SOME ESTIMATES OF NORMS OF RANDOM MATRICES

RAFAL LATALA

ABSTRACT. We show that for any random matrix (Xj;;) with independent
mean zero entries

E||(X45)]| < c(m?x\/ZExgj + max \/ZEX% + 4 ZEX;),
g i %)

where C' is some universal constant.

1. INTRODUCTION

In this paper we consider the Euclidean operator norm
(@)l = [1(@i)lliz—iz := sup{) _ayyasy; : Y a7 <1, g7 <1}
0]

of random matrices whose entries are independent random variables. The case of
nxm matrices with iid entries is quite well understood - the operator norm is (under
some mild assumptions on the underlying ditribution) of order max(y/n, /m) (cf.[1,
6, 7] for the Gaussian case and [2, 8] for general iid entries).

Recently Y. Seginer [4] showed that for any n x m random matrix (X;;)i<n, j<m
with iid mean zero entries

2 2
E|(X;)l < C(Bmax |3 X2 + Emax ;XU),
i<n

j<m

where C' is an universal constant.

However if we do not assume the identical distribution (or at least identical
variances) of the entries very little seems to be known about the average operator
norm of random matrices, even in the Gaussian case. In the paper we present some
general estimates for norms of random matrices with independent mean zero entries,
assuming only the existence of the 4th moments. In the iid case our estimates are
of the right order max(y/n,/m).

By (gi;) we denote the iid sequence of standard N'(0,1) normal r.v.’s. We use
the letter C for universal constants that may change from line to line.

2. MAIN RESULTS

The purpose of the paper is to prove the following
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Theorem 1. For any finite matriz (a;;) the following estimate holds

M) Elfasg)] < C(max /z%+max¢z%+ > aL).
i

The next theorem is formally stronger, but it is almost immediate consequence
of Theorem 1

Theorem 2. For any finite matriz of independent mean zero r.v.’s X;; we have

2)  E| ”)||<C'<max /ZEX +max\/ZEX ZEX%).

Remark 1. In the case when (X;;) is an n x m matrix with iid mean zero
entries such that E|X;;|* < co Theorem 2 gives the right order estimate E||(X;;)|| <
C(EX}, EX}) max(y/n, v/m).

Remark 2 The presence of fourth moments in Theorem 2 is not surprising.
The result of Silverstein [5] states that if X; ; are iid mean zero random variables
such that the norms of random matrices n~1/2(|(X; ;)1<ij<n| are stochastically
bounded then E|X; ;[P < oo for any p < 4.

Proof of Theorem 2. Let Xij be an independent copy of r.v.’s X;; and €
be a sequence of independent symmetric Bernoulli r.v.’s (i.e. P(e;; = £1) = 1/2),
independent of all other r.v.’s. Then by Jensen’s inequality

E[|(X:)ll < E[(Xy — Xij)|| = Ell(e5;(Xi; — Xij))|| < 2E||(e4; X3;)-

Thus it is enough to show (2) in the case of symmetric r.v.’s (X;;). We have

9
E|(ai;9i;) = Ell(aijeijlgij DIl = Eell(aijei Elgis D] = 4/ ;EH(%‘Ez‘j)ll-

Therefore Theorem 1 implies (2) for X;; = a;j&;;. By conditioning we get

E[(Xy,)|? = ExE.|(c; lJ)H2<CE(maxZX”+maXZX + /ZX)

Obviously

5 Y < [Sex
ij ij
To estimate the other terms we notice first that

EmaXZ(Xin — EX?]) < E\/Z (Z(XEJ EX%))Z

< \/ZE(Z( - EX?)) ZVar (X2) ZEX%.
i J
Hence

EmaXZX <Emaxz EXZ»QJ»)—i—miaXZE - < /ZEX4+maXZEX.
J ij
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In similar way we show

EmaXZX < ZEX4+maXZEX
\/ ij

3. PROOF OF THEOREM 1

Lemma 1 (Gaussian concentration). Suppose that g, are 1id N'(0,1) r.v.’s and
G =sup(li + Y _ kingn)-
? n

Then
P(G > (EG*)"? + wt) <P(G > EG +wt) < e™'/?,

w = sup /Z k7 -
K2
n

Proof. We may treat G as a w-Lipschitz function of variables g, and the

statement is an immediate consequence of concentration of Gaussian measures (cf.
[3, Chapter 5]).0

where

Lemma 2. Suppose that r.v. Y,, A, and numbers b, > 0 satisfy the inequality
P(Y, > A, +tb,) <e ! forallt >0,z €U.
Then for all u > —log #U

_ _ <e U )
(3) EI;lea[}( [V, — Ay — by (u+1log#U)| <e I;lea[}(bm

In particular

— — < )
Erwneag [Yz Ay — by log #U} < anea[}( by

Proof. Let Z, =Y, — A, — by(u +log #U), then

oo
Emax Z, g/o P(max 7, > s) d8<§]/ Yz zAm—i—bw(u—i—log#U—i—i))ds

<Ze_“ /OO _S/b”ds—e"# Zb <e” maxb

zeU xeU
and (3) follows. O

Lemma 3. Suppose that g; ; are iid N'(0,1) r.v., U is a finite subset of ly and for
each x € U there are given sets I(x) and r.v.’s (L;(x)); independent of (gij)ici(x),;-
Then for any ¢ > 0

Erzneag[z Z aijgijTi) —(1+C)Z 2+ Z Qg l

J i€l (x) J i€l(x)
—2(1+c” max Z a” ; log#U]
i€l(x)

(4) <2(1+c )r;leagfcmjax IZ()a” 5.
i€l(z
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Proof. Let

Ga:: Z Z azg.gzsz = sup Z L Z aijgijxi>yj

J icl(z) llyll2<1 iel(x)

E,GL =) (Li@)*+ ) afad),

J i€l(x)

where E, denotes the expectation with respect to (gij)icr(z)- If we put

— 22,2 _
w(x) = sup E E 03577y = max E aj;x?,
lyll2<1 j iel(x) i€l(x)

(VEgG2 +tw(2))? < (1 4+ ¢)EyGE + (1 + ¢ Ht*w?(x)

we get by Lemma 1

then since

P(G2 > (14 ¢)Ey,G2 + (1+ ¢ HtPw(z))

<P(Gy > \/E,G2 + tw(z)) < e /2,

Therefore Lemma 3 follows by Lemma 2 applied to
Y,=G2 A, =(1+0)> (Lj@)?+ Y a}ad)
J i€l(x)
and
by = 2(1 + ¢ Huw?(z).0
Before stating the next lemma let us introduce some notation

Dy={z€ly: ||| < 1,V;Tpez 27 =27},

D} ={xel?" :|z|s <1,V;Ipez 22 = 27F}.

With a little abuse of notation we will treat 13" as a subset of Iy and DY as a subset
of Dy. For x € Do, k € Z let

Ap(z)={i:i>2" a2 >2For 2 <i< 2 a2 > 272 1 =0,1,... k- 1},
Tk(z) = (mr,i(2))s, where T i(2) = 2314, (o) (7).

Finally let
Iy = {mi(z) : v € Dy }.

Lemma 4. For any k,n € Z we have

n C2*(1+n—k) fork<n
IOg#HkS{ C2"(1+k—n) fork>n
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Proof. Let
Ul ={z el Via? =27, 4} and V" = {z € 13" : ViTpneo1. 127 = 27 ™I 40}
Notice that if € U then #{i cx; A0} <2l soforl < n

#U" < Z < >2k <1+ Z 2e2" B <1+ 2420272 < exp(C21(1 +n — 1)),

where the second inequality follows by the classical estimate ( ) an < (£2)F and
the third one by the monotonicity of the function z — a*x~* on (0,a/e]. For I>n
we get

2” n
Uur < ok — 32",
4 _kz_o(,f)

Now notice that for any a,b > 0 there exist finite constants C, ; and C’C’L’b depending
only on a and b such that

(5) > 2% (14 b(n — 1)) < Cap2™™ (1 + b(n — m)) for m < n
l=—0o0
and
(6) Z 271+ b1 —n)) < Cop2” (1 +b(m —n)) for m > n.
l=m

Indeed, observe that for l <m <n, 1+b(n—1) < (1+b(m —1))(1+b(n—m)), so

m m

> 201+ b(n—1) <2 (1 +bn—m)) Y 2714 b(m — 1))
l=—00 l=—oc0
=2"(1 4+ b(n—m 22 k(1 + bk)

and (5) immediately follows. The proof of (6 ( ) is entirely similar.

Thus if we use (5) with a = b = 1 and the previously obtained estimates of #U}"
we get that for any n, k

k
log #Vy* < ) log #U" <

{ C2k(1+n—k) for k<n
1=0

C2"(1+k—n) fork>n

Now, for k£ < n we have
k—1

#0y < #Vi [ #Veers
1=0
so by (5) with a = 1,b = 2 we obtain

k—1
log#IT} < C[2Y(1+n—k)+ ) 2" (1+2k—2)] <C2¥(1 +n—k).
=0

Simirarily for k£ > n

#10 < [[#Va

=0
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and therefore
log #1Ty < CY 2! (1+ 2k —21) < C2"(1 +k —n).0
=0

Lemma 5. For any x € 12 with ||z||2 < 1 we can find y € Do such that ||z —yllo <
3/10. Therefore for any linear operator T on I*> we have

10
sup [|[Taf| < = s sup [Tz|.
Izl <1

Proof. To prove the first part of the statement it is enough to show
3
Vaei—1,1] b b* =27 Ip20,0° < a?, |a — b] < TOM'

If a = 0 we take b = 0, so we may assume 27k < g2 < 27%*1 and put b =
sgn(a)2~%/2, then

-b b 1 3
el then-ty<d
|al |al v2' T 10
Therefore any x € [* with ||lz[| <1 can be represented as
3
T = 2(10) yi, where yo,y1,... € D2

i>0

and the last part of the lemma immediately follows. O
Now we are ready to formulate the main technical lemma needed for the proof
of Theorem 1.

Lemma 6. Let A = max; (>, ,. a;; 44 then

E sup [Z(Z aijgijri)? — Oy Za”xl - C1A222 Z xﬂ

€Dy =TT o 1=1 2l-1< i<l

< C1A%27,
Proof. For x € Dy, I,n=1,2,... let us define

Ar(z) ={i < 2" i€ Aa)),

Bi(x) = Ap(z) = {i <2": 2? = 1},bo(x) = 21 log #IT} mex Z aj;a3,
1€BY (x)

Bi'(z) = A} (x) \ Aj () = {i < 2" :i> 271 o =27
or 2M~ 1§z<2’”,xi e {gm—2t gm—1- 2l},mzl,z,...,l},

|n—1]|
_ 2 _ 2. 2
cx) = g x7, b(z) =277 / mjax E a;;;
201« 2! i€B(x)

and
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We first prove by induction on k£ = 0,1, ... that

k
E sup Z Z aijgi;vi)? — dy Z a?jx?—éldebl(x)]
1=0

zeby zGA"(a: i€AT(z),
(7) <4dk22 sup max Z afjxf.

For k = 0 inequality (7) follows by Lemma 3 applied to U =1If}, L;(z) = 0,I(z) =
By (x) and ¢ = 27"/4,
To show the inductive step let us denote

k
=30 ayggr) —dv Y. ahal —4dp > (o)
=0

J ieA}g(x) iEAZ(;E),j
Then
Sp(@) = (142777 ) S 1<>

< Z Z azjgzsz - (1 4“ ) Z( Z aijgijxi)2

J i€A}(x) J iEAzil(w)

—-(1+27 bt M Z )log#HZmax Z a?jx?.

Jj i€B}(x) i€BI (x)

Lemma 3 applied to

In k|
U= HZ,LJ‘(.T) = Z aijgijxi,l(:v) = BIZL( ) c=2"
1€EAY_ ()

implies

E sup [Sk(z)— (1+ ‘nzk‘)Sk_l(x)] < 2(1—|—2m1k|) sup max Z ay; ;.
zeDY xeDY J i€ By (z)

The induction step from k — 1 to k easily follows, since

E sup Si(x) <E sup [Sp(2)—(1427 T )81 (@)]+(1427 T B sup Sy 1 (a).
zeDF zeDZ zeDY

When we take k — oo in (7) we get

E sup Z Z a”g”xz —deo Za” x; — 4dso Zbl(x)]
xeDY 7 i< =
(8) <dd Z 271 sup max Z afjx%

>0

where -
= i —Jla+2—=)<c.
dog = lim d, [[a+2- =) <cC

Now notice that

(9) max > alyl < max aj;, /ny < A?[lyl2[ly ]l -
<2 1<2"
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Thus
n l l 21
n— l —_n __n—
sup max Z afjmf < 4A2(Z2 27z + 277277 )
1>0 z€D3 i€BJ () 1=0 I>n+1
< CA%221

Using the inequality (9) we also get

2 m;2
max Z aU l_{A(Zm 12 ()+2 Zm l+lcm('r)) fOI'lS’n,

m—21
i€B] () A? Zm 1277 en(z) forl>n

Therefore by Lemma 4

Zbl (x) = Z max amml < CA? Z A Cn ()
1>0 1>0 ieBp () =
where
22 {14+n—1)2"2 Z (n-02%7 4 Y 2T 2 (1 n)2 T
l=m 1>n+1

To estimate the first and third term we use respectively (5) with @ =  and b =1

and (6) with @ = 1 and b = 1. To bound the second term we notice that 1+n—1 <
1+n—m for m <I<mn. Hence we get

E (14+n—m)<C22275 sup((1+x)275) < 025275

>0 o

Qm >

Therefore

S bi(x) < 0A%2E in_Tncl(x)

1>0 =1

and Lemma follows by the inequality (8).0
Proof of Theorem 1. We may and will assume that

4 4 . .
doal;, =) aly, for ji < ja
1 7

and

Zau J2 Zau] for i1 < 19.
Notice first that

Zazjgzgxzyj > Zamgu ziy; + sup Za’ljgz]x’by]

|\1¢||2 ||y\|2<1 |\?|\27|\y|\2<1 i<j lzll2:llylla<1 75
= sup E E a;ijgi;i)? + sup E ( E aijGiY;)?
lz]l2<1 i<j lyll2<1 i g<i

So to prove Theorem 1 it is enough to show

(10) E sup Z Zawgwxz <C(ma’<2%+wz m)

lzll2<1 57 1<
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and
W E S e <t ).
Yll2> 1 J<’L

We will prove only (10), since (11) is basically the same inequality. By Lemma 5 it
is enough to show

(12) E sup Z Zamgwxz < O(maxz ag; + /Z U)

2€D> i<j
Let us introduce some additional notation for n =1,2,... and = € Dy
= E ann,l = max a4j > max af]
’ j>2n 1 277 1
i 1<j
and
2 l—n
fulz) = E E a”xl + A22% E 2% ¢(x),
2n—1<jcon i<j I<n

where as in the proof of Lemma 6
en(z) = Z x2.
271—1Si<2n
Let C7 be the same constant as in Lemma 6, then

E sup Z Za”guxl -y Z fn(ll')
1 n=1

x€Do i<j

Z sup Z (Zaijgij —C1fo(x ZC1A224.

n=1 “EDz 2"—1<j<2" i<j

Notice that 2" 1AL < 37, af;,

(14) ZA224 <C /Zaw

Obviously we have

(15) sup Zal] xi < maXZaw

r€ Do i<j

SO

For any u,v € I2 we have

l—n i _ i
S a2 = 3727 S w327 ullaJolle < Cllufl oo

I<n i>0 l i20
Since >, ¢i(z)? = ||z||3 and 3, Ak2" < CY aj; we get

(16) Y a(x)Aa2i2 = < Clefl, Y .
1<j ij

By (15) and (16) we get

(17) an <maxZa”+C /Za for any x € Ds.
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Inequalities (13), (14) and (17) imply (12) and the proof of Theorem 1 is completed.O
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