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Abstract
We prove that for A € [0,1] and A,B two Borel sets in R™ with A
convex the following inequality holds true

2 (1w (A + (1= N)B)) 2 A8 (7a(4)) + (1 = N)@ " (7a(B)),

. . . . -1 . .
where 7, is a canonical gaussian measure in R™ and & is the inverse of
gaussian distribuant.

Introduction. Let 7, be a canonical gaussian measure in R™ i.e. the

measure with density

|z

Tn(dz) = (2m) /2 exp(— - )de

and let
1 e 2
¥() =m((-o0a) == [ ¥y foraek
T J—c0
A Ehrhard proved in [1] the following Brunn-Minkowski like inequality for con-

vex Borel sets A,B in R™:
37 (1a(AA+ (1= N)B)) 2 A7 (1a(4)) + (1 = M@ (7a(B)).

This is an important result which has found numerous applications in the theory
of gaussian processes and elsewhere.

It is still an open problem if this result remains true if we assume only that
A and B are Borel sets. In the book of M.Ledoux and M.Talagrand [2] it is
listed as Problem 1.

In this paper we generalize the result of Ehrhard to the case, when one of
the sets A and B is convex.

Let us start with the following lemma:
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Lemma 1 Let A = (a,b) be a finite open interval and numbers T'g, \ € (0,1)
be given. Then there exists an interval (c,d) with v1((c,d)) = I's such that for

each finite sum of intervals B with v1(B) = T'p we have
1 (AA+ (1= A)(e,d)) <m(AA+ (1 -N)B).

Proof: Let a positive integer n be fixed. We will look for the minimum of
71 (AA + (1 — X)B) over all sets B - sums of at most n open intervals (some of
them may be infinite) with the fixed gaussian measure v;(B) = I'g. It is easy

to notice that the minimum is taken for some set
Bg = (cl,dl)U...U(ck,dk), ca<di<c<...<dgk<n.

We are to show that k=1. Let us assume that k£ > 1, we have

k
A+ (1= NBo = | JAa+ (1= Neg, b+ (1= M)dy).

i=1
If for some ¢ < k [Aa+ (1 — A)c;, Ab+ (1 — Nd;] N [Aa+ (1 — A)cip1, Ab +
(1 — N)diy1] # 0 then we can find & > ¢; and d; > d; such that for B =
(&1,d1)U...U(ci,d;)U...U (ck,dr) we have v (B) = v1(Bg) and 11 (AA + (1 —
A)B) < v1(AA + (1 — M) Byp), but this contradicts the minimality of Bo. Hence
the intervals [Aa + (1 — A)ei, Ab+ (1 — N)d;] i =1,.. .,k are disjoint.
If ¢; = —oo we define the function ¢(e) for € > 0 such that

1 ((=00,d1)) = 1 ((¢(e),dr +¢)) (1)

and let B. = (¢(g),dy +6)UUf:2(c,-, d;) then for small enough ¢ v1 (B:) = 71(Bo)
$0

71 (AA+ (1= AN)B:) 2 71 (A4 + (1 = A)Bo). (2)

From (1) we obtain
®(dy +¢) — (d1) = D(p(e))

and from (2)

B+ (1 — A)(dy +¢)) — BOAb+ (1 — N)d1) > B(Aa + (1 — Np(e)),



but that is a contradiction since lim._,q —Q(A“j;&gsg“”(s)) = oo and
. BAb+(1—A)(d1+€))—B(Ab+(1—A)d1) _ D(Ab+(1—A)(d1+€))—B(Ab+(1—A)dy
lime o HAHEE=2N <1>(<p)()s>) QLN - 20 £§d1+s§l¢<§1) G < oo

So ¢1 > —o0 and analogously dj < oo.

Now let us define for small enough |e| the function ¢(e) by the condition

T ((e1 +¢&,d1) U(ca + ¢(e),d2)) = 71((c1,dr) U (c2,d2))-

It means that

D(c1 +e) + P2 + ¢le)) = P(er) + P(ca)

50 ¢(0) =0 and

¢ (0) = —exp(Z — ). (3)

Let B, = (e1+,d1)U(ca+0(e), d2) ULy (cs, i) and (€)= 11 (AA+ (1 N)B).
By definition of o(¢) we have v (B.) = 71 (Bo) hence ¢ (¢) > 1(0) and ¢’ (0) = 0.

Since
i) = PO0)+dAa+ (1 —=XNer) +P(Aa+ (1= Nez) +
—P(Aa+(1=A)(c1 +¢€) —PAa+ (1 = A)(e2 + p(€)))

we obtain from (3)

W (0) = %[_ exp(— (a + (12— Aer) T (Aa + (12— Nea) | %2 _ %1)]

so since ' (0) = 0
Aa+(1—-XNer1)2  Aa+(1-Ne)? & &

2 2 2

Therefore

(c1 +e)2—-X)=2(1-Na

and since ¢y > ¢;

2=Ne: > (1 - Na. (4)

In the same way we prove that

(2 - Ndy < (1—A\)b. (5)



Finally we find for small enough |e| the function ¢(e) such that
Yi((er,di +€) U (e2 + ¢(€),d2)) = mi((er,di) U (c2,dz))

that is
®(dy +¢) — B(c2 + ¢(e)) = (d1) — P(c2)

50 ¢(0) =0 and

90, (E) — exp( (C2 +;0(5))2 _ (dl ;5)2)‘ (6)

For B. = (c1,d; +€)U(ca +¢(e), dz)UUf:3(ci, d;) and ¥(g) = 1 (AMA+(1-1)B;)
we have 1 (B.) = v1(By) hence 1(g) > 1(0) so ¢ (0) = 0 and ¢ (0) > 0. Since

PEe) = P(0) — BAb+ (1 — N)dy) + B(Aa + (1 — Ne2) +
FE(Ab + (1 = X)(dr +¢)) = 2(Aa+ (1 = A)(e2 + ¢(¢)))

we deduce from (6)
-

W)= 15 fexp(- CHHI=AN)

—exp(

(7)

_Qat(1=N(eate(e)? | (eatp(e))? _ (dite)?
> T >

W0 =52 [~ =N+ (1= X)dy) exp(-AHIALE)
- (-a-N0a+ @ = Ne)ep(§ - ) +erexp(§ - §) —di)-
_exp(_(,\aJr(12—,\)c2)2 + c2_§ _ dz_f) )

®
Since ' (0) = 0 by (7) we have
(Ab+ (1 — N)dy)? Ma+(1-Ne)? & &

2 ) = exp(— 5 +§—3)a

exp(—

so from 4" (0) > 0 and (8) we obtain that

2 C%

eXp(%l)((l—(l—A)Q)dl—A(I—A)b) > exp() (1= (1=X)*)ea =M1 =N)a) (9)

But by (4) the right-hand-side of (9) is positive and by (5) the left-hand-side
is negative. This contradiction shows that ¥ = 1 and the proof of Lemma is

completed.



Corollary 1 If A=(a,b) and B is a Borel set in R then for A € (0,1) the
following inequality holds

7 (mAA+ (1 =NB) 2 A7 (n(4) + (1 -N@  (n(B)  (10)

Proof: By simple approximation arguments it is enough to show (10) when
B is a finite sum of open intervals.Then Lemma 1 reduces this case to the

situation when B is an interval. Therefore (10) holds by the result of Ehrhard.

Theorem 1 If A and B are Borel sets in R™ and A is convex then for X € (0,1)
the following inequality holds

2 (1 (A + (1= N)B)) 2 287 (72(4)) + (1 = N2~ (7a(B)) (11)

Proof: We use the same method as Ehrhard in the proof of Théoréme 3.1.
in [1]. We refer to this paper for the definitions of gaussian k-symmetrizations.

For n = 1 the theorem follows from Collolary 1.

Now let n=2 and f be an arbitrary 1-symmetrization in R?. Then one can

easily deduce from the already established case n=1 that
AMAI+ Q=N f[B] C f[AMM+ (1 —A)B]. (12)
Let us assume that (11) is false that is
AP (12(A4) + (1 = N8 (12(B) =27 (12(AM + (1-N)B)) =e >0 (13)
then since symmetrizations doesn’t change gaussian measure by (12) we have
AT (12 (FIAD))+(A=N) @ (12(F[B]) — @~ (2 (Af[A]+(1-N) f[B])) > . (14)

By Théoréme 3.1. of [1] f[A] is again convex set, therefore we can induc-
tively prove (14) for each finite composition f of 1-symmetrizations in R?. But
by Théoréme 1.6. of [1] we can choose a sequence f; of compositions of 1-

symmetrizations such that

fim (A2 (n(f5[AD) + (1 = N2 (12(f5[B))) = @7 (2 (Af[A] + (1 = N f[B])) = 0.



this contradiction shows that Theorem holds for n=2.

Finally let n > 3. Then as above we prove (12) for arbitrary 2-symmetrization
in R™. So if we assume (13) we derive (14) (with -, instead of 2) for f a compo-
sition of 2-symmetrization. But each n-symmetrization in R™ is a composition
of some 2-symmetrizations (Corollaire 2.3. in [1]) and for n-symmetrization f

we obviously have
A2 (7 (FIAD) + (1 = N2 (7 (F[B])) — @~ (va(AfIA] + (1 = N) f[B])) = 0.

This contradicts (14) and completes the proof.
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