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Abstract

Central limit theorems for functionals of general state space Markov chains & of crucial
importance in sensible implementation of Markov chain Monte Carlo algrithms as well as of
vital theoretical interest. Di®erent approaches to proving this type of results under diverse
assumptions led to a large variety of CTL versions. However due to the recent devepment

of the regeneration theory of Markov chains, many classical CLTs can be repk&d using this
intuitive probabilistic approach, avoiding technicalities of original proofs. In this paper we
provide a characterization of CLTs for ergodic Markov chains via regeneratn and then use
the result to solve the open problem posed in [17]. We then discuss the di®erence between
one-step and multiple-step small set condition.

1 Introduction
Let (Xn)n>0 be a time homogeneous, ergodic Markov chain on a measurable space; B(X)),
with transition kernel P and a unique stationary measure¥son X : We remark that the ergod-

icity means that
nIlilm kP"(x; i Yky =0; forall x2X; Q)

where k ¢ I, denotes the total variation distance. The process Xn,)n>0 may start from any
initial distribution Y. Let g be a real valued Borel function onX, square integrable against
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R
the stationary m%asurel/zz We denote by d its centered version, namelyg'= gj gd¥%and for
simplicity S, := [, §(X;). We say thata ' n; CLT holds for (Xn)n>0 and g if

s, = mq¢

N©;%); as n!l ; )
where 3//5 < 1. First we aim to provige a general result, namely TheorenT 4.1, that gives a
necessary and suzcient condition for’ n-CLTs for ergodic chains (which is a generalization
of the well known Theorem 17.3.6([11]). Assume for a moment that there exista true atom
®2 B(X); i.e. such a set® that ¥A®) > 0 and there exists a probability measure® on B(X);
such that P(x; A) = °(A) for all x 2 ®: Let ¢p be the “rst hitting time for ®: In this simplistic
case we can rephrase our Theorem 4.1 as follows:

Theorem 1.1. Suppose that(X,)n> o is ergodic and possess a true ator®, then thep nj CLT

holds if and only if
y ' xe T2,

Ee H(Xx) <1: 3)
k=1
L |IPX
Furthermore we have the following formula for the variancé/.é = Y(®)Ee v2 8(Xk)

Central limit theorems of this type are crucial for assessing the quality & Markov chain Monte
Carlo estimation (see[10] and [5]) and are also of independent theoreticalterest. Thus a large
body of work on CLTs for functionals of Markov chains exists and a varietyof results have been
established under di®erent assumptions and with di®erent approaches (see [9] for a reviewye
discuss brie°y the relation between two classical CLT formulations for geometically ergodic
and uniformly ergodic Markov chains. We say that a Markov chain (X )n> o with transition
kernel P and stationary distribution Yiis

2 geometrically ergodic,if KP" (x; §j A9k, 6 M (x)¥2;forsome’z<landM (x) < 1 Ysa.e.,
2 uniformly ergodic, if KP"(x; § i YAPky 6 M¥A; for somea<landM < 1 :

Recently the following CLT provided by [8] has been reproved in[[17] using the intitive
regeneration approach and avoiding technicalities of the original proof (howevesee Section 6
for a commentary).

Theorem 1.2. _If a Markov chain (X,)n>0 with stationary distribution ¥%2is geometrically
ergodic, then a pni CLT hojdsgor (Xn)n>0 and g whenever¥{jgji®**) < 1 for some+ > 0.
Moreover % := , &d¥e+2 | +_) §(Xo0)B(Xn)dYe

Remark 1.3. Note that for reversible chains the condition¥{jgj>**) < 1 for some+ > 0 in
Theorem[1.2 can be weakened t#(g®) < 1 as proved in [16], however this is not possible for
the general case, see [2] or [6] for counterexamples.

Roberts and Rosenthal posed an open problem, whether the following CLT versioffior uni-
formly ergodic Markov chains due to [4] can also be reproved using direct regeneiiah argu-
ments.

TheoreB1 1.4. If a Markov chain (Xy)n> o with stationary distribution %ais uniformjy ergodic,
thgn@ = nj CLT holds for (Xa)n>0 and g whenever¥{g?) < 1 : Moreover ¥ = | §°d¥a+
2y hm 8X0)B(Xn)dYa
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The aim of this paper is to prove Theorem[4.1 and show how to derive from this geneta
framework the regeneration proof of Theorem 1.4. The outline of the paper is asoflows.
In Section[2 we describe the regeneration construction, then in Section 3 we provide s@m
preliminary results which may also be of independent interest. In Sectioh 4 we detaihe proof
of Theorem[4.1, and derive Theorem 1.4 as a corollary in Sectidn 5. Sectiori 6 comges a
discussion of some dixculties of the regeneration approach.

2 Small Sets and the Split Chain

We remark that ergodicity as de ned by (1) is equivalent to Harris recurrence and apeiodicity
(see Proposition 6.3 in [13]). One of the main feature of Harris recurrenchains is that they
are Aj irreducible and admit the regeneration construction, discovered independently in [12]
and [1], and which is now a well established technique. In particular such chains sty

De nition 2.1  (Minorization Condition) . For some" > 0; someC 2B* (X):= fA2B(X):
A(A) > 0g and some probability measure,, with °,,(C) =1 we have for allx 2 C;

PT(x; 9> "m(9: (4)

The minorization condition (4) enables constructing the split chain for (X,)n> o which is the
central object of the approach (see Section 17.3 of [11] for a detailed descriptip The mi-
norization condition allows to write P™ as a mixture of two distributions:

P™(x 9= "lc(0°m(@+[L i "l (IR 9; (5)

whereR(X; § =1 "lc ()] YP (G "lc(X)%m(9]: Now let (X nm ; Yn)nso be the split chain
of the mj skeleton i.e. let the random variableY, 2 f 0; 1g be the level of the splitmj skeleton
at time nm: The split chain (X nm ; Yn)ns o is @ Markov chain that obeys the following transition
rule P:

P(Ynh = LiX(mym 2 dyjYn; 1; Xnm = X) "l (X)°m (dy) (6)
P(Yn =0;X(n+nym 2 dYjYn; 1;Xam = X) = (1§ "lc(X))R(x;dy); (7)
and Y, can be interpreted as a coin toss indicating whetheiX .41y m given X,,m = x should
be drawn from °, (@ - with probability "Ic(x) - or from R(x; § - with probability 1 | "l¢(X):
One obtains the split chain (X«; Yn)ks 0:n> 0 Of the initial Markov chain ( X,)n>0 by de ning

appropriate conditional probabilities. To this end let X§™ = fXo;:::;Xmm; 19 and Yg' =
fYo;:::;Yni 10
P(Yn =1 Xom+1 20X 5 X negy mi 12 WX 15X ey m 2 dYJYG' i Xg" 5 Xnm = X) =
"l (X)°m (dy)
= 7P . . .
Pm(X, dy) (X1 dxl)¢¢n(xm| 11dy)y (8)

_ @i "le(X)R(x;dy)

P (x: dy) P(x;dx1) ¢ CR (X, 1;dy): Q)

Note that the marginal distribution of ( X)k>o in the split chain is that of the underlying
Markov chain with transition kernel P.
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For ameasure, on (X;B(X)) let , ® denote the measure orX £f 0; 1g (with product ¥; algebra)
denedby  "(BEf1lg)=", (B\ C)and ,*(BEfOg =2 i "),(B\ C)+ ,(B\ C®:Inthe
sequel we shall usé€p, for which°7 (B £f 1g) = " (B)and°;(BE£f 0g) =(1 i ")°m(B) due
to the fact that °,,(C)=1:

Now integrate (8) over x1;:::;Xm; 1 and then overy: This yields
P(Yn =1;X(n+ym 2 dyjYg'; Xo™ ; Xam = X) = "l (X)°m (dy); (10)
and
P(Yn =1jYg; X3™ ;X pm = X) = "lc(X): (11)

From the Bayes rule we obtain
P(X(nepm 2 dyjYg i Xg" i Yn = 1; Xom = X) = Om (dy); (12)
and the crucial observation due to Meyn and Tweedie, emphasized here as Lemma 2.2 follew

Lemma 2.2. Conditional on fY, = 1g; the pref nm processfXy;Y; : k 6 nm;i 6 ng and
the post (n+ 1) m processfXy;Y; : k> (n+1)m;i > n+1g are independent. Moreover, the
post (n + 1) m process has the same distribution a$Xy;Y; : k > 0;i > 0g with °, for the
initial distribution of (Xo; Yo):

Next, let ¥(n) denote entrance times of the split chain to the set® = C £f 1g; i.e.
¥Y»(0)=minfk> 0:Yy =1g; Yo(nN)=minfk>%(nj 1):Yx=1g, n> 1,
whereas hitting times ¢g(n) are de ned as follows:
@) =minfk>1:Yc=1g; ) =minfk>¢e(nij 1):Yy=1g, n> 2
We de ne also

m (Y (ix1)+1) i 1 Yexi+1) i 1
si=si(f) = §(X;) = Zi (9); where Z; () = 8(Xjm +k):
i=m(Ye(i)+1) =¥ (i)+1 k=0

3 Tools and Preliminary Results

In this section we analyze the sequencs;(y), i > 0. The basic result we often refer to is
Theorem 17.3.1 in [11], which states that §;)i>0 is a sequence of 1-dependent, identically
distributed r.v.'s with Es; = 0. In our approach we use the following decomposition:s; =
s, + S, where

Yo (i) i 1 gD i1, : ,
i = Zi()i Eyp Zi(®) ;. Si= Zy(ivny (B) i Evg Zy(i+n (B)
i=%e(i)+1 j=%e(i)+1

Itn

A look into the proof of Lemma/[3.3 later in this section clari es that s; and 5; are well de ned.

Lemma 3.1. The sequencds;)i>o consists of i.i.d. random variables.
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Proof. First note that s; is a function of f X (3, ¢iy+1) m: X (% (i)+1) m+1;:::g and that Yy, ) =
1, hence by Lemma 2.2s;s;;S,;::: are identically distributed. Now focus on s;;s;, and
Yy, (i+ k) for somek > 1. Obviously Ys, i+k) = 1: Moreover s; is a function of the prej ¥s(i +
k)m process ands;, , is a function of the postj (¥&(i + k) + 1) m process. Thuss, and s;,
are independent again by Lemma 2.2 and foA;; A «; Borel subsets ofR; we have

Pye(fsi 2 Aig\f s 2 Aivk0) = Py (fs 2 Aig)P(Fsi ik 2 Aik9):

Let 0 6 i1 <i, < ¢C& i,: By the same pre- and post- process reasoning we obtain for
Ai,;::1; A, Borel subsets ofR that

Py (fs;, 2 Ai,g\CCC\fs; 2 Ajg)= Py (fs, 2 Ajjg\ceeNfs 2 A ,9)®Py(fs 2 AjQ);

=1
and the proof is complete by induction. O

Now we turn to prove the following lemma, which generalizes the conclusions drawin [7] for
uniformly ergodic Markov chains.

Lemma 3.2. Let the Markov chain (X,)n>0 be recurrent (and (Xnm )n>0 be recurrent) and
let the minorization condition (4) hold with ¥{C) > 0: Then

L(X o) if X0; Yog 2 ®) = L (X3, 0)if Xo; Yog» °) = Y& (9; (13)
where ¥ (@ is a probability measure proportional to % truncated to C; that is Y% (B) =
Y{C)i '¥(B\ C):

Proof. The rst equation in (13) is a straightforward consequence of the split chainconstruc-
tion. To prove the second one we use Theorem 10.0.1 of [11] for the splihj skeleton with
A = ®: Thus ¢a = ¢e(1) and Ya:= Y7 is the invariant measure for the split mj skeleton. Let
C 1 B 2B(X); and compute

2 3
z x®
"V{B) = YBEF1g)= Exy 4  lagr 19(Xom;Yn)d ¥dx; dy)
® -1
" 3
% (0)
= Y@)E.. 4 lg £t 19(Xnm ; Yn)® = YU®)Eo= |5 (X (o) ):
n=0
This implies proportionality and the proof is complete. O

m2vg?

o =2
Lemma 3.3. EuSf - Ti(0)

< 1 and (5j)i>o0 are 1-dependent identically distributed r.v.'s.
3 ,
= — P mij 1l . mij 1 .
Proof. Recall that i = | 2" 8(Xyei+y m+k) i Ewg k=0 8(Xsg(i+1) m+Kk) andis a func-
tion of the random variable

fxﬂ/®(i+1)m;:::;x%@(iﬂ)m+mi 10 (14)

By 1i(® denote the distribution of (14) on X™: We will show that *; does not depend oni.
From (8), (11) and the Bayes rule, forx 2 C; we obtain

°m (dy)

= B dy) DD € R OXmi i) (15)
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Lemmal3.2 together with (15) yields
P(Xnm 2 dX; Xnm+1 2 dXg;:00 X (ney my 1 2 OXmy 15 X ney m 2 dyj (16)

N, : : (dy) . . -
Yo, Xo™: Yn =1; ¥%(0) <n) = l/e(dx)mp(X, dx1) ¢ CR(Xm; 1;dy):

Note that Pum"‘((x‘;jg;) is just a Radon-Nykodym derivative and thus (16) is a well de ned measure
on X™*1 'say? (9. It remains to notice, that *;(A) = t (A £X ) for any Borel A % X™. Thus
1;,1 > 0 are identical and hences;, i > 0 have the same distribution. Due to Lemmd 2.2 we

obtain that s;, i > 0 are 1-dependent. To proveEy;S? < 1, we Tst note that % 6 1="

and alsoY¢ () 6 1/‘((:)1/(0) Hence
Li(A)=*(AEX )6 "1/4((;) ! chain (A);
where® ¢nain is de'ned by Y{dx)P (X; dx1) :::P(Xm; 2;dXm; 1): Thus
Z_ A . 1 Z
- X 7L
Ey Xy i+ m+k) — =& <
k=0 74C)
_ P mij 1
Now let s = 25" (X9, (i+1) m+«) and proceed
A !
- =2 2 _ 1 X ! ’
E1/gSi 6 Ei/AOS‘ 6 "1/4(:) L chain Si#— %E% - g(xk)
X1 21/g2
—E, 2(Xy) 6
"]/L( ) /4 g ( k) "]/L(C)

O

We need a result which gives the connection between stochastic boundedness and the existence
of the second moment ofs;. We state it in a general form.

Theorem 3.4. t (Xn)n>o be a sequence of independent identically distributed rando vari-
ables andS, = Eizolxk. Suppose that(¢n) is a sequence of positive, integer valued r.v.'s

such that ¢go=n! a2 (0;1) in probability when n ! 1  and the sequencgni 1728, ) is
stochastically bounded. TherEX3 < 1 and EX, =0.
The proof of Theorem[3.4 is based on the following lemmas.

Lemma 3.5. Let + 2 (0;1) and to := supft > 0: SUpgen P(Skj > t) > #g. Then
P(jS1onj > 4to) > (1i #H)(+=4)% and P (sups , jSkj 6 3to) > 1 3.

Proof. By the de nition of to there exists 06 ng 6 n such that P(jSp,j > to) > £+ Then
either P(jSpj > to=2) > £=2 or P(jSyj > to=2) < £=2 and consequently

P(iSni nol > 10=2) = P(iSn i Snej > 10=2) > P(iSnej > to) i P(jSnj > t0=2) > £=2:
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Thus there existsn=2 6 n; 6 n such that P(jSp,j > tp=2) > +=2. Let 10n = an; + b with
06 b<ngq, then 106 a6 20,
P(jSanlj > 5t0) > P(Sanl > a.t0:2)+ P(Sanl 6 | at0:2)
> (P(Sn, > 10=2))% +(P(Sn, 6 i 10=2))* > (x=4)7;

hence
o ¢ il . ¢ i . ¢ a 20
P JSIOn] > 4'tO > P Jsanll > 5tO P ]Slon i Sam] 6 t0 > (i:c].) (1i i) > (1i i)(ii]-) :

Finally by the Levy-Octaviani inequality we obtain
3 .
i ¢
P SupjS«j> 3to 6 3SUpP jSij>to 6 3t:
k6 n k6 n

Lemma 3.6. Let ¢® < Var(X4), then for suciently large n, P(jS,j > cp n=4) > 1=16.

P
Proof. Let (X9 be an independent copy of Ki) and S? = ., X2 Moreover let (*;) be a
sequence of independent symmetrig 1 r.v.'s, independent of (X;) and (X 9. For any reals (&)
we get by the Paley-Zygmund inequality,

Moo = 12x il e 301 o0 ST
P a'i > 58 = P a'ic > BT a
i=1 i i=1 p i=1
3 ’ "
> 1 1 EJ_Pin:l ai"if? 3
4 Ej 4 ahjt 16
Hence
3 4 3 b 7 3X1 s 1
P jShi SY> Pa-p i K X e s 3p Xii X)2>¢cn > 2
2 - 2 T 8
for suxciently large n by the Weak LLN. Thus
1. i c_cp_¢ i ._cp_¢ i _, _cp_¢ ie._cp_C
§6PaniS,?J>§n6PJSn]>Zn+PJS,?]>Zn62PanJ>Zn:
O

Corollary 3.7. Let ¢® < Var(X1), then for suciently large n, P (inf 10n6 k6 11n jSkj > %cp n) >
oi 121

Proof. Let tg be as in Lemmad 3.5 fort = 1=16, then

3 3

_ o S o i oar o .
P mngggunlskj to P jSion] 4t0:10§651klgllnlskl S/lOnJG 3to

i i ¢ Qi i 121
= P jSionj > 4tp P supjSkj6 3tg > 21
k6 n

Hence by Lemmad 3.5 we obtairtg > cp n=4 for large n. O
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Proof of Theorem[3.4. By Corollary 8.7 for any ¢? < Var(X) we have,

’ cp_— M Z a cp_
. . — —<n — . pn —
PiS. j>— an > P =j a6 —; nf Sj> == an >
19 20 n : 21 %an(slke %anJ k) 2
M r | - —
. ..._ C 2an —n - a
> P inf Sj>- — P =—ja>—
D ané k36_%anJ k_J 4, 21 ! n ! 21
) - - a .
> 9oil2l. p 9'a>—>2'122
: n 21

for sutciently large n. Since (0 172S,, ) is stochastically bounded, we immediately obtain
Var(X;) < 1. If EX1 60 then

_plisén = SemaPr in probability when n!1
n én N
O
4 A Characterization of P n-CLTs

In this section we provioﬂg a generalization of Theorem 17.3.6 of [11]. We ohin an if and
only if condition for the "~ n-CLT in terms of niteness of the second moment of a centered
excursion from ®:

Theorem 4.1. Suppo?je that(X,)nso is ergodic and ¥{g?) < 1 . Let °, be the measure
satisfying (4), then the ™ nj CLT holds if and only if

L) 12,
Eoo Z,(8) <1: a7
n=0
Furthermore we have the following formula for variance

H %@ fa. H %O I o 1)
Eos Zn(§)  +2Eo Zn(8) Zn (8)
n=0 n=0 n= ¥ (0)+1

(
_ "AC)

= —

Proof. For n> 0 de ne
In =maxfk>1: m(¥((k)+1) 6 ng

and for completenesd,, := 0 if m(3(0) +1) > n. First we are going to show that

El g 1 1 Ile
=8I Pz s
j=0 j=0

0 in probability. (18)

Thus we have to verify that the initial and "nal terms of the sum do not matter. Fi rst
observe that by the Harris recurrence property of the chain¥s(0) < 1, Pyz-a.s. and hence
limpiy Py (M¥e(0) > n) =0 and Py (¥(0) < 1) =1: This yields

1

1 X

; -
P HX) i P 8)7 0 P as. (19

i=0 j=m (¥ (0)+1)
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The second point is to provide a similar argument for the tail terms and to $how that

: 1 N 1 m3/4®(b()+ mij 1 :
—stﬁ 8(Xj) i {%ﬁ §(X;)~! 0, in probability. (20)

i=m (% (0)+1) i=m (% (0)+1)

For " > 0 we have

Moy ot -0 Hoy g
Py P 8(X;)™> 6 Py P= Zi (ig)) >
i=m(¥e(In)+1) j=%e(ln)+1
% Ko x® 1
6 Pe P=  Z(i8)>" ¢o(l) > K
k=0 j=1

Now sinceP i:o Pe(io(l) > k) 6 E@éw(l) < 1, where we use that® is an atom for the
split chain, we deduce form the Lebesgue majorized convergence theorem that (20) holds.
Obviously (19) and (20) yield (18).

We turn to prove that the condition (17) is sutcient for the CLT to hold. We will show that
random numbersl,, can be replaced by their non-random equivalents. Namely we apply the
LLN (Theorem 17.3.2 in [11])) to ensure that

n3pli 1

o . 1 Y(®

lim == lim = I (X i Yi)20g = fn); Py i as. (21)
) k=1

Let
n := bY{®nm' ic; n:=dili "%4®nm ‘e m:= b1+ ")%®nm! lc:

Due to the LLN we know that for any " > 0, there existsng such that for all n > ng we have
Py (n6 1n 6 M) > 1 ". Consequently

Mt @t = p T H X = _p "
Pyg Sj i S > n 6 "+ Py nmgﬁu s > n + (22)
j=0 j=0 - j=1
H — XI — p ﬂ
+Pyg max s > ' n
n°+l6l6nm
j=no+1

P
Since (§;)j>o are 1-dependentMy := J!‘:O Sj is n?_; necessarily a martingaIePThus to apply

the classical Kolmogorov inequality we de neM 2 = j1:0 S2j lf 5. kg @and M= j1:0 S1+2j It 142 - kgs
which are clearly square-integrable martingales (due to[(1l7)). Hence
3 D~
Py’ max jM 'M'>_pﬁ¢6 P max 'MO'M°'>E+
vg QGIGH“J ne i ) vg QBIGH“J ne i |
3 —_p_—-
+Py max ML MYj> —n
A nelgnet ol T 2
4 X
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WBereC is a universal constant. In the same way we show thaP (maxn=+16167jM1i Mpos1j >
~n)6 C" i %E.s (s§), consequently, since” is arbitrary, we obtain
_ 1 Ixi 1 1 X _
= Sii P= s ! 0 in probability. (24)
=0 =0
The last step is to provide an argument for the CLT for 1-dependent, identically distributed
random variables. Namely, we have to prove that
1 X
= s N (0;32); asn!l ; where 3% := Eoo (So(y))2 +2Eo= (So(B)s1(8)):  (25)
j=0
Observe that (19), (20), (24) and (25) imply Theorem[4.1. We x k > 2 and de ne » :=
Skj+1 (B) + i+ Sk +k; 1(B), consequently» are i.i.d. random variables and

1 X0 1 bn% ci 1 1 bxckc 1 X
FFH S = FFH » + FFﬁ S (§) + %ﬁ Sj: (26)
j=0 j=0 j=0 j = k[n=k J+1

Obviously the last term converges to 0 in probability. Denoting
Y = Eyg(3)? = (ki 1Eos (so(®)*+2(ki 2)Eo= (So(b)s1(8); and ¥ := Eos (so(8))™:
we use the classical CLT for i.i.d. random variables to see that

bn% ci 1 bX:kc
p% 2 N (0K 14);  and p% s ® N Ok %) @)
i=0 j=0
Moreover
- h 1 bnskci 1 1 bgek ¢ i
lim  p— n + p= s (B) (28)
n!l n i =0 n =0

converges toN (O; 3/§), with k11 . Since the weak convergence is metrizable we deduce from

(26), (27) and (28) that (25) holds.

Ehe remaining part is to prove that (mis also necessary for the CLT to hold. Note that if
E:o §(Xk)="n veri es the CLT then J!”:iolsj is stochastically bounded by [(18). We use

the decompositions; = s; + 5, i > 0 introduced in Section|3. By Lemma 3.3 we know that

5j is a sequence of 1-dependent random variables with the samg distribution and nite second

moment. Thus from the Tst part of the proof we deduce that "} :T:ﬁ veries a CLT

j=
and thus is stochastically bounded. Consequently the remaining sequence }”:})151 P n also
must be stochastically bounded. Lemma 3.1 states thatg;);>o is a sequence of i.i.d. r.v.'s,
henceE[s?] < 1 by Theorem(3.4. Alsol,=n! Y@®&mi ! by (21). Applying the inequality
(a+ b2 6 2(a? + ) we obtain

Evg s 6 2(Eyg[s?]+ Evg[s7]) < 1
which completes the proof. O

Remark 4.2. Note that in the case ofm =1 we have$; ~ 0 and for Theorem[4.1 to hold, it is
enough to assumé/igj <p1 instead of ¥{g?) < 1 : In the case ofm > 1, assuming only¥jgj <
1 and (17) implies the ™ n-CLT, but the proof of the converse statement fails, and in fatthe
converse statement does not hold (one can easily provide apropriate counterexample).
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5 Uniform Ergodicity

In view of Theorem[4.1 providing a regeneration proof of Theorem 1.4 amounts to ésblishing
conditions (17) and checking the formula for the asymptotic variance. To this endwe need
some additional facts about small sets for uniformly ergodic Markov chais.

Theorem 5.1. If (X,)n>0; @ Markov chain on (X;B(X)) with stationary distribution %is
uniformly ergodic, then X is °,j small for some®°,:

Hence for uniformly ergodic chains [(4) holds for allx 2 X : Theorem/[5.1 is well known in
literature, in particular it results from Theorems 5.2.1 and 5.2.4 in [11] with their A = Ya:
Theorem[5.1 implies that for uniformly ergodic Markov chains (5) can be rewrtten as

PT(x9="m(9+(1 i "R(XO: (29)
The following mixture representation of Y4will turn out very useful.

Lemma 5.2. If (Xn)n>o is an ergodic Markov chain with transition kernel P and (29) holds,
then

R

Yo= "1 =" °n(@i ""R™: (30)

n=0
Remark 5.3. This can be easily extended to the more general setting thahis of uniformly
ergodic chains, narq;eI}/ [etP™(X; 9 = s(X)°m(O+(1 j s(X)R(X;9; s: X ! [0;1]; ¥as >0
In this case Y= Yis _, °mR%; whereRy (x; @ = (1 | s(x))R(x; §: Related decompositions
under various assumptions can be found e.g. in [14], [7] and3] and are closely related to
perfect sampling algorithms, such as coupling form the pagCFTP) introduced in [15].

Proof. First check that the measure in question is a probability measure.
K% T % ¢
" Cm(i )R (X)=" (L )" emR" (X)=1:
n=0 n=0

It is also invariant for P™M:

Mo 1 Moy il
°m(1i ")"R" PT = °m(Li ")"R" (Pm+(1i "R)
n=0 n=0
R
= "+ o )'R"= °n(li ")"R™
n=1 n=0
Hence by ergodicity™ = "1 P"™ I %, as n!1 . This completes the proof. O

Corollary 5.4. The decomposition in Lemma_ 5.2 implies that

. i X0 ¢ i .
(i) Eoz X om 2ag = Eoo X om 280 Y020 3Y o, 1209 = ' " YAA);
n=0 n=0
. i ¢
(ii) E"r‘:‘ f(xnm;Xnm+1;:::;Yn;Yn+1;:::)IfYO:O;:::;Yni1:0g =
n=0
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Proof. (i) is a direct consequence of/(30). To see (ii) note thaty,, is a coin toss independent

on X,m and Y,: Now use (i). O

Our object of interest is

‘H3%0) T2, How PN
I = Eog Zy(§) = Eop Zn(8) 3% 0)>ng
n=0 n=0
) > "R X >
= Eog Zn(®)tvo=0,, 1209 T 2Eoz Zn ()15 3%40) > ngZk (8) £ % (0) > kg
n=0 n=0 k=n+1
= A+B 31)

Next we use Corollary 5.4 and then the inequality 22b6 a2+ b? to bound the term A in (31).

3 i1 "y hoxi 1 i
A="T1EpZo(@)?= " TEn B(Xk) 6 "TImEy  gi(Xk) 67T imPvgt<1:
k=0 k=0

We proceed similarly with the term B

5

b3 b3
jBj 6 2Ee: IZn®)ilt%©>ng  1Zn+k(®)ilf%©0)>n+kg

n=0 k=1
i1 . . X H i ,
= 2" 'Eyw jZo(®)]  JZk®)ilim©>kg
k=1
By Cauchy-Schwarz,

£ . . A 1ot i
Eve lt3©)>kgiZo®)iiZk(®)] 6 Eve lt00>kaZ0(®?  EveZi(8)?
9 _—¢ "

= Ew live=ogltvizo vy, 1=09Z0(8)?  EveZo(H)*:

ki 1

£ . . RS ki1 "
Eve 13 0)>kglZo@®JZk(®)j 6 (1i ") 7 EyZo(®)*6 (1i ") 2

HencejBj < 1, and the proof of (17) is complete. To get the variance formula note that the
convergence we have established implies

m2Yad:

.2 ' R i
+2" By Zo(®)  Zk(®)lts©> ko -

k=1

I =" 1Ey Zo(h)

Similarly we obtain

J = 2E.; Zn () Zn(h) =2"T"Ey Zo(l) Zk(O) (1) > kg -
n=0 n= ¥ (0)+1 k=¥ 1

5



Regeneration and CLTs for Ergodic Chains 97

Since{C) = 1; we have%g = "mi (1 + J): Next we use Lemma 2.2 andE.zZy(f) = 0 to
drop indicators and since forf : X ! R; alsoE.;f = Eyf; we have
3 N 1. : M N 1

"(I+3)= By Zo(®) Zo®+2 Zk(H) = Ew Zo(®) Zo®+2  Zk() g
k=1 k=1

Now, since all the integrals are taken with respect to the stationary measre, we can for a
moment assume that the chain runs in stationarity from j1 rather than starts at time O with
Xo » Y:Thus

: o8 % 1. T 1 M X 1.
mi 'Ey, Zo(8) Zy(®) =mi'Ey, 8(X1) 8(Xx)

k=il 1=0 k=il
h Z Y4

% i %
Ex 8(Xo) 9(Xk) =  §dvar2 §(X0)y(X n)d¥a:
k=il X X n=1

%

6 The di®erence between m=1 and m61

Assume the small set condition [(4) holds and consider the split chain de ned by[(8) and9).
The following tours

that start whenever Xy » °,, are of crucial importance to the regeneration theory and are
eagerly analyzed by researchers. In virtually every paper on the subject there is a @am

these objects are independent identically distributed random variables. This claim isusually

considered obvious and no proof is provided. However this is not true ifm > 1:

and X, = x are linked in a way described byP (x; dx1) ¢ ¢R (xm; 1;dy): In particular consider
a Markov chain on X = fa;b;c; d; @ with transition probabilities

P(a;b = P(a;c)= P(b;h = P(b;d = P(c;0)= P(c;e=1=2; P(d;a)= P(e;a) =1:

Let 94(d) = °4(e) = 1=2 and " = 1=8: Clearly P4(x; § > "°4(® for every x 2 X ; hence we
established [4) with C = X: Note that for this simplistic example each tour can start with d or
e: However if it starts with d or e the previous tour must have ended withb or ¢ respectively.
This makes them dependent. Similar examples with general state spacé and C 6 X can be
easily provided. Hence Theorem 4.1 is critical to providing regeneration proofs of CT's and
standard arguments that involve i.i.d. random variables are not valid.
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