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We prove that the inequality W1 (u(tA)) > t¥~1(u(A)) holds
for any centered Gaussian measure p on a separable Banach space F,

any convex, closed, symmetric set A C F and t > 1, where ¥(z) =

Y1 (—x,x) = (2%)*1/2 ffx 6792/2dy. As an application the best con-

stants in comparison of moments of Gaussian vectors are calculated.

The main theorem we will prove in this paper is the following one previously

known also as an S-conjecture

THEOREM 1. Let p be a centered Gaussian measure on a separable Banach
space F'. If A is a symmetric, convez, closed subset of F' and P C F is a symmetric

strip, i.e. P ={x € F : |z*(z)| < 1} for some x* € F*, such that u(A) = pu(P)

then

w(tA) > u(tP) fort>1

and
p(tA) < p(tP) for0 <t <1.
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The question comes from an unpublished manuscript of L. A. Shepp (1969),
later it was published by S. Szarek [6]. A simple approximation argument using
representation of Gausssian measures, presented in details in [4], shows that it
is enough to prove Theorem 1 for F = R™ and pu = 7, — canonical Gaussian
measure in R" (i.e. the measure with density (2m)~"/2e~1#I°/2). The positive
answer for n < 3 was given by V. N. Sudakov and V. A. Zalgaller [5]. In the
special case of A in R™ symmetric with respect to each coordinate Theorem 1
was proved by S. Kwapiend and J. Sawa [4].

Before formulating the next results which will lead to the proof of Theorem
1 let us state few definitions. We will below always assume that A is a subset of

R™ unless we state it otherwise.
o O(z) =y (—o00,1) = \/% ffoo e’yz/Qdy
o U(z) = m(—w,x) = = [T eV 2dy
o A" ={z € R" : dist(z, A) < h} - h-neighbourhood of A

Y (A) = liminf, oy (70 (A") — v, (A))/h - Gaussian perimeter of A

o w(A) =sup{r: B(0,r) C A}

Let us notice that for a symmetric strip P, w(P) is equal to a half of width of P
and for a symmetric convex set A

w(A) = inf{w(P) : A C P, P is a symmetric strip in R"}.

Thus 2w(A) can be considered as the width of the set A.
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THEOREM 2.  Suppose that v2(A) = vy2(P) where P is a symmetric strip with

width 2p and A is a set in R? symmetric about y—axis, lying under the graph of

some symmetric, smooth, concave function f : (—w,w) — R, non-increasing on

[0,w) with limg_,,_ f(z) = —oo. Then
+ + _ ]2 e
W (4) 2 w(PhF (P) = | Zpe /2

We postpone the proof of Theorem 2 till the end of the paper and now show

how it implies the main result and the following theorem.

THEOREM 3. If v,(A) = ~v,(P) where P is a symmetric strip and A is a

convezr symmetric set in R™ then

PRrROOF OF THEOREM 3. For n = 1 there is nothing to prove, so we will

assume that n > 2. Let w =

w(A), without loss of generality we may then

assume that

AcC{zx € R":|z1| < w}

For z € (—w,w) let

Ay, ={y e R"': (2,y) € A}

and
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Then by the convexity of A and Ehrhard’s inequality [1] f is concave, moreover

it is symmetric and hence non-increasing on [0, w). Let us define
B={(z,y) € R?: |z| <w,y < f(z)},

thus we have v2(B) = ¥,(A) = Y (P). Let h > 0,2 € (—w — h,w + h) and y €
(B"),, then there exists a point (z',y) € B such that |z —x'| = hy, ly—y | = hs

and h? + h3 < h?. Since (A, )" C (A"), we get by the isoperimetric inequality

7 (yn-1((A")z)) = @7 H(m-1((4,1)"))

> N (o1(Ay) +he >y +ha > y.
Taking the supremum over all y € (B"), we get that v;((B").) < yu_1((A").)
for any h > 0 and x € (—w — h,w + h). Thus y2(B") < 7,(A") and 5 (B) <

¥ (A). Therefore it is enough to prove that
(1) w3 (B) = w(P)y,y (P).

Easy approximation argument shows that we may assume that f is smooth and
limg - f(z) = —o0, so (1) follows by Theorem 2.
PROOF OF THEOREM 1. Let us define for any measurable set B in R"
vB(t) = ¥, (tB) for t > 0.

Taking derivatives of both sides of inequalities in Theorem 1 (for details see [4])
one can see that it is enough to show that for any convex closed symmetric set

A in R™ we have

(2) Ya(1) > vp(1),
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where P is a strip P = {|z1| < p} such that v, (A) = v,(P). Let w = w(A), so
B(0,w) C A. Let us notice that for ¢ > 1 if z € A then B(t 'z, (t — Dw/t) =

t~lz + (1 —-t"1HB(0,w) C A so B(x,(t —1)w) C tA, hence
AU A,
Therefore

Ya(1) = wyst (A) = w(A)y,t (A).

Moreover for the strip P

2
Yp(1) =/ —pe? /2 = w(P)y,} (P)

and (2) follows by Theorem 3.

The following Corollary is just a reformulation of Theorem 1. The second part

of it was proved in [2].

COROLLARY 1. If u is a centered Gaussian measure on a separable Banach
space F and B is convex, symmetric, closed subset of F' then

w(rB) > W(Cw=Y(u(sB))) forr > s > 0.
S
In particular for each b < 1 exists a constant Cy < oo depending only on b such
that if u(B) < b then
u(tB) < Cytu(B) fort € [0,1].
The next Corollary can be considered as some kind of isoperimetric inequality

for convex, symmetric sets.
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COROLLARY 2. For any convex, symmetric subset A of a symmetric strip P

in R™ and any h > 0 the following inequality holds:

Ty, (AM) UL (3, (PP))
U= (p(A)) = Uy, (P))

PrROOF. Notice that w(A") = w(A) + h. Consider the function r(h) =

U—1(,,(A")) /w(A™"). From the definition of ;" we deduce that

lim inf w

e—0+ 15

- (\/gvmh)ww)e@1<%<A’1>>2/2 - w-lmmh») >0,

by Theorem 3 applied to the set A".

The function r(h) is continuous, hence r(h) > r(0) for any h > 0. Therefore

B (A1) = (A (B) = ((A) + Wr(0) = ¥ ()1 + )
-1 h g U1 (4, (P"))
2Ol ) = O g By

which completes the proof.

Finally as a consequence of Theorem 1 let us state the following result which
gives the best constants in comparison of moments of Gaussian vectors. The

proof presented below is due to S. Szarek (private communication).

COROLLARY 3. If g; are independent standard normal r.v. and x; are vectors
in some separable Banach space (E, ||.||) such that the series S =Y x;g; is a.s.

convergent then

(3) (BlSIP)7 < %(EHSII‘I)”‘] for anyp > q >0,

q
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where

1 _p+1
T = (Elgu")/r = Va(—=P(* =

1/p
)

PRrROOF. Let a € R be such that E||S||” = Elag1|P. Then
/ P~ P(||S| > t)at :/ tP~1P(|lag,| > t)dt.
0 0

So for some ty > 0 we have P(||S|| > to) = P(|ag1| > ¢o). Applying Theorem 1
we easily obtain that P(||S|| > t) > P(|agi]| > t) for 0 < t <ty and P(||S] >

t) < P(lag1| > t) for ¢ > to. Therefore for ¢ > 0 and p > g > 0 we get

(%)H(P(IISH > 1) — P(lagy] > 1)) < <%

IHP(IS]| > t) — P(lagi| > 1))
This gives

oo oo
/ t1P(||S|| > t)dt > / t7 1 P(lagy| > t)dt,
0 0

that is F||S||9 > E|ag:|? and proves (3).

Proof of Theorem 2.

During this section we will frequently use the following functions

LEMMA 1.  The function h(y) is decreasing for y > 0.
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Proor. We have to prove that T(y)eyz/2 is a decreasing function of y on

(0,00). To see this note that

d

gy Twe” ) =

(yeyz/2 /Oo e /2qs — 1)
y

¥~
3

1 2 ° 2
< = (eV /2 se” /2ds —1) = 0.
V2 y

LEMMA 2.  The function g(y) = h(y)~! — y? is non-decreasing for y > 0, in

particular
h(y)™t > y? 4+ 1.5 fory > 1.5
and
(4) V21T (y) > \/yjﬁe-’f/z fory > 0.
PrOOF. First let us notice that the function p(y) = V27T (y) — 6_::_22 is

decreasing on (0, 00). Indeed,

2
(y? +2)%2e¥ 20/ (y) = y* + 3y — (v + 2)*/2

1
P43y + (y2+2)

57 (0% +39)* = (v* +2)°)

3y% + 8
=— < 0.
yP 43y + (y* +2)37

As lim,_ .o ¢(y) = 0, we obtain the inequality (4). We have also

2

1 > 2 1 i 2 1 e ¥ /2

5 T(y :—/ e /2ds < / se” 2ds = — .
(5) 2 V2T Jy V2my Jy V2r oy

By (4) and (5) we deduce that 0 < g(y) < 2 for y > 0. Fix a € [0,2]. We only

need to prove that if g(y,) > a for some y, > 0 then also g(y) > a for all y > y,.
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1 6—1;2/2

> 4 : < 1 . . . :
Now, g(y) > a is equivalent to T(y) < Vo e Let us investigate behaviour

.2
e~V /2

- 1 _
B \/ﬁ\/yQ—&-a

V2re! 2 (y? + a)3 2yl (y) = (v + ) —y — y(y* +a).

of the function v, (y)

T(y). We have

Hence v/, (y) > 0 if and only if (y? + a)® > (y3 + (a + 1)y)?, which is equivalent
to (2—a)y* + (1+2a —2a?)y? — a® < 0. The left-hand side of the last inequality
is a second degree polynomial in y? with nonnegative leading coefficient 2 — a.
Moreover, for y = 0 the last inequality is obviously satisfied. Therefore there
exists a nonnegative number m, such that ¢, is non-decreasing on the interval
(0,mq) and it is non-increasing on the interval (mq,00). As lim,_ o ¥q(y) =0
this proves that 1, (y,) > 0 implies 1, (y) > 0 for all y > y,, which completes

the proof, since h(1.5)71 > 1.5% + 1.5.
LeEMMA 3. The function acT(ac)e””Q/2 is increasing on [0, 00).

Proor. We have
(V22T (z)e™ 12) = (1 + 22)V2rT(2)e" /2 — x,

so it is enough to show that \/h(z) > z/(x? + 1). But by Lemma 2

1 S T
242 2241

h(z) >

LEMMA 4.  The function F(x) = h(x)~! + 2InT(z) is non-increasing on

[0, 00).

PRrROOF. First let us note that, due to a well-known Komatsu’s estimate (see
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(3], p. 17),

1 2 a2

e
V2t x+ Va2 +4
Hence /h(z) > 2/(x + V22 + 4) and therefore

2z 2 9 .

T(x) >

1 (271'T(x)2ezz)’_ 2e~7"/2
h(z) 27T (x)2e*? V21T ()

_ 2 T 2 2
— h(x)<T(:r)+ ) h(x) h(m)3/2(

1—h(x) —zy/h(x)) <0

and the proof is completed.

LEMMA 5.  For any real y we have ®2(y)h(y) <

o0l

PROOF. Note that

S a(y)h(y)e

2

(42(y)T(y))?

= (1= 72([=lyl: [yl < [=lyl. [y])? < (1 = 72(B2(0, [y])))

1

ly]
- — / ’ e /2 2mrdr)? = (e*"/2/2)2 =V
2m 0

=(1

and the proof is completed.

LEMMA 6.  Let f be a non-increasing integrable function on (0,00) and u

any finite positive measure on (0,00). Then for any 0 < a3 < by <00, 0 < as <
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by < o0 such that a1 < ag and by < by we have

Jo f@du(@) _[,? f@)du()
plar,br) = plag,by)

Proor. This is obvious.

LEMMA 7. Forany 0 <c; <dy <00, 0 < ey <do <00 such that ¢ < ¢

and d; < do we have

@(dl) — (I)(Cl) > (I)(dQ) — (I)(CQ)
676?/2 _ efd%/2 - 6703/2 _ efdg/2'

PROOF. Let us notice that

V2 (®(d) — B(c)) = dQLe—y/Qd
(@(d) — @(c)) . 25 Yy

and we may apply Lemma 6 with f(y) = 1/,/y.

LEMMA 8.  Suppose that s > u > 0 and p > 0 satisfy the inequality

1
(© -0 < 1-0(p) + 51— 0(s)),
then
(7) %ew?—s?)/z L2 s

ProoOF. Ifwu > pthen (7) is obvious so we may assume that p > u. Inequality

(6) immediately implies that

and by Lemma 7
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From the above two inequalities immediately follows (7).

LEMMA 9. Ifc> 0 andpo > 0 are such that e=P° < 1—pg thene P < 1—p

for all p € [0,po]. In particular

(1 —p)e*™ > 1 for all p € [0,1/3]

and

(1 —p)e®?/ =49 > 1 for all p € [0,1/2].

PrROOF. The function e™“? — 1+ p is a convex function of p and that implies

first part. The last statements follow by the first one and inequalities e*/3™ > 3/2

and e2/(7=4/9) > 9,

LEMMA 10. Foranyp € (0,1/2] and 2 >0

pe—wz2/16p2 + (1 _p) > e—z/2

ProoOF. Using Taylor expansion we have
2

,2'/277rz2/16p2 1— z/2 > 1 f _ ™ 2 1— 1 i Z_
pe + (1 =p)e”” 2p(1+ 5 16p2Z)+( p)(L+5+3)

g2 T2 =lp oo
2 16p
so inequality is satisfied for z < 8p/(m 4 2(p — 1)p). It is enough to show that

flp)=(1 _p)e4p/(ﬂ+2(p—1)p) > 1.
If p < 1/3 then f(p) > (1 — p)e*?/™ > 1 by previous Lemma. If p € [1/3,1/2]

then (1 —p)p > 2/9, so again

f(p) > (1 —p)e*?/T=4/9) > 1.
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LEMMA 11. Ify<15andz>0 orif0 <z <y?+ 1.5 then

8) B(y)e MW/ 11— d(y) > e

Proor. If y < 0 then the lemma follows by Lemmas 10 and 5. For y > 0,
put R,(z) = e /2 — cI>(y)e_h(y)22/2 and M (y) = sup,~q u(y) Ry(2). First note
that in view of Lemma 1, R,(z) is a decreasing function of positive argument
y for any fixed z. As 1/h(y) is an increasing function for y > 0 we see that
SUP.~1/p(y) 1S taken over decreasing set. Together these facts show that M (y) is
non-increasing for y > 0. We have

9
0z

Ry(2) = Ry(2) = — e~ + By)hly)ze "0,

Therefore R (0) < 0 and R;(z) < 0 for z large enough. Note that R (1/h(y))
= (®(y) — 1/2) exp(—#(y)) > 0. As Rj(z) = 0 if and only if In(2®(y)h(y)z) =
h(y)z?/2 — z/2 we deduce that the function R, has for each fixed y > 0 at most
two local extrema on (0,00) because the left-hand side of the last equation is
concave and the right-hand side is convex. Summarizing these facts we arrive
at the conclusion that for each y > 0 there exist positive numbers a(y) < 5(y)
such that the function R, is decreasing on the interval (0, a(y)), increasing on
the interval (a(y), S(y)) to which 1/h(y) belongs and again decreasing on the
interval (8(y), 00). Therefore to prove our main claim, i.e. that T'(y) > R, (%) for
any y € [0,1.5],z > 0 it is enough to prove that T'(y) > M(y), as in the points

z =0 and z = 1/h(y) the claim is trivial.

Let us consider the following table:
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k Yk Ty Ty D, (02 h1 ho 2k AR ak b My

1 | 0.00 | .500 | .500 | .500 | .500 | 1.570 | 1.571 | 1.34 | 1.35 | .256 | .254 | .393

2 | 0.25 | 401 | 402 | .598 | .599 | 1.075 | 1.081 | 1.78 | 1.81 | .206 | .202 | .309

3 1049 | 311 | 313 | .687 | .689 | 0.772 | 0.783 | 2.26 | 2.33 | .162 | .155 | .242

4 10.69 | .244 | .246 | .754 | .756 | 0.602 | 0.613 | 2.70 | 2.80 | .130 | .123 | .192

5 | 0.87 | .192 | .193 | .807 | .808 | 0.493 | 0.499 | 3.16 | 3.25 | .104 | .098 | .149

6 | 1.04 | .149 | .150 | .850 | .851 | 0.411 | 0.417 | 3.62 | 3.72 | .082 | .077 | .117

7 | 1.18 | .118 | .120 | .880 | .882 | 0.351 | 0.365 | 3.97 | 4.22 | .069 | .060 | .104

8 | 1.25 | .105 | .106 | .894 | .895 | 0.330 | 0.337 | 4.23 | 4.40 | .061 | .055 | .087

9 | 1.35 | .088 | .089 | .911 | .912 | 0.300 | 0.308 | 4.53 | 4..72 | .052 | .047 | .075

10 | 1.43 | .076 | .077 | 923 | .924 | 0.280 | 0.288 | 4.76 | 4.99 | .047 | .041 | .067

11 | 1.49 | .068 | .069 | .931 | .932 | 0.267 | 0.276 | 4.92 | 5.20 | .043 | .037 | .064

12 | 1.52 | .064

Note: In the above table T; in the k-th row should be understood as T4 (yx),
similarly one should understand five next columns.
We leave to the reader checking that for £ = 1,...,11 the numbers in the

table satisfy the following inequalities:

Ti(yx) < T(yx) < To(yk), P1(yr) < @(yr) < Palyr),
ha(yr) < 20T (y)2e% < hiyy), ha(y) > 2nTo(yi)2e% > h(yy),

1 1
2, < Z, 56%’“/2 < ay, 5672"”/2 > by,

‘131(yk)h1(yk)zk6_h2(y’“)z’%/2 > a,
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(I>2(yk)h2(Z/k)Zke_hl(yk)Zim < by
and
Ty(yrs1) > My > e */2 — By (yy, )2 Zi/2,

Note also that T (y12) < T(y12)-

Now we are in a position to prove our claim. For each y € [0,1.5] we can find

ke {1,...,11} such that yr <y < yx+1. Note that

1
Ry, (21) = =5 /> 4 @y h(yn)ze 002

1
> _56_2k/2 + @y (i) ha (i) zwe "2 0R/2 > —ay 4 ay, = 0,
while

1 - —
R, (%) = —5e 212 4+ @y )h(ye) Zye M52

1
< —56_2’“/2 + @o(yk)ha(yn) Zre MW ZE2 < by 4 by =0,

which means that z, < S = B(yx) < Zi. Therefore,

M(y) < M(ge) = Ry, (Br) = e=P</% — B(gy)ehmIs/2

< e 2@y (yp)e M2 A < My < Ti(yps) < Tlyesn) < T(y),
which completes the proof in the case of y < 1.5. If y > 1.5, notice that we
have already proved (8) for 0 < z < 1/h(y). Thus Lemma 2 implies (8) for

0<2<y?+15.
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LEMMA 12. Letw >a >z >0 andy € R satisfy the inequality
(9) P(y)0(w) + (1 = 2(y)) () = P(a).
Then if y < 1.5 or a®> — 22 < y? + 1.5 we have

(10) w1+ k2e V)2 > V2r(a? — 2%)(1 — @(y)) + kze Y"/2 for any k > 0.

ProoOF. Dividing both sides of (10) by /1 + k2 and taking supremum over

k we have to prove that

w® > h(y)z* + 2*,

2

where z = a? — 2. Suppose that this is not true, then by (9) we get that

(y)2(Vh(y)z? +2%) + (1 - (y)) 2 (x) > (a)
SO
(11) (y)(@(Vh(y)z? + 2?) — (a)) > (1 - 2(y))(®(a) — O(x)).

Hence obviously h(y)z? + 2% > a®. Let us notice that

2

V2r(®(a) — ®(z)) = /: %e—yﬂdy
(12)

le_"”2/2(1 - e_Z/Q).

—z%/2 _ _—a?/2 —
(2 e =

>

SEE

In similar way we show that

67962/2(672/2 _ efh(y)zz/Q).

(13)  Vam(@(Vh(y)2? +a?) - ¥(a)) <

SHN

By (11), (12) and (13) we obtain

e > B(y)e MW 11— a(y),
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which contradicts Lemma 11.
LEMMA 13.  Ifp > 0 and q satisfy the condition
1
5(1=2(q)) =1—2(p)
then
46‘12_”21)2 —p? <In4.
Proor. Note that ¢ < p. We will consider several cases

Case 1: ¢> > p?. Then —q > p and therefore 1 — ®(q) = ®(—q) > ®(p) =

+ 1®(q), i.e. ¢ < ®71(1/3) < —0.4 and

(SIS

L 1
N P2 < @(p) — 5 = 5%

So, by Lemma 1

4pPe” 77" < 270(q)%e” = h(—q) < h(0.4)

= 2m®(—0.4)%e%1% < 0.876 < In 4.
Case 2: ¢*> < p? and ¢ < 0. Then ®(q) < %, so that p < ®~1(0.75) < 0.679
and
4p26q2_”2 —p? <3p* <In4.
Case 3: ¢ > 0. We will consider p as a function of ¢q. Then we have
d%(;.v2 —-q°) = 2pfl—§ —2q = pe® /2 _9¢.

However by Lemma 3, ¢1/h(q) < py/h(p) so

2¢ _2vh(p) _ o 2= 2 L) _ or-gt)s2

p  /h(Q T'(q)



18 R. LATALA AND K. OLESZKIEWICZ
Thus p? — ¢? is an increasing function of ¢. Moreover by Lemma 1, h(q) > h(p),

hence eP” =7’ < 4 and p? — ¢% < In4. Let us consider the following table

k| ak T, Dk dy,

1| 1.20 | 0.1152 | 1.58 | 1.057
2 10.52 | 0.3016 | 1.04 | 0.812
31 0.20 | 0.4208 | 0.81 | 0.617

4 | 0.00 | 0.5000
One can easily check that for k£ =1, 2,3,

Ty, > T(qx) = 2T (p)

and

2 — —
pi - q;% <di < (27"T1c2+1€q’““) '— ql%+1 < h(qrs1) t— q2+1-

Suppose that ¢ € [gr,qr—1) for some k = 1,...,4, where additionally we put

go = 00. Then by Lemma 2 and monotonicity of p? — ¢% we get for k = 2,3, 4
M) =@ >hlg) ™ —qi > da >pi — GG 20" — ¢
and for k =1,
h(g) ™ —¢® > h(q) ™' — ¢ > (2nT2e) ™ — g2 > Ind > p? — ¢,
Hence
p*h(g) < L.
Moreover, by Lemma 4, F(q) > F(p), so

h(p)™" = h(g)™" < 2In(T(q)/T(p)) = In4.



GAUSSIAN MEASURES OF DILATATIONS

Finally we get

4ﬁw%“m%ﬂﬂ%%—ﬂ=ﬁMM—L—gLﬁSym4

COROLLARY 4. Ifw? —p? > 1n4 then

PROOF. Suppose that y5(A) = 2®@(p) — 1 = &(q) then
1
(1 =2(@)=1-2()
and by isoperimetric inequality
P (A) > e
T 27
Hence if wy) (A) < pyi (P) then w < 2pe(® —P")/2 50 by Lemma 13
w? —p? < 4]726‘12_”2 —p? <In4
and we get a contradiction.
PrOOF OF THEOREM 2. By Corollary 4 we may and will assume that
(14) w? — p* < In4.
Let us define for z € [0, w)

A(z) = {(z1,22) € (—w,w) X R:|z1| <z or z2 < f(z1)},

Y(x) = 72(A(2))

and

1 w 2 2
d(z) = %/ e~ (M2, /1 4 (f'(t))2dt.

19
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Let a(z) and g(z) be given by the formulae

and
g(z) = 2mwd(x) + V2rx(1 — <I>(y))e_g”2/2 —V2rae™ /2,

where y = f(x). Then A(0) = A, v(0) = 72(A), 2d(0) = 75 (A) and a(0) = p, so
in order to prove the theorem we have to show that g(0) > 0. Since a(w) = w
and d(w) = 0 we have g(w) = 0, so it is enough to show that g is non-increasing
on [0, w).

Let us also notice that for y = f(z) and a = a(x) we have
(15) B(y)@(w) + (1 - B(u))P(x) > 1 + 2(x) = 2(a).

Moreover if k = — f/(x) then

d’(x)z— 2T
V(@) =22 =2 ‘éy)e—m

So since a'(z)¥'(a) = +'(z) we have
d(z) = (1 - B(y))el@ /2,
So we get that
612/29/(.%) =V2r(a® — 22)(1 — ®(y)) + kze V"2 = \/1+ k2we /2,

Therefore by Lemma 12 the proof will be completed if we establish the following

claim
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Claim Under the above notation it is not possible that y = f(z) > 1.5,

a(z)? > 2% +y? + 1.5 and w? — p? < In4.

PROOF OF THE CLAIM. Suppose that it is possible, so for some 0 < x < w,

we have y = f(z) > 1.5,a = a(z) > /22 + 32 + 1.5 and w? < p? + In4. Let the
line | tangent to the set A in the point (x,y) intersect the y-axis at the point
(0, s). Then since the set A is convex it is contained in the halfplane below the

line . Therefore

(D) +0(u) 2 5 + 332(4),

where D is a set of points which have negative first coordinate and lie above
the line [ and u is a distance from the origin to l. As y5(D) < 1(1 — ®(s)) and

Y2 (A) = 2®(p) — 1 we obtain

1
1—®(u) <1-—3(p)+ 5(1 — ®(s)).
So by Lemma 8
(16) %ew—s%/z Lz s

In particular, since u? < s? and u? < 22 + y? we get that w? < p? +1n4 <

u? +2In4 < 22 + y2 + 21In4. Let us notice that by (15)
(1= 2(y))(®(a) — 2(z)) < (y)((w) — D(a)).
Since a? > 22 + 92 4+ 1.5 > z2 + 3.75, by Lemma 7 we obtain

®(a) —P(x) > (1 — P(x))(1 — e(;pz_az)/2) > (1 - ®(2))(1 — e 157),
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Moreover (see the proof of Lemma 7)

1 2 2
P(w) — Pa) < " @ /2 _emw /2
() ~ 0a) < )
and by Lemma 2
1 —y?/2
1-®(y) > ———e"Y /%
2r(y? +2)

Hence

(1701 _ (I)(x))e:cz/Z < (1 _ 671.875)71—\/y2a+2(e(m2+y27a2)/2 _ e(zz+y27w2)/2).

Suppose first that x < 0.8, then by Lemma 1

(1—®(x))e /% > (1 — ®(0.8))e"32 > 0.29.

On the other hand, since \/y2 +2/a < \/(y> +2)/(y2 + 1.5) < 1/4.25/3.75 we

get by (17) that

. @?/2 < (1 _ o—1.875)—1 @ 70‘7571 <
(1—-®(x))e <(1-e )"/ 375 (e 4) <0.28.

This contradiction shows that # > 0.8 and then a > /22 +y2 + 1.5 > /y% + 2.

Thus by (17)
- 2?/2 (1 _ o—1875\=1( (a®+y*—a®)/2 _ (2®+y*—w?)/2
(18) (1 —®(x))e <(1-e ) (e e ).

Let us consider the following table
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k| dg T Ty Ck
1] 1.50 | 3.23 | 0.0005 | 0.092
2 | 1.85 | 2.29 | 0.0109 | 0.149
3| 2.12 | 1.80 | 0.0358 | 0.180
4 1227 | 1.53 | 0.0629 | 0.202
5239 | 1.31 | 0.0950 | 0.224
6 | 2.52 | 1.05 | 0.1468 | 0.254
7] 271 ] 0.51

23

The reader may check that the numbers in the table satisfy the following in-

equalities for k=1,...,6

and

The last inequality holds also for & = 7. Suppose that

where we additionally define dg = co. Then

and

uz—pQ§m2+y2—p2§x2+y2—w2—|—ln4gln4—dk.

rp > \/2Ind —di + \/—2111(2 — de—dr/2),

2

P +y? —u =2+ —w’ +w® —u® < —dp+2In4

T, <1-— <I>(a:k), cp < Tkewi/2

cp > (1 _ 6_1'875)_1(6_0'75 _ e—dk+1/2)

w? — 22 — y? € [dy, djy1] for some k=1,2,....7,
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Thus by (16) we get
52 —u? < —2In(2 — 26(“2*”2)/2) < —21In(2 — 4e~%/2),

Consider the triangle ABC with A = (0,0), B = (z,y) and C = (0, s), then by

Pythagoras Theorem

x < |BC| < /|AC]2 — u? + /|AB|? — 2

< \/72111(2 —de~9%/2) 4 \/2In4 — dy, < T).
Hence if kK = 7, z < 0.8 which contradicts our previous assumption. For & < 7

we have by Lemma 1
(1—®(x))e” /2 > (1 — Bap))e™ /2 > ¢

and

(1— 671.875)71(e(w2+y27a2)/2 . e(w2+y27w2)/2)

< (1 _ 671.875)71(670.75 _ e*dk+1/2) < .

The above inequalities contradict (18) and the proof is now completed.
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