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Abstract. Quasi algebraically closed fields, or C1 fields, are defined in terms
of a low degree condition. Namely, the field K is C1 if every degree d hyper-

surface of the projective space PnK contains a K-point as soon as d 6 n.

In this article we define a notion of low toric degree generalizing this condi-
tion for hypersurfaces of complete split toric varieties. This allows us to prove

a particular case of the C1 conjecture of Kollár, Lang and Manin : any smooth

separably rationally connected variety that can be embedded as such a hyper-
surface over a C1 field has a rational point. Our results are based on the fact

that the ambient toric varieties are Mori Dream Spaces : they are naturally

endowed with homogeneous coordinates and well behaved with respect to the
Minimal Model Program.

1. Introduction

The definition of quasi algebraically closed fields, or C1 fields, relies on a notion
of low degree for hypersurfaces of a projective space :

Definition 1.1. The field K is a C1 field if every degree d hypersurface of the
projective space PnK contains a K-rational point as soon as d 6 n.

J.-L. Colliot-Thélène gives in [CT09] a list of classical results of existence of
rational points in various classes of algebraic varieties over given fields. The list
ends on the following general question :

Question. Sur un type donné de corps, y a-t-il une classe naturelle de variétés
algébriques qui sur un tel corps ont automatiquement un point rationnel ?
(For a given type of field, does there exist a natural class of algebraic varieties
having automatically a rational point over such a field ?)

For C1 fields, smooth Fano varieties seem to be good candidates for such a natural
class, according to conjectures by S. Lang and by Y.I. Manin and J. Kollár ([Lan00]
and [Man93, Rem. 2.6]). But during the years 2000, strong results suggested to
enlarge a bit the scope of these expectations and give a new formulation of the
so-called “C1 conjecture” :

Conjecture (J. Kollár, S. Lang, Y.I. Manin). Over a C1 field, every proper smooth
separably rationally connected variety has a rational point.
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A variety X over a field K is rationally connected if every pair of points of X
can be joined by a rational curve over any algebraically closed extension of K (see
section 6 for more definitions). The notion of rational connectedness was introduced
independently by F. Campana and by J. Kollár, Y. Miyaoka and S. Mori in 1992. It
arises naturally from Mori’s program of classification of projective algebraic varieties
as a good higher-dimensional analogue of rational curves and rational surfaces.

Strictly speaking, the above version of the conjecture is not a generalization of
the original one in the sense that it is not known whether a smooth Fano variety is
automatically separably rationally connected.

As hinted above, this version of the C1 conjecture has already been proved for
almost every known type of C1 field :

• For a finite field Fq, by H. Esnault in [Esn03]. Her result is in fact
much stronger since it needs only rational chain-connectedness (see [Bon10,
Cours 3] for a definition).

• For a field of functions k(C) of a curve C over an algebraically closed
field k, by T. Graber, J. Harris, A.J. de Jong and J. Starr in [GHS03]
and [dJS03]. Their result is more geometric since it is stated in terms of
sections of a fibration on the curve C.

• For a field of fractions of formal series with coefficients in an algebraically
closed field k((t)). This is a consequence of the previous case, see [CT09,
Th. 7.5].

As there are not many other known C1 fields (besides the pseudo-algebraically
closed ones for which the conjecture is trivial, see [Wit10, 1.1.3]), the C1 conjecture
remains open essentially for the maximal unramified extension of the p-adic numbers
Qnrp .

The aim of this article is to present a new approach to the C1 conjecture, some-
how orthogonal to the one of the articles cited above : instead of considering every
separably rationally connected variety over a given C1 field, as is done in those
papers, we prove the conjecture only for hypersurfaces of a (normal) complete toric
variety whose dense torus is split over the base field, but we do it for all C1 field
admitting normic forms of every degree (see 2.1), hence for every known C1 field
at once.

The heart of our approach is the geometric definition of a notion of low toric
degree for hypersurfaces of complete split toric varieties (Definition 1.4 below). It
comes as a natural generalization of the notion of low degree that appears in the
definition of a C1 field (1.1), enlarging the set of possible ambient spaces from the
projective spaces to any complete split toric variety.

Let us give some details.

The first step in defining a general notion of low degree is made by the following
generalization of [Lan52, Th. 4] :

Theorem 1.2 ([Kol96] Th. 6.7). Let K be a C1 field admitting normic forms of ar-
bitrary degree. Let K[x0, . . . , xn] be the polynomial algebra graded by deg(xi) = ai ∈
N∗. Let f1, . . . , fr ∈ K[x0, . . . , xn] be homogeneous polynomials for this grading. If

r∑
j=1

deg(fj) <

n∑
i=0

ai,
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then the system of equations f1 = · · · = fr = 0 has a non trivial solution in Kn+1.

In the case of a single equation, this result says that a hypersurface D of a
weighted projective space W has a rational point as soon as its degree is smaller
than the degree of the anticanonical divisor, which is a natural generalization of
the condition d 6 n (i.e. d < n+ 1) appearing in Definition 1.1.

This result can easily be extended to fake weighted projective spaces, i.e. quo-
tients of a weighted projective space by some finite group, with the restriction that
the order of the group should be prime to the characteristic of the ground field (see
2.2). Hence it holds (with the same restriction) for every complete simplicial toric
variety of Picard number one, which we call generalized weighted projective spaces.

There are two natural ways for generalizing the above result to the higher Picard
rank case, each one corresponding to one of the two different cones of positive divisor
classes, which coincide in the Picard rank one case, namely the effective cone and
the nef cone.

Indeed, on a normal toric variety XΣ, defined by the fan Σ, the natural grad-
ing by the class group is no longer the usual grading by Z in general. The class
group Cl(XΣ) is a finitely generated abelian group whose free part has rank gen-
erally bigger than one. It follows that the notion of positivity for divisor classes
is more subtle in this case, and there are in particular two natural cones that can
be considered as generalizations of the usual half line of non negative real numbers
: The effective cone Eff(XΣ), which consists of the numerical classes that contain
an effective divisor, and the nef cone Nef(XΣ) which contains classes of divisors
having non negative intersection with all the curves on XΣ (called nef divisors).

In this context the first natural notion of low degree for a divisor D in XΣ is
given by the consideration of restrictions of D to the generalized weighted projective
spaces contained in XΣ as torus-invariant subvarieties.

Definition 1.3. Let XΣ be a normal toric variety. A Cartier divisor D on XΣ is
said to have low weighted degree in XΣ if there exists a torus-invariant subvariety
W ⊆ XΣ which is a generalized weighted projective space, such that the restriction
D|W is not trivial and have degree inferior to the anticanonical degree [−KW ].

Note that by Theorem 1.2 above, a low weighted degree divisor defined over a
C1 field admits a rational point (with the restriction on the characteristic already
mentioned).

This notion can be described in terms of positivity of divisor classes as follows.

Generalized weighted projective spaces are playing a quite important role in toric
Mori Theory : they appear naturally as fibers of the extremal contractions, i.e.,
contractions of the rational curves whose classes belong to an extremal ray of the
Mori cone NE(XΣ) (the cone of effective curve classes see 2.5.1). In other words
they are the building blocks of simplicial projective toric varieties.

It follows that a Cartier divisor have low weighted degree in a simplicial ambient
as soon as it has low degree along some extremal class [C] (Lemma 3.3), typically
as soon as we have

0 < C ·D < C ·
∑
ρ∈I

Dρ,
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where I is the set of rays ρ ∈ Σ(1) such that C ·Dρ > 0. Note that if the inequality
on the left hand side is not satisfied, then we cannot conclude in general : C ·D = 0
might mean that D just misses the generalized weighted projective space wiped out
by C.

Since the nef cone Nef(XΣ) is the dual of the Mori cone NE(XΣ) with respect
to the intersection pairing, this yields the following criterion (Proposition 3.4) : a
divisor D has low weighted degree if its class belongs to the interior of Nef(XΣ)
(i.e. D is ample) but is close to its border in the sense that it can be brought out
of that cone by substracting the class of any sum of toric divisors.

We get a second notion of low degree by replacing the nef cone by the effective
cone in the above criterion. Namely we say that a divisor D has low toric degree
as soon as it is big (i.e. its class belongs to the interior of the effective cone) and
the [D + KXΣ

] is not effective. Recall that the canonical divisor of a toric variety
XΣ is equal to the opposite of the sum its toric divisors : KXΣ

= −
∑
ρ∈Σ(1)Dρ.

Contrary to the previous criterion, involving restrictions to some generalized
weighted projective spaces, this second criterion is global. In terms of intersections
it is equivalent to the existence of a movable curve C such that

(1) 0 < C ·D < C · (−KXΣ
).

Recall that a curve is called movable on XΣ if it moves in a family that covers
XΣ, and the cone of movable classes Mov(XΣ) is the dual of the pseudo-effective
cone, which is equal to Eff(XΣ) in our case. In particular a movable curve has
non-negative intersection with every effective divisor.

The fact that a Cartier divisor D satisfies this condition does not imply that the
restriction D|V to some torus-invariant subvariety V does, and vice-versa. So in
order to have a general notion of low degree we take the following definition.

Definition 1.4. Let XΣ be a normal complete toric variety and D an effective Weil
divisor on XΣ. We say that D has low toric degree if there exists a torus-invariant
subvariety V ⊆ XΣ (possibly equal to XΣ) such that the restriction D|V is a big
divisor on V and the class [D|V +KV ] is not effective.

This notion is more general than the previous one since a divisor that has low
weighted degree has automatically low toric degree. But, as a drawback, it does
not imply directly the existence of rational points over C1 fields.

More precisely, Cox’s quotient construction presents the toric variety XΣ (or any
of its toric subvarieties), as a GIT quotient(

AΣ(1) \ Z(Σ)
)
// G

where Z(Σ) is a union of coordinate subspaces called the exceptional set and G =
Hom(Cl(XΣ),Gm). This holds over the ground field K as soon as the order of the
torsion part of the class group Cl(XΣ) is prime to the characteristic of K (see 2.2).

In this case, any divisor D can be defined by an equation f(x) = 0, where f is an
element of the Cox ring K[xρ, ρ ∈ Σ(1)] that is homogeneous for the usual grading
by Cl(XΣ). Moreover to any movable curve C is associated a Z-grading on the Cox
ring K[xρ, ρ ∈ Σ(1)], by putting deg(xρ) = mC ·Dρ where m is the lowest common
multiple of the intersection numbers. Since all these degrees are non-negative, it
follows that we can apply Theorem 1.2 to the inequalities (1) (considered in the
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appropriate subvariety V ⊆ XΣ) to get a non-trivial root α ∈ KΣ(1) of f . However,
this does not automatically yield a rational point since this root may belong to the
exceptional set Z(Σ) ⊂ AΣ(1).

To solve this problem we show that there exists a good choice of the movable
curve C that always provides a root outside of Z(Σ). To do so we analyse further
the relation between the two low degree conditions, using the tools of the toric
Minimal Model Program (this is the technical core of the paper).

First we remark that a Weil divisor which is not Cartier and nef contains auto-
matically some torus-invariant point, so that it is enough to focus on the Cartier
and nef ones. Then we use the fact that such a divisor D is always linearly equiv-
alent to the pullback of an ample divisor D, living on the variety XΣ[D]

that we

obtain by contracting all the curves that have zero intersection with D, to prove
the following :

Theorem (4.6). Let XΣ be a complete toric variety and D be a nef Cartier divisor
on XΣ. Let φ : XΣ → XΣ[D]

be the toric morphism contracting all the rational

curves having zero intersection with D and let D = φ∗D be an ample divisor on
XΣ[D]

such that D is linearly equivalent to the pullback φ∗D. The following condi-

tions are equivalent :

(i) The divisor D has low toric degree.

(ii) For any desingularization η : XΣ̃ → XΣ, the pullback D̃ = η∗D has low
toric degree.

(iii) The ample divisor D has low weighted degree in XΣ[D]
.

The final step consists in lifting the low degree condition from (iii) above. Sup-
pose that W ⊆ XΣ[D]

is a torus invariant generalized weighted projective space

in which D|W has low degree in the sense of Theorem 1.2. It is easy to see that

there always exists a torus-invariant subvariety V ⊆ XΣ such that the restriction
φ|V : V → W is birational (Lemma 4.2). Then choosing the movable class [C]

on V to be the numerical pullback of a line on W (see Definition 2.3), we get the
inequalities (1) that provide a rational point (Theorem 5.4).

Once the notion of low toric degree is settled, and proved to be a sufficient
condition for the existence of rational points over C1 fields, it remains only to show
that a smooth divisor which is separably rationally connected has low toric degree,
yielding the main result of the article :

Theorem (6.1). Let K be a C1 field admitting normic forms of arbitrary degree.
Let XΣ be a complete toric variety whose dense torus is split over K and D be
a hypersurface of XΣ defined over K. If D is smooth and separably rationally
connected then it admits a rational point over K.

We prove this theorem by showing that there always exists a toric subvariety
V ⊆ XΣ such that the restriction D|V is big and separably rationally connected.
The existence of free curves on D|V then imply that the canonical class [KD|V ]

cannot be effective. This in turn implies that the class [KV +D|V ] is not effective
by the adjunction formula, i.e. D has low toric degree.

Here is the outline of the paper :
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We begin by reviewing in Section 2 known results of toric geometry, with some
explanations on how they apply over an arbitrary field.

In Section 3 we deal with the notion of low weighted degree and give some
examples.

We study the properties of the low toric degree condition in Section 4, in par-
ticular its behaviour under pullback by surjective toric morphisms. Then we prove
Theorem 4.6.

Section 5 contains the proof that the low toric degree condition implies the
existence of rational points over C1 fields.

Finally in Section 6 we show that hypersurfaces that are smooth and separably
rationally connected have low toric degree, proving that the C1 conjecture is true
for hypersurfaces of complete split toric varieties.

Acknowledgements. The author wishes to thank M. Perret for providing this beau-
tiful subject and for his help all along the Ph.D, S. Lamy for helpful conversations
about the geometric meaning of the earlier results, and C. Araujo and J. Wísniewski
for helpful discussions.

2. Preliminaries

2.1. General setting : Toric varieties over a C1 field. In this article, we work
over an arbitrary C1 field K. The only additional hypothesis we make on K is
satisfied by every known C1 field :

(H1) K admits normic forms of arbitrary degree.

A normic form of degree d is a homogeneous polynomial in d variables without
non trivial root. This hypothesis is used in Theorem 1.2 which is the fundamental
building block of all the notions of low toric degree. It is not known whether the
definition of C1 field implies this hypothesis or not. Basic facts on C1 fields, and
more generally Ci fields, can be found in [Lan52] and [Wit10, Ch.1].

Many aspects of toric geometry can be studied regardless of the choice of a
particular ground field. This is what is done for instance by V. Danilov in the
classical [Dan78]. However most references among which the also very classical
[Ful93] and [CLS11] work exclusively over the field of complex numbers C. In fact,
a normal separated toric variety X defined over a field K can be handled almost in
the same way as in the complex case as soon as the following hypothesis is satisfied :

(H2) The dense torus T ⊂ X acting on X is split over K.

This means that we have an isomorphism T 'K Gnm over K, where n is the dimen-
sion of X. Indeed in this case the usual construction of X as a gluing of toric affine
varieties work as well as if K were algebraically closed (see [CLS11, Ch. 3]). More
specifically this hypothesis is a necessary and sufficient condition for the character
group M of T and its group of 1-parameter subgroups N to be isomorphic to Zn.
Such a toric variety is said to be split over K. For a discussion of what happens
when the torus is not split, see [Hur11] and [ELST14].

Throughout the article, by a toric variety we mean a normal separated split
toric variety XΣ defined by a fan Σ contained in the real span NR of the lattice

N . We fix an isomorphism T 'K Gnm, inducing another TK ' (K
∗
)n over the



LOW TORIC DEGREE HYPERSURFACES OVER C1 FIELDS HAVE A RATIONAL POINT 7

algebraic closure of K. This in turn induces an isomorphism M ' Zn given by
m ∈ Zn ↔ (χm : (t1, . . . , tn) 7→ tm1

1 · · · tmnn ). By abuse we identify M and N to Zn
and write m = (m1, . . . ,mn) ∈M , u = (u1, . . . , un) ∈ N .

The fan Σ is contained in the space NR = N ⊗ R ' Rn. For k = 1, . . . , n, we
denote by Σ(k) the set of k-dimensional cones of Σ. We denote by α � β the fact
that the cone α ∈ Σ is a face of β ∈ Σ. To each cone α ∈ Σ(k) corresponds a toric
subvariety V(α) that is a subvariety of dimension n− k invariant under the action
of T . Throughout the paper, by toric subvariety, we always mean such a torus-
invariant subvariety V(α). In particular Dρ denotes the toric divisor associated to
ρ ∈ Σ(1) and Cτ denotes the toric curve associated to τ ∈ Σ(n− 1). The minimal
generator of the 1-dimensional cone ρ ∈ Σ(1), is denoted by uρ. We say that the
fan Σ (or the toric variety XΣ) is simplicial, resp. complete, if each cone α ∈ Σ(k)
is generated by exactly k 1-dimensional cones, resp. if the cones of Σ cover the
whole space NR.

The class group of XΣ is denoted by Cl(XΣ) and the space of numerical classes
of divisors by N1(XΣ) = Cl(XΣ) ⊗ R. Its dual, the space of numerical classes of
curves, is denoted by N1(XΣ). Linear equivalence of divisors as well as numerical
equivalence of 1-cycles are denoted with brackets : [D] and [C].

2.2. Homogeneous coordinates. Giving an algebro-geometric meaning of ear-
lier analytic results of Audin, Delzant and Kerwan, D. Cox published in 1995 the
famous article [Cox95] showing that any (normal separated) complex toric variety
is naturally isomorphic to a GIT quotient, which is moreover a geometric quotient
if and only if the variety is simplicial.

It turns out that this result holds in full generality over an arbitrary field of char-
acteristic zero and also in characteristic p for toric varieties satisfying the following
additional hypothesis :

(H3) The order of the torsion part of the class group Cl(X) is prime to p.

Let us give more details.
D. Cox showed that in the complex case, a simplicial toric variety XΣ is isomor-

phic to the good geometric quotient(
AΣ(1) \ Z(Σ)

)
// G

where
Z(Σ) = V(xσ̂ | σ ∈ Σ)

is the exceptional set, that is the subvariety of AΣ(1) = Spec(K[xρ, ρ ∈ Σ(1)])
defined by the vanishing of every monomial of the form xσ̂ =

∏
ρ/∈σ(1) xρ for σ ∈ Σ,

and
G = Hom(Cl(XΣ),Gm)

is the group acting on AΣ(1)\Z(Σ) whose character group is the class group Cl(XΣ)
(see [CLS11, Ch. 5]). In fact, the original proof of the existence of such a quotient
(Th. 2.1 of [Cox95]) relies on Theorem 1.1 of [FM82] and its amplification 1.3.
These results only depend on the reductivity of the group G by which we quotient.
If we denote by F the torsion part of Cl(XΣ), we have Cl(XΣ) ' Zs−n × F, where
s is the cardinality of Σ(1) and n the dimension of XΣ, so that

G ' (Gm)s−n ×Hom(F,Gm).
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The factor on the left is of course a reductive torus. The one on the right is a finite
group scheme and hence is reductive as soon as (H3) is verified.

Under the hypotheses (H2) and (H3) , subvarieties of XΣ are thus given by
homogeneous ideals of the total coordinate ring of XΣ (also called Cox ring, see
[DP14]), which is the polynomial algebra generated over K by one variable for each
1-dimensional cone ρ ∈ Σ(1), and graded by the class group :

S = K[xρ, ρ ∈ Σ(1)] ∼=
⊕

[D]∈Cl(XΣ)

H0(XΣ,O(D)).

In particular, any hypersurface D is the zero locus in XΣ of a polynomial f belong-
ing to the homogeneous piece S[D]

∼= H0(XΣ,O(D)) :

D = V(f) := {π(x) ∈ XΣ | f(x) = 0},

where π : AΣ(1) \ Z(Σ)→ XΣ is the good geometric quotient.

In practice, up to considering some pullback ofD, we may assume that hypothesis
(H3) is verified. In particular it does not appear as a necessary hypothesis in the
most general theorems 5.4 and 6.1.

Thanks to Cox coordinates, a rational points in D is nothing but a point π(α) ∈
XΣ where α ∈ KΣ(1) is a root of f which is not contained in the exceptional set
Z(Σ), that is to say such that the set {ρ ∈ Σ(1) | αρ = 0} is contained in a single
cone of the fan Σ.

2.3. Toric intersection theory. Intersection theory on a normal toric variety
XΣ is made quite easy by the fact that the Chow homology group Ak(XΣ) of
classes of k-cycles on XΣ are generated by the classes [V(γ)] of k-dimensional toric
subvarieties (γ ∈ Σ(n−k)). Most of the computations thus reduce to combinatorics
in the fan and linear algebra.

2.3.1. Chow groups. The class group is computed through the following exact se-
quence :

(2) 0 −→M
div−→ ZΣ(1) deg−→ A1(XΣ) = Cl(XΣ) −→ 0,

where div(m) = (〈m,uρ〉)ρ∈Σ(1) and deg(D) = [D].

Tensoring by R, this gives

0 −→MR
div−→ RΣ(1) deg−→ N1(XΣ) −→ 0,

and taking the dual sequence we get

0 −→ N1(XΣ)
deg∗−→ RΣ(1) div∗−→ NR −→ 0,

where deg∗([C]) = (C ·Dρ)ρ∈Σ(1) and div∗
(
(bρ)ρ∈Σ(1)

)
=
∑
ρ∈Σ(1) bρuρ.

This last exact sequence identifies the space of numerical classes of 1-cycles
N1(XΣ) with the space of linear relations between minimal generators of the 1-
dimensional cones of Σ. This allows to consider the numerical class [C] as given by
the relation

(3) div∗ (deg∗([C])) = 0, i.e.
∑

ρ∈Σ(1)

C ·Dρuρ = 0.
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2.3.2. Intersection numbers. The exact sequences of the previous paragraph show
that the numerical classes of divisors (resp. curves) are determined by their inter-
section numbers with the toric curves (resp. divisors).

In particular for curves we introduce the following notations :

Notation 2.1. J±C = {ρ ∈ Σ(1) | C ·Dρ ≷ 0} and JC = J+
C ∪ J

−
C .

The intersection matrix (Cτ ·Dρ)τ∈Σ(n−1),ρ∈Σ(1) is easily computed using the
relation (3) and the fact that for a couple (τ, ρ) ∈ Σ(n− 1)×Σ(1) such that ρ ⊀ τ
we have

Cτ ·Dρ =


mult(τ)

mult(σ)
if τ + ρ = σ ∈ Σ(n)

0 if τ + ρ /∈ Σ,

where the multiplicity of a cone γ = Cone(u1, . . . , uk) ∈ Σ(k) is the index of the
lattice generated by its minimal generators u1, . . . , uk in the maximal sublattice
Nγ = N ∩ Span(γ) of N contained in the vector space spanned by the cone γ :

mult(γ) =
[
Nγ :

k⊕
i=1

Zui
]
.

2.3.3. Pushforwards and pullbacks. Pushforwards and pullbacks of cycle classes by
toric morphisms can be described explicitly in terms of fans and linear algebra.
However the general formulas are rather complicated (see [Par93] and [FS97]).

We focus on cycles of dimension or codimension 1 and describe their behaviour
under some rational maps. We first fix some terminology.

Definition 2.2. A torus-equivariant rational map between toric varieties is called
a toric rational map. To such a map ϕ : XΣ 99K XΣ′ corresponds a unique linear
map ϕ : NR → N ′R between the latticed spaces containing the fans Σ and Σ′, and ϕ
is a toric morphism if and only if ϕ is a morphism of fans, i.e. for all σ ∈ Σ there
exists σ′ ∈ Σ′ such that ϕ(σ) ⊂ σ′.

We say that ϕ is a toric rational contraction if the restriction ϕ : N → N ′ is
surjective and ϕ is surjective in codimension 1, i.e. we have Σ′(1) ⊆ ϕ(Σ(1)).

Let us describe some properties of pushforwards and pullbacks by a toric bira-
tional contraction ξ : XΣ 99K XΣ′ between simplicial varieties. Since ξ is birational
we may identify the lattices N and N ′ and assume that ξ is the identity of NR.
Since moreover ξ is surjective in codimension 1 we have Σ′(1) ⊆ Σ(1), and for

ρ ∈ Σ(1), we have ξ∗Dρ =

{
D′ρ if ρ ∈ Σ′(1),

0 otherwise,
where D′ρ is the toric divisor of X ′Σ

associated to ρ ∈ Σ′(1). This induces a surjective map between the groups of torus-
invariant divisors as well as a surjective pushforward map ξ∗ : N1(XΣ)→ N1(X ′Σ)
for numerical classes.

In general, the pullback of divisor classes are easy to describe in terms of their
associated polytopes or the support functions of some torus-invariant representa-
tive, which we do not address here, the interested reader may refer to [CLS11,
6.1 and 6.2]. Let us just mention that in our case the pullback of divisor classes
ξ∗ : N1(X ′)→ N1(X) is a section of the pushforward ξ∗ : N1(X) → N1(X ′). In
particular it is injective and the composition ξ∗ ◦ ξ∗ is the identity on N1(X ′).
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By duality, we can deduce a pullback map for numerical classes of curves. It
is called numerical pullback of curves, was introduced by Batyrev in [Bat92] in a
more general context, and have been neatly described by C. Araujo in [Ara10].

Definition 2.3. Let ξ : XΣ 99K X ′Σ be a toric birational contraction. The numerical
pullback of curves ξ∗num : N1(X ′)→ N1(X) is the dual linear map of ξ∗ : N1(X)→
N1(X ′). It is the unique injective linear map verifying the following projection
formula :

ξ∗num[C ′] · [D] = [C ′] · ξ∗[D] for all [C ′] ∈ N1(X ′) and [D] ∈ N1(X).

In the toric context, the numerical pullback ξ∗num[C ′] is characterized by the
equalities

ξ∗num[C ′] · [Dρ] =

{
C ′ ·D′ρ if ξ(ρ) = ρ′ ∈ Σ′(1),

0 otherwise.

In particular when [C] = ξ∗num[C ′] we have J±C = J±C′ .
Finally the pushforward of curve classes may either be defined directly on invari-

ant curves or by duality via the intersection pairing. In particular it can as well be
described in terms of relations between minimal generators, and it admits ξ∗num as
a linear section when ξ is birational.

Notice that the usual projection formula always holds :

ξ∗[C] · [D′] = [C] · ξ∗[D′] for all [C] ∈ N1(X) and [D′] ∈ N1(X ′).

2.3.4. Intersections in a toric subvariety. The notions of low toric degree we define
in the following sections are based on inequalities between intersection numbers.
Since they are designed to ensure the existence of a rational point in a divisor D,
one would expect they obey the principle :

For any subvariety V ⊂ XΣ, D|V has low degree ⇒ D has low degree.

It turns out that it is not that simple because for a proper toric subvariety
V(γ) ⊂ XΣ, γ ∈ Σ(k), 1 6 k 6 n− 1, the intersection numbers computed in V(γ)
and the ones computed in XΣ do not always coincide. Let us explicit the relation
between them.

Let us denote by ι : V(γ) ↪→ XΣ the inclusion. The associated linear map
between latticed vector spaces is the surjection ι : NR → N(γ)R = N(γ)⊗R where
N(γ) = N/Nγ . Then V(γ) is the toric variety defined by the fan

Star(γ) = {ι(σ) | γ � σ ∈ Σ}

in N(γ)R.
The 1-dimensional cones of Star(γ) are the images through ι of the 1-dimensional

cones of Σ adjacent to γ :

Star(γ)(1) = {ι(ρ) | ρ ∈ Adj(γ)} where Adj(γ) = {ρ ∈ Σ(1) \ γ(1), γ + ρ ∈ Σ}

The tricky point is that, when the variety XΣ is singular, the minimal generator uρ
of ι(ρ) in the lattice N(γ) is not necessarily the image ι(uρ) of the minimal generator

of ρ. What we have in general is ι(uρ) = mρuρ with mρ =
mult(γ + ρ)

mult(γ)
∈ N∗.
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Hence if Dρ denotes the toric divisor in V(γ) corresponding to the 1-dimensional
cone ρ ∈ Star(γ)(1), then the pullbacks of toric divisors are

ι∗Dρ =

{
1
mρ
Dρ if ρ ∈ Adj(γ),

0 else.

In particular for every ρ ∈ Adj(γ), the difference Dρ−ι∗Dρ is an effective divisor
that may be non trivial if XΣ is singular. For later use, notice that for any movable
curve C on V(γ) this implies

(4) C · (−KV(γ)) > ι∗C ·
∑

ρ∈Adj(γ)

Dρ.

2.4. Projective toric varieties, divisors and polytopes. The fan Σ defining a
projective toric variety XΣ is always the normal fan of a lattice polytope P . This
means that the cones of Σ are generated by the inner normal facets of P . Such fans
are said to be strongly polytopal.

In this subsection we review some results from [CLS11, Ch.2,4,5 and 6] linking
lattice polytopes with projective toric varieties and their divisors.

It is classical in toric geometry to consider the bijection between full dimensional
lattice polytopes P ⊂ MR ' Rn and pairs (XΣ, D) where Σ ⊂ NR is the normal
fan of P and D is the torus-invariant ample divisor associated to P (see [CLS11]
Th. 6.2.1).

In this correspondence, the lattice points of the polytope are interpreted as
characters of the dense torus, that is Laurent monomials in n variables.

Considering the homogeneization of these monomials amounts to consider an
affine embedding of the lattice M in the big lattice ZΣ(1).

More precisely if we consider the torus invariant divisor D =
∑
ρ∈Σ(1) aρDρ, then

the corresponding map is

hD : MR −→ RΣ(1), m 7−→ (〈m,uρ〉+ aρ)ρ∈Σ(1) .

Through this map, the polytope PD = {m ∈MR | 〈m,uρ〉 > −aρ} associated to
D in XΣ is sent to the polytope

P[D] = (R+)Σ(1) ∩ hD(MR) ⊂ RΣ(1),

which depends only on the linear equivalence class of D. Indeed if the divisor
D′ =

∑
ρ∈Σ(1) a

′
ρDρ is in the same class as D, by the exact sequence (2) there

exists m ∈ M such that D′ = D +
∑
ρ∈Σ(1)〈m,uρ〉Dρ. In particular we get a′ρ =

aρ + 〈m,uρ〉 for all ρ ∈ Σ(1) and hence hD′(MR) = hD(MR). By abuse we will
sometimes identify P[D] with the equivalence class of PD up to translation in MR.
In particular we always identify its normal fan Σ[D] with the common normal fan
of any of these translated polytopes, i.e. to Σ when the divisors are ample. Note
that the polytope P[D] is well defined even when D is not a torus-invariant divisor.

Now let XΣ be a complete toric variety and D an effective Cartier divisor on it.
If D is not ample, then the normal fan Σ[D] of P[D] is not Σ anymore. In fact if D
is not a big divisor, then Σ[D] is not even a proper fan since it contains a non trivial
vector space V0, it is then called a degenerate fan. In this case all the cones of Σ[D]
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contain V0 and we can recover a non degenerate fan Σ[D] by taking the quotient by
this space :

Σ[D] = {σ/V0 | σ ∈ Σ[D]} ⊂ NR/V0.

In any case, the fact that P[D] can be considered as the polytope associated to

an ample divisor D has a nice geometric interpretation :

Theorem 2.4. Let D be an effective Cartier divisor on a complete toric variety
XΣ, and let (XΣ[D]

, [D]) be the couple corresponding to the polytope P[D] via [CLS11,

Th. 6.2.1]. There exist a toric rational map

φ : XΣ −→ XΣ[D]
.

such that [D] is the pullback of the ample class [D] by φ. Moreover φ is a morphism
as soon as D is basepoint free.

Interpreting the lattice points of P[D] as global sections forming a basis of

H0(XΣ,OXΣ(D)), we can identify φ to the map defined by the linear series of
D, where we forget about the embedding of the image in the projective space
P(H0(XΣ,OXΣ

(D))).
In particular, when D is nef (which on a complete toric variety is equivalent to be

basepoint free) φ is also the contraction of those curves that have zero intersection
with D. In this case the fan Σ we started with turns out to be a refinement of the
possibly degenerate fan Σ[D]. More precisely the later is obtained from the former
by removing all the walls τ ∈ Σ(n− 1) corresponding to those toric curves Cτ that
verify Cτ ·D = 0.

Let us give more details.
A Cartier divisor D is linearly trivial on each toric open Uσ = Spec(K[M ∩ σ∨]

for σ ∈ Σ(n). In particular for each σ ∈ Σ(n) the linear equivalence class [D]
contains a torus-invariant divisor Dσ =

∑
ρ/∈σ(1) a

σ
ρDρ whose support misses all the

toric divisors Dρ such that ρ ∈ σ(1). The divisor D is nef (i.e. basepoint free) if
and only if all the divisors Dσ are effective, and it is ample if and only if they are
moreover all distinct. In both cases the corresponding points aσ = (aσρ )ρ∈Σ(1) in

RΣ(1) are the vertices of the polytope P[D].
When D is nef but not ample, some walls of the fan Σ have to be removed, joining

some maximal cones of Σ together to form the maximal cones of Σ[D]. Since Σ[D]

is the normal fan of P[D], these maximal cones σ′ ∈ Σ[D](n) are in one to one

correspondence with the vertices aσ
′

of P[D] and for each we have σ′ =
⋃
aσ=aσ′ σ.

More generally we have an inclusion reversing one-to-one correspondence between
the cones of Σ[D] and the faces of P[D] :

(5)
{Cones of Σ[D]} ←→ {Faces of P[D]}

α′ 7−→ Q(α′)

where

Q(α′) =
⋂
ρ⊆α′

Hρ ∩ PD′ , Hρ = {a ∈ RΣ(1) | aρ = 0}.

Note that even when ρ is not a ray of Σ[D], the hyperplane Hρ intersects P[D] in
one of its faces (possibly not a facet).
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Finally let us remark that the lattice points of P[D] are naturally identified with
torus-invariant divisors linearly equivalent to D, which in turn are in one to one
correspondence with the monomials in the Cox ring of XΣ whose degree is [D]. In
other words P[D] is the Newton polytope of a generic homogeneous polynomial of
degree [D]. In particular, if XΣ satisfies hypothesis (H3) and D is a hypersurface
defined over K, then D = V(f) with a homogeneous polynomial f of the form

(6) f =
∑

a∈P[D]∩ZΣ(1)

λax
a with λa ∈ K,xa =

∏
ρ∈Σ

xaρρ .

2.5. Toric Mori theory. In this subsection we recall some of the tools from toric
birational geometry that are essential for our results.

2.5.1. Toric Minimal Model Program. The aim of the Minimal Model Program
(MMP for short) is the classification of projective algebraic varieties up to birational
equivalence, with a special interest given to some special representatives in each
class (the minimal models). We refer the reader to [Mat02] for an introduction to
the general MMP and more specifically to the last chapter for the toric case. A
different approach to the toric MMP, based on the study of the secondary fan, can
be found in [CLS11, Ch. 14 and 15].

In contrast with the general case, which yields extremely difficult issues, the
toric MMP is relatively simple to describe and it is quite easy to prove that all
its instances (relative and/or logarithmic MMP) work for any simplicial projective
toric variety (see references above). The varieties sharing this good property are
called Mori Dream Space and are by many aspects very similar to toric varieties
(see [HK00] for an introduction), and in the toric case everything can moreover be
described explicitly in terms of the combinatorics of fans.

Let XΣ be a simplicial projective variety of dimension n and NE(XΣ) be the
cone of classes of effective curves : the Mori cone of XΣ. Let ψ : XΣ → XΣ′ be
the contraction of an extremal ray R in NE(XΣ). The fan defining XΣ′ is obtained
from Σ by removing all the walls τ ∈ Σ(n− 1) such that [Cτ ] ∈ R. In order to be
more precise, we first need to describe some properties of these “extremal walls”.
For any τ ∈ Σ(n−1) such that [Cτ ] ∈ R, there are exactly two n-dimensional cones
σ1, σ2 such that τ = σ1 ∩ σ2. Let us put

∆(τ) := σ1 + σ2 =
∑

σ∈Σ(n)
τ≺σ

σ ,

and for any ρ ∈ Σ(1) such that ρ ⊂ ∆(τ) let us put

∆ρ(τ) := Cone(uρ′ | ρ′ ⊂ ∆(τ), ρ′ 6= ρ).

We have the following properties :

Lemma 2.5 ([Rei83]). Let XΣ be a simplicial projective toric variety of dimension
n and R be an extremal ray of NE(XΣ). For all τ ∈ Σ(n − 1) such that [Cτ ] ∈ R
we have ⋃

ρ∈J+
Cτ

∆ρ(τ) = ∆(τ) =
⋃

ρ∈J−Cτ

∆ρ(τ)

and
∆ρ(τ) ∈ Σ(n) for all ρ ∈ J+

Cτ
.
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Note that for two toric curve classes [Cτ ], [Cτ ′ ] ∈ R the intersection numbers
Cτ · Dρ and Cτ ′ · Dρ have the same sign for all ρ ∈ Σ(1). In particular the sets
J+
Cτ′

= J+
Cτ

and J−Cτ′ = J−Cτ depend only on the ray R, hence we can denote them

by J+
R and J−R .

Here is a combinatorial description of the different steps of the toric MMP :

(1) If J−R = {ρ0} then ψ is a divisorial contraction and Dρ0
is the divisor in

XΣ contracted by ψ. In this case we have Σ′(1) = Σ(1) \ {ρ0} and

Σ′(n) = Σ(n) \ {σ ∈ Σ(n) | ρ0 ∈ σ(1)} ∪ {∆(τ) | [Cτ ] ∈ R}.
The fan Σ is called the star subdivision of Σ′ at ρ0.

(2) If Card(J−R) > 2 then ψ is a small contraction. If ν : XΣ 99K XΣ+ is the
corresponding flip, then we have Σ+(1) = Σ′(1) = Σ(1), and

Σ+(n) = Σ(n) \ {∆ρ(τ) | [Cτ ] ∈ R, ρ ∈ J+
Cτ
} ∪ {∆ρ(τ) | [Cτ ] ∈ R, ρ ∈ J−Cτ }.

Notice that if we denote by ρ0 the one dimensional cone of NR generated
by ∑

ρ∈J+
R

Cτ ·Dρ uρ =
∑
ρ∈J−R

(−Cτ ·Dρ)uρ

then we have
ρ0 =

⋂
ρ∈JR

[Cτ ]∈R

∆ρ(τ)

and the fans obtained by star subdividing Σ and Σ′ at ρ0 are the same. In
particular the flip ν can be factored as a weighted blow-up followed by a
divisorial contraction.

(3) If J−R = ∅ then ψ is a fibering contraction. In this case we have

Σ′(n) = {∆(τ) | [Cτ ] ∈ R},
which is a degenerate fan. Indeed the cones ∆(τ) for [Cτ ] ∈ R are not
strongly convex for they all contain the linear space

V0 = Cone(uρ, ρ ∈ J+
R) = Span(uρ, ρ ∈ J+

R)

As in Paragraph 2.4, we get a nondegenerate fan Σ′ by taking the quotient
by V0. In particular the linear map ψ associated to ψ is the quotient of
real vector spaces NR → NR/V0 and the variety XΣ′ = XΣ′ has dimension
n′ = n− n0 < n where n0 = dim(V0).

The fiber bundle structure of XΣ can be read from the fan Σ itself :
there exist two subfans Σ̂ and Σ0 of Σ such that Σ0 = {σ ∈ Σ | σ ⊂ V0}
and ψ induces a bijection from Σ̂ to Σ1 such that we have

Σ = {σ0 + σ̂ | σ0 ∈ Σ0, σ̂ ∈ Σ̂}.
In particular it follows from the description of the fan of a toric subvariety
given in Paragraph 2.3.4 that for every maximal cone σ0 ∈ Σ0(n0) the toric
subvariety V(σ0) is isomorphic to XΣ′ and the inclusion V(σ0) ↪→ XΣ

induces a section XΣ′ ↪→ XΣ of the fibration ψ whose image is V(σ0).

Similarly, for every maximal cone σ̂ ∈ Σ̂(n′) the toric subvariety V(σ̂)
is a fiber of ψ, isomorphic to XΣ0

. It follows from Lemma 2.5 that Σ0(1) =
J+
R has cardinality 1+n0, that is, XΣ0

is a complete simplicial toric variety
of Picard number 1.
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In the divisorial and small cases the contracted locus in XΣ is the subvariety
V− = V(γ−) where γ− = Cone(uρ, ρ ∈ J−R) ∈ Σ and its image by ψ is V+ =

V(γ′+) ⊂ XΣ′ where γ′+ = Cone(uρ, ρ ∈ J+
R) ∈ Σ′. The restriction ψ|V− : V− → V ′+

is a fibering extremal contraction. In particular there exist a complete simplicial
toric subvariety V(σ̂) ⊆ V− ⊂ XΣ of Picard number 1, which is a fiber of ψ.

As pointed by K. Matsuki in Remark 14-2-3 of [Mat02], these subvarieties need
not be weighted projective spaces in general and may instead be quotient of those
by a finite abelian group, often called fake weighted projective spaces.

This leads to the following definition :

Definition 2.6. Well formed weighted projective spaces together with fake weighted
projective spaces are exactly the simplicial complete toric varieties of Picard number
one. We call them generalized weighted projective spaces.

The fact that non trivial fibers of toric extremal contractions are generalized
weighted projective spaces play a determinant role in the interplay between the
two notions of low degree divisor.

3. First results

In this section we state our first results and give some illustrating examples. We
begin by remarking that, for our arthmetic purposes, we may always assume that
the hypersurfaces considered are Cartier nef divisors, since otherwise they trivially
contain some rational point. Then we describe some important properties of the
low weighted degree property, that will be useful in the sequel and finally give two
examples that illustrate the relations between the notions of low weighted degree
and low toric degree.

3.1. Trivial rational points. In some cases, if the divisor D is too singular then
it necessarily contains some toric subvariety V(α) ⊂ XΣ. In these cases D contains
the corresponding distinguished point

γα :=
⋂

ρ∈α(1)

Dρ

whose Cox coordinates are all zeros and ones, and hence D has a (trivial) rational
point over its base field.

This happens in particular if the base locus Bs(D) =
⋂
D′∈[D]D

′ of the linear

system of D is not empty. Indeed this base locus must be invariant under the torus
action and hence is a union of toric subvarieties. As a consequence we have the
following :

Proposition 3.1. Let XΣ be a complete toric variety and D be an effective divisor
on XΣ, defined over a field K. If D is not a nef Cartier divisor, then it contains a
K-point.

In the sequel we usually assume D to be a nef Cartier divisor.

3.2. Low weighted degree. In order to find rational points in an effective divisor
D, a first simple idea is to consider the restriction D|W of D to a weighted pro-
jective space W contained in the toric ambient XΣ and apply Theorem 1.2. It is
straightforward to show that this theorem in fact applies to generalized weighted
projective spaces admitting homogeneous coordinates, because in this case any non
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trivial solution automatically avoids the exceptional set (see 2.2). Here is the result
we are using :

Lemma 3.2. Let K be a C1 field admitting normic forms of arbitrary degree. Let
W be a generalized weighted projective space over K satisfying hypothesis (H3). Let
D be a hypersurface in W . For any effective 1-cycle class [C] ∈ NE(W ), if

C ·D < C · (−KW ),

then D has a rational point over K.

By considering restrictions to the generalized weighted projective spaces that
are toric subvarieties of the ambient XΣ we get the notion of low weighted degree
(Definition 1.3).

In the simplicial and projective case, the occurence of generalized weighted pro-
jective spaces as fibers of extremal Mori contractions (see 2.5.1) implies that a
divisor has low weighted degree as soon as its degree along some extremal curve is
low, in the precise sense of the following Lemma.

Lemma 3.3. Let XΣ be a simplicial projective toric variety. If there exists an
extremal class [Cτ ] on XΣ and a subset I ⊂ Σ(1) such that

0 < Cτ ·D < Cτ
∑
ρ∈I
·Dρ

then D has low weighted degree in XΣ.

Proof. First note that by definition of J+
Cτ

we have

(7) Cτ ·
∑
ρ∈I

Dρ 6 Cτ ·
∑

ρ∈I∩J+
Cτ

Dρ 6 Cτ ·
∑
ρ∈J+

Cτ

Dρ.

Then it follows from 2.5.1 that for [Cτ ] extremal and α =
⋂
ρ∈J+

Cτ

∆ρ(τ), we

have J+
Cτ

= Adj(α), J−Cτ ⊆ α(1) ⊆ τ(1) and W = V(α) is a fiber of the contraction
associated to [Cτ ], hence a generalized weighted projective space. The 1-cycle Cτ
is thus the pushforward ι∗C of a 1-cycle C on W , where ι : W ↪→ XΣ denotes the
inclusion. Using the projection formula, this gives

(8) C ·D|W = ι∗C ·D = Cτ ·D.

Since this number is positive, D|W is a non trivial effective divisor on W , hence by

Lemma 3.2 it is then sufficient to prove that Cτ ·D < C · (−KW ).
Since C is movable on W , it follows from (4) that Cτ ·

∑
ρ∈Adj(α)Dρ 6 C ·(−KW ).

Combining with (7) and (8), we get

C ·D|W = Cτ ·D. < Cτ ·
∑
ρ∈J+

Cτ

Dρ = Cτ ·
∑

ρ∈Adj(α)

Dρ 6 C · (−KW ).

The lemma is proved. �

As a consequence we get the following criterion for an ample divisor to have low
weighted degree.
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Proposition 3.4. Let XΣ be a simplicial projective toric variety and D be an ample
divisor on XΣ. If there exists a subset I ⊆ Σ(1) such that

(9)

D −∑
ρ∈I

Dρ

 6∈ Nef(XΣ)

then D has low weighted degree in XΣ.

Proof. It is a direct consequence of the fact that the Mori cone NE(XΣ) is the dual
of the Nef cone Nef(XΣ) and is generated by extremal classes. Indeed the fact
that D−

∑
ρ∈I Dρ is not nef means that there exists an extremal curve C verifying

C · (D −
∑
ρ∈I Dρ) < 0 so that D has low weighted degree by Lemma 3.3 . �

Remarks 3.5. (i) When XΣ is smooth, one can prove that condition (9) is
in fact equivalent to D having low toric degree. In the general case, as
explained in paragraph 2.3.4, we have to consider restrictions to every
toric subvariety.

(ii) The same arguments work with the sum
∑
ρ∈I Dρ replaced by any Q-

divisor D′ satisfying 0 6 D′ 6 −KXΣ
. Moreover, it is easy to see that

in any generalized weighted projective space W of dimension k different
from Pk, there exists a toric curve C such that C · (−KW ) < k + 1. Using
inequality (4), this shows that if D has low weighted degree then there
exists an extremal curve Cτ in XΣ such that Cτ ·D < dim(W ) + 1 where
W is a general fiber of the contraction of [Cτ ]. In particular Cτ · D 6 n
and we recover the simplicial case of Fujita’s freeness conjecture for toric
varieties (see [Pay06] and references therein).

(iii) As Theorem 1.2 applies to any intersection of hypersurfaces, Proposition
3.4 can be adapted to treat the case of any intersection of ample divisors.
Such an intersection contains a K-rational point as soon as the sum of the
divisors has low weighted degree.

Corollary 3.6. For ample divisors, the notions of low toric degree and low weighted
degree are equivalent.

Proof. The low weighted degree condition is a particular case of the low toric degree
one by definition. Now if D is ample and has low toric degree there exists a toric
subvariety V such that the class [D|V +KV ] is not effective, and hence a fortiori not
nef. Since D|V is ample in V , it has low weighted degree by the above Proposition,
and it follows that D itself has low weighted degree. �

Here is an example, coming from toric constructions in Mirror Symmetry, which
shows that as soon as the nef cone Nef(XΣ) and the effective cone Eff(XΣ) of the
ambient variety are not equal, it is no longer enough to compare the class of a
divisor D with the anticanonical class [−KXΣ ] to determine whether D has low
toric degree.

Example 3.7. Let XΣ be a simplicial Q-Fano toric variety with canonical singular-
ities, i.e. a projective simplicial toric variety whose anticanonical divisor −KXΣ is
(Q-Cartier and) ample and whose singularities are at worst canonical. By [ACG16,
Th. 1] a general anticanonical hypersurface D of XΣ is a Calabi-Yau variety.

Now if XΣ is not a product of generalized weighted projective spaces, then it
contains a curve C which is not movable on XΣ : there is a toric divisor Dρ0

such
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that C ·Dρ0
< 0. In particular Dρ0

is en effective divisor that is not nef, and we
have Nef(XΣ) ( Eff(XΣ). Since D is linearly equivalent to the sum of all toric
divisors −KXΣ =

∑
ρ∈Σ(1), putting I = Σ(1) \ {Dρ}, we haveD −∑

ρ∈I
Dρ

 = [Dρ0
] 6∈ Nef(XΣ),

so that the ample divisor D has low weighted degree by Proposition 3.4. In partic-
ular by Lemma 3.2 such a Calabi-Yau hypersurface has a rational point over any
C1 field as soon as the ambient XΣ satisfies hypothesis (H3) (and also without this
hypothesis by Theorem 5.4).

Observe that in this example the low toric degree condition has to be checked
in proper toric subvarieties of the ambient XΣ. Indeed the divisor D is big but the
class [D +KXΣ ] is trivial and hence belongs to the effective cone.

�
The main limit of the notion of low weighted degree is that it does not account

for the specificities of non ample divisors, as illustrated by the following example.

Example 3.8. The Losev-Manin space L3 is a del Pezzo surface of degree 6 ob-
tained from P2 by blowing-up the three torus-invariant points (or any three non
aligned points up to projectivity). Figure 1 shows one possible fan for this variety
together with the intersection table of its 6 toric divisors.

u1,2

u3 u1,3

u1

u2

u2,3

··· D1 D1,2 D2 D2,3 D3 D1,3

D1 −1 1 0 0 0 1
D1,3 1 −1 1 0 0 0
D2 0 1 −1 1 0 0
D2,3 0 0 1 −1 1 0
D3 0 0 0 1 −1 1
D1,3 1 0 0 0 1 −1

Figure 1. Fan and intersection table of L3

Let C ⊂ P2 be a conic that contains none of the three blown-up points, and
let φ : L3 → P2 be the contraction of the three exceptional curves. Since φ is an
isomorphism outside of these three curves, the pullback D = φ∗C is sent isomorphi-
cally to C by φ and in particular admits a rational point over any C1 field. Though,
it has intersection number 2 with each strict transform of a toric line of P2, and 0



LOW TORIC DEGREE HYPERSURFACES OVER C1 FIELDS HAVE A RATIONAL POINT19

with each exceptional curve. Indeed if [L] denotes the class of the pullback of any
line in P2 we have [D] = 2[L] and

[L] = [D1,3 +D1 +D1,2] = [D1,2 +D2 +D2,3] = [D2,3 +D3 +D1,3]

⇒ D1 · L = D2 · L = D3 · L = 1 and D1,2 · L = D1,3 · L = D2,3 · L = 0.

Since every toric subvariety of L3 with Picard number 1 is a P1, this implies that
D is not a low weighted degree divisor.

On the other hand D is a big divisor, since for example D ·D = 4 > 0, and the
class [D+KL3

] = [D1,2−D3] = [D1,3−D2] = [D2,3−D1] is not effective, so it has
low toric degree.

�

4. Low toric degree : general properties

In this section we describe some stability properties of the low toric degree con-
dition. In particular we show its stability through pullback by surjective toric
morphisms and through some steps of the Minimal Model Program relative to the
variety XΣ[D]

. Then we deduce that D has low toric degree if and only if its image

in XΣ[D]
has low weighted degree, which turns out to be a quite effective condition,

easily checked on the polytope P[D].

Let us begin by the behavior through pullbacks.

Proposition 4.1. Let XΣ be a complete toric variety and D be a nef Cartier
divisor on XΣ. Let ξ : XΣ̃ → XΣ be a surjective toric morphism. If [D] has low
toric degree, then so has ξ∗[D].

In order to prove the Proposition we need the following lemma.

Lemma 4.2. Let φ : XΣ1
→ XΣ2

be a surjective toric morphism between complete
toric varieties. For all toric subvariety W2 ⊆ XΣ2 there exists a toric subvariety
W1 ⊆ XΣ1 such that the restriction φ|W1

: W1 →W2 is a birational toric morphism.

Proof. Let us denote by N1 and N2 the respective lattices of one-parameter sub-
groups of the dense tori T1 ⊂ XΣ1

and T2 ⊂ XΣ2
, and by N0 the kernel of the map

of lattices φ : N1 → N2 associated to φ. We have N2 ' N1/N0.

Let α2 be the cone of Σ2 such that W2 = V(α2). The preimage φ
−1

(α2) is
a union of cones of Σ1 with dimension dim(α2) + rank(N0). In particular there
exists a cone α1 ∈ Σ1 such that φ(α1) ⊆ α2 and the dimension of W1 = V(α1) is
dim(W2).

For such a cone α1 we have Span(α2) = φ(Span(α1)) and hence (N2)α2
=

φ((N1)α1
). Since φ is surjective from N1 to N2 it follows that the map of lat-

tices φ|W1
: N1(α1)→ N2(α2) associated to φ|W1

is surjective. Since these lattices
have the same rank dim(W1) = dim(W2), the surjection is in fact a bijection, which
implies that φ|W1

is birational and proves the lemma. �

Proof of Proposition 4.1. Suppose that [D] has low toric degree. By definition this
means that there exists a toric subvariety V ⊆ XΣ such that D|V is a big divisor and

[D|V +KV ] /∈ Eff(V ). By Lemma 4.2 there exists a toric subvariety Ṽ ⊆ XΣ̃ such

that the restriction φ|Ṽ : Ṽ → V is a birational toric morphism. Since ξ∗D has low

toric degree as soon as (ξ∗D)|Ṽ has, we may assume without loss of generality that
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ξ is birational, D is big and [D+KXΣ
] /∈ Eff(XΣ). Then it follows that ξ∗D is big

and D = ξ∗ξ
∗D. In particular since ξ∗KXΣ̃

= KXΣ , we have ξ∗(ξ
∗[D + KXΣ̃

]) =
[D + KXΣ ] /∈ Eff(XΣ) which shows that [ξ∗D + KXΣ̃

] cannot be effective. The
proposition is proved. �

Let us now turn to the behavior of the low toric degree condition under toric
birational contractions. In order to use the tools from toric Mori Theory we will
focus on the case of a birational contraction occuring between simplicial projective
varieties over the variety XΣ[D]

defined out of [D]. Let us first precise this notion.

Definition 4.3. Let XΣ be a complete simplicial toric variety and D be a nef
Cartier divisor on XΣ. Let φ : XΣ → XΣ[D]

be the toric morphism of Theorem 2.4,

contracting all the rational curves having zero intersection with D and let D be the
ample divisor on XΣ[D]

such that [D] = φ∗[D].

A toric rational map ξ : XΣ 99K XΣ′ is a map over XΣ[D]
if there exists a proper

toric morphism φ′ : XΣ′ → XΣ making the following diagram commutative :

XΣ

φ
!!

ξ
// XΣ′

φ′
}}

XΣ

Keeping the same notations we have

Lemma 4.4. Let ξ : XΣ 99K XΣ′ be a toric rational map over XΣ[D]
, and φ′ :

XΣ′ → XΣ[D]
be the corresponding proper morphism.

If D′ is a divisor on XΣ′ such that [D′] = φ′∗[D] then φ′ : XΣ′ → XΣ[D′] is the

toric morphism contracting all the curves having zero intersection with D′ and we
have

XΣ[D′]
= XΣ[D]

.

Moreover, if ξ is birational, then the result holds for all D′ such that [D′] = ξ∗[D].

Proof. If [D′] = φ′∗[D], by the projection fomula we have for all curve C ′ on XΣ′

C ′ ·D′ = 0⇔ φ′∗C
′ ·D = 0⇔ φ′∗C

′ = 0

because D is ample. It follows that φ′ is the morphism of Theorem 2.4 and XΣ[D′]
=

XΣ[D]
.

For the final assertion it is enough to remark that if ξ is birational then the
composition ξ∗ ◦ ξ∗ is the identity of N1(XΣ′). Indeed, since φ = φ′ ◦ ξ, this gives

ξ∗[D] = ξ∗φ
∗[D] = ξ∗ξ

∗φ′∗[D] = φ′∗[D]

and the result follows. �

Proposition 4.5. Let XΣ1 be a simplicial projective toric variety. Let D1 be a nef
Cartier divisor on XΣ1 , φ1 : XΣ1 → XΣ[D1]

be the contraction morphism associated

to the linear system of D1 and Σ[D1] be the corresponding (possibly degenerate) fan
in NR.

If D1 has low toric degree then there exists a toric birational contraction ξ :
XΣ1

99K XΣ2
over XΣ[D1]

such that ξ∗D1 has low weighted degree in XΣ2
.
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Proof. It is essentially an application of the (relative) MMP for simplicial projective
toric varieties. By assumption there exists a toric subvariety V1 ⊆ XΣ1 such that
(D1)|V1

is big and [(D1)|V1
+KV1

] /∈ Eff(V1). Since ξ∗D1 has low weighted degree in
XΣ2

if and only if there exists a toric subvariety V2 ⊆ XΣ2
such that (ξ∗D1)|V2

has
low weighted degree in V2, we may assume without loss of generality that XΣ1 = V1,
D1 is big and [D1 +KXΣ1

] /∈ Eff(XΣ1). In particular there exists a curve C1 such
that

(a) C1 is movable on XΣ1 , i.e. JC1 = J+
C1

,
(b) we have C1 ·D1 < C1 ·KXΣ1

.

Let us consider the MMP relative to the variety XΣ[D1]
. It contracts (or flips)

the curves having negative canonical degree and zero intersection with [D1].
To begin with, we show that condition (a) and (b) are invariant through each

step of the MMP. For this let us describe the full algorithm, keeping track of what
happens to [D1] and [C1] simultaneously.

We start with XΣ = XΣ1
, φ = φ1, [D] = [D1], and [C] = [C1], and do the

following steps :

(1) If KXΣ is φ-nef, then stop.
(2) If KXΣ

is not φ-nef, then there is an extremal ray R in the relative Mori
cone NE(XΣ/XΣ[D1]

) with KXΣ
· R < 0. Let ψ : XΣ → XΣ′ be the

corresponding extremal contraction.
(3) If ψ is fibering, then stop.
(4) If ψ is divisorial, then replace (XΣ, φ, [D], [C]) with (XΣ′ , φ

′, ψ∗[D], ψ∗[C])
where φ′ : XΣ′ → XΣ[D1]

is the unique morphism satisfying φ = φ′ ◦ ψ.

Return to step (1) and continue.
(5) If ψ is flipping and ν : XΣ 99K X

+
Σ is the corresponding flip, replace

(XΣ, φ, [D], [C]) with (X+
Σ , φ

+, ν∗[D], ν∗[C]) where φ+ : X+
Σ → XΣ[D1]

is the unique morphism satisfying φ = φ+ ◦ ν. Return to step (1) and
continue.

Notice that every toric map that appears during the process is a map over XΣ[D1]
,

i.e. at each step we have a surjective toric morphism φ : XΣ → XΣ[D]
= XΣ[D1]

contracting the curves that have zero intersection with D and [D] is the pullback
by φ of the ample divisor class [D] = [(φ1)∗D1]. Moreover since D1 is big, φ1 is
a birational morphism and hence so is φ, at each step. In particular step (3) can
never occur.

Let us examine the flipping case. The flip ν : XΣ 99K X
+
Σ is an isomorphism

in codimension 1 and we have Σ(1) = Σ+(1). If we denote by Dρ and D+
ρ the

toric divisor corresponding to ρ ∈ Σ(1) respectively in XΣ and X+
Σ , then the push-

forward of divisor classes is the isomorphism ν∗ : N1(XΣ) → N1(X+
Σ ) induced

by ν∗Dρ = D+
ρ . By duality, the numerical pullback of curves is the isomorphism

ν∗num : N1(XΣ+)→ N1(XΣ) defined by

ν∗num[C ′] · [Dρ] = [C ′] · [D+
ρ ] for all ρ ∈ Σ(1).

Its inverse isomorphism is the pushforward of curve classes so that we also have

ν∗[C] · [D+
ρ ] = [C] · [Dρ] for all ρ ∈ Σ(1).
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It follows that conditions (a) and (b) are satisfied by (D,C) if and only if they are
satisfied by (ν∗D, ν∗C).

Then let us turn to the divisorial case. The morphism ψ : XΣ → XΣ′ is surjective
and we have Σ′(1) = Σ(1) \ {ρ0} where Dρ0

is the exceptional divisor in XΣ. If
we denote by Dρ and D′ρ the toric divisor corresponding to ρ ∈ Σ′(1) respectively
in XΣ and XΣ′ , then the pushforward of divisor classes is the epimorphism ψ∗ :
N1(XΣ)→ N1(X ′Σ) induced by ψ∗Dρ = D′ρ. By duality, the numerical pullback of
curves is the monomorphism ψ∗num : N1(X ′Σ)→ N1(XΣ) defined for [C ′] ∈ N1(X ′Σ)
by

ψ∗num[C ′] · [Dρ] =

{
[C ′] · [D′ρ] if ρ ∈ Σ′(1)

0 if ρ = ρ0.

If [C0] is a generator of the extremal ray contracted by ψ, then the pushforward of
curve classes is the unique epimorphism (with abuse of notation) ψ∗ : N1(XΣ) →
N1(X ′Σ) sending [C0] to 0 and admitting ψ∗num as a section. In particular there
exists a coefficient λ[C] ∈ R such that

ψ∗numψ∗[C] = [C] + λ[C][C0].

Since Dρ0
is the exceptional divisor of ψ we have

[C0] · [Dρ0 ] < 0 and ([C] + λ[C][C0]) · [Dρ0
] = (ψ∗numψ∗[C]) · [Dρ0

] = 0,

which implies that λ[C] = − C ·Dρ0

−C ·Dρ0

> 0 since C is movable by (a).

In particular for each ρ ∈ Σ′ we have

ψ∗[C] · [D′ρ] = ([C] + λ[C][C0]) · [Dρ] > [C] · [Dρ] > 0

which shows that condition (a) is satisfied by (ψ∗[D], ψ∗[C]).
Now since [KX′Σ

] = ψ∗[KXΣ
] we have

ψ∗[C] · [−KX′Σ
] = (ψ∗numψ∗[C]) · [−KXΣ ] = ([C] + λ[C][C0]) · [−KXΣ ]

and recalling that [C0] have negative canonical degree it follows that

ψ∗[C] · [KX′Σ
] > [C] · [KXΣ

].

Finally since [D] is the pullback of the ample class [D] on XΣ[D1]
and ψ : XΣ →

XΣ′ is a toric morphism over XΣ[D1]
we also have ψ∗[D] = φ′∗[D] and hence [D] =

ψ∗ψ∗[D]. In particular, by the projection formula we have

ψ∗[C] · ψ∗[D] = [C] · ψ∗ψ∗[D] = [C] · [D].

This shows that

ψ∗[C] · ψ∗[D] = [C] · [D] < [C] · [D][C] · [KXΣ
] 6 ψ∗[C] · [KX′Σ

]

and condition (b) is also satisfied by (ψ∗[D], ψ∗[C]).
It follows that when the algorithm finishes, we get a variety XΣ2 , a divisor D2,

a morphism φ2 : XΣ2
→ XΣ[D1]

and a 1-cycle C2 such that conditions (a) and

(b) are satisfied by (D2, C2) and the divisor KX2
is φ2-nef. By construction, the

composition ξ of all the birational maps appearing at each step of the MMP is a
birational toric contraction over XΣ[D1]

and we have D1 = ξ∗D2.

It remains to prove that D2 = ξ∗D1 has low weighted degree.
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By condition (a), [C2] is a movable class and hence a fortiori belongs to the
Mori cone NE(XΣ2). Let us consider its decomposition as a linear combination of
extremal classes with positive rational coefficients :

[C2] =

l∑
i=1

λi[C
′
i] λ1, . . . , λl ∈ Q∗+.

Up to a change of numbering we may assume that there exists k ∈ {1, . . . , l} such
that C ′i ·D2 > 0 for i = 1, . . . , k and C ′i · D2 = 0 for i = k + 1, . . . , l, that is, the
extremal classes [C ′k+1], . . . , [C ′l ] are contracted by φ2. Since KX2

is φ2-nef, we have

C ′i · (−KX2
) 6 0 for i = k + 1, . . . , l.

By condition (b) for (C2, I2) this implies

k∑
i=1

λi C
′
i · (−KX2

) >
l∑
i=1

λi C
′
i · (−KX2

) = C2 · (−KX2
) > C2 ·D2 =

k∑
i=1

λi C
′
i ·D2.

Since all the λi are positive, we conclude that for at least one index i ∈ {1, . . . k}
we have

0 < C ′i ·D2 < C ′i · (−KX2),

which implies that D2 has low weighted degree by Lemma 3.3. This achieves the
proof of the proposition. �

Theorem 4.6. Let XΣ be a complete toric variety and D be a nef Cartier divisor on
XΣ. Let φ : XΣ → XΣ[D]

be the toric morphism contracting all the rational curves

having zero intersection with D and let D = φ∗D be an ample divisor on XΣ[D]

such that D is linearly equivalent to the pullback φ∗D. The following conditions are
equivalent :

(i) The divisor D has low toric degree.

(ii) For any desingularization η : XΣ̃ → XΣ, the pullback D̃ = η∗D has low
toric degree.

(iii) The ample divisor D has low weighted degree in XΣ[D]
.

Proof. The implications (iii)⇒ (i) and (i)⇒ (ii) are direct consequences of Propo-
sition 4.1 (recall that the low weighted degree condition is a particular case of the
low toric degree one).

Let us prove (ii) ⇒ (iii). By the toric Chow Lemma we may assume that the
desingularization XΣ̃ is projective. Applying Proposition 4.5, we get a simplicial
projective toric variety XΣ′ and a toric morphism φ′ : XΣ′ → XΣ[D]

such that

D′ = φ′∗D has low weighted degree in XΣ′ .
This means that there exists a toric subvariety W ′ ⊆ XΣ′ which is a generalized

weighted projective space and such that D′|W ′ is big and [D′|W ′ +KW ′ ] /∈ Eff(W ′).

Let us consider the restriction φ′|W ′ : W ′ → W . Since W ′ has Picard number one,

this morphism is either the contraction to a point or an isomorphism. But since
this is also the contraction of all the curves having zero intersection with D′|W ′ (see

Lemma 4.4), it must be birational because D′|W ′ is big. Hence it is an isomorphism

and in the image W we also have that D|W is big and [D|W +KW ] /∈ Eff(W ). So

D has low toric degree. The theorem is proved. �
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Remark 4.7. From the computational point of view, condition (iii) is much easier
to check than the other two. Indeed while checking directly the low toric degree
condition requires the computation of the effective cone of all the toric subvarieties
of the ambient, we can check the low weighted condition of the ample divisor D
directly on the polytope P[D], just by looking at the simplicial faces and deter-
mining whether they are smaller than the anticanonical polytope P[−KW ] of the

corresponding subvariety W ⊆ XΣ[D]
.

5. Existence of rational points

In this section we prove that the low toric degree condition has the property it
has been designed for : it implies the existence of rational points over C1 fields.

First we show that an adapted version of Theorem 1.2 can be applied to the
grading induced by the intersection product with any 1-cycle on a simplicial ambient
XΣ, but that this is not sufficient to get a rational point in general. Then we show
that adding a hypothesis on the 1-cycle, that depends only on the fan Σ[D], is in fact
enough to imply the existence of a rational point. Finally, using the results of the
previous section, we show that the existence of a 1-cycle satisfying this additional
hypothesis can be deduced from the low toric degree condition.

5.1. Rational points in the total space. In view of Lemma 3.3, one can try to
apply Theorem 1.2 from an inequality of the form

0 < C ·D <
∑
ρ∈I

C ·Dρ

with an arbitrary 1-cycle C. As soon as each Dρ for ρ ∈ I has positive degree along
C, this yields a root of the homogeneous polynomial defining D, but not a rational
point in general.

Lemma 5.1. Let XΣ be a simplicial complete toric variety, D a nef Cartier divisor
on XΣ and f ∈ S[D] a homogeneous polynomial such that D = V(f) as in 2.2. If
there exist a 1-cycle C and a subset I ⊆ Σ(1) such that

(10) 0 < C ·D <
∑
ρ∈I

C ·Dρ

then f has a root α ∈ KΣ(1) such that

{ρ ∈ Σ(1) | αρ = 0} ⊆ JC \ {ρ1}
for some ρ1 ∈ I.

Proof. First, as in (7), up to replace I by I ∩ J+
C (which does not affect (10)) we

may assume that C ·Dρ > 0 for all ρ ∈ I.
Since f is homogeneous for the grading by Cl(XΣ), it is a fortiori homogeneous

for the grading by Z defined by

(11) deg(xρ) = mC ·Dρ

where m is any positive integer such that mC ·Dρ ∈ Z for all ρ ∈ Σ(1). Let d ∈ N∗
denote the degree of f for this grading.

Let us consider the polynomial g ∈ S′ = K[xρ, ρ ∈ I] defined from f by putting
xρ = 1 for all ρ ∈ Σ(1) \ JC (for which deg(xρ) = 0) and xρ = 0 for all ρ ∈ JC \ I.

The polynomial g is again homogeneous of degree d for the grading of S′ induced
by the grading of S defined by (11), which is the grading of a weighted projective
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space. Up to multiplying by m, we can thus apply Theorem 1.2 to inequality (10)
to get a non trivial zero α′ ∈ KI of g. This in turn yields a zero α ∈ KΣ(1) of f
with αρ = α′ρ for ρ ∈ I, αρ = 0 for ρ ∈ JC \ I and αρ = 1 for ρ ∈ Σ(1) \ JC . By
construction, we have {ρ ∈ Σ(1) | αρ = 0} ⊂ JC and the fact that α′ is not trivial
exactly means that αρ1

6= 0 for some ρ1 ∈ I, which terminates the proof. �

Lemma 5.1 does not automatically provide a K-rational point in D since for a
root α ∈ KΣ(1) of f we have

(12)
π(α) ∈ XΣ ⇔ α /∈ Z(Σ)

⇔ {ρ ∈ Σ(1) | αρ = 0} ⊆ σ(1) for some cone σ ∈ Σ.

If we require that for each ρ ∈ I there exists a cone σ ∈ Σ such that JC \ {ρ} ⊆
σ(1), then obviously (12) is satisfied. But this a very restrictive condition and it
turns out that what we really need (condition (B) below) depends on the fan Σ[D]

rather than Σ.

Theorem 5.2. Let K be a C1 field and XΣ be a simplicial complete toric variety
such that hypotheses (H1), (H2) and (H3) are satisfied.

Let D be an effective nef Cartier divisor on XΣ defined over K. Let φ : XΣ →
XΣ[D]

be the toric morphism contracting all the rational curves having zero intersec-

tion with D and Σ[D] be the corresponding (possibly degenerate) fan in NR. Then D
has a rational point over K as soon as there exist a 1-cycle C on XΣ and a subset
I ⊆ Σ(1) such that the following conditions are satisfied :

(A) 0 < C ·D <
∑
ρ∈I

C ·Dρ

and

(B) ∀ρ ∈ I, ∃σ′ ∈ Σ[D](n), JC \ {ρ} ⊂ σ′.

Remark 5.3. One can prove that in Theorem 5.2 the 1-cycle C may be assumed
to satisfy the following additional properties :

(i) There exist a cone α ∈ Σ such that J−C ⊆ α(1). In particular the class [C]
is effective.

(ii) The set JC is minimally linearly dependent, i.e. the space of linear relations
between the minimal generators uρ for ρ ∈ JC has dimension one. In other
words we have :

∀[C1] ∈ NE(XΣ), JC1
⊆ JC ⇒ [C1] ∈ R+[C].

In particular the hypotheses of the theorem can be checked on a finite number
of 1-cycles.

Proof. Since hypothesis (H3) is satisfied there exists a polynomial f homogeneous
of degree [D] such that

D = V(f) = {π(x) ∈ XΣ | f(x) = 0}
where π is the good geometric quotient.

By condition (B) we may assume that I has at least two elements. Indeed
suppose that 0 < C ·D < C ·Dρ0 and there exists a cone σ′ ∈ Σ[D](n) such that
JC \ {ρ0} ⊂ σ′. Then it follows from 2.4, that the linear equivalence class of D
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contains a torus-invariant divisor Dσ′ =
∑
ρ6⊂σ′ aρDρ with aρ ∈ N∗ for all ρ 6⊂ σ′.

Hence we get C · D = C · D = a0C · Dρ0
< C · Dρ0

which implies a0 < 1, a
contradiction.

Then applying Lemma 5.1, we get a root α ∈ KΣ(1) such that the set c =
{ρ ∈ Σ(1) | αρ = 0} is contained in JC \{ρ0} for some ρ0 ∈ I. Let σ′ be the smallest
cone of Σ[D](n) containing c (note that its existence is guaranteed by condition (B)).

If σ′ is a cone of Σ then α is not in the exceptional set Z(Σ), so π(α) ∈ D is a
rational point and there is nothing else to prove.

If σ′ is not a cone of Σ then we choose a cone σ ∈ Σ contained in σ′ and having
the same dimension, and we put

α′ρ =


αρ if ρ 6⊂ σ′

0 if ρ ⊂ σ
1 if ρ ⊂ σ′ \ σ.

By construction the set c′ = {ρ ∈ Σ(1) | α′ρ = 0} is contained in the cone σ of

Σ, so it remains only to show that α′ ∈ KΣ(1) is also a root of f .

Let us recall that by (6) f can be written as f =
∑
a∈P[D]∩ZΣ(1) xa with xa =∏

ρ∈Σ x
aρ
ρ .

Then observe that for a ∈ P[D] ∩ ZΣ(1), if there exists some ρ ∈ c such that
aρ 6= 0, then xρ divides xa, so that xa(α) = 0. It follows that f(α) can be written
as f(α) =

∑
a∈Q(c) x

a(α) where Q(c) =
⋂
ρ∈cHρ ∩ P[D] is a face of P[D]. Through

the cone-face correspondence (5), this face corresponds to the smallest cone of Σ[D]

containing c, i.e. σ′. So we also have Q(c) = Q(σ′) =
⋂
ρ⊂σ′ Hρ ∩ P[D].

Now let us consider the face Q(σ) =
⋂
ρ∈σ(1)Hρ ∩ P[D]. The corresponding

cone is the smallest cone of Σ[D] containing σ, that is σ′ again, so we also have
Q(σ) = Q(σ′).

Finally by definition of α′ we have xa(α′) =

{
xa(α) for a ∈ Q(σ′)

0 for a /∈ Q(σ′)
, and it

follows that

f(α′) =
∑

a∈Q(σ′)

xa(α′) =
∑

a∈Q(σ′)

xa(α) = f(α) = 0.

This shows that π(α′) ∈ D is a rational point and proves the theorem. �

We are now ready to prove the main result of this section :

Theorem 5.4. Let K be a C1 field with normic forms of arbitrary degree and XΣ

be a complete toric variety whose dense torus is split over K. Let D be an effective
divisor on XΣ defined over K. If D has low toric degree then it admits a rational
point over K.

Proof. We may assume that D is Cartier and nef by Proposition 3.1. Moreover, if
η : XΣ̃ → XΣ is a desingularization and D̃ = η∗D is the pullback of D by η, then it

is sufficient to show that D̃ has a rational point. Indeed the image of such a point
by η will be a rational point in D. But D̃ has low toric degree if and only if D has
by Theorem 4.6, so up to replacing XΣ by XΣ̃ and D by D̃, we may assume that
XΣ is smooth and in particular the hypothesis (H3) is satisfied.



LOW TORIC DEGREE HYPERSURFACES OVER C1 FIELDS HAVE A RATIONAL POINT27

Now let φ : XΣ → XΣ[D]
be the toric morphism contracting all the rational curves

having zero intersection withD and Σ[D] be the corresponding (possibly degenerate)
fan in NR. It is enough to prove that conditions (A) and (B) of Proposition 5.2 are
satisfied.

By Theorem 4.6 (iii) we may assume that the ample divisor D = φ∗D has
low weighted degree in XΣ[D]

. This means that there exists a toric subvariety

W ⊆ XΣ[D]
which is a generalized weighted projective space such that [D|W+KW ] /∈

Eff(W ).
By Lemma 4.2 there exists a toric subvariety V ⊆ XΣ such that the restriction

φ|V : V →W is a birational toric morphism.

We may assume without loss of generality that XΣ = V and XΣ[D]
= W , i.e. that

φ is a birational toric morphism. To simplify notation let us put Σ′ = Σ[D] = Σ[D]

and D′ = D. Since φ is birational and surjective we may identify the spaces NR
and N ′R containing the fans Σ and Σ′ and consider the set of rays Σ′(1) as a subset
of Σ(1).

The fact that D′ is ample and [D′ + KXΣ′ ] /∈ Eff(XΣ′) means that there exists
a curve C ′ on XΣ′ satisfying

(A’) 0 < C ′ ·D′ < C ′ · (−KXΣ′ ) =
∑

ρ′∈Σ′(1)

C ′ ·Dρ′ .

Moreover, since XΣ′ is a generalized weighted projective space we also have JC′ =
Σ′(1) and

(B’) ∀ρ′ ∈ Σ′(1), ∃σ′ ∈ Σ′(n′), JC′ \ {ρ′} ⊂ σ′,
where n′ is the dimension of XΣ′ .

Now choose any 1-cycle C on XΣ whose class [C] = φ∗num([C ′]) is the numerical
pullback of [C ′] by φ. By definition of the numerical pullback of curves (Definition
2.3), we have JC = JC′ = Σ′(1), C ·D = C ′ ·D′ and C ·

∑
ρ∈Σ′(1)Dρ = C ′ ·(−KXΣ′ ).

It follows that C ′ satisfies conditions (A) and (B) of Theorem 5.2 with I = Σ′(1)
and the theorem is proved. �

6. Application to the C1 conjecture

Now that we have proved that the low toric degree condition is a sufficient
condition for the existence of rational points over C1 fields, it is enough to show
that any smooth hypersurface that is separably rationally connected satisfies this
condition.

This constitutes the main result of the paper :

Theorem 6.1. Let K be a C1 field admitting normic forms of arbitrary degree.
Let XΣ be a complete toric variety whose dense torus is split over K and D be
a hypersurface of XΣ defined over K. If D is smooth and separably rationally
connected then it admits a rational point over K.

Let us first recall some definitions.
A variety Y of dimension n over an algebraically closed field K is said to be unir-

uled (resp. separably uniruled) if there exists a projective variety Z of dimension
n−1 and a dominant (resp. dominant and separable) rational map ϕ : P1×Z 99K Y .
Similarly a variety Y over K is said to be rationally connected (resp. separably
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rationally connected) if there exists a quasi-projective variety Z and a morphism
ϕ : P1 × Z → Y such that the morphism

P1 × P1 × Z → Y × Y, (t, t′, z) 7→ (ϕ(t, z), ϕ(t′, z))

is dominant (resp. a dominant and separable).
A variety Y over an arbitrary field K is said to be uniruled, separably uniruled,

rationally connected or separably rationally connected, if the variety Y ⊗K K is,
where K in an uncountable algebraically closed extension of K.

It is clear from the definitions that any rationally connected (resp. separably
rationally connected) variety is also uniruled (resp. separably uniruled). It is
also clear that the four notions are stable by any birational modification that is a
separable map, i.e. generically smooth, in particular by any divisorial contraction.
Similarly it follows from the definition that (separable) rational connectedness is
stable by any surjective morphism.

A smooth variety Y is separably uniruled (resp. separably rationally connected)
if and only if it contains a free curve (resp. a very free curve), that is roughly
speaking, a curve that can be deformed to pass by any point of Y (resp. by any
two points of Y ). For precise definitions and proofs see [Bon10, Cours 2].

For our arithmetic purpose, the key property of free curves on a variety Y is that
they are movable curves that have negative intersection with the canonical divisor.
When Y is a smooth hypersurface of a smooth ambient X, this gives a low toric
degree to Y through the adjunction formula.

The proof of Theorem 6.1 is split in two parts stated as propositions.

Proposition 6.2. Let K and XΣ be as in Theorem 6.1. Let D be a big divisor
of XΣ defined over K. If D is separably uniruled and smooth, then it contains a
rational point.

Proof. First recall that we may assume that D is Cartier and nef by Proposition
3.1.

Then let us consider a desingularization ψ : XΣ̃ → XΣ by successive toric blow-

ups, and let D̃ = ψ∗D be the pullback of D by ψ. We may assume D̃ is also
the strict transform of D because otherwise this would mean that D contains some
component of the blown-up locus, which consist only of toric subvarieties and hence
D would contain torus-invariant points.

Since ψ is birational it follows that D̃ is also separably uniruled and smooth.
Moreover it has low toric degree if and only if D has by Theorem 4.6. So up to
replacing XΣ by XΣ̃ and D by D̃, we may assume that XΣ is smooth.

Now since D is separably uniruled, it contains a free curve C. The key point is
that the free curve C has negative intersection with the canonical divisor of D :

C ·KD < 0.

Let us consider the pullback of divisors ι∗ and the pushforward of curves ι∗
associated to the inclusion ι : D ↪→ XΣ. Since XΣ and D are smooth, we have by
the adjunction formula

KD =
(
KXΣ

+D
)
|D = ι∗

(
KXΣ

+D
)
.

On the other hand, since C is a movable curve on D, which is nef, ι∗C is also
movable on XΣ.



Applying the projection formula we have :

ι∗C ·
(
KXΣ

+D
)

= C · ι∗
(
KXΣ

+D
)

= C ·KD < 0.

which shows that the class [KXΣ
+D] is not effective. This proves that D has low

toric degree, and hence contains a K-point by Theorem 5.4. The proposition is
proved. �

Remarks 6.3. (i) A smooth and separably uniruled hypersurfacce which is
not a big divisor has no reason to admit a rational point. For example if
E is a non singular elliptic curve in P2 without rational point over K, then
the nef but not big hypersurface

Y = E × P1 ⊂ P2 × P1

has no rational point over the C1 fieldK, though it is smooth and separably
uniruled in the smooth complete toric variety P2 × P1.

(ii) It is still not known whether there exist smooth Fano varieties that are not
separably rationally connected. But in the case where D is a smooth Fano
hypersurface in a toric ambient that is Q-Gorenstein (i.e. with Q-Cartier
canonical divisor), for example when XΣ is simplicial, then the above proof
can be adapted to prove that if D is a big divisor then it has low toric
degree.

Proposition 6.4. Let K and XΣ be as in Theorem 6.1. Let D be a non big divisor
of XΣ defined over K. If D is separably rationally connected and smooth then it
contains a rational point.

Proof. We use the fact that separable rational-connectedness is stable both by
surjective morphisms and by birational maps.

First, since the morphism φ : XΣ → XΣ[D]
of Theorem 2.4 is surjective, the

ample divisor φ∗D is also separably rationally connected. Then by Lemma 4.2
there exist a toric subvariety V ⊆ XΣ such that the restriction φ|V : V → XΣ[D]

is a birational toric morphism. This induces a birational morphism between the
divisors D|V and φ∗D and it follows that D|V is itself separably rationally connected
and in particular separably uniruled.

Finally, the morphism φ|V : V → XΣ[D]
is the morphism contracting all the

curves that have zero intersection with D|V , so the fact that it is birational means
that D|V is a big divisor in V . Then applying Proposition 6.2 gives the result,
which achieves the proof of Theorem 6.1. �
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clos, Variétés rationnellement connexes : aspects géométriques et arithmétiques (Panor.
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[Wit10] Olivier Wittenberg, La connexité rationnelle en arithmétique, Variétés rationnellement

connexes: aspects géométriques et arithmétiques (Panor. Synthèses, 31, Soc. Math.
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