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Abstract

Let X; be a sequence of independent symmetric real random vari-
ables with logarithmically concave tails. We find a new version of Su-
dakov minoration principle for estimating from below E sup;c >~ 1; X;.
If we moreover assume that tails of X; are of moderate growth this
enables us to give geometric conditions on set T equivalent to bound-
edness of the process (3 t;X;)ier- This generalize previous results of
Talagrand [12].

Introduction. Let X; be a sequence of symmetric, independent random
variables with sup FEX? < oo. To each t € [* we may then associate a
random variable X; = Y t;X;. It is quite important to understand for
which subsets T' C [? the process X; is bounded a.e.. In many important
cases (such as Gaussian and Bernoulli r.v. and in the case of all processes
considered in this paper) the boundedness of this process is equivalent to
Esup,cr Xy < oo. Since T' may be uncountable, to avoid measurability
problems we define

Esup X;= sup FEsuplX;.
teT FCT#F<oco t€F

In general, the question of boundedness seems to be very hard, how-
ever it was answered in many special cases. The particular important
case of X; Gaussian random variables was for a long time a subject of
research. A major break through was done by Michel Talagrand in [9] (with
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much simpler proof in [11]). In [12] Talagrand discovered some new meth-
ods, which enabled him to treat the case of identically distributed X; with
In P(|X;| > t) = —|t|’,1 < p < co. At the moment, the most important un-
solved case seems to be Bernoulli process i.e. when X; = ¢; is the Bernoulli
sequence (for some partial results and conjectures see [13]).

In this paper we generalize some previous results of Talagrand. Theorem
3 formulates geometric conditions on the set 7', which are equivalent to the
boundedness in the case when the functions N;(t) = —In P(|X;| > t) are
convex and of moderate growth (precise definitions are given below). We do
not know if the assumptions about the growth of N; are necessary. If one
can get rid of them it would give a solution for Bernoulli processes.

In the paper we strictly follow the ideas and methods from [12]. The
main new ingredient needed to prove Theorem 3 is a generalization of Su-
dakov minoration principle, given in Theorem 1, which is of its own interest.
Despite that some parts of its proof are similar to those of Talagrand, we
think that our approach to the minoration problem (especially Lemma 1) is
new.

Definition nd not tion . Let X; be a sequence of independent
symmetric real random variables such that the functions N; [ ,00)

[ ,00], given by
N;(t)=—-InP(|X;| >¢t), t>

are convex. Since it is only matter of normalization we may and will assume
that
inf ¢ N;(t)>1 =1. (1)

Let us define the functions N;(t) by the formula

t2 for |t| <1

N =" one)—1 for [t 1.

or sequences ( ;) of real numbers we define
(i) , =sup i Ni(4) <

and we put

We also define for



and for p
p= (4 |1
or t = (;) € I> we denote by X; the random variable Y ¢; X;.

e r . In some situations it is more convienient to use a di erent
expresion then ( ;) . amely let

L for [t <2
() = (N;) () = t|—1  for 2<|t <t
2N; () 1 for [t >t

() >  are Lagrange transforms of a function

where  (t) =sup t —
) > 2. We define the following rlicz norm

t
and t =2(N;) (1

() , =inf? i( 1)<
ext proposition shows that both definitions gives equivalent norms.

ro o ition

roo. bviously () . = () ., < (4 ,,s0 ()
C (). n the other hand, since the functions N; are convex and
N;( ) = we have N;( t) < N;(¢) and therefore () C (). The
equalities in (3) are obvious. inally, since (N;) = ;, () follows by simple
properties of rlicz norms (see [ | ,Theorem 2. ).

ro o ition

P(X,]> t )< > 1.

In the case, when X; are identically distributed this was proved in [1].
The general case follows by orollary 1 of [ | or xample 2in| | and heby-
shev s inequality.



oro r T C () > 1

EsupX; <2 max( ,In T).
teT
roo. Let = max( ,In 7). Let us notice that if ¢t € () then
for > , () , < and therefore by roposition 2, P(|X;| > ) <
for > . ence integrating by parts

Esup X, < P(lx,]> ) < T
teT teT
< T < <2 max(,ln T).

The next Lemma is a crusial new ingredient in the proof of Theorem
1. The function in it is added for strictly technical reasons, it makes the
induction possible, but in the sequel we will use Lemma 1 with

€ oo > > 1 i Di 2 la i € ) :15"'a
< <D
P( > )= - =
(=) .
cr < [ ;00)

1
Esw( t; ()= %°)
e te
roo . We will prove Lemma 1 by the induction over . To simplify
the notation let
( )=FEsup( t; ; (t)).

te :



bviously we may assume that > 2. It is also enough to consider the

case of ; = for all .
If = thenby (), ()=maxe (t)> 2,50
Y2yt e <o U<
e 2 te 2

Let us assume that Lemma holds for — 1, we will prove it for . Let

= te t = and = te€ t =—

If = or = the induction step follows trivially, because F =
therwise we define

=sup( & ; (t)) and =sup( t; ; (1)).

te i te

We have to show that ( ) >  In( ). By the symmetry of ; we may
assume that > . We will consider few cases.

i

el < P . We have for any number

()= E( ) E(- )
= E -~ E

<

< E P( >-) E P( <—).

So by the induction assumptions, for < < p , we obtain

1 1
()>2 FE -In —= In-

hoosing =( ) In



Since ,p >1land €[ ,p |, we have

1 ( _ P ) > 1 _ p > 1
2 2 2
Therefore
1 1 1
Oz moele wye e )
ell (72— ?)P( < p)>( ) . Weget
() = Emax( ) — ) = E( ) E(=2 - )
>E B2 - p) P( < p)
Since p > 1 we obtain
B(-2  — p) =2 B 5 , ——= P7= (P’- 1)
ence by the induction assumptions
1 1
()2=In (7 * ")P( < p)z-(In -)>-kn( )
e III < P nd (?2- ?P)P( < p) <
() . Let us define in this case the function on by the formula
_ (t) for te
() = (t) p for te

Then clearly  satisfy ( ) for — 1 and by the induction assumption we

have
1
Esup( X ()=-In( > 7).
te
We have
Esup( X, (t)) = Emax( p)

te :



(V=Bmax( , )2=( 27 ) -
Since In(1  )> — 2 2for > , we have
O=im —rra-—D-p (72 vy
>l - Dopa- )
>im sl

This completes the proof of the last case and of the whole Lemma.

oro r l; € Tc ( 2)

S+
m
!
.
~
|
Y
—~
~—

1
Esup X; > —min( ,In T).
teT 32

roo . By the symmetry of X; we may assume thatl; > . or T =1,
In T = and there is nothing to prove. therwise by (3) we have that
1 and we may choose T' C T such that

In2
min( ,In 7)>In T zln—Smin( Jn  T).
n

rom () and ( ) we get that for any ,te€T, =t

i(2(ti— i) >



Let

If then
(2t — )= (2h) +  <min(7,2, 1)
< 2min(|t;,#?) 2min(| 4|, ?).
Since T C ( 2 ),foranyt¢, €T,t= we have

— < i2t- )< evG) 1) o 9)
i€ ic
Without loss of generality we may assume that is finite,say = 1,..., .
oreach < by emark1; > (N;) (1), sowe may then find ; > 1 such
that

Let pPi = Nz( Z'), i = lz i QNZ( z) and i be as in Lemma 1. By ( ) and
(1 ) we obtain that p;, ; > 1, and by (9) and (1 )

iDi ¢ Z for 7t€T7t: : (11)
i
Since the functions N; are convex and N; = we have P(|X;| >t ;) >
t fort €[ ,1]. ence

P(l X2 )2 P(2 iz ) for >

So by the contraction principle (cf. [3], orollary 1.2.1)

FEsup X; > Fsup ¢ 25 g

teT teT
By Lemma 1 (with ) and (11) follows that
1
FE sup ¢ 2, ;>2-In T,
teT i
therefore
In2

FEsup X; >

1
min( ,In 7) > —min( ,In 7).
teT 2 In3 32



ro o ition TCl?

1
Esup  tig; > —min( ,InN(T, ()))
teT 2

2

roposition 3 follows from Theorem .1 of [ | and an easy observation
that
2 C 2 ( )a

where and  are unit balls in / and [? respectively.

eore
T C I?

v

t, €Tt l— , (12)

Esup X; > Lmin( Jn  T).
teT
roo . We will follow the methods of [12], reducing the proof to the
case of special sets T', such as in orollary 2.
By approximation argument we may assume that 7" C with < o0
and T is finite. Let
= (max( 12, )) ,

where is the same asin orollary 1. We will divide the proof into several
simpler steps.
te . By the ensen inequality and the contraction principle we have

Esup X; > Esup t;E|X;le; >  Esup  tig, (13)
teT teT teT

because by (1) we have E|X;| > for each . ence roposition 3 yields

Esup X; > Esup tig; > ( 2) min( > ,In N (T, (2 )))-
teT teT

Since
T<N(T, (2?))sup (T ( (%))

€



it is enough to consider the case when T' C (2 ) for some €
Moreover, since E sup,c; Xy = Esup,cqr X; we may assume that

TCc (%) (1)
te . It su ces to prove that under (12) and (1 )

EsupX; > — if >landln 7 > (In 2 1) .
teT 12

Indeed, suppose that we have proved this. Then for arbitrary let =
In 2 1and
= min( , In T).

If <lthen ()= (),soby(13)and roposition 3

EsupX;>( o) >( 2 ) min( ,In T).

teT
If > 1 then
EsupX;> 12>(12 ) min( ,In T).
teT
te . Let be the probability measure on  given by the density
2andlet = ,  be the product measure on . orany €

and t € T we define

T =1teT tie(i—,: ) (—,), =1,...,
and

t= € tie(i—, i ) (=,), =1,...,

Let us notice that

—y L . _ > i > ¢
( ztze(z y 4 ) ( a))_ etmlg Z (1)
and
(i i€(i=, ¢ ) (=, ))=1if i < . (1)
We have
ti| < min(¢7, [t;]) <



and
it > < 2 min(t ) < .

Therefore by (1 ) and (1 )

ence

v
~
v

teT
So there exists € such that

In T >
te . Let us choose C T withIn €l 2, ]. orany €
define € by the formula
_ if ‘ z| <
v % if ‘ z| 2

Let ,t€ , we have then by ( ), (12) and (1 )

< i(2(i—1)) < i2(i—t)) 1 72

By an easy observation
| i—tl>]i—t|—2 > =t 2 if 2[;—t>1,

SO

Therefore by ( ) and orollary 2 we have

1
Es1€1pX > Emin(g,ln ) >

te . Let us notice that for any € we have by (1 )

we



*omin( % )< * min( ], §) <

Therefore by ( ) and orollary 1

Esup(X — X )=EsupX < max( ,In )= < 12
€ €

Since
EsupX > FEsupX — Esup(X — X))
€ € €

we finally get

EsupX > — — — = —.
c 2 12 12

and this completes the proof.

eore Tc () >1
i Ni(t) =t <t<1 1)
P(|supX; — Esup Xy| > ) < , (1)
teT teT
roo. Let , be as in Step 3 of the proof of Theorem 1 and let
i be an odd function, such that its restriction to is the

inverse of N;. Then X; has the distribution equal to ;( ). In particular
this implies

Pup X, < )= ( sup & i( )< ),
teT teT

By the result of Talagrand [1 | (see [ ] for a simpler proof) we have for each
mesurable set  C with () and

Let



oreach € , €
i) — ()l <2 4

2161113 ti i( 4) < ileljp ti( () — i 4)

(3 )and = , by the convexity of N; we have
| i — i), so that

< 2sup  |ti] (] o)) < 2 sup sup |t Ni()< 2
teT teT
< 2sup t  o.
teT

Since for > ,by (2)TC ()C (), wehave t < for any
t € T. Therefore for > 2 we obtain

P(sup X; < )= 1—(P(supX, <)) : (19)
teT teT

Let  be the median of sup,.; X;. Then choosing suitable in (19) we get
for > 2

PsupX; < — ) <2 2)
teT
and
P(sup X; ) <2 . (21)
teT

By (21) we get

EsupX; < 2 2 < 29 . (22)
teT 2
This gives
P(sup Xy < Esup X; — ) < P(sup X; < 29 — ). (23)
teT teT teT

The similar reasoning shows that

P(supX; > FEsupX; )< P(supX;> —29 ). (2)

teT teT teT

Theorem follows by (2 ), (21), (23) and (2 ).

13



oro r <, <o

InN> >1¢,...,t €l?
T,...,T cCl?
t —t ()
T C ()
T= (t T)

1
Esup X; > —min( ,InN) minE sup X;.
teT teT

roo . Without lost of generality we may assume that <InN <2 .
Let = Esup,r X, then

sup X; > max X; minsup X,

teT teT
and
Eminsup X; > min — Emax( — supXy).
teT teT
By Theorem 2 taking = In N integrating by parts we obtain
o0
Emax( —supX;) < 2N < 2 <

teT

By Theorem 1

Emax X, > min( ,InN) =

ence
Esup X; > min —
teT
and orollary follows if we take = ( ) and =2

Before formulating our main theorem we will need some more definitions
and few technical results.

Definition nd not tion . Let 1 be a fixed number. or any
set C 1%, € we define

. () = inf e C ()



and

( )=max € s ()<1.
Let TCl?, € and( ) ;be an increasing family of finite partitions of
T. orteT, we denote by  (¢) the unique €  such that t €

We define
i, (T') = infsup ( C @)-In ( @),

teT i

where the infimum is taken over all increasing sequences of partitions ()
of T and the probability measures on 7" for which all the sets € are
measurable. We set

and we will write (), ( ), «7), (T) instead of  o( ), 2( ),
i,Z(T)7 ,Q(T)'
We say that a functions N is of moderate growth with constant  if

. N2t < N

or a subset C [? we define

conv( )= ii i€ 5 iz, i=1.
Given two quantities , we say that dominates with a constant
if < , and that is equivalent to  up to a constant if

dominates and dominates with constant
e 1
) S (1 ) ) °

roo . Let be a probability measure on T'and () ; be an increasing
family of finite -measurable partitions of 7. We define partition ( ) o

by » = o = . Sinceforany C1* 5 ()<  ()and
o, ()= () wehave
sup (.0 @)= ( @)=
(1 )sup O, 0 @)= ().

ence o ()< (1 ), (T)andLemma followssince (7)>2 (7).

1



(J)c- ()
roo . ne can easily check that for any ¢
N;(2t) < Ny(1). (2)
Let a positive integer satisfy 2 > [ weput =( ). Let > |
€ () and ; be a sequence such that Y>> N;( ;) < . Then by (2 )
N2 )<( ) < and therefore 3. ; ; <2 < . ence
. < and € ().
€ i

InP(| ;| >1t) =—N;(t),
Ni(t) =t te[,]] N;(t) = Ni(t)

N; tel? TcCl?
P(l ti o[> )<2P(|X:| > ) 2)
(1 ) EsupX;<FEsup t; ;<FEsuplX;. (2)
teT teT teT

roo . The convexity of N; follows from convexity of /V; and normaliza-
tion property (1). Since N; > N;, we obtain (2 ) and the second inequality
in (2 ) by the contraction principle (see [3], orollary 1.2.1). Moreover we
may represent ; as X; — ;, where ; are independent random variables
with | ;| < 1. So again by the contraction principle and (13)

Esup t; ;< FEsup tig; < Esup t; ;.
teT teT teT

Therefore

EsupX; < Esup t; ; Esup t; ;<(1 )Esup t;
teT teT teT teT



eore N;

T Cl?
EsupXt (2 )
teT
(T) (29)
inf te b < ,T-TcCrconv t >1 (3)
inf te t 2 L P(Xe[> )Z( 1), (31)
T-TcCconv t >1
roo . do in te . Since , < , for >1 we
have by Lemma 1
P(X, |23 ¢ | )< —(
We conclude by the observation that o >min( 1) .
do in te . Let ; be asin Lemma and ; = > t; ; for
tel®> oranyt€T—T wehave | J/ <sup | ;| a.e. ence for any

t el

Esup =FEsup( 1— ¢)=FEsup ; 4+ <FE sup ;< FEsup]| ¢ |
teT teT teT teT T

By (31) and Lemma we obtain

P(sup| ; |> )<2 P(X;|> )<2 ( 1) <12

So using (22) we have

Esup ;< Esup| ;| < 29 sup ¢t <291
teT
Lemma completes this part of the proof.
do in te . By Lemma 2 it is enough to show that (2 )
dominates | for = 2? with su ciently large. sing Lemma , we

may assume that (1 ) is satisfied. We proceed as in [12], pp. 31 -32 , using
orollary 3 and Lemma 3 instead of Lemma .3 and

1



do in te . Let () =1In(1 ), = (T) and choose a
probibility measure  and a sequence of —measurable partitions ()
such that

sup 2 (- (@) (C @<z (D).

teT i
By definition of (7') we have ; (7') 1. There are two possibilities

2. ; = T, then there exists € ; with In( ) < 12, so
2 T)y>2" (()>2"*¢ In2

So in any case  (T) > 2 * ?In2. Let us additionally put ; = T , then
since ()< () () we obtain

sup 2 ( (1) @ ( @)<2 (1) 2°< , (D)

teT i

(32)
where =1 Y*° 2 In2and ,=2 In2. Let € | ,
then there exists unique € such that C  and we may define
()=02. (1) (2 () 2 @& ()
rom (32) we obtain
1

e (W)<y (3)

orany € , > let uschoose € and define

()= () ( - )for e |,

Let us notice that

t— €2 ( ( @))c2 C @) o

so for any t € T, by (32), t— ¢ o . Therefore for any t € T

t— r=t— = (@t @)



ence by (33) we have t— ¢ te€T C 2 conv t( ) €
and so
T—-TCvconv t( ) €

Lett =t( ) besuch rearrangement of theset ¢( ) € that
the sequence 2° () decreases. Since
28 ()= 20 =1,

S i

we have 2° ( )<1 (and 2° ( )<12),s0
; 1
@ )zim( . @)
or € y € ,80

. M2 () @ )y @ () @ )
Therefore (2) and (3 ) yields

t €1 o (I)(In( 1)) (In( 1)),

that means that

t <1 o (D).
e r . The only part of the proof, where we used the assumptions
about the moderate growth was the proof of the domination of (29) over

(2).
inally as an application of Theorem 3 we will prove the following orol-
lary, which generalize previous result of rawczyk [2]. Let us recall that a

family  of subsets of is called a class of order < if no subset of
with cardinality is shattered by |, i.e. € =2 .
oro r (Xi)ic
TcCl?

Esupsup| X;| < FEsup|X,.
teT € 4 teT

19



> X

€ e i€
roo . We may obviously assume that &€ T, class is finite and
Esup,cp Xy = Esup,c; | Xy| = 1. or simplifying the notation we put ;=
sup o | t:Xi| for t € [2. Let us notice that 4 is of the form sup . X
for some set , C [2. sing Lemma we may assume that functions N;
satisfy (1 ).
By Theorem 3 we may find constant (depending only on ) and
sequence t € [? such that ¢ < LFEX;|< and

TcT-TcCconv t >1 .

Therefore
Esup| o < Esup|  |. 3)
teT

As a consequence of [ | Theorem 11.1 and 1 .12 we have for some uni-
versal constant o

IN

e Esup| i€l < 9 2 2 E i€l
€ e i€

ence by ubini theorem we obtain for all t € T
El < 2 2 EX)|< 5 2 =
By Theorem 2 we get for > ( is the same constant as in (1 ))
P(l ¢|=El ] )<

P(sup| ; | > )< 3)

orollary follows by (3 ), (3 ) and integration by parts.
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