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Abstract

Let X; be a sequence of independent symmetric real random variables
with logarithmically concave tails. We consider a variable X = ) v; Xj,
where v; are vectors of some Banach space. We derive approximate for-
mulas for the tail and moments of ||X||. The estimates are exact up to
some universal constant and they extend results of S. J. Dilworth and S.
J. Montgomery-Smith [1] for Rademacher sequence and E. D. Gluskin and
S. Kwapieri [2] for real coefficients.
Definitions and Notation. Let X; be a sequence of independent real

symmetric random variables such that functions
Ni(t) = =InP(|X;[ > t), t>0

are convex. Since it is only matter of normalization we may and will assume
that Nz(l) =1.
Let us define the functions N; by the formula
G t2 for |t <1
50 ={ vy o 51

For sequences (a;) of real numbers and (v;) of vectors in some Banach space F'

and u > 0 we define

(@)l = sup{d_ aibi : Y Ni(bi) < u}
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and
(i) lIx,u = sup{||(v* (vi))llvu : v* € F*, [[v*]| < 1}.

We denote by &; the Bernoulli sequence, i.e. a sequence of i.i.d. symmetric
random variables taking on values +1.
For a random vector X and p > 1 we denote || X ||, = (E||X||?)'/? and for a

sequence a = (a;) of real numbers |[|al|, = (3 |as|?)'/?

Theorem 1 Let v; be vectors of some Banach space F such that the series

X =Y v;X; is almost surely convergent. Then for each p > 1 we have

1
15 Xl + Il ) < 11Xl < KX + [l (wa)lliv ),
where K is an universal constant (K < 300).

First we will prove estimation from below, by the same method as in [2].

Since [|X||; < [|X][|, by the definition of ||(v;)[|}-, it is enough to show that

D aibi < 14D aiXill,

for every sequences (a;) and (b;) of real numbers such that 3" N;(b;) < p. By
symmetry we may assume that a;,b; > 0. Let I = {i : b; > 1}, then card(I)< p.
Since E|X;| > 1/e we obtain by the contraction principle and estimations of

moments of Rademacher series [3] (Theorem 1 and Remark 1)

1 1 ! n ! "
’LXl > — i€ > ——inf 2 :1Q; = Q; 1>
1> aiXill, >~ a lp > 57 inf{lla ll +vpllafl> = ai = a; +a; } >

1 1
> ———su a;c; E<plel <1} > — a;b;
> (Lo D plel <12 57 S

we also have

1Y aiXilly > 1Y aiXillp > O aibi)(P(Xi > b; =i € I))/? >

el iel
1 1
2 5(2 azbz) eXp(—; Z Nz(bz)) > — Z azbz
i€l i€l i€l



So Y aibi < (2v2e + 2¢)[| Y ai Xill, < 14]| Y ai Xillp-
To prove the second inequality let us first observe that X; = Y; + Z; for some
symmetric random variables Y; and Z; such that
P(|Y;| >¢) = e*N"(t), where

SN t for t<1
Ni(t) for t>1

and |Z;] < 1 a.e., we will also assume that variables Y; are independent and

variables Z; are independent. By the contraction principle

1Y 0iZilly < 1D vieilly < ell Y vi¥illp,
1D oYl < I wiXill + 1) viZillh < 1+ €)Y viXilh
and
1Y S oiXilly < 1) wiilly + 1Y viZills < 1+ €)1 D> viill,

hence it is enough to proof the following inequality

1D wiYillp < 201 viYills + 74l (o), (1)

We may obviously assume that the above sum is finite. Let M; : R — R be
an odd function, which restricted to R is the inverse of N;. Then the variable
Y; has the distribution M; (1), where p; is the measure on R with the density

le~1#l. This means in particular that

n n
P(IY oYl > t) = i (@ € R | ) viMi(wa)]| > 1),
i=1 i=1

where pf is the product measure g1 @ 1 ® ... ® pu1 on R™. Let M be a median
of || 325 vi¥il| and

A={z€eR"| ZUiMz'(fUz')” <M}
i=1



Then uf(A) > 1/2 and by a result of Talagrand ([5] and [4] for a simpler proof)
/’L?(A + VS) > 1- 26787

where

Vs={zeR": me |z;|,27) < 365}.

=1
Let z = y+2,y € A,z € Vj, by the convexity of N; we have |M;(z;) — M;(y;)| <
2M;(|z; — yi]), so for some v* € F*,||v*|| < 1we obtain

||Zv, ()] = v* sz i(4) <M+ZU i) (Mi(x;) — Mi(yi)) <

i=1

M + 2i [v*(vi)|M;(|z:]) < M + 2Sup{i [v* (v;)|b; : iNi(bi) < 365} <

i=1 =1 i=1

M + 2[|(vi)[| 3365+
So
n
P(| Y oYl > M + 2]|(03) |15 365) < 2€°

i=1
and since [|(v3)||% ., < All ()[R, for A > 1 we have for ¢ > 2

P Y wi¥ill > M+ ¢ (03) 13,) < 2¢7%.
i=1
Therefore integrating by parts

n
1D wiYilly < M +2/|(0) I, +

i=1

@Il / Pt (S wVill > M+ 2+ Dl () [2,)de) 7P <
=1

M+ ()18 (2 + ( / apt>— % dt) /) =
0

M+ 11,2+ 72(2%)1/1’) < M+ 4|0,

Since M < 2|| 31, v;Yi||1 the proof of inequality (1) is now completed.
(From Theorem 1 and Paley-Zygmund inequalities as in [1] and [2] follows
the following



Corollary 1 There exist universal constants O < ¢ < C < oo such that under

the assumptions of Theorem 1 for each t > 0 following inequalities holds
P(IXN| > CIXl + [ (wa)lIRr0)) < e

P(|IX]| > e(IX[l + l@:)l},)) > min(c,e™)
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