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1 Introduction

A (homogeneous) polynomial chaos of order d is a random variable defined
as

i iy, ig Xy Xigs (1)

i1,eyig=1

where Xi,..., X, is a sequence of independent real random variables and
(Qiy iy )1<is,..ig<n 18 & d-indexed symmetric array of real numbers, satisfying
;,,...i;, = 0 whenever there exists k& # [ such that i, = 4.

Random variables of this type appear in many branches of modern prob-
ability, e.g. as approximations of multiple stochastic integrals, elements of
Fourier expansions in harmonic analysis on the discrete cube (when the un-
derlying variables X;’s are independent Rademachers), in subgraph counting
problems for random graphs (in this case X;’s are zero-one random variables)
or in statistical physics.

Chaoses of order one are just linear combinations of independent ran-
dom variables and their behavior is well-understood. Chaoses of higher or-
ders behave in a more complex way as the summands in (1) are no longer
independent. Nevertheless, due to their simple algebraic structure, many
counterparts of classical results for sums of independent random variables
are available. Among well known results there are Khinchine type inequal-
ities and tail bounds involving the variance (see e.g. [18, 11, 4] or Chapter
3 of [7]). There are also two-sided inequalities in terms of expectations of
suprema of empirical processes, which themselves are in general difficult to
estimate (see [3, 5] for Gaussian chaoses and [17, 1] for the general case of
chaoses generated by variables with log-concave tails).

In several cases, under additional assumptions on the distribution of X;’s,
even more precise results are known, which give two sided estimates on mo-
ments of polynomial chaoses in terms of deterministic quantities involving
only the coefficients a;, . ;, (the estimates are accurate up to a constant de-
pending only on d). Examples include Gaussian chaoses of arbitrary order
[14], chaoses generated by nonnegative random variables with log-concave
tails [15] and chaoses of order at most two, generated by symmetric random
variables with log-concave tail ([10] for d = 1 and [13] for d = 2).

The aim of this paper is to provide some extensions of these results. In
particular we provide two sided estimates for moments of chaoses of order



three generated by symmetric random variables with log-concave tails (Theo-
rems 3.1 and 3.2) and for chaoses of arbitrary order, generated by symmetric
exponential variables (Theorem 3.4).

Before we formulate precisely our main results let us recall the notion of
decoupled chaos and decoupling inequalities. A decoupled chaos of order d
is a random variable of the form

Z ail,-~~7idX111 o 'X;i, <2>

i1,eyig=1

where (a;,. i,)1<iy...i;<n i a d-indexed array of real numbers and X!, i =
1,...,n,l=1,...,d, are independent random variables.

One can easily see that each decoupled chaos can be represented in the
form (1) with a modified matrix and for suitably larger n. However it turns
out that for the purpose of estimating tails or moments of chaoses it is enough
to consider decoupled chaoses. More precisely, we have the following impor-
tant result due to de la Pefia and Montgomery-Smith [8].

Theorem 1.1. Let (a;, . i,)1<iy....ig<n be a symmetric d-indexed array such
that a;,...;, = 0 whenever there exists k ;é [ such that 1, = ;. Let Xq,..., X,

be independent random variables and (X )1<i<n, j = 1,...,d, be independent
copies of the sequence (X;)1<i<n. Then for allt > 0,

L;l]p(‘ Z ailv'--»idXill e Xgi
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where Ly € (0,00) depends only on d. In particular, for allp > 1,
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where Ly depends only on d.



If we are not interested in the values of numerical constants, the above
theorem reduces estimation of tails and moments of general chaoses of order
d to decoupled chaoses. The importance of this result stems from the fact
that the latter can be treated conditionally as chaoses of smaller order, which
allows for induction with respect to d. Since the reduction is straightforward,
in the sequel when formulating our results we will restrict our attention to
the decoupled case.

Let us finish the introduction by remarking that two-sided bounds on
moments of chaoses of the form (1) can be used to give two-sided estimates for
more general random variables, i.e. tetrahedral polynomials in Xi,..., Xy,
e.g. to polynomials in which every variable appears in a power at most
1. This is thanks to the following simple observation, which to our best
knowledge has remained unnoticed.

Proposition 1.2. For j = 0,1,...,d let (a], , )i<i,..i;<n be a k-indezed
symmetric array of real numbers (or more generally elements of some normed
space), such that azl L =00f i, =14 for some 1 < k <1< (for 7 =0
we have just a single number a(@)). Let Xq,..., X, be independent mean zero
random variables. Then there exists a constant Ly € (0,00), depending only
on d, such that for all p > 1,

d n d n
E E - d] Z Z j
H a'l'lw-vinil T X’LJ S LdH a‘il,...,inil e X’i]‘
§=0 i p P

i1 yeeig=1 G=0 i1,0yij=1

yeeeyl

Note that a reverse inequality boils down just to the triangle inequality
in L, and so the above proposition immediately gives two-sided estimates of
moments of tetrahedral polynomials from estimates for homogeneous chaoses.
Since the details are straightforward we will not state explicitly the results
which can be obtained from the inequalities we present. The easy (given
general results on decoupling) but notationally involved proof of Proposition
1.2 is deferred to the appendix.

The organization of the article is as follows. After introducing the nec-
essary notation (Section 2) we state our main results (Section 3) and devote
the rest of the paper to their quite involved proof. In the course of the proof
we provide entropy estimates for special kinds of metrics on subsets of certain
product sets (Section 5.2) as well as bounds on empirical processes indexed
by such sets (Section 6 and Section 7 where we also provide some partition
theorems). We believe that these results may be of independent interest.
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In Section 8 we conclude the proof of our result for chaoses of order three
and in Section 9 we give a proof of estimates for chaoses of arbitrary order
generated by exponential variables.

2 Definitions and notation

Let (X7)1<i<ni<j<a be a matrix of independent symmetric random variables
with logarithmically concave tails, i.e. such that the functions N7: [0, o)
— [0, 00] defined by

N](t) = —InP(|X]| > 1)

are convex. We assume that r.v.’s are normalized in such a way that
inf{t > 0: N/(t) > 1} = 1. (3)

We set
2 for [t] <1

N (1) = { NI([E]) for 1] > 1.

Remark When working with d = 1 we will suppress the upper index j and
write simply X; or V;.

Recall that the p-th moment of a real random variable X is defined as
1X |l = E|XP.

For a sequence (z;); of real numbers (sometimes multiindexed) we will
denote [[7]; = v/3, 22 and [lall, = ¥, |l

Forie {l1,...,n}¢and I C {1,...,d} we write i; = (ix)res. By Py we
will denote the family of all partitions of {1,...,d} into nonempty, pairwise
disjoint subsets. For J = {[1,..., 4} € Py, p > 2 and a multiindexed matrix
(a;) we define

(as) |1, (4)
k
= D, sw { Zainxgzl : ZNissll(H(Iézl)ih\{sz}H?) <plsis k}
s1€1l,...,s €I i =1 ’isl

Remark When I is a singleton, i.e. I; = {s;}, then for any fixed value of

is;, H(xgll)ifl\{sl}H? - mésl




In particular for d = 3 we have

||(a¢jk)||j{\{,2,3},p =Ssup { Z QijkLijh - Z N (\/m) = p}
— i Jik

ijk

+ sup { > aiprign: Y N; ( > x?jk) = p}
ijk j i,k

—i—sup{ Zaijkxijk: ZN]?( Zx%k) < p}7
ijk k 1,J

N
(i) L2310

:sup{zaijkxijyki ZN:( 23712]) SP,ZNS(%) Sp}

ijk i J k

+ sup { > aipriyr: Y Nf( > :c%) <p. > Ni(y) < p}
j

ijk ) k
and

| (az‘jk) H{{\{}{z}{s},p

= sup { Z QiKY 2% - Z N} (x;) < p, Z Njg(yj) <D Z Ni(z) < P}~
j k

ijk i

By BT and By we will denote respectively the standard ¢} and ¢ balls,
eg. Bl ={z eR": |z|]y <1} and B} = {z € R": ||z|]» < 1}.

Throughout the article we will write Ly, L to denote constants depending
only on d and universal constants respectively. In all cases the values of a
constant may differ at each occurence.

By A ~; B we mean that there exists a constant Ly € (0, 00), such that
L;'B< A< LyB. }

We will also denote X/ = (X7)i<i<, and write E; for the expectation
with respect to X7.



3 Main results

Theorem 3.1. For any d > 1 and p > 2 we have

1
| S axt Xt == > @)l (5)
. p L
i JEPy
Theorem 3.2. Ford < 3 and p > 2,

| S wxt o x SLa o @), (6)

JEePy
Remark 1. Let X/ = cg/, where g/ areiid. N(0,1) r.v’s. and 1 <c<10/9
is a constant for which the normalization (3) holds. Then t?/L < N (t) < Lt?
and for 7 ={I1,...,I,} € Py, p > 2

(@) 17, ~a p*2ll(@)] 7.

where i
l@lly =sup{ > a [Tk, ¢ llal, lo < 11 < U<k}, (7)
i =1

Theorems 3.1 and 3.2 (for arbitrary d) in this case were established in [14].

A standard application of the Paley-Zygmund inequality (see e.g. Corol-
lary 3.3.2 of [7]) and the fact that p-th and 2p-th moments of chaoses gener-
ated by random variables with log-concave tails are comparable up to con-
stants depending only on the order of the chaos yield the following corollary
(for details see the proof of Corollary 1 in [14]).

Corollary 3.3. Ford <3 andt > 0,

> 3 l@)l¥,) < Lae™™,

1 —t/L 1 d
Lok cr([ S x:
i JeP,;

We are not able to show Theorem 3.2 for d > 3 in the general case.
However we know that it holds for exponential random variables.

Theorem 3.4. If Nij(t) =1t foralli,j and t > 0, then for any d > 1 and
p > 2 the estimate (6) holds.



4 Proof of Theorem 3.1

We will proceed by induction with respect to d. The case d = 1 was proved in
[10]. Let us therefore assume that the theorem holds for all positive integers
smaller than d > 1.

Note that since we allow the constants to depend on d, it is enough to
show that the left-hand side of (5) is minorized by each of the summands on
the right-hand side.

For any J = {I1,...,I} € P, with k > 2, the induction assumption
applied conditionally on (X7);c;, gives

Hzaxl

Z
p~ La—yn

L E((Sa 1), I

l]1

)p) 1/p
I\{I1}p ’

(8)

lIc

where N/ = ( )1<z<n JEIS
Let us fix arbltrary sy € 1Iy,...,8, € I,. We have

2 (|(Sa T, I

1[1

_IEh(sup{’Z( alHXii)ﬁIiIz :

IIC 1[1 rely =2

\7! l
Z Nisl (H (xill )ilz\{sl}

is,

z<zainxz;)ﬁxa

ilf iIl rely =2

Z ’sl 111 lfz\{Sz}

lsl

(sup{‘ZCLle”

where the last inequality follows from another application of the induction
assumption, this time to a chaos of order #I;. Since the indices sq,...,sq

)p
I\{I1}.p

lIc

) <p2<i<k})

p

> sup {Eh

l2) < p,2§l§k}

P
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run over sets of cardinality not exceeding d, the above estimate together with
(8) imply that
H Z a; X, !

The case k = 1 requires a different approach. Again it is enough to show
that for each [ € {1,...,d},

H;aiX}l...XZ pZSup{Zaxl Z ((Z .)1/2> gp}.

l{l}c
Consider any x; such that 37, Nfl((zi{l}c x3)1/?) < p. By the symmetry of

X! we have

2l

d
X

p
= ElE{l}c Cll
p

2%,

> E| ) XLEq
i

l{l}c

Z%H

l{l}c k,‘#l

1 1/2
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B S () (24"
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1
> L_Z Zaixi

i

p

v
|
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v
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p

Y

where the first inequality follows from Jensen’s inequality, the second one
from hypercontractivity of chaoses generated by log-concave random vari-
ables combined with the contraction principle and the third one from the
induction assumption.

5 Preliminary facts

In this section we present the basic notation and tools to be used in the proof
of our main results.



5.1

1.

Some additional notation

By 7+ we will denote the distribution of tG,,, where G,, = (g1, .., gn)
is the standard Gaussian vector in R™. Let also G = (gi,..., ') be
independent copies of G,.

By vy we will denote the distribution of t&,, where &, = (&1, ...,&)
is a random vector in R"™ with independent coordinates distributed
according to the symmetric exponential distribution with parameter 1.
Thus v,,; has the density

dvn(x) = (2t) " exp < - Z | ;| )

We also put £ = (&, ...,&) for i.i.d. copies of &,.
Let us note that E¢? = 2.

For any norm o on R™""¢ = R" ®- - -@ R"¢ (which we will identify with
the space of d-indexed matrices, i.e. T;®---Qxy = (H;l:1 mgj)lﬁzj,...,idgm

where z; = (27,...,27)), let po be the distance on R™ x- - - x R™ (which
we will identify with R™*+74)  defined by

Pa(X,Y)=a(11 Q@ - QTg—y1 @ -+ @ Ya),

where x = (z1,...,24),y = (Y1, - -, Ya)-

For x € R™* "+ and r > 0 let B,(x,r) be the closed ball in the
metric p, with center x and radius r.

Now, for T'C R™ x --- x R™ ¢t > 0, define

Y W),

k=1 Ic{1,..d}.#I=k

M~

Wf(a, t) =

where for I C {1,...,d},

Wh(a) = supEa((HkaHglk%h B >

xel k¢l kel
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5. Similarly, for ¢ > 0, T"C R™ x ... x R™ we put

Vi t)y:==> 1" > Vi(a),

k=1 IC{l,..d}: #I=k

Vi) = supEa((H:vlk Hf“‘)“, B )

xeT k¢l kel

where

6. For s,t >0, T C R™ x ... x R™ we define

Ul (a, s,t) Z Z s#lt#JUZJ(a)

1,JC{1,...,d},
#(IUJ) k,INJ=0

where

U;J(a)::supEa<( H qulkH ) )

xel kE(IUJ) kel ke

Remark Let us notice that Uj (o) = V' (a), whereas U (o) = W/ (a).

The quantity W7 was defined in [14], where it played an important role
in the analysis of moments of Gaussian chaoses. The quantities V" and U ;
will play an analogous role for chaoses generated by general random variables
with logarithmically concave tails (as will become clear in the next section,
they will allow us to bound the covering numbers for more general sets than
those which were important in the Gaussian case).

5.2 Entropy estimates

In this section we present some general entropy estimates which will be crucial
for bounding suprema of stochastic processes in the proof of Theorem 3.2.

The first lemma we will need is a reformulation of Lemma 1 in [14]. The
original statement from [14] is slightly weaker however the proof given therein
justifies the version presented below.

Lemma 5.1. For any norms ay,a on R, y € BY andt > 0,

1
Tt <:13: ai(z —y) < 4By (Gp), i =1, 2) > 56—1/(2,52).

11



Lemma 5.2. For any norms ay,ay on R™, y € aB} and t > 0,
Vm(x: ai(z —y) < AEwy(E), i = 1,2) > %e_a/t.
Proof. Let
K :={z e R": ai(x) < 4tEay(&,), aa(z) < 4tEas (&)}
By Chebyshev’s inequality,
1 — v (K) <Py (t€,) > 4Eay (t€,)) + P(as(tE,) > 4dEas(t€,)) < 1/2.

We get for any y € aBY,

il + 1) = @) [ exp (=3 3 koo
i=1

2 e (=7 lul) [ ot

> exp(—a/ti(K) > 7 expl—a/t).

Finally, notice that if € y + K, then o;(z — y) < 4tEq;(&,), i =1,2. O

Before we formulate the next lemma, let us define p, s, (where s,¢ > 0)
as the convolution of v, s and v, ;.

Lemma 5.3. For any norms aq,ae on R", any a > 0, y € BY + aB7 and
s,t >0, let

K =A{z: an(x — y) < 4sEoy (G,) + 4tEa; (E,),
az(z) < 4sEas(G,) + 4tEas(E,) + a2(y) }-

Then
1 s)—a
finst(K) > 4_16 1/(2s*)—a/t

Proof. We have y = y; + y, for some y; € BY, yo € aB}. Define

Ky ={z e R": ay(x — 1) < 4sEay(G,),i = 1,2},
Ky ={x e R": a(x — yo) < 4tEe;(E,), 71 = 1,2},

12



For x = x1 4+ 2, where z; € K;, j = 1,2,
ar(x —y) < ai(zy —y1) + ar(xg — y2) < 4sEay (G,) + 4tEaq(E,)
and similarly
az(z) < ag(x —y) + a(y) < 4sEas(G) + 4tEas(E,) + aa(y),
therefore K; + Ky C K. We thus have

1
Mn,s,t(K) 2 Mn,s,t(Kl + KQ) Z ’Yn,s(Kl)Vn,t(KQ) Z Ze_l/(252)_a/ta

where in the last inequality we used Lemmas 5.1 and 5.2. O

Lemma 5.4. For any s,t > 0, a = (ay,...,aq) € (0,00)¢ and x € (By* +
a1 B") X ... X (By* + aqBy*) we have

« . 1 .
Bt gt (Ba (%, U (0, 45, 41))) > 4 dexp(— Sds™ = [lallit 1). 9)

Proof. We will proceed by induction on d. For d = 1, inequality (9) follows
by Lemma 5.3. Now suppose that (9) holds for d — 1. We will show that it
is also satisfied for d. Let us first notice that

d - ; d o 1,.d d -1, d-l
(&7 -gv)se@ - ran(gr—gy). W

% %

where o' and «,, are norms on R™ and R™ "1 respectively, defined by

al(z) = a(jéll TR z> and  au(2) = a(z®y).

Then
sEa'(G,) + tEa' (£,) = sU y(a) + tUST, (a). (11)
Moreover if we put 7(x) = (z',...,2%7") and define a norm a2, on R™ by

the formula
O‘i,t(y) = chir(lx”(ayv = t)

then
SEO‘it(Gn) + t]Eait(gn) + ait(xd) (12)
= Z s#lt#JU}{f]}(a,t) — [sUgj}{w(a) + thﬁg}(a) )
1,JC{1,...,d}

TUJ#0,INJ=0

13



Notice also that by the induction assumption we have for any z € R™,

nit..4ng_1 . -1 ,  d-1 2
Hony+..4ng_1,s: (Y ER Doy E)l T — E)l y )< 0443,4t(2> (13)
> gl exp(—(d — 1)8_2/2 — ((Z1 + ...+ ad_l)t_l).
Finally let
A(x) := {y € Rt-Tna: ol (g4 — ¢?) < 4sEa'(G,,) + 4Ea(E,,),
CkisAt(yd) S 48E&is,4t(Gnd) + 4t]Eais,4t(gnd) + a?lsAt(xd)?
-l g a1l g 2 d
ayd igl x i(§1 Yy S a4s,4t(y ) .

By (10)-(12) we get A(x) C B,(x, Uéx}(a,4s,4t)) and therefore by (13),
Lemma 5.3 and Fubini’s theorem we get

Mg+ 4ng,st <Ba (X, UiX} (OZ, 48, 4t)> >

2 ,un1+...+nd,s,t(A(X))
>4 exp(—(d —1)s72/2 — (ay + ... +ag_1)t ™) -4 exp(—s72/2 — agt™")
=4 %exp(—ds2/2 — |la|t7).

]

Corollary 5.5. For any T C (By' + a1B") X ... x (By* + a4B{") and
s, t € (0,1],

N(T7 Pa, Us (v, s, t)) < exp(Lds™ %+ Ll|alj;t™").

Proof. Obviously Ul (a, s,t) > supycr Uix}(a, s,t). Therefore by Lemma 5.4
we have for any x € T,

finsttnant ( Ba (%, UF (0,45, 41) ) ) = 47 exp(—ds™2/2 = allit ™). (14)

Suppose that there exist xy,...,xy € T such that p,(x;,x;) > Ul (a, s,t) >
2UF (o, s/2,t/2) for i # j. Then the sets B,(x;, Ul (a, s/2,t/2)) are disjoint,
so by (14) we obtain N < 4%exp(32ds—2 + 8||al[;¢~*). Hence

N(T, Pas U(f](a, s,t)) < 4%exp(32ds™2+8||al|1t ™) < exp(34ds2+-8]al|it 7).
L]

14



We will also need the following standard lemma, whose proof we provide
for the sake of completeness.

Lemma 5.6. For any n and any norm « on R", Ea(G,) < 3Ea(E,).

Proof. Let g and & be respectively standard Gaussian and symmetric ex-
ponential random variables. For ¢ > 0 we have P(|g| > t) < e /2 and
P(|¢| > t) = e~*. Thus for ¢t > 2 we have P(|g| > t) < P(|¢| > t).

Consider now G,, = (g1,.--,9n), En = (&1,-..,&). Define moreover in-
dependent random variables X, ..., X, distributed as |g|1{>2y. Since for
all t > 0, P(X; > t) < P(|&| > t) we can assume that X;’s, ¢g;’s and &;’s are
defined on the same probability space together with a sequence ¢4, ...,¢, of
independent Rademacher variables, in such a way that for all 7, X; < |&]
pointwise, g;’s, &’s, €;’s are independent and X;’s are independent of &;’s.
We can write

Ea(Gn) :Ea(51|gl|> cee 75n|9n|)
<Ea(e1|g1]1g,<2}s - - - 5 EnlgnlL{igni<2y)
+ Ea(ei]g1[1ggi 52, - EnlgnlLgigai>2})
<2Ea(er, ... en) + Eale1 Xy, ..., e, X,)
<OE. (e Eeléa], ... enBelénl) + Ealer|éuls . s nlénl)
<BEa(&y,---,6n),

where in the second and third inequality we used (conditionally) the contrac-
tion principle. O

Corollary 5.5 together with Lemma 5.6 yield
Corollary 5.7. For any T C (By + aB})? and any t € (0,1],
N(T7 Pa; VYdT(aa t)) < eXp(Ldt_2 + Ldat_l)'

We would like to remark that by applying Corollary 5.5 with t;a; instead
of a; and letting ¢; tend to 0 or infinity we can obtain similar results for
Cartesian products of the form x¢_, K; where Kj is either B} or a; B?. Such
results can be also obtained directly by following the proof of Corollary 5.5
and using Lemmas 5.1 and 5.2 instead of Lemma 5.3. We will need such
entropy estimates only for d = 1 and K = aB}. This case, described in the
next corollary, follows just from Lemma 5.2.

Corollary 5.8. For anya >0, T C aB} and t € (0,1],
N(T, pa, tEa(E)) < 2exp(8at™t).
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5.3 Concentration of measure for linear combinations
of independent random variables with log-concave
tails

Similarly as in [14], the proof of our main results will rely on induction with
respect to d, the order of the chaos variable. The base of the induction,
i.e. the case d = 1 was obtained in [10] by Gluskin and Kwapien and later
extended in [12] to linear combinations of independent symmetric random
variables with log-concave tails with vector valued coefficients. Below we
present the more general vector-valued version, together with some of its
rather standard consequences, which provide the toolbox to be used in the
proof. All the lemmas below contain the special case of Gaussian variables
and reduce in this case to standard facts about the concentration and inte-
grability for suprema of Gaussian processes.

In the rest of this section we will use the assumptions and notation in-
troduced in Section 2 specialized to the case of d = 1. In particular we will
suppress upper indices (see the remark after the definition of the functions
NY).

Lemma 5.9 (Theorem 1 in [12]). For any bounded set T C R™ and all p > 2
we have

<

teT teT

4—sup{2:1535z teT,xeR", ZN ;) <p}

teT

Thus, for any u > 0,

teT

d

1—|—sup{; x x Z (x;) <u <e

teT p—
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Remark Using the notation of Section 2, we can write

sup{thl teT, xeR", ZN o) <P}—SUP||t||{1}pa

i=1 =1

which shows that the above lemma is indeed a strengthening of the case d = 1
of Theorems 3.1 and 3.2.

Lemma 5.10. Consider arbitrary sets Ty, ..., T,, CR™ and let'T = UTZI T;.
Then

EsupZtX <L<maXEsupZtX

teT Jsmeo ey

—I—sup{z Drict,se T v eR", ZN ;) <logm}>

=1

Proof. For m = 1 the theorem is obvious, so we will assume that m > 2. Let
us fix arbitrary s € T'. Since EX; = 0, we have

EsupZtiXi :EmaxsupZ( $i) X <]Emaxsup’z

J<m ey

Let A =sup{> " (t; — s))z;: t € T,x € R*, 32" Ny(x;) < logm} and note
that by the convexity of N; and the definition of N;, for any u > 1,

N;(z/u) < Ny(x)/u, (15)

which implies that for u > 1,

n

sup { Z(tz —s))rite T, x e R, ZNZ(%) <2u logm} < 2uA.
i=1

=1

Thus by Lemma 5.9 and the union bound, for any u > 1,

;| > Lmax[Esup Z(tz —5;)

P(maxsup Z(tz —5;) ax B sup
€4y

j<m teT); i=1

—2ulogm ~

< me < 0,
2u

17



which by integration by parts gives

)

To finish the proof of the lemma it is therefore sufficient to show that for all
J=m,

<L<r]n<a7t7}1(Esup’Z

teT ' % 1 teT;

Esup‘zn:(ti— )X <L<EsupZtX +A) (16)

teT); i=1 teT)

E sup t; — s;)X;| < Esup ti — 2)X; —i—E‘ zi — 8;) X
sup| 2t = 50X < Boup| ) _(ti = 2)Xi[ +B| D (a1 = 50
n n 1/2
< Esup Z(tz — 2;) X;| + L(Z(Zz — Si)2>
teli T i=1
< Esup Z(t, — 2))X;| + LA, (17)
tETj i=1

where in the first inequality we used the fact that variances of X;’s are

bounded by a universal constants, whereas in the second one, the estimate

(0 (2 — 0)2)2 = sup{ 0, (2 — suss Y0, u? < 1} < (log 2)~/2A for

m > 2, which is an easy consequence of the fact that N;(u) = u? for |u| < 1.
Let us now notice that

teT; 1
= Emax (sup (2:(75Z — ZZ)X1> , Sup < (t; — zz)XZ> )
tETj i=1 + tGTj i=1 -
< Esup ( ti — 2 Xi> + Esup ( ti — 2 Xz->
teTy 121( ) + teT) Zl< ) -
= 2Esu t; — 2 Xi> = 2Esu t; — 2;) X,
up (D0 20Xi) = 2Eeupd(ti — =)

18



where in the second equality we used the symmetry of X;’s and in the last
one the fact that z € T}.

The above inequality together with (17) proves (16) and ends the proof
of the lemma. O

Let us finish this section with a version of Lemma 5.10 in the special
case of Gaussian variables. It improves on the inequality of Lemma 5.10,
as it asserts that the constant in front of maxj]EsupweTj >, wig; may be
taken to be equal to one. This result is again pretty standard and its proof
can be found e.g. in [14] (see Lemma 3 therein). It is analogous to the
argument presented above, but instead of Lemma 5.9 it uses the Gaussian
concentration inequality.

Lemma 5.11. Let gy, ..., g, be independent standard Gaussian variables and
let T'=Uj;~, Tj CR". Then

EsupZtlgz < maXEsupthgz + L+/logm sup (Z . ti)Q)l/z‘

zeT Mmoo teTy =1 steT N

6 Suprema of some Gaussian processes

The main result of this section is Proposition 6.1 below, which is a strength-
ening of Theorem 3 of [12] in the special case d = 3. Before stating the
proposition we need some additional definitions.

For a triple indexed matrix A = (a;;) and a set T C R" x R", let us
define

Ay(T) = sup {(Z (Z aijr(Tiy; — fi@j)>2>l/23 (z,y), (2,9) € T}
and

1= s (5 () (S (San)) ]

($,y) €T 1 1k i

Proposition 6.1. For any p > 2 and any set T' C (B3 + /pBY) x (B3 +

VPBY),
E sup Z Wik TiYige < L[\/_AA( ) + 55 (A) + %(Z a?jk>1/2]'

(z,y)ET

ijk ijk
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Before we pass to the proof of Proposition 6.1 we will prove its counterpart
for double-indexed matrices. This simpler result will be used in the proof of
Proposition 6.1. Recall the notation introduced in (7), according to which
|||l 1,23 is the Hilbert-Schmidt norm of a matrix (i.e. for B = (b)), || B||f1,23 =

N

Lemma 6.2. For any matrix B = (b;;)ij<n, a > 1 and T C aBY,

Esup > bywigy < La'?| Bl (1Bl a2y A Ap(T)Y? + La'2Ap(T),
T =1

< L(|IBll a2y + ads(T)).

. . 2\ 1/2
where Ap(T') = sup, yer <Zj:1 (Zm bij(zi — 902)) ) :

Proof. Let us consider the process Z, = Z?j:l bijr;g9; and the associated
metric

dz(x,2') = ||Zy — Zywll2 = (i (ib”@l B $;)>2) 1/2

Jj=

We have Ap(T) = diamg, T Since E( 7, (377, b)Y < V2| B2y,
by Corollary 5.8, we have for ¢ € (0, 1],

N(T,dz,t|Bllq1,2) < exp(Lat™),
so for € < || Bl {1,235
N(T,dz,¢) < exp(L||B||q1,2pae™").

By Dudley’s bound (see [9] or e.g. Corollary 5.1.6 in [7]) we have

Ap(T)
Esup Z, gL/ VIog N(T,dy, <)de
0

zeT

1Bll{1,23AAB(T)
=9 @Bl 2de
0

Ap(T)
+ L / a'’?de
1Bll{1,2y/NAB(T)

=La'2|[B|| 1% (1Bll 1.2 A Ap(T))"/2 + La'2Ap(T).

20



The second estimate of the lemma follows from the inequality 2,/zy <
a2z + a2y,
O

Lemma 6.3. For any matriz B = (bi;)ij<n, any T C By +./pB} andp > 1,

E sup Z bijxig; < L(HBH{1 2y + PAB(T ))

IGT’L] 1

where Apg 1s as in Lemma 6.2.

Proof. Since E(Y_7_, (377, ;&))" < V2||Bllj1.23, by Corollary 5.8 (with
= /p and t = 1/(v/2p)) there exist sets K; C /pBy, i = 1,...,N <
exp(Lp), such that

N
VpBY = U K;
i=1
and
Ap(£:) < p~ 2| Bllp 2y (18)
By Lemma 5.11 we have

Esup Z bijrigi = Emax  sup Z bijxig;

z€T =N 2eTN(BR+K;)

< max[E sup wang] + L+/log NAg(T

SN 2eTN(BI+K;)

< max (IE sup Zbljajlg] +E sup Z szng]> + L\/pAg(T)

i<N z€BY

< ||B||{12}+L(||B||{12}+\/_AB( ))+L\/_AB( );

(19)
where in the last inequality we used Lemma 6.2 and the fact that
E sup 3 baig; = E\/DZ biggy)? < | Bllus.
veBE i
Inequalities (18) and (19) imply the lemma. O
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For a triple indexed matrix A = (a;;x)i jx, let a4 be a norm on R"Q, given

by
2\ 1/2
OéA(Z) B <Z (Zai]’kzi]) > .
k irj
To simplify the notation we will write p4 for p,,. Note that

pA((l'la yl)a (x2?y2)) = (E(X(ﬂfhyl) - X(x27y2))2>1/27

where
Xy = Z ik TiY; G-
ijk
We will also need a norm on R™ x R™ defined by

anlr) = (X (D)) "+ (X (S eom) )

ik 7 ik J

1/2

The corresponding distance on R™ x R™ will be denoted by p4.
We will use the following consequences of Corollary 5.7.

Corollary 6.4. For any p > 1, any set T' C (By + /pBYy) x (B3 + \/pBY)
and any t € (0,1],

N(T, pa, 22| All {103y + tsL(A)) < exp(Lt—2 + Ly/pt?).

Proof. 1t is enough to notice that

‘/{711,2}(0é,4) = E( Z (Z aijk§3€?)2> 1/2

k
24 1/2
<(EX (Xaweg) ) =24lozn,
k ij
whereas

Vﬁ}(aA) + V{E}(QA)

= Ssup <Z (Zaz‘jkfz’yj>2>1/2 + sup E( ( az‘jkfifj)z)l/?
k

(z,y)ET T (z,y)ET i
24 1/2 2\ 1/2
2 sup ( (Zazjk%) > +v2 sup (Z (Z%jk%) )
(z,y)ET ik i (z,y)ET ik j

§2\/_52( ).
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The statement of the corollary follows now from Corollary 5.7 applied with
d=2. O

Corollary 6.5. For any p > 1, any set T' C (By + /pBY}) x (B3 + \/pBY)
and any t € (0,1],

N(T, pa, t|Allq123)) < exp(Lt™ + Ly/pt™h).

Proof. Let (E',E?) be a standard exponential random vector with values in
R™ x R™ = R?"., We have

Ea(E',€%) < 2v2| Al 1,25,
hence the corollary follows from Corollary 5.7 with d = 1 and the fact that
(By + /pBY) x (By + /pB}) C V2B2" +2/pB?". (20)
O

To simplify the formulation of the next lemmas let us denote

FS(T)=E sup > > aijutiy;ge.

(z,y)€T k ij

Lemma 6.6. For p > 1 let (x,y) € (By + /pBY) x (By + /pBT) and let
T C (By + /pBY) x (By + /pBY). Then, for any | > 0, there exists a

decomposition
N
T =T,
i=l

with N < exp(L2%p), such that for alll < N

F§((x,y) +T) < F§(T) + La((x,y)). (21)
and

AA(T) < 27p ™ 2sT(A) + 272p 7| All 1 2.3 (22)
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Proof. We apply Corollary 6.4 with t = 2~!p~1/2, which gives us a partition
of T into N < exp(L2%p) sets, satisfying the required diameter bound (22).
Let B' = (by,), B* = (b3,) where

1 2
biy = E QijkYj, bjk = E AijkLi
j i
We have

5(30 (Xe) >” 22 (Xms))”

<Z <Z%ky”> )1/2 * \@(%: <Zi:aijk$i>2)l/2
- \/_a((ﬂf»y)%

therefore (taking into account (20)) by Corollary 5.7 (with d = 1, a = |/p
and ¢t = 1/(L./p)), there exists a partition of T into at most e’? sets S; such
that for all [,

w (S (Sne-))" s (S (S -w)) ]

(xlvy/)a(xllvy”)esl
1

754(( v))-

We can intersect this partition with the previous one to obtain a partition
of T into at most e£2*? sets T;, such that (22) holds and the above inequality
is satisfied with 7; instead of S;.

Let 7,7 be the projections from R?** = R™ x R" onto the first and the
second n coordinates respectively and note that

ABI(WI(TZ)) " ABQ(M(TZ)) = 2(m’,y’)iufP merT [(Z (Zb :1: N a: ) )1/2
(S (s -)) ]

< —=a((z,y))- (23)
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By the equality Ezijk a;jxT;Y; 9 = 0 we get for any [,

FA ((:L’ y) + Tl) < FA (Tl) +E sup Z aljkxlngk +E sup Z al]kmzy]gk
(@9)eT T (#.9)€T T

<F{(T) + L<<]Zk (Zakx) ) (Z; (;“U'f%') )

+ /PO (m1(T)) + /PAp2 (ﬂz<Tz>>)
<F$(T)) + La((z,y)),

1/2

where in the second inequality we used the assumption 7" C (B3 + /pBT') X
(BY + /pB}) and Lemma 6.3 (applied to matrices B', B?) and in the last
inequality the estimate (23). O

Lemma 6.7. Let S be a finite subset of (By + \/pBY) x (By + \/pBY}) of
cardinality at least 2, such that S —S C (By +/pB}) x (By +/pBY). Then,
for any 1 > 0, there exist finite sets S; C (By + /pBY) x (By + \/pBY), and
points (x;,y;) € S; 1 =1,..., N, such that

(i) 2 < N < exp(L2%p),
(i) S =U ((zi,4:) + Si), S — 5i C S =9, #8; < #5—1,
(iif) Aa(S:) <27%p Y[ Allf1.23y,

) 55 (A) < 27p 2| All 12,3y,

)

v) FS((zs,y:) +S;) < F§(S;) + Ls3 (A).

(iv

CrJ

Proof. Corollary 6.5, applied with t = 27=1p~1/2, gives us a decomposition

Ny

i=1
where Ny < exp(L2%p), (v, y;) € S and s5'(A) < 2771p~1/2||A||{1 2.3 Since
#S > 2 we can assume that N; > 2. We can also assume that the sets

(x;,y;) + T; are pairwise disjoint and nonempty, which implies that #7; <
#S — 1.
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Since T; C S — (i, ;) C (BY +/pBY)) x (By + /pBY')), by Lemma 6.6,
it can be further decomposed into the union

N2
T, =Ty,
Jj=1

with Ny < exp(L2%p), where for all j,
Aa(Tyy) <277 25 (A) + 27727 [ Al oy < 27207 I Allp 2y

and such that
F§ (i, y5) + Tij) < F§(Tyy) + Ls3 (A).
Notice that N = NNy < exp(L2%p), moreover T;; — T;; C S — S and
537 (A) < 55 (A) < 27'p Y| All {128y Since #Ty; < #T; < #5 — 1, to get the
covering S; it is enough to renumerate the sets 7;;. O]

We are now ready to prove Proposition 6.1.
Proof of Proposition 6.1. Define the numbers Ay, A;, [ > 0 as
Ay = AA(T), Ay = sT(A)

and -
A =22p [ Allaay, A =2""p 2| Al 12,5

Assume first that T C (B} + /pBY) x (By + /pBy)] and define for
r,l €N,

er(r,1) = sup{FS(S): S C (B} + /BBY) x (B} + /BB,
S—SCT—T,#S <r,AxS) <A, s5(A) <AL
We have cr(1,1) = 0. Moreover
er(r,0) > sup{F$(S): S C T,#S <r}. (24)

Notice now, that for any S satisfying the constraints from the definition of
cr(r,1), by Lemma 6.7, we can find a decomposotion S = N, ((z;, v:) + Si),
satisfying (i)—(v). Thus

F§(S) <max F{((x:,5:) + i) + Ly/log NA4(S)
< max F§(S;) + Ls5 (A) + L2'/pA,
<ecp(r—1,1+1) + LA, + L2\ /pA,.
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Taking the supremum yields
er(rl) <ecp(r—1,1+1)+ LA, + LZZ@AZ,

which gives

cr(r,0) <ecp(l,r—1)+ Li(&l + 28 /pA)

=0
< L(VPAAT) + $5(4) + 27| Al sy ).

To finish the proof it is now enough to notice that for 7' C (By + /pB}) X
(Bs +vpBY),
F$(T) = 4sup c1p(r, 0).

r>1

]

Remark Note that the only place in the above argument where the quan-
tities A4(T) and sI(A) appear is the first step of the induction, when we
pass from [ = 0 to [ = 1. All the other steps contribute just proper multiples
of ||All{1,2,3 which are upper bounds on the parameters A4(S) and s5(A) of
the set S considered there.

7 The partition theorem

In this section we present partition results which will allow us to pass from
the bounds on expectations of suprema of Gaussian processes developed so
far to empirical processes involving general random variables with bounded
fourth moments (in particular all random variables with log-concave tails).

Lemma 7.1. Let o and & be two norms on R™ and R respectively. For any
p>1andT C (By + /pBY) x (By + \/pBY) we can find a decomposition
T = UY (T + (x1,5)) with N < exp(Lp), (z,y) € T such that for any
(x7 y)7 (EU(7 g) e 7—2
1
az@y—1®7j) < -Ea(f'® E?)
p

and |
alz,y) < —Ea 51,52 .
(z,y) < /P ( )
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Proof. Let N
M :=Ea(E' ® £2) and M := Ea(E', £2).

Define norm 3 on R?" by

B((z,y)) = Ea(z ® £°) + Ea(' @ y).
By Corollary 5.7 with d = 1, a = /p and t = p~/? we can find a decompo-
sition T = [J1X°, S; in such a way that Ny < exp(Lp) and

Blr—2,y—7) < &(x—f,y—ﬂ)SﬁM

\/_

for any (x,y), (Z,9) € S;. Let us choose any (x;,y;) € S;, put Sy =S —(x1,y)
and notice that

3 1 1 1
Vo (ar, —— M+— sup G((x,y -M.
Pl ) = Mgy o A <

We have S; € 2(By + \/_B”) hence again by Corollary 5.7 with t = p~/2/2
we can decompose S = [N, Ty with N; < exp(Lp) and a(z @y — F @) <
;M for all (z,v),(Z,79) € T1. O

Theorem 7.2. For anyp > 1 and T C (B3 +./pBY) x (B3 +/pBY) we can
find a decomposition T = \Jr,(Ty + (z1,4)) with N < exp(Lp), (z1,y) € T
such that for any z,

L 1/4 1/4
E sup Z AijkTiYj2kIe < ﬁ < Z a?jﬂﬁ) (Z a?jk) :

(@y)€Ti "o, ijk ijk

Proof. Let

and

Notice that by the Schwarz inequality

o) < (Catet) 5, )< (Xatest) Blaw), (@)

ijk ijk
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where

= (e (o tortu)y
a

z] ijk

Blz,y) = <Zk (Zzazl;iz >1/4 (Z >, azky]) )1/4'

g, ijk

and

Notice that (since the 4-th and 2-nd moments of chaoses generated by expo-
nential variables are comparable) we have

EG(E' ® €%) < (EBY(E' @ &)/ < L(Za?jk>1/4

ijk
and

EB(€1,82) < (EB4(81752))1/4 < L(Za?jk>1/4.

ijk

Hence by Lemma 7.1 we may decompose T = (v, (T} + (z1,1)) with
N < exp(Lp), (x;,y) € T in such a way that for any (z,v), (Z,7) € T,

1 1/4 . 1 1/4
Baoy-i0p) < — (D d,)  and ey < (D ak)
Lp ijk Lyp ijk
The assertion follows by Proposition 6.1 and (25). O
Corollary 7.3. Let Zy,...,Z, be independent mean zero random variables.

For anyp>1 and T C (B3 + \/pBY) x (B3 + \/pBY) there exists a decom-
position T' = Uy ((z1,y1) + T1), where N < exp(Lp), (z1,y) € T and for
every [,

1/4 1/4
E sup Zaljkxlyjzk p(za3]k> E(ZafijZL)

(z.y)€Th ijk ijk

||A||{123} ma><i||Zk||4

\/_

Proof. Tt is enough to take the decomposition given by Theorem 7.2 and no-
tice that by classical symmetrization inequalities and comparison of Gaussian
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and Rademacher averages, we have

E sup Zawkmly]Zk < 2E sup Zawszijksk
(z,y)€T) (zy)€ET)

i7k ijk
<V2rE sup Z ik TiY5 Lk Gk
(z,y)eT ijk

where € (resp. gx) are sequences of i.i.d Rademacher (resp. standard Gaus-
sian) random variables, independent of the sequence Zj. O

8 Proof of Theorem 3.2

The case d = 1 of the theorem has been proved in [10], whereas the case
d = 2 in [13], thus it remains to prove the case d = 3.

To simplify the notation we will write X;,Y;, Z; instead of lep Xi, X, 3
respectively. Applying the theorem in the (already known) case of Chaoses

of order two, conditionally on Z,’s yields
E| Y anXiVZ )p <LP<E<H(ZG-- Z) o )
— igk<Nilj Lk X ijk &k il 1,2yp
B (o), yen,))
aZ Y
#4) e

where N/ = ( Z‘)7,<n]<2
Using the definition (4) of the norms || - ||{{\f2}p and || - ||{{\{'} (2),p OE Can
express

{1:{2}p

Nl
Qi Z) and H( a; )
H<; IRl 2y Z 7"

in terms of suprema of empirical processes. Lemma 5.9 then yields

N N7
H 3w XY 2, <L<EH< ainZi) +EH<Zaiijk>
pn ij11{1.2}.p - i |1 {1}{2}.p
+ ||A||{1,2}{3},,, + 1A 2y ) (26)
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We are therefore left with the problem of estimation of the expectations
on the right hand side of the above inequality. This will be achieved in
Lemmas 8.2 and 8.6 below.

Let us first state a simple lemma which will be used repeatedly in the se-
quel. Tt is an almost immediate consequence of the inequality (15), therefore
we will skip its proof.

Lemma 8.1. If J is a partition of {1,2,3} and #J = r, then for anyt > 1,
IAIY o < IAIY,

Lemma 8.2. Let N’ = (N/)i<p j<o. Then for any p > 2,

| (Sews),

Before we prove the above lemma let us state the following well-known
auxiliary result, whose proof we provide for completeness.

A A
{12}4) L(]| ||{123},p+|| ||{12}{3},p)

Lemma 8.3. For anyp > 2 and any ay > as > ... > a, > 0,

sup{iaiti: itfgp,m gl} <Zaz—|—\/_< Z )1/2>. (27)

p<i<n

Proof. Denote the left hand side of (27) by M. By choosing ¢t; =1 for i < p
and ¢; = 0 for i > p we see that M >, a;.

Now if \/pajpr1) < (3,5, 08)"?, then M > (p Y, af)'/? (as 'witnessed’
by the sequence t; = 0 for i < p and t; = p"/2a;(> .. a?)~'/? for i > p).

i>p L
Otherwise, by monotonicity of a;, we get M > >, a; > |plap) >

271 /p(X;5, a?)'/?, which ends the proof. O

Proof of Lemma 8.2. By symmetry it is enough to prove that

Bsup { Y ainZuasys 30 N(35)") <) 29
ijk { J

L(||A||j{\{,2,3},p + ||A||/{\{,2}{3},p)-

. 2 . . . .
Moreover, we may and will assume that >, a7, is decreasing in .
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Let us first notice that

||A||j{\{,273},p > sup { Zaijkxzjki szik <p, Z‘T?jk <1, 1<:< n}
ik

ijk i gk
1/2
—sup {3 t(Dadi) Y <plul <1 1<i<n}
i ik i
1 1/2 1/2
> (X (X)) " +va( X X)), (29)
i<p gk >p gk
where the first inequality follows from the definition of the norm || - |]ﬁ72’3}’p

and the inequality N}(¢) = * for |[¢t| < 1, whereas the last one from Lemma

8.3.
Let A, = {t e R": 3. N}(t;) < p} and note that

E sup { Z ik LpTij - Z Nf((z ZE?]) 1/2> < p}
ijk i J
= Esup{ztz\/Z(Z aiijk)Q: t - Ap}
i ik

Define

Al ={te Ay |t;| <1},
Ai = {t € ApZ VZGN,ZZNZ- 1€ (2127, 2l+1p] = (tl =0or ’tz‘ > ZB)},
A;’,:{tEAp:tizofori§2p,

Vien >1V; @ € (QIp, 2l+1p] = (1<t < Bort, = 0)}

and for m = 1,2, 3,
S := Esup { Ztl\/Z(Z aijpZ)?: t € A;”}.
i ik

Since A, C A, + A2+ A3 (where + stands for the Minkowski sum of sets),

we have

E sup { Zaiijkxij: Z Ni1<<zx?j>1/2> < p} < S1+S2+S3. (30)

ijk J
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Step 1 For |t| < 1, N} (t) = 2, so
S| = Esup{Zti\/Z(Zaiijk)zz Zt? <p,V; |t < 1}
DY (Z%kzk) +E\/_(ZZ (Zawk z))"

(; <Z awk>1/2 + \/2_?( ; ZI; afjk>1/2>,

where in the second inequality we used the fact that EZ2 < L. By (29) this
implies that

S1 < LA 2.7, (31)

Step 2 We will now estimate S>. To this end let us note that since for
t > 1, N} (t) > |t], for every t € A2, the set I(t) = supp t = {i < n: t; # 0},
satisfies

#I(t) <3p and Ve #((1) N (2'p, 27 'p)) < p/I°.

Let us denote the family of subsets of {1,...,n} satisfying the above condi-
tions by Z. We have

#T < 22PH( 3 (2p>> <27]] (;%3)17/13 <

I>1  s<p/I3 >1

For each I € T let By = conv{t € R": suppt C I,Y, NX(t;) < p}. Then
Sy < El}lggiup Z \/Z iji 212

For each I € Z, the set B; admits a 1/2-net M; (with respect to the
semi-norm induced by Bj) of cardinality at most 5%/ < 5%. By standard
approximation arguments we have

sup Z \/Z aikZi)? < 2 sup Z \/Z aijkZi)?.

teBy teMr
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Therefore

S2 S AR sup Z Z awka

teUIEI M i

which by Lemma 5.10 is up to a universal constant majorized by

Zt K Z aUka

teUIeI My i

+ sup sup Zti Z(Zazjkrk)Q
ik

teUrez Mrr: 3, N3(rp)<Lp

<L sup Zt /Z%k + HAH{1 2),{3},Lp = L(HAH{1 23}p T HAH{1 2} (3}, Lp)-
Jk

teA, <

E;ln(;e for t > 1, ||A||/{\{’2}7{3}7tp < t2||A||{{\{72}7{3}’p, the above inequality implies
a

Sy < L(||A||j{\{,2,3},p + ||A||j{\{,2},{3},p)- (32)

Step 3 For [t| > 1, N} (t) > ¢, so

Ss<> Eswp{ 3 QPIOBLTEAR Z|t|<p,|t|<z3}

>1 2lp<i<2itly

13
=k Z min(, p)E Ic(2'p, 21&1;}};141'/131 Z \/Z azijk)

>1

24 2\ 1/4
<L in (13 1373/4E ( ( ( Z)))
< me( ,P)(p/ W IC(le,nglg,)i#IS(p/lﬂ lezl ; ;G;k k

>1

Sy S (S(Swa)))”

2p<i<l+ly

Sy X (E(Tma)))"

2lp<iL2itlp J

g;w%( 3 (z%k) O

2 p<i<oltly
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where in the last inequality we used the comparison of the 4-th and the second
moment of norms of linear combinations of independent random variables
with log-concave tails.

Now, denote B = />, > a?jk and notice that by the assumption on

monotonicity of »_ ag;, we have for i > p

jk p
Therefore, we have
S5 < LZ(pl)3/4< > B—4>1/4 < LB (p)** L L/pB
e ~ (i—-p)?) = (2'p)t/t — ’
>1 i>2lp >1
which by (29) implies that
Sy < LI AII{1 2.3y - (33)
Inequalities (30-33) imply (28) and conclude the proof of the lemma. O

We will also need the following lemma, proven in [13] (Corollary 3, therein).
We would like to remark in passing that the approach in [13] was different
that in the present article and that the tools developed in the previous sec-
tions could be used to give another proof of this lemma (in the spirit of the
argument we provide below for Lemma 8.6). It seems a little bit more nat-
ural since Lemmas 8.2 and Lemma 8.6 play in the proof of Theorem 3.2 for
d = 3 a role analogous to the role played by Lemma 8.4 in the proof of its
counterpart for d = 2.

Lemma 8.4 (Corollary 3 in [13]). Consider any matriv A = (ay;)ij<n and
let Nv = (N})i<p, N = (N?)i<nj<a. Then, for any p > 2,

(o)

Lemma 8.5. Let N = (N})i<n j<2. Then

#](Sowa)

k<p

Nl ! U
[ < LA+ 141 01

< LAY .
{13 {2}p | ||{1}{2}{3},p

]
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Proof. Consider the norm on RP) given by

CRRE r—H(Zam)

and let K be the unit ball of the dual norm || - ||.. Let M be a 1/2 net in
K (with respect to || - ||+) of cardinality not larger than 3P} (M exists by
standard volumetric arguments). Then for all z € RP!,

{1{2}p

[2]] <2 sup Zukzk
ueM k<p
Thus
< 2 sup Zuka,

{1:{2}p ueM

(L),
k<p

which by Lemma 5.10 does not exceed

Lsup{Zukzk: u € M—M,ZN,?(zk) gp}

k<p k<p

< Lsup {HZII: > Ni(w) < P} = LI Ay 2y 3.0

k<p

Lemma 8.6. Let N/ = (N ')7,<n j<2. Then for any p > 2,

B (D),
% Y

< LAY 21 + AR 20 + AT sy + AR @) (39)

N’
{1{2}.p

Proof. Let us first notice that it’s enough to prove the formally weaker esti-
mate

o] (o),

< L(\/Z_’||A||{1,2,3} + ||A||/{\{}{2,3},p + ||A||/{\g}{1,3},p + ||A||?{}{2}{3},p)‘ (35)

N/
{13{2}p
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Indeed, suppose that the above inequality holds for all triple-indexed
matrices, and assume additionaly (without loss of generality) that 37 a7,
decreases in k. We have

N/
B ()
; )l
N’ N’
() ),
,;p Pl 2 Z Pl

By Lemma 8.5 we have

B (o), |,

Moreover, by our assumption (35),

EH<Z%I“Z]“> {1,}{2}p< \/_<ZZG”’“) Z HA“‘%’
k>p

k>p ij JeP3,J#{{1,2,3}}
T#{{1,2},{3}}

< L||A
)2 | ||{1}{2}{3},p

Monotonicity of > .. a7, implies that

] Z]

(X))

k>p ij

<swp{ Yt [t Y8 <plnl 1} <Al 2,

which together with the previous three inequalities proves (34).
We will now prove (35). To this end let us denote

Ay ={rer: SN @) <p), j=1,2.3
=1

Since N7(t) > |t| for ¢t > 1, it is easy to see that Al C \/pBy + pBf. Hence,
by Corollary 7.3 and the fact that EZ} < L, there exists a partition

Ay x A= () + T,

I<N
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with N < exp(Lp), (z!,y') € A} x A, such that

max[E sup Zazjklvzyjzk<L\/_||A||{172,3} (36>

(l’,y)eﬂ l]k

Now, by Lemma 5.10,

sup Z azgk$zy]Zk

(z,y)€ALx A2 ijk
< Ilrg\)[(E sup E ik TiY; Zy, + 2 sup E Wik TilYj 2k
- (xay)e(xlzyl)"’_Tl ijk (I,y)EAl XA2 ZeALp ijk

< max[E sup QikTiY5 Ly + L”AH 1}{2}{3}.p’
N et )+Tz%€: jkLiY; {1IH2ZH3)p

where in the second inequality we used the fact that A%p C LA;;.

Thus it remains to estimate maxlSN]Esup(m)e(xz,yzHTl Zijk, ik il L
Denote by m(T"), mo(T') respectively projections of 7} onto the first n and
the last n coordinates and let N = (N7 )<y, = 1,2. We have

]

E sup Z az'jkl‘z'ijk
(zy)e(at,yH)+Th ijk

<E sup Z a;jkTiY; 2, + B sup Z a,jkxzy]Zk +E sup Z awkxzy]Zk

( ,y)ETl ijk IETrl(T) ijk yETI'Q(T) ijk
; N2 N1
< Lvpldllaes + QH(Z%’“%Z’“> {2) +2H<Za”kyﬂzk> 1
'ik 7p 7p

N
< LypllAllg 2y + LIAl 12,3y, + LHA”{Q}{l,:a},p + LHAH{l}{Z}{LS},pv

where the second inequality follows from (36) and the fact that 7;(7;) C LA,
and the third inequality from Lemma 8.4 (applied to Zj, instead of Y, which
corresponds to an appropriate permutation of the array Nij ) . This proves
(35) and ends the proof of the lemma. O

Conclusion of the proof of Theorem 3.2. By lemmas 8.2 and 8.6, the right
hand side of (26) does not exceed

Z [ (@ijn ||jp’

JEPs

which ends the proof. O
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9 Proof of Theorem 3.4

In this section we restrict our attention to the special case of symmetric
exponential variables and consider polynomial chaoses of arbitrary order.
For exponential variables, the function Nij (t) = t, which allows us to replace
quantities H(ai)||f\7/7p by simpler quantities.

Proposition 9.1. If for all+ < n,j < d, Nij(t) = t, then for every J =
{J1,...,Jx} € Py and every p > 2,

L;l Z p#10+(k—#10)/2 H}%X H (ai)i] ||S(J,I)
1€Q(7) !

< (@), <Ly Y ptlrE#097 max [ (ai)y, [|s(7.0
IeQ(J) !

where Q(J) = {I C {1,...,d}: Vick#(I° N J;) < 1} and S(J,I) is the
partition of I obtained from J by removing from the sets J; all the elements

of I¢.
Proof. 1t is enough to prove that

L7 (pmax | (@)isciall .oy + V@)1,

Ssup{Zaixi: ;min<< Z x?)l/Q, Z xf) Sp}

i 12,..0ld 19,0050
< L{pmax [(@5)i,..iall 2. + VIl @)t ).

The proposition follows easily by an iterative application of this inequality.
To prove the above inequality it suffices to notice that

o Smin (32 at) " 3 ) <o)

22y-052d 22,..52d

—{zp Yomin(zl D) <p i > <1

12,0.%d

and

(/B2 U (pBr) C {z eR™: Y min(|z], %) < p} C /pBE + pB.
We leave the details to the reader. O
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For a nonempty set I, let us denote by P; the set of all partitions of I
into pairwise disjoint, nonempty sets. In particular P q = Py, Py = {0}.
The above proposition yields the following

Corollary 9.2. If for alli < n,j <d, Nij(t) =t, then for every p > 2,

Lyt D0 Y p Emax (g

IC{1,...d} TEP;

<> Melify < La Do 3 pH max ()]

JEP, Ic{1,...d} JEP;

From the above corollary and Theorem 3.1 it follows that to prove The-
orem 3.4 it is enough to demonstrate the following

Proposition 9.3. If (X )z<n]<d are independent symmetric exponential ran-
dom wvariables, then for every p > 2,

| Saxs x| <Lo X3 o P max (@l (37

1c{1,....d} TEP;

The proof of Proposition 9.3 will be based on induction with respect to

d. It will require several additional lemmas. Throughout the rest of this sec-

tion we will assume that (X7 )1<n j<a are independent symmetric exponential
random variables.

Lemma 9.4. For any d=2,3,...,

EJ|( Zal Vil a1y

La Y S )L 3 AT ma (1) 7
JeP, JEP;_1

We will need the following technical fact.

Lemma 9.5. Let Y ) be independent standard symmetric exponential vari-
ables and Yi( ) = = g2, v® = = ¢;0;, where g;,g; are i.i.d N(0,1) variables and

g; - t.0.d Rademacher variables independent of Y;(j).
space E and any vectors vy, ...,v, € E the quantities

Z vlalY( 7

1

Then for any normed

E‘ L i=1,2,3,

are comparable up to universal multiplicative factors.
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Proof. Since we can symmetrize all variables, and by the contraction principle
and Jensen’s inequality

EH Zvi€i|3ﬁ(j)|

’

‘ > cEH Zvisi
i

it is enough to show that one can define copies of the variables Yi(j ) (which
we will identify with the variables) on a common probability space in such a
way that for any 7,k = 1,2, 3,

Y71 < L+ ).
This is possible by using the inverse of the distribution function, since
P > 1)=¢™,

L—le—Lt S PO/Z@) Z t) S e—t/2

and
L—le—Lt S ]Py(y;(?’) Z t) S 2€—t/2,

where in the last inequality we used the estimates P(|g|,|3:| > V1) <
P(Y;?| > t) < P(lg:l > VD) +P( gl > V). m

The proof of Lemma 9.4 will be based on a conditional application of the
following result from [14] (see [2] for a similar approach in the context of
moment inequalities for U-statistics).

Lemma 9.6 ([14], Theorem 2). For any p > 2,
BN aigi)i, Mpyqa-y < La Y p #7972 ()] 5.
id JEPy
Proof of Lemma 9.4. Lemmas 9.5 and 9.6 give
B aiXllay a1y < LEIO  ai:,Gi0) 11y (a1

iq id

<Ly Y p VR (4l (38)
JEPy
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Take J € P, of the form J = {I, U{d},..., I} where {I,..., I} \ {0} €
P, 1. We have

Elag)y =E s 32> (N aIHaslI)

J
H ||2<17.7 2,k iq 1[1 1(11U{d})c

<@z +E s -0 (2 alnzu).

J - .
”zilj l2<1,j=2,....k 1d 1]1 1(Ilu{d})‘3

Since ]ngd = 1, standard symmetrization arguments applied to the second
term on the right hand side give

k
. 2
Ell(ag:)I3 < @)l +2E s 32> (Y w]]4d,)

J - . . . .
||$inH2§11_7727'“7k 1d 17 L u{d})e 7j=2

(39)

k
<l@lZ+LE  sw o Sgugy. (D ainff?Ij)2=

J S . . . .
Iy, 12 17=2 ok i i dgugpe 772

where in the second inequality we used again Lemma 9.5. Let now

k
M = max sup Z( Z aj H x‘i]]].)Q = miax H (ai)i{d}c ||]17---71k
j d

d J i - . .
oz, N2Shi=2ek N iy ogape 5=2

where in the case I; = () we slightly abuse the notation, by identifying the set
{I1,..., I} with the partition {Is,...,I;}. For fixed g;, consider functions
vr: R — R, given by the formula

oot = {7y Tor < loalM,
e gi,M/2 for |t| > |g;,| M.

We have [p; (t)| = |t|/(|9:,|M) < 1 for |t] < [g;,|M, moreover g;, is constant
for t > |g;,|M, so ¢;, is 1-Lipschitz. Thus, by the contraction principle (see
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Corollary 3.17 in [16]),

Es  sup )%f]idsoz’d(gid(Z( Z aiﬁxﬂ)?)m)‘ (40)

J s . . .
HinjHQSLJ—Qv“-vk 1]1 1(Ilu{d})c ]:2

Y

k
<4E;  sup ‘ > Giuia ( > ( > Hx{ljf)m
iq

J S . . .
Ivaizj l2<1,5=2,..k i dggugape 7=2

which implies that

E-

g ‘Zgzdgzd ( > GIH%H (41)

J
” H2<17] 2.,k 1]1 I(IIU{d})

< 8ME; ~sup 7)%:§idgid<z< Z CL1H£U >2)1/2.

J ; — .
HIinHQSLJ*Qv---k in l(IIU{d})C

Denote T' = Hf o Bm,, where By, is the unit ball of the Hilbert space
Qier, R Fort € T, t = (a3 : )f 5 let

Xt:%;gidgid(z( 3 aiﬁxwz)m.

i ilggugape =2

Then, conditionally on g;,, (X)ier is a Gaussian process. It induces a metric
on T given by
dx(t,s) = | X, = X,I>

More explicitly if ¢t = (] i, )"; 9y § = (y” )¥_y, then

dx(t,s)”

—gg;[(z( 3 alnx P2 T QIHM)UT

in g uape i igguape

<2 X (3wl 1)

i iggugaye

43



where to obtain the last inequality for each fixed iq we used the triangle in-
equality in the space ¢5({1,...,n}) for vectors i, = Zi(! Deapye G H]? !
1

Jj=2 xllj
- TTE o7
and b;, = Zi(uu{d})C ai [ [—, Y, - ) )
_ Now, the right-hand side above is equal to d(t,s) = [|X; — X,||2, where
(X¢)ter is a (conditionally) Gaussian process defined as

Z Giair, 10y Z GIH%

inugay (ryuaye

where ¢t = (xflj )h_y and (Gir,opay )ir,uqay 18 a0 array of id.d. standard Gaussian
variables independent of g;,.
Thus by the Slepian lemma we have

E;sup X; < E;sup X,.

teT teT

Moreover, since 0 € T, Xy = 0 and the distribution of X is the same as of
—X, we have

Esup | X;| = E max(sup X, sup(—X;)) < Esup X; + Esup(—X;) = 2sup X;.
teT teT teT teT teT teT

Thus, we have

E-

; |Saa(S( 2 aIHmQ)”!

J
H ||2<17] 2,k 1[1 I(IIU{d}

<2E;  sup Zglhuw} Z gdeLlH&ZlI

J -
ez, 213 =20k iy, gy i1y ugape

< Lo > PR (agy,)

KeP,

where the last inequality follows from another application of Lemma 9.6,
conditionally on g;,. Going now back to (39) and (41), we obtain that for all
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e€(0,1)and all 7 ={lU{d}, I5,..., I} € Py,
pUDRE| (asgi,) | 7

<p" 02| (@)l

+ ch\/p(z’““"i)/2 max ||(as)i gy o | D> pHHFDE (asgs, )|k
‘d KeP,

<p" 2 (@)

+ Ldp1+(1+#5’—d)/25—1 max || (ai)
1d

g +ela > pHE | (aig;,) k.

’CEPd

i{d}c

where J' = {I,..., It} \ {0}. Summing the above inequalities over all
J € P, and choosing ¢ to be a sufficiently small number depending on d, we
get

> TR (a7 < La Y P2 (a) 5

JEPy JEP;
+ Lq Z p1+(1+#\77d)/2 max H (ai)i{d}c J-
JePq1 Zd
Together with (38) this ends the proof of the lemma. O

To prove Proposition 9.3 we will also use a technical fact proved in [2] in
greater generality (see Lemma 5 therein).

Lemma 9.7. For o > 0 and arbitrary nonnegative numbers r;, ;. andp > 1

we have

d

po‘erf < Lflp“d p*P maxr{ + Z p P m_aX(Z ri)?
i ' IC{1,....d} TN

Proof of Proposition 9.3. The argument is similar to the proof of Theorem 6
in [2] therefore we will only sketch the main steps.

Since for p = 2 the proposition is trivial (recall that (||(a;)|q1,..a =
(3=, a?)Y?), we will assume that p > 2.

Let us first note that to prove the proposition it is enough to show that

p c
E‘ Sax) - xE <m0 ST pHIHIAS @) 1. (42)

Ic{1,...d} JeP; i
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Indeed, for fixed I let us apply Lemma 9.7 (with p/2 instead of p, #I°¢
instead of d and ry,. = ||(a:);,]|%). We get

> e I

lIC

< D2 (max s, Iy + 3 (/2022 (3 Wy )77

JC[C IIC\J

Note that for J C I¢ we have ZiIC\J (ai)i, 1% < D i ai = |[(ai)i, |7

{Je}
and that p*/*/2max;, ||(ai);,.||{se} appears among the summands on the
right hand side of (37). Thus the above inequality with « sufficiently large
(depending only on d) implies that the right hand side of (42) is majorized
by the p-th power of the right hand side of the inequality asserted in the
proposition (we use the fact that if o depends only on d then p*#" < [F).

It remains to prove (42). We will proceed by induction on d. For d = 1,
the proposition (which is stronger than (42) for d = 1) is a special case of
Theorem 3.2 (it also follows from the Gluskin-Kwapien estimate).

Let us thus assume that (42) holds for chaoses of order at most d —1. We
will show that then it holds for chaoses of order d. Applying the induction
assumption conditionally on (X{); together with the Fubini theorem and
Lemma 5.10 we obtain

]E‘Zain
<IP Z prd 1-#I+#7/2) EH(Z“ )

Ic{1,...d-1} JePr i1, d—1)\I
STED YD SR (H(Za D.0,)
IC{l ..... d—-1}y JePy iy, d—1n7
+L§ Z Z pP#ICJr#j/Z ZH as iIHZ'
Ic{1,..,d} JeP; ife

By Lemma 9.4 the first sum on the right hand side above is majorized by
the second one, which proves (42). O
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10 Appendix

Proof of Proposition 1.2. Note that

Z Z 21, i o Xij = Z Hi1,...,id<Xi1> s aXid)7

7=0 i1,...,3;=1 1<iy,...,ig<n
pairwise distinct

where

1
Hi (@, 2q) = —

d
d l Z Lr(1) -0 (5) Lr(1) """ Tr(j)

d
JZO TESY

and Sy denotes the set of all permutations of the set {1,...,d} (for 7 =0
and every 7 € S? we set al ) v = ag).

Note that for every m € Sy, hi_ ) i, (Tr1ys s Tr(@) = iy,ig (1525 Ta).
Therefore by general decoupling inequalities for U-statistics (see [6] or The-
orem 3.1.1. in [7]), we have

’p'

d n
A5 S dmnz] S
p

7=0 11,...,3;=1 1<iy,...,ig<n
pairwise distinct

The right hand side of the above inequality is equal to

d
DOF D SRS IR R R s
j=o(j

1<rm <..<r;< <di1,..,0=1

p

(we used the symmetry of the coefficients ag'h__.ﬂj). Since (again by decou-
pling) for any 1 <nr < ... <r; <d,

[ARTETTYZ Ik 5| [ARTIRN 2 ikt 15 )

11,05 =1 11,05 =1

LdH S X X)) >H XX

to finish the proof it is enough to show that

d
L|> > Z VXD XD

J=0 1<r1<...<rj<d i1,...,i;=1
d

S M [ S

]:0 1ST1<...<Tj§d i17""ij:1

p

p
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for any coefficients bg‘mij.

We will proceed by induction on d. For d = 0, (43) reads as Lo|bj| > b,
which is obviously true. Let us thus assume that (43) holds for all num-
bers smaller than d. Consider any k € {1,...,d}. By the Fubini theorem,
Jensen’s inequality (applied to the integration with respect to (XF);) and the
assumption that X* has mean zero, we get

d n
H Z Z Z bgh---vi;‘Xirll . 'Xi:'j

J=0 1<r1 <..<rj<d 1,85 =1

d—1 n
Y Y S wex

J=0 1Sr<ooo<ry<d iy =1
r#k, 1=1,..., 7

p

)
p

which by the induction assumption is greater than or equal to

d—1 n
Y ¥ | X XXy

§=0 1<ri<..<rj<d  q,..,i5=1 P
r#k, 1=1,0..,j
Thus, since k in the above inequality is arbitrary, we get
d n
L bl X X
d 110y <N i1 i »

=0 1<rm <. <rj<d i1,..,15=1

d—1 n
S Do e

J=0 1<r <. <rj<d  d1y0i=1

p

To finish the proof of (43) it is now enough to notice that for any norm || - ||,
vectors x,y and number K > 0, ||z|| < K|z + y|| implies that ||z] + ||y| <
(2K + 1)||x + y||. This ends the proof of the proposition. O
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