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Abstract. In this paper we give estimates of tails and moments of multidi-

mensional chaoses
P

ai1,...,idX
(1)
i1

· · ·X(d)
id

(ai1,...,id ≥ 0) generated by positive

random variables X
(1)
i1

, . . . , X
(d)
id

with logarithmically concave tails. The esti-
mates are exact up to constants depending only on the dimension d.

1. Introduction

Let S =
∑

ai1,...,id
X

(1)
i1
· · ·X(d)

id
be a random chaos of order d generated by random

variables X
(r)
i . In this paper we present two sided estimates for moments and

tails of S in the case when all coefficients are nonnegative and X
(r)
i are positive

r.v.’s with log-concave tails (precise definitions are given below). Many important
inequalities for moments and tails of S are known, even in the more general case of
U -statistics (see [2], [4], [7] and [8] for a review of some results). However bounds
obtained here are much more precise with constants depending only on the order
d.

The estimates for moments of linear combinations (case d = 1) of symmetric
log-concave random variables were obtained by Gluskin and Kwapień [5]. In the
paper [9] similar inequalities were given for chaoses of order 2 generated by such
random variables (Gaussian chaoses of order 2 were considered much earlier in
[6]). Methods of both papers can be adapted to the nonnegative case (see [10]).

However there seems to be a significant difference between chaoses of order
d ≥ 3 and d = 2. As far as we know two sided estimates with deterministic
quantities and universal constants are not known for moments and tails of Gaussian
chaoses of order 3 (Arcones and Giné [1] obtained some bounds but involving
suprema of empirical processes). We hope that our paper is just a first step towards
more general results.
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Let us comment on the organization of the paper. In the next section we
present the necessary notation and definitions and formulate main results. Then,
in Section 3, we prove moment estimates for one dimensional case and in Section
4, by induction, for the multidimensional case.

2. Notation and Main Results

Assumptions and notation. Let d and n be positive integers. By i we denote d-
dimensional multiindex (i1, . . . , id), where 1 ≤ i1, . . . , id ≤ n and by I the set of
all such multiindices.

For I ⊂ {1, 2, . . . , d} and i ∈ J ⊂ I, let iI denote (ik)k∈I and JI be the set
of all such iI ’s. For I ⊂ {1, 2, . . . , d} let I ′ be the set {1, 2, . . . , n} \I. With this
notation we have for example i{1}′ = (i2, . . . , id). The symbol #I denotes the
cardinality of the set I.

Henceforth X
(1)
i1

, . . . , X
(d)
id

, 1 ≤ i1, . . . , id ≤ n be independent positive random
variables with logarithmically concave tails so that

P
(
X

(r)
i ≥ t

)
= e−N

(r)
i (t), for 1 ≤ r ≤ d, 1 ≤ i ≤ n, t ≥ 0

where N
(r)
i : R+ → R+ is a convex, strictly increasing function normalized in such

a way that

(2.1) N
(r)
i (1) = 1.

Let us define a family of subsets of Rn
+,
{
Br
N ,p

}
1≤r≤d

, by the formula

Br
N ,p =

{
x ∈ Rn

+ :
n∑

i=1

N
(r)
i (xi) ≤ p and (xi = 0 or xi ≥ 1) for i = 1, 2, . . . , n

}
.

For the multidimensional table of reals, (ai)i∈I, we set

∥∥(ai)i∈I

∥∥
N ,u

= sup

{∑
i∈I

ai

d∏
r=1

(
1 + x

(r)
ir

)
: x(1) ∈ B1

N ,u, . . . , x(d) ∈ Bd
N ,u

}
.

By S we denote a random variable S =
∑

aiX
(1)
i1
· · ·X(d)

id
. For p ≥ 1 we put

‖S‖p = (ESp)1/p.
We use letters c and C to denote universal positive constants, that may

change from line to line and c (d) , C (d) to denote positive constants, depending
only on d (c (d) , C (d) may also differ at each occurrence). Finally relation A ∼d B
means that c (d) A ≤ B ≤ C (d) A.

Now we are ready to formulate two main theorems.

Theorem 2.1. There exist constants 0 < c1(d), C1(d) < ∞ depending only on d
such that for any p ≥ 1 we have

c1(d)
∥∥(ai)i∈I

∥∥
N ,p

≤ ‖S‖p ≤ C1(d)
∥∥(ai)i∈I

∥∥
N ,p

.
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We postpone the proof of Theorem 2.1 till the end of the paper and now
present some applications and remarks.

Theorem 2.2. There exist constants 0 < c2(d), C2(d) < ∞ depending only on d
such that for any t ≥ 0 we have

P(S ≥ C2(d)
∥∥(ai)i∈I

∥∥
N ,t

) ≤ e−t

and
P(S ≥ c2(d)

∥∥(ai)i∈I

∥∥
N ,t

) ≥ min(c2(d), e−t).

Proof. Notice that
∥∥(ai)i∈I

∥∥
N ,t

=
∥∥(ai)i∈I

∥∥
N ,1

for 0 ≤ t ≤ 1, so it is enough to
consider only t ≥ 1. First inequality then immediately follows by Theorem 2.1
and Chebyshev’s inequality. To see the second inequality notice that for p ≥ 1 by
Theorem 2.1 we get

‖S‖2p ≤ C1(d)
∥∥(ai)i∈I

∥∥
N ,2p

≤ 4dC1(d)
∥∥(ai)i∈I

∥∥
N ,p

≤ C(d)‖S‖p

Now it is enough to notice that
∥∥(ai)i∈I

∥∥
N ,λp

≤ (2λ)d
∥∥(ai)i∈I

∥∥
N ,p

for λ ≥ 1 and
use the Paley-Zygmund inequality as in [5].

Remark 2.3. We may define the norms
∥∥(ai)i∈I

∥∥
N ,u

in a slightly different, a little
bit more natural way. To do this it is enough to observe that

∥∥(ai)i∈I

∥∥
N ,u

≤ sup

{∑
i∈I

ai

d∏
r=1

(
1 + x

(r)
ir

)
:
∑

i

N
(r)
i (x(r)

i ) ≤ u, r = 1, 2, . . . , d

}
≤ 2d

∥∥(ai)i∈I

∥∥
N ,u

.

Remark 2.4. All estimates obtained in Theorems 2.1 and 2.2 may be extended
by simple approximation argument to the situation where functions N

(r)
i are still

convex but not necesserily continuous or stricly increasing on R, i.e. they may take
value 0 on some subinterval of R+ as well value +∞ beginning from some number
t0 (it means that variable X

(r)
i does not admit values greater than t0). In this case

condition (2.1) should be substituted by the following one

inf
{

t : N
(r)
i (t) ≥ 1

}
= 1.

Remark 2.5. Theorems 2.1 and 2.2 are also valid (with worse constants) for the
undecoupled chaoses of order d, that is for random variables of the form

S =
∑

1≤i1<...<id≤n

ai1,...,id
Xi1 · · ·Xid

,

where coefficients ai1,...,id
are nonnegative and positive r.v.’s Xi are independent

with log-concave tails. It is an immediate consequence of the result of de la Peña
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and Montgomery-Smith [3] that moments and tails of S are comparable (with
constants depending only on d) with moments and tails of the decoupled chaos

S̃ =
∑

π

∑
1≤i1≤...≤id≤n

ai1,...,id
X

(1)
iπ(1)

· · ·X(d)
iπ(d)

,

where the first sum is taken over all permutations π of the set {1, . . . , d} and r.v.’s
X

(r)
i are independent copies of Xi.

Example. Let us consider a special case, when all variables X
(1)
i1

, . . . , X
(d)
id

, 1 ≤
i1, . . . , id ≤ n have the exponential distribution, i.e.

P
(
X

(r)
i ≥ t

)
= e−t for 1 ≤ r ≤ d, 1 ≤ i ≤ n.

In this case we may easily find a simpler expression for the norm
∥∥(ai)i∈I

∥∥
N ,u

.
We have∥∥(ai)i∈I

∥∥
N ,u

≤ sup

{∑
ai

d∏
r=1

(
1 + b

(r)
ir

)
:
∑

b
(1)
i1

≤ u, . . . ,
∑

b
(d)
id

≤ u

}

= sup

 ∑
I⊂{1,2,...,d}

∑
ai

∏
r∈I

b
(r)
ir

:
∑

b
(1)
i1

≤ u, . . . ,
∑

b
(d)
id

≤ u

 .

So ∥∥(ai)i∈I

∥∥
N ,u

≤
∑

I⊂{1,2,...,d}

sup

{∑
ai

∏
r∈I

b
(r)
ir

:
∑

b
(r)
ir

≤ u for r ∈ I

}

=
∑

I⊂{1,2,...,d}

u#I max
j∈II

∑
i:iI=j

ai.(2.2)

On the other hand∥∥(ai)i∈I

∥∥
N ,u

≥ max
I⊂{1,2,...,d}

sup

{∑
ai

∏
r∈I

b
(r)
ir

:
∑

b
(r)
ir

≤ u for r ∈ I

}
≥ 2−d

∑
I⊂{1,2,...,d}

u#I max
j∈II

∑
i:iI=j

ai.(2.3)

From (2.2) and (2.3) and Theorem 2.1 we get that for all p ≥ 1∥∥∥∑ aiX
(1)
i1
· · ·X(d)

id

∥∥∥
p
∼d

∑
I⊂{1,2,...,d}

p#I max
j∈II

∑
i:iI=j

ai

=
∑

i1,...,id

ai1,...,id
+ p max

i1

∑
i2,...,id

ai1,...,id
+ p max

i2

∑
i1,i3,...,id

ai1,...,id
+ . . . +

+ . . . + pd max
i1,...,id

ai1,...,id
.
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Remark 2.6. In the paper we do not put much emphasis on the rate of growth of
constants c−1

i (d) and Ci(d) that appear in Theorems 2.1 and 2.2. Following the
presented proofs one can get c−1

1 (d) ≤ Cd and c−1
2 (d), Ci(d) ≤ (Cd)d. However

there is no indication that this is their optimal rate of growth.

3. One dimensional case

In this section we will prove Theorem 2.1 for d = 1. It will be the starting point
of an induction proof of the general case. Let us start with the following simple
Lemma.

Lemma 3.1. We have
e−1 ≤ EX

(r)
i ≤ 1 + e−1.

Proof. Let us observe that by (2.1), EX
(r)
i ≥ P(X(r)

i ≥ 1) ≥ e−1 and on the other
hand by the convexity of N

(r)
i we have

EX
(r)
i ≤ 1 +

∫ ∞

1

exp(−N
(r)
i (t))dt ≤ 1 +

∫ ∞

1

e−tdt = 1 + e−1.

In order to ease the notation in the rest of this section, instead of writing
X

(1)
1 , . . . , X

(1)
n we will write X1, . . . , Xn and instead of writing N

(1)
1 , . . . , N

(1)
n we

will write N1, . . . , Nn. So in this case for a sequence (ai) of nonnegative real num-
bers and u > 0 we have S =

∑
aiXi and

‖(ai)‖N ,u = sup
{∑

ai (1 + bi) : (bi) ∈ B1
N ,u

}
.

We will show that for p ≥ 1

(3.1)
1
2e
‖(ai)‖N ,p ≤ ‖S‖p ≤ 26‖(ai)‖N ,p.

Proof. First we will prove the estimate from below, by the same method as in [5].
Since ‖S‖1 ≤ ‖S‖p by the definition of ‖(ai)‖N ,u and Lemma 3.1 it is enough to
show that

(3.2)
∑

aibi ≤ e‖S‖p

for every sequence (bi) of nonnegative reals such that
∑

Ni(bi) ≤ p. We have

‖S‖p =
∥∥∥∑ aiXi

∥∥∥
p
≥
(∑

aibi

)
(P(Xi ≥ bi : i = 1, 2, . . . , n))1/p

=
(∑

aibi

)
exp

(
−1

p

∑
Ni(bi)

)
≥ 1

e

∑
aibi.

So (3.2) holds.
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Now we will prove the estimate from above. Let Mi : R+ → R+ be the inverse
of Ni restricted to R+. The variable Xi has distribution Mi (µ), where µ is the
measure with density e−xI{x≥0}. This means in particular that

P
(∑

aiXi > t
)

= µn
(
x ∈ Rn

+ :
∑

aiMi (xi) > t
)

,

where µn is the product measure µ⊗ µ⊗ . . .⊗ µ on Rn. Let us define

A =
{

x ∈ Rn
+ :
∑

aiMi(xi) ≤ 3
∑

ai

}
.

By the Chebyshev inequality (since by Lemma 3.1, ES ≤ 3
2

∑
ai) µn(A) ≥ 1/2

and therefore by a result of Talagrand (cf. [12] and [11] for a simpler proof) we get

µn(A + Vs) ≥ 1− 2e−s,

where

Vs = {x ∈ Rn :
∑

(|xi| − 1)+ =
∑

max (|xi| − 1, 0) ≤ 5s}.

The last inequality is just an application of Lemma 4 from [11] for the couple(
µn, w(n)

)
where w(n) (x) =

∑
w (xi) and w (t) = 1

5 max (|t| − 1, 0). It is easy
to check that the couple

(
µn, w(n)

)
satisfies assumptions of the Lemma 4. Indeed,

applying for a moment some notation from [11], it means that the couple
(
µn, w(n)

)
has property (τ), which follows from the Proposition from page 191, the inequality
w ≤ W and Lemma 1 from page 190 of the cited paper.

Let now Rn
+ 3 x = y + z with y ∈ A and z ∈ Vs. By the convexity of Ni we

have |Mi(xi)−Mi(yi)| ≤ Mi(|xi − yi|), so we obtain∑
aiMi(xi) ≤

∑
aiMi(yi) +

∑
ai |Mi(xi)−Mi(yi)|

≤ 3
∑

ai +
∑

aiMi(|zi|)

≤ 4
∑

ai + ‖(ai)‖N ,5s,

since
∑

Ni((Mi(|zi|)−1)+)I{Mi(|zi|)≥1} ≤
∑

(Ni(Mi(|zi|))−1)+ =
∑

(|zi|−1)+ ≤
5s. So

(3.3) P
(
S > 4

∑
ai + ‖(ai)‖N ,5s

)
≤ 2e−s

and since ‖(ai)‖N ,λu ≤ 2λ‖(ai)‖N ,u for λ ≥ 1 we have for t ≥ 1

P
(
S > 4

∑
ai + 2t‖(ai)‖N ,u

)
≤ 2e−tu/5.
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Therefore, integrating by parts, we get

‖S‖p ≤ 4
∑

ai + 2‖(ai)‖N ,p + 2‖(ai)‖N ,p ×

×
(∫ ∞

0

ptp−1P
(
S > 4

∑
ai + 2 (1 + t) ‖(ai)‖N ,p

)
dt

)1/p

≤ 4
∑

ai + 2‖(ai)‖N ,p

(
1 +

(∫ ∞

0

2ptp−1e−tp/5dt

)1/p
)

≤ 4
∑

ai + 2‖(ai)‖N ,p

(
1 + 5

(
2Γ (p) /pp−1

)1/p
)

≤ 4
∑

ai + 22‖(ai)‖N ,p ≤ 26‖(ai)‖N ,p.

and the proof of (3.1) is now completed.

Now, using (3.3), we will prove the following lemma, which will be used in
the next section.

Lemma 3.2. Let A be a finite subset of Rn
+ and for a = (a1, . . . , an) ∈ A let us

define Sa =
∑

aiXi, then the following estimate holds for any p ≥ 1

(3.4)
∥∥∥∥max

a∈A

(
Sa − C

∑
ai

)
+

∥∥∥∥
p

≤ C (p + ln #A) max
a∈A

max
i

ai

Proof. By the convexity of Ni and by the condition (2.1) we have Ni (x) ≥ x for
x ≥ 1, thus we get for s ≥ 0

‖(ai)‖N ,s ≤
∑

ai + sup
{∑

aibi :
∑

bi ≤ s
}

=
∑

ai + s max
i

ai.

So, applying (3.3), we obtain

P
(
Sa > 4

∑
ai + 5s max

i
ai

)
≤ 2e−s,

P
((

Sa − C
∑

ai

)
+

> Cs max
a∈A

max
i

ai

)
≤ 2e−s.

Thus

P
(

max
a∈A

(
Sa − C

∑
ai

)
+
≥ Cs max

a∈A
max

i
ai

)
≤
∑
a∈A

P
((

Sa − C
∑

ai

)
+
≥ Cs max

a∈A
max

i
ai

)
≤ 2#Ae−s.

and

P
(

max
a∈A

(
Sa − C

∑
ai

)
+
≥ C (1 + s) (p + ln #A) max

a∈A
max

i
ai

)
≤ 2#Ae−(1+s)(p+ln #A) ≤ 2e−sp.
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Integrating by parts we obtain∥∥∥∥max
a∈A

(
Sa − C

∑
ai

)
+

∥∥∥∥
p

≤ C (p + ln #A) max
a∈A

max
i

ai

+C (p + ln #A) max
a∈A

max
i

ai

(∫ ∞

0

2ptp−1e−ptdt

)1/p

≤ C (p + ln #A) max
a∈A

max
i

ai.

4. Multidimensional case

In this section we will prove Theorem 2.1 proceeding by induction on d. The first
step was already established in the previous section. So in the sequel we will assume
that Theorem 2.1 holds for d− 1 and we will show it for d. First we will show the
estimate from below that is

(4.1) ‖S‖p ≥ c1 (d)
∥∥(ai)i∈I

∥∥
N ,p

.

Proof. We will proceed in the similar way as in the proof of the lower estimate in
the previous section. By the induction assumption and Lemma 3.1

‖S‖p ≥ c1(d− 1)

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aiX
(1)
i1


j∈I{1}′

∥∥∥∥∥∥∥
N ,p

∥∥∥∥∥∥∥∥
p

≥ c1 (d− 1) E

∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aiX
(1)
i1


j∈I{1}′

∥∥∥∥∥∥∥
N ,p

≥ c1(d− 1) sup

{
E
∑
i

aiX
(1)
i1

∏
r>1

(
1 + x

(r)
ir

)
: x(r) ∈ Br

N ,u for r > 1

}

≥ e−1c1(d− 1) sup

{∑
i

ai

∏
r>1

(
1 + x

(r)
ir

)
: x(r) ∈ Br

N ,u for r > 1

}
.(4.2)

Let us now assume that (bi) is a sequence of nonnegative reals with
∑

N
(1)
i (bi) ≤ p,

then again by the induction assumption
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‖S‖p ≥ c1(d− 1)

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aiX
(1)
i1


j∈I{1}′

∥∥∥∥∥∥∥
N ,p

∥∥∥∥∥∥∥∥
p

≥ c1(d− 1)


∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aibi1


j∈I{1}′

∥∥∥∥∥∥∥
p

N ,p

P
(
X

(1)
i ≥ bi, i = 1, 2, . . . , n

)
1/p

≥ c1(d− 1)

∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aibi1


j∈I{1}′

∥∥∥∥∥∥∥
N ,p

exp

(
−1

p

n∑
i=1

N
(1)
i (bi)

)

≥ e−1c1(d− 1) sup

{∑
i∈I

aibi1

n∏
r=2

(
1 + x

(r)
ir

)
: x(2) ∈ B1

N ,u, . . . , x(d) ∈ Bd
N ,u

}
.

Combining the above with (4.2) we get the lower estimate (4.1) with c1(d) =
(2e)−1c1(d− 1).

In order to prove the estimate from above that is

(4.3) ‖S‖p ≤ C1 (d)
∥∥(ai)i∈I

∥∥
N ,p

.

we will need following two observations.

1. We may rearrange indexes i1, . . . , id in such a way that for any 1 ≤ r ≤ d

(4.4) i < j ⇒
∑

i:ir=i

ai ≥
∑

i:ir=j

ai.

2. We may split I into sum of disjoint sets Ir, 1 ≤ r ≤ d, in the following
way.

Ir = {i ∈ I :ir > max (i1, . . . , ir−1) and ir ≥ max (ir+1, . . . , id)} .

Assuming that (4.3) holds for d− 1, we may write

‖S‖p =

∥∥∥∥∥
d∑

r=1

∑
i∈Ir

aiX
(1)
i1
· · ·X(d)

id

∥∥∥∥∥
p

≤
d∑

r=1

∥∥∥∥∥∑
i∈Ir

aiX
(1)
i1
· · ·X(d)

id

∥∥∥∥∥
p

≤ C1(d− 1)
d∑

r=1

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
 ∑

i:i{r}′=j

aiX
(r)
ir


j∈(Ir){r}′

∥∥∥∥∥∥∥
N ,p

∥∥∥∥∥∥∥∥
p

.
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So to show (4.3) it is sufficient to get for r = 1, . . . , d

(4.5)

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
 ∑

i:i{r}′=j

aiX
(r)
ir


j∈(Ir){r}′

∥∥∥∥∥∥∥
N ,p

∥∥∥∥∥∥∥∥
p

≤ C(d)
∥∥(ai)i∈I

∥∥
N ,p

.

Proof. We will consider only the summand corresponding to r = 1, since the proof
for other values of r is entirely similar. Recall that C(d) denotes the constant that
may differ at each occurrence and that depends only on d (in particular it may
depend on values of c1(d− 1) and C1(d− 1)).

To ease the notation let us set J1 = (I1){1}′ and additionally define for
I ⊂ {1, . . . , d}

∥∥∥(aj)j∈II

∥∥∥
N ,u

= sup

∑
j∈II

aj

∏
r∈I

(
1 + x

(r)
jr

)
: x(r) ∈ Br

N ,u for r ∈ I

 .

We have∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aiX
(1)
i1


j∈J1

∥∥∥∥∥∥∥
N ,p

= sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈J1

 ∑
i∈I1:i{1}′=j

aiX
(1)
i1

(1 + x
(2)
j2

)
· · ·
(

1 + x
(d)
jd

)
and for x(r) ∈ Rn

+, 2 ≤ r ≤ d,(
1 + x

(2)
j2

)
· · ·
(

1 + x
(d)
jd

)
≤
∑

2≤q≤d

d∏
r=2
r 6=q

(
1 + x

(r)
jr

)
+ x

(2)
j2
· · ·x(d)

jd
.

Therefore∥∥∥∥∥∥∥
 ∑

i:i{1}′=j

aiX
(1)
i1


j∈J1

∥∥∥∥∥∥∥
N ,p

≤
∑

2≤q≤d

sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈J1

 ∑
i∈I1:i{1}′=j

aiX
(1)
i1

 n∏
r=2,
r 6=q

(
1 + x

(r)
jr

)

+ sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈J1

 ∑
i∈I1:i{1}′=j

aiX
(1)
i1

x
(2)
j2
· · ·x(d)

jd
.
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By the inductive hypothesis, for any 2 ≤ q ≤ d,∥∥∥∥∥∥∥ sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈J1

 ∑
i∈I1:i{1}′=j

aiX
(1)
i1

 n∏
r=2
r 6=q

(
1 + x

(r)
jr

)∥∥∥∥∥∥∥
p

=

∥∥∥∥∥∥∥ sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈(I1){q}′

 ∑
i∈I1:i{q}′=j

ai

X
(1)
j1

n∏
r=2
r 6=q

(
1 + x

(r)
jr

)∥∥∥∥∥∥∥
p

≤ c−1
1 (d− 1)

∥∥∥∥∥∥∥
∑

j∈(I1){q}′

 ∑
i∈I1:i{q}′=j

ai

 n∏
r=1
r 6=q

X
(r)
jr

∥∥∥∥∥∥∥
p

≤ C(d)

∥∥∥∥∥∥∥
 ∑

i∈I1:i{q}′=j

ai


j∈(I1){q}′

∥∥∥∥∥∥∥
N ,p

≤ C(d)
∥∥(ai)i∈I

∥∥
N ,p

.

So it suffices to show that
(4.6)

‖ sup
x(r)∈Br

N ,p,2≤r≤d

∑
j∈J1

(
∑

i∈I1:i{1}′=j

aiX
(1)
i1

)x(2)
j2
· · ·x(d)

jd
‖p ≤ C(d)

∥∥(ai)i∈I

∥∥
N ,p

.

Let us define for 2 ≤ r ≤ d the following sets

U (r) =
{

x(r) ∈ Br
N ,p : N

(r)
i

(
x

(r)
i

)
≤ 1 if i < p

}
∩

∩
∞⋂

k=1

{
x(r) ∈ B

(r)
N ,p : N

(r)
i

(
x

(r)
i

)
≤ k3 if i ∈

[
2k−1p; 2kp

)}
,

V (r) =
{

x(r) ∈ Br
N ,p : x

(r)
i = 0 or N

(r)
i

(
x

(r)
i

)
> 1 if i < p

}
∩

∩
∞⋂

k=1

{
x(r) ∈ Br

N ,p : x
(r)
i = 0 or N

(r)
i

(
x

(r)
i

)
> k3 if i ∈

[
2k−1p; 2kp

)}
.

For every x(r) ∈ Br
N ,p there exist y(r) ∈ U (r), z(r) ∈ V (r) such that x(r) = y(r) +

z(r). Let J denote a family of subsets of indices defined in the following way:

J =
{

I ⊆ {1, 2, . . .} : #I ≤ p, #I ∩
[
2k−1p; 2kp

)
≤ p

k3
for k = 1, 2, . . .

}
.

Applying the inequality
∑

k≤m

(
n
k

)
≤
(

Cn
m

)m
, we get an estimate of the cardinality

of J .

(4.7) #J ≤ 2p
∞∏

k=1

(
C2k−1p

p/k3

)p/k3

≤ Cp
∞∏

k=1

(
2k−1k3

)p/k3

≤ Cp.
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Let us notice that for I such that #I ≤ p and 2 ≤ q ≤ d∥∥∥∥∥∥ sup
x(r)∈Br

N ,u,2≤r≤d

∑
i∈I1:iq∈I

aiX
(1)
i1

x
(2)
i2
· · ·x(d)

id

∥∥∥∥∥∥
p

≤ c−1
1 (d− 1)

∥∥∥∥∥∥
∑

i∈I1:iq∈I

aiX
(1)
i1

X
(2)
i2
· · ·X(d)

id

∥∥∥∥∥∥
p

≤ c−1
1 (d− 1)

∥∥∥∥∥∥ sup
x(r)∈Br

N ,u,r∈{q}′

∑
i∈I1:iq∈I

ai

(
1 + x

(1)
i1

)
· · ·X(q)

iq
· · ·
(

1 + x
(d)
id

)∥∥∥∥∥∥
p

≤ C (d)
∥∥(ai)i∈I1

∥∥
N ,p

.

(4.8)

The last estimate follows by integration by parts from the following two remarks.

• The function

x(q) 7−→

∥∥∥∥∥∥ sup
x(r)∈Br

N ,u,r∈{q}′

∑
i∈I1:iq∈I

ai(1 + x
(1)
i1

) · · ·x(q)
iq
· · · (1 + x

(d)
id

)

∥∥∥∥∥∥
p

is positive homogeneous on Rn
+.

• The random variable
∑

iq∈I N
(q)
iq

(
X

(q)
iq

)
has the distribution Γ (#I, 1) and

therefore (recall that #I ≤ p)

P

∑
iq∈I

N
(q)
iq

(
1

1 + t
X

(q)
iq

)
> p

 ≤ P

∑
iq∈I

N
(q)
iq

(
X

(q)
iq

)
> (1 + t) p

 ≤ e−Ctp.

From (4.8) and (4.7) it follows that∥∥∥∥∥ sup
x(r)∈Br

N ,u,2≤r≤d,x(q)∈V (q)

∑
i∈I1

aiX
(1)
i1

x
(2)
i2
· · ·x(d)

id

∥∥∥∥∥
p

≤

∥∥∥∥∥∥sup
I∈J

sup
x(r)∈Br

N ,u,2≤r≤d

∑
i∈I1:iq∈I

aiX
(1)
i1

x
(2)
i2
· · ·x(d)

id

∥∥∥∥∥∥
p

≤

∑
I∈J

∥∥∥∥∥∥ sup
x(r)∈Br

N ,u,2≤r≤d

∑
i∈I1:iq∈I

aiX
(1)
i1

x
(2)
i2
· · ·x(d)

id

∥∥∥∥∥∥
p

p

1/p

≤ C (d)
(

(#J )
∥∥(ai)i∈I1

∥∥p

N ,p

)1/p

≤ C (d)
∥∥(ai)i∈I1

∥∥
N ,p

.(4.9)
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Let C0 be the constant given by Lemma 3.2. Since

sup
x(r)∈U(r),2≤r≤d

∑
i∈I1

aiC0x
(2)
i2
· · ·x(d)

id
≤ C0

∥∥(ai)i∈I

∥∥
N ,p

it follows by (4.9) that in order to prove (4.6) it is enough to show

(4.10)

∥∥∥∥∥ sup
x(r)∈U(r),2≤r≤d

∑
i∈I1

ai(X
(1)
i1

− C0)x(2)
i2
· · ·x(d)

id

∥∥∥∥∥
p

≤ C(d)
∥∥(ai)i∈I

∥∥
N ,p

.

Now notice that since N
(r)
i (x) ≥ x for x ≥ 1, 1 ≤ r ≤ d, 1 ≤ i ≤ n, then for

a ≥ 1 and arbitrary numbers t1, t2, . . . , tn

sup

{∑
i∈I1

aiti1x
(2)
i2
· · ·x(d)

id
: x(r) ∈ Br

N ,u,
∥∥∥(N (r)

ir

(
x

(r)
ir

))∥∥∥
∞
≤ a, 2 ≤ r ≤ d

}

≤ sup

{∑
i∈I1

aiti1x
(2)
i2
· · ·x(d)

id
:
∑

x
(r)
ir

≤ p,
∥∥∥x(r)

∥∥∥
∞
≤ a, 2 ≤ r ≤ d

}
≤ ad−1 max

#Ir≤dp/ae,2≤r≤d

∑
i∈I1:ir∈Ir,2≤r≤d

aiti1

(above and below we use a standard convention
∑

i∈∅ bi = 0). Hence by the defi-
nition of I1 and U (r) we get∥∥∥∥∥ sup

x(r)∈U(r),2≤r≤d

∑
i∈I1

ai(X
(1)
i1

− C0)x(2)
i2
· · ·x(d)

id

∥∥∥∥∥
p

≤
∑
l≥1

∥∥∥∥∥∥ sup
x(r)∈U(r),2≤r≤d

∑
i∈I1:2l−1p≤i1<2lp

ai(X
(1)
i1

− C0)x(2)
i2
· · ·x(d)

id

∥∥∥∥∥∥
p

≤
∑

1≤l≤p1/3

l3(d−1)

∥∥∥∥∥∥∥∥ max
Ir⊂{1,...,2lp−1}

#Ir≤dp/l3e,2≤r≤d

∑
i∈I1:2

l−1p≤i1<2lp,
ir∈Ir,2≤r≤d

ai(X
(1)
i1

− C0)

∥∥∥∥∥∥∥∥
p

(4.11)

+ pd−1
∑

l>p1/3

∥∥∥∥∥∥∥∥∥ max
j∈I1:2

l−1p≤j1<2lp

 ∑
i∈I1:i{1}′=j{1}′

2l−1p≤i1<2lp

aiX
(1)
i1

− C0


+

∥∥∥∥∥∥∥∥∥
p

.(4.12)
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Applying Lemma 3.2 we will estimate (4.11) and (4.12). For l ≤ p1/3 we have

#
{

(Ir)1≤r≤d : Ir ⊂
{

1, . . . , 2lp− 1
}

, #Ir ≤
⌈
p/l3

⌉
for 1 ≤ r ≤ d

}
≤

((
C2lp

p/l3

)2p/l3
)d

≤ Cdp/l2 ≤ Cdp.(4.13)

Applying the ordering (4.4) we obtain

max
Ir⊂{1,...,2lp−1}

#Ir≤dp/l3e,2≤r≤d

max
2l−1p≤i<2lp

∑
i∈I1:i1=i,

i(r)∈Ir,2≤r≤d

ai

≤ max
i≥2l−1p

∑
i∈I:i1=i

ai ≤
1

2l−1p

∑
i∈I

ai.(4.14)

From (3.4), (4.13) and (4.14) we get∥∥∥∥∥∥∥∥ max
Ir⊂{1,...,2lp−1}

#Ir≤dp/l3e,2≤r≤d

∑
i∈I1:2

l−1p≤i1<2lp,
ir∈Ir,2≤r≤d

ai

(
X

(1)
i1

− C0

)∥∥∥∥∥∥∥∥
p

≤ C
(
p + ln Cdp

)
max

Ir⊂{1,...,2lp−1}
#Ir≤dp/l3e,2≤r≤d

max
2l−1p≤i<2lp

∑
i∈I1:i1=i,

i(r)∈Ir,2≤r≤d

ai

≤ Cpd
1

2l−1p

∑
i∈I

ai ≤
Cd

2l−1

∑
i∈I

ai.

So

∑
1≤l≤p1/3

l3(d−1)

∥∥∥∥∥∥∥∥ max
Ir⊂{1,...,2lp−1},

#Ir≤dp/l3e,2≤r≤d

∑
i∈I1:i1=i,

i(r)∈Ir,2≤r≤d

ai(X
(1)
i1

− C0)

∥∥∥∥∥∥∥∥
p

≤
∑

1≤l≤p1/3

l3(d−1) Cd

2l−1

∑
i∈I

ai ≤ C (d)
∑
i∈I

ai.(4.15)

For l > p1/3 we similarly get

max
i∈I1:2l−1p≤i1<2lp

ai ≤
1

2l−1p

∑
i∈I

ai
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and (since #
{
j ∈ I1 : 2l−1p ≤ j1 < 2lp

}
≤ (2lp)d)∥∥∥∥∥∥∥∥∥ max

j∈I1:2
l−1p≤j1<2lp

 ∑
i∈I1:i{1}′=j{1}′

2l−1p≤i1<2lp

ai(X
(1)
i1

− C0)


+

∥∥∥∥∥∥∥∥∥
p

≤ Cld

2l−1

∑
i∈I

ai.

So we obtain

pd−1
∑

l>p1/3

∥∥∥∥∥∥∥∥∥ max
j∈I1:2

l−1p≤j1<2lp

 ∑
i∈I1:i{1}′=j{1}′

2l−1p≤i1<2lp

ai(X
(1)
i1

− C0)


+

∥∥∥∥∥∥∥∥∥
p

(4.16)

≤ pd−1
∑

l>p1/3

Cld

2l−1

∑
i∈I

ai ≤ C (d)
∑
i∈I

ai.(4.17)

Finally, collecting (4.11), (4.12), (4.15) and (4.17) we get the desired estimate
(4.10).
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