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Covariance and sample covariance operators

@ X ~ N(0,X) a centered Gaussian r.v. in a separable Banach
space E with the dual space E*

@ ¥ : E*¥ — E is the covariance operator of X :
Yu=EX,u)X,uec E*

@ Xj,...,Xpiid. copies of X
@ ¥ =7%,: E* — E is the sample covariance operator based on
Xy, Xn
n
Su:=n"Y (X,u)Xj,ueE*
j=1

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals Bedlewo, 2023



Covariance operators and effective rank

@ The effective rank of X : for X ~ N(0, X),

EIX|?
=g

_ Esupy <t X, )(Xov)
supyy|l,vii<t E(X, u){X,v) —

@ r(A\X)=r(X),\>0
@ r(X) <rank(X) < dim(E)

e If E =His a Hilbert space, then r(X) = %

@ If E = RY with the Euclidean norm and o(X) c [a~', &] for some
a > 1 (“almost isotropic covariance"), then r(X) =< d.
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Gaussian Version of Dvoretzky’s Theorem and
Effective Rank

Theorem (Pisier (1986, 1989))

For all = € (0,1), there exists n(c) > 0 with the following property. If, in
a Banach space E, there exists X ~ N(0,%X) withr(X) = r, then E
contains a subspace F of dimension ~ n(e)r which is

(1 & e)-isomorphic to 3.

Pisier (1989) called r(X) “the dimension of X", or “the concentration
dimension" of X.
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Bounding the sample covariance via effective rank

Theorem (K& Lounici (2014))
Let X ~ N(0,X) in E and let Xy, ..., X, be i.i.d. copies of X. Then

Bl - = = ) (412 v 1),

and, for all t > 1 with probability > 1 — e 1,

A & r(x t t
12—y -2 — ) s (" v ) v

n

@ Earlier results: in the case E = R with the Euclidean norm,
bounds with log d-factors based on non-commutative Khintchine
inequalities by Lust-Piquard and Pisier (Vershynin, around
2011-2012).

@ Alternative proof of concentration bound: Adamczak (2014)
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Functionals of covariance

@ L(E*, E) the space of bounded symmetric linear operators from
E* into E equipped with the operator norm

e f: L(E* E)— R afunctional
@ f(X) to be estimated based on i.i.d. Xj,..., X, ~ N(0,X)
@ Fora>0andr>1,

S(a,r)={X: ||| <arX)<r}

@ Find the size of

sup inf sup La(Ps)
2%

Ifllgs<1 Tn £eS(ar)

Tn(Xis. .., Xn) — ()

@ Is it possible to construct an estimator with /n-rate?
Asymptotically normal estimator? Asymptotically efficient
estimator?
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Holder smoothness

@ Fis aBanach space (say, F = L(E*,E)), © C F an open subset
@ g: © — Fq, Fy is a Banach space

lg(x) — g(X)l
= su X)), i = su
I9luie) = sup 190 Ny = o 19—

900 =90 0.4

)

g 3 Q) ‘— sup
H HLlpp( ) X, X' €O, x#x" HX_XIHP

@ g: © — R k times Fréchet differentiable for some k > 0
@ For s = k + p with p € (0, 1], define

o ) )
I9llcx(@) = max(l1gll. o max 10 hip: 19 i, )-

@ Note: norms of the derivatives are defined as the operator norms
(of multilinear forms).

® C3(0):={g: 0~ E: g]cse) < )
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Example of Holder smoothness: functions of operators

@ E = E*=H, His a Hilbert space

@ Ls,(H) is the space of self-adjoint operators in H equipped with
the operator norm

@ g: R+~ Rinduces Lss(H) > A g(A) € Lsa(H)

@ for a compact operator A,

A= > APx=g(A)= >  g(N)P;

Ao (A) A€o (A)
@ K (2017):

190 I es(zeamy) Ss 19llBs, (=)

@ Then, for f(A) := tr(g(A)B), A € Lsa(H) and ||B||1 < oo

1l cs(zaatmy) Ss 19llBs_, m)lIBll4
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Example of Holder smoothness: functions of operators

@ Y, : H— H a covariance operator with eigenvalues
IZoll=AM=-=XN>X\1q1>....

@ g/ := A\ — A\/11 the spectral gap

@ U=B(Xp;d) ={A: ||A—Xo|| <}, <g/8.

@ P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A

@ The function U > A— P(A)is C* and

IPY ) Skg ¥ k>0

e For f(A) := (P(A), B),

18wy Sk IBligr k>0
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A classical problem

@ Xi,...,Xpiid. ~Py,0c©,6cRyanopenset,d>1,n—

@ {Py: 6 € ©} aregular statistical model with non-singular Fisher
information /()

@ f:© +— R acontinuously differentiable function

@ 0, maximum likelihood estimator (MLE) based on Xj, ..., X;

@ Then, uniformly in ©,

nEy(f(Bn) — £(6))? = 02(0) == (I(6) ' 1'(6), £ (6))
and
V(f(n) — £(8)) S N(0; 52(8)) as n — oo

@ Moreover, f(d,,) is a locally asymptotically minimax estimator of
f(0) in the sense of Hajek and Le Cam:

lim liminfinf  sup  nEa(Ta(Xy,..., Xn) — £(8))2 > o2(bp).

c—oo nN—oo Tp ||9—90||§Cn71/2
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Previous results: high-dimensional and

non-parametric models

@ |bragimov, Nemirovski and Khasminskii (1987), Nemirovski (1990,
2000)

@ estimation of f(#) for functionals f of smoothness s, 6 being the
parameter of infinite-dimensional Gaussian white noise model:

dX(t) = 0(t)dt + n~2dw(t), t € [0,1],6 € © C Ly([0,1])

@ proved the existence of a “smoothness threshold" such that the
efficient estimation with \/n-rate is possible when s is above the
threshold and is impossible (for some functionals) otherwise;

@ the smoothness threshold depends on the rate of decay of
Kolmogorov widths of the parameter set.
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Previous results: high-dimensional and

non-parametric models

@ E = RY equipped with the Euclidean norm
S(a;d):={X:0(X)c[1/aa]},a>1

@ r(X)=d X ecS(ad)

@ K (2017, 2018) studied estimation of functionals (g(X), B) and
determined the degree of smoothness of function g : R — R
needed for asymptotically efficient estimation

@ K& Zhilova (2019) developed estimators T;(Xi, ..., X,) for general
Hoélder smooth functionals f such that

Lo(Py) Sa (\15 v ( %)S) .

e If d < n*for some o € (0,1) and s > ;' then the Lp-error rate is
O(n~'/2) and, for s > 1, T; is asymptotically efficient

sup  sup H T — (%)
Ifllcs<1 £ed(a,d)
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Previous results: high-dimensional and

non-parametric models

The error rate

1 d\s
(\ﬁ v(y5) ) A
is typical in the problems of this type:

@ finite-dimensional and infinite dimensional random shift models

with Gaussian and Poincaré noise: K& Zhilova (2018), K& Zhilova
(2020)

@ general high-dimensional parametric models with an estimator
admitting normal approximation: K (2020)

@ high-dimensional log-concave location models: K and Wahl (2021)

The estimation method in these papers was based on higher order
iterative bias reduction (“iterated bootstrap”, Hall and Martin (1988))
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Loss functions and Orlicz norm

@ Y : R, — R, be a convex nondecreasing loss function such that
¥(0) =0
o nlly == lInlli,@) = inf{c >0 Ez/z(@) < 1}

® Fory(u) :=uP,p =1, (Inlly = IInlL,

@ Other choices: ¥(u) = ¥41(u) := e“ — 1 (subexponential loss) and
Y(u) = o(u) = e’ —1 (subgaussian loss). More generally,
Vo (U) = e"" —1, a>1.

® [17llyo = suppz1 P01y 0 > 0

@ Given two loss functions ¢ and ¢, we write ¢ < ¢ (¢ is dominated

by ) iff
P(u) < crp(cou),u>0

for some constants ¢y, ¢ > 0.
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Upper bound on the L,-risk (K (2022))

Fora>0,UcC L(E*,E)and s=k+ p, k > 0,p € (0, 1], define the
weighted Hoélder norm of f as

1fllcsau) = Orlgfgka‘i!!f(j)|lLoo(U) v a||[f 9Ly ().

Leta>0,r >1andXx € S(a,r). Suppose, for a sufficiently large
C>0, Ca\/% < 4. LetU:= B(X,20) :={X : ||X — Xq|| < 26} and let

sS=k+p, k >0,p € (0,1]. Then, there exists an estimator
T:(Xq,...,Xn) of f(X) such that, for all ) < 1

sup sup |6, Xa) = £(E)

1]l gs.a(uy <1 Z€S(a,r), || E—Xol| <6 Ly(Px)

o e (D)
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Minimax lower bound (K (2022))

@ E = H s a separable Hilbert space.

@ Y, is a spiked covariance of rank d <= o(Xo) = {\, i, 0} with
A > > 0, A of multiplicity 1,  of multiplicity d — 1.

Let¥y € S(a, r) be a spiked covariance of rank [r] with

A =718, 4= 728,0 < 72 < 1. Denote k 1= y2 A (v1 —72) A (1 — 1)
and suppose that ¢ a\/% < § < coka N1 for a sufficiently large c4
and sufficiently small c;. Let U := B(¥%y,29) and let s > 0. Then

sup inf sup HTX1,...,X)—f(Z)
Iflgs.auy<t T zeS(ar), ||>: Toll<o

1 r\s
=s71,72 ﬁ\/( 5) :

Ly(Ps)
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The lower bound: a sketch of the proof

@ Yo=ANuou)+uP.—u®u)
LCH,dim(L)=d:=[r],uec L|u|| =1
(L could be identified with RY)

@ 0(X), X € U the eigenvector corresponding to the top eigenvalue
of X, ((X),u) >0, UL — 0(X)is C*

@ We will construct certain least favorable functionals

f(X) = he(0(X)), T € U,k =1,....d,

where hk H— R, ”hk”CS SJ 1
@ For these functionals, ||/f||¢s.a(uy < 1 and we will show that

max inf sup HTK Xi,..., X —kaH
1<k<d Tk seS(a,r),|T—ol<6 ( ) =)

r\s
23771772 (\/;) :

Ly(Ps)
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Well separated subsets

@ 3B {—1,1}9: card(B) > €, |(u,w)| < 2 and
d d
h(w,w") :—jz;l(wjiwjl-)z4,w,w’€B,w7éw’.

) Letax\@

© 0. ={0,:weB}, 0= o=t +V1-BuweB

h(w, ') < ||0 — O || < %«/h(w,w’),w,w’e B,

9
2v/d
implying that

<0, — O] <8e,w,w' € Byw # '

Ao
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Well separated subsets

o Zg :)\(0®0)+M(PL_9®9)70€L7 ”9H:1
@ Then

|Zo, — Xo|| < 0,we B
@ Moreover, for all w,w’ € B,
K(N(0,%0,)*"|IN(0,%¢_,)®") < ne? < logcard(B),
implying that for Xi,..., Xpi.i.d. ~ N(0,%y ),w € B

inf maxEs, [|6 — 0,]> > <2
§ weB ©

Vladimir Koltchinskii (Georgia Tech) Estimation of Functionals Bedlewo, 2023



Nemirovski’s bump functionals

¢ : R [0,1], pis C>, supp(p) € [-1,1], ¢(0) > 0
o(u) == p(||ul?),uc H

hi(6) = Zwkg%(é'_e“),k: 1,....d,

ce
¢ > 0 small enough
Note that “bump functions” ¢<";gw ) ,w € B have disjoint supports
and ||hk||Cs S 1.

hk(0,) = wkep(0),k =1,...,d,w e B
The values hy(6,,),k =1,...,d provide a “coding" for 6,,
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Back to least favorable functionals

o fi(X) = h(O(X)), T e Uk =1,....,d
4 fk(z.gw) :wkssgo(O),k =1,....,d,weB

@ Define
d
w w) az fk(ZQ — fk 29 ))Z,w,w’ € B.
k=1
@ Then
2 (w,w') = Qsh(wdw ) ,w,w' € B,
implying that

m2(w,w') < 26710, — 0%, w,o € B.
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Back to lower bounds

o If there exist estimators T of fk(Xg,), k=1,...,d based on i.i.d.
Xiy...,Xn~ N(0,%4,),w € Bwith

)

02 := max maxH?’k(Xh...,Xn) — i(Zo,,) Lo(Py, )
2\xy

1<k<d weB

then

d
1 .
Es, — Tk — f(Zp.))? < 62
max zgwdk§_1(k k(Xo,)) <6

@ Based on Ty, it is not hard to construct estimator 4 such that

e2 <maxEs, [|0 —6,]2 < 257142,
weB w

implying that § > &% < ( %)S = ( %)S
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Estimation method: linear aggregation of plug-in

estimators with different sample sizes

o f:L(EXE)—» R, feC5 s=k+p,k>2,pe (0,1]
@ 1<m,...,ng < nsample sizes
o

k
Tf(X1 PR 7Xn) = Z C]f(inj)
=1

@ The goal is to choose n; so that the biases of plug-in estimators
f(Xn).j=1,....k “aimost cancel out."
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Bias reduction via linear aggregation of plug-in

estimators (Jiao and Han (2021), for binomial model)

@ Y ~ Parv. in aBanach space F with unknown mean EY
@ Inourcase, F:=L(E*E),Y =X X,EY =X
e f:F—R
@ Goal: estimate f(EY) based on i.i.d. observations Yy,..., Y,of Y
@ Letk>2andletn/c<ny <---<ng<nforsomec>1.
@ Let
k
Ti(Yi,..., Yn) :chf(\_/n,)a
j=1
where
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Bias reduction via linear aggregation of plug-in
estimators (Jiao and Han (2021))

The following properties hold:
°© Y, Ci=1
k G _ _
° >, Fl{ =0,/=1,... k.

Suppose that Z/I'(=1 |Ci| Sk 1.

N,

Clearly, for this assumption to hold, one needs ;.1 — n; < n.

Bedlewo, 2023 PLYE ]
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Bounding the bias

Proposition

Let k > 2 and let f be k times Fréchet differentiable with f(*) € Lip ,(F)
for some p € (0,1]. Then

BTV, Yo) = HEY)| Sk 119 i, max BN Vo, ~ BY|F+.

Moreover, if f is a polynomial of degree k, then ?'f(Y1 ..., Yn)isan
unbiased estimator of f(EY).
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Bias decomposition

Let k > 2,p € (0, 1] and suppose that f is k times Fréchet differentiable
with %) € Lip (F). Suppose also that E|| Y|+ < cc. Then

Ef(Y,) - f(EY) = Zﬁ’ﬁf ) iR,

=1

where 3 x(P),/ =1, ..., k do not depend on n and

1Al S 1119 ILip, ENl Yo — EY/|*.

If f is a polynomial of degree k, then R = 0.
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Jackknife type estimators

@ Fym the o-algebra generated by symmetric functions of Yy,..., Yy
°

X

where, for h(Yi,..., Ym),m<n,
(Unh)(Y1,..., Yn) :i=E(A(Ys,. .., Ym)|Fsym)
= S (YY)
m

1<ji<<jm<n
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Jackknife type estimators

Note that
() ETf(Y1,...,Yn) :E?f(Y‘],...,Yn)
o forallp>1,

ITe(Ye,oo o Ya) = ET(Y1,.... ),
< |T:(Ys,..., Y,,)—IE?',(Y1,...,Y,,)\|LP

<k 1n<~|ax Hf(Yn) Ef(\_/nl.)HLp.
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Jackknife type estimators

Moreover, let
St(x, h) := f(x + h) — f(x) — (h,f'(x)),x,he F

be the remainder of the first order Taylor expansion.

Proposition
Forallp>1,

S Ya) =BT Yy, ..., Yn) — (Yo —EY,F(EY))

Lp

<, maxHSf]EY Yy —EY) —ES{(EY, ¥, —EY)

Lp
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Reduction to concentration bounds

Thus, the problem reduces to:
@ Bounds on

E[ Yo —EY|**7;
@ Bounds on
||f(yn) —Ef(yn)”Lp;
@ Bounds on

Hsf(EY, Y, —EY) —ES(EY, Y, —EY)

Lp
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Concentration bounds for sample covariance

@ Fors>1,

D), Moy

e N Y

@ For a Lipschitz functional f : L(E*, E) — R and forall p > 1,

I(E0) — BRE )L, S ufuhpuzn((r )\fﬁ N ﬁ).

@ Let f' € Lip,(L(E*, E)) for some p € (0, 1]. Suppose r(X) < n.
Then, forall p > 1,

Hsf(z, S, %) ES(X 5, %)

< ||f’||LppHZ||1+p(\/;< r(§)>

Lp

()" (0)).
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@ Linear aggregation

1
VX, ... X0)
~ k
=T (X @ Xr,. ., Xa® Xa) =Y Cif(5n)
j=1
@ Jackknife
TO(Xq,..., Xn)

Kk
=TiX @ X1, X0 ® Xp) =Y CGiUnf(L,)
Jj=1
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A local risk bound (K (2022))

Supposer(X) S n. Letf: L(E*, E) — R be Lipschitz and k times
Fréchet differentiable in an open ball U = B(%, §) of radius § > 0 with
1F9)|Lip (uy < oo for some k > 2 and p € (0,1]. Suppose also that, for

a sufficiently large C > 0, C||Z|| ’(z < 6. Then, fori=1,2 and for all
P =X 1y

HTf(i)(Xh‘,,,Xn) - f(Z)H¢

> r(x)\
St Il + 179 7152 (/12

2
oo 0@ () ee{ (g 1 7))

with some constant ¢ > 0.
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A global risk bound (K (2022))

Letf: L(E*, E) — R be Lipschits and, for some k > 2, let it be k times
Fréchet differentiable with || ()i, < oo for some p € (0, 1]. Then, for
i=1,2 and for all ) < 14,

HTf(i)(X17 o Xn) = H(Z)lly

Se My (552 ) 0 e (/220 EE)

n

v
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Normal approximation and efficiency

Suppose thatr(X) < n. Iff: L(E*, E) — R is k times Fréchet
differentiable for some k > 2 with [|f'|| ¢ < oo and with ||f) i, < oo
for some p € (0, 1], then, for all 5 € [1/2,1),

[P X0 - 10)  (E0 - 1)

S|V [r(Z)\ VP r(z)\
St Il =l (VL) T e e (152)

v
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Normal approximation and efficiency

Let 02(X) := Var((X ® X, f'(£))). It follows that

o
‘ﬁH TOX, ..., Xn) — £(Z) = a,(z)‘
k+p
S i R PV (T
o
VAT (X .. Xo) — () IR () 1
W2< R ,N(0,1)) S 2y v

k k
L Il =) \/ﬁ Ol = fr(m) )
of(¥) n of(X) n
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Example: an application to spectral projections

@ Y, : H+— H a covariance operator with eigenvalues
IZoll=AM=-=XN>X\1q1>....

@ g/ := A\ — A\/11 the spectral gap

@ U=DB(Xpd)={A: ||[A—Xo|| <}, <g/8.

@ P(A) the orthogonal projection onto the linear span of
eigenvectors corresponding to the top / eigenvalues of A

e f(A):=(P(A),B),Ac U, ||B|1 < o

@ Then f € C~(V)
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Example: an application to spectral projections

Corollary

Let~ := ”20” and suppose that Cv\/% <1 forsomer > 1 and some

constant C > 0. Then, fori = 1,2, for all k > 1 and for all ) < )4,

TG, %) = 1) Sk 1Bl (= + (vﬁ)“‘).

v

sup
I=—%oll<d,r(X)<r

K.& Lounici (2016), K, Léffler and Nickl (2019): efficient estimators of
linear functionals of principal components when r(X) = o(n) and the
top eigenvalue of X is simple (i.e., P(X) is a one-dimensional spectral
projection).
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