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Summary

For the sum S = )" X; of a sequence (X;) of independent sym-
metric (or nonnegative) random variables, we give lower and upper
estimates of moments of S. Estimates are exact, up to some univer-
sal constants and extend the previous results for particular types of
variables X;.

Introduction. Let X7, X, ... be asequence of independent real random
variables and let S = ) X;. In the last few years several papers have
appeared in which there were found exact estimates (up to some constants)
of moments of S, i.e. of the quantities

ISll, = (E|S|)!/7.

The growth of moments is closely related to the behaviour of the tails of S.
In [7] and independently in [8] and [6] ch. 4 were found precise, up to some
constants, tails estimates in the case of X; = a;&;, where a; € R and (&;)
is the Bernoulli sequence. In [2] estimates for moments were given in this
case. This result was generalized in [1] to the case of X; = a;Y;, a; € R and
Y; i.i.d., symmetric random variables with logarithmically concave tails. In
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[4] were established estimates for moments of S, when X; are symmetric
random variables with logarithmically convex tails.

In this paper we give simple formulas for estimating of moments, which
hold in the general case when X; are independent symmetric or nonnegative
random variables (Theorem 1 and 2). In particular, using them we easily
derive the mentioned results. As a simple application, we also prove that
the constants C, in the Rosenthal inequalities

13- Xillp < Cpmax(|| 32 Xill2, G I1X:5)'77)

are of order p/Inp, c.f. [5].

Definitions and Notation. Let us define the following functions on R
for p > 0:
9017(1:) = |1 + $|p’
5 .

@p(z
For a random variable X we define
Cbp(X) = ESO;D(X)

and for a sequence (X;) of independent nonnegative (resp. symmetric) ran-
dom variables we define the following Orlicz norm

Xl = infe > 0 S n(6,() < o).

For two functions f,g we write f ~ g to signify that for some constant C,
C'f<g<Cf.

1. Nonnegative Random Variables. Let us begin with the following
simple lemma.

Lemma 1 For X,,..., X, independent nonnegative random variables we
have

Gp( X1+ ...+ X)) < dp(Xy) - oo- dp(Xn)-

Proof. Obviously it is enough to prove Lemma for n = 2 and this
reduces to the observation that

pp(z+ ) < pp(a)pp( ) forz, 0.
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Lemma X, Y are independent nonnegative random variables then

32X +6p (X)Y)  ¢,(X)p(Y).
Proof. First let us notice that (by ta ing p-th roots)
op(tx)  t*Pp,(z) fort 1,z 1,

hence
Ep,(2X + (25;; (X)Y) 1 E‘Pp(d):;(X)Y) 1
p(X)Epp(Y) 1. (1)
ince for 0 < Lz 0, 22+ ¢¥P(X) ) @1+ )z+ )=
©p( )pp(), we have
Epy(2X + ¢ (X)Y) 1 ¢p(X)Egp(Y) 1. (2)

(1) and (2) prove Lemma 2.

Lemma X1, Xo, ..., X, are independent nonnegative random variables
s hthat ¢p(X1) - ...  ¢p(Xyn) < P then

P2 2( X1+ ...+ X)) dp(X1) .. dp(X0).

Proof. Let Y = 2(¢p(X1)-...-¢p(X ))¥P(X1+...+X ). e prove by
induction that

¢p(Y) ¢p(X1) '---'¢p(X ) ( )

For = 1 it is obvious, so assume that ( ) holds for some . Then by
monotonicity of ¢, and the previous lemma

(Y 1) 62X 14+¢P(X 1)Y)  ¢p(X 1)e(Y)
Op(X1) - oo (X ).

eorem 1 et Xq1,Xs,...,X, be a se en e o independent nonnegative
random variables and p >0  hen the ollowing ine alities hold

X < IXi+ .+ Xl < X or p 1

and

& < 1K+ o+ Xallp < G, or p< L.
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Proof. Let us assume that
X
S m(6,(5) =p,
so that ¢,(X1/t) - ...- ¢,(X,/t) = P. By Lemma 1

X, +...+X,

By~

y< v

But @,(r) 2P forz 0, so for any nonnegative variable , ¢,( ) || |}
and therefore
| X1 +...+ X, < ¢

To show the other inequality, let us observe that by Lemma

X, +...+ X,
G2 2T (4

But for any nonnegative random variable

¢p( ) <A+ p)? forp 1, (5)

by the triangle inequality. For p < 1, since @,(z) < 14 2P for z 0, we
have that
¢p( ) <1+ |} forp<1. (6)

From (4), (5) and (6) we obtain the desired lower estimates, and this com-
pletes the proof.

In the particular case of i.i.d. nonnegative r.v. Theorem 1 yields the
following result of . . ontgomery- mith (private communication).

orollar 1 p 1 and X, Xq,...,X, are 11 d nonnegative random
variables then

pn,_ p
160+ Xallp ~ sup{= ()7 IX]] = max(L, ) < <}

Proof. By Theorem 1 we have

IX1 + -+ Xull, ~ inf{t > 0: 6,(X/t) < 7/},
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First assume that ¢,(X/t) < P/" and 1 < < p. Then since for z 0,
op(x)=((1+x)) (1+pz/) 1+ (p/ )z, we obtain

Py X n
Xy < o
Ifn p,then ?™—1< p/n,so that
Y/ LN
t LY 1X
(p) [1X]]

and if n < p and p/n, then ( ™ — 1) < and so we obtain
_1p b
t X SOV X
p
To estimate from the other side, we may assume that

pny p
sup{=(2)I1XI[ s max(L, ) < < p} =t

inceforz 0

o)< Pz yar, (7)

and » <(p/),ifn pwe have that

X p ||X||p p
oy (—) < — IX]|| + P 142K p/n.

Ifp n, wehave (p/n)¥/ < 1/ for p/n. Also || X < || X, for
< p/n. Therefore from (7) we obtain

b || ”p b
é X p /2 P x _‘<p< p/2zn L P p/n
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mmetric random variables.

Lemma et p 2 and real n mbers a satis ing the
onditiona+ = 4+ =2 henthe n tion

fA)=la+tlP+|[ —tf+| —tP+| +2/°
s nonde reasing ort 0

Proof. ince f is convex it is enough to chec that f (0) 0. But
pf(0)=lafa—| [P7* =[P 4] 7 =g( —1)—g( —1), where

g( ) =1+ P20+ )+ - P71 - ).

o it is enough to show that the function g is nondecreasing on [0, ). This
is true, since

g()=@-1)(A+ P?-@1- )% ofor €(0,1)

and
g()=@-1D+ P2=( —-1?) ofor €(1, ).

Lemma For Xi,...,X, independent s mmetri random variables and
p 2 we have

Gp( X1+ ...+ X,) < 0p(Xy) - oo- 9 (Xn).

Proof. The proof easily reduces to the case of n = 2 and X; = ze{, Xy =
g9, with 0 < < z. In this case this becomes the inequality

Go(x+ )+ @z — ) < 28,(2)@u( )

This follows by the previous Lemma, applied toa = 1—2x— , =1—2+ , =
l+z— and =1+z+ and f(zx ) f(0).

Lemma t 1,z landp 1 then

Poltz) PGy (). (8)
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Proof. Let us fix z 1 and define for¢t 1
s p
f(t) =Ing,(tx) — 9 Int.

e have to show that f(¢)  f(1). This is true, since f is nondecreasing on
[1, ). This is so because

_p(tz—1)(tz+ )P + (tz + 1)(tz — 1P
To= 2t (tz —1)P + (tz + 1)P 0

Lemma X1, Xo,..., X, are independent s mmetri random variables
s hthat ¢p(X1) - ... - 9p(Xpn) < P then orp 1

o2 2( X1+ ...+ X)) Bp(X1) e Bp(Xn).

Proof. Following the proof of Lemma , it is enough to show that

6p(2X + 6,(X)PY)  4p(X)g,(Y)

for independent symmetric variables X and Y .By the convexity of ¢,, we
obtain Ey,(a+ ¢) < Eg,(a+ ¢) for real numbers a, , such that | | <| |.
Therefore since ¢,(X) 1 we have for any real numbers z, with | | <1

Egy(e17)@p(e2 ) = Gp(@)Bp( ) = Epplea +ei1(r+ 62w )) <

Ep,(es +¢e12z) < Ep,(2e12 + ¢p(X)2/p52 ) =E@,(2e12 + ¢p(X)2/p€2 ).

ow we may proceed as in the proof of Lemma 2, using Lemma 6 and the
above inequality.
roceeding exactly as in the case of nonnegative random variables we
derive the following from Lemma 5 and 7.

eorem et X1,X9,...,X, be a se en e o independent s mmetr:
random variables andp 2  hen the ollowing ine alities hold

-1
I

(Xlllp < IXa 4o+ Xall, < [ -

Also in a similar way as in the nonnegative case, we prove the following.
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orollar p 2and X,Xy,...,X, areiids mmetri random vari
ables then we have

1+ Xallp ~ sup{EC) X max(2, 7)< <}
Remar 1. If we change In in the definition of |||(X;)]||, to log for
some a > 1, then the lower constants in Theorem 1 and 2 will change to
(a —1)/(2a%) and upper constants to a. The lowest ratio of these constants
is obtained when a = /2.
Remar . If X; are independent, mean zero random variables, and
(¢;) is the Bernoulli sequence independent of (X;) then

/2] 2 Xilly < [ 2 eXillp < 201 3 Xillp-

ence we may obtain Theorem 2 for mean zero random variables, with
slightly worse constants, by setting ¢,(X;) = ¢,(€:X;) = E@p(Xi).
Remar . Ifp 2 then by hintchine inequality we have for inde-
pendent symmetric random variables X;

ol 2o X <1122 Xilly <1 22 X2l

where , are positive constants depending only on p. o we may use Theorem
1 to obtain some estimations of moments for p 2.

am les of a lications. e give a few examples of random
variables X;, where one can compute the functions , equivalent to
5 10 6,(X;) in the sense that

(@i Xi)lllp ~inf{t >0:3" , (a;/t) <1}

e will assume that p 2 and use the following simple estimates of ¢,,.

-1 2
o) 14PNz P ()
4 8
@p(z) < coshpz < 1+p?2x? for plz| <1 (10)

and
1
max(g (1 +[2[)?, 1+ [2") < @p(z) < L+ |2} < 7 (11)
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1. Let € be a symmetric Bernoulli variable i.e. (¢= 1) =1/2 and

(t) — |t‘ if p‘t| 1
P pt?> if plt| < 1.

Then by a simple calculation we get In@,(te) <p , (t) by (10) and (11),
and In¢,(4te) pmin{l, , (¢)} by ( ) and (11). ence Theorem 2 yields
the following result (c.f. [2] )

1Y acll, ~ Y ai+ b al)?
i p i p

where (g;) is a sequence of independent symmetric Bernoulli variables, and
(a;) is a nonincreasing sequence of nonnegative numbers.

2. e may generalize the previous example. Let X be a symmetric
random variable with logarithmically concave tails, i.e. (| X| ¢)= ~
fort 0, where :R R { }isa convex function. ince it is only

matter of multiplication of X by some constant, we will assume that
inf{t >0: (¢) 1}=1. (12)

In this case, we will set

S o= Pl i oppt 2

pt? if plt| 2,
where (£) =sup{t — ():t>0}. e will prove that
Ing,(tX/4) <p , (1) (1)
and
pmin(l, , (¢)) <Ingy( tX). (14)

By the symmetry of X we may assume that ¢ > 0. If pt 2, by (11), and
integrating by parts

pp(tX/A)<EP /| =1+ - P <14 2R -
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Ifpt 2,thent 1. By the convexity of and the normalization property
(12), we get (z) =z forxz 1. ence

EX?<1+ 0 r=1+45 1<
1

and
E|1+tX/4P < ) 1 +tc/4P ~ =
p

/p
Therefore by (10) and (11) we obtain

< ~ /2 g osup [1+tx/4P T /2 <2 £2p?/8.
/p

bp(tX/4) < E(1 + p*t*X?%/16) + E|l +tX/4P < 1+tp%,

and (1 ) follows. To prove the second estimate, let us first assume that
pt 2. Then by (12), we have EX?  ~1. By () it then follows that

Ing,( tX) In(1+p** /8) p*t.
ow let pt 2, then (pt) 1.Ifp (1/t) then by (11) we obtain

g( tX) 1+ )P~ Y

o we need only consider the case when  (pt) =pt — ( )forl/pt < <
1/t. But in this case, by (11)

bl 1X) S0+ 1Y Poo=

The proof of (14) is completed.
From (1 ) and (14) we obtain the following slight generalization of the
result of [1]

||ZaZX ||, ~ inf{t > 0: Z (pa;/t) < p} + pZa 1/2

i p

where (X;) is a sequence of independent random variables with logarithmi-
cally concave tails normalized so that inf{t : (| X;| ¢ < '} =1, and

(t)=In (|X;] t),and (a;) is a nonincreasing sequence of nonnegative
numbers and p 2.
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. Let X be a symmetric random variable with logarithmically convex
tails, i.e. (| X| ¢)= - fort 0, where :R R is a concave
function and

p (t) = max(#[| XI|[P, pt”]| X|13).

e will prove that in this case
Ing,( ~*X) < max(t?|| X[I5, " | X[3) <p 5 (D) (15)

and
pmin(l, , (£)) <Ing,( %X). (16)

ince tX also has logarithmically convex tails, we may assume that t =1 .
First let C'= max(|X|[?, p*|| X |3). Then by (10) and (11) we have

bp( _ZX) < E(1+ —szz) p 1 tE 7P 1 p p» T
2 PEIXP . (17)

Integrating by parts, we obtain

E p

IA
—
|
~
S
+
|
~
S
\'PF

p p
but from hebyshev s inequality
— S C —2p

and

ence by the concavity of | ift= 14 (1— )p, we get
- e - p-1- <C - “wl- <02

Therefore,
E P » p <C 4+ C~t<C(™ + 7Y
Finally from (17), it follows that

Ing,(X)<In(1+C(~ + ~ + '+ ?)<hn(1+0)<C
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and (15) is proved. Let us now establish (16). e may suppose that
ép( 2X) < P, otherwise (16) follows trivially. But then, from (11), we
have that || X||, < ~!. Therefore, from hebyshev s inequality, (1) p,
and by the concavity of | we have (z) px forz <1. ence

1
EX? < 227" <27’
and
EX? | <EXP< P (%X)< P<p
Therefore p?EX? < | and hence by ( ),

2
In ¢,( 2X) 1n(1+% EX?)  pPEX2

By (11) we also have
Ingy( “X) In(1+ *E|IX|?) pmin(||X]],1)

and (16) is shown.
From (15) and (16) immediately follows the following result of [4], that

states
1" Xill, ~ Q- EXD)Y? + (03 EX)Y?
for p 2 and (X;) a sequence of independent symmetric random variables

with logarithmically convex tails.

Lemma X, are independent nonnegative random variables then or
p 1 and >0 we have

1+ )
p

X, are independent s mmetri random variables then we have or p
and € (0,1)

[(Xa)llp < 2max( (X EX). (L+ D (T EXD). (18)

1+ )/

(Xl < 2maX(iﬁ(Z EX?)'2, (1+3>p—1/p<2 E|Xif")'7) (1)

and orp € [2, ]
Xy < 2max((3S EXZ)Y2, 207 (3 BIXG[P)HP). (20)
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Proof. ince the function (1 + z)? is convex for p 1, the function
z71((1+2)? —1) is nondecreasing on (0, ). ence p,(z) <1+(1+ )P ~'z
for 0 <z < , and so

op(z) <1+ 1+ P o+ (1+ NaPforz 0.

Therefore
Ing,(X;) < (1+ )P 'EX;+(1+ 1HEX?,

and (18) follows.

To prove the inequalities for symmetric r.v., let us put f(z) = z72((1 +
z)? + (1 —2x)? —2) and g(x) =z f (x), whenever |z| < 1. e have g(0) =
g (0) =0, and

g9 (@) =pp-1)p-2)z((1+2)"" -1 -2)"")

ence for p  , f(z) is nondecreasing. Therefore for € (0,1) and |z| <
we have @,(z) — 1 < f( )z?/2 < “2?(1+ )Pz? Therefore

Gp(x) <1+ (1+ )P 222+ (1+ 1Pz

As above, this implies (1 ). If 2 < p < | f(z) is nonincreasing, hence for

lz| <1, we have ¢,(z) <1+ 7 2?. Therefore for any z we have

Gp(z) < 1+ pa’® + 2P|z P

and (20) follows.
From Theorem 1, 2 and Lemma 8 (ta ing c=Inp/p) we obtain the fol-
lowing result.

orollar here e ists an niversal onstant s h that i X; are in
dependent nonnegative random variables and p 1 then

I Xl < - max(Y EX, (30 EXD)'7)
np
and © X; are independent s mmetri random variables and p 2 then

13 Xl < ﬁ max((Y EX2)Y2, (3 E|Xi[P) 7).
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Remar . If we putin Lemma 8 = (2 —1)7!, then Theorem 2 yields
the following one-dimensional version of the result of inelis (c.f. [ | and
[10]). For independent symmetric random variables X;, and p 2 we have

||ZXi||p§ min{ pt R 2:1< <p}~ pt P 2t

where = (2 E|X;| )/ and is a universal constant.
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