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Abstract

We show that the Bernoulli conjecture holds for sets with small one-dimensional projedobns,
i.e. any bounded Bernoulli process indexed by such set may be represented as a sum of a
uniformly bounded process and a process dominated by a bounded Gaussian process.

1 Introduction

Let I be a countable set and {;)i»; be a Bernoulli sequence i.e. a sequence of indepen-
dgnt symmetric variables taking values§ 1. For T % 12(1) we consider the Bernoulli process
(' iz, "iti)t2T. The problem we treat in this paper concerns the conditions we need to impose
on the setT to guarantee that the Bernoulli process is almost surely bounded. By the con-
centration property of Bernoulli processes (cf. Theorem 2 below) it is enough to conder the
boundedness of the mean.
For a nonempty setT % 12(1) we de ne
X
b(T):= Esup  "itj:
t2T i21

_ P
(More precisely, to avoid measurability problems one de nedXT) :=supg Esup,r 5, "iti,
where the supremum is taken over all nite subsets ofT.) In a similar way we put
X
g(T):= Esup  gtj;

t2T i21
where (g)i2) is a sequence of i.i.d. GaussiaN (0;1) r.v.'s. The fundamental majorizing
measure theorem of Fernique [1] and Talagrand [4] states thag(T) < 1 if and only if °5(T) <
1 {for precise de nition of °, cf. [7, Dﬁ_nition 1.2.5]. p
Itis easytoseethatg(T), Ejgjb(T) = ’gb(T). Moreover, obviously(T) - sup,t i, jtii
and b(Ty + T2) - b(T1) + b(T2).
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The Bernoulli conjecture (cf. [3, Problem 12] or [7, Conjecture 4.1.3]) statgs hat for any set
T with b(T) < 1 we may nd a decompositionT %2 Ty + T, with sup,,1, ;jtijj < 1 and
g(T2)< 1.

The aim of this note is to show that the Bernoulli conjecture holds under some additional
restrictions on the set T { namely, that all one dimensional projections of T (i.e. the sets
fti: t 2 Tg) are small. In particular, we answer the question posed by M. TalagrandT, p. 144]
{ concerning the case whert; may take only two values 0 and 2 % (see Example 1 in section
4).

In the paper we use letterL to denote universal positive constants that may change from line
to line, and L; to denote positive universal constants that are the same at each occurence.

2 Partitioning Scheme

In this section we slightly modify some of Talagrand's results concerning paitioning scheme
for a family of distances (gathered in sections 2.6 and 5.1 of [7]) to get theatement expressed
in the language that will be suitable for our purposes. The only new point of ourapproach is
De nition 1 below.

Let r = 2° for some integer® , 2. Suppose thatT % 12(l) and we have a family of metrics
(dj)j2z on I12(1) and nonnegative functions F; dened on all subsets of T such that for all

s;t2T,;6 A%Tandj 2 Z,

diea(sit), 1l tdi(sit); (€
Fi« (A) - Fj(A); )
Fi(A), Fj(B) for ;& B %A; 3)
9,27z diy; 1(sit) - )2”0"1:@2) for all s;t2 T; (4)
9o d¥(s;t), & min riZ (s t)? foralls;t2T;j22z: (5)

i21
Wedenefort2T,a, O
Bi(ta):=fs2T:di(s;t)- ag
and as in [7] we setN,, :=22" , n=0;1;:::.
De nition 1 . Letj > 0 andng 2 Z.. We say that functionals F; are (j ; no)- decomposable
on T if the following holds. Suppose thatC 2T, t2 T,j 2 Z andn, ng satisfy

;6 C¥%Bj, (2" 2ri*1): (6)
Then we can split C into m disjoint nonempty sets Cy;:::;Cyn with m - N, such that for all
i - m either
Ci % Bj(t;;2"?ri J) for somet; 2 C 7
of [ - N 1.,
8iac, Fjs1 Ci\ Bjay (2722111122 " Fi(C) i*ZHF‘ o (8)

Conditions (1)-(8) are just reformulations of Talagrand's assumptions fa a family of distances
from [7, Section 5.1]. Condition (5) gives a connection between distanced; and "cut" I,-
distances induced by the Bernoulli process. A minor change with respect to [7] is present i
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De nition 1 { Talagrand's approach yielded the splitting of C with only one set C; satisfying
(8).

Theorem 1. If 02 T, conditions (1)-(5) hold and functionals F; are (j ; no) decomposable on
T, then we may nd decompositionT %2 T, + T, with

°2(T1) - Lpi r(j Figen (T)+270ri J0)

and

ktky - Lyl 2r(j Fjo+a (T)+2"0ri J0) + 201 L supksk; for t 2 Ty
s2T

Proof. First we will follow the proof of [7, Theorem 5.1.2] with F; =i Fj, " = ra dj2
(notice that r =21 4 for - :=°+4  6). We have' j+; , 'j by and the condition (5.7)
is obviously implied by (4). Let Bj(t;c) := fs2 T:"j(s;t) - cg as in [7], thenBj(t; 2") =

Bj (t; 27=2ri J).

We will not prove the growth conditon in the sense of [7, De nition 5.1.1], but instead we will
show that the place, where it was used can be obtained by our assumptions on decompodiipi

The main point in the proof of Theorem 5.1.2 was the inductive construction of te partitions
A, and numbersj (C); g(C); p(C); b (C), by(C) for C 2 A, satisfying (5.11)-(5.17) given on
p.147 of [7]. Let us takeC 2 A, and put j = j(C). Then, by (5.11) the condition (6) holds,

somei. If (B) holds, then for all t 2 A,

i ¢ i _ P (4 .
Fn+1;j+1IA\ Bj+1(t;2n+') =i Fj+1|A\ B”j+1(t;2“‘2+2r'1'1‘2) . iFj(C)i 2Mri !
= Fnj (C) i 21

(compare with the estimate at the top of page 149 in [7]). So we may puj(A) = j(C);q(A) =

q(C) +1:n(A) = bp(C); by (A) = b (C) and b(A) = by(C)j 2"ril and check all conditions
as on pp.148-149 of [7].

If (7) holds for C; = A then A %2 Bj(t;;2") and we can follow the de nitions and arguments
for the caseA = Dy; 1\ Bj(ti;2") given on pp. 149-150 of [7].

Hence following the proof of Theorem 5.1.2 we construct an increasing sequenc&y(), o of
partitions of T with Ag = fTg, # A, - N, and for eachA 2 A, an integer j (A) satisfying
the following conditions (for the sake of convienience from now on ouj(A) is j(A)j 1 from
[7], we also putA, = fTgforn<ng): j(T)=joi 1,

A2A,, B2As 1, A%B ) j(B): j(A) - j(B)+1; 9
8zt 2"rH AR Fjeq (T)+2M0ri o) (10)
n, 0
and
Baza, Y(ayt A ¥2Bja)(t(A);ri1(A)2n=2); (11)

where A, (t) denotes the unique set inA, such thatt 2 An(t).

Now we apply Theorem 2.6.3 of [7] with the constructed partition and numbersj (A). Let
V =1, HA) = pi 12721 ri i(A) and ! be a counting measure on - = | . Conditions (2.98)
and (2.99) are implied by (10) and (9) respectively. IfA %2B, A2A ;B 2 A0, n°- nandif
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additionally j(A) = j(B) then £(B) - +(A) so (2.100) holds. To verify the assumption (2.101)
take s;t 2 A, then by (5) and (11),

*X © oA 1=
min (s j tj)?ri 3@
i21 . ) , ,
X © 2 1= X © 3 1=
min (s t(A))%ri A + min (ti i t(A);)2;ri 2(A)
i21 i21

HH(d; ay (S EH(A)) + 0 ay (B E(A)) - HA):

Thus all assumptions of Theorem 2.6.3 are satis ed and hence we may nd a decompaisin
T % T, + T, + T3 satisfying (2.102)-(2.105). By (2.102) and [(10) we have

X X _ .
°2(T1) - Lsup  2"2x(An(t)) - Lpitsup  20ri TAR) o i Iy (5 Ry 4q (T) + 270l Do):
2T, 2T

Using (2.104) with p =1 and the de nition of +we get by (10) for anyt 2 T,

X _ .
ktky - Lpi Zsup  27ri AR ) i 2p (G Ry g (T) + 200 oy
ELI

Finally since 02 T and T 2 Ay we get by (11) foranys2 T,

3 X a 41—
min©si2;ri 2(ry.
i2l s ) \ ,
X © a2 X © o_alio
min (s t(T);)%ridM + min t(T)2;ri 2j (T)
i2l i2l

Wy (S t(T)) + d ) (0st(T))) - 2 Hrid (D)
In particular # fi:js;j, ril(T=2g. 16u 2 and by (2.105) for anyt 2 Tz we can nds2 T
such that
»l . . . l
ktkj_ - 5 JSiJIfzjsij) rii(Mg* Zq.,l' kSkz:
i=1
Thus we may take T, + T3 from [7, Theorem 2.6.3] forT, in the statement of our theorem. O

3 Estimates for Bernoulli processes

We begin this section with recalling several well known estimates for supremafoBernoulli
processes and deriving their simple consequences. First result is the concentration propenof
Bernoulli processes (cf.|[5] or [2, Corollary 4.10]).

Theorem 2.p Let (&)t 2 T be a sequence of real numbers indexed by a setand S :=
sup,t(ar+  j,, ti"i) be such thatjSj< 1 a.s. Then
3

P(jSi Med(S)j, u)- 4dexp

u?

' 16%

where ¥:= sup,, 1 ktkz. In particular EjSj< 1, JESi Med(S)j- L¥and
3 .

P({Si E(S)j, u)- Lexp j

for u> 0;

2

u
0z foru> 0: (12)



Boundedness of Bernoulli processes over thin sets 179

Corollary 1. Let (Y¥)i27, 1+ k- m be iid. Bernoulli processes and¥:= sup,,t kY. ko.
Then for any process(Z;)i>7 independent of(YX:t2 T;k - m) we have

E max sup(YX+ Z;) - Esup(Yl+ Z)+ Ll%p logm: (13)
Lk-mypT t2T

Proof. By the Fubini Theorem it is enough to consider the case wherP(8; Z; = z) =1 for
some deterministic sequencez);>t. By (12) we have forallu> 0,k - N,
3 ¢ 3 2 -
P sup(YX+z), Esup(Y X+ z)+u - Lexp i
t2T t2T

[EZ2
Thus
3 ’ n 3 u2 'O
P maxsup(Ytk +z), Esup(Ytl +z)+u - mn ImLexp | —s
kem o7 2T Ly
and (13) follows by integration by parts. O

In the same way (usingb(T j s) = b(T)) we show

S
Corollary 2. If to2 12(1) and T = [, Tk %12(1), then
p___
T) - mkaxb(Tk)+ L% logm;

where ¥:= sup, 1 kt i toka.

satisfy

810 kt; j toky, aand 8 ktjk; - b: (14)
Then X L Np___ 20
E sup ti", —min a logm; — :
m oy L2 b
Corollary 3 ([7, Proposition 4.2.2]). Consider vectorsty;:::;ty, 2 12(1) and numbersa; b > 0
such that (14) holds. Then for any% >0 and any setsH; Y2 Bj2(;)(t; %),
3 .
[ Np__ 520 -
b H . imin a logm; & i Lg%p logm + min b(H,):
L m L2 b I m

Before stating the last result, which is the main new observation of this sedbn, let us introduce
some additional notation. For ; & J %1, t 2 12(1), T . 12(1) we de ne ty := (t;)i2y 2 12(J)
and X
by(T):= Esup "it:
t2T i23
We also set
dy(t;s) := kty i syka; t;s212(1)

and
By(t;a):= fs212(1): dy(s;t) - ag; t21%(1);a, O
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Proposition 1.  Suppose thatm is a positive integer, numbersb; % >0 satisfy bp logm - ¥
and T %12(1) is such that for constantsc;e > 0,

8isat di(s) - ¢ dy(ts) - € ktj sky - b (15)
S
Then there existty;:::;tm 2 T such that eitherT %2 | B (t;;%) or
1 ' 1 e
by Tn Bi(t;% - b(T)i L—%i 2Lie  logm+ Lsc: (16)
I+ m 4

Proof. Sinceby (T) = by (Tj t)forany t 2 12(1), we may and will assume that 02 T. Moreover
to show (16) it is enough to consider the casen , 2, &- min(c;%4) and N(T;d;;%) > m
(where N (T;d;a) denotes the minimal number of balls in metric d with radius a that cover
T).
We set 3 [ ‘

®:= inf 2TbJ Tn B (t;%3 :

I+ m

X X
Yt(k) = ti"i(k); Zi = ti"i
i2J i21nd
and
Sk =ft2T: Yt(k) >® Leg:
First we will show that if L is suzciently large then
3 3
[ Ya 1
=P N d = —: 17
p S|,d|,2,m’4 (17)
|- 4m
Suppose thatp - 1=4 and put
n Y [ o
S:= t2T:d(ts) - EforsomesZ S ;
I- 4mj 1
then . -
3 3 [ % 1
P(N(S;d;%>m)- P N S|;d|;E >m - p- Z:

I- 4mj 1

Let us X ("™). 4m; 1 such that N(S;d ;%) - m, then by(T nS) , ® Denote by P4y the
probability with respect to variables ("i(4m)). We have

’ X (4m) ,
Pam(Sam ¥2S) = Pam  sup i - ®j Le

|
t2TnSjoy
3

X S
Psn Sup ti"i(4m)- by(TnS)j Le - =
t2TnS 23 4

for suzciently large L by Theorem[2. Hence

P(Sum %S) - P(N(S;d;%>m)+ %P(N(s;oh;%)- m). p+ L
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ie. 3 3 g
[ ¥,
P 9us,, O S , =, 1=
l- 4mj 1
By the symmetry we have for any 1- k - 4m,
3 3 .
[ ¥,
P 90s, d t; S |, 54 . 1=2
I 4m;l 6 k
De ne n 3 [ 30
A:=card k- 4m: 9, d t; S > ;
I+ 4m;l 6 k

theg EA , 2m and thus (since 0- A - 4m) P(A, m) , 1=4. However if A, m, then
N( . am Si;di;%2), m,so (17) hglds.

Let us x ("i(k))k. am such that N( | ,, S;di;%=2) , m. Then there existt, 2 T and
1. k- 4m, | =1;:::;m such thatt; 2 S, and d (ti;t;) , %=2 fori 6 j. We have
dng(tisty) . di(tist)i do(tisty), ¥%=2i e, %A fori 6 j. Let Ejny (Piny) denote the
integration (resp. probability) with respect to ( "i)i2|ny, then by Theorem|3,

Einy max sup(Y + Zy), Ejny max (Y +2Z,), ® Le+ E max Z,
1- k- 4m o7 1. I-m 1. I-m

5

1 Nyp 30 1 P
®j Le+ —min — logm; — ®i Le+ % logm:
' L, gz O9M g o 6L, - %Y

Since 02 T, we have sup, 1 kt;,3kz - cby (15), hence by (12) (recall thate-- ¢ and according
to our convention L may di®er at each occurence),
3

k) 4 ;1L
Ping 1-Ta21(mtszqu(Yt Zy), ® 16,

3)4)Iogm1 Lc ,

NI

therefore R

(k) 1
P ma Yo+ Z ®+
. e, SUR(Y, 0. 16,

3/f logm;j Lc %p, %:
This implies (using again (12))

p
Y% logmj Lsc:

(K) 1
E max sup(Y, '’ + Z ®+
pmax Sup(Y, 0. 16L,

Corollary 1 yields

p—— - P —
ElTai( sup(Yt(k)+ Z) b(T)+ Lie logdm - b (T)+ p3Lle} logm;
“kedm o1

hence

— p
®- b(T)j Yaj p3Lle logm + Lsc;

16L,
which yields (16) provided L, , 16L5. O
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4 Thin sets

De nition 2. We say that a setA »2 R is p-thin for somep > 0 if there exists a sequence of
functions (f . )k2z:121, satisfying the following conditions

I) flb;l "R [i 2i k;Zi k], fk;| (0) =0,

i) S Ifa )i fia (i -] xi yjforall xy 2R,

i) o, f )0 fa (D7, ©minf2i25x g yjPgforall j 2 Z, xy 2 A.

Example 1. T = f0;ag is 1=2-thin.

Indeed let Ix = f1g and fafx) = fi(x) := minf(jxjp 21 ¥).;2' ¥g. Suppose that 2! -

jaj < 21 1*1 | then for j >Pi vk ifk(@ i fr(0)j? = k2 %k =22 2=3 and forj - i,
i@ fk@)Z = g 20+ (jaji 201)2 =21 2=3+(jaji 217)?, a?=4.

Example 2. T = f2¢: k2 Zg[f Ogis 1=4-thin.
Let Iy = Zandfy, (x) :==min f(xj 2 &j 20 k), ;(2"i 1} 2i k), ;2 kg. Thenifx =21 >y =2/,

H 2 X- i i1i 1y;2 1-©'2'-i'1-2a
ifa(X) i fra (Ni°, ffei (@) fii (2% 9, zmin 2 j2t g
k, jl K, ]

1 ©;2j.- 2

where the “rst inequality follows by the monotonicity of fy.;, and the second one by the same
calculation as in Example 1.

Example 3. Suppose thatT is a "Cantor-like set"such that 0 2 T and for some® > 0,
Bsit2Tisct gg;rz[s;t];s<r(3;t)\ T=;andtj s, ®tj s):

Then T is ®-thin.
Let RnT=""_ (a;b,), N -1 . Weputly:=fl:::;Ngand

. © ) ) L
fa G =min (i ai 2900 ai 2925 ifh>ar, 0
fu(x)=min (hi xi 2 ;0 aij 2 .;2% ifa<b - O

Ifx;y2T,x<y,thenx<ap<b, <y forsomen - N with (b, an), ®&yi x)and

- .2 X - .2 . 1 . © . 2 . .2a
ifa )i fra (DI, ffin ()i fin(@n)jc, 4 "min 209 jb, i an]
k, jil k, |

3 - 2 © _ a
% min 20 2:ixi vyj? ;

where the “rst inequality follows by the monotonicity of fy., and the second one by the same
calculation as in Example 1.

Example 4. If T contains some nonempty open interval ;b then T is not p-thin for any
p> 0.



Boundedness of Bernoulli processes over thin sets

183

Suppose on the contrary thatT is pr-thin and functions (fi; )k2z;21, satisfygonditions i)-iii)
of De nition 2. By condition ii) the functions fy, are a.e. di®erentiable and jfl?;l 2j- 1
for a.e.z 2 R. Hence there existsjo such that

if (2)idz < (b a):

a K, joil

Thus forany n 2 Z, we can nd x;y 2 (a;b) with yj x =(bj a)=n such that

y X
i ()i i ()] - if9 @idz <u(yi x):
k, joil Xk, joil
Hence X © a
i () i fia O <Py i xj? = @#min 20 3sjy xj?
k, joil
if n is suzciently large, and this contradicts condition iii).
In a similar way one can show that ap-thin set cannot have positive Lebesgue measure.
Lemma 1. Suppose thatA is a p-thin subset of R and r = 2° for some positive integer®.
Then there exist functions (fk; )y, 7., such that
) fgit RY [ ri¥ri X, fig (0)=0,
) ITa g fla (i~ 2x i yj forall xiy 2R,
i) B0GY) =y an (00 o Oi2. w@minfridjxi yigforallj 22, xy 2 A,
V) Y% (X;y), ril%(xy) forall x;y 2 A.
Proof. Let (fki)k2z121, be as in De nition 2. Let us put

Me == f(lesl2;03): 0 1o ©4 Lo, O/l3 2 ok 1)+ 1,0

e utans) = 1120 (g 1y 1005 fOr (1512313) 2 T
Notice that
kf}'(ll'lz'ls)kl . ri |22i o(ki l2)i 11 - ri k2] I1 . r] k;
§ i P Xt . ro. ,
kw200 ) i Fleaunans (- rile a0 i fa M- —ixi V]
ki (l15l2318)2 T I, 0 Kl 21, i
<Xy

We also have forx;y 2 A,
X

X
T 00200 ) i Fle a5 I, ifrr () i fra (¥)i?

k, j; (I1:l2;13)2 % K. %l 21k a a

wmin 20275 jx i oyj? = @min i Fxg yj®

B

Moreover,
X

%1202 00 1 Fle 210 WI?
k, j+1;(l1;l2513)2 % » X ' )
L Ik 01200 ) i T (a0 IS
k, j; (Is;l2313)2 %

Since fiat (1,41 15) = Ik (,05) fOr k2 Z, (115125 13) 2 T O
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5 Main Result

In this section we prove the main result of this note, which is the following theorem.

Theorem 4. Suppose thatT ¥ 1%(1) is such that0 2 T, b(T) < 1 and all one dimensional
projections of T, (ft;: t 2 Tg)i2, are p-thin. Then T % Ty + T, with sup, 1, ktky - Ly 2N(T)
and g(Ty) - Lp' *H(T).

To prove the theorem we will rst construct distances d; and functionals F; satisfying (1)-(5).

Let r =2° with © | 2 to be chosen later.
By Lemmald there exist functionsfiy, such that

fie cRU [ ri*%ri %] fiw (0)=0; (18)
X

8i2 8x;y2R jfi;k;l (X) i fi;k;l (Y)J : Zin yJ (19)
k;l

and a decreasing family of metrics ¢; ); 2z on 12(I') dened by

3

X
di(s;t) == ifia (t) i fixa (S)i?
ik, il

1=2

satis es (1) and (5).
or ;6 AT let X
Fj(A):= Esup Fiar (6) ik 5
Tk, il
where (i ) is a multindexed Bernoulli sequence. ObviouslyF; satis es (2) and (3). Moreover
(19) and the comparison theorem for Bernoulli processes [6, Theorem 2.1] (cf. the @of of [7,
Proposition 4.3.7]) implies
82z Fj(T) - 20(T): (20)

Notice that by (19),
sup dj(t;s) - 2 supktj sky - 80(T);
s;t2T ts2T
hence the condition (4) holds ifrti jo = 160(T).
In the next few lemmas we are going to show that functionalF; are (j ; ng)-decomposable for
large r and suzxciently chosen j and ng.

Lemma 2. If Cis asnonempty subset ofT, then there exist vectorsty;:::;tm; 1 2 C such
that the setD := Cn ;] B, +1 (tj;a) isempty or forallt 2 D,

1 Op— ,.4° p_——
Fi+s1(D\ Bj+1 (%)) - Fj+1(C) i L—Zmln a logm;a“r +2L3% logm:

Proof. We follow the standard greedy algorithm based on Corollary 3. may obiously
assume thatm , 2 and N(C;d;+1;a) , m. Let us take any 0< + < L 3% logm, we will

B

inductively choose vectorst;. Let D; = C and t; 2 C be such that

Fj+1 (C\ Bj+1 (t1;%93) , SZLI(?FJ'H (Cc\ Bj +1 (7)) =
t
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S
If ty;:::;tk, 1- k<m j 1 are already chosen, we seéDy.+; := Cn :‘:1 Bj+1 (ti; @) and take
tk+1 2 Dg+1 such that

Fi+1 (Dk+1 \ Bj+1(tk+1;%) . sup Fj+1(Di+1 \ Bj+1 (%)) i +

t2Dk+1

. o Smi1
Let t = ty be an arbitrary pointin D = Dy, = Cn .} "Bj+1(ti;a) and let H; := Dy \
Bj«a(t;%,1- |- m. Thendi (t;t), aforalll- k& 1. mandH %2Bj.(t;%, so
we may apply Corollary[3 with b= ri Ji 1 and get

3 ,
[ 1 . ©ep___ . ..»2 [
Fi+1(C), Fj« Hi L—min a logm;a?r’*t | L3% logm +min Fj.1 (H;):
2

i=1
But the construction of t; yields

miin Fier (Hi), Fj+1(D\ Bj+s1 (%) i +, Fj+1(D\ Bj+1 (%)) i L33/f logm:

O

S
Lemma 3. If ;& C % T then we may decompos€ = I, Dj into m - Ny, 1 disjoint sets
such that fori - mj 1, Dj % Bj.1 (ti;Le2™2ri 11 172 for somet; 2 C and

8120, Fij+1 (Dm\ Bjuq (t; 2722 pidi %2y F L (C) 2"rili 172

Proof. We use Lemma 2 withm := Ny, 1, ¥%:=2"2*2ri1i 122 and a:= Lg2"2ri 11 172, Then
1  ©ep_— .8 p_ L L S
—min a logm;a?ri*t | 2L3% logm= —%j 8Ly 2" 1=2pilil=2 onyijil=2
|_2 L2

if Leg, L2(21:2+8L3). O

Lemma 4. If r, L, and 2"°=2  Lgr, then functionals F; are (r¥72; ng)-decomposable.

Proof. Let us take C % Bj; 1(to; 2™2ri 1*1) % Bj (to; Z”ZZéi 1*1) for someto 2 T andn , no.
We apply Lemma[3 to C and get a decompositionC = ; _ Dij, m - Ny; 1. The setDy,
satis es the condition (8) (with C; = Dy, and j = r*?)and (Nn; 1§ 1)(Np; 2+1)+1 - Ny,
so it is enough to show that each of the set®,, | - m i 1, may be decomposed into at most
Nn; 2 +1 sets C; satisfying (7) or (8). Letus x |- mj 1, then

D) % Bj (to; 22r1 1" )\ Bjiy (ti;Le2™2ri i 172)
for sometg;t; 2 T. Thus
di(t;s) - 2% rii s g (6s) - Le2™2rili =2 for all t;s 2 Dy:
Hence we may apply Proposition 1 withc = 2% 2% ri i*1 e = L g20=2t1yifi 132 p=2ril,
m = Ny, 2 and %=2"2ri | and get that D; = ~ |.;* C; with C; satisfying (7) for i - m and

3

1 p_——
Fi+1 (Cm+1) - Fj(Di)i T %j 2L.e logm + Lsc:
4
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Notice that
3i3/4' 2L.e P logmi Lsc=2"rili 1=23i
L, 1 i Ls L.

ri=2 2L,Lgj 2Lsr322i "2  nyili 12

if L7 and Lg are large enough, saC,+; satis es (8). O

Proof of Theorem 4. | Let us chooser = 2° 2 [L;;2L7) and ng , 1 such that 27072 2

[Lgr; 2%2Lgr), then by Lemma (4 functionals F; are (j ;no) decomposable with j = r'=2. Let

jo2 Z be such thatrijo . 16(T) - rlijo. Then all assumptions of Theoreni 1 are satis ed.
Notice that p- 1, sup,t ksky - 40(T),

i Fjos1 (T)+2M0rido . 2r=2(T) + 32L3r%0(T) - Lb(T):
Hence by Theorem 1 we gefl % T, + T, with

o(T1) - L°o(T1) - Lpi (T)

and

supktky - Lpi 2rb(T) + Ll *(T) - Lpi 20(T):
12T,

O
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