Sudakov minoration principle and supremum
of some processes

Rafal Latala*

Abstract

Let X; be a sequence of independent symmetric real random vari-
ables with logarithmically concave tails. We find a new version of Su-
dakov minoration principle for estimating from below E sup;c >~ 1; X;.
If we moreover assume that tails of X; are of moderate growth this
enables us to give geometric conditions on set T equivalent to bound-
edness of the process (3 t;X;)ier- This generalize previous results of
Talagrand [12].

Introduction. Let X; be a sequence of symmetric, independent random
variables with sup FEX? < oo. To each t € [* we may then associate a
random variable X; = Y t;X;. It is quite important to understand for
which subsets T' C [? the process X; is bounded a.e.. In many important
cases (such as Gaussian and Bernoulli r.v. and in the case of all processes
considered in this paper) the boundedness of this process is equivalent to
Esup,cr Xy < oo. Since T' may be uncountable, to avoid measurability
problems we define

Esup X;= sup FEsuplX;.
teT FCT#F<oco t€F

In general, the question of boundedness seems to be very hard, how-
ever it was answered in many special cases. The particular important
case of X; Gaussian random variables was for a long time a subject of
research. A major break through was done by Michel Talagrand in [9] (with
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much simpler proof in [11]). In [12] Talagrand discovered some new meth-
ods, which enabled him to treat the case of identically distributed X; with
In P(|X;| > t) = —|t|’,1 < p < co. At the moment, the most important un-
solved case seems to be Bernoulli process i.e. when X; = ¢; is the Bernoulli
sequence (for some partial results and conjectures see [13]).

In this paper we generalize some previous results of Talagrand. Theorem
3 formulates geometric conditions on the set 7', which are equivalent to the
boundedness in the case when the functions N;(t) = —In P(|X;| > t) are
convex and of moderate growth (precise definitions are given below). We do
not know if the assumptions about the growth of N; are necessary. If one
can get rid of them it would give a solution for Bernoulli processes.

In the paper we strictly follow the ideas and methods from [12]. The
main new ingredient needed to prove Theorem 3 is a generalization of Su-
dakov minoration principle, given in Theorem 1, which is of its own interest.
Despite that some parts of its proof are similar to those of Talagrand, we
think that our approach to the minoration problem (especially Lemma 1) is
new.

Definitions and notation 1. Let X; be a sequence of independent
symmetric real random variables such that the functions N; : [0,00) —
[0, 0], given by

N;(t)=—-InP(|X;| >t), t>0

are convex. Since it is only matter of normalization we may and will assume
that
inf{t > 0: N;(t) > 1} = 1. (1)

Let us define the functions N;(t) by the formula

G t2 for |t| <1
Ni(t)_{QNi(w)—l for [t > 1.

For sequences (a;) of real numbers we define
(@)l = sup{}" aibi : 3- Ni(bi) < u}
and we put

By (u) = {(a;) : [[(@i)llvu < u}
We also define for u > 0

Be(u) = {(a:) : >_min(la;], a7) < u}
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and for p > 0
By ={(a): ¥l < 1.
For ¢t = (t;) € I2 we denote by X; the random variable Y t; X;.

Remark 1. In some situations it is more convienient to use a different
expresion then ||(a;)||xu. Namely let

) £ for |t| <2
M;(t) = (N;)*(t) = It —1 for 2 < |t| <t
ONF(Y) +1 for [t > to,

where F*(t) = sup{ts— F(s) : s > 0} are Lagrange transforms of a function
F and ¢, = 2(NZ~)'+(1) > 2. We define the following Orlicz norm

||(a,)||3vu =inf{t > 0: > M;(ua;/t) < u}.
Next proposition shows that both definitions gives equivalent norms.

Proposition 1 The following three statements hold

AByr(u) C By (Au) C Bar(u) for any u > 0 and X € (0,1), (2)
By (u) = B:(u) = uBs(u) for any u € (0, 1), (3)

and , ’
(@) llarw < (@)l < 20|(a3)l o for any sequence (a;). (4)

Proof. Obviously [A(@:)llxae = Al@0)llxs < Al@)llxar 50 AByr(u)
C By (Au). On the other hand, since the functions N; are convex and
N;(0) = 0 we have N;(At) < AN;(t) and therefore By(Au) C By(u). The

equalities in (3) are obvious. Finally, since (N;)* = M;, (4) follows by simple
properties of Orlicz norms (see [8] ,Theorem 2.5).

Proposition 2 There ezists a universal constant K1 such that
P X = Kultlyw) < e foru>1.

In the case, when X; are identically distributed this was proved in [1].
The general case follows by Corollary 1 of [4] or Example 2 in [5] and Cheby-
shev’s inequality.



Corollary 1 If T C By (u) for some u > 1 then

Esup X; < 2K; max(u, In #7).
teT

Proof. Let r = K; max(u,In#7T). Let us notice that if ¢ € By(u) then
for s > u, ||(t;)|lx,s < s and therefore by Proposition 2, P(|X;| > s) <
e /K1 for s > r. Hence integrating by parts

EsupXt§r+Z/ |Xt\>sds<r+#T/ e—5/K1 s
teT teT "
<r+ K #Te M <r4+ K, <2K; max (u, In #7T).

The next Lemma is a crusial new ingredient in the proof of Theorem
1. The function w in it is added for strictly technical reasons, it makes the
induction possible, but in the sequel we will use Lemma 1 with w = 0.

Lemma 1l Letoo>n>0,u>1and ry,p; > 1,¢;, € R, i =1,...,n be
given. Let Y1,...,Y, be a sequence of independent symmetric real random
variables such that

e for 0<z<p;
P(|Yi|2x):{ 0 for x> p;.

Assume that a set S C I with In#S < u and a function w : S — [0, 00)
satisfy the following two conditions

ViesVi<n ti € {¢i — iy qi + 13}

and .
vt,sES,t#s Z Tipié{ti;ési} + w(t) + w(s) > U, (5)
i=1
then 1
E sup ZtY—Fw Z ZeQw(t

tesS ;—1 teS

Proof. We will prove Lemma 1 by the induction over n. To simplify
the notation let

b(S) = Esup(3_ t:Y; + w(t)).

teS ;—1
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Obviously we may assume that #S > 2. It is also enough to consider the
case of ¢; = 0 for all s.
If n = 0 then by (5), b(S) = maxyes w(t) > u/2, so

b(S)

— < — —+ — < + — < .
]Il( E (& ) In #S 2 I%X w(t) 9 b(S)

U

tes 4

Let us assume that Lemma holds for n — 1, we will prove it for n. Let
A={teS:ty=r,Jand B={te€S:t,=—r,}.

If A= ( or B = () the induction step follows trivially, because Er,Y,, = 0.
Otherwise we define

a = z €2w(t)’ b= Z e2w(t)’

teA teB
n—1 n—1
Va=sup(d t.Y;+w(t) and Yp=sup(d_ t;¥;+ w(?)).
teA i=1 teB i=1

We have to show that b(S) > 4 'In(a + b). By the symmetry of ¥; we may
assume that ¢ > b. We will consider few cases.

Case I: a/b < e*P». We have for any number
b(S) > E(TnYn + YA)I{Yanw} + E(_TnYn + YB)I{Yn<—w}
=1 EYo Iy, >0y — T EYo Iy, <—oy + EYAP(Y, > —2) + EY3P(Y, < —x).
So by the induction assumptions, for 0 < x < p,,, we obtain

1 1
b(S) 2 2raEY iy, + ;Ina = g™ In %

1 1
=rp(ze™ +e ¥ —e )+ 1 Ina — ge_m In %.

Choosing = = (4r,) " In(a/b) we get

1 1
b(S) > irnxe_’” +rp(e7 —e ) + 1 Ina.



Since 7, p, > 1 and x € [0, p,|, we have

1 B _ _ 1 B B B _
§Tn$€ Ttrp(e®—ePr) > irnxe T e ™m® g TnPn > _e 0l

N =

Therefore
1 1 1 1
Case II: r, (e P/2 — e P)P(Y4 < Y + 1,p,) > (4a)~*b. We get
b(S) = Emax(r,Y,+Ya, —1,Y,+Ys) = E(Ya+7,Y,)+E(-2r,Y,+Yp—Y4)*

2 EYA + E(_anYn - Tnpn)+P(YA S YB + Tnpn)'

Since p, > 1 we obtain

TnDn _ _ _
E(=2r,Y, — rppp)t = 2r, EY, Loy, >p0y — 5 ¢ Puf2 = g (e Pn/2 — e7Pn),
Hence by the induction assumptions

1 1 1
b(S) > 1 In a+rn(e*p"/2—e*p")P(YA < Yp+rps) > Z(ln a—i-g) > Zln(cH—b).

Case III: b/a < e *P» and r,(e P/? — e P)P(Yy < Y + rppn) <
(4a)7'b. Let us define in this case the function @ on S by the formula

N w(t) for te A
w(t) = { w(t) +rpp, for te B.

Then clearly @ satisfy (5) for n — 1 and by the induction assumption we
have

n—1 1
Esup(Y_ t;X; +@(t)) > = In(a + 2 Pnb).
teS =1 4
We have »
tes i=1



< EmaX(YA, YB) + TnpnP(YA <Yp+ Tnpn)-
Hence

Pnb
4a(e=Pn/2 — e=Pn)’

1
b(S) = Emax(Yy, Yg) > 1 In(a + €2 Pnp) —

Since In(1 + x) > z — 22/2 for > 0, we have

b(S) > Sina+ (et (1 — ET (el — ey
— 4 4q 2 n
1 b 2
> Y pn/2(,.3pn/2 1——)— o 1— —1/2\—1
_4na+4ae (e ( 2)p( e )™h

1 b 1
> — — > = .
> 4lna+ 10 2 4ln(a+b)
This completes the proof of the last case and of the whole Lemma.
Corollary 2 Let numbers l; € IR and a set T C B.(u/20) satisfy conditions
VierVi ti € {0,1:} (6)

and
Vi.seT s It — s||nvu > u. (7)

Then the following inequality holds

1
Esup Xy > — min(u,In#T).
teT 32

Proof. By the symmetry of X; we may assume that [; > 0. For #7T =1,
In#T = 0 and there is nothing to prove. Otherwise by (3) we have that
u > 1 and we may choose T} C T such that

In2
min(u, In #7T) > In #T; > ]11_3 min(u, In #7).
n

From (7) and (4) we get that for any s,t € T,s # ¢



Let

If i¢ J then
M;(2(t; — i) = M;(2L:)0 1, 25 < min(l7, 20 — 1)0p, 26y
< 2min(|t;], #?) + 2 min(|s;], s?).
Since T' C B; (u/20) for any t,s € T,t # s we have
=< ST M2 ) < ST@N; (1) + 16 9)
1€J i€J

Without loss of generality we may assume that J is finite, say J = {1,...,n}.
For each i < n, by Remark 1; > (NN;), (1), so we may then find s; > 1 such
that

Let p; = Ni(s;),ri = 5l; s,/QN (sz) and Y; be as in Lemma 1. By (8) and
(10) we obtain that pi,Ti > 1, and by (9) and (10)
Zripi(i{t#si} >ufors,t € T,t # s. (11)
=1

Since the functions N; are convex and N; = 0 we have P(|X;| > ts;) >
e tNils) for t € [0,1]. Hence

P(|5l,X;| > z) > P(|2r;Y;| > z) for x > 0.

So by the contraction principle (cf. [3], Corollary 1.2.1)

5FEsup X; > F sup Z 011,201 273
teT

By Lemma 1 (with w = 0) and (11) follows that

1
E sup Z Otiroy2riY; > 7 In#Ty,
€T

=1

therefore

In 2
FEsup X; > -

1
In#7T) > — In #T).
Sup 2013 min(u, ln #7') 3 min(u, In #7)



Proposition 3 For any T C I? and u > 0 the inequality
1
Esup ) tie; > — min(u, In N (T, B.(u)))
teT K,
holds with universal constant K.
Proposition 3 follows from Theorem 4.15 of [6] and an easy observation

that
uB; + VuBy C 2B, (u),

where B; and B, are unit balls in /' and 2 respectively.

Theorem 1 There exists a universal constant Ks such that for each u > 0
and each set T C 12, which satisfy the condition

Vi ser,iss It — SHN,u >u (12)

the following inequality holds

Esup X; > 1 min(u, In #7).
teT K
Proof. We will follow the methods of [12], reducing the proof to the
case of special sets T, such as in Corollary 2.
By approximation argument we may assume that 7' C IR™ with m < oo
and T is finite. Let
§ = (max(512K,8)) 7",

where K is the same as in Corollary 1. We will divide the proof into several
simpler steps.
Step 1. By the Jensen inequality and the contraction principle we have

Esup X; > EsupZtiE\Xﬂsi > 'E supZtiei, (13)
€T teT

teT t

because by (1) we have E|X;| > e! for each i. Hence Proposition 3 yields

EsupX; > e 'Esup Y tie; > (eK>) ™ min(6%u, In N (T, B:(6°u))).
teT teT

Since
#T < N(T, B;(6*u)) sup #(T N (z + B:(6%u)))

TER™
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it is enough to consider the case when T' C z + B.(6%u) for some z € IR™.
Moreover, since E sup,c; Xy = Esup,cq_, X; we may assume that

T C B.(6%u). (14)
Step 2. It suffices to prove that under (12) and (14)

Esup X; > BT, u>1and n#T > (Iné~ ' + 26 + 1)u.
teT 012

Indeed, suppose that we have proved this. Then for arbitrary u let C =
Iné~!+26 + 1 and
= min(u, C~ " In #7T).

U
If @ < 1 then By (@) = B.(1), so by (13) and Proposition 3

Esup X; > (eKy) ‘i > (eKoC)  min(u, In #7).
teT

If 4 > 1 then

Esup X; > @/512 > (512C)~" min(u, In #7).
teT

Step 3. Let A be the probability measure on IR given by the density
e~1?1/2 and let 4 = ®7 A be the product measure on IR™. For any x € IR™
and t € T we define

T,={teT:te(x—0dz;+0)U(=4,6),i=1,...,m}
and
Ai={z e R":t;€ (xi—d,z; +0)U(=9,6),i=1,...,m}.
Let us notice that

et _ . _ > i —lz] > §o—Itil—0
AM{zi:ti € (x; — 6,2, +0) U (=6,0)}) > 5z6(t?—l}52i+6)6 > de (15)

and

We have
D Jts| < 671D min(¢, [t]) < du

[ti|>0
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and

#{i: [t > 0} <67 min(¢F, [ti]) < u
Therefore by (15) and (16)
p(Ay) > §he 20,
Hence

/ZIAt Ydp(z) > #T5% 2% > ev.

teT
So there exists z € IR™ such that

In #T, > u.

Step 4. Let us choose S C T, with In#S € [u/2,u|. For any s € S we
define § € IR™ by the formula

= _ 0 if ‘8i|<5
BT a if |si| >4

Let s,t € S, we have then by (4), (12) and (14)

u<> M2(si — )< > Mi(2(si — t;)) + 166%u

2]si—t;|>1
By an easy observation
15 — & > |si — ;| —20 > |si —t:]/2 if 2ls; — ;| > 1,
SO

SNM;AG—t) > > Mi(2(si — i) > u(l — 166%) > u/2.

2si—t;|>1
Therefore by (4) and Corollary 2 we have

u

1
FE X; 1
sup mln( n#S) > 36"

ses 128

Step 5. Let us notice that for any s € S we have by (14)
STM(6 (si—5) =062 (si—5)* <
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672 min(6%,s7) <6 2> min(|s], s7) < u.
Therefore by (4) and Corollary 1

Esup(X; — X;) = Esup X;—; < dK; max(u, In#S) = 0K u < u/512.

SES SES
Since
Esup X, > Esup X; — Esup(X; — Xj)
sES SES sES
we finally get
EsupX, > — - 2 - %
ses 256 512 512

and this completes the proof.

Theorem 2 If T C By(u) for some u > 1 and the additional condition

1s satisfied, then
Ve P(/supX;— EsupX;| > s) < e /K4, (18)
teT teT

where K, 18 an universal constant.

Proof. Let A\ u be as in Step 3 of the proof of Theorem 1 and let
F; : R — IR be an odd function, such that its restriction to IR* is the
inverse of N;. Then X; has the distribution equal to F;(\). In particular
this implies

P(sup X; < a) = p(z : sup Y _t;Fy(2;) < a),
teT teT

By the result of Talagrand [10] (see [7] for a simpler proof) we have for each
mesurable set A C IR™ with pu(A) >0and b >0

(A + B.(36b)) > 1 — (u(A)) e
Let
A={zre R™: sungtiFi(a:i) < a}.
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For each y € A, z € B.(36b) and = = y + 2, by the convexity of NV; we have
\Fi(z;) — Fi(vi)| < 2Fi(|@i — yil), so that

sup Yt Fy(x;) < a+sup > ti(Fi(z:) — Fi(yi))

teT teT
<a+2sup Y [ti|Fi(|z]) < a+ 2supsup{d_ |tile; : Y Ni(c;) < 720}
teT teT
< a+ 2sup ||t]|a,726-
teT

Since for r > u, by (2) T C By(u) C By (r), we have |[|t||y, < r for any
t € T. Therefore for s > 2u we obtain

P(sup X; < a+s) >1— (P(sup X; < a)) le /14 (19)
teT teT

Let M be the median of sup,.; X;. Then choosing suitable a in (19) we get
for s > 2u

P(sup X, < M — s) < 2¢~°/144 (20)
teT
and
P(sup X; > M + s) < 27/, (21)
teT
By (21) we get
EsupX, <M +2u+2 | e *"ds < M + 290u. (22)
teT 2u

This gives

P(sup X; < Esup X; — s) < P(sup Xy < M +290u — s). (23)
teT teT teT

The similar reasoning shows that

P(supX; > Esup X; +s) < P(sup Xy > M — 290u + s). (24)
teT teT teT

Theorem follows by (20), (21), (23) and (24).
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Corollary 3 There are two universal constants 0 < p, K < oo such that if
(17) is satisfied then for any InN > u > 1, t',... .tV € I? and nonempty
sets Th, ..., Ty C 12 satisfying

\Vlk:/él tk — tl¢BN(u)
and
Ve T C pBN(U),
the following inequality holds for T = J(t* + T})

1
Esup X; > — min(u,Iln N) 4+ min E sup X;.
teT K k teTy,
Proof. Without lost of generality we may assume that u < In N < 2u.
Let ay = Esup,eq, X;, then

sup X; > max X + minsup X,
teT k ke,

and

E minsup X; > mina;, — F max(ay — sup Xy).
teTy, k k teTy,

By Theorem 2 taking r = K pln N integrating by parts we obtain

o0
Emgx(ak —sup Xy) <r+ QN/ e/ PK) g < p 4 2pK,4 < 4pK,u.
teTy, T

By Theorem 1

Em}?Xth > K;'min(u,In N) = K; 'u.

Hence
Esup X; > K:;lu + minay — 4pKu
teT k

and Corollary follows if we take p = (8K,K3)™! and K = 2K.

Before formulating our main theorem we will need some more definitions
and few technical results.

Definitions and notation 2. Let » > 1 be a fixed number. For any
set A C 12,7 € Z we define

D; (A)=inf{u > 0: 342 A Cs+r7By(u)}
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and
ir(A) =max{i € Z: D, (A) <1}

Let T C I?,i € Z and (A;);>; be an increasing family of finite partitions of
T. Fort € T,j > i we denote by A;(¢) the unique A € A; such that ¢t € A.
We define

0:,r(T) = infsup > v~ (D;(A;(1)) — In u(4;(2))),

teT G>i

where the infimum is taken over all increasing sequences of partitions (A;) >
of T" and the probability measures p on 7" for which all the sets A € A; are
measurable. We set

HN,T (T) = eir (T),r
and we will write D;(A), i(A), 6;(T), Ox(T) instead of D;(A), i2(A),

0i2(T), O 2(T).
We say that a functions N is of moderate growth with constant C' if

Vis1 N(2t) < ON(t).
For a subset A C [? we define

Given two quantities U,V we say that U dominates V' with a constant
K if V < KU, and that U is equivalent to V up to a constant K if U
dominates V' and V' dominates U with constant K.

Lemma 2 For any r > 1 we have
On, < (1+ T)GN,rZ-

Proof. Let u be a probability measure on 7" and (A;)>; be an increasing
family of finite y-measurable partitions of 7. We define partition (A;);s2
by ./Zle_l = ./212_7' = A;. Since for any A C *,Dy;_1,(A) < D;,2(A) and
Dy;.(A) = Dj,2(A) we have

sup > 17 (Dj,(4;(t) — In p(4;(t))) <
(L+7)sup Y r (D (4;(t)) — In p(4(1)).
Hence 6 ,(T) < (1 +7)0;,2(T) and Lemma follows since i, (1) > 2i,2(T).
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Lemma 3 Let p be as in Corollary 3 and N; be of moderate growth with
constant C. Then there exists 1o = 1o(C') depending only on C' such that

VisroVuso Bar(ru) C grBN(u).

Proof. One can easily check that for any ¢
N;(2t) < 4CNy(t). (25)

Let a positive integer n satisfy 2"p > 4, we put o = (4C)". Let r > ry,
2 € By(ru) and y; be a sequence such that ¥ Nj(y;) < u. Then by (25)
ZN,-(Q”yi) < (4C)™u < ru and therefore Y z;y; < 27"ru < pru/4. Hence
[#llxa < pruf4 and o € pr/ABy(u).

Lemma 4 LetY; be a sequence of independent, symmetric random varaibles
such that .
In P(Yi| > t) = —Ni(t),

where Ni(t) =t for t € [0,1] and N;(t) = Ni(t) otherwise. Then functions
N; are conver and for any v >0, t € 12 and T C I?> we have

P(| Yt > u) < 2P(1X| > u) (26)
and
(1+e) 'Esup X; < Esup ZtiYi < Esup X;. (27)
teT teT teT

Proof. The convexity of N; follows from convexity of N; and normaliza-
tion property (1). Since N; > N;, we obtain (26) and the second inequality
in (27) by the contraction principle (see [3], Corollary 1.2.1). Moreover we
may represent Y; as X; — Z;, where Z; are independent random variables
with |Z;| < 1. So again by the contraction principle and (13)

FE sup Z t;Z; < Esup Z tie; < eEsup Z t;Y;.
teT teT teT

Therefore

EsupX; < Esup) t;Y;+ Esup ) t;Z; < (1+e)Esup > _t;Y;.
teT teT teT teT
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Theorem 3 Let N; be of moderate growth with the same constant C. Then
for any nonempty set T C I? the following four quantities are equivalent (up
to constants, which depend only on C')

Esup X; (28)
On (T) (29)

1nf{M . anlatnep ||tn||./\f,log(n+1) S M, T-TC W{:I:tn n Z ].}} (30)

inf{M : V513, 2 |[talla < M, P(|Xy,| > M) < (n+1)3, (31)
T —T C conv{=£t, : n > 1}}.

Proof. (30) dominates (31). Since ||z||x < Al|z||arw for A > 1 we
have by Lemma 1

P(|Xt,| > 3K1|ltallningnsn) < €MD = (n+1)75,

(31) dominates (28). Let Y; be as in Lemma 4 and Y; = > t;¥; for
t € 2. Forany t € T — T we have |Y;| < sup,»; |Y;,| a.e. Hence for any
to €T -

We conclude by the observation that ||z||x, > min(y/u, 1)||z]|.

EsupY, = Esup(V; - Y,) =FEsupY; 4, < F sup Y; < EsuplY, |
teT teT teT teT—-T n>1

By (31) and Lemma 4 we obtain

P(sup |Y,,| > M) <2> P(|X,,| > M) <2> (n+1)°<1/2
n>1

So using (22) we have

EsupY; < Esup |V, | < M +290sup ||t,[[a,1 < 291M.
teT n>1 n>1

Lemma 4 completes this part of the proof.

(28) dominates (29). By Lemma 2 it is enough to show that (28)
dominates 6y, for r = 2" with n sufficiently large. Using Lemma 4, we
may assume that (17) is satisfied. We proceed as in [12], pp. 317-324, using
Corollary 3 and Lemma 3 instead of Lemma 5.3 and 5.4.
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(29) dominates (30). Let h(x) = In(1/z), i = i(T) and choose a
probibility measure p and a sequence of p—measurable partitions (A;s;)
such that

sup > 277(D;(A;(1)) + h(p(A;(1))) < 205(T).

teT §>i
By definition of i(T) we have D;y,(T) > 1. There are two possibilities
1. Ajy1 = {T}, then 20, (T) > 277'D; 1 (T) > 271

2. Aiy1 # {T}, then there exists A € A;y; with In(A) < 1/2, so
200 (T) > 277 'h(u(A)) > 27 'In 2.

So in any case Oy (T) > 272In2. Let us additionally put A; = {T'}, then
since h(ab) < h(a) + h(b) we obtain

sup 3 279(D;(A;(1) + h(2 I u(45(1)))) < 260(T) + 127 < Coy(T),

teT 53
(32)
where C; = 1+ Y32, k2 FIn2 and C, =2 +4C;/In2. Let A € A;,j > 1,
then there exists unique A’ € A;_; such that A C A’ and we may define

aj(A) = (2020, (1)) (277 Djoa(A) + 277 R(27 pu(A))).

From (32) we obtain
. (33)

DN | =

Vier Y a;(4;(t) <
j>i
For any A € A;,j > i let us choose z4 € A and define
t(A) = a;j(A) Hza—1z,) for A€ Ajj>i.
Let us notice that

t —za;0) € 2277 By(Dj(4;(1))) € 2777 D;(4;(1) Bo,

so for any t € T, by (32), ||t — x4;@||2 — 0. Therefore for any ¢ € T

b=z =t—za0 =D a;(4;(t)t(4;(t)).

j>i
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Hence by (33) we have {t — a7 : t € T} C 27 'conv{t(A) : A € A;,j > i}
and so
T —T Cconv{+t(A): A€ A;,j>i}.

Let t, = t(A,) be such rearrangement of the set {t(A) : A € A;,j > i} that
the sequence 2°77(™ 4(A,,) decreases. Since

Yoy 2 A =327 =1,

J>1 AEA; j>i

we have 277" y(A,) < 1/n (and 277y

~—~

Ay) <1/2),s0

h(27 W p(A,)) >

DN |

In(n + 1). (34)

For A€ A;,j>1i,xa,7y €A, 50
t(A) € 2a;(A)71279 1 By (D;_1(A)) C
8C0x (T)(2D;-1(A) + h(277 u(A)) ™ By (2D;1(A') + h(27 u(A))).
Therefore (2) and (34) yields

tn € 16C20, (T)(In(n + 1)) ' By (In(n + 1)),

that means that
[tnlla a1y < 16C200(T).

Remark 2. The only part of the proof, where we used the assumptions
about the moderate growth was the proof of the domination of (29) over
(28).

Finally as an application of Theorem 3 we will prove the following Corol-
lary, which generalize previous result of Krawczyk [2]. Let us recall that a
family A of subsets of I is called a VC class of order < n if no subset B of
I with cardinality n is shattered by A, i.e. {ANB: A€ A} # 25,

Corollary 4 Let (X;);cr be the same as in Theorem 3 and A be a VC class
of subsets of I of order v. Then there exists a constant K, which depends
only on C and v such that for any T C 1> we have

Esupsup | Y ¢,X;| < KEsup|Xy|.
teT A€A jca teT
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In particular this means that for any sequence of vectors v; in some Banach
space such that the sum > v; X; is a.e. convergent, the following inequality
holds
Esup || Y vilXi|| < KE| Y vXi|.
€A jea i€l

Proof. We may obviously assume that 0 € T, class A is finite and
Esup,.p X; = Esup,c; | X;| = 1. For simplifying the notation we put Y; =
SUP ge 4 | Yica tiX;| for ¢t € 1%, Let us notice that Y} is of the form sup,.g, X
for some set S; C I2. Using Lemma 4 we may assume that functions N;
satisfy (17).

By Theorem 3 we may find constant K; (depending only on C) and
sequence &, € [* such that |[t,||xmm+1) < K1, E|Xy,| < Ky and

T CT-T Cconv{+t, :n>1}.

Therefore
Esup|Yy| < Esup|Y,,|. (35)
teT n

As a consequence of [6] Theorem 11.1 and 14.12 we have for some uni-
versal constant K,

Ve Esup | ) sieil < Kov/vy[Y s < KoV2VE|)  sieil.
AcA

i€A i€l
Hence by Fubini theorem we obtain for all t € T
ElY,| < KyV2wE|X,| < K1 KV2v = K;.
By Theorem 2 we get for z > K ;K; (K, is the same constant as in (18))
P(|Y,| > E|Y,,| + ) < e @n(+0/KiKs
Hence

V$>1 P(sup ‘Y;gn‘ 2 Kg +£CK1K4) S Z(’I’L‘f‘ 1)7:6 (36)

n>1

Corollary follows by (35), (36) and integration by parts.
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