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Abstract

In the paper we study the infimum convolution inequalites. Such an
inequality was first introduced by B. Maurey to give the optimal concen-
tration of measure behaviour for the product exponential measure. We
show how IC inequalities are tied to concentration and study the optimal
cost functions for an arbitrary probability measure p. In particular, we
show the optimal IC inequality for product log—concave measures and for
uniform measures on the £ balls. Such an optimal inequality implies, for
a given measure, in particular the Central Limit Theorem of Klartag and
the tail estimates of Paouris.

1 Introduction and Notation

In the seminal paper [20], B. Maurey introduced the so called property (7) for
a probability measure p with a cost function ¢ (see Definition 2.1 below) and
established a very elegant and simple proof of Talagrand’s two level concentra-
tion for the product exponential distribution ™ using () for this distribution
and an appropriate cost function w.

It is natural to ask what other pairs (u, ) have property (7)? As any u
satisfies (7) with ¢ = 0, one will rather ask how big a cost function can one
take. In this paper we study the probability measures p that have property (1)
with respect to the largest (up to a multiplicative factor) possible convex cost
function Aj,. This bound comes from checking property (7) for linear functions.
We say a measure satisfies the infimum convolution inequality (IC for short) if
the pair (u, A},) satisfies (7).

It turns out that such an optimal infimum convolution inequality has very
strong consequences. It gives the best possible concentration behaviour, gov-
erned by the so—called L,-centroid bodies (Corollary 3.11). This, in turn, implies
in particular a weak—strong moment comparison (Proposition 3.15), the Central
Limit Theorem of Klartag [14] and the tail estimates estimates of Paouris [23]
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(Proposition 3.18). We believe that IC holds for any log—concave probability
measure, which is the main motivation for this paper.

Maurey’s inequality for the exponential measure is of this optimal type. We
transport this to any log—concave measure on the real line, and as the inequal-
ity tensorizes, any product log—concave measure satisfies IC (Corollary 2.19).
However, the main challenge is to provide non—product examples of measures
satisfying IC. We show how such an optimal result can be obtained from con-
centration inequalites, and follow on to prove IC for the uniform measure on
any £, ball for p > 1 (Theorem 5.27).

With the techniques developed we also prove a few other results. We give
a proof of the Gaussian-type isoperimetry for uniform measures on /} balls,
where p > 2 (Theorem 5.29) and provide a new concentration inequality for the
exponential measure for sets lying far away from the origin (Theorem 4.6).

Organization of the paper. This section, apart from the above intro-
duction, defines the notation used throughout the paper. The second section is
devoted to studying the general properties of the inequality IC. In subsection
2.1 we recall the definition of property (7) and its ties to concentration from
[20]. In subsection 2.2 we study the opposite implication - what additional as-
sumptions one needs to infer (7) from concentration inequalities. In subsection
2.3 we show that A7 is indeed the largest possible cost function and define the
inequality IC. In subsection 2.4 we show that product log—concave measures
satisfy IC.

In the third section we give more attention to the concentration inequalities
tied to IC. In subsection 3.1 we show the connection to Z, bodies. In subsection
3.2 we continue in this vein with the additional assumption our measure is a—
regular. In subsection 3.3 we show how IC implies a comparison of weak and
strong moments and the results of [14] and [23].

In the fourth section we give a modification of the two—level concentration
for the exponential measure, in which for sets lying far away from the origin
only an enlargement by ¢t B} is used. This will be used in the fifth section, which
focuses on the uniform measure on the B} ball. In subsection 5.1 we define and
study two rather standard transports of measure used further on. In subsection
5.2 we use these transports along with the concentration from section 4 and a
Cheeger inequality from [24] to give a proof of IC for p < 2. In section 5.3 we
show a proof of IC for p > 2 and a proof of the Gaussian—type isoperimetric
inequality for p > 2.

We conclude with a few possible extensions of the results of the paper in the
sixth section.

Notation. By (-,-) we denote the standard scalar product on R". For z €
R™ we put ||z, = (35, |zi[P)}/P for 1 < p < 0o and ||7|o = max; |z;], we also
use |z| for [|z|l2. We set By for a unit ball in I}, i.e.. B} = {z € R": |z[[, < 1}.

By v we denote the symmetric exponential distribution on R, i.e. the prob-
ability measure with the density %exp(—m). For p > 1, v, is the probability
distribution on R with the density (2v,) ™! exp(—|z|?), where v, = T'(1 + 1/p),
in particular ;1 = v. For a probability measure p we write u” for a product



measure 1", thus 7" has the density (27,) "™ exp(—||z[]5).
B(R™) will denote the family of Borel sets on R™. For A € B(R™) by |A| or
An(A) we mean the Lebesgue measure of A. We choose numbers r,,, in such

a way that |r, ,B]| = 1 and by p,,, denote the uniform distribution on B}.
Median of a function f with respect to a probability measure p will be denoted
by Med,(f).

The letters ¢, C' denote absolute numerical constants, which may change from
line to line. By ¢(p),C'(p) we mean constants dependent on p (or, formally, a
family of absolute constants indexed by p), these also may change from line to
line. For any sets of positive real numbers a; and b;, ¢ € I, by a; ~ b; we mean
there exist absolute numerical constants ¢, C' > 0 such that ca; < b; < Ca; for
any i € I. Similarly, for collections of sets A; and B; by A; ~ B; we mean
cA; C B; C CA; for any i € I, where again ¢,C > 0 are absolute numerical
constants. By ~, we mean the constants above can depend on p.

2 Infimum convolution inequality

2.1 Property (7)
The following property was introduced by B. Maurey [20]:

Definition 2.1. Let p be a probability measure on R™ and ¢: R™ — [0, 00] be
a measurable function. We say that the pair (u,¢) has property (1) if for any
bounded measurable function f: R" — R,

/ efoPd / efdu <1, (1)

where for two functions f and g on R™,
fBg(x) :=nf{f(z —y) +g(y): y € R"}
denotes the infimum convolution of f and g.
The following two easy observations are almost immediate (c.f. [20]):

Proposition 2.2 (Tensorization). If pairs (p;, @), ¢ = 1,...,k have property
(1) and (w1, ..,21) = @1(x1) + ...+ @r(zK), then the couple (RE_, s, ) also
has property (7).

Proposition 2.3 (Transport of measure). Suppose that (u, @) has property (T)
and T: R™ — R™ is such that

YTz —Ty) < oz —y) for all z,y € R".
Then the pair (o T~1,4)) has property (7).

Maurey noticed that property (7) implies u(A + By (t)) > 1 — p(A)~te ™,
where
By,(t) :=={z e R": p(z) < t}.

We will need a slight modification of this estimate.



Proposition 2.4. Property (1) for (¢, u) implies for any Borel set A andt > 0,

(A + By(t)) > e —Du(A) +1°

In particular for all t > 0,

H(A) >0 = p(A+ B,(t) > minfe2u(A),1/2}, (3)
H(A) = 1/2 = 1= p(A+ By(1) < e/2(1 - u(A) (4)

and
H(A) = v(—o0,z] = p(A+ B,(t)) = v(—oc,a +1/2. (5)

Proof. Take f(x) = tlgn\ 4. Then f(z) is non-negative on R", so fOy is non-
negative (recall that by definition we consider only non—negative cost functions).
For x ¢ A+ B, (t) we have fOp(z) = inf, (f(y)+(x—y)) > t, for either y & A,
and then f(y) =t, or y € A, and then ¢(z —y) >t as x ¢ A+ By(t).

Thus from property (7) for f we have

1> /efD‘P(””)d,u(x)/e‘f(““”)du(m)
> [1(A+ Bo(®)) + (1 = p(A+ By(0) | [1(4) + (1 = ()],
from which, extracting the condition upon p(A + B, (t)) by direct calculation,
we get (2).
Let fi(p) := etp/((e! — 1)p + 1), notice that f; is increasing in p and for
p<e 22,

1
(et - 1)p+1 < 615/2 +1-— 5(615/24»67t/2> < et/2’

hence f;(p) > min(e*/?p,1/2) and (3) follows. Moreover for p > 1/2,

__1-p 1-p -
1— filp) = @ —1p+1 < @ +1)2 <e t2(1—p)

and we get (4).
Let F(x) = v(—o0,z] and g;(p) = F(F~(p) +t). Previous calculations
show that for t,p > 0, fi(p) > gu/2(p) if F~(p) +t/2 <0 or F~'(p) > 0. Since

gt+s = gt 0 gs and fi1s = fy o fs, we get that fi(p) > g./2(p) for all t,p > 0,
hence (2) implies (5). O

The main theorem of [20] states that v satisfies (7) with a sufficiently chosen
cost function.
Theorem 2.5. Let w(z) = 552 for |z| < 4 and w(z) = 2(|z| — 2) otherwise.
Then the pair (v™, Y i w(z;)) has property (7).



Theorem 2.5 together with Proposition 2.4 immediately gives the following
two-level concentration:

V' (A) = v(—00,2] = Vi v"(A+6V2tBY + 18tB}) > v(—o0,z +1t], (6)
that was first established (with different universal, rather large constants) by
Talagrand [26].

2.2 From concentration to property (7)

Proposition 2.4 shows that property (7) implies concentration, we will show a
few results in the opposite direction — how to recover (7) from concentration.

Corollary 2.6. Suppose that the cost function ¢ is radius-wise nondecreasing,
1 is a Borel probability measure on R™ and 3 > 0 is such that for any t > 0 and
A € B(R"),

wA) = v(—00,a] = (A + BBy (t)) > v(—oo,z + max{t, Vt}].  (7)

Then the pair (u, %gp(g)) has property (7). In particular if ¢ is convex, sym-
metric and ¢(0) = 0 then (7) implies property (1) for (1, ¢(555))-

Proof. Let us fix f: R* — R. For any measurable function » on R* and t € R
we put
A(h,t) = {z € R*: h(z) < t}.

Let g be a nondecreasing right-continuous function on R such that p(A(f,t)) =
v(A(g,t)). Then the distribution of g with respect to v is the same as the
distribution of f with respect to p and thus

/ e @ du(x) :/e_g(m)du(x).
n R

To finish the proof of the first assertion, by Theorem 2.5 it is enough to show

that
/ ef':lﬁso(ﬁ)d#S/egﬂwdy7
n R

where w is as in Theorem 2.5. We will establish stronger property:

Vau u(A(fD%w(é),u)) > v(A(gOw, u)).

Since the set A(g0Ow,u) is a halfline, it is enough to prove that

g(z1) + w(ze) <u = u(A(fD%w(é),u)) > v(—o0,x1 + x2].  (8)

Let us fix 21 and z2 with g(z1) + w(z2) < u and take s; > g(x1) s2 = w(x2)
with s1 + s2 < u. Put A := A(f, s1), then u(A4) = v(A(g,s1)) > v(—o0,x1].



By the definition of w it easily follows that z2 < max{6,/s2,9s2}, hence by (7),
p(A+ BB, (36s2)) > v(—00,x1 + x2]. Since

1 .
A+ BB, (36s2) = A(f,51) + Bw(g)/36(52) C A(fD%@(ﬁ>751 + 82)7
we obtain the property (8).
The last part of the statement immediately follows since any symmetric
convex function ¢ is radius-wise nondecreasing and if additionally ¢(0) = 0,
then p(x/36) < p(x)/36 for any . O

The next proposition shows that inequalities (3) and (4) are strongly related.

Proposition 2.7. The following two conditions are equivalent for any Borel set
K and~v > 1,

M| —

VAEB(]R”) /,L(A) >0= /,L(A + K) > min

1 ~

—

(A), 5} (©)

(1~ u(A)). (10)

-

Y ieB®m) p(A) >
Proof. (9)=(10). Suppose that u(A) > 1/2 and 1 —p(A—K) >y~ 1(1 — p(A)).
Let A:=R"\ (A—K), then (A+ K)NA=0,s0 u(A+ K) <1/2 and
A+ EK) <1—p(A) <y(1 = p(A - K)) = yu(A)

and this contradicts (9).
(10)=(9). Let us take A € R™ with u(A) > 0 such that pu(A + K) <

min{yu(A),1/2}. Let A := R"\ (A + K), then u(A) > 1/2. Moreover (A —
K)Nn A=, thus

1= p(A=K) > u(4) > Zu(A+ K) = = (1= u(A)

and we get the contradiction with (10). O

Corollary 2.8. Suppose that t > 0 and K is a symmetric convex set in R™
such that

Vacs(eny #(A) > 0= (A + K) > min{elu(4), 12},
Then for any Borel set A,
w(A) = v(—o0,2] = p(A+2K) > v(—oo,x + .

Proof. Let us fix the set A with pu(A) = v(—oo,z]. Notice that A + 2K =
A+K+KD>A+ K. Ifx+1t <0, then u(A+ K) > e'u(A) = v(—oo,z +t]. If
x > 0, Proposition 2.7 gives

WA+ K)>1—e (1 - pu(A) =v(—o0,x +1].



Finally, if 2 < 0 < z + ¢, we get u(A + K) > 1/2 = v(—00,0], hence by the
previous case,

WA+ 2K) = p((A+ K)+ K) > v(—o0,t] > v(—oo,x + 1.
U

Corollary 2.8 shows that if the cost function ¢ is symmetric and convex,
condition (7) (with 8 = 2v) for ¢ > 1 is implied by the following:

Vacs@n 1(A) >0 = p(A+7B,(1) > minf{e'n(4),1/2). (1)

To treat the case t < 1 we will need Cheeger’s version of the Poincaré
inequality.

We say that a probability measure p on R”™ satisfies Cheeger’s inequality
with constant k if for any Borel set A

put(A) := liminf A +B5) — p(4)

t—0+ t 2 /imin{,u(A)7 1- M(A)}~ (12)

It is not hard to check (cf. [7, Theorem 2.1]) that Cheeger’s inequality implies
w(A) =v(—o0,2] = p(A+tBY) > v(—oo,x + Kt].
Finally, we may summarize this section with the following statement.

Proposition 2.9. Suppose that the cost function ¢ is convex, symmetric with
©(0) =0 and 1 A p(x) < (a|z|)? for all z. If the measure p satisfies Cheeger’s
inequality (12) and the condition (11) is satisfied for all t > 1 then (u, ¢(-/C))
has property (7) with the constant C = 36 max{2v, a/k}.

Proof. Notice that aBy(t) D VtBY for all t < 1, hence Cheeger’s inequality
implies that condition (7) holds for ¢ < 1 with 8 = a/k. Therefore (7) holds for
all ¢ > 0 with 8 = max{2v, o/k} and the assertion follows by Corollary 2.6. O

2.3 Optimal cost functions

A natural question arises: what other pairs (u, ¢) have property (7)? First we
have to choose the right cost function. To do this let us recall the following
definitions.

Definition 2.10. Let f : R"—(—o00,0]. The Legendre transform of f, denoted
Lf is defined by Lf(x) := sup,cr-{(2,y) — f(y)}-

The Legendre transform of any function is a convex function. If f is convex
and lower semi-continuous, then LLf = f, and otherwise LLf < f. In general,
if f> g, then Lf < Lg. The Legendre transform satisfies L(Cf)(z) = CLf(z/
C) and if g(z) = f(z/C), then Lg(x) = Lf(Cxz). For this and other properties
of £, cf. [19]. The Legendre transform has been previously used in the context
of convex geometry, see for instance [2] and [15].



Definition 2.11. Let i be a probability measure on R™. We define

M,(v) = /n e du(x),  Au(v) = log M, (v)

and

AJ,(v) == LA, (v) = sup { (v,u) — ln/n e<“’I>d,u(x)}.

u€ER™

The function Aj, plays a crucial role in the theory of large deviations, cf.
[10].

It is a common phenomenon in many places of the theory that the “worst”
(in some sense) functions are linear functionals. Thus it is worth to check
what happens when we take f in the definition of property (7) to be a linear
functional. This approach is at the heart of the following results.

Remark 2.12. Let p be a symmetric probability measure on R™ and let ¢ be a
convex cost function such that (u,p) has property (7). Then

p(v) < 205 (v/2) < Aj(v).
Proof. Take f(x) = (z,v). Then

fB(z) = f{f(z —y) + ¢(y)} = f{{z —y,v) + ¢(y)} = (,0) — Lo(v).

Property (7) yields

> /efupdu/e—fdu _ o Lov) /e<z’”>du/6_<r’”>du — e LP) M2 (),

where the last equality uses the fact that u is symmetric. Thus by taking the
logarithm we get Lyp(v) > 2A,(v), and by applying the Legendre transform we
obtain p(v) = LLp(v) < 2A5(v/2). The inequality 2A}(v/2) < Af(v) follows
by the convexity of A7. O

The above remark motivates the following definition.

Definition 2.13. We say that a symmetric probability measure p satisfies the
infimum convolution inequality with constant 8 (IC(8) in short), if the pair

(1, A5(3)) has property (7).

Tensorization properties of (1) and additive properties of A}, imply the ten-
sorization of the IC inequality:

Proposition 2.14. If p; are symmetric probability measures on R, 1 <i <k
satisfying 1C(B;), then p = ®F_ p; satisfies IC(3) with 3 = max; 3;.

Proof. By independence, A, (z1,...,x1) = E?Zl Ay, (z;) and A;(xl, cey ) =
Zle Ay, (x;). Since IC(8) implies IC(8') with any 8" > 3, the result immedi-
ately follows by Proposition 2.2. U



In the next proposition we give an equivalent form of property IC.

Proposition 2.15. For v = (vg,vy,...,v,) in R" let © denote the vector
(v1,v2,...,0,) € R™. A probability measure p on R™ satisfies IC(8) if and only
if for any nonempty V.C R™™ and a bounded measurable function f on R",

/ ewaVd/L/ e Tdp < sup (evo/ eﬁ(x,ﬁ)du(x))’ (13)

veV

where
Yy (w) 1= supfuo + (2,5)}.
veV

Proof. If we put V = {(vo,0): vo = —A,(50)}, then the right-hand side is equal
to 1 and v (x) = Ay (z/3), so if u satisfies (13) for this V, it satisfies IC(5).

On the other hand, suppose p satisfies IC(5). Take an arbitrary nonempty
set V. If the right-hand side supremum is infinite, the inequality is obvious, so
we may assume it is equal to some s < oco. This means that for any (vg,0) € V
we have vg + A, (B0) < logs, that is vo <logs — A, (67). Thus

Yy () = sup{vo + (z,0)} <logs + sup{(z,v) — A, (60)}
veV veV

<logs+ sup {(2,9) ~ A(30)} = log s + Aj (/)

which in turn means from IC(/3) that the left hand side is no larger than s. O

Previous proposition easily implies that property IC is invariant under linear
transformations.

Proposition 2.16. Let L: R*—RF be a linear map and suppose that a prob-
ability measure 1 on R™ satisfies IC(3). Then the probability measure o L1
satisfies 1C(B).

Proof. For any set V C R x R* and any function f: R*—R put f(z) := f(L(x))
and V' := {(vo, L*(9)) : (vo,¥) € V'}, where L* is the Hermitian conjugate of L.
Then direct calculation shows ¢y (L(x)) = ¢y (x) and fOyy (L(z)) < fO¢¢(x),

thus
/ /O d(1o LY S/ T g,
RE n
/ e Td(poL™Y) :/ e*fdp
Rk n
and finally

sup {6”0/ emw”j)d(,u o L’l)} = sup {6”0/ eﬁ@’ﬁ)du},
veV RF n

veV

and

which substituted into (13) gives the thesis. O



Proposition 2.17. For any z € R,
1 . 2 * : 2
7 min(z, |z]) < Ay (z) < min(2?, |z]),

in particular the measure v satisfies IC(9).

Proof. Direct calculation shows that A, (z) = —In(1 — 2?) for || < 1 and
v1 241
AN(z)=v1+22—1—In <+2x+)

Since a/2 < a —In(1 +a/2) < afor a >0, we get $(vV1+22—1) < Aj(z) <
V1+ 22 — 1. Finally
1

2
. X
min(e, o) 2 V1t et 1= e 2 o

The last statement follows by Theorem 2.5, since min((x/9)2,|z|/9) < w(z). O

min(|z|, z?).

2.4 Logaritmically concave product measures

A measure p on R™ is logarithmically concave (log—concave for short) if for all
nonempty compact sets A, B and t € [0, 1],

p(tA+ (1= 1)B) > p(A)'u(B)' "

By Borell’s theorem [8] a measure p on R™ with a full-dimensional support is
logarithmically concave if and only if it is absolutely continuous with respect to
the Lebesgue measure and has a logarithmically concave density, i.e. du(x) =
@) dx for some concave function h: R™ — [—00, 00).

Note that if 4 is a probabilistic and symmetric measure on R™, then both
A, and A}, are convex and symmetric, and A, (0) = A}, (0) = 0.

Recall also that a probability measure p on R™ is called isotropic if

/(u,x) du(x) =0 and /(u,z>2 du(x) = |ul* for all u € R".

It is easy to check that for any measure p with a full-dimensional support there
exists a linear map L such that p o L™ is isotropic.

The next theorem (with a different universal, but rather large constant) may
be deduced from the results of Gozlan [11]. We give the following, relatively
short proof for the sake of completeness.

Theorem 2.18. Any symmetric log-concave measure on R satisfies IC(48).

Proof. Let i be a symmetric log—concave probability measure on R, we may
assume that p is isotropic by Proposition 2.16. Denote the density of u by g(x)

10



and let the tail function be u[z,c0) = e~"*). By the Hensley inequality [12] we

obtain
1

9(0) = 9(0)( / Pg(x)dr) > o L

Let T: R — R be a function such that v(—o0,z) = p(—o0,Tx). Then p =
voT~1 Tis odd and concave on [0,0). In particular, |Tz — Ty| < 2|T(z — )]
for all z,y € R.

Notice that T7(0) = 1/(2¢(0)) < 4, thus by concavity of T, Tz < 4x for
x > 0. Moreover, for x > 0, h(Tz) =z + In2.

Define

h(z) = { x? for || < 2/3
' max{4/9,h(|z|)} for |z| > 2/3.

We claim that (g, B(R)) has property (7). Notice that h((Tz — Ty)/48) <
h(T(|z — y|)/24) so by Proposition 2.3 it is enough to check that

B(%) < w(x) for x >0, (14)

where w(x) is as in Theorem 2.5. We have two cases.

i) Tz < 16, then
~/Tx Tx\?2 4 rx\2
)= (== < mi —. [ = < .
h(24) (24) —mln{g’((a) }—w(x)
ii) Tx > 16, then x > 4 and

(1) =max {gon(5) < max {5 555 = me (5551 <
< w(x).

So (14) holds in both cases.

To conclude we need to show that A (z) < h(z). For |z| < 2/3 it follows
from the more general Proposition 3.3 below. Notice that for any t,x > 0,
A,(t) >t + Inplx, 00) = to — h(zx), hence

Aulz) = Au(lz]) = sup {tlz] = Au(D)} < (Jz]) < h(x)

for |x| > 2/3. O
Using Proposition 2.14 we get

Corollary 2.19. Any symmetric, log—concave product probability measure on

R™ satisfies IC(48).
We expect that in fact a more general fact holds.

Conjecture 1. Any symmetric log—concave probability measure satisfies IC(C')
with a uniform constant C.

11



3 Concentration inequalities.

In this section we shall translate the concentration obtained from IC into an
alternative form, which in particular will allow us to prove IC implies several
strong results, known by other means to be true for any log—concave measure.
3.1 L,-centroid bodies and related sets

Definition 3.1. Let p be a probability measure on R™, for p > 1 we define the
following sets

Myl = {o e B [ (v.0) Pdue) <1},

2,(0) 1= (My(0)° = { € B | (0,2) P < [ 013) Pdu(o) for all 0 € R}
and for p > 0 we put
By () = {v € R": A%(v) < ph.

Sets Z, (k) for p > 1, when pg is the uniform distribution on the convex
body K are called L,-centroid bodies of K. They were introduced (under a
different normalization) in [18], their properties were also investigated in [23].

Proposition 3.2. For any symmetric probability measure y on R™ and p > 1,
Z,(p) C 2YPeB, ().

Proof. Let us take v € Z,(u), we need to show that A;(v/(21/pe)) < p, that is

(u,v)
21/pe

Let us fix v € R™ with [|(u,z) [Pdu(z) = (P, then u/B € My(p). We will
consider two cases.
i) 3 < 2'/Pep. Then, since A, (u) > [(u,z)du(z) =0,

(u, ) 8
pme M) < 5 <Z> sp-l

ii) 3 > 2'/Pep. We have

A, (u) <pfor all u e R"™.

/6< ) dpu(a) Z/\€< PPy >0y () Z/‘W‘ It w2y >0y dp(x)

> ;/‘W‘pdu(w%

thus y
, 1 21/p
/621/p6p<U’$>/ﬂdu($) > 5 /‘ €ﬂ<UJ, x) ‘pdu(x) = eP.

12



Hence A,,(2'/Pepu/B3) > pand A, (u) > 21/[26 A, (2YPepu/B) > 21/p . Therefore

B U B
21/pe —Au(u) < 21/pre B’U ~ 21/pe <0

O

Proposition 3.3. If p is a symmetric, isotropic probability measure on R",
then min{1, A% (u)} < |u|? for all u, in particular

VPBy C By(p) forp € (0,1).

Proof. Using the symmetry and isotropicity of u, we get

/<W>dﬂ *”Z%/ 2 du(z) > 1+ng>!cosh(u|).

Hence for |u| < 1,

X 1
A (1) < £0ncosh) (uf) = 5 [(1+ ful) In(1 + [uf) + (1 = ul) (1 = u)| < [uf?,
where to get the last inequality we used In(1 + z) < z for x > —1. O

3.2 a-regular measures.

To establish inclusions opposite to those in the previous subsection, we introduce
the following property:

Definition 3.4. We say that a measure p on R™ is a-regular if for any p >
q>2 and v € R",

(/ | (v, z) |pd,u(33))1/p < ag(/ | (v, z) |qdu(x))1/q

Proposition 3.5. If u is a-reqular for some a > 1, then for any p > 2,
By(p) C deaZy(p).

Proof. First we will show that

we My(n) = Au(3=) <p. (15)

Indeed if we fix u € My () and put @ := 2=, then

([1@a i)™ = Z( [ 1w Fan) " < { F5 F5P

13



Hence

k=0
1) p |k 1k *
—| £ S <emm p1<el
_Zk!‘%a‘ + k!’2e’ € * €
P k>p

and (15) follows.
Take any v ¢ 4deaZ,(u), then we may find u € M, (u) such that (v, u) > 4dea
and obtain

pu pu b
“(v) =\Y 2eq "\ 2eqr = 2eq camp=p

O

Proposition 3.6. If p is symmetric, isotropic a-reqular for some a > 1, then

Ay (w) = min { lul | ful® 2

20e’ 2a2e?

in particular

B, (1) C max{2aep, ae\/2p} By for all p > 0.

Proof. We have by the symmetry, isotropicity and regularity of pu,

o~ 1 ul* o~ (aklul)*
<u7m> — - 2k <1 L ~
/e du(z) g:o (%)!/<u7x> dp(e) <1+ ==+ E: k).
ul? | (oelul\ 2
< —_— —_— .
<1+ +Z( 5 )
k=2
Hence if ce|u| <1,

2 2.,21,,12 4
/ew,x)du(x) <14 % N %(aim)zx 140 62|u| N (ae|8u|) < e el 2

so A, (u) < o?e?lul?/2 for aelu| < 1. Thus A% (u) > min{M luf® } for all

2ae? 2a2e2

u. O

Remark 3.7. We always have for p > q, M,(1) C My(p) and Z,(u) C Z,(w).
If the measure p is a-regular, then Mq(p) C <EMy(p) and Z,(1) C EFZ4(p)
forp > q > 2. Moreover for any symmetric measure p1, A}, (0) = 0, hence by the
conveity of A}, Bq(p) C By(p) C EBy(n) for allp = q > 0.

Proposition 3.8. Symmetric log—concave measures are 1-regular.

14



Proof. If X is distributed according to a symmetric, log—concave measure g
and u € R™, then the random variable S = (u, X) has a log—concave symmetric
distribution on the real line. We need to show that (E|S|P)1/P < %(E|S|q)1/‘1
for p > ¢ > 2. Barlow,Marshall and Proschan [4] (see also proof of Remark 5 in
[16]) showed that

1/p
(EISP)? < R Blsi e,

so it is enough to show that the function f(z) := 1(I'(z+1))/* is nonincreasing
on [2,00). Binet’s form of the Stirling formula (cf. [1, Theorem 1.6.3]) gives

D(z+1) = 2D(z) = V2ra® /2o o1
where u(z) = fo‘x’ arctg(t/z)(e* "t — 1)~ 1dt is decreasing function. Thus

In(27x)

-1
2z

In f(z) = @—i—

is indeed nonincreasing on [2, 00). O
Let us introduce the following notion:
Definition 3.9. We say that a measure u satifies the concentration inequality

with constant 3 (CI(3) in short) if

Vp>2Vaenmn) 1(A) > % = 1—p(A+B2,(n) < e P(1— p(A)). (16)

The next proposition shows that property (16) is in a sense optimal.

Proposition 3.10. Suppose that p is an a-regular, symmetric probability mea-
sure on R™ and K is a convex set such that for any halfspace A,

w(A)>1/2 = 1—pu(A+K) <e?/2.
Then K D c(a)Z, for p > p(a), where c(a) and p(a) depend only on a.

Proof. Let us fix v € R and set A = {z: (v,z) < 0}. Then A+ K =
{z: (v,z) < a(v)}, where a(v) = sup,cx (z,v). Let X be a random variable
with the same distribution as (v, z) under u. Then

P(|X| > a(v)) =2P(X > a(v)) =2(1 — u(A+ K)) < e P.

Regularity of measure p implies || X, < ap||X]|4/¢ for any p > g > 2, where
| X |, = (E|X|?)/P. Hence by the Paley-Zygmund inequality (cf. [17], Lemma
0.2.1) we obtain for ¢ > 2,

P(1X| > [1X|ly/2) = (X" > 27E|X]%) > (1 —279)%|| XI5/ X |15

> —(2a)7%7 > (3a)" %,

&le

15



Thus if p > p(a) = 4In(3a) and c(a) = (4aIn(3a)) 1,

P(IX] = e(a)[|X]lp) =

1 —o/ln _
P(X] 2 51X lp/21m(30)) > (3a) P/ = 7P,

Hence c(a)|| X ||, = c(a)([ | (v, z) [Pdu(z))'/? < a(v) and ¢(a)Z,(p) C K. O
Another motivation for the definition of CI is the following corollary:

Corollary 3.11. Let p be an a-regular symmetric and isotropic probability
measure with o« > 1. Then

i) If u satisfies IC(B), then u satisfies CI(8eaf),

it) If p satisfies CI(8) and additionally satisfies Cheeger’s inequality (12) with
constant 1/7, then p satisfies IC(36 max{6ef,~v}).

Proof. 1) Suppose that u satisfies IC(8). By Remark 3.7, Proposition 2.4 and
the definition of B, (1) we have

1A+ 28B,(1)) = u(A+ BBay() = 1 — e (1 — p(A)),

so the first part of the statement immediately follows by Proposition 3.5.
ii) On the other hand, if u satisfies CI(5), then by Remark 3.7 and Propo-
sition 3.2 we have for u(A) > 1/2 and p > 1,

eP(L— (A)) > e (1= p(A)) > 1 — (A + BZ5, (1))
> 1— u(A+ 2"/ BBy (1) > 1 — u(A + 3¢BB,(n)).

By Proposition 2.7 this implies property (11) with v = 3e3. Additionally Aj,
is convex, symmetric and A;‘L(O) = 0. Finally, from Proposition 3.3 we have
min{1, A% (u)} < |ul?>. Thus, from Proposition 2.9 we get the second part of the
statement.

O

By Proposition 2.7 in the Definition 3.9 we could use the equivalent condition
p(A+ 6Z,(p)) > min{ePu(A),1/2}. The next proposition shows that for log-
concave measures these conditions are satisfied for large p and for small sets.

Proposition 3.12. Let p be a symmetric log-concave probability measure on
R™ and ¢ € (0,1]. Then

40 1
= > = mindeP
,u(A—&— p Zp(u)) > 2mm{e u(A), 1}
forp>cn or u(A) <e .

Proof. Using a standard volumetric estimate for any r > 0 we may choose
S C M, (p) with #5 < 5" such that M, (n) C U,es(u+ M. (1)). Then for
t>0,

x ¢ tZ(u) = max (u,z) >t/2

16



and by the Chebyshev inequality,

p® N2 ) < 3 pfe: w2 2 h <3 (%)T/m,@; au< 15t (2)

u€S uesS

Let p(A) = e, we will consider two cases.
i) p > max{q,cn}. Then by Remark 3.7,

— 1 — max{p,n
H(’?’OC IZP(H)) > :u‘(gozmax{p,n}) Z 1- 56 {p, } 2 1- /L(A)v

so AN30c'Z,(u) # 0, hence 0 € A+ 30c™ ' Z, (1) and
(A +40¢7 2, (1) > p(10¢™ 2, (n)) > 1/2.
ii) ¢ > max{p,cn}. Let ¢ := max{q,n}
A= AN30c712,(p),

we have as in i), p(30c='Z,(1)) > 1 — e~7/2, thus u(A) > u(A)/2. Moreover,

(1 - B)fl c A—"30712,(u) € A+ 30712, ()

q q
and
p(A+40c71 2, (p)) > ,u((l - g)[l + 2100712,1(/1))
> u((l - g)fl + S}OZ~(A)) > p(A)' 5 p(1024) 7
> (5u) T (2)" 2 Lutnat = Loy

We conclude this part with a proof that for log—concave probability measures
IC and CT are equivalent and (with the additional assumption of isotropicity)
imply the Cheeger and Poincaré inequalities. We begin by deriving from CI a
concentration of Lipschitz functions for isotropic measures.

Proposition 3.13. If u is a log—concave isotropic probability measure on R™
satisfying CI(C) and f is a 1-Lipschitz function (with respect to the standard
Euclidean norm) then

p({z € R": [f(z) — Med,, f(z)| > t}) < '/, (17)
where C1 = 4Ce?. We also have
p({z € R™: [f(x) — B, f(x)| > t}) < '/,

where Cy = 8C'e3.

17



Proof. Let Ay = {x € R" : f(x) —Med,f >t} and A = {z : f(z) < Med,f}.
We have p(A) > 1/2, and thus by CI(C), 1 — u(A+CZ,(n)) < e P(1—p(A)) <
e ?/2. Assume p > 1, then by Propositions 3.2 and 3.6 we have Z,(u) C
2eB,(1) C 4e?pBy. Take t = 4Ce?p (this assumes ¢ > 4Ce? = (), then
as f is 1-Lipschitz A; N (A + tBY) = 0, thus p(A4:) < 1 — p(A +tBY) <
1 —u(A+CZ,) < e /%1 /2. Similarly one proves that for ¢ > C; we have
p({z : f(z) —Med, f(x) < —t}) < e~/ /2, thus the thesis holds for t > Cy. If
t < C1, then obviously p(A4;) <1 < e!~#/C1,

By integration by parts we get |E,, f—Med,, f| < [;° p({z : | f(x)—Med,, f| >
t)dt < eC1, thus considering ¢t > 2eCy and ¢ < 2eC we get the thesis. O

The property (17) is called ezponential concentration of Lipschitz functions.
Theorem 1.5 of [21] states in particular that under convexity assumptions (sat-
isfied by any log—concave measure) exponential concentration is equivalent to
Cheeger’s inequality (12) and the Poincaré inequality. Thus we have the follow-
ing corollary:

Corollary 3.14. Let u be a probabilistic log—concave measure on R™. Then:
i) If p satisfies IC(C), then p satisfies CI(C") with C' ~ C.

ii) If u satisfies CI(C"), then u satisfies IC(C) with C ~ C".

i) If p satisfies either IC(C) or CI(C) and is in addition isotropic, then it
satisfies Cheeger’s inequality with constant k ~ C.

Proof. Any probabilistic measure can be transported by an affine map onto an
isotropic measure, let L be such a map that po L™! is isotropic. Also note that
Zy(wo L™y = L(Z,(p)), thus CI(C) is affine invariant, and by Proposition 2.16
IC(C) is affine invariant. Thus in i) and ii) we may assume g is isotropic. Also
note that by Proposition 3.8, i is 1-regular.

Thus i) is a direct consequence of Corollary 3.11. For iii) we may, by i),
assume p satisfies CI(C). Then by Proposition 3.13 we have exponential con-
centration of Lipschitz functions, and the thesis follows by Theorem 1.5 of [21].
For ii) we can use Corollary 3.11 again, as by iii) we know p satisfies Cheeger’s
inequality. O

Thus Conjecture 1 is equivalent to the conjecture that any log—concave mea-
sure satisfies CI(C). Moreover it would imply the following conjecture of Kan-
nan, Lovasz and Simonovits:

Conjecture 2 (Kannan-Lovéasz—Simonovits [13]). There exists an absolute con-
stant C such that any symmetric isotropic log—concave probability measure sat-
isfies Cheeger’s inequality with constant 1/C.

3.3 Comparison of weak and strong moments

In this subsection we use standard techniques to derive a concentration of norms
from the concentration of measure. We also show several consequences of the
CI property.

18



Proposition 3.15. Suppose that a probability measure p on R™ is a-regular
and satisfies CI(B). Then for any norm || - || on R™ and p > 2,

([ el = Medu (el ) ™ < 208 sup ([ 1) pan) "

where || - ||« denotes the norm dual to || - ||.

Proof. For p > 2 we define

1/
p i= sup /| (u, |pdﬂ .

floel« <1

Let M := Med,(||z]|]), A := {z: ||z|| < M} and A := {z: ||z > M}. Then
1(A), u(A) > 1/2 so by CI(8) and Remark 3.7,

at 1 P ot 1
Vizp 1= n(A+ B2, (1) < se's 1= p(A+ 822, () < 5e.
p 2 p 2
Let y € Z,,, then there exists u € R™ with ||ul|. < 1 such that
/p
Iyl = ) < [ V) Pdu(e)) " < m,
hence ||z|| < M + tm,, for x € A+ tZ,(). Thus for ¢t > p,
t 1
u{x: ||x||2M+%m,,}g1_ (A+6 Z,(u )) se

In a similar way we show |z|| > M — tm,, for x € A +tZ,(u) and p{z: ||z|| <
M — aftm,/p} < e~'/2, therefore

,u{x: ||| — M| > —mp} <etfort>p.

Now integrating by parts,

([ el = papan)”

aﬁmp p/00 = 1 T “|37H _ ‘ > mep}dt)l/p}
P
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Remark 3.16. Under the assumptions of Proposition 3.15 by the triangle in-
equality we get for v = 4a,

sz ([ flall = ([ olia) | an) " < v o [ 1w arran)”

(18)
This motivates the following definition.

Definition 3.17. We say that a probability measure p on R™ has comparable
weak and strong moments with the constant v (CWSM(%y) in short) if (18) holds
for any norm || - || on R™.

Conjecture 3. FEvery symmetric log—concave probability on R™ measure satis-
fies CWSM(C).

Proposition 3.18. Let u be an isotropic, probability measure on R™ satisfying
CWSM(y). Then

i) [lllzll2 = vnl*dp(z) <92,

i) if p is also a—regular, then for all p > 2,

1/17 (6%
([le1gan)” < v+ 2.

Proof. Notice that [ ||z||3du = n and |lul|5 = |Jull2. Hence i) follows directly
from (18) with p = ¢ = 2. Moreover (18) with ¢ = 2 implies

1/p 1/p o
([le1an)” < v+ s ([1waypan) " < v+ 2
< 2

lull2<1
by the a-regularity and isotropicity of pu. O

Remark 3.19. Property i) plays the crucial role in the Klartag proof of the
central limit theorem for convex bodies [14]. Paouris [23] showed that moments
of the Euclidean norm for symmetric isotropic log-concave measures are bounded
by C(p + /n). Thus Conjecture 3 would imply both Klartag CLT (with the
optimal speed of convergence) and Paouris concentration.

We conclude this section with the estimate that shows comparison of weak
and strong moments for any probability measure and p > n/C.

Proposition 3.20. For any p > 1 we have

([ el = Meau (el an) ™ < ( [ vatpan)”

1/
<257 sup ([ (worpan) "

llull <1
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Proof. Asin the proof of Proposition 3.12 we can find w1, ..., un with ||u;]|« < 1,
N < 5™ such that ||z < 2max;<n (u;, z) for all z. Then

/ lePdp < 2 / S | i, @) P < 2757 sup / | (u, ) P

i<N [lull+<1

Moreover,
1
[ Gal-dpdu) < [ (lalr-M7)duo) < [ folPdute)- 000
{llzll=M} {llzll=M}

and
1
/ (M — |2l dp(x) < MPpe: |l2l| < M} < 5 M.
{llzl]<M}

O

4 Modified Talagrand concentration for expo-
nential measure

In this section we show that for a set lying far from the origin Talagrand’s two
level concentration for the exponential measure may be somewhat improved,
namely (for sufficiently large t) it is enough to enlarge the set by tB} instead
of tBY + \/tBY.

We will need this result for sets which are far away from the origin in the
Euclidean norm. The first Lemma, however, will consider sets which are far
away from the origin in one coordinate direction. The proof is an application of
the Brunn—Minkowski inequality for the Lebesgue measure.

Lemma 4.1. Ifu >t > 0 then for any i € {1,...,n} we have
|(A+tBY) NnBY N{z: o] > u—t}] > et/2|AﬂnB? N{xz: o] > u}l.

Proof. Obviously we may assume that ¢ = 1 and u < n. Let A; := ANnBN
{z:21 >u}and B:={x € Bl : 21 > > _,~, |z;|}. From the definition of B and
Aj we have Ay —tB C nBy. On the other hand B = {z : |1 —1/2[4+) <, |7i| <
1/2}, so |B| = 27"|B}| = (2r1,,)~". Thus -

(A1 +tB") N nBY| > |(A, — tB) NnBY| = |A; — tB|

Now let us take
- 2|A1|1/n7”1,n

Si=—.
t + 2‘A1|1/n7"17n

Then we easily check that [tB/(1—s)| = |A1/s|. Since Ay C {& € nB}: z1 >t}
we get |A;|V/" < (n—t)/r1, and s < 2(n —t)/(2n —t). Now we can use the

21



Brunn-Minkowski inequality to get

A —t Ars —t 1-s A
|A1—tB|:’s¢+(1—s) B\z A B‘ :‘71‘:8_,”14“
§ 1—s S 1—s S

2n —t \" 1 n n
> A :(7> Al > emn—t|A| > t/2A '
_(2n—2t> |44 [ |A1| > e2=7|Ay] = e/ 7| A4

Notice that Ay +tB} C {: 21 > u — t}, so we obtain

|(A+tBY)NnBY N {z: Zu—t}’ Zet/Q‘AﬂnB?ﬂ{x: T > u}

in the same way we show
‘(A—l—tB{L) ﬂnB?ﬂ{x: 1 < —u—i—t}‘ > et/QlAﬂnB?ﬂ{x: T < —u}|
O

Remark 4.2. A similar result (although with a constant multiplicative factor)
can be obtained using the same technique and more calculations for nl/pBg
instead of nBY forp € [1,2].

Lemma 4.3. Ifu >t >0 then for any i € {1,...,n} we have
VM((A+tBY) N{a: |z > u—t}) > et/ZV"(Aﬁ {z: |z;| > u}).

Proof. Take an arbitrary & € N. Let P : R"t* —=R" be the projection onto first
n coordinates. Let pj, be the uniform probability measure on (n + k)B}™* and
71, the measure defined by 7 (A) = pp(P~1(A)). Take an arbitrary set A C R™.
Notice that for any set C' C R™ we have

Cnd{a: a2 s} = P(PTHC) N{a: |zi] = )
and also P~'(A) + B} ¢ P~'(A + B}). From Lemma 4.1 we have
pre(P7HA) +tBY™) 0 {a: |o] > u—t}) > e2pp (P7HA) N {2t 2] > u}),
and thus
e ((A+tB}) N {a: o] > u—t}) > 25 (AN {a: |2:] > u}).

When k—o0, we have 7;,(C)—v"(C) for any set C' € B(R™). Thus by going
to the limit we get the assertion. O

To pass from sets with one coordinate large to sets far away from the origin
in the Euclidean norm we will, instead of considering the measure of a set,
consider the integral of the square of the Euclidean norm over the set. Splitting
our set into subsets on which the square of the norm is roughly constant we will
be able to tie the two quantities, while applying integration by parts we are able
to estimate the integral.
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Proposition 4.4. For any t > 0 and any n € N we have

/ z2dv" () > e!/? / (Jz] — tv/n)2dv™ ().
A+tBY A
Proof. Let Ay = A+ tB}. By Lemma 4.3 we get for any s > 0 and any i:

/ I, >spdv" (2) Zet/z/ Iz 2540y dV" (2).
A, A

Thus

/ 2dl/ / / 28[{|m ‘>S}ds dv"™ ( ):/ 28/ I{‘zi‘ZS}du”(x)ds
Ay Ay
> et/Q/ 23/ I{‘x”ZsH}dV”(x)ds
0 A

= et/z/A/O 251 |5,|> 54} ds dv"(z) = et/Z/A (|:L'z| —t)idl/”(z:).

To get the assertion it is enough to take the sum over all 7 and notice that the
function f(y) := (y/y —t)3 is convex on [0, 00), hence

n

ZI%I—M—ZJ‘ )2 nr( Z) (o] =tV

Lemma 4.5. Suppose that A C {x € R": |z| > 5ty/n}. Then
V(A +tBY) > éet/%”(A).
Proof. Let
A = An{x: 5ty/n+2t(k — 1) < |z| < 5ty/n+2tk}, k=1,2,....

Then Ay, +tB} C {x: bty/n + t(2k — 3) < |x| < 5ty/n + t(2k + 1)}, hence

—_

V' (A+1tB}) > = > v(Ay +tBY).

k>1

N |

From Proposition 4.4 applied for A we have
(5t + t(2k + 1))2V"(A;€ +tB7) > / |z|2dv™ ()
Ap+tBD

2 5 [ (= W) 2 200 1) ().
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Thus
At/ + 2t(k — 1)
5tv/m 4+ t(2k + 1)

n n 2 t/2 1 t/2. n
v (A +tBY) 2( ) e Pun(Ag) > Y (Ag).

and
n n 1 1t2n _1t2n
v (A+tBl)2§§:Ze/y (Ak)—ge/z/ (A).

k>1
O

The final step is to make the distance from the origin that is required for the
argument to work independent of t. We do this by increasing our set A “step
by step” — by increments of 1087 at a time, and checking the effects of each
incrementation — either a large part of our set gets pushed close to the origin
(where we will be able to deal with it using different methods) or it stays outside,
but increases its volume. It may be useful to note that in this part we strongly
use the fact that we are considering enlargements by ¢B7 only, and not by the
standard tBT + /tBY, as the second set is not linear in ¢ (thus a composition
of two incrementations with the coefficient ¢ does not yield an incrementation
with the coefficient 2t).

Theorem 4.6. For any A € B(R™) and any t > 10, either

1
V" ((A+tB}) N50y/nBY) > 51/"(14)
or
V(A4 tBY) > et/10n(A). (19)
In particular (19) holds if AN (50y/nBY + tB}) = 0.

Proof. Let Ay denote A + 10kBY for k = 0,1,.... If for any 0 < k < t/10
we have v™ (A N 50/nBY) > v™(A)/2, the thesis is proved. Thus we assume

otherwise. Let A} := A \ 504/nBj. From Lemma 4.5 we have
1
Eef’u"(Ak) > 2™ (Ay).

By a simple induction we get v™(Ay) > e**1v"(A) for any k < ¢/10. Thus we
get

1
V" (Ap41) = V" (A}, + 10BY) > §€5V"(A§c) >
Vn(A—l—tB{L> > Vn(ALt/loj) > e2[t/10jyn(A> > et/10yn(A).

5 Uniform measure on Bg

In this section we will prove the infimum convolution property IC(C) for By
balls. Recall that v} is a product measure, while y,, denotes the uniform
measure on 7y, , B, We have
—n _ g = 2"C(1+1/p)  (20(1+1/p))"(ep)™/”

= |By| =

Tp,n 1"(1+n/p) nn/P(\/T%—F 1) ,
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where the last part follows from Stirling’s formula. Thus 7, ~ n'/P.

For v} we have IC(48) by Corollary 2.19. Let us first try to understand what
sort of concentration this implies, that is, how does the function A* behave for
vy,

P

Proposition 5.1. For any p > 1 and t € R we have
Bi(vp) ~{x: fi(l2]) < t}, and A} (t/C) < fp(Jt]) < A] (Ct),

where f,(t) =t fort <1 and f,(t) =t* fort > 1.

Proof. We shall use the facts proved in Section 3 to approximate B;(1,). Note
that v, is log-concave (as its density is log-concave) and symmetric. It is 1-
regular from Proposition 3.8. Also

1 , r(1+2
0’2 = / dvy(r) = — / 22e= 17" gy = (71'1) ~1
R 27p Jr 30(1+ 1)

for p € [1,00). The measure 7, with the density o,dv,(o,z) is isotropic, hence
Propositions 3.3 and 3.6 yield B,(7,) ~ vtB = [-V/t,\/t] for t < 1. Thus, as
Byi(vp) = 0,Bi(D), we get By(vp) ~ [—Vt, /1] for t < 1.

For ¢t > 1 we have

1
M) = {u € B: 7/ el dr < 1}
27 Jr

(t+ (1 + 1) i
M}N{UGR: lu| < t=Y/PY,

p

{uER:|u§ ‘

Thus Z;(v,) ~ [—t}/? /7] for |t| > 1, so by Propositions 3.2 and 3.5, B;(v,) ~
[—t!/P t1/P]. Hence, for all t > 0 we have {x: f,(|z]) < t} ~ {z: A7 (z) <t}
so A}, (t/C) < fp(t) < A} (Ct). As A} is symmetric, the proof is finished. [

Corollary 5.2. For any t > 0 and n € N we have

n 1/p pn
By ~ VB +t1/PBr forp € [1,2]
P VIBY NtYPBY forp > 2.

Proof. By Proposition 5.1,
Biyy) ={x € R": Y A} (x;) <t} ~{zeR™: > fillal) <t}

Simple calculations show that {z € R": Y fy(|z;|) <t} ~ t1/2By + /P B for
pel,2] and {x € R": 3 fp(|zi|) <t} ~ /2By NtY/PBY for p > 2. O

Proposition 5.3. For any t € [0,n], p > 1 and n € N we have By(upn) ~
Bt(V;L).
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Proof. Fort <1 we use Propositions 3.3 and 3.6. Both p,, ,, and v} are symmet-
ric, log—concave measures, and both can be rescaled as in the proof of Proposi-
tion 5.1 to be isotropic, thus By (pp.n) ~ VtBY ~ Byi(v))-

Lemma 6 from [3] gives (after rescaling by rp,,),

([ 1) @) ~ et (1@ @) " 20

for any p,t > 1 and a € R". Note that as r,, ~ n'/P_ this simply means the
equivalence of t-th moments of p,,,, and v, for t € [0,n]. Thus My(pprn) ~
Mi(vp,n) for t <n and therefore By(ppn) ~ Bi(Vpn). O

Remark 5.4. It is not hard to verify that By(jpn) ~ rpnB) fort > n.

5.1 Transports of measure

We are now going to investigate two transports of measure. They will combine
to transport a measure with known concentration properties (v™ or v, that
is the exponential or Gaussian measure) to the uniform measure py,,,. We will
investigate the contractive properties of these transports with respect to various
norms. Our motivation is the following:

Remark 5.5. Let U : R®"—=R"™ be a map such that
1U(z) = Ul = ollz — yl§ for all z € R,y € A.

e U(A+tY1B2) 5 U(R"™) N (U(A) + 8/7t/PBr).
Analogously if
1U(x) = Uy < 0llz —yll§ for all z € R,y € A
then
U(A+t"1By) C U(A) +§"/7t'/7 By

Proof. Let us prove the first statement, the proof of the second one is almost
identical. Suppose U(z) € U(A) + 51/pt1/pB;‘. Then there exists y € A such
that ||U(x) — U(y)||5 < 0t. From the assumption we have ¢t > |z — y||7, which
means x € A + tl/qB;’, and U(x) e U(A+ tl/qB[;). O

The first transport we introduce is the radial transport 7}, , which transforms

the product measure 1/;} onto i, , — the uniform measure on TpvnB;;'. We will

show this transport is Lipschitz with respect to the £, norm and Lipschitz on a
large set with respect to the ¢ norm for p < 2.

Definition 5.6. For p € [1,00) and n € N let f,, : [0,00)—[0,00) be given by

the equation
s » fp,n(s)
/ e " ldr = (27p)"/ rLdr (21)
0 0

and Ty (@) = 2 fpn(2ll,)/ Nzl Jor « € R
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Let us first show the following simple estimate.

Lemma 5.7. For any ¢ >0 and 0 < u < q/2,
“ —t1q—1 —u U
q/ e M9 ldt < e u0<1+27).
0 q

Proof. Let
flu) = e‘“uq(l + 23) - q/ e Tt dt.
q 0
Then f(0) =0 and f'(u) = e “u?(1 — 2u/q+2/q) >0 for 0 < u < q/2. O
Now we are ready to state the basic properties of T}, .

Proposition 5.8. i) The map T}, ,, transports the probability measure v, onto

the measure fip .

it) For allt > 0 we have e~ /™t < 2v,f, o (t) < t and f),,(t) < (29,) 7t < 1.

i) For any t >0, 0 < f, (t)/t — f, ,(t) < min{1,2pt?/n}.

iv) The function t — fp,,(t)/t is decreasing on (0,00) and for any s,t > 0,

[ fpn(®) 5™ ()] < ()™M — tlfpn(s n) < 20
P pmATl = P ~ max{s,t}’

Obviously properties of T}, ,, are strongly tied to properties of f, .. Estimate
i1) means that up to ¢t = n'/P the map Tp,n is basically a homothety. Bounds
i74) and iv) will be used when studying the Lipschitz properties of T}, ,. The
fact that f, »,(¢)/t is decreasing means points farther away from the origin are
contracted more. Thus we can decompose T}, ,(z) — Tp ,(y) by first rescaling
both points by fp,.(||z]])/|lz|/, and then estimating the additional error by the
inequality in the second part of iv).

Proof. The definition of T}, ,, directly implies i). Differentiation of (21) gives
e 5" = (29)" frt (5) fhn(5). (22)

By (21),

t t
e " < n/ e " ldr = (29,)" on(t) < n/ " ldr = t",
0 0

which, when the n-th root is taken, give the first part of ii).
For the second part of ii) we use (22) and the estimate above to get

) = 23) " (25) T < e @) (e )

=" /M(2y,) T < (29,) T < 1L

1
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To show iii) first notice that by (22) and ii),
tfpn(t) ( t
fon(®) N pn(t)

thus fp . (t)/t — f, ,(t) > 0. Moreover by ii), f,n(t)/t — f} (1) < fpn(t)/t <1,
so we may assume that 2pt? /n < 1. By (21) and Lemma 5.7 we obtain

) eitp(27p)7n < (6tp/n2’7p> eitp(Q’Yp)in =1,

D

P tP
(27p)" fpn(t) = E/ et P dy < e (1 + QP—).
7 P Jo n

Thus using again (22) and part ii) we get
n(t n(t —tgn tP\—1 _ 2pt?
t ’ t (27;0) fp,n(t) n n

By iii) we get (fpn(t)/t)’ < 0, which proves the first part of iv). For the
second part suppose that s > ¢ > 0, then

< fonlt)  Jon)  Sonl®)  fpult)

S t S

s—t s—t
= t) < .
St fpan()— s

O

The next two propositions apply the idea given in Proposition 5.8. The first
of them may be also deduced (with a different constant) from the more general
fact proved in [22].

Proposition 5.9. For any x,y € R" we have | Ty nz — Tpnyllp < 2|z — yllp-

Proof. Assume s := ||z||, >t := ||y||,, we apply Proposition 5.8 and get
p\ /P
1Ty = Tyl = (D2 [Ty = Tl
bi n t 1 n\S f n(t
_ (Z’ pt()(xi_yi)+( ps( ) _ pt()>zi
s—1t p\1/p
< (3 (i + 5 e)')
/p  |s—t 1/p
< (Z|$z’—yi|p> + | p |(Z\$z‘\p)

[lzllp = N1yl ]

||pr

:D)l/P

= llz —ylly + llp < 2[lz = yllp-

O

Proposition 5.10. Let u >0, p € [1,2] and x € R™ be such that ||z||on~1/? <
ul|z|,n 1P, then

1 Tpn2 = Tpnyllz < (L +u)llz =yl for ally € R™.
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Proof. Let s = ||z||, and ¢t = ||y||p, we use Proposition 5.8 as in the proof of
Proposition 5.9, and the Holder inequality,

s—t]  \2y1/2
Ty~ Tyl < (3 (=il + 2= D))

S
s — 1] 2 =yl
<z —yll2 + [zl2 < flz —yll2 + ==Lzl
5 ]l
< [zll2 1 1
<llz—yll2+ ne 2|z —ylla < (14 u)llz -yl

H33||p

O

The second transport we will use is a simple product transport which trans-
ports the measure v} onto vg. We shall be particularly interested in the cases
p =1 and p = 2, but most of the results can be stated in the more general

setting.
Definition 5.11. For 1 <p,q < oo we define the map wp 4 : R—R by

1 [ 1 [
— e dt = — / e~ dt. (23)
Tp Ja Tq Wp,q(2)

By v, we denote wy1. We also define W', : R"—R™ by

Wprfq(xlvx% s 7mn) = (wp»q(x1)7wp,q(x2)7 s va’Q(xﬂ))'

Note that w;é = wgy, and (I/V;‘,q)_1 = W, Differentiating equality (23)
we get
wy,  (r) = Ja p—aP 4w} (@) (24)
: Vo
As W), 4 is a product transport, we will spend most of our time estimating
the properties of the one-dimensional version w,,. We will prove that w4
behaves very much like /9 for large 2, and is more or less linear for small |z|.
We begin with the bound for ¢ = 1.

Lemma 5.12. For p > 1 we have

i) vp(x) > 2P 4+ In(pya?~") and v),(x) > paP~" for x>0,

i) vp(x) < e+ aP 4+ In(pypa?~t) and v)(x) < e‘paP~! for x> 1,
iii) [vp(x) — vp(y)| = 2P|z — ylP.

Proof. Note that vy = 1. We have for = > 0,

IS B A SR S A S
e P\t = eV dt < T ptP~re™ " dt =
Tp Jz DYpTPT Sy

and for z > 1, since (1 +7/p)? < e" <1+ er for r € [0,1], we get

e

et

_ P

x4z 7P /p
e~ vp(®) > i/ et > 1 e~ (@+a PP 5 e € .
T W Ja T PPt T pyprht
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Notice that by (24), v} (z) = e +»(*) /5, hence we may estimate v/, using the
just derived bounds on v,,.

The lower bound on v, yields |v,(x) — v,(y)| > |z — y[P? for z,y > 0. The
same estimate holds for z,y < 0, since v, is odd. Finally for x > 0 > y we have

[vp(2) = vp(y)] = [vp(2)] + lup(y)] = 2l + [yl > 21 7P|z — ylP.
O

The previous lemma shows that for x > 1 v, and P have comparible deriva-
tives. One could hope that w, , and 27/7 behave in the same fashion. Unfortu-
nately things are not so bright for the case of ¢ = 2 — while it is true that wy »
is larger than /2, things start getting messy around = = 1 when one considers
the derivative. The following estimates are not optimal, but strong enough for
our purposes.

Lemma 5.13. i) Forp > q > 1, |wpq(x)| > |x[P/? and w), ,(x) > %Z >
i) For p > 2, w;, o(x) > %\/ﬁ|x|p/271'

N[ =

Proof. Since the function wy, 4 is odd, we may and will assume that z > 0.
i) We have by the monotonicity of u?/9=" on [0, c0),

00 _— e} /q—1,—uP
i 1 [ a w. (€ dl o (ayase WP e du
7/ eft dt = / eft dt = f p,q(7) _ f p,q (%) /
Tp Ja

Tq wp,q (@) fOoo e~*dt fOoo up/q—le—updu
oo P
J pe Cdu e ;
> wp’f(o?;_pupdu == e " du,
0 Tp Wp,q(2)2/P

thus wy, 4 (2)P > z and w, ,(x) > 2P/9. Formula (24) gives wy, () = Ye/7p >
1/2.
ii) We begin by the following Gaussian tail estimate for z > 0:

o0 2 1 2
/ e Vdt > ————e 7. (26)
> 2vz22 +1
We have equality when z—o00, and direct calculation shows the derivative of the
left—-hand—side is no larger than the derivative of the right—-hand-side.
Let k := 4y/m, we will now show that for all z > 0 and p > 2,

wp.2(z) > upy(z) == max {gm, \/(xp + ln(\/ﬁxP/Q—l/n))+}. (27)

Suppose on the contrary that wp2(z) < up(z) for some p > 2 and « > 0. Note
that by i) we have w), 5 > 72/7, > 72 = /7/2. Thus u,(z) is equal to the
second part of the maximum. This in particular implies that x > 2/3, since for
x < 2/3 we have

O

2
+(13—1)1n7+@—1go.
K

2P 4 In(/paP/?71 k) < 5 3
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Therefore u,(z) > /7x/2 > 1/+/3. Now by (25), (23) and (26),

1 1 o0 oo
\/E _16 72 1€ - > it et dt :/ eftht
pxP ’Yp paP~ Tp Jz wp,2(x)
00
> / e_tzdt > ;e—ui(m) > #e—ui(m)
u

»() 2, /u2(x) + 1 — Auy(x)

_ 1 ef(a:erln(\/fn:pﬂ’l/ka)) \/E 17p/2€7:c”.

= —x

dup(z) V/PUp (z)

After simplifying this gives u,(z) > /pzP/2. Hence
1 1 1
pxP < uf,(:c) =zP + iln(pxp) + lna < gxp + 5pmp = paP,

which is impossible. This condratiction shows that (27) holds.
Thus we have wy, o(x) > up(z) and by (24) we obtain

w' (I)_ 72 —zPJru () f \/’ p/2 1 8\/ﬁxp/2 1

p,2 Yp
]

Remark 5.14. By taking u,(r) = max{y/7z/2, /(2P + In(prr/2=1/(kInp))) 4 }
for sufficiently large k and estimating carefully one may arrive at the bound
w) o(x) = C~'pa?/2=1 /Inp. One cannot, however, receive a bound of the order
of pxP/?~ 1,

Proposition 5.15. For p > g > 1 we have
i) vy (W, (A)) = v (A) for A€ B(R"),

it) [wgp() — wqp(y )| <2z —y| forx R,
it1) for x,y € R™ and r > 1,

Wap(@) = Wap, W)l < 2]z =yl

i) for x,y € R,
|w1,p(x) —wip(y)| < 2min(|z —yl, |z — y|"/?) < 20z —y|'/7,
v) (Wi (@) = Wi, W)lE < 29|z — ylly for z,y € R™.

Proof. Property i) follows from the definition of w,, and W7,. Since w,, =

w, & we get ii) by Lemma 5.13 i). Property iii) is a direct consequence of ii).

By Lemma 5.12 iii),
w1,p(2) = wip(y)| = v, (@) — v, (y)] < 2177w —y|VP.

The above inequality together with ii) gives iv) and iv) yields v). O
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Let us summarize the facts so far. We have IC for the measure v for any
p, thus if the radial transport 7}, were Lipschitz with respect to the second
and p-th norm, we could transport IC to pp, . However, while T}, ,, is Lipschitz
with respect to the p—th norm, it is Lipschitz only for points not very far from
the origin in the second norm (Proposition 5.10 proves this for p < 2, a similar
problem occurs when p > 2). Thus we will have to deal with the point farther
away from the origin separately.

For p < 2 we shall use the results from section 4. We can, fortunately,
transport them easily to v, as the product transport W', is Lipschitz with
respect to any norm (in particular the second norm), and also contracts the
first norm to the p—th norm.

For larger p it turns out it will suffice to combine the transports we already
have. While T}, ,, is not Lipschitz in the second norm far away from zero, it
turns out that W', contracts the points far away from zero strongly enough
to compensate for this, and the composition is Lipschitz. To check this we will
bound the norm of the derivative matrix, using the estimates for the derivatives
of the transports given above.

To this end we define the following transport from the exponential measure
v™ to .y, for p > 2:

Definition 5.16. Forn € N and 2 < p < oo we define the map Sp ,,: R"—R"
by Spn(z) := Tp,n(Wln,p(m))-

This transport satisfies the following bound:

Proposition 5.17. We have ||Sp n(z) — Spn(y)ll2 < 4|z —yll2 for all z,y € R”
and p > 2.

Proof. It is enough to show that || DS, »(z)| < 4, where DS, ,, is the derivative
matrix, and the norm is the operator norm from ¢4 into 5.
Let s = ||[W{',(z)[|,. By direct calculation we get

(8*;1;{1)3’ (z) = 5ijfp7n(52wi,p($i)

+ a(s)wi p(x;)B(xi) (28)
where

a(s) = s (sf) () = fpn(s)) and B(t) := |wy p(8)[P~  sgn(ws ,(E))wh ,(1).
Thus we can bound

1080 < 22 s ()] + o) [ Wiy @), (30 82))
=1

s
Since wy p = w;&, Proposition 5.13 i) implies |w] ,(x;)| < 2, while by Propo-

sition 5.8 we have f, (s)/s < 1. Thus the first summand can be bounded by
2.
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For the second summand note that by Proposition 5.8 iii),

la(s)| = s7P|f . (s) — M‘ <s7? min{l7 22:13 } (29)

p,n s
Moreover, ||[W]',(z)|l2 < n'/?271/Ps by the Hélder inequality and

_ w, 0P

8] = lwrp (Pl ()] = 7L s <

1
s
by Lemma 5.12. Thus

2psP 1/2
[DSpn(z)|| <2+ s™"min {1, ﬁ}nl/Q—l/psL
" P

<2+ 2sn /P min{ns P 1} < 4.
O

Recall our aim is to transport the enlargement by tB}' + v/tBY into the
enlargement by tl/”Bg N v/tBY. This means that any vector in either the ¢B7
ball or v/tB¥ ball should be mapped by S, , both into v/tB% and ¢!/ PBr. We
know that By maps to B from the above proposition. Both B3 and B maps
to By when transported by W', and T}, ,, is Lipschitz with respect to the p-th
norm, thus the last part left is to check what happens to vectors from tB} with
respect to the second norm. Here direct derivation would be more involved, thus
we will change one coordinate at a time and track the changes in the second
norm:

Proposition 5.18. For any y,z € R™ and p > 2 we have
1Sp,0(y) = Spon(2)l2 < W, (y) = Wi, ()]l + 2072y = 2|1

Proof. Let u;(t) = (y1,Y2,- -, Yi-1,t, Zi+1, Zit2, ..., 2n) for ¢ = 1,...,n. Note
that w;(y;) = wi1(zit1), ui(z1) = z and u,(y,) = y, hence

Spn(2) = Spn(y) = D (Spin (wi(2:)) = Spon(wswi))-

=1

Let s;(t) := ||w1,p(ui(t))]|p. By vector—valued integration and (28) we get

08,
Sy (ws(20) = Sy i) = [ 2 s(0)dt = a4 s,
Yi g
vhere “ fynlsi(®)
- " JpnlSi / )
a; : /yl ) wh ,(t)edt
and

by = / " (s (O)BOWE, (us(t))d.

i
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As in the proof of Proposition 5.17 we show that
Ha(si(t))ﬁ(t)W{fp(ui(t))H2 <2025 (t)n" P min{ns;(t) 7P, 1} < 2n~ /2

thus

n
‘ %
i=1

To deal with the sum of a;’s we notice that, since f, »(s)/s < 1and w} ,(z) >

0,
— | {ai, &) | = ‘/ f”’ )) i’p(t)dt‘

< \/y wi,p<t)dt( = |wip(2i) — w15 (ys)]-

n n
<Y llbilla < 207123 [y — =1l = 2072y — 2.
i=1 1=1

(o

Thus
1 aills < 1Y (wip(zi) = wip(i))eillz = W, (2) = Wi, )2

Having these facts, we can put them together in the following corollary:

Corollary 5.19. Ifx —y € tB? + t'/2BY for some t > 0, then for all p > 2,
Spn() = Spn(y) € 8(t/2By NtY/PBY).

Proof. Let us fix x,y with x —y € tB} + t1/2B§l. By Proposition 5.15 iv),

Wy () = Yl = ZIWLp ;) = wp(yi) |’

< QPZmin (lzi — vl |xs — wsl)

< QPZHHH(W —uil®, e — il) < 2072
Thus by Proposition 5.9,
1Sp,n(x) = Sp.n @)y < 2IWTH () = W, (y)llp < 8¢1/7.

By Hélder’s inequality, ||y, (2)—Sp.n(y)|l2 < n'/27YP||S, ,.(2)=Sp.n (¥, <
8t1/2 for t > n.

Assume now that ¢t < n. Let z be such that z — z € tl/QBg‘ and z —y €
tBY. Then Sy, (x) — Spn(z) € 4t'/2B} by Proposition 5.17 and [|W7,(z) —
Wi, @)lle < 2/t by Proposition 5.15 v). Thus by Proposition 5.18,

1Spm(y) = Spn(2)|l2 < 2612 + 20~ 1/2¢ < 4¢1/2,
Hence S, (%) — Spn(y) € 8t1/2B3. O
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The last function we define transports the Gaussian measure vy to p,, , for
p>2.
Definition 5.20. Forn € N and 2 < p < oo we define the map Sp,n: R*"—R"”
by Spn(z) := Tp,n(Wﬁp(m))-

We argue in a similar way as in the proof of Proposition 5.17 — estimating
the norm of the derivative matrix:

Proposition 5.21. We have ||S, ,(2) = Spn(y)|l2 < 14||z—y|2 for all 2,y € R™
and p > 2.

Proof. We need to show that || DS, ,(x)|| < 14. Direct calculation gives

(asp,n)j (z) = 5ijfp,n(§2w2,p(xi) n a(§)w2}p<$j)5~(xi) (30)

ox; s

where § = [|W3 ()],

als) = 5P (sf) . (s) = fon(s)) and B(t) = |wa,(£)[P sgn(wa p(£))wh , (t).
Thus we can bound

108yl < 222 oy )+ 1) W5, ), (3 ) (30

The first summand is bounded by 2 as in the proof of Proposition 5.17. Since
Wa,p = wg% we get by Lemma 5.13 ii),

2 ) = |lw T p—1 wh ()] = |w2,17($)|p_1 iw T p/2
|ﬁ( )| | 2,;0( )| | 2,p( )| w;)2(w27p(x)) S \/]3| 2,17( )‘ ’

hence )
noo. 1/2 8
( 62(@)) < —3P/2
2 7
Using (29) and [|[W3,(z)]|2 < n'/27/P5 we bound the second summand in (31)
by

b
5" min {17 2]Ls}nl/?—l/%igm = 8p~ /P min{u~ /2, 202/ < 82 < 12,
n VP
where u := psP /n. O

5.2 Applying v, results — p < 2

In this subsection we need to put carefully together Theorem 4.6 which for a set
far away from the origin allows us to either increase its mass or push it closer
to the origin by adding a tBT ball with the transport T}, ,, which is Lipschitz
close to the origin, and thus will allow us to transport concentration inequalities
from v to pyp . for sets close to the origin.

We start with the version of Theorem 4.6 for v, which is a direct trans-
portation of the 1 case.
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Lemma 5.22. For any A € B(R"), p € [1,2] and t > 1 at least one of the
following holds:

V(A +20tYPBl) > etul(A) or
v ((A+20tY/7B1) N 100y/nBY) > $vi(A).

Proof. We will use the transport W', from v" to v}'. Proposition 5.15 v)
gives [|[W' () — Wi, (y)|b < 2P|z — y|l;. By Remark 5.5 this means that
A+2(10t)1/pB” D W', (W} (A)+10tBT). Let us fix t > 1 and apply Theorem
4.6 to W1 (A) and 10¢. If the second case occurs, we have

vl (A+ 20t /7B (W7, (W, (A) + 10tBY)) = v™(W;',(A) + 10tBY)

"Wy (A)) = e'vp (A).

If the first case of Theorem 4.6 occurs, then due to Proposition 5.15 iii) we
have [[W],(2)[l2 < 2||z[|2, so 2aBy D Wi, (aBy) for any o > 0. Thus

n
2 P
> e t

v (A +20tY2B1)N100v/nBY) > v (Wi, (Wi (A) + 10tBY) N 100v/nBY)
= vy (W, (W (A )+10tB;l)mW£1(100ﬁB;)))
> v (W, (W (A) + 10t BY) N 50v/nBy))
"((Wy1(A) + 10tBY) N 50v/nBy )

VI (A)) = Su(A).

Y
DN | = T

Now recall what IC (or rather, CI) implies for v

Lemma 5.23. There exists a constant C such that for any p € [1,2], t > 0 and
n € N we have

V(A4 C(t/7BY +'/>BY)) > min {% efug(A)}.

Proof. Corollary 5.2 gives Bs(v,) C C(s 1/Z’B" + s'/2By) for s > 0. By Corol-
lary 2.19, v satisfies IC(48) Wthh due to Proposition 2.4 implies v (A +
48 Bat(vy))) > min{1/2, e’} (A)} for any Borel set A. Thus we have

v (A+96C (¢ /P B +t'/2B})) > min{1/2, ' (A)}.
O

For technical reasons we will need to discard the set of points where the p—th
norm is small to use Proposition 5.10. The following proposition uses a simple
argument to ensure this set small (of the order of ¢=™).
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Proposition 5.24. For any « > 1 there exists a constant c¢(«) such that for
anyn € N and p > 1 we have

vp({z: lzll, < c(a)nl/”}) <a ™

Proof. We have

c(a)nt/P
V;L({x . ||$||p < C(a)nl/p}) :%/ e—?”prn—ldr
0

n
1+
n c(a)nt/? L cla)man/r
<o r"T = ———— < (Ce(a))”,
F(1+Z)/0 F(1+g)*( ()

where in the last step we use the Stirling approximation and C' as always denotes
a universal constant. Thus it is enough to take c(a) < (Ca)~ 1. O

Theorem 5.25. There exists a universal constant C such that p,, satisfies
CI(C) and IC(C) for any p € [1,2] and n € N.

Proof. By Propositions 2.7, 3.12, 3.5 and 5.3 it is enough to show
fipn (A+ C(tPBr + t1/2BY)) > min{1/2, €' 11, (A)}. (32)

for 1 <t <nand pp,(A) > e ™
Recall that T}, , denotes the map transporting v, to . Apply Lemma
5.22 to T, (A) and t. If the first case occurs, we have

v (T, 4 (A) + 206/ BY) > et (T, 1 (A)) = €' pupn(A).

Proposition 5.9 gives ||Tp 2 — Tpnyllp < 2||z — y||p, thus by Remark 5.5,

[ipn (A +40t1/PBY) = v (T, L (A + 40t/ B1))

> Ul (T, L (A) +20t1/PBL) > €'y n(A)

and we obtain (32) in this case.

Hence we may assume that the second case of Lemma 5.22 holds, that is
n / 1 n -1 1
Vp (A ) > §l/p (Tp,n(A)) = QIU’P;N(A%

where
A= (T, ) (A) +20t'/P B') N 100v/nBy.

In particular v (A") > e™"/2. Let
A" = A n{x: |z, > ent/P},
where ¢ = ¢(4e) is a constant given by Proposition 5.24 for a = 4e. Then

1 1
VRAT) 2 v (A) = (4e) 7 2 SR (A) 2 Cppn(A).
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We apply Lemma 5.23 for A” and 4t to get
fipin (T (A" +4C (/7B +¢1/2BY))) > v (A" + C((4)/P By + (4t)'/2BY))
1 1 (A 1
> min {§,€4tV;L(AH)} > min {i,e“'up’T()} > min {i,etup,n(A)}.
Proposition 5.9 and Remark 5.5 imply
Tpn (A" +4Ct/2BY + ACt/PBY) C T, , (A" + ACt'/?By) + 8Ct'/* B

Moreover, for x € A” we have ||lz|z < 100y/n and ||lz||, > én'/P. Thus
n~Y2||z|| < 1006 'n~1/?||z|,, so we can use Proposition 5.10 along with Re-
mark 5.5 to get

Ty (A" +4CtY2BY) C Ty n(A”) + CtY/?By.
Proposition 5.9, Remark 5.5 and the definitions of A" and A” yield
Tpn(A") C Tpu(A') C Ty (T, 2 (A) + 20617 BI) C A+ 40t/PBY.

Putting the four estimates together, we can write
o (A+(40 + SC)/7 By + Ci'/2 By
> fipn (Tp,n(A”) +Ct'\?By + 8Ct1/PB;)
2 Hp,n (Tp,n (A" +4Ct'°By) + SCtl/pB;;)

> ip i (Tpn (A" + 4C(t1/pBg + t1/2B§))) > min {%,etupwn(A)},

which gives (32) in the second case and ends the proof of CI. IC follows directly
from Corollary 3.14. O

5.3 The easy case — p > 2

This case will follow easily from the exponential case and the facts from sub-
section 5.1.

Theorem 5.26. There exists a universal constant C' such that for any A C R",
anyt>1,n>1 and p > 2 we have

tpon (A + C(tl/pBg N tl/ng)) > min{1/2, e'1,(A)}.

Proof. In this case we will again use the transport Sy, ,,. Assume A C 7, B, let
A= S, »(A). By Talagrand’s inequality (6) we have v"(A+CtB} ++/CtBYy) >
min{etv™(A),1/2}. However by Corollary 5.19 we have

Sy (!1 +CtBY + \/EB;L)) C Spu(A) +8C(VEBY + /7 BY).

Thus, as S, (A) = A and S,,, transports the measure v™ to i, ,, we get the
thesis. 0
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By Propositions 2.7, 3.12, 3.5 and 5.3 and Corollary 3.14, Theorem 5.26
along with Theorem 5.25 yields the following.

Theorem 5.27. There exists an absolute constant C such that for any n € N
and any p € [1,00) the measure py,,, satisfies CI(C) and IC(C).

By Corollary 3.14 we get Cheeger’s concentration inequality for p,, ,. How-
ever, arguing this way we loose control of the constant. We can obtain a more
precise result by using — as previously — the transport from the exponential
measure v".

Proposition 5.28. For any p > 2 and n > 1 the measure p,, Satisfies
Cheeger’s inequality (12) with the constant 1/20.

Proof. By [6] Cheeger’s inequality holds for v™ with the constant x = 1/(2v/6),
thus by Proposition 5.17 pp ., satisfies (12) with the constant x/4 > 1/20. O

We can also show a stronger result, namely a Gaussian—type isoperimetric
inequality for p, , with p > 2. The isoperimetric estimates for p < 2 were found
by Sodin [24].

Theorem 5.29. Let ®(z) = (2m) /2 [ exp(—y?/2) be a Gaussian distribu-
tion function, A € B(R™) and p > 2, then

ppn(A)=@(x) = ppn(A+20tBy) > ®(x+1t) for all t > 0.

In particular there exists a universal constant C such that

: f 1 / 1
mln{upm(A) lnm,(lf,up’n(/l)) lnl—M@n(A)}.

Proof. By Proposition 5.21, gpn(\/i) is 14y/2-Lipschitz and transports the
canonical Gaussian measure on R™ onto p,,. Hence the first part of theo-
rem follows by the Gaussian isoperimetric inequality of Borell [9] and Sudakov,
Tsirel’son [25]. The last estimate immediately follows by a standard estimate
of the Gaussian isoperimetric function. O

Ql=

Hp,nJr (A) >

6 Concluding Remarks

1. With the notion of the IC property one may associate IC-domination of
symmetric probability measures u, i on R™: we say that p is IC-dominated
by fi with a constant G if (u,AE(B)) has property 7. IC-domination has the
tensorization property: if p; are IC(8)-dominated by fi;, 1 <14 < n, then ®u; is
IC(B)—dominated by ®ji;. An easy modification of the proof of Corollary 3.11
gives that if y is IC(8)—dominated by an a-regular measure fi, then

= 1 (A + c(0)BZ, () < e (1~ p(A)).

N =

Vp>oVaenmn) u(A) >
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Following the proof of Proposition 3.15 we also get for all p > 2,

1/ 1/
([11all = stea, ety Paw) " < e@s swp (16w o) pan) ™

llell <1

2. One may consider convex versions of properties CI and IC. We say that
a symmetric probability measure p satisfies the conver infimum convolution
inequality with a constant B if the pair (“’A;(E)) has convex property (7),
i.e. the inequality (1) holds for all convex function and f with ¢(z) = A}, (z/3).
Analogously u satisfies convex concentration inequality with a constant (3, if (16)
holds for all convex Borel sets A. We do not know if convex IC implies convex
CI, however for a-regular measures it implies a weaker version of convex CI,
namely

WA) > 1/2 = p(A+ er(@)BZ,() > 1 - 277

and this property yields CWSM(cz(a)3).
From the results of [20] one may easily deduce that the uniform distribution
on {—1,1}" satisfies convex IC(C') with a universal constant C.

3. Property IC may be also investigated for nonsymmetric measures. How-
ever in this case the natural choice of the cost function is A% (x/83), where /i is
the convolution of y and the symmetric image of u.

4. We do not know if the infimum convolution property (at least for a-regular
measures) implies Cheeger’s inequality. If so, we would have equivalence of IC
and CI 4 Cheeger. By Corollary 3.14 this is the case for log—concave measures.

Acknowledgements. We would like to thank the anonymous referee for
pointing out to us the connection between CI property and recent results of E.
Milman.
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