On the limit set in the law of the iterated
logarithm for U-statistics of order two

Stanislaw Kwapien!, Rafat Latata!, Krzysztof Oleszkiewicz! and Joel
Zinn?

Abstract. We find the cluster set in the Law of the Iterated Logarithm for
U-statistics of order 2 in some interesting special cases. The limsup is an
unusual function of the quantities that determine the Bounded LIL.

1. Introduction and Notation.

In [GKLZ] necessary and sufficient conditions were obtained for the law of the
iterated logarithm for canonical U-statistics of order 2 to hold. Here we continue
the investigation of the LIL for U-statistics of order 2 by describing the cluster (or
limit) set for the examples in [GZ], which helped motivate [GKLZ]. Namely, let
X1, Xs,... denote a sequence of iid r.v.’s with values in some measurable space
(S,8). In the general case for a measurable kernel h on S? we define symmetrized
U-statistics by the formula

U= Y agh(Xi,X;),
1<i<j<n
where (g;) is a Rademacher sequence (i.e. a sequence of independent symmetric

+1 valued r.v’s) independent of (X;). In our case we will assume that each X; has
a uniform distribution on [0, 1] and

h(xvy) = Zakhk(x)hk(y)v (1)
k=1

where
hi(z) = T4, (x) and Ay = (27F, 27" k=1,2,....

We also assume that 0 < ay < k~1/22k (this assumption seems not to be necessary
but makes the calculations easier).
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The (nas) conditions for the (bounded) LIL for {U,,} that were obtained in
[GKLZ] imply that the conditions for the LIL in our case be in terms of

A = sup{Eh(X1, X2) f(X1)f(X2) : EfQ‘(Xi) <1} = s%p \akQ_k\ (2)
and Eh* (X, X
A
B= hfisolip (R( Il/;u2) u) (3)

However, what is not so clear is the form of the function of A and B that
determines the lim sup. It turns out that the limsup is

A+E ifB<24
C_¢(A’B)_{ B “ if B> 2A.

In the sequel letters like K, K7, etc., will denote universal constants that may
change from line to line, but do not depend on any parameters. To simplify the
notation we define Lz = log(x V e) and Loz = LLx. We also write log, for the
logarithm to the base 2.

Now, a few comments about the organization of the paper. After presenting
in Section 2 some known results, we present in Section 3 a few results for general
U-statistics. Finally, in Section 4 we concentrate on the types of kernels of the
form (1) that are the main focus of this paper.

2. Preliminary results.

In this section we gather a few inequalities proven elsewhere that we will use in
the sequel.

Lemma 1. ([KW], Theorem 6.2.1) There exists a universal constant K such that
for any t > 0 and any sequence of real numbers (a;;)1<i<j<n we have

P( max | Z aijsisj\ > t) S KP(| Z aijsisj\ > t).

1<k<n L
1<i<j<k 1<i<j<n

Lemma 2 (Bernstein inequality).
(Ide la P,G] Lemma 4.1.9 and Remark 4.1.10, [D] Th. 1.8.2) If Z; are independent
r.v’s with EZ; =0, || Zi]|oo < a and b*> =S EZ2, then for allt >0

t2
P Zil >t) <2 —_).
(1 XZ: i| > t) < 2exp( M2 + %at)
Lemma 3 (Kolmogorov’s converse exponential inequfmlity).
(IS] Th. 5.2.2) For any v > 0 there exist numbers K(v) < oo and £(y) > 0 such
that if Z; are independent r.v’s with EZ; = 0, || Zi||co < a, b* = S, EZ? satisfying
t > K(v)b and ta < &(y)b? for some t > 0, then

2
HSEDE exp(—%).
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We will, however, prefer to use the following simple corollary of Kolmogorov’s
converse exponential inequality (one may take below () = (1 + v)&(v)?/2 and

K(v) = exp((1+7)K()*/2).)

Corollary 1. For any v > 0 there exist numbers K(v) < oo and e(7y) > 0 such that
if Z; are independent r.v’s with EZ; = 0, || Zi||oo < a, b = S, EZ2, then for all
t>0 ( 2 )

1 1+)t b
P(Zi: Zi > t) > WGXP(—T) —exp(—e(7)—)-

Lemma 4. ([GLZ], Corollary 3.4) There exists a universal constant K < oo such
that for allt >0

1. t?

P(|Un| Z t) S Kexp |:— Emln (m,
t t2/3 t1/2 ):|
ATz By Rl + TEX R 2 )

3. Technical Lemmas. General Kernels.

In this section we present few technical lemmas that do not require additional
assumptions on the form of the kernel h.

Lemma 5. We have

Eexp (/\(Z ei)?) < \/1%%

=1

1
< —. 4
forallO_)\<2n (4)

Moreover, for each v > 0, there exist positive numbers K(v) and §(vy) such that
for any n

P(Z g; > ty/n) > K%) exp(— ( +27)t2) —exp(—=d(y)n). (5)

i=1

Proof. Notice that for any ¢
. 1 1
€i) = (§€t +-e ) <e

E exp(t
exp( 5

i=1
So if g is M(0,1) r.v. independent of ¢;, then

n

Eexp (A(Y_)?) = E.EgeV (i

=1
n 1
— B E.eViinis <N —
7 - V1—2X\n

Inequality (5) is an immediate consequence of Kolmogorov’s converse exponential
inequality (Corollary 1). O



4 Kwapien, Latata, Oleszkiewicz and Zinn

)

Lemma 6. Suppose that al(»;l is a tripley indexed sequence of numbers such that

n
lim sup | Z al(-;-l)gisj\ <C a.s.

n—00

ij=1
Then,
hm sup | Z a(")\ <cC.
Proof. Let t > C, then I(Z” 1 Ej )515] >t) — 0 a.s. so in particular
Z a; 515j >t)—0.
,5=1
However

= n < n n 1
P( Z an)Eiaj > Z(ISZ )) = P( Z an)Eiaj > 0) > E

i,j=1 i=1 1<i#j<n

for some universal K ([de la P,G] Proposition 3.3.7 combined with Theorem 3.2.2).

This implies Y ., ” < t for large enough n, so hm SUD, o0 D iy “ < C. In
a similar way we prove that limsup,, . (—> 1 ;a ” ) <C. O
Lemma 7. a)If C' < oo is a number such that
K

Ves03x,NVn>n P(|Un] = C(1 4 €)nlan) < Tog n(Lon)1Fe (6)

then -

lim sup M < C a.s.
n—oo NlLaon

b)If C < oo is a number such that

Ves0,n0 3K, N>no VN<n<n2 P(|Un| > C(14¢)nLon) > Klogn' (7)

then

Un

lim sup u > C a.s.
n—oo ann

Proof. We start with the proof of part a). Let o > 1, in this part of the proof we

will denote U, = U\, for all a > 0. Let ¢ > 0 and K, N be given by formula (6).

Let us choose kg such that a*0 > N. Then, we have for all ¢t > 0

o

U | Un|
P >t) < P >t

(nnzlgfo nlon — )< kzk: (akgrleg}a(kﬂ nLon — )
=Ko

oo

oo
< kZ; P(,_max  [Un 2 ta*La(a®)) < kaj KP(|Ugir| > ta¥Ly(a?)),
=ko =ro
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where in the last line we used the maximal inequality (Lemma 1). Since for large
enough k we have Lo(a) > a™'Ly(a**1) we get that for sufficiently large ko

|Un| 2 > i1 .

P —"L > Ca’(l+¢) <y KP > (1 FLp (o

(ma g 2 02149 < 3 KP(Uoen| 2 01 +)o y(a+)
=Fro

> K
< E .
> - logLa’““J (L2 Lak+1J)1+a
=FKo

This implies that

lim P( max 1Tl > Ca*(1+¢)) =0,

k—o0 n>ak Nlon

so limsup,, T‘Lg—’;ll < Ca?(1 + €) as. and part a) follows, when a@ — 17 and
e—0t.
To prove part b) suppose that
A
im sup

n—oo ML

<(Cp <Cas.

(By the 0-1 Law we know that the limsup is constant a.s.). Let m > 1 be an
integer (to be chosen later) and &; be another Rademacher sequence independent
of g; and Xj;. Since for any choice of signs 1; = +1 the sequence 7;¢; has the same
distribution as ¢; we get that

. | 22,1:1 EREl ka*1§i<mk,ml*1§j<ml,i<j Eigjh(Xi7 XJ)‘
lim sup < (i a.s..
n—oo anQ(mn)

So
| 3k =1 Ekél > eie;h(Xi, X))

mk=1<i<mb ml=1<j<m!,i<j

PE7X(lim sup <y é—a.s.) =1.

n—oo anQ (m")
However by Lemma 6 it implies

ni il EiE'h XZ,X
P(limsup | izt 2o ;fnf;:;) i il < Cl) =1.

Let 1/2 > 6 > 0 to be chosen later and Cy < Cy < C, then

P( . | D ket o1 <o jemr €i€5 1 (X, X5

0
n>ngo m”Lg(m”) > 02) <

for sufficiently large ng. Notice that if |s,| < Com™Lao(m™) for n > ng, then
|8 — 8p_1] < Co(m™ +m"~1)Ly(m™) for n > ng. Therefore

n-l<jci n EiE‘h X“X 1
P(max |Zm <i<j<m J ( J)‘ > 02(1 + 7)) <6
n>no m™ Lo (m™) m
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Thus by the independence (since P(|JA4;) > 1/2> P(A;) if A; are independent
and P(U 4;) <1/2)

n 1 n
SP(I Y ek X)) = Com(1+ —)La(m"))
n>ng 1<i<j<mn—mn—1
1 n
=Y P(l Y esh(Xn X)) = Com™ (14 —)Ly(m")) < 26.
n>no mr—1<i<j<mn

Now choose m and increase nyg, if necessary, in such a way that
1
Com™(1 4+ —)La(m™) < C(1 +¢)(m"™ —m™ ) Ly(m™ — m"™ 1)
m
for n > ngy. By our assumption (7) we can find N > m™ such that
P(|Upn—mn-1| = C(1+&)(m™ —m" ) Loy(m"™ — m™ 1))
1 1

> >
~ Klog(m™ —mn~1) = Knlogm
for all n such that N < m”™ —m"~! < N2. However

1 log 2
20
Z KnlogmNKlogm>

n:Nﬁm” —mn—1 SNZ

if we choose § small enough. O

The next Lemma shows why the LIL-limit depends on two quantities in a
very non-obvious way.

Lemma 8. Suppose that S1, Sy are independent r.v’s, A, B > 0 and
2 .
C— A+ 4371 if B<2A
B if B>2A
a) If for some K > 1 ande >0

1 —s(14
P(SlzsAn)ZEe ( 5)_Wf07“a”820
and 1 1
—s2(14€)?
P(SQ > SB'fl\/ LQ’I’L) > E@ (+e)” _ W fO’f’ all s > 0,
then for sufficiently large n
1 1 2

> ! Z 2 - '
PS4 8 2 (1+8)70nlan) 2 1500~ ogn)ies

b) On the other hand if for some K, e > 0

S 1
P(S1 > sAn) < Ke™ T+ + s forall s >0

(logn)
and

1
TiTe for all s >0,

$2
P(Sy > sBny/Lon) < Ke +o2
(S9 > sBny/Lan) < Ke + (ogn)
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then
(K +2)?

1
P(Sy + 82 > (1+2)°CnLyn) < (- + D lognyee

Proof. For the first part of the statement it is enough to notice that in the case
when B > 2A we get for sufficiently large n

P(Sl + Sy > (1 —i—e)_lCnLgn) > P(Sl > O)P(SQ > (1 —|—5)_1BnL2n)

1 1 2

1 1 1 ) >
(logn)te” = K2logn  (logn)ite’

2 (g - W)(?e

—Lgn

In the case when B < 2A we have for large enough n
P(S1 + Sy > (1 + 6)_10’(1[/271)
>P(S1 > (1+e)"HA- %)nLgn)P(S’g >(1+ 5)_1§nL2n)

2 2
> (g exp(=(1 = £p)Lan) = gy ) (% XP(= 2 Lan) — (g

1 2
2 K2logn  (logn)Ite:
To prove part b) first notice that for all z € [0, C|

r  (C—uz)?
Z4 X s,
At 2!
Hence, for such z
P(S; > (1 +¢)*xnLon, Sy > (14 )*(C — z)nlqn)

< (Kexp (= (14€) 5 Lan) + L) :

A (logn)tte
C— ) 1 K +1)2
(Kexp ( -1+ 6)('%[/271) + (log n)”e) < ((logj;)l)*E.

Moreover,

P(Sl <0,8+ 85y > (1 + E)QCTLLQTL) < P(SQ > (1 + E)QCnLgn)

C? 1 K+1

< Kexp(—(1+ E)EIQ”) + (logn)l+e = (logn)l+e

and
K+1

> 2 <
P(S1 > (1+¢)°CnLan) < Tog )1+
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Let ko = [e71|. Then,
P(S; + Sy > (1 +¢)*CnlLan)

S1+ 52 S1
<P <0, —"— P(——
= P51 <0, (14¢)2nlon — )+ ((1 +¢€)2nlon — )
& S S
p__ S VS N B
+ E ((1 T nlan € [keC, (k+ 1)eC), AT )2nlon = C — keC)
k=0
2K +2 (K +1)2 1 (K +2)?
———t (gt 1) ———FAF— < (- + 1) —FF—.
~ (logn)tte + (ko + )(logn)HE - (8 + )(1ogn)1+5

4. Special Kernels

From this point on we will assume that our kernel is of the form (1). We consider
the following (undecoupled) U-statistics Let

00 oo a Ny,
& k_k k k\2
Un:Zak Z sisj:Z?((ZEi) —Nk),
k=1 1<i<j<Nj k=1 i=1

where
Ne=#{1<i<n:X;e@2F 27 k=12....
Notice that
L(Un|o(X1,Xo,...)) = L(Un|o(X1, Xa,...)),
so U,, and Un have the same distribution.
Lemma 9. We have for all 6 > 0
gm+1

8n

P (Jr<m|Ni — n27k > 57127’“) <
Proof. Notice that

P (3pcm|Ni = n27F| > 6n27%) <Y P(INy — ENy| > n27F)

k=1

m 22k: 1 m 2m+1
< Var(Ng) < — Y 2F <
- ; 02n2 ar(Ny) < 0%n ; )

Lemma 10. Suppose that s > 0 and |n, —n27%| < en27%=1 fork=1,...,m. Let
a =max{2 Flay| : 1 <k < m}, then

P(’ Z %((Z&‘f)z _ nk)| > asn) < (M)m/ze_ﬁ (8)
k=1 i=1

3
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On the other hand, if a; = max{2 %a; : 1 <k <m} >0, then

P GO0 —m) 2 a1m) 2 e 49" —oxp(=502 "), (9
k=1 i=1

and if ag = max{—2"%a; : 1 <k <m}, then

P(— > (e —m) > azsm) > th)e—“ﬁ)s — exp(—d(£)27™n), (10)
k=1 i=1

where K(€) and §(e) depend only on e.

Proof. Let § = Y7 [%L(52m F)2  then by (4) we have

1;[ V1= /\|a;€\n;€

But by our assumptions |ax|ni < (1 + §)an, so

ﬁ)_m/g _ (2(1 +e)

)m/2'
1+¢ €

E exp( S) < (-

an(l +¢)
Notice that

|Zak Ze — N | <S+-= Z|ak|”k <S4+ = (1+6)omm,
so (8) immediately follows, since
m a ng 1
P(’ ; ?k((gaf)Q - nk)’ > asn) <P(S>an(s— 5(1 +e)m)).

To get (9) let kg be such that ay, = a12F0 | then

P(Z %k((z 5?)2 - nk) > Ozlsn)

k=1 i=1
Qg <o
> P<7O(Z 2> aysn)P Z ag Z 858? >0)
i=1 k#ko  1<i<j<ny
Tk

P(Qe)* 2274 om)

where in the last inequality we used the same properties of Rademacher chaoses
as in the proof of Lemma 6 (see [de la P,G], Proposition 3.3.7). Thus (9) follows
by (5). The proof of (10) is similar. O
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Lemma 11. Suppose that 0 < 6 < 1,k; > 1, |ng —n27%| < on27F for ki <k < ky
and

k2
a= sup{|ak|2_k tky <k <k}, b? = Z az2_2k.

k=F,
Then, for any s > 0 and t > 0, we have
1 k‘g Nk X /
2 —5/8
P(§ Z ak((ZEi) —ng) >t + 4konae )
k=k1 =1
t? /4
< — 2koe™* 11
< exp( (1+6)2n2b2(1 + 50e—/8) + 2tsan) +akae (11)
and
1 S
P(i Z ak((z gf)—mng) >t — 4k2naefs/8)
k=kq 1=1
(1+6)¢?
> _
2 %) P U022 (1 = 50075 = 22
e(6)D?[(1 — 6)2(1 — 50e~*/8) — p=12k2+1] a
—exp(— = ) —2kpe™4 (12)
where positive constants K(6) and £(5) depend only on 4.
Proof. Let
ng
Sk = (Z 5?)21(221 )2 <m0
i=1
then

llak(Sk — ESk)|lco < sapng < 2san.
Notice that by (4) we have

ng
P(] Zsﬂ > \/sng) < 2e7/4,
i=1

o
ng
[ — BSk| = B(Y_ ) I ckyes s,
i=1
Nk ngk
< E(Ze?)‘l P(] Zsﬂ > /sny) < dnge /5,
1=1 i=1
Therefore
k‘g k2
Z lak(ES; — ng)| < 8n Z |ag|27Fe™*/® < 8kynae™/® (13)

k=k k=k1
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and
ko n ko
P( > ak(i £ akSk) Z P (S # ( 25 ) < 2kse”/t (14)
k=k1 i=1 k=kq k=k1
We have

Nk ngk
EQQ i)' —ES{=EQ_el) g chy2sam,
i=1

=1

Nk ng
< E(Z eks P Zsﬂ > /sny) < 80nZe”s/8
i=1

=1

by the Khinchine inequality. Moreover,

ESk — 25 ESk) —ni| = |ESk+nk|~|ESk—nk|

< 2ny - dnge S/ = 871%675/87

SO
[Var(Sy) — Var(( Zg )| < 100n2e5/8.
Therefore
1 & B2y
Var(s Y akSe) < Y a (G — 1)+ 25mfe /%)
k=kq k=k1
1
§(1_’_6)2 2b2(1+50€ 5/8)
and by the Bernstein inequality (Lemma 2) we have
1 & 2
P(* S,—ES, >t>< - e
2 kzk ak( k k)) = > eXp( (1 + 6)2n2b2(1 + 506_3/8) + 25tan) ( )
=Rr1

Inequality (11) follows by (13), (14) and (15). To get the other estimate notice

that
kQ k2

1
2Var(§ Z apSk) > Z a2 (ng(ng — 1) — 50n2e™%/%)

k:kl k:kl

k2
> (1 —0)2n%?(1 — 50e~%/8) — Z aZng > (1 —06)*n2b? (1 — 50e™3/8) — 2k2+1pp2,
k=k:
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So by Kolmogorov’s converse exponential inequality (Corollary 1) we get

ko

1
P(3 ;;; ak(Sk — ESy)) > )

1 (14 6)t2

> _

= K((S) GXP( (1 — 5)2n2b2(1 _ 506—3/8) — okat+1pp2

g(8)b2[(1 — §)2(1 — 50e~5/8) — p—1ok2+1
- oxpl s M 202 : ]) (16)
Inequality (12) follows by (13), (14) and (16). 0

Lemma 12. Suppose that |nj, —n27%| < 6n27F, |ax| < k=1Y22F for k < ky and

ko = \/Lon, k1 = (Lan)'0, ko = logyn — 10Lon.

Let, moreover,
1 &
A, =sup{lap]27 : k < ko},BZ = Ton Zk ai272k
and

Then, for any € > 0, there exists K(g) such that for sufficiently large n and
sufficiently small § we have

I £ e ocata) < e

B2 .
C,L:{An—’—‘“‘n Zanngn

k<ko k=ky
and
ak Z 1
( Z Z e) —ng)| > (1 —s)C’nnLQn) >
o K(e)logn
Proof. Let
Nk k n
Sy = Z a—k((isk)z—n ) and S = 22: ak((ie’?)Q—n )
1— 2 i k 2 = 5 3 k)-
k<ko i=1 k=k1 i=1

We will show that for sufficiently small § and sufficiently large n

u? 1
P (]S > B,/ L 1)) <2 — . 17
(| 2l 2 un(Bnv'Lon + )) < 2exp( (1 —|—€/10)2) + (logn)? (17)
Obviously we may assume 0 < € < 1. It is enough to show that
2
1
P( £S5, > un(Bpy/Lon+1)) < exp(— u )+ (18)

(14+¢€/10)2"  4(logn)?



Cluster set in U-LIL 13

for w € [1/2,4v/Lan]. Indeed, for u < 1/2 the right hand side of (17) is greater than
1 and for u = 4v/Lan the right hand side of (18) is less than (2logn)~2. Now apply
Lemma 11 with s = 20Lan, t = un(B,v/Lan + 1/2) and b*> = max(B2Lan, 1/4)
(notice that then t2/(n 2b2) > u? and that part (11) of Lemma 11 holds also under

the assumption b* > Ek ke a227%F _ the estimates are monotone in b?). Since

a=sup{lap|27F k1 <k <k} <k < (Lon)~®
we have

2tsan < 2-4v/Lon -n(Buv/Lan + 1) -20Lon - (Lan) ™% - n
< 160(Lan) 3n?(Bu/Lan + 1) < dn2b?

for sufficiently large n. Also
2koe™*/* < 2(logy n)(logn)~® < (4logn)~*,
dksnae /8 < 4(log, n)ne_‘g/8 <n/4 <un/2

and 50e~*/8 < § for sufficiently large n. Now it is enough to choose sufficiently
small 0 (which will depend on €). Lemma easily follows by Lemmas 8 and 10. [

Lemma 13. If e > 0, |ax| < k—Y/22F for all k and

ko = \/Lon, k1 = (Lan)'°, ko = logyn — 10Lan,
then for sufficiently large n

a 5
(3 + 0%~z entan) <

k=ko k=ko

Proof. In this proof K denotes a universal constant that may change from line to
line. Let us additionally define

1 1
ks = logy n, kg = logyn + 1 log, logn and k5 = logyn + 5 log, logn + % logy(Lan)

Notice that

Z ak Zé‘ Nk- # 0) < P(Elk:>k N > 1)

k=ks

< P(Fij<alXil |1X;] < 2774Y) < n?272hetl <

— logn(lin)i“/2 : (19)

For k < k5 we have |ay| < k71/22k5 < Kn(Lgn)3/4, therefore
k)5 1 a ]{)5 1
|Z E( Zs — Nl < Kn(Lan)** (3" Ny)?
k=Fa4 i=ka

< Kn(Lan)¥ 4 (#{i < n: | X < 27kt
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Thus for fixed ¢ and sufficiently large n

(| 3 (e - )| = 5o

k=ky
< PO <3 X2 2757 2 (Lan) )

< en2~kat1 (LG)l/8< 1 (20)
=\ n)® = Togn(Lan)?/

Here we used the fact that
P(X>k)< <k>pk < ( . )k if X ~ Bin(n,p).

Similarly, for k£ < k4, |ak| < k‘1/22k4 < Kn(logn)~1/4, so

kq— la kyi—1 2
> o Ze )| < Kn(logn)~ 1/4<ZNk>
k=ks i=ks

< Kn(logn) V4#{i < n: |X;| < 27 F+1})2,

Therefore, for sufficiently large n

ka—1 N,
P( Z (%k ((Z ey — Nk)‘ ;nLgn)

k=ks i=1
P(#{i <n:|X;| >27%%} > (logn)'/?) (21)
ka+1 (ogn)'/
f; 521244:14, f; AAAAAALEAAAAA,_ (22)
(logn)1/8 log n(Lyn)3/2
Finally
k1 kz—1 a n
& -
( Z Z ) ( ZE ) = ﬁ( Z €i€jh(X7;7Xj)),
k=ko k=ko i,j=1
where
kl }{3371
= ( S+ )akhk(ﬁﬁ)hk(y)-
k=ko k=ko

Let A = [ko, k1] U [k2, ks — 1], notice that
- 1 1
Bllpo_pe = k< — <
1hllzz— 2 = max |ax2®| <

Vko — (Lan)t/*

. 1
Eh? = Z a2k < Z - < ClLgn,
keA keA

IExh?||oe = || By h?||oe = I,?ajfakZ <max — < — <
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and
ks
wa—mMMH<

A /log2 n

So by Lemma 4 it easily follows that

< S Ak < kN2 € 1
P03+ 2 )5 (er -M)l= guton) = s 20

The lemma follows by (19)—(23). O

Theorem 1. If |ag| < \2/—% and A and B are given by (2) and (3), then

lim sup

Unl _ [ A+E ifB<24
n—oo nLQ’rL

B if B> 24

Proof. Let A,, B, be as in Lemma 12 notice that lim,, .., A, = A and

logyn
(Lyn)B2 < E(h% An) < (Lon)B2 + ( D )ak2 opn Y 2
k<ki k—=ko k>log, n

Since Lan/La(n?) — 1 as n — oo we get that limsup,, . B, < B and
Ve>0VneIn>neYN<n<nzBn =2 B — €.

So the theorem follows by Lemmas 7, 9, 12 and 13. O
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