ1

ξ ⊕ θ1 + n− 1

'

α0 δ0

? ?

+

where the isomorphism ': ν(f0)→ ν(g|ϕ(V0)) is induced by ϕ and the
map ξ ⊕ θ′ + n− 1→ ξ + n is defined by idξ. The isomorphisms

δi : ν(g|ϕ(Vi)) −→ ν(g)|ϕ(Vi) ⊕ θ
1

require the choice of field of vectors normal to the boundary; we choose
the inner normal field for V0 and the outer normal field for V1.
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Theorem 5.7 Definitions 5.2 and 5.6 are equivalent.

Proof: It is clear that two maps cobordant in the sense of definition 5.2
are also cobordant in the sense of definition 5.6. Suppose (f0 : V0 → Y, α0 :
ν(f0) → ξ) and (f1 : V1 → Y, α1 : ν(f1) → ξ) are equivalent in the sense of
definition 5.6 and g : W → Y, β : ν(g)→ ξ) establishes this equivalence: we
will show that they are cobordant in the sense of definition ??
Step 1:
Adding the Morse function on the last coordinate we obtain a proper map
h : W → Y ×R such that:

1. h(W ) ⊆ Y × [0, 1],

2. h−1(Y × {i}) = ϕ(Vi), i = 0, 1,

3. h t Y × {i}, i = 0, 1,

4. h|ϕ(Vi) = g|ϕ(Vi), i = 0, 1.

We can glue smoothly ϕ(V0)× (−∞, 0 > and ϕ(V1)× < 1,+∞) and prolong

h to get a manifold without boundary W̃ and h̃ : W̃ → Y × R putting
h̃(x, t) = (h(x), t) for x ∈ ϕ(V0 ∪V1), t ≤ 0 or t ≥ 1 (see the figure below).

The orientation of h̃ : W̃ → Y ×R:
The map β : ν(g)→ ξ determines the ξ-orientation ν(h)→ ξ because there
is a natural map ν(h)→ ν(g) + 1 (any imbedding of W into Y ×R×Rk−n
”over h” is an imbedding into Y ×Rk−n+1 ”over g”). The latter ξ-orientation
can be prolonged in a natural way to the ξ-orientation γ : ν(h̃)→ ξ.

We claim that (h̃ : W̃ → Y ×R, γ : ν(h̃)→ ξ) realizes the cobordism between
(f0 : V0 → Y, α0 : ν(f0)→ ξ) and (f1 : V1 → Y, α1 : ν(f1)→ ξ) in the sense
of definition ??.
Step 2:
We see that (h̃ : W̃ → Y × R, γ : ν(h̃) → ξ) sets up the equivalence in the
sense of definition ?? between (i : Vi → Y, βi : ν(fi)→ ξ) for i = 0, 1 where
βi is the orientation: ν(fi)→(ϕi) ν(h̃)|ϕi(Vi) →γ ξ.
Step 3:
It remains to show that the orientations α0 : ν(f0) → ξ and β0 : ν(f0) → ξ
are the same and analogously for ν(f1).

Take any imbedding j : W̃ → (Y ×R)×Rk−n ”over h” with γ̃ : ν(W̃ → ξk
being the representant of γ : ν(h̃)→ ξ as on the diagram:

(Y ×R)×Rk−n
j ↗ ↓

W̃
h̃−→ Y ×R
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V0 is then imbedded into Y ×{0}×Rk−n, jϕ(V0) ↪→ Y ×{0}×Rk−n where

νk(jϕ(V0)) is the normal bundle. Then γ̃|ϕ(V0) : νk(jϕ(V0)) = ν(W̃ )|ϕ(V0) →
ξk represents β0 : ν(f0) → ξ and let α̃0 : νk(jϕ(V0)) → ξk represents
α0 : ν(f0)→ ξ.
When we consider jϕ(V0) as a submanifold of Y ×Rk−n+1 with the normal
bundle νk+1(jϕ(V0)) the above structures are respectively:

1. νk+1(jϕ(V0))
κ,'→ νk(jϕ(V0))⊕ θ γ̃1⊕id→ ξk ⊕ θ

ε→ ξk+1

2. νk+1(jϕ(V0))
κ,'→ νk(jϕ(V0))⊕ θ α̃0⊕id→ ξk ⊕ θ

εk→ ξk+1

where κ denotes the canonical isomorphism determined by the orientation
of the Euclidean space. The isomorphism δ0 : g∗|ϕ(V0))τ(Y ) − τ(ϕ(V0)) '
g∗τ(Y )− τ(W )|ϕ(V0) ⊕ θ from definition 5.6.2 gives an isomorphism of bun-

dles: δ̃0 : νk+1(jϕ(V0))→ ν(j(W̃ ))|ϕ(V0)) ⊕ θ = νk(jϕ(V0))⊕ θ.
From condition 1 in definition 5.6 we have the homotopic commutativity of
the diagram

) q

? ?

)q

νk+1(jϕ(V0))

νk(jϕ(V0))⊕ θ

ξk ⊕ θ

νk(jϕ(V0))⊕ θ

ξk ⊕ θ

ξk+1

κ δ̃0

εk εk

α̃0 ⊕ id γ̃| ⊕ id

Because the choice of the inner field of vectors normal to the boundary we
have δ̃0 = κ (see the figure below) and therefore the structures 1 i 2 are
homotopic.
Analogous reasoning holds for V1. This ends the proof.

2

When Y has the homotopy type of a finite CW complex then we have a
geometric interpretation of cohomology groups B∗(Y, ξ).

Bn(Y ; ξ) = colimk

[
Sk−nY 0, Bξk

k

]
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This equality is established by a map
Bn(Y ; ξ) →Φ−1

colimkL(Y × Rk−n, ξk) →p Bn(Y ; ξ) which will be also de-
noted by P and called the Pontriagin–Thom isomorphism.

To obtain the interpretation of homology groups

Bn(X; ξ) = colimk

[
Sk+n, X0 ∧Bξk

k

]
= B−n(pt, ξ × θ0

X)

it remains to put Y = pt. In this case the proper map into a point with
ξ × θ0

X orientation is simply −τ(M) → ξ × θ0
X − n where M is a compact

manifold. this orientation consists of a ξ-structure −τ(M) → ξ − n and a
map f : M → X. Thus we can reformulate definition 5.6.

Definition 5.8 A singular n-dimensional ξ-manifold of X is a compact n-
dimensional manifold H with a structure −τ(M) → ξ − n and a map f :
H → X. The singular manifolds (Vi, fi : Vi → X,−τ(Vi)→ ξ−n), i = 0, 1
are bordant iff there exists a singular ξ-manifold with boundary g : W → X
such that ∂W ' V0∪V1, g|Vi = fi, i = 0, 1 and ξ-structure on W extends
those on V0 and V1 in the sense of definition 5.6.

Geometric interpretation of Bn(Y,A; ξ).
If Y is a finite CW complex and A its subcomplex then we can find a

pair of the same homotopy type such that (Y,A) is a relative manifold.
We can now give the definition of Bn(Y,A; ξ).

Definition 5.9 Let (fi : Vi → Y \A, ν(fi) → ξ), i = 0, 1 be proper ξ-
oriented maps into (Y,A) (i.e. the composition fi : Vi → Y \A ↪→ Y is
proper for i = 0, 1). We say that they are equivalent iff there is a proper
ξ-oriented map (g : W → Y \A, ν(g) → ξ) into (Y,A) which establishes
the cobordism between them in Bn(Y \A, ξ). The equivalence classes of this
relation are elements of Bn(Y,A; ξ).

Theorem 5.10 B∗(Y,A; ξ) is isomorphic to B∗(Y,A; ξ).

The interpretation of relative groups in bordism is well known (Conner,
Floyd [5]).



Chapter 6

Functoriality and Group
Structure.

The set of homotopy classes of maps [Y η, Bξ] has functorial properties with
respect to maps of vector bundles (also with respect to their homotopy
classes): a map ϕ : η → η′ induces ϕ∗ : [Y η′ , Bξ]→ [Y η, Bξ] and ψ : ξ → ξ′

induces ψ∗ : [Y η, Bξ] → [Y η, Bξ′ ]. We will give a geometric description of
induced maps ϕ# : L(η, ξ)→ L(η, ξ) and ψ# : L(η, ξ)→ L(η, ξ) correspond-
ing to the previous ones under the Pontriagin–Thom isomorphism.

Definition 6.1 Let V be a ξ-submanifold of η with a normal bundle ν(V ).
We define ψ# : L(η, ξ)→ L(η, ξ′) putting

ψ#(V, ν(V )→ ξ) = (V, ν(V )→ ξ →ψ ξ′).

Theorem 6.2 The following diagram is commutative:

L(η, ξ)
ψ#−→ L(η, ξ)

P ↓ ↓ P
[Y η, Bξ]

ψ∗−→ [Y η, Bξ′ ]

The proof is evident and we omit it.
The description of ϕ# : L(η, ξ)→ L(η, ξ) is more delicate. We need first

the followiing fact.

Let
E(η)

ϕ−→ E(η′)
π ↓ ↓ π′

Y
ϕ−→ Y ′

be a smooth map between vector bundles η and η′.

Let V ⊂ E(η′) be a submanifold. Then there exists a vector bundle map

33



CHAPTER 6. FUNCTORIALITY AND GROUP STRUCTURE. 34

(ϕ1, ϕ1) homotopic to (ϕ,ϕ) and such that ϕ1 is transversal to V .
This fact follows from the Thom transversality theorem for maps and the
Homotopy Covering Property, when we notice that ϕ1 t V iff ϕ1 t π′|V .

Definition 6.3 Let V be a ξ-submanifold of η′. we define ϕ# : L(η, ξ) →
L(η, ξ) putting ϕ#(V, ν(V ) → ξ) = (ϕ−1

1 (V ), Dϕ1ν(ϕ−1
1 (V )) → ν(V ) → ξ)

where ϕ1 is homotopic to ϕ and ϕ1 t V (thus ϕ−1
1 (V ) is a submanifold of

η). For definition of Dϕ1 see 2.24. Notice that ϕ−1
1 (V ) is the pull-back of

the diagram

-

? ?

-

ϕ−1
1 (V ) V

Y Y

back

ϕ1

π′|V

Independence of the particular choice of ϕ1 follows from the Thom
transversality theorem. it can also be deduced from the following theorem.

Theorem 6.4 The diagram

L(η′, ξ)
ϕ#

−→ L(η, ξ)
P ↓ ↓ P

[Y η′ , Bξ]
ϕ∗−→ [Y η, Bξ]

is commutative.

Proof: It will be more convenient to verify the commutativity of the dia-
gram

L(η, ξ)
ϕ#

−→ L(η, ξ)
Q′ ↑ ↑ Q′

[Y η′ , Bξ]
ϕ∗−→ [Y η, Bξ]

where Q′ is the inverse of P described in remark 4.4.
Let f : Y η′ → Bξ be transversal to the zero section. We have Q′([f ]) =
(f−1(B), Df : ν(f−1(B))→ ξ). We assume ϕ t f−1(B).
Then ϕ#(f−1(B), Df : ν(f−1(B)) → ξ) = ((f ◦ ϕ)−1(B), Dϕ ◦Df : ν((f ◦
ϕ)−1(B))→ ξ).
It is easy to verify that Dϕ ◦Df = D(f ◦ ϕ) and therefore to see that the
right hand side of the above equation is Q′ϕ∗.
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2

From this interpretation of induced maps we can obtain easily an inter-
pretation of induced maps in bordism and cobordism theories.

Definition 6.5 Let f : X → Y be a continous map. We define f# :
B∗(X, ξ)→ B∗(Y, ξ) putting:

f#(M, g : M → X,−τ(M)→ ξ) = (M,f ◦ g : M → Y,−τ(M)→ ξ).

To give the analogous definition for cobordism assume that X,Y are
manifolds and f : X → Y is a smooth map (we can always do that within
the same homotopy type).

Definition 6.6 We define f# : B∗(Y, ξ)→ B∗(X, ξ) as follows:

f#(V, g : V → Y, ν(g)→ ξ) = (f∗(V ), g : f∗V → X,Df : ν(g)→ ν(g)→ ξ)

assuming f t g and f∗V is the pull back:

f∗V
f−→ V

g ↓ ↓ g
X

f−→ Y

The map Df : νg → ν(g) is induced by corresponding maps on unstable
levelas in definition 6.3.

It is easy to verify that all conditions allowing the passage to the limit
with the diagrams from theorems 6.2 and 6.4 are fulfilled. Therefore we
obtain:

Theorem 6.7 Let f : X → Y and let

f∗ : B∗(X, ξ)→ B∗(Y, ξ); f# : B∗(X, ξ)→ B∗(Y, ξ)
f∗ : B∗(X, ξ)→ B∗(Y, ξ); f# : B∗(X, ξ)→ B∗(Y, ξ)

denote the induced maps in ”homotopical” and ”geometrical” bordism and
cobordism theories respectively. The maps f∗, f# and f∗.f# correspond un-
der the Thom–Pontriagin isomorphism.

Unlike the functorial properties, the group structure can be defined in

the stable range only. The track-addition inBq(X, ξ) = colimk

[
Sk−nX,Bξk

k

]
corresponds to disjoint sum of manifolds in ”geometric” cobordism; exactly
the same holds for bordism.

We can also describe the ”inverse element” operation in B∗(X,xi). Let
[V, f : V → X,ϕ : ν(f)→ ξ] be an element of B∗(X, ξ). Its inverse element
−[V, f : V → X,ϕ : ν(f) → ξ] is represented by [V, f : V → X,ϕ′ : ν(f) →
ξ] where ϕ′ is the composition: ϕ⊕ θ : ν(f)⊕ θ → ξ ⊕ θ → ξ.



Chapter 7

Products.

The pairing of spectra (see Whitehead [17]) defines the products between
the associated homology and cohomology theories. The purpose of this
chapter is to give the geometric interpretation of those products in the case
of bordism and cobordism theories.
Let (ξ′n, θ

′
n), (ξ”n, θ”n), (ξn, θn) be the bundle spectra such that for each p, q

there is a bundle map:

ξ′p × ξ”q −→ B′p ×B”q
mp,q ↓ ↓

ξp+q −→ Bp+q

Passing to Thom spaces of these bundles we obtain maps:

B
′ξ′p
p ∧B”

ξ”q
q

T (mp,q)−→ B
ξp+q
p+q .

Assume that the bundle maps above satisfy the properties analogous to
those which maps T (mp,q) have to satisfy in order to define the pairing of
spectra. We shall call maps mp,q the pairing of the bundle spectra.
Similarly a pairing mpq : ξp × ξq → ξp+q and a unit map µ : θ → ξ where θ
denotes a trivial spectrum defines a bundles ring spectrum.

Remark 7.1 For simplicity we will write m : ξ′ × ξ′ → ξ to denote the
pairing of bundle spectra. This notation is justified because it is possible
to define the smash-product in the homotopy category of bundle spactra. Its
construction is similiar to that of the smash-product in the category of spectra
(see Adams [1]).
The pairing of the bundle spectra mp,q : ξ′p × ξ”q → ξp+q defines then a map
m : ξ′ × ξ”→ ξ.
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Example 7.2 For each bundle spectrum ξ there is a pairing with the trivial
spectrum m : θ×ξ → ξ. This pairing defines canonical pairing m∗ : S∧Bξ →
Bξ where S denotes the sphere spectrum and Bξ the Thom spectrum of ξ.

Example 7.3 Let {Gn} be a sequence of groups such that Gn ⊂ O(n) and
that the diagram

? ?

-

⊂Gn Gn+1

O(n) O(n+ 1)

commutes for each n.
We assume that Gn ×Gm ↪→ Gn+m. Such a sequence defines a bundle ring
spectrum γ(G) = (γ(Gn), θn) where γ(Gn) denotes the classyfying Gn bundle
over BGn.

Let m : ξ′ × ξ” → ξ be the pairing of bundle spectra. We consider four
external products determined by the associated pairing of Thom spectra.

Cross products

{
∧ : Bp(X; ξ′)⊗Bq(Y ; ξ”) −→ Bp+q(X × Y ; ξ)
Z : Bp(X; ξ′)⊗Bq(Y ; ξ”) −→ Bp+q(X × Y ; ξ)

Slant products

{
/ : Bp(X × Y ; ξ′)⊗Bq(Y ; ξ”) −→ Bp−q(X; ξ)
\ : Bp(X, ξ′)⊗Bq(X × Y ; ξ”) −→ Bq−p(Y ; ξ)

These products can also be defined using a geometric description of bor-
dism and cobordism.

Definition 7.4 Cross product in bordism

∧ : Bp(X; ξ′)⊗ Bq(Y ; ξ”) −→ Bp+q(X × Y ; ξ)

[M,f : M → X,−τ(M)→ ξ]∧[N, g : N → Y,−τ(N)→ ξ”] := [M ×N, f ×
g : M × N → X × Y,−τ(M × N) → ξ] where −τ(M × N) → ξ is the
compositon: canonical

isomorphism : −τ(M)×−τ(N)→ ξ′ × ξ”→m ξ.

Definition 7.5 Cross product in cobordism

Z : Bp(X; ξ′)⊗ Bq(Y ; ξ”) −→ Bp+q(X × Y ; ξ)

[Z, f : Z → X, ν(f) → ξ′] Y [W, g : W → Y, ν(g) → ξ”] := [Z ×W, f × g :
Z ×W → X × Y, ν(f × g)→ ξ] where ν(f × g)→ ξ is the composition:
canonical
isomorphism : ν(f × g)→ ν(f)× ν(g)→ ξ′ × ξ”→ ξ.
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Definition 7.6 /-slant product

/ : Bp(X × Y : ξ′)⊗ Bq(Y ; ξ”) −→ Bp−q(X; ξ)

[Z, f : Z → X × Y, ν(f)→ ξ]/[M, g : M → Y,−τ(M)→ ξ”] := [W,h : W →
X, ν(h)→ ξ] where h : W → X is defined by the following pull back diagram
(we choose f t 1× g):

-

?

-

?

W

Z

X ×M

X × Y

X-

f

f

(id× g) id× gback
?

h

h := π ◦ f ◦ (id× g) : W → X is a proper map.

Definition 7.7 \-slant product

\ : Bp(X; ξ′)⊗ Bq(X × Y ; ξ”) −→ Bq−p(Y ; ξ)

[Z, f : Z → X, ν(f) → ξ′]\[M, g : M → X × Y,−τ(M) → ξ”] := [N,h :
N → Y,−τ(N)→ ξ] where h : N → Y is defined by the pull back (assuming
g t f × id):

-

?

-

?

-

N

M

Z × Y

X × Y

Y

g

g

(f × id) f × id

π

?

N is a compact manifold.
h := π(f × id)g = πg(f × id) : N → Y .
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Remark 7.8 The definitions of products can be extended to relative groups.

All homotopy products are defined on the level of maps. From the prop-
erties of the pairing of spectra we are able to pass to the limit and thus to
define the products on homology and cohomology classes. In the geometric
description we will proceed similarly – define products and then pass to the
limit. Verifications showing that the geometric definitions of products cor-
respond to the homotopic ones the Thom–Pontriagin isomorphism will also
be done on an unstable level.
We shall give proofs for the cross-product in cobordism and /-slant product.

Theorem 7.9 The diagram

Bp(X; ξ′)⊗ Bq(Y ; ξ”)
Z−→ Bp+q(X × Y : ξ)

P ⊗ P ↓ ↓ P
Bp(X, ξ′)⊗Bq(Y, ξ”)

Z−→ Bp+q(X × Y, ξ)

commutes.

Proof: We recall that Bp(X; ξ′) = colimkL(X × Rk−q, ξk). From the re-
marks proceeding the theorem we see that it is sufficient to prove the com-
mutativity of the diagram:

L(X ×Rk−p; ξ′k)× L(Y ×Rl−q; ξ”θ
Z−→ L(X × Y ×Rk+l−p−q; ξl+k

P ⊗ P ↓ ↓ P[
Sk−pX0, B

′ξ′k
k

]
×
[
Sl−pY 0, B”ξ”ll

]
Z−→

[
Sk+l−p−qX0 ∧ Y 0, B

ξl+k
l+k

]
where the upper line is the ”geometric” cross on unstable level which is
defined as follows. Let (V ⊂ X × Rk−p, ν(V ) → ξ′k) ∈ L(X × Rk−p, ξk)
and (W ⊂ Y × Rl−q, ν(W ) → ξ”l) ∈ L(Y × Rl−q, ξ”θ. Then V × W ⊂
X ×Rk−p×Y ×Rl−q. After the change of coordinates: ϕ : X ×Rk−p×Y ×
Rl−q → X × Y × Rk−p × Rl−q the image ϕ(V ×W ) = Z is a submanifold
of X × Y ×Rk−p ×Rl−q and the projection on X × Y is a proper map. We
define ξk+l-structure on W to be:
ν(Z) →D

' ν(V ×W ) ' ν(V ) × ν(W ) → ξ′k × ξ”l →mk,l ξk+l where isomor-
phism Dϕ : ν(Z) → ν(V ×W ) is induced by ϕ. Passing to the limit we
obtain the stable cross-product as in definition 5.6.
Recall also the homotopic definition.

Let x ∈
[
Sk−pX0, B

′ξ′k
k

]
Then x Z y is the composition:



CHAPTER 7. PRODUCTS. 40

-

?

?

-

Sk−p+l−qX0 ∧ Y 0 Sk−pX0 ∧ Sl−qY 0

B
′ξ′k
k ∧B”ξ”ll

B
ξk+l
k+l

'

x ∧ y

m∗k,l
x Z y

It remains to check commutativity with the Thom isomorphisms.
Having chosen the metrics d′ and d” for X×Rk−p and Y ×Rl−q choose on

X×Y ×Rk−p×l−q the metric d induced from d′×d” on X×Rk−p×Y ×Rl−q
by the diffeomorphism ϕ. It is clear that if h1 : E(ν(V )) → X × Rk−p and
h2 : E(ν(W ))→ Y ×Rl−q are tubular neighborhoods with respect to d and
d′ then
ϕ(h1 × h2)Dϕ : E(ν(Z)) → E(ν(V × W )) → X × Rk−p × Y × Rl−q →
X×Y ×Rk+l−p−q is a tubular neighborhood of Z with respect to the metric
d.
The Thom–Pontriagin construction gives the map:

Sk+l−p−q(X × Y )0 → Zν(Z) → B
′ξ′k
k ∧B

′′ξ”l
l → B

ξk+l
k+l .

From the definition of the structure on ν(Z) and the chosen forms of tubular
neighborhoods the following diagram commutes:

-

? ?

??

j

Sk−pX0 ∧ Sl−qY 0 Sk+l−p−q(X × Y )0

V ν(V ) ∧Mν(M) Zν(Z)(V ×W )ν(V×W )

�

B
′ξ′k
k ∧B

′′ξ”l
l

(B′k ×B”θ)
ξ′k×ξ”θ

B
ξk+l
k+l

≈
��
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The lower arrows give clearly the ”homotopic” cross-product of maps ob-
tained by applying the Thom–Pontriagin construction to V and W and maps
to X and Y . 2

The theorem can also be proved by using the inverse p−1 as described in
remark 4.4.

Theorem 7.10 The diagram

Bp(X, ξ′)⊗ Bq(X × Y, ξ”)
\−→ Bq−p(Y ξ)

P ⊗ P ↓ ↓ P
Bp(X; ξ)⊗ Bq(X × Y ; ξ”)

\−→ Bq−p(Y ; ξ)

commutes.

Proof: It is sufficient to prove the commutativity of the diagram:

L(X ×Rk−p; ξ′k)× L(Rq+l; θ0
X × θ0

Y × ξ”l)
\−→ L(Rk+l−p+q, θ0

Y × ξk+l)
P × P ↓ ↓ P[

Sk−pX0, B
′ξ′k
k

]
×
[
Sq+l, X0 ∧ Y 0 ∧B”ξ”ll

] \−→
[
Sk+l−p+q, Y 0 ∧Bξk+l

k+l

]
where the geometric slant is obtained by the following construction.
Let V ⊂ X ×Rk−p, ν(V )→ ξ′k and M ⊂ Rq+l, ν(M)→ ξ”l, g : M → X × Y
be elements of L(X × Rk−p, ξ′k) and L(Rq+l, θ0

X × θ0
Y × ξ”l) respectively.

The product V × Y is a submanifold of X × Y × Rk−p. Consider g × id :
M ×Rk−p → X × Y ×Rk−p and the inverse image V ′ = (g× id)−1(V × Y ).
From the compactness of M it follows that V ′ is compact and can be re-
garded as a submanifold j : V ′ ↪→ Rq+l ×Rk−p.
To describe the ξ-structure on V ′ we have to find the normal bundle ν(V ′)
to V ′ in Rq+l ×Rk−p.
The normal bundle to i : V ′ ↪→ M × Rk−p is canonically isomorphic to
(g × id)∗ν(V × Y . The normal bundle to the imbedding j : M × Rk−p ↪→
Rl+q ×Rk−p is π∗Mν(M) where πM : M ×Rk−p →M .
There is a canonical isomorphism:
ν(V ′)/i∗π∗Mν(M) ' ν(i) where ν(i) denotes the normal bundle to V ′ in
M ×Rk−p.
Definition of an isomorphism between ν(V ′) and ν(i) ⊕ i∗π∗Mν(M) require
the choice of a complement of ν(i) in ν(V ′). We choose an orthogonal com-
plement of ν(i) with respect to some metric on ν(V ′); since any two metric
are homotopic the homotopy class of the needed isomorphism is unique.
Now the ξ-structure on ν(V ′) is:
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-

?

?

?

?

ν(V ′) ν(i)⊕ i∗π∗M (M)

ν(V × Y )× ν(M)

ν(V )× ν(M)

ξ′k × ξ”l

ξk+l
-

The map V ′ → Y is composition:

V ′
g×id→ X × Y ×Rk−p πY→ Y .

After passing to the limit we get the stable \-product as in definition 7.7. We
have to verify the commutativity with the Pontriagin–Thom isomorphism.

Let x ∈
[
Sk−pX0, B

′ξ′k
k

]
and y ∈

[
Sq+l, X0 ∧ Y 0 ∧ B”ξ”ll

]
be homotopic

representatives of
[
V, ν(V ) → ξk

]
and

[
M, g : M → X × Y, ν(M) → ξ”l

]
.

Recall that the ”homotopic” slant is defined by the diagram:

-

?

?

�

?
6

Sk−p ∧ Sq+l Sk−p ∧X0 ∧ Y 0 ∧B”ξ”ll

B
′ξ′k
k ∧ Y

0 ∧B”ξ”ll

Y 0 ∧B
′ξ′k
k ∧B”ξ”ll

Y 0 ∧Bξk+l
k+l

τ ∧ 1

x ∧ id ∧ id

1 ∧ y

1 ∧mk,l

x\y

The Thom construction for V ′ in Rq+l×Rk−p can be divided into two steps.
The first step:
consists of Thom construction for Rk−p × M in Rk−p × Rq+l. Choosing
appropriately the tubular neighborhood the obtained map is exactly the
smash product of idSk−p with the Thom map for M in Rq+l:
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Sk−p+q+l ' Sk−p ∧ Sq+l →id∧ Sk−p ∧Mν(M).
Second step:
The manifold V ′ is in natural way, a submanifold of Rk−p × Eν(M) with
the normal bundle ν(V ′); therefore it is a submanifold of E(ν(M)) ⊕ θk−p
over M and as such it is the pull back of the diagram:

-

-

-

? ?W

6 6

V

M

g̃

g

back

g × idM

(X × Y × Rk−p)× Eν(M)

X × Y ×M

X × Y ×M

Rk−p × Eν(M)

�

We have V ′ = g̃−1(V × Y ×M) where V × Y ×M is the product of
V ×Y ×Rk−p and M ⊂ Eν(M) (as the zero section). The Thom construction
thus yields a map:
Mν(M)⊕θk−p = Sk−p ∧ Mν(M) → V ′ν(V ′). It is obvious that the tubular
neighborhoods of V ′ in Rk−p × Eν(M) and of V ′ in Rk−p × Rq+l can be
chosen so that the following diagram commutes:

-Sk−p ∧ Sq+l V ′ν(V ′)

Sk−p ∧Mν(M)

Thom construction for

V ′ in Rk−p × Rq+l

first
step

second
step

- �
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The properties of the pull back imply the homotopically commutative dia-
gram:

-

�

?

?

?

?

Sk−p ∧Mν(M)

Sk−p(X × Y ) ∧Mν(M)

Sk−p ∧X0 ∧ Y 0 ∧Mν(M)

(V × Y )ν(V×Y ) ∧Mν(M)

V ν(V ) ∧ Y 0 ∧Mν(M)

V ′ν(V )

'

'

step 2.

induced on Thom

spaces by g

Thom construction for V × Y ×M
in X × Y × Rk−p × Eν(M)

the map induced by

a differential of g̃

The Thom map for V × Y ×M in X × Y ×Rk−p×Eν(M) can be assumed
to be the Thom map for V × Y in X × Y ×Rk−p smashed with the identity
map on Mν(M).
We glue the diagrams 1. and 2. and add the ”structure maps” on ν(V ) and
ν(M) to obtain the ”giant” diagram:
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?

?
6

?

?

?

?

?

-

:

=

Sk−p ∧ Sq+l

Sk−p ∧Mν(M)

Sk−p(X × Y ) ∧Mν(M)

Sk−p ∧X0 ∧ Y 0 ∧Mν(M)

(V × Y )ν(V×Y ) ∧Mν(M)

V ν(V ) ∧ Y 0 ∧Mν(M)

B
′ξ′k
k ∧ Y

0 ∧B”ξ”ll

Y 0 ∧Bξk+l
k+l

V ′ν(V ′)

'

'

first step

second step

From the construction the left column is the ”homotopic” slant x\y.
The verification of the commutativity will be completed if we will show that
the structure on ν(V ′) induced by the pull back diagram 2. is the same as
for the geometric slant product. To show thus it is sufficient to check that
bundle maps:

ν(V ′)→ ν(i)⊕ i∗π∗ν(M)→ ν(i)× i∗π∗ν(M)
↓

ν(V × Y )× ν(M)

from the definition of ”geometric slant” and
ν(V ′)→ ν(V × Y ×M) = ν(V × Y )× ν(M)
induced by the pull back are the same. This we leave to the reader.

2

External products lead to internal products.
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Cup product:

∪ : Bp(X; ξ′)⊗ Bq(Y ; ξ”) −→ Bp+q(X; ξ)

Cap product:

∩ : Bp(X; ξ′)⊗ Bq(X; ξ”) −→ Bq−p(X; ξ)

∪y = 4∗(·\y),
∩ω = ·\4∗ω,
where 4 : X → X ×X.

Geometric description of these products follow from those for cross and
slant products an the induced map.

It is important to notice that the cap-product is given by the pull back.
Let = [V, f : V → X, ν(f) → ξ′] ∈ Bp(X; ξ′) and W = [M, g : M →
X,−τ(M)→ ξ”] ∈ Bq(X; ξ”). Then (assuming f t g) ∩ω is defined by the
pull back:

f∗M
f−→ M

g ↓ ↓ g
V

f−→ X

where ∩w = [f∗M,f ◦ g : f∗M → X,−τ(F ∗M) → ξ] with the induced
ξ-structure.

If ξ is a bundle ring spectrum with a unit θ → ξ then there is a unit
for internal products: 1 ∈ B0(X). This unit is represented by the identity
X → X with the ξ-orientation defined by the unit θ → ξ. It is also clear
that this unit corresponds to the homotopic one under the Pontriagin–Thom
isomorphism.



Chapter 8

The Thom isomorphism
theorem.

Let α, β be vector bundles over space X. We denote by Xα, Y β their Thom
spaces. In every multiplicative cohomology theory h∗ there are products:

∪ : h̃p(Xα)⊗ h̃q(Xβ) −→ h̃p+q(Xα+β)

∩ : h̃p(Xα)⊗ h̃q(Xα+β) −→ h̃q−p(X
β)

These products are defined by corresponding external products and the di-
agonal 4 : Xα+β → Xα ∧Xβ.

Definition 8.1 The h∗-orientation of the n-dimensional real vector bundle
α over X is an element U ∈ h̃n(Xα) such that for each point x ∈ B the re-
striction U |X ∈ h̃n(xα) ' h̃n(Sn) is equal ±in where in denotes n-suspension
of the unit 1 ∈ h̃0(S0).

Lemma 8.2 Let u ∈ h̃n(Xα), v ∈ h̃m(Xβ) be orientations of the vector
bundles α, β respectively. Then u ∪ v ∈ h̃m+n(Xα+β) is h∗-orientation of
α+ β.

Let u ∈ h̃∗(Xα), w ∈ h̃∗(Xα+β) be h∗-orientations of α and α + β
respectively. There then exists h∗-orientation of β, v ∈ h̃∗(Xβ) such that
u ∪ v = w.

Every element U ∈ h̃n(Xα) defines two homomorphisms of the degree n
and −n respectively:

ΦU : h̃∗(Xβ) −→ h̃∗(Xα+β), ΦU (z) = U ∪ z
ΦU : h̃∗(X

α+β) −→ h̃∗(X
β), ΦU (z) = U ∩ z

We recall Thom-Dold isomorphism theorem:

47
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Theorem 8.3 IfU ∈ h̃n(Xα) is the h∗-orientation of α then ΦU and ΦU

are isomorphisms.

The Thom-Dold theorem holds also for relative groups.
The homomorphisms ΦU and ΦU are natural with respect to the Thom-

Pontriagin construction. Let ξ be a vector bundle over Y ; f : X → Y a
smooth proper map between manifolds with a factorization by imbedding
f̃ :

X
f̃
99K E
f ↘ ↓ ξ

Y

For the given vector bundle α over Y the Thom-Pontriagin construction
defines identification map T (f) : Y ξ+α → Xν+f∗α where ν = ν(f∗).

Lemma 8.4 For every element U ∈ h̃∗(Xα) the diagram

h∗(Xν+f∗α)
T (f)∗−→ h̃∗(Y ξ+α)

Φf∗U ↑ ↑ ΦU

h̃∗(Xν)
T (f)∗−→ h̃∗(Y ξ)

commutes. The similar diagram holds for homology.

It is clear that homomorphisms ΦU ,ΦU are natural with respect to the
maps of vector bundles. For the proofs of 8.1– ?? see Dyer [6] and Boardman
[3].

We shall give a geometric interpretation of Thom isomorphism in bor-
dism and cobordism theories. We fix a bundle spectrum ξ. Suppose the
vector bundle α over manifold X has a fixed stable ξ-structure.

Proposition 8.5 The vector bundle α has a canonical B∗(; ξ)-orientation
represented by the zero-section s0 : X ↪→ E(α).

Proof: The zero-section s0 is a proper map. There exists a ξ-structure on
s0 because the normal bundle to s0 is α. Then s0 determines an element
[s0] ∈ Bn(Xα,pt; ξ). Note that (Xα, pt) is a relative manifold. Restrictions
of [s0] to fibres are represented by inclusions x → 0 ∈ Rn ⊂ Sn which are
the canonical generators of B∗(Sn,pt; ξ).

2
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The classification of orientable bundles in a given cohomology theory
seems to be an important problem. For cobordism theories only partial re-
sults are known. We list them in the following table:

cobordism theory orientable bundles

unoriented cobordism all
oriented cobordism SO-bundles
complex cobordism ?
spin cobordism ?
framed cobordism (stable homotopy) bundles belonging to ker{J : K(X)→ J(X)}

The case of framed cobordism shows that a stable ξ-structure on the
bundle α is not a necessery condition for orientability in Bast(; ξ).

From proposition ?? and the interpretation of products given in chapter
7. It follows:

Theorem 8.6 Let α be a vector bundle with stable ξ-structure over manifold
X. Under the Thom-Pontriagin isomorphism the Thom homomorphism for
α correspond to maps:

Ψα : B∗(X; ξ) −→ B∗(Xα,pt; ξ) Ψα([f ]) = [s0 ◦ f ]
Ψα : B∗(Xα,pt; ξ) −→ B∗(X; ξ) Ψα([f ]) = [f : f−1(s0X)→ X]

where f t s0.

We shall return to the Thom isomorphism in chapter 11. Where we shall
give a geometric interpretation of inverse homomorphisms.



Chapter 9

Spanier-Whitehead duality.

In this section we describe a geometric interpretation of the Spanier-Whitehead
duality in the bordism and cobordism theories.

First we recall some basic definitions and facts from the Spanier-Whitehead
theory.

Definition 9.1 Let X,X∗ be pointed CW complexes. A stable homotopy
class u ∈ {Sn, X∗ ∧X} will be called the n-duality if the homomorphism

◦\u∗[Sn] : H̃q(X∗ : Z) −→ H̃n−q(X : Z)

is an isomorphism. We call X∗ n-dual to X.

Let K be a subcomplex of n-dimensional sphere Sn and let K− ⊂ Sn\K
be a strong deformation retract of Sn\K. There exists a (n−1)-duality u ∈
{Sn−1,K ∧K−}. Let x ∈ K and x− ∈ K−. A diagonal map Sn → Sn ∧ Sn
induces a map Sn → (Sn\x−)/K ∧ (Sn\K)/x. Since Sn\x− is contractible
we have (Sn\x−)/K = S(K). Then we obtain a map u : Sn → S(K)∧K− =
S(K ∧K−) which defines the (n− 1)-duality u ∈ {Sn−1,K ∧K−}.

The duality u ∈ {Sn, X∗∧X} gives a natural isomorphisms of groups of
stable homotopy classes. Let X,Y be finite CW complexes.

Theorem 9.2 For arbitrary CW complex Z the maps

ϕu : {X ∧ Y,Z} −→ {SnY,X∗ ∧ Z} ϕu({f}) = {(1 ∧ f) ◦ (u ∧ 1)}
ψu : {Y ∧X∗, Z} −→ {Y ∧ Sn, Z ∧X} ψ({u}) = {(g ∧ 1) ◦ (1 ∧ u)}

are isomorphisms.
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If X∗, Y ∗ are n-duals to X,Y and u ∈ {Sn, X∗∧X}, v ∈ {Sn, Y ∗∧Y } are
corresponding dualities then there exists an isomorphismD(u, v) : {X,Y } →
{X∗, Y ∗} defined by the composition

{X,Y }
D(u,v)
99K {X∗, Y ∗}
ϕu ↘ ↑ ψu

{Sn, X∗ ∧ Y }

It follows from this definition that D(u, v)(f) = g iff the diagram

Sn
u−→ X∗ ∧X

v ↓ ↓ 1 ∧ f
Y ∗ ∧ Y g∧1−→ X∗ ∧ Y

commutes in the stable homotopy category.
Assume that u ∈ {X ∧ X∗, Sn} is a n-duality in the sense of Spanier [14].
Then an element Du ∈ {Sn, X∗ ∧X} is a n-duality in the sense described
above. The inverse statement is also true.

Let h∗ be a cohomology theory associated with a spectrum E. This
spectrum determines also a homology theory h∗ = h∗(;E). WE have a slant
product

\ : h̃p(X)⊗ π̃Sq (X ∧ Y ) −→ h̃q−p(Y )

induced by the canonical pairing of spectra S ∧ E → E (for details see
Whitehead [17]). If an element u ∈ {Sn, X∗∧X} = π̃Sn (X∗∧X) is n-duality
then a map induced by slant product

\u : h̃p({u}(X∗) −→ h̃n−p(X)

is an isomorphism. Theorem 9.2 is the special case of the last statement. In
general form this can be proved by considering multiplicative structure in
Stiyah-Hirzebruch spectral sequence for theory h∗.

The duality isomorphism D(u, v) is natural in the following sense:
Let f ∈ {X,Y } and let u : Sn → X∗ ∧ X, v : Sn → Y ∗ ∧ Y be dualities.
Then the diagram

h̃p(X∗
·\u−→ h̃n−p(X)

(D(u, v)f)∗ ↓ ↓ f∗
h̃p(Y ∗)

·\v−→ h̃n−p(Y )

commutes.
We recall the Milnor-Spanier duality theorem for manifolds. Let M be a

compact manifold with boundary ∂M . Let M be imbedded in the cube IN
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such that ∂M ⊂ JN−1 and M is transversal to the normal bundle of ∂M in
IN−1.

Theorem 9.3 The Thom space Mν in N -dual to M/∂M . The quotient
space Mν/∂Mν′ is N -dual to M0 = M + pt.

For the proof see Atiyah [2] or Stong [16]. We remark only that the
duality maps are defined by a diagonal 4 : M →M ×M ;

SN
≈→ IN/intIN →Mν/∂Mν′ 4→ (M ×M)ν×0/(M ×M)ν

′×0 'Mν ∧ (M/∂M)

SN
≈→ IN/intIN →Mν/∂Mν′ 4→ (M ×M)ν×0/(M ×M)ν

′×0 ≈ (Mν/∂Mν′) ∧M0

We describe now a geometric interpretation of the Spanier-Whitehead dual
to the map f : M → N between compact manifolds M,N . We assume for
simplicity ∂M = ∂N = 0. We shall use Thom-Pontriagin construction. Let
i : M ⊂ Rq. We have a commutative diagram

M
f̃=(f,id)
99K N × Rq
f ↘ ↓

N

For any vector bundle α over N the Thom-Pontriagin construction gives

a map T (f) : N q+α → Mν(f̃)+f∗α. Let α = ν(j) where j : N ⊂ Rq
′
. We

obtain a map
T (f) : N q+ν(j) −→M q′+ν(i).

We can describe this map more explicitly. Consider the composition

M
(f,i)→ N ×Rq ↪→ Rq

′ ×Rq ⊂ Sq+q′ .

We choose tubular neighborhoods P ⊃ M and Q ⊃ N in Sq+q
′

such that
P ⊂ Q. T (f) is an identification map Q/∂Q→ P/∂P . It is easy to see that
the diagram

Sq+q
′ v−→ N0 ∧Nν(j)

u ↓ ↓ 1 ∧ T (f)

M0 ∧Mν(i) f∧1−→ N0 ∧Mν(i)

where u, v denote canonical dualities, commutes up to homotopy.
The diagonal 4 gives the cap-products

∩ : h̃p(Mν)⊗ π̃Sq (Mν/∂Mν′) −→ hq−p(M,∂M)

∩ : hp(Mν , ∂Mν′)⊗ πSq (Mν , ∂Mν′) −→ h̃q−p(M
0)



CHAPTER 9. SPANIER-WHITEHEAD DUALITY. 53

The Spanier-Whitehead duality is induced by the cap-product with the ele-
ment {SN →Mν/∂Mν′} ∈ π̃Sq (Mν/∂Mν′).

The manifold M is orientable in cohomology theory h∗ if its tangent
(normal) bundle is h∗-orientable. Similarly as in ordinary cohomology the
h∗-orientability for manifolds can be defined in terms of a fundamental class
in its h∗-homology groups. Let (M,∂M) denote a compact n-dimensional
manifold with a boundary. For each point x ∈M\∂M we have the inclusion
ix : (M,∂M) ↪→ (M,M\x).

Definition 9.4 The fundamental h∗-class of the manifold (M,∂M) is an
element z ∈ hn(M,∂M) such that for each point x ∈ M\∂M, (ix)∗(z) ∈
hn(M,M\x) = hn(Dn, Sn−1) is up to sign the canonical generator of hn(Dn, Sn−1).

This definition is equivalent to the Whitehead definition [17].

Theorem 9.5 For each manifold (M,∂M) the Spanier-Whitehead duality
gives a bijection between h∗-orientations of the normal bundle to M and the
fundamental h∗-classes of (M,∂M).

Proof: Let ν be a normal bundle to M, dim ν = k. We consider the
Spanier-Whitehead duality

≈: h̃k(Mν) −→ hn(M,∂M).

Let px : M/∂M → Sn be the identification map determined by inclu-
sion (M,∂M) ↪→ (M,M\Dx) ↪→ (M,W\x). Consider a canonical duality
Sn+k → (Mν ∧M)/∂M . For each duality Sn+k → Sk ∧ Sn we obtain the
following commutative diagram:

h̃k(Mν)
≈−→ h̃n(M/∂M)

(Dpx)∗ ↓ ↓ (px)∗

h̃k(Sk)
≈−→ h̃n(Sn)

Thus it remains to show that Dpx : Sk →Mν is equal to an inclusion Sk ↪→
Mν onto fiber over x. For this purpose we choose duality Sn+k → Sn ∧ Sk
in a special way as shown on the figure below. It is clear that the diagram
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-

? ?

s +

Sn+k Mν/∂Mν′

Mν ∧M/∂MSk ∧ Sn

Mν ∧ Sn
jx ∧ 1

commutes up to homotopy.

2

We shall give a geometric interpretation of the Spanier-Whitehead du-
ality for manifolds in the case of bordism and cobordism theories. First we
recall a geometric interpretation of the cap-product in relative groups. If
(M,∂M)is a manifold with boundary then there exists an open manifold
M and an inclusion M ↪→ M which is the homotopy equivalence. The
construction of M follows easily from the existence of open collaring of the
boundary. If α is a vactor bundle over M then it extends over M . The
inclusion Mα ↪→M

α
is also a homotopy equivalence. We shall consider two

cap-products:

∩ : Bp(M, pt; ξ)⊗ Bq(Mν , ∂Mν′ ; ξ) −→ Bq−p(M,∂M ; ξ)

∩ : Bp(Mν , ∂Mν′ ; ξ)⊗ Bq(Mν , ∂Mν′ ; ξ) −→ Bq−p(M ; ξ)

We observe that (Mν , ∂Mν′) is a relative manifold. θ denotes the spectrum
determined by trivial bundle over point; B∗(; θ) ' πS∗ . Let g : V → M

ν

be a ξ-oriented proper map such that [g] ∈ Bp(Mν , ∗; ξ). We can assume
that g(V ) ⊂ M . Let W,∂W ) be a framed manifold and f : (W,∂W ) →
(Mν , ∂Mν) be a singular manifold : [f ] ∈ Bq(Mν , ∂Mnu′ ; θ). We assume
f t g. The pull back

-

??

-W M
ν

VW ×M V

g

f R

f ∩ g
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defines [f ] ∩ [g] = [f ∩ g]. W ×M V is a compact ξ-manifold with boundary
f ∩ g : W ×MV →M, (f ∩ g)(∂(W×M )) ⊂ ∂M .
In a similiar way we obtain an interpretation of the second cap-product.
It is obvious that a canonical generator of BN (SN , pt; θ) is represented by
an identification map (DN , SN−1) → (SN , pt). Then its image under the
induced homomorphism

BN (SN , pt; θ)→ BN (Mν/∂Mν′ ,pt; θ) = BN (Mν , ∂Mν′ ; θ)

is represented by the identification (IN , intIN )→ (Mν , ∂Mν′).
We define the duality maps:

Ψ1 : Bp(Mν
, pt; ξ) −→ BN−p(M,∂M ; ξ)

Ψ1([g : V →M
ν
]) = [g : g−1(M)→M ]

where g(V ) ⊂M and g t ∂M as a map into M . The inverse image g−1(M)
is a compact ξ-manifold with boundary and [g] ∈ BN−p(M,∂M ; ξ).

Ψ2 : Bp(Mν , ∂Mν′ ; ξ) −→ BN−p(M ; ξ)
Ψ2([g : V →Mν ]) = [g : V →M ]

where g(V ) ⊂M . The manifold V is compact ξ-manifold and [g] ∈ BN−p(M ; ξ).

Theorem 9.6 The maps Ψ1,Ψ2 correspond under Thom-Pontriagin iso-
morphism to the Spanier-Whitehead duality between homotopy theoretic bor-
dism and cobordism.

The proof follows from the interpretation given above.

Corollary 9.7 Let (M,∂M) be a compact ξ-manifold of dimension n. Then
a canonical B∗(; ξ)-orientation of the normal bundle of M corresponds un-
der Spanier-Whitehead duality to the identity map (M,∂M) → (M,∂M) ∈
Bn(M,∂M ; ξ).



Chapter 10

Duality theorems for
differentiable manifolds.

If M is amanifold oriented in a given multiplicative cohomology theory h∗

then all well-known duality theorems hold. The machinery developed in
Spanier’s book can be applied here to obtain their proofs. Since we deal
with differentiable manifolds we can apply the Spanier-Whitehead duality
and the Thom isomorphism to obtain the duality theorems. We start from
the Poincaré duality theorem.

Theorem 10.1 For a compact h∗-oriented n-dimensional manifold with
boundary (M,∂M) the following isomorphism hold:

∩U : hq(M)
≈−→ hn−q(M,∂M)

∩U : hq(M,∂M)
≈−→ hn−q(M)

where U ∈ h̃k(Mν) is an orientation of the normal bundle of M .

Proof: The homomorphisms described in the theorem are compositions of
the Spanier-Whitehead duality isomorphisms and the Thom isomorphisms:

hq(M) −→ h̃q+k(Mν) −→ hn−q(M,∂M)

hq(M,∂M) −→ hq+k(Mν , ∂Mν′) −→ hn−q(M).

It is easy to verify that the inverse homomorphisms are given by a cap-
product with a corresponding fundamental class.

2
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From the Poincaré duality we can deduce the Lefschetz duality theorem.
First we recall some facts about continuity of the homology and coho-

mology. Let CW complex X be a direct limit of its subcomplexes X =
colimiXi, Xi ⊂ Xi+1. For every additive homology theory h∗ the isomor-
phism h∗(X) = colimih∗(Xi) hold (see Milnor [11]). For cohomology we
have only an epimorphism h∗(X) → limh∗(Xi). Let (A,B) be the pair of
subspaces in a topological space X. We define cohomology groups of (A,B)
in X:

h
∗
(A,B) = colimh∗(U, V )

where (U, V ) ⊃ (A,B) varies over closed neighborhoods of (A,B) in X. The
restriction maps define a homomorphism i : h

∗
(A,B) → h∗(A,B). We say

that (A,B) is taut with respect to h∗ in X if i is an isomorphism. We can
formulate the Lefschetz duality theorem.

Theorem 10.2 Let (M,A) be a compact n-dimensional relative manifold
such that M\A is h∗-oriented. There exists an isomorphism

hq(M\A) = h
n−q

(M,A).

Proof: Let {N} be a family of closed neighborhoods ofA such thatM\intN, ∂N)
is a manifold with boundary. The Lefschetz isomorphism is defined by the
following composition:

hq(M\intN) ∼= hn−q(M\intN, ∂N) = hn−q(M,N).

By passing to the limit over the family {N} we obtain the isomorphism

hq(M\A) = h
n−q

(M,A).

2

We restrict ourselves to the bordism and cobordism theories. Let (M,∂M)
be a compact ξ-manifold. It follows easily from our geometric interpreta-
tions of products that the Poincaré duality induced by the canonical B∗(; ξ)-
orientation is an identity map. The Lefschetz duality is also an identity.



Chapter 11

Transfer homomorphisms.

There are important but not functorial homomorphism between homology
(cohomology) groups induced by special kinds of maps.

We start from an axiomatic description. As usually, let h∗ be a multi-
plicative cohomology theory.

Let F be a subclass of the class of all maps for which h∗ is defined. We
say that h admits transfers for maps f ∈ F if for f : X → Y, f ∈ F the
homomorphisms

f\ : h∗(X) −→ h∗(Y ), f \ : h∗(Y ) −→ h∗(X)

are defined. Both f\ and f \ have the same generally non-zero degree depend-
ing on f . The homomorphisms f\ and f \ satisfy the following conditions:

1. id\ = id, id\ = id, (g ◦ f)\ = g\ ◦ f\, (g ◦ f)\ = (−1)mnf \ ◦ g\ where
m = deg(f \), n = deg(g\),

2. f\(α ∪ f∗β) = f\α ∪ β,

3. f \(x ∩ α) = f \x ∩ f∗α,

4. f∗(f
\x ∩ α) = (−1)m·|x|x ∩ f\α.

We shall define transfers for two classes of maps (Boardman [3]).
The Grothendieck transfer of an oriented map.

Let f : X → Y be a proper h∗-oriented (i.e. the normal bundle ν(f) is
h∗-oriented) smooth map between manifolds X,Y, dimX = m,dimY = n.
We shall define a transfer of degree n−m. Let i : X ↪→ RN be an imbedding.
The Thom construction gives us the map T (f) : SN ∧ Y 0 → Xν(f). Let
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U ∈ h̃N+n−m(Xν(f)) be an orientation of the normal bundle of f . The
homomorphism f\ is defined by the following diagram

hq(X)
f
99K hq+n−m(Y )

Φ ↓ ↓ ≈
hq+N+n−m(Xν(f))

T (f)∗−→ hq+N+n−m(SN ∧ Y 0)

and the analogous one for the homology defines f \. The definition of f\ and
f \ depends only on the orientation of the normal bundle ν(f).
The Grothendieck bundle transfer.

Let π : E → B be a fiber bundle whose typical fiber F is a smooth com-
pact manifold and whose structure group G is a Lie group acting smoothly
on F .

We shall define the bundle τF (E) of tangents along the fibres. Let {U}
be a trivialisation of the bundle π. We define bundles U × τ(F )→ U ×F on
sets π−1(U) = U×F . Let gij : Ui∩Uj → G be the transition function defined
by π. Then we have identification maps (Ui ∩ Uj) × τ(F ) → (Ui ∩ Uj) ×
τ(F ), (x, ω) 7→ (x, d(gij(x))(ω)) where x ∈ Ui ∩ Uj and ω ∈ τ(F ). After
this identification we obtain a vector bundle τF (E) → E. Its restriction to
the fibres gives a tangent bundle τ(F )→ F . We need the folloeing lemma.

Lemma 11.1 Let F be a smooth compact manifold and G a compact Lie
group acting smoothly on F . Then there exists a finite dimensional repre-
sentation V for G and a smooth G-equivariant imbedding F ↪→ V .

For the proof see Janich [8].
A choice of a representation as in lemma 11.1 gives us an imbedding

E
j
↪→ E(η)

π ↓ ↙ p
B

where η is a vector bundle determined by the tsransition functions of π and
the representation V . We define a normal bundle to E in E(η) : νqF (E) =
j!τV (E(η))/τF (E). The inclusion τF (E) ↪→ j!τV (E(η)) is defined by the
following diagram

τF (E)
dj−→ τV (E(η)) = p!η

↓ ↓
E

j−→ E(η)
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Observe that the restriction νηF (E)|F is the normal bundle of F in V . We
have the following generalization ”over B” of the tubular neighborhood the-
orem.

Lemma 11.2 There exists an imbedding t : νF (E) → E(η) onto an open
subset such hat t(s0(E)) = E.

Proof: Choose an equivariant metric on V and let U be a metric tubular
neighborhood of F in V : ν(F )→ U ⊂ V . Then U gives rise to an associated
subbundle of η with he fiber U . We denote its total space by N ⊂ E(η).
There exists an obvious imbedding onto N : νF (E)→ N ⊂ E(η).

2

Without loss of generality we can assume that N is contained in the unit
disc bundle of η. The Thom-Pontriagin construction gives a map Bη →
EνF (E) and hence Bη+α → EνF (E)+πα for any vector bundle α over B. We
choose α = −η; η + (−η) = θ. Since π : η = τF (E) + νF (E) we obtain a
map T (π) : SN ∧B0 → E−τF (E) where τF (E) + (−τF (E)) = θN . We define
the transfer for π : E → B in the case when a bundle τF (E) is h∗-oriented.

hq(E) 99K hq−n(B)
Φ ↓ ↓ ≈

hq+N−n(E−τF (E))
T (π)∗−→ hq+N−n(SN ∧B0)

where Φ is defined by the orientation of τF (E) and n = dimF . Analogously
for the homology theory. Definition of the Grothendieck bundle transfer is
independent from the choice of a vector bundle and imbedding E ⊂ E(η).
This follows from the generalization of the standard isotopy arguments. The
Grothendieck transfer depends only on the orientation of τF (E).

Both transfers described above satisfy multiplicative conditions 1.-4.
This follows from suitable multiplicative properties of the Thom isomor-
phism which hold for an arbitrary cohomology and homology theory as well
as for ordinary theory (see Spanier [15]).

Theorem 11.3 Let π : E → B be a map for which the both Grothendieck
transfers are defined. Then, after suitable choice of orientations these trans-
fers agree.

Proof: We choose an imbedding i : E ⊂ RN . It defines the commutative
diagram:

E
(π,i)−→ B ×RN

↓ ↙
B
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It is easy to see that νNF (E) = ν(π). The theorem follows.

2

Let α : E →p B be a n-dimensional h∗-oriented vector bundle. Then the
projection p : S(α + θ′) → B admits bundle transfer τSn(S(α + 1)) + θ1 =
α+θ1. If B is a manifold then we have a smooth zero section s0 : B → S(α+
θ), ν(s0) = α which also admits transfer. We recall that Bα = S(α+1)/B
where s∞ : B ⊂ S(α+ θ1).

Theorem 11.4 Let α be a n-dimensional h∗-oriented vector bundle over
finite dimensional CW complex B. Then the following diagrams commute
up to sign:

h∗(S(α+ θ′))
j∗−→ h̃∗(B) j∗ : h̃∗(Bα) −→ h∗(S(α+ θ1))

p\ ↑ ↙ Φ , Φ↖ ↓ p\
h∗(B) h∗(B)

where Φ is the Thom isomorphism and j : S(α+ θ′) ↪→ (S(α+ θ′), B).

Proof: For each finite CW complex B there exists an open manifold B and
an inclusion B ↪→ B which is homotopy equivalence. Therefore it is enough
to prove the theorem in the case when B is a manifold. The the transfer s\ is
defined and the formula s\◦p\ = (−1)n(ps)\ = (−1)n holds. Straightforward
verification shows that s\ = Φ ◦ j∗. Analogously for cohomology.

2

At the end of this section we discuss a connection between transfers and
the Poincaré duality. Let f : X → Y be a smooth map between compact
h∗-oriented manifolds without boundary. Orientations of X and Y gives us
a canonical orientation of the normal bundle ν(f).

Theorem 11.5 The following diagrams commutes:

h∗(X)
f\→ h∗(Y ) h∗(X)

f∗← h∗(Y )
D ↓ ↓ D , D ↓ ↓ D

h∗(X)
F∗→ h∗(Y ) h∗(X)

f\← h∗(Y )

where D denotes the Poincaré duality.
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Proof: We prove the commutativity of the first diagram. From the defini-
tion of duality and the transfer we have

h̃∗(Xν(f))
T (f)∗−→ h̃∗(SN ∧ Y 0)

Φ ↑ ↑ Φ
h∗(X) h∗(Y )
Φ ↓ ↓ Φ

h̃∗(Xν(X))
(Df)∗−→ h̃∗(Y ν(Y ))

SW ↓ ↓ SW
h∗(X)

F∗−→ h∗(Y )

The map Df is the Spanier-Whitehead dual of f . By naturality of Spanier-
Whitehead duality it is sufficient to prove the commutativity of the following
diagram:

h̃∗(Xν(f))
T (f)∗−→ h̃∗(SN ∧ Y 0)

Φf∗τ (Y ) ↑ ↑ Φτ(Y )

h̃∗(Xν(X))
Df−→ h̃∗(Y ν(Y ))

From the geometric interpretation of Df it follows that Df is obtained by
the Thom construction applied to T (f). Then the theorem follows from
lemma 8.4.

2



Chapter 12

Transfers in bordism and
cobordism.

We shall give a geometric interpretation of the transfers defined in chapter
11. In the bordism and cobordism theories.

Let f : X → Y be a proper ξ-oriented map between smooth mani-
folds X and Y . It was shown that ξ-orientation defines a canonical B∗(; ξ)-
orientation of ν(f) (proposition 8.5). Thus we obtain transfer homomor-
phisms

f\ : Bq(X; ξ) −→ Bq+d(Y ; ξ)
f \ : Bq(Y ; ξ) −→ Bq−d(X; ξ)

where d = dimY − dimX.

Theorem 12.1 The transfers f\ and f \ defined in the homotopy theoretic
bordism and cobordism

f\ : B∗(X; ξ) −→ B∗(Y ; ξ), f\([g]) = [f ◦ g]

where ξ-orientation of f ◦ g is given by the isomorphism ν(f ◦ g) = g!ν(f) +
ν(g).

f \ : B∗(Y ; ξ) −→ B∗(X; ξ), f \([g]) = [g̃]

where f t g and g is defined by the pull back

g!X
g̃−→ X

↓ ↓ f
M

g−→ Y

with canonical ξ-orientation on g!X.
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Proof: The proof follows from the interpretation of the Thom isomorphism
and induced homomorphisms.

We shall give an interpretation of the Grothendieck bundle transfer in
the bordism theory only because the geometric interpretation of cobordism
is known for manifolds. In the case when π : E → B is a smooth bundle the
theorem 11.3 states that the both transfers agree. Let π : E → X be a fiber
bundle whose fiber F is a smooth compact manifold and whose structure
group G is a compact Lie group acting smoothly on F . We assume that
the ξ-orientation of the bundle −τF (E) is given. We have the Grothendieck
bundle transfer

π\ : B∗(X; ξ) −→ B∗(E; ξ)

defined by the canonical B∗(; ξ)-orientation of −τF (E).

Theorem 12.2 The transfer π\ defined in homotopy theoretic bordism cor-
responds under the Thom-Pontriagin isomorphism to a map

π\ : B∗(X; ξ) −→ B∗(E; ξ), π\([g]) = [g̃]

where g̃ is defined by the pull back

g!E
g̃−→ E

↓ ↓ π
M

g−→ X

Proof: The map π\ is well defined: there exists a canonical smooth struc-
ture on g!E (for the proof see Appendix). Standard arguments give a ξ-
orientation on a manifold g!E. The map π\ is natural with respect to maps
of bundles which are diffeomorphisms on fibres. As in the proof of theo-
rem 11.4 we can assume that X is a manifold. Then the theorem follows
from theorem 12.1.

2

Remark 12.3 In a particular case of the bordism theory for a geometric
definition of the transfer π\ the compactness of G is not required.

It is important to note that the Grothendieck bundle transfer gives a
geometric interpretation of the inverse map to the Thom isomorphism in
bordism theory for vector bundles arbitrary complexes. Let α : E →p X be
a n-dimensional ξ-oriented vector bundle. A sphere bundle S(α + 1) → X
admits a bundle transfer

p\ : B∗(X; ξ) −→ B∗(S(α+ 1); ξ).
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Theorem 12.4 Under the assumptions described above the map

Ψ : Bq(X; ξ) −→ Bq+n(Dα,Sα; ξ)

defined by the pull back

(D(f !α), S(f !α))
g̃−→ (D(α), S(α))

↓ ↓ p
M

g−→ X

is an inverse to the Thom isomorphism.

Proof: The theorem follows from the commutativity of the following dia-
gram

B(S(α+ θ′); ξ)
j∗−→ B(S(α+ θ′), X; ξ)

p\ ↓ ↓ ≈
B∗(X; ξ)

Ψ−→ B∗(Dα,Sα; ξ)

2

The last theorem is very important. We have defined the Thom isomorphism
without use of transversality. In this form the Thom homomorphism is
defined in an equivariant (geometric) bordism theory.

At the end of this section we describe, following Quillen, the ξ-cobordism
theory as an universal contravariant functor on the category of smooth man-
ifolds enowed with the transfers for ξ-oriented maps.

Let h be a contavariant functor from the homotopy category of smooth
manifolds to the category of sets. Suppose that for each proper ξ-oriented
map f : Z → X the map f\ : h(Z)→ h(X) is given such that the following
conditions are satisfied:

1. If f, g are proper ξ-oriented maps then (g ◦ f)\ = g\ ◦ f\ where g ◦ f is
endowed with canonical ξ-structure.

2. Assume that

g!Z
g̃−→ Z

f̃ ↓ ↓ f
Y

g−→ X

is the pull back of manifolds where f t g. If f is endowed with pull
back ξ-structure then g∗f\ = f̃\g̃

∗.
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Theorem 12.5 Given is an element a ∈ h(pt). Then there exists a unique
natural transformation of functors θ : B∗(; ξ)→ h commuting with transfers,
such that θ(1) = a where 1 ∈ B∗(pt, ξ) is a class of identity map.

Proof: An element a ∈ h(pt) determines aX ∈ h(X) for all X by he
formula aX = π∗X(a)πX : X → pt. Furtheremore if x = [f ] ∈ B∗(X; ξ)
then x = f§, π∗Z(1). Hence θ on the class x must be θ(x) = f\π

∗
Z(a)

which proves the uniqueness of θ. For the existence of θ it is necessary
to show that the right hand side of the definition θ(x) = f\π

∗
Z(a) where

x = [f ] depends only on the cobordism class of f . Let f0, f1 be cobordant
and u : W → X × R be the cobordism between them. Then we have
(f0)\π

∗
Z0

(a) = ε∗0u\π
∗
W (a) = ε1u\π

∗
W (a) = (f1)\π

∗
Z1

(a) where εi : X ⊂ X × 1.
It is obvious that θ is a natural transformation commuting with transfers.

2

The above theorem gives us a description of B∗(; ξ) as a functor to the
category of sets. It is possible to characterize the group structure (or the
ring structure in the case of multiplicative bundle slectrum ξ) of B∗(; ξ) by
a similar universal property. In this case we assume

1. the functor h takes values in the category of abelian groups and f are
group homomorphisms,

2. conditions 1. and 2. stated above are satisfied.

From the general construction of transfers follows that the cobordism
theory B∗(; ξ) is ”universal” among cohomology theories in which bundles
with ξ-structure are canonically oriented.

For example let k∗ = K∗ be the complex K-theory. Let ξ = {γCn } be
the spectrum determining the complex cobordism. There exists a unique
multiplicative natural transformation θ : U∗ → K∗ such that θ(1) = 1. We
obtain the following corollary.

Corollary 12.6 If the vector bundle α is U∗-orientable then it is K∗-orientable.

We recall that α is K∗-orientable iff w1(α) = 0 and w2(α) = (c mod 2)
where c ∈ H2(B;Z). In other words there is a spin-structure on α. Complete
characterization of U∗-orientability is unknown.



Chapter 13

Appendix.

Suppose E → B is a fibre bundle whose fibre F is a smooth compact
n-dimensional manifold and whose structure group is aLie group acting
smoothly on F . In this appendix we prove the following theorem:

Theorem 13.1 Suppose the assumptions described above are fulfilled and
moreover B is a smooth manifold. The space E admits then a smooth struc-
ture such that pi : E → B is a smooth bundle.

We need first the following lemma.

Lemma 13.2 Let X 99K X/G be a smooth principial bundle and F a
smooth G-manifold. The associated bundle X×GF → X/G is then a smooth
bundle.

Lemma 13.3 Assume that G is a compact Lie group. For each k ∈ N there
exists a k-universal smooth G-bundle p : EkG → Bk

G, which we denote γkG.

Proof: Choose an imbedding of G into the orthogonal group G ⊂ O(n).
The principal bundle

O(N + k + 1)/O(k + 1) −→ O(N + k + 1)/G×O(k + 1)

is the desired k-universal bundle.

2

Lemma 13.4 For each map f : M → N between manifolds there exists a
smooth map g : M → N which is homotopic to f .
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The proof of the theorem in case G is a compact Lie group follows from
the above lemmas:
Lemma 13.2 reduces the general case to the case of principal bundle. Since
a manifold B has the homotopy type of a finite CW complex, there is a
classifying map f : B → Bk

G for sufficiently large k ∈ N . Let g be a smooth
map homotopic to f , then gjγkG is a smooth bundle isomorphic to π : E → B.

The proof of the general case is based on the following “folk theorem”
formulated by Steenrod (N.E. Steenrod “Topology of fibre bundles” Prince-
ton Univ. Press 1951).

Theorem 13.5 A bundle whose group is a connected Lie group is equivalent
in its group to a bundle whose group is a compact subgroup.

Lemma 13.6 Let M be a manifold and p : M̃ →M be a covering space over
M . There exists a smooth structure on M̃ such that p is a local isomorphism.

We can prove now the theorem 13.1 in the general case. Let Gθ ↪→ G be
the component of the identity θ ∈ G. Notice, that there exists a commutative
diagram:

X −→ X/G
↓ ↙ p

X/Gθ

where X → X/Gθ is a principal bundle whose structure group is a connected
Lie group and p : X/Gθ → X/G is a covering space. Theorem 13.1 follows
then from its analogue for a compact group, theorem 13.5 and lemma 13.6.

2
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[4] Th. Bröcker, T. tom Dieck, Kobordismentheorie, Lecture Notes in Math-

ematics 178, Berlin, Springer, 1970
[5] P.E.Conner, E.E. Floyd, Differentiable periodic maps, Berlin, Springer,

1970
[6] E.Dyer, Cohomology theories, New York, Benjamin, 1969
[7] D.Husemoller, Fibre bundles, New York, McGraw–Hill, 1966
[8] K.Jänich, Differenzierbare G-Mannigfaltigkeiten, Lecture Notes in

Mathematics 59, Berlin, Springer, 1968
[9] M.Karoubi, Cobordisme et groupes formals, Sem. Bourbaki, 408, 1971–

72
[10] S.Lang, Differential manifolds, Reading Mass., Addison Wesley, 1972
[11] J.W.Milnor, On axiomatic homology theory, Pacific J. Mathematics, 12

(1962), 337–341
[12] R.Narasimhan, Analysis on real and complex manifolds, Amsterdam,

North Holland, 1968
[13] D.Quillen, Elementary proofs of some results of cobordism theory using

Steenrod operations, Advances in Math. 7 (1971), 29–56
[14] E.H.Spanier, Function spaces and duality, Ann. Math. 70 (1959), 338–

378
[15] E.H.Spanier, Algebraic topology, New York, McGraw–Hill, 1966
[16] R.Stong, Notes on cobordism theory, Princeton N.J., Princeton Univer-

sity Press, 1968
[17] G.W.Whitehead, Generalised homology theories, Trans. Amer. Math.

Soc. 102 (1962), 227–283


